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WELL-POSEDNESS OF NONLINEAR FRACTIONAL
SCHRODINGER AND WAVE EQUATIONS IN SOBOLEV
SPACES

VAN DuoNG DINH

Abstract

We prove the well-posed results in sub-critical and critical cases for the pure power-type
nonlinear fractional Schrédinger equations on R%. These results extend the previous ones in
[22] for o > 2. This covers the well-known result for the Schrédinger equation o = 2 given
in []. In the case o € (0,2)\{1}, we give the local well-posedness in sub-critical case for
all exponent v > 1 in contrast of ones in [22]. This also generalizes the ones of [11] when
d =1 and of [I7] when d > 2 where the authors considered the cubic fractional Schrodinger
equation with o € (1,2). We also give the global existence in energy space under some
assumptions. We finally prove the local well-posedness in sub-critical and critical cases for
the pure power-type nonlinear fractional wave equations.

1 Introduction and main results

Let o € (0,00)\{1}. We consider the Cauchy fractional Schrédinger and wave equations posed
on R4 d > 1, namely

i0pu(t,r) + Au(t,r) = —p(ul'"tu)(t,z), (t,x) € R xRY,
and
va(t,x) + AQUU(t,;p) - (|U|V71’U)(t, :E), (t,l‘) R x Rd7
{ v(0,z) = p(z), 85(0, z) = ¢(x), ze€R? (NLFW)

where v > 1 and p € {£1}. The operator A° = (v/—A)? is the Fourier multiplier by |¢|” where
A= Z?:l 6?— is the free Laplace operator on R?. The number p = 1 (resp. u = —1) corresponds
to the defocusing case (resp. focusing case). When o € (0,2)\{1}, the fractional Schrédinger
equation was discovered by N. Laskin (see [26], [27]) owing to the extension of the Feynman
path integral, from the Brownian-like to Lévy-like quantum mechanical paths. This equation
also appears in the water wave models (see [23]). When o € [2,00), the (NLFS) generalizes the
nonlinear Schrodinger equation o = 2 or the fourth-order nonlinear Schrédinger equation o = 4
(see e.g. [30] and references therein). In the case o € (0,2)\{1}, the fractional wave equation,
introduced in [§], reflects the Lévy stable process and the fractional Brownian motion. In the
other side, when ¢ € [2,00), the (NLFW) can be seem as a generalization of the fourth-order
nonlinear wave equation (see e.g. [31]).

It is well known (see [15], [24], [5] or [34]) that the (NLFS) and (NLFW) are locally well-
posed in HY with v > d/2 provided the nonlinearity is sufficiently regular. The main purpose of
this note is to prove local well-posed results for (NLFS) and (NLFW) for v € [0,d/2). For the
(NLFS), we extend the previous results in [22] for o > 2. This covers the well-known result for
Schrodinger equation o = 2 given in [B]. When o € (0,2)\{1}, we show local well-posedness in
sub-critical case for v > 1 in contrast of v > 2 when d = 1, v > 3 when d > 2 of [22]. This result
generalizes the ones of [I1I] when d = 1 and of [I7] when d > 2 where the authors considered
the cubic fractional Schrodinger equation with o € (1,2). We also shows the global existence in
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energy space, namely H°/2 under some assumptions. Moreover, in critical case, we prove global
existence and scattering with small homogeneous data instead of inhomogeneous one in [22]. To
our knowledge, the (NLFW) does not seem to have been much considered before, up to [37] on
scattering operator with o is an even integer and [6], [7] in the context of the damped fractional
wave equation.

