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Abstract

In this paper we propose an extension of Nitsche’s method for frictional contact in large elastic deformations. In
fact we develop an unbiased strategy in which no asymmetry is considered between contact surfaces, conversely
to the master—slave strategy. This enables to take into account within the same formalism contact of two elastic
bodies as well as self-contact. We provide a numerical study of the performance and robustness of the method.

Keywords: large deformation contact, frictional contact and self-contact, Nitsche’s method, unbiased
formulation.

Introduction

Frictional contact problems involve difficulties from both theoretical and numerical viewpoints, especially
in large deformations, where complex geometrical and mechanical quantities depend on an a priori unknown
mapping between contact surfaces. Contact problems are inherently non-linear, even non-smooth, and involve
variational inequalities and constrained minimization. In the literature, many attempts have been developed
to deal with such problems using the finite element method. In most cases, the difficulty caused by the non-
differentiability of contact and friction laws is resolved with either a method of regularization, such as penalization
or augmented Lagrangian [21], B4], or a mixed method [20} B].

Moreover, the spatial discretization of the problem produces difficulties at level of the calculation of mechanical
contact. Evaluating the quantities involved in the equations of mechanical contact is difficult when the two
boundaries are discretized. The most commonly used method is the node-to-surface (NTS) approach under a
master-slave configuration [24] [30]. The use of the NTS method involves a loss of accuracy in the calculation of
displacements and stresses in the contact area. This results from the amplification of spatial discretization errors
caused by the node-wise contact constraint enforcement. A way to overcome this problem is the use of the mortar
method which has been successfully applied to solve contact problems with finite deformations [I5] [3T),[28]. In this
method, the enforcement of contact constraints is applied in a weak sense throughout the contact interface. The
calculation of contact can also be done by other ways such as contact domain methods [27, [I7] and intermediate
mortar surface method [25]. A theoretical and algorithmic background for the contact between two deformable
bodies undergoing large deformations is detailed in, e.g., [23] B7].

In this paper we introduce a Nitsche’s method for the large deformation contact problem. Nitsche’s method
was originally proposed in [26] to take into account a Dirichlet condition weakly. It was adapted to bilateral
contact in [I8], [38] and to unilateral contact in 8, @]. This method aims at treating the interface conditions in a
weak sense, thanks to a consistent penalty term. So it differs from standard penalization techniques which are non-
consistent. Conversely to mixed method and augmented Lagrangian method, the proposed approach is primal;
this allows us to eliminate an outer augmentation loop as well as additional unknowns (Lagrange multiplier) and
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there is no inf-sup condition to satisfy. In [8, @] a complete study of Nitsche’s method for frictionless unilateral
contact undergoing small deformations is presented. The well-posedness as well as the nominal convergence for
the H'-norm were proved. In [2] a Nitsche stabilized approach was introduced for frictional sliding problem.
In [9] were introduced some variants of the method, that a real parameter 6 allows to encompass. Namely,
0 = 0 yields a non-symmetric simple version of Nitsche; when 6 = 1 we recover a symmetric method and to
0 = —1 corresponds a skew-symmetric method that is much more robust regarding Nitsche’s parameter. In
this adaptation to the large strain case, we use a similar parameter to recover all the different variants. The
above remarks concerning this parameter 6 remain true to some extent for large deformation contact. The main
difference between large and small strain is that, when 6 # 0, the weak formulation and the tangent problem are
more difficult to obtain since they involve additional derivatives of the stress tensor.

The standard paradigm to treat the problem of two deformable bodies in contact is known as the master/slave

formulation (see, e.g., [23] 24, 37]): one distinguishes between a master surface and a slave one on which one
prescribes the non—penetration condition. With this paradigm important difficulties appear in the case of self-
contact and multi-body contact where it is impossible or impractical to a priori nominate a master surface and
a slave one. Automating the detection and the separation between slave and master surfaces in these cases may
generate a lack of robustness since it may create detection problems. To avoid these difficulties some unbiased
formulations for contact were proposed, see for instance [33]. For Nitsche’s method, an unbiased version for
contact and Tresca friction in the small strain framework was presented in [I0]. In this previous work, the two
contact surfaces were treated symmetrically and the integration of contact/friction condition was made along the
two surfaces. This current study extends this unbiased formulation to large deformation contact and self-contact
with Coulomb friction.
The reformulation of Coulomb friction follows the same path as in [7, [10]. Of course no proof of well-posedness
or convergence can be obtained with standard techniques for the problem under consideration, but we test
numerically the performance of our method in various situations. The formulation involves boundary integrals
of fields that are discretized over two different meshes what generates a difficulty for the numerical quadrature.
Typically, the approach that is used in mortar-type methods is to compute elements intersections between the
two contact surfaces and subdivide the integration scheme in order to accurately integrate the contributions to
the algebraic system using standard Gauss quadrature techniques. This segmentation process is challenging,
especially in the three dimensional case (see [3T], [30]). Due to this computational complexity, it has been seen
appealing to use a higher order quadrature scheme on the slave mesh without segmentation (see [14}, [36]).
Folowing [13], we call this technique “element-based integration” and the segmentation technique “ segment-
based integration”. In section [3.Ijwe compare the two methods: the error generated by using element-based
integration, though much larger than with segment-based integration, remains small. This is in agreement with
the study [I3] that concludes that both methods provide acceptable results. Though segment-based integration
leads to an improved quality of the solution for quadratic elements and/or friction (see [I3]), we carried out the
remaining part of the study with element-based integration because this method is simpler and cheaper.

Another major difficulty for large deformation contact comes from the mapping function relating the two
contact surfaces. Classically, a point of the first contact surface is mapped to the closest projection point on the
second one. Hence, the second surface normals n, govern the definition of the gap function and its kinematics.
This classical mapping will in the following be simply referred to as the projection strategy. In [29] this strategy
is compared with another one named ray-tracing, where a point of the first surface is mapped to the closest
intersection with the other surface along the first surface normal. Unlike projection the definition of the gap
and related quantities are governed by the first surface normal n,. The formulations presented for instance in
[15, 22] employ the classic projection approach, while [31] [36] present formulations that rely on the ray-tracing
strategy. According to [29] the ray-tracing is more stable since the expression of the directional derivative of the
mapping is quite simpler and expected to be smoother. Moreover, there are generally less special cases to treat
when dealing with ray-tracing rather than projection since the probability to come across a non regular point,
like a corner of the geometry or simply an element boundary, is negligible for the ray-tracing strategy while it
is very frequent for the projection. In the present paper, we formulate the method for both strategies and we
provide a numerical comparison between them.

In Section [I] we present the setting and notations for the problem under consideration: large deformation
contact with Coulomb friction and possibly self-contact. In Section[2|the Nitsche—based approximation is detailed,
particularly the variational formulation and the tangent problem. Section [3] is a numerical validation of the



method with several tests. The influence of Nitsche’s parameter for different variants is investigated numerically.

1. Problem setting

1.1. Notations
Let Q € R? be an open bounded set that denotes the reference configuration of one or several deformable
solids in a space of dimension d = 2 or 3. A deformed configuration Q! of the considered solids can be defined
through a transformation ¢ which maps any point X of the reference configuration to a point x of the deformed
one (see Figure [1)):
p: 0 — R4
X — x=pX).

We define the displacement u relatively to the reference configuration as:
u(X) = (X)) — X.

Deformation of the solid can be considered either in equilibrium or as part of a quasi-static evolution. To deal
with Coulomb friction, a quasi-static process will be considered, and the static case can be viewed as a particular
case.

pw=u+1Id

N /J\>
Ny *

Figure 1: Basic notations for different quantities in reference and deformed configurations.

In the deformed configuration Qf, at time ¢, different portions of the boundary 92 of  may come into contact
and interact with each other. In order to express this interaction mathematically, it is convenient to consider a
restricted part of 9 as the contact surface I, i.e. the surface where contact/friction phenomena may occur. As
in [I0] we consider an unbiased formulation that does not distinguish between a master and a slave surface. The
case of self—-contact is treated implicitly and there is no need to divide the self-contact surface. A non-penetration
condition on the deformed contact surface I'* can be expressed with the help of a mapping function relating a
point z to its mapping y. We denote by I', C I'* (resp. '« C I') the set of points z (resp. X) in the deformed
(resp. reference) configuration, for which such a mapping II exists:

m:rt — T
x — y=I(x).

Recall that surface points X, Y, x and y are of dimension d as well as the corresponding unit outward normal
vectors: Ny, Ny in the reference configuration and n,, n, in the deformed one.

The gradient of a quantity in the deformed (resp. reference) configuration will be noted V (resp. Vx). To
describe the deformation we introduce as usual the identity matrix of size d x d, denoted by I and the deformation
gradient F =1+ Vxu. We introduce as well

elu) = (Vu+ Vu") = L(VxwF~ 4 T (Vxu)).



The jacobian of ¢ is denoted by J = det F. We introduce also the Cauchy-Green tensor C = FTF, and the
Green-Lagrange tensor E = £(C —I). We will note o the Cauchy stress tensor, & = JoF~7 the first Piola-
Kirchhoff stress tensor and S = JF 1oF~7T the second Piola-Kirchhoff stress tensor. We define 6, = 6N
the contact stress on 9 (where N is the outward unit normal to 9). To fix ideas we will consider a general
hyperelastic constitutive law, derived from a potential W that depends on the deformation through E (or C)
(see, e.g., [4 [16]), so that the second Piola-Kirchhoff stress is

oW ow

— S5 (B) =252(C),

S oC

with corresponding fourth-order elasticity tensor

s W
T OE  OEJE’

We will need as well the isotropic tensor
1
= i(ei®ej®ei®ej +ei®ej®ej®ei),

where ® denotes the tensor product of two vectors, (e;)i=1,....4 is the canonical basis of R? and where Einstein’s
summation convention is used. The tensor Z has the property Z : A = A for any symmetric second-order tensor
A (: denotes the double-dot product between two tensors). The operator T,, refers to the projection on the
tangent plane corresponding to normal vector n.

Since the choice of a constitutive law is not central in the description of the proposed contact approximation,
we will simply denote the global potential energy by J(-). For example, if considering simple equilibrium under
a gravity force, the potential energy is

g = [ wE ax - [ pg-uax.

where p is the density in the reference configuration and g is the gravity acceleration vector. Of course, additional
terms such as boundary loads, can be considered as well. Dirichlet conditions can also be prescribed, but, to
simplify the formulation, the treatment of Dirichlet conditions will be omitted in the following.

Moreover, we consider the following notations to simplify the mathematical presentation. The directional
derivative of a quantity A with respect to the displacement u in direction du will be denoted by DA(u)[du] or
even by DA[du] if the argument of the quantity A is not ambiguous. This directional derivative is defined as

DA(u)[bu] = lim A(u+ € du) — A(u)

e—0 3

when this limit exists. The projection onto R~ is defined as:

lalp = a ifa<0,
710 ifa>0,

and the projection onto a ball centered at the origin and with a radius 7 is:
q if (gl <7,

T——  otherwise,
llal

Pp(ry(q) = {

where | - || is the euclidean norm on R
The notation H(-) stands for the (multivalued) Heaviside function: for any = € R,

1 if x >0,
H(z)=4¢ [0,1] ifx=0,
0 ifx <0.

>



1.2. The mapping and the gap function

In the problem setting above, it is assumed that a point z of the deformed contact surface is mapped to a
point y. Regarding this mapping, there are several possibilities. The most classic strategy is to define y as the
closest point projection of x onto the deformed surface I';, like shown in Figure a). We can refer to [23] for this
mapping. The main difficulty for using projection is the complicated expression of the tangent problem, that is
due to the derivative of the unit normal vector n,. The expression of this derivative can be found in [23, chapter
4]. However, this expression does not take into account the inter-element jumps.

(a) Projection strategy (b) Ray-tracing strategy

Figure 2: Illustration of projection and ray-tracing strategies.

An alternative strategy, corresponding to Fig. b), is to define y as the closest intersection of the contact
surface with the line passing through point x and having direction vector n,. The latter strategy, which can be
referred to as ray-tracing, was studied in [29]. Gap functions corresponding to ray-tracing and projection with
respect to a point 2(X) are respectively defined by:

g=ng-(y—2x), for ray-tracing (1)
and g=mny,- (x—y), for projection, (2)

To obtain and to linearize a weak formulation associated to the non-penetration condition, we need the directional
derivatives of all quantities involved in (resp. (2)) with respect to the displacement w in a virtual direction
ou (see [29] 23] 22]) for detailed expressions.