Let us introduce some standard notations (see [16], Appendix, [36] or [2]). Let xo € C§°(R?)
be such that xo(€) = 1 for [¢] < 1 and supp(xo) C {€ € R% [¢] < 2}. Set x(€) := x0(€) — x0(2£).
It is easy to see that x € C§°(R?) and supp(x) C {¢ € R4, 1/2 < |¢] < 2}. We denote the
Littlewood-Paley projections by Py := xo(D), Py := x(N~'D) with N = 2¥ k € Z where
Xo(D), x(N~1D) are the Fourier multipliers by xo(¢) and x (N ~1¢) respectively. Given v € R
and 1 < ¢ < 00, one defines the Sobolev and Besov spaces as

Hy = {ue " | llulm = (A ulle < oo}, (A)i= VI+A2

! 2 2 1/2
By i={ues" | |ullpy == 1Poulls + (D N*'|[Pyul}) < oo},

Ne2N

where .’ is the space of tempered distributions. Now let %, be a subspace of the Schwartz
space . consisting of functions ¢ satisfying D"‘gbf(O) = 0 for all @ € N? where * is the Fourier
transform on . and .7 its topology dual space. One can see .7 as .’/ &7 where & is the set
of all polynomials on R?. The homogeneous Sobolev and Besov spaces are defined by

13 = {ue Z | flull gy = A ullzo < oo},

. 1/2
By i={ue | ullgy = (3 NIPvull.) < oof.
Ne2Z
It is easy to see that the norm [lul|py and |[ul[z; does not depend on the choice of Xo, and
S is dense in H;’, Bg. Under these settings, H, B], H; and Bg are Banach spaces with the
norms ||ul| gy, [[ull By, Hu||H; and ||“HB; respectively (see e.g. [36]). In the sequel, we shall use
HY .= Hj, H" := HJ. We note (see [2], [I6]) that if 2 < ¢ < oo, then B] C H]. The reverse
inclusion holds for 1 < r < 2. In particular, B} = H” and BY = Hg = L?. Moreover, if v > 0,
then H] = LYN H] and B] = LN BY.
Before stating main results, we recall some facts on (NLFS) and (NLFW). By a standard

approximation argument, we see that the following quantities are conserved by the flow of
(NLFS),

1
Ms(’U/> = / |u(t,x)|2d;1c7 Es(u) = /i‘AJ/ZU(t,Qﬁ)F + Vi - ‘U(t,$>|’/+1d;(;_

Moreover, if we set for A > 0,
un(t,z) = A7 Tu(AT7t A ),
then the (NLFS) is invariant under this scaling that is for 7" € (0, +o0],
u solves (NLFS) on (=T, T) <= uy solves (NLFS) on (—A°T,\°T).

We also have }
luxO)l v = X277 Tl - -

From this, we define the critical regularity exponent for (NLFS) by

d o

== . 11
L (1.1)

Similarly, the following energy is conserved under the flow of (NLFW),

1 1
Bu(v) = [ 500t + S0t o) + - E ot a) " da,
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and the (NLFW) is invariant under the following scaling
ua(t,z) = )\_%v()\_”t, A,

Using that

d_ 20 _
[ox(O)1 o = A2 77T ol s
d_ 20 _
10e0x (0) g = A2 7T 1Bl oo

we define the critical regularity exponent for (NLFW) by

20
v—1

d
=3 (1.2)
By the standard argument (see e.g [28]), it is easy to see that the (NLFS) (resp. (NLFW)) is
ill-posed if ¢ € H” with v < s (resp. vy € H", v, € H'™7 with v < Yw)- Indeed if u solves the
(NLFS) with initial data ¢ € H” with the lifespan T, then the norm |[uy(0)|| ;, and the lifespan
of uy go to zero with A. Thus we can expect the well-posed results for (NLFS) (resp. (NLFW))
when v > 75 (resp. 7 = Yw).

Throughout this note, a pair (p,q) is said to be admissible if

2 d _d
(p7 Q) S [27 00]27 (p7qa d) # (27 OO, 2)7 ;? + 5 S 5 (13)
We also denote for (p,q) € [1, 00]?,
d d o
’Yp,q:§*5*;' (1.4)

Note that when o € (0,2)\{1}, then v, , > 0 for all admissible pair except (p,q) = (00,2).
Therefore, it convenient to separate two cases o € (0,2)\{1} and o € [2,00). Our first result is
the following local well-posedness for (NLFS) in sub-critical case.