1.8. Formulation of contact and friction conditions

The impenetrability constraint is stated mathematically as g(u) > 0. To formulate the associated comple-
mentarity conditions, we need to consider the contact traction &, (u) which we take to be the Piola traction at
point X. This traction is resolved as follows:

Gy (u) = dp(u)ng + T, 6 (u) = Gn(u)ng + oy,

where n, is the outward normal to I' at z. When contact occurs (6, < 0) the outward normal vectors n, and n,
are opposite. Thus, for projection the stress vector 6, is resolved at the projected point y according the normal
vector —n,, instead of n,. The quantity &, (u) now represents the contact pressure at X, and must be negative.
The conditions for normal contact are:

g(u) > (3a)
&n (U) S on Fc- (3b)
on(u)g(u) = (3¢)
Let v be a given positive function. As in [T, 8, [@], the contact conditions —— are reformulated as
on(u) = [on(u) +79(w)]r- (4)



In the presence of friction, normal and tangential stresses at the contact interface are coupled through the
sliding velocity vector v. As in [29], we use the frame indifferent definition of velocity described in [I2]. Adapted
to the current notation v(X) reads:

v(X) = ¢(X) —¢(Y) +gn, (5)

with dotted quantities representing time derivatives and n refers to n, for ray-tracing and —n, for projection.
Time discretization is based on a backward Euler approximation of the first expression in which reads:

1

= L (0(X) — p(¥) + gn) — - (0o(X) = po(¥) +gm0) (6)

v(X) Y

where At > 0 is the time-step, and where ¢q, ng are respectively the deformation and the surface normal at the
previous time-step. Equation @ can be then simplified, as in [29], using and :
1
V(X):*Zt(ﬁpo(X)*SDO(Y)Jrgnof (7)

It should be underlined here that the mapping between points X and Y appearing in corresponds to the
current deformation ¢ and not to the deformation ¢y at previous time-step.
The conditions of Coulomb friction can be written as follows:

[6¢(u)|| < —F6p(u) ifv=0,

v (8)

Gi(u) = Fbp(u) otherwise.

vl

As presented in [7] for Tresca friction, we could reformulate the Coulomb friction condition using the projection
Pp(ry. In fact, for a given positive function v, the friction condition is equivalent to the non-smooth equation:

0¢(u) = Pp(—zs, (u)) (0t (u) —yv). 9)
To simplify the formulation, and following [29], we define the non-smooth operator C, & as:
C’y,f(g7 9,V, n) = [0 ‘n+ '_Yg]R* n+ PB(n, —F [o-n+vy9glg—) (U - ’YV)

Unlike Pp(;) that represents a simple ball projection, here Pp(,, ;) is the projection onto the tangent plane
defined by the normal n, followed by the projection onto a ball of radius 7, i.e. :

Trq if ||Tan|| <7,
= T
PB("’T)(Q) T nd otherwise. (10)
Tl
As a result, contact and friction conditions, in the case of ray-tracing, are formulated as:
a-J\] = ’Y,y(a.N?g?V?nl')' (11)

2. A Nitsche-based formulation for frictional contact

2.1. Weak formulation

We consider test functions du € Vp, with Vg the space of all (smooth) admissible variations of u satisfying
possibly homogeneous Dirichlet conditions on the appropriate part of 9. The abstract weak formulation for
(frictional) contact is:

G(u;du) = / Oy - oudl, You € V.
The expression G(u;d0u) is the sum of the internal virtual work and of the virtual work of body or surface
external forces. This work is seen to balance the virtual work of the contact and friction forces acting on



.. In the considered case of hyperelastic bodies and simple equilibrium under a gravity force, there holds
G(u;0u) = DT (u)[du]. Thus, the above weak formulation reads:

DJ (u)[du] — / Gy - 0udl =0, You € V. (12)

c

Moreover, we apply the second Newton law: to each point X € I'., we require that the differential contact force
induced on I'; at the corresponding point Y be equal and opposite to that produced at X, i.e.

6,(X) dlx = -5, (Y) dly. (13)

Integrating with respect to Y instead of X, we obtain the following identities:

/ &, (X) - du(X) dlx = / G, (Y) - du(Y) dly
Te

Ie

-5/

[ o (X) - 0u(X) dlx = 5/ G (X)- (5u(X) - 5u(Y)) dlx.

We inject the above expression into and get:

&, (X) - du(X) dFX+/ G, (Y) - su(Y) dry).

Ie

c

Using we get:

c

DI (w)[ou] - % /F 6, - (5u(X) — u(Y)) dr =0, Voue Vi,

Let now 6 € R be a fixed parameter that we use to recover different variants of the Nitsche method, as in the
linear elastic setting (see, e.g., [9]). With the splitting

1 . 0.
u(X) ~ du(¥Y) =~ - (7(5u(Y) — u(X)) + D5, [5u]> + Doy l6u
S %D(Q&N +y(u(Y) — u(X))) [6u] + %D&N 6],
we obtain, for all du € V),
DI (w)[ou] — % /F %&N Db, [u] dT + % /F %&N D66, +1(u(Y) —u(X)))ou] d0 =0 (14)

We inject finally the expression into and obtain, formally, our Nitsche’s based formulation for frictional
contact and the ray-tracing strategy:

DI (w)[ou] — % /F g&N D&, [5u] dT

1 1

(15)
41 /F 0609 vims) D(66 +(u(Y) — u(X)))[ou] dT =0 VoueVy.

2

The expression of D&, [du] is provided in Note that, for the numerical solving, when 6 # 0, the
tangent system involves the second order derivative: D26 (u)[du, Au] (see Section [2.3). This emphasizes the
interest of the non-symmetric variant = 0 for which the method is simpler. As in the small strain case [9] [10]
the interest of the symmetric variant # = 1 consists mostly in its derivation from a potential (see Section and
the symmetry of the tangent problem, while the interest of the skew-symmetric variant § = —1 is its robustness
respectively to the Nitsche parameter v (see Section .



Remark 2.1. For projection we decompose 6, at point y instead of x and using the normal n,. The yielding
formulation reads:

1 0
DI (w)[ou] — / Y D& [5u] dr
o, T (16)
+§/ SORICA AR -D(ea—N +y(u(Y) — u(X)))[au] dl =0 VoueVp.
FC
In this case, the derivative of the gap is (following, e.g., [23,29]):
Dylou] = ny - (du(X) — du(Y)).

This results allows us to get a symmetric variant of the Nitsche’s formulation in the frictionless case and when
0 = 1. This variant is similar to the formulation described in Proposition @ When projecting on n = —n,,, the
method reads indeed:

1 1

DI (w)[ou] — / L. D6 [ou] dr

1 1 2 Jr.
—|-*/ — [&n —|—’yg} (D&n[cSu] +7Dg[5u]) ' =0 VYéuely.

2 r. Y R—
Remark 2.2. A biased version of our Nitsche’s method is obtained by dividing the domain 2 into two bodies
Q! and Q2 and the contact surface T, into a master surface TM and a slave one Ff. In this case the factor %
disappears when applying the second Newton law because the integration is applied only on the slave surface. In
this case the method reads:

DJ (u)[du] — / %&N - D& [6u] dT
: (17)
+/F % .7 (O 95V, M) -D(%N +y(u(Y) — u(X)))[éu] dl =0 Voue V.