Theorem 1.1. Given o € (0,2)\{1} and v > 1. Let v € [0,d/2) be such that

v>1/2—0c/max(v—1,4) whend=1, (15)
v>d/2—0/max(v—1,2) whend > 2, ‘
and also, if v is not an odd integer,
vl <, (1.6)

where [v] is the smallest positive integer greater than or equal to y. Then for all o € H?Y, there
exist T* € (0,00] and a unique solution to (NLFS) satisfying
we C(0,T*), H)YNn LY

loc

([0,77), L),

for some p > max(v — 1,4) when d =1 and some p > max(v — 1,2) when d > 2. Moreover, the
following properties hold:

i IfT* < oo, then ||u(t)||gr — o0 ast — T*.

ii. u depends continuously on ¢ in the following sense. There exists 0 < T < T such that
if on = @ in HY and if u, denotes the solution of (NLFS) with initial data o, then
0 <T < T*(py) for all n sufficiently large and w,, is bounded in L*([0,T], H) ") for
any admissible pair (a,b) with b < co. Moreover, u, — u in L*([0,T], H, '*") as n — oco.
In particular, w, — w in C([0,T]),HV~°) for all € > 0.
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Remark 1.2. i. The proof of this result is based on Strichartz estimates and the fractional
derivatives of nonlinear operators (see Section . Note that when v is an odd integer,
F() = —pl-|"71 € C®(C,C) (in the real sense) and when v is not an odd integer
satisfying , F e Ml (C,C). Thus we are able to apply the fractional derivatives up
to order «y (see Corollary .

ii. If we assume that v > 1 is an odd integer or
[ <v-1 (1.7)
otherwise, then the continuous dependence holds in C([0,T], H”) (see Remark [4.1)).

As mentioned before, this result improves the one in [22] at the point that Hong-Sire only
give the local well-posedness for v > 2 when d = 1 and v > 3 when d > 2. This result also covers
the ones [I1] and [I7] where the authors consider the cubic fractional Schrédinger equation with
o € (1,2). When ¢ > 2, we have the following better result which generalizes the case o = 2
given in [4].

Theorem 1.3. Given o > 2 and v > 1. Let v € [0,d/2) be such that v > 7s, and also, if v is
not an odd integer, (1.6). Let (p,q) be the admissible pair defined by

. : 20(v+1) dlv+1) (18)

v—)d-2y) 1T d+ -1y
Then for all ¢ € H7, there exist T* € (0,00] and a unique solution to (NLFS) satisfying

we C([0,T%), H') N LY

loc

([0,7%), HY).
Moreover, the following properties hold:
i If T* < oo, then ||u(t)| 4, — 00 ast — T*.

ii. w depends continuously on ¢ in the following sense. There exists 0 < T < T™ such that
if on = @ in HY and if u, denotes the solution of (NLFS) with initial data ¢, then
0 < T < T*(pn) for all n sufficiently large and u, is bounded in L*([0,T], H)) for any
admissible pair (a,b) with v, = 0 and b < co. Moreover, u, — u in L*([0,T],L%) as
n — oo. In particular, u, — u in C([0,T], HY"¢) for all e > 0.

Thanks to the conservation of mass, we have immediately the following global well-posedness
in L? when o > 2.

Corollary 1.4. Let 0 > 2 and v € (1,1 + 20/d). Then for all ¢ € L?, there exists a unique
global solution to (NLFS) satisfying u € C(R,L?) N LY (R, L?), where (p,q) given in (1.8).

Proposition 1.5. Let

(2/3,1) when d =1,
oe(1,2) when d = 2,
(3/2,3) when d =3,
o€ [2,d) when d > 4,

(1.9)

and v > 1 be such that o/2 > 7, and also, if v is not an odd integer, [o/2] < v. Then for any
¢ € H?/2, the solution to (NLFS) given in Theorem and Theorem can be extended to
the whole R if one of the following is satisfied:

Lop=1.
i p=-1Lv<l+20/d
. p=-1,v=1420/d and ||¢||2 is small.

iv. p=—1 and ||| gos2 is small.
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We now turn to the local well-posedness and scattering with small data for (NLFS) in critical
case.