2.2. Energy potential and symmetric formulation for frictionless contact

In this section, we show, that, at least formally, a symmetric variant § = 1 of Nitsche’s formulation, close to
, for frictionless contact derives from an energy potential. This result is summarized as:

Proposition 2.3. Let us define the energy potential Jn(-) that takes into account the body deformation as well
as non-penetration formulated in a Nitsche’s manner:

= _E l@ 1 lA 2
=)~ [ ot [ Zan sl ar, (18)

where v > 0 is the Nitsche’s parameter, 6, is the normal stress in reference configuration (see Section and
g 1s the gap function (see Section . The first-order optimality system associated to Jn(-) reads:

DJ (u)[du] — 1/ l&nD@z[éU] dl’
. . 2 Jr, (19)
+§/ 6w+ 79l Do +79)[5u] AT =0 Vou e V.

Proof: Let us write the optimality éystem associated to Jn(+):
DI (u)[6u] = DT (u)[6u] — ;/F %AHD&n [6u] dT" + i/r %D[&n +vg)3-[0u] dT =0 Vou € Vj.
To obtain there remains to compute:
Dl6n +9lg-[0u] = 2[6n + vgle-Dl6n + v9]r-[0u]

= 2[6n +9le-H(— (60 +79))D(6n +vg) [6u]
= 2[0n + v9lr-D(6n + v9)[0u],



where we used properties D[A(u)|g-[0u] = H(—A(u))DA(u)[du], for any application A : u — A(u) € R as well
as H(—x)[z]g- = [z]r- for any z € R. O

The expression of the derivative Do, [du] is detailed in while for Dg[du], we can refer to [29]
Section 3] both for ray-tracing and projection techniques.

Remark 2.4. We can introduce 0 € R, as in section , We only modify slightly system as below:

DT (u)[du] — 1/ Q&np&n[éu] dr
+§/ 180 +99lr-D(06n +79)du] dT =0 ¥u.

c

2.3. Finite element approzimation and tangent system

A standard Galerkin procedure can be applied by choosing a finite element space for the displacement, i.e.,
Vi C Vj to account for any possible Dirichlet condition. We consider in what follows that 7 is a positive piecewise
constant function on the contact interface I'. which satisfies

eop, = 0
|KNT. h/K’

for every element K that has a non-empty intersection of dimension d — 1 with I'., where hx is the size of the
element K and 7y is a positive given constant. Note that the value of v on element intersections has no influence.
Then, the finite element approximation of System reads:

1
DJ (u™)[6ul] — = / Osn . pah [6ul] dT
11 2yt (21)
by [ €@k g ) (857 + o (V) — a0 0" T =0 Vot € Vi
r.”

where 6" = & (u"), Dé" [ul] = D6 (u")[6u"] and v" is a finite element approximation of the velocity v.
The system is Lipschitz-continuous with respect to u” and piecewise C'—continuous. This means that it is
sufficiently regular to be solved with a generalized Newton method. The tangent system is provided below. Each
Newton step consists in finding Au” solution to:

1 1
-2 /F %Da—gmuh].mg (6u"] dr — 3 /F %a—ﬁ -D*6" [6u", Au"] dT
1771 )
+5/ ~(0:Cr.7 DOLAW] 4 0,Cr, 5 DYlAW] + D€y, 5 DY'[AW] 4 02y Dl Au))
I'e

.9(9553 (Ut (Y) — uh(X))) [6uh] dr

3

+1/ le #(6",9.v" ny) - (QDZ&Z [bu”, Au] + 4V x6u" (Y) DY[Auh]) dr
r.”

>

= —Dj(uh)[auhH1 / —6" . D6" [su] dT
2 Jr. v

11 ‘
_5/ 762 (059" me) D(06% + (" (V) — (X)) ] a0 Vaut e VY
i

where D27 (u”)[6u", AuM] is the second directional derivative of 7 (u”). From (7)) the derivative Dv"[Au"] can
be evaluated as:

Dy [AuM] = % (Fyo DY [Au"] — Dg[Au™] no) (23)

where Fyq is the deformation gradient at the previous time-step, evaluated at point Y. All partial derivatives
05C, 94C, 0,C and 9,C of the function C are provided in [29, Appendix A] with small changes of notations since
the negative part [z]_(= —[z]g-) is used in [29] instead of the projection onto R™.



For the ray-tracing strategy, we refer to [29] for the exact expression of Dg[Au”], Dn,[Au"] and and DY [Au"].
For the projection strategy, the tangent system is the same, replacing n, by n,. In this case Dg[Au"] is simple
to compute but the expression of Dny[Auh] is quite intricated. Therefore we neglect this term in the tangent
system and in the expression of DY [Au”]. Using (2)) Dy[éu] reads:

Dy[éu] = du(X) — Dg[du] n, — g Dnydu] ~ du(X) — Dgléu] n, .
Moreover there also holds (see, e.g., [29])
Dyldu] = éu(Y) + Fy DY [du], Dgldu] = ny - (du(X) — du(Y)).
Finally, for the projection strategy, when neglecting Dn,,[du|, we can take:
DY [0u] ~ Fy' (I—n, @ny) (du(X) — du(Y)) . (24)

We note that for projection, even when calculating the exact expression of the derivatives, the discrete method
will not be stable because of the non-continuity of the normal vector n,(X) in terms of the position X since the
projection is not a continuous operator.

Remark 2.5. For the non-symmetric variant = 0, the tangent system can be substantially simplified as:
D27J (ul)[6u”, Au™)

1
+5 /F (a(,c% 7 D" [ M) + 8,0, 7 DglAu"] + 0,C, 7 DV"[Au"] + 0,C, > Dnz[Auh])

(3w ) = dul (X)) dr + % / Cy7 (619, m) - (Vxbu (V) DY 4]} dr (25)
e

— DM - % /F Cy (6% g.v" ng) - (Bu (V) — 3w (X)) D Vou € V.

3. Numerical tests and validation

Formulation has been implemented in our open-source finite element library GetFEM++ (see http:
//getfem.org/). It corresponds to solving System within a (semi-smooth) Newton loop. We test and
compare both unbiased and biased versions, as well as variants corresponding to different values of 8 = —1,0, 1.
Except in Section the mapping strategy used is always the ray-tracing.

As a first example, the simulation of a two-dimensional patch test with non-matching meshes allows to check
the capability of the formulation to exactly transmit constant normal stresses between two contacting surfaces,
regardless of their discretization. With this first example, we provide numerical evidence that element-based
integration leads to acceptable accuracy, provided enough Gauss points are used. So we keep this choice for the
remaining numerical tests, following [I4] and [29]. The second test is the two-dimensional Hertz contact problem
that assesses the capability of the approximation to capture a known contact pressure profile in a restricted
contact area with non-matching meshes. Further two-dimensional examples are classic problems found in the
large sliding contact literature and aim at testing the performance of the proposed method. Finally, simulation
of contact between two hollow cylindrical tubes, including self-contact, is presented in order to evaluate the
performance of the method in three dimensions and for the self-contact case. In reference [29] the projection and
the ray-tracing strategies are presented with a general discussion. We complement here this discussion with a
numerical comparaison between the two mapping strategies.

3.1. Taylor patch test

The patch test originally proposed in [35], investigates the ability of contact formulations to exactly transmit
constant normal tractions between two contacting surfaces, regardless of their discretization. However, note that
a patch test does not provide any information about the stability of an algorithm and and is not relevant when
considering contact between deformable and rigid bodies. In this section we compare the obtained error with
element-based and segment-based quadrature. Among available patch tests, we choose the one depicted in Figure
that is similar to the test used in [II] and [19]. An elastic body rests on a smooth elastic foundation having
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Figure 3: Taylor patch test configuration.

the same dimensions. A uniform distributed load p = 10 KPa is applied on the upper surface of the solid. A two
dimensional plain strain analysis is considered with a Saint Venant-Kirchhoff material. Corresponding elastic
parameters are: E = 2-10% MPa and v = 0.3. Frictionless contact is considered.

We compare the performance of our Nitsche-based method with some other discretizations of contact. The
transferred contact stress is measured on the lower contact surface. We compare the obtained pressure profile with
those computed using a simple nodal (node-to-segment) approximation, with an integral augmented lagrangian
method (see [29]) as well as a mortar method (see [36, B1]). For Nitsche’s method, we compare biased and
unbiased versions. For the biased method, as well as for other contact methods, the slave surface is the upper
one. The parameters for Nitsche’s method are: § = 0 and 9 = 100E. At first, we perform the test with a
subdivsion of the quadrature method according to the elements intersections (segment-based integration). The
maximum relative stress errors for different methods is shown in Table [I| with 4 integration points per element
and Lagrange Q2 elements. All of Nitsche’s methods, augmented Lagrangian and mortar ones produce a resulting
axial stress exactly satisfied to more than ten decimal places and a zero penetration up to the truncation error.
As expected the nodal method results in a much higher error.

Approximation method Biased Nitsche Unbiased Nitsche Augmented Lag Mortar Nodal
Max pressure relative error 7.5-10712 3.7-10712 8.8-107° 1.7-10713  1.1-1071
Max gap(mm) —8.5-1071¢ —6.4-10716 —2.5-10712 —6.5-107* —-9.1076

Table 1: Maximum of contact pressure relative error and gap for segment-based integration.

If, now, performing same measures using the Gauss integration scheme without cutting (element-base inte-
gration) we get the following results:

Approximation method Biased Nitsche Unbiased Nitsche Augmented Lag Mortar Nodal
Max pressure relative error 6.3-1073 9.6-1073 7.6-1073 7.4-1073 8.9.1072
Max gap(mm) —2.6-1077 —2.9-1077 -3.9-1076 -3.9-10% —-7.6-10"6

Table 2: Maximum of contact pressure relative error and gap for element-based integration.
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It is clear that segment-base integration is more precise and using element based integration technique generate
a quadrature error. But this error remains still very small and can be considered acceptable in practice and it
vanishes when refining the integration method (see Table [3)). We observe from Table |2| that, despite the coarse
mesh and the use of only 4 integration points per segment, the rate of quadrature error is low for Nitsche’s
method in its two versions. For both versions the accuracy is comparable even though the biased method seems
to generate a lower error since the integration is performed only on one surface for this variant. Remark that
changing the integration method does not affect the nodal method. The augmented lagrangian integral method
and the mortar method have almost the same accuracy.

Approximation method Biased Nitsche Unbiased Nitsche Augmented Lag Mortar Nodal
Max pressure relative error 1.7-1073 2.2-1073 0.6-1073 0.6-1073 9.7-1072
Max gap(mm) —0.7-1077 ~1.5-107"7 ~1.6-1076 -1.6-107¢ —7.5-107¢

Table 3: Maximum of contact pressure relative error and gap for element-based integration and a finer inegration scheme(8
integration points).

In Table 3] we use the element based integration with 8 Gauss points per segment. The results show that for
all integral formulations the integration error decreases significantly when refining numerical integration.

3.2. Hertz contact

We consider the case of a half-disc of radius R = 10 mm pressed onto a plane elastic foundation. For the

sake of simplicity, we consider a material law of Saint-Venant-Kirchhoff type. The elastic modulus is E = 10°
MPa, and the Poisson ratio is set to ¥ = 0.3 for both bodies. The half-disc’s top side is clamped and lowered
vertically. For all the tests we compare the approximated solution to the Hertz one for a small rate of loading
going from 0 to 0.5 mm in ten steps equally spaced. The tests were performed with both Lagrange linear and
quadratic triangular finite elements and non maching interface meshes. The test is performed first with v9 = E,
0 = 0 and the unbiased variant.
The diagrams in Figure [4] correspond to the pressure profiles at the 10th load-step obtained with two and three
quadrature points per element while Figure [5| corresponds to the penetration error measured on the contact sur-
face (in mm) when taking 3 integration points per element. Figure [5|allow to measure and locate the penetration
on the contact surface with the proposed weak imposition of contact constraints. The vertical red arrows in
Figure 4| correspond to values of the contact pressure field at quadrature points. The blue line represents the
analytically calculated Hertz’s pressure profile for the corresponding normal load obtained in the simulation. In
both figures, diagrams in the left column correspond to a linear approximation of the displacement while the
results in the right column refer to a quadratic one.
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Figure 4: Contact pressure for Hertz problem with unbiased Nitsche’s method.

A first observation is that the method approximates well the Hertz solution: the exact pressure profile is

reproduced and no problem is encountered with the release of the nodes for inactive contact elements. For linear
approximation, two quadrature points per element edge appear to be sufficient for numerical integration whereas
3 points allow a better accuracy for the quadratic approximation. The linear approximation is accurate only for
a sufficiently fine mesh because the pressure profile is not linear along the contact surface.
Figure |5 shows that the measured penetration is very low with linear and quadratic elements: less than 0.4% of
the element size. To better see the convergence of this error when refining the mesh, we plot on Figure [6] the
evolution of the measured penetration norm with the mesh size for Lagrange quadratic elements. This curve
shows clearly that the gap error vanishes by refining the mesh. The order of convergence is approximately 2 in
L?-norm. Increasing the approximation order reduces as well the gap error.

_3
15810 4x107

€ E3

R £

‘o- .

E £2

o ]

2.0.5¢ o

3 81t

% 2 0 2 4 -4 -2 0
X (mm) X (mm)
(a) Linear approximation (b) Quadratic approximation

Figure 5: Gap error for Hertz problem with 3 integration points per element and unbiased Nitsche’s method.
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The solution of this problem depends on Nitsche’s parameter « in the sense that similarly to the small strain
case studied in [9, 0] the convergence of the method is influenced by the parameter vy and this dependency
differs for different values of §. We provide in Table 4| the average (along the loading steps) of the pressure error
and of the required Newton iterations yielding convergence with a maximum of 50 iterations for all steps, for
different values of 7y and 6. The test is performed for Lagrange quadratic triangular elements, with and without

friction.
Frictionless
X
=]
§ Na¥
—
& R
S ”’E) » 8 S o
S) v O 25 & 2
© = g SE & 7
=
= % S z 3 T @
< h=g~] oo = L
> Z & Z5 < 3
E
0 160 7.24 17
3.5 2.4
100 - F 4.6 2.7
E
-1 100 4.8 3.7
E 4.3 3.0
100 - E 4.6 4.1
E
1 100 14.8 54.8
E 26.8 52.2
100 - E 4 4.2

Friction coefficient .# = 0.3

X
- 4
2T
IS =
Nt [75) E n N1 8 E
B B = 8 &% o
D < g 82§ Z
= 2g 5E Tz
— 8]
S Z 2 < 2R
E
0 = 85 144
E 4.6 2.4
100- F 20.7 6.8
E
-1 = 53 33
E 4.3 3.1
100- F 9.2 4
E
1 = 20.8 59
E 30 64
100 - £ 11.2 4.1

Table 4: Average of contact pressure error and number of Newton’s iterations for Hertz contact.

As for small strain [9], [I0] the influence of Nitsche’s parameter vy depends on 6. It is remarkable that the
skew-symmetric version § = —1 remains the most robust one and converges whatever is the value of ~y. In this
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case the obtained pressure profile approximates well the theoretical one. This is also observed in [9] for small
deformations and a mathematical proof is provided in that case. The symmetric version § = 1 is the most sensitive
one and it converges only when -y is large enough. Comparing 8 = 0 to 8 = 1, we remark that the simple version
6 = 0 is more robust regarding -y since it converges for a wider range of values for . Nevertheless, convergence
is lost when ~9 becomes too small. The same behavior is observed in the frictional case. Additionally let us
mention that when 7 is very large, convergence of the Newton algorithm is more difficult to achieve, especially
for frictional contact. This is related to the fact that, when taking ~y too large, the problem becomes stiff and
ill-conditioned (see, e.g., [32]).

Remark 3.1. Note that a recent attempt has been made to adapt a penalty-free Nitsche method originally analyzed
in [J] to the Signorini problem (see [6]). However it does not correspond to the case g = 0 and there remains an
additional numerical parameter, conversely to the case of Dirichlet boundary conditions which is parameter-free.

3.8. Shallow ironing

The third numerical example to be presented is the so-called shallow ironing test. An indenter with a circular
arc shaped bottom edge is pressed against an elastic block and is forced to slide along the block length. This
example can also be found for instance in [I5], 29, [36]. In this test we investigate the transmission of the force
in vertical and horizontal directions when the contact surface evolves. We compare essentially the frictionless
and the frictional case to test the accuracy of method when approximating a friction problem. Figure [7] shows
the initial geometry with the different dimensions in mm. For the two contacting bodies a neo-Hookean material
behavior is considered, with Young’s moduli equal to 68.96 - 108 MPa and 68.96 - 107 MPa for the indenter and
the block, respectively, and Poisson’s ratio of 0.32 for both parts. The considered two-dimensional system is
solved under the plane strain assumption. As in [29], we consider a quasi-static load. For ¢t € [0,1], a vertical
displacement of 1 mm is performed in 10 steps. Then, when ¢ € [1,2], we perform an horizontal displacement
along the block in 500 equal steps, each of 0.02 mm. The three computed deformed configurations are presented
in Figure [7] with a plot of the Von-Mises stress distribution, which demonstrate the finite deformations involved
in the ironing process. This result and the curves of Figure [§] correspond to a friction coefficient .# = 0.3 and
quadratic rectangular finite elements. We use the simple version of the method (¢ = 0) and three quadrature
points per segment for numerical integration. Since the material parameters of the two bodies are different, we
consider, for the unbiased version, two different Nitsche’s parameters v} = E°.
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Figure 7: Initial geometry and deformed configuration of the shallow ironing example with contour plot of the Von-Mises
stress in the frictionless case, at t =1, ¢t = 1.5 and ¢t = 2.

Figure [§] shows the evolution of the total horizontal and vertical force components between the contacting
bodies during the whole simulation. During the first phase of pressing the indenter into the slab, the curves
are smooth and the two bodies stick together. Starting the horizontal movement, the vertical as well as the
horizontal reaction forces increase a bit until a limit is reached. At this stage the block starts sliding over the
slab. An oscillation is observed for the vertical and horizontal reaction forces. This oscillation decreases when
refining the mesh. This is due to the fact that the finite element mesh of the block has to slip around the right
corner of the indenting body. Note however that these observed oscillations for vertical and horizontal force, even
with only three quadrature points, remain still small, compared to similar results presented in [15]. Comparing
the results of the present study with those reported in [29] [I5], one can note that the qualitative behavior is very
well captured. The results are close to those obtained in [29] but there are important quantitative differences
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Figure 8: Evolution of the vertical and horizontal components of the contact forces for shallow ironing.

with [I5]. The vertical force in Figure [8] is slightly lower than in [I5], while the reported horizontal force is
significantly lower compared to the aforementioned reference. At time 1.5 s for example, the ratio between the
horizontal and vertical force can be estimated to 0.53, based on the results reported in [I5] and 0.304 according
to [29]. The obtained ratio with our Nitsche’s unbiased method is 0.3014, which is very close to the result
of [29] and [36] where an integral augmented mixed method and a mrotar one are respectively used. The contact
stress distribution is in agreement with common understanding of system mechanics and if we calculate the angle
between the resulting stress vector along the contact surface at ¢ = 1.5 and the resulting surface normal, we
get 15.36°. This appears to be very close to the friction angle of 16.7° corresponding to the given coefficient of
friction of 0.3. For the frictionless case, a zero horizontal force is predicted correctly for the symmetric position
at t = 1.5, and it goes for negative values near the edge.

3.4. Contact of an elastic half-ring

In the fourth example, contact between an elastic ring undergoing large deformations and an elastic block
is considered. As in reference [14] B6], both parts are assumed to exhibit neo-Hookean material behavior with
Poisson’s ratio equal to 0.3. As introduced in [36], in this test, the elastic half-ring is assembled from outer and
inner rings with the same thickness of 5 mm. The outer ring has a Young modulus of 103> MPa and the inner
one is assumed to be 100 times stiffer. The Young modulus is of 300 MPa for the block. The inner radius of the
half-ring is equal to 90 mm. The block is 260 mm long and 50 mm high. The rectangular block is fixed at its
bottom edge, while the ends of the half-ring are horizontally fixed and vertically displaced by a total distance
of 70 mm in 140 steps of size 0.5 mm. Figure [9] shows the initial geometry and four deformed configurations at
different time-steps. The deformations are obtained without and with friction coefficient % = 0.5. The coarsest
mesh used in the calculations is made of 64 elements along the ring circumference and 1 element across each
ring layer, while the block is discretized with 52 by 10 quadrilateral elements, in length and height directions
respectively. On each body, Nitsche parameter will be equal to its Young modulus: 7o, = ERext, Yo = . We
consider the version 6 = 0.
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Figure 9: Deformation of the elastic half ring without friction (left) and with .# = 0.5 (right) for Q2 elements, after a
loading of 25, 45, 60 and 70 mm.

18



This example allows us to test the accuracy of the Nitsche method in the case of heterogeneous materials
and high friction forces. To compare the computed deformation with previous results from other methods, we
measure the vertical displacement of the ring’s mid-point. This displacement along the load steps is plotted in
Figure both for frictionless and frictional contact.

80 I I
1 1
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mesh x2) //
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Vertical displacement of the ring's mid-point (mm)

-20
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Figure 10: Vertical displacement of the half-ring middle point for different mesh sizes.

Figure [0] shows that the loaded half-ring compresses initially the elastic block on its central contact surface,
as expected. At this stage the frictional and frictionless cases are quite similar and the central mid-point of the
half-ring moves downwards. This is observable on Figure [10| until an amount of imposed displacement of 20 to
25mm is reached. This corresponds to the first deformed configuration in Figure [} Subsequently, the tracked
point is lifted progressively until 45mm of displacement. Then, in the interval between 45mm and 60mm , the
lifting speed of the half-ring middle point peaks in absence of friction when it remains low in the frictional case
because of extensive sliding between the ring and the block. In the remaining part of the simulation the tracked
point keep on moving up, but with a lower speed in both cases. The results with coarse and refined meshes are
very similar for the frictionless case, and also for the frictional one but only until 50 mm of displacement. In
the last 20 mms of the simulation, a remarkable difference between the two approximations is observed, when
considering friction. This could be due to the important sliding forces since we do not get that error in the
frictionless case. As for Hertzian contact, Nitsche’s parameter -y needs to be large enough for stability and
convergence, but when it is too large the problem stiffens: some elements are inverted and convergence is difficult
to achieve. The optimal values of v¢ on each material are those near its Young modulus E. For 79 = E we obtain
an average of Newton’s iterations of 4.45 for frictionless contact and 4.44 for frictional contact. With a fine mesh
the convergence speed is similar with a slight difference for the frictional case since the average in that case is 5.05.

To test the method with large contrast of stiffness between the contacting bodies, we measure the average of
Newton’s iterations with different values of the ratio ERext/Fp in the frictional case. The Young modulus of the
inner ring is constant (=10° MPa) and as for previous tests, Nitsche’s parameter is equal to the Young modulus
on each body.
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ERext/EB 107° 1072 1072 107! 1 10 10 103
Average of Newton’s iterations No convergence 6,43 6,07 6,35 7,66 6,36 5,73 No convergence

Table 5: Average of Newton’s iterations with different values of Erext/EB.

We observe that a large difference of stiffness does not influence the accuracy of the unbiased method. The
convergence is obtained with a close number of iterations for different values of the stiffness ratio. We loose
convergence only when going to extreme values because, when the block is too much flabby, some elements are
inverted; and when it is too rigid the problem becomes stiff and ill-conditioned.

8.5. Crossed Tubes with self-contact

The last numerical example is the crossed tubes test. In this example we simulate contact between two
crossed hollow elastic cylinders. Each of the tubes has an outer diameter of 24 mm, a wall thickness equal to 0.8
mm and a length equal to 100 mm. Neo-Hookean material behavior is considered for both tubes, with material
parameters corresponding to Poisson’s ratio equal to 0.3 and Young moduli of E; = 10° MPa for the lower tube
and E, = 10* MPa for the upper one. The tubes are forced into contact through Dirichlet conditions applied at
their ends. The upper tube is displaced vertically for a total distance of 40 mm divided into 80 equal load steps.
Since the enforced displacement is large, the deformations of the tubes are large and we observe a self-contact
configuration on the less rigid tube. So this test allows us to validate our method in case of self-contact. Since
the geometry as well as the boundary conditions are symmetric, it is sufficient to model only one quarter of the
considered structure. The actually modeled portion of each tube is colored in Figure[11]and it is discretized using
16 by 24 by 2 three-dimensional elements in the length, circumferential and radial directions respectively.

Figure 11: Geometry and mesh of the crossed tubes in their initial configuration.

The presented solution is based on an approximation of the geometry and of the displacement with quadratic
hexahedral elements. The unbiased Nitsche method with § = 0 is considered to deal with self-contact. The
results of Figure correspond to the frictionless case with a Nitsche’s parameter vy = F; for the lower tube
and g = FEs for the upper one. Figure depicts the calculated deformed configurations for the 30th, 60th
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and 80th load steps. Figure [13| shows the evolution along the loading steps of required Newton’s iterations for
the frictionless case and for a friction coefficient % = 0.3. Despite the increase of the required iterations when
self-contact occurs, Newton’s algorithm converges in general within a few iterations. The required iterations
number for convergence increases from the 45th load step. This is due to the onset of self-contact.

T | <104 MPa
1 3 5 7

Figure 12: Deformation and Von-Mises contour plot of the two crossed tubes test without friction for a loading of 20, 30
and 40 mm.
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Figure 13: Crossed tubes test: required Newton’s iterations per load step with (% = 0.3) and without friction.

3.6. Projection and ray-tracing

For contact problems, the choice of mapping strategy influences directly the performance and the robustness
of the method. In this last part we compare the two presented mappings from a numerical viewpoint. The
comparison is made through two tests: two-dimensional Hertz’s contact and three-dimensional crossed tubes.

(a) Ray-tracing (b) Projection

Figure 14: Illustration of ray-tracing and projection from the upper interface to the lower one and Von mises pressure
profiles for Hertz contact.

At first, we illustrate in Figure the difference between ray-tracing and projection for Hertz problem and
we present the deformation and the effort distribution obtained by using the two mappings. The two strategies
solve well Hertz contact problem, but to compare them, we provide for each one the average number of Newton
iterations yielding convergence as well as the mean pressure error along the ten steps of loading. The test is
performed with different values of 8, with and without friction. For sake of briefness, we choose only the value
of 79 equal to E and the unbiased version of the method.
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-1 0 3.4 3.36 -1 0 6.3 3.36
0.3 3.3 3.46 0.3 6.5 3.45
1 0 No convergence - 1 0 No convergence -
0.3 No convergence - 0.3 No convergence -

Table 6: Mean contact pressure and number of Newton’s iterations for projection and ray-tracing strategy, for the Hertz
test with 70 = F and the unbiased Nitsche’s method.

A first observation is that the accuracy of the approximation is the same for the two mappings, meaning that
the choice of the mapping does not influence strongly the quality of the solution. When 6 = 1 we do not reach
convergence since 7 is not large enough. So the two strategies seem to have the same response regarding Nitsche’s
parameter. In addition, the difference in terms of Newton’s iterations is clearly observable for different values of
0. Ray-tracing allows a convergence twice faster than projection. This may be due to the non-exactitude of the
tangent problem for projection in which we neglected the directional derivative of n, term. A similar difference
of convergence speed is observed for the crossed tubes test in Figure [I5] If we apart the influence of self-contact,
the number of iterations is almost two times higher for projection. The smoothness of the contact surfaces in
both tests does not allow to study robustness regarding some special cases detailed in [29).
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Figure 15: Required Newton’s iterations per load step for the crossed tubes test without friction, for the ray-tracing and
projection mapping strategies.
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Conclusion

Nitsche’s method is a promising formulation to treat interface conditions in a consistent weak sens. Adapted to
the contact problem the method offers several theoretical and numerical advantages in the small strain framework.
The aim of this work is to extend the method to the large strain case. We proposed an extension of Nitsche’s
method to contact and friction in the large strain framework. We derived an unbiased formulation that can
be more amenable to self-contact and multi-body contact. A generalization parameter 6 is considered to cover
an entire set of methods with different numerical properties. The method is constructed independently of the
mapping function, but its performance depends on the used mapping. Therefore, we gave a brief comparison of
two mapping strategies: projection and ray-tracing. Being an integral formulation, the performance of Nitsche’s
method depends on the used quadrature scheme. We made the choice of using the classic Gauss schemes over the
original elements without cutting. This choice was briefly argued, but, still, the effect of numerical integration
for Nitsche’s method is an interesting perspective of study. In this work, we used an hyper-elastic material, but,
since the behavior law is used, extending the method to inelastic behavior may need some adaptations since state
variables are typically calculated and stored at quadrature points on the interior of the elements. In a Nitsche
approach, such fields will also need to be computed and stored on the surface. Therefore an extension to inelastic
materials could be considered in forthcoming studies.
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AppendixA. Directional derivative of the stress tensor

To make explicit each term in formulation , we need first the following results on the directional derivatives
of deformation tensors, that are obtained after simple computations (see, e.g. [16, Chapter 14]):

Proposition AppendixA.1l. The directional derivatives of F and E are:

DF(u)[du] = Vx(ou),
DE(u)[0u] = sym (FT(u)Vx(du)) = FT (u)e(6u) F(u),

where sym (-) denotes the symmetric part of a second order tensor.

The computation of the directional derivatives of stress tensors & and S is more involved and we recall their
expression below (see as well [16], Chapter 14]):

Proposition AppendixA.2. The directional derivatives of S, resp. &, are:

DS(w)[du] = C(u):Fr(u)Vx(6u) = C(u) : FT (u) e(6u) F(u). .
Dé(u)[du] = Vx(0u)S(u) + F(u)(C(u) : FT (u)Vx (du)). (A.2)

Proof: First, for an hyperelastic law, there holds in fact S(u) = S(E(u)) and we apply the chain rule:

DS(u)[du] = DS(E(u))[DE(u)[du]] = a—s(u) : DE(u)[du].

- OE
Since C = g—% and using Proposition [AppendixA.1| we get:
DS (u)[0u] = C(u) : sym (F7 (u)V x (du)).

Then (A.1) is obtained with the above formula and the symmetry properties of C.
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Using the relationship 6 = F'S and applying the product rule yield, for Dé (u)[du]:
Dé (u)[du] = DF (u)[du]S(u) + F(u)DS(u)[dul.
We use (A.1) and once again Proposition [AppendixA.1|to obtain (A.2]). O

As an example, suppose that the constitutive law is those of a Saint-Venant-Kirchhoff material, i.e., that:

2 (b (B))? + p tr (),

W(E) =3

where A and p are material parameters, see, e.g., [4, Chapter 5]. The associated second Piola-Kirchhoff stress
tensor and elasticity tensor are:

S=Mr(E)I+2uE, C=)®I+2uZ.
Let us detail the expression
Dé (u)[5u] = Vi (6u) S(u) + F(u)(C(u) : FT (u)V x (6u))
=Vx(6u) (Mr (B(u)I + 2uE(u)) + Fu)(AM @I+ 2uT) : FT (u)Vx (5u)).
We compute separately
IRT:FH(u)Vx(du) = (I: FL(u)Vx(6u))I = tr (FT (u)Vx (6u))l,

and
Z:FT(u)Vx(6u) = sym (FT (u)Vx (6u)).

This yields
Dé (u)[ou] = Vx(éu) (Atr (E(u))I 4+ 2pE(u))
F(u)(Atr (FT (u)Vix (0u)I + 2psym (FT (u)Vx (6u)))
= (tr (E(u))Vx (0u) + tr (F" (u)V x (6u))F(u))
+ 241 (Vx (6u)E(u) + F(u) sym (F* (u) Vx (du))) -
We finally obtain D&, (u)[du] using relationship:
D6\, (w)[du] = D& (u)[du]N

since 6, = 6 N. The same process can be applied for various constitutive laws.
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