Theorem 1.6. Let o € (0,2)\{1} and

{ v>5 whend=1, (1.10)

v >3 when d > 2

be such that vs > 0, and also, if v is not an odd integer,

’—'YS] <. (1'11)
Then for all ¢ € H=, there exist T* € (0,00] and a unique solution to (NLFS) satisfying

we C([0,T), H*) N LF

loc

([07 T*), B(’Iys—’Yp,q )7

where p = 4, = oo whend = 1; 2 < p <v—1,q9 =p* = 2p/(p —2) when d = 2 and
p=2,q=2"=2d/(d—2) when d > 3. Moreover, if ||¢| j;-. <€ for some e >0 small enough,
then T* = oo and the solution is scattering in H"*, i.e. there ewists o™ € H7 such that
: itAT 4+ _
i () — o e =0,

This theorem is just a slightly modification of Theorem 1.2 and Theorem 1.3 in [22] where
the authors proved the global existence and scattering for small inhomogeneous data. Note that
Strichartz estimate is not sufficient to give the local existence in critical case. It needs a delicate
estimate on LY "' L2° (see Lemma 3.5 in [22]). The range v € (1,5] when d = 1 and v € (1, 3] still
remains open, and it requires another technique rather than Strichartz estimate. The situation
becomes better when ¢ > 2, and we have the following result.

Theorem 1.7. Let 0 > 2 and v > 1 such that vs > 0, and also, if v is not an odd integer,

(CID). Let

2d(v+1)
—y4l, g= D 1.12
p=vEL 0= o (1.12)

Then for any @ € H, there exist T* € (0,00] and a unique solution to (NLFS) satisfying
we C(0,T*), H*)N L

loc

([0,T7), Hp?).

Moreover, if ||¢|| g < € for some € > 0 small enough, then T* = oo and the solution is
scattering in Hs.

We now give the local well-posed results for the (NLFW) equation. Let us start with the
local well-posedness in sub-critical case.

Theorem 1.8. Given o € (0,00)\{1} and v > 1. Let v € [0,d/2) be as in (L.5) and also, if v
is not an odd integer, (1.6). Then for all (p,¢) € HY x HY~7, there exist T* € (0,00] and a
unique solution to (NLFW) satisfying

veC([0,T%), H)nCY([0,T*), H"°)N LY

loc

([0,77), L),

for some p > max(v — 1,4) when d =1 and some p > max(v — 1,2) when d > 2. Moreover, the
following properties hold:

i IfT* < oo, then ||[v](t)||gr — o0 ast — T*.

ii. v depends continuously on (¢, @) in the following sense. There exists 0 < T < T* such that
if (On, On) = (@, @) in HY x HY=7 and if v,, denotes the solution of (NLFW) with initial
data (on,Pn), then 0 < T < T*(pn, dn) for all n sufficiently large and vy, is bounded
in L([0,T), H)" ") for any admissible pair (a,b) with b < co. Moreover, v, — v in
Le(I, Hb_%‘b) as n — oo. In particular, v, — v in C([0,T], H"=¢) N C*([0,T], H'=77°)
for all e > 0.
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We note that is necessary to use the Sobolev embedding, but it produces a gap between
Yw and 1/2 — o/ max(v — 1,4) when d = 1 and d/2 — o/ max(v — 1,2) when d > 2. Moreover,
if we assume that v > 1 is an odd integer or otherwise, then the continuous dependence
holds in C([0,T], H") N C*([0,T], H"~°).

The following result gives the local well-posedness for (NLFW) in o-sub-critical case.

Theorem 1.9. 1. Assume ford=1,2,3,4,

d d d—d
7€ (0’m>’ Ve (d—20’2d2—(d+04)a}

ome[i,@)\m,ue( d d””); (1.13)

d+2'2 d—20"d—20
ford=5,...,11,
7€ (O’ g) ve (d—d2o’ 2d2—d(dig4)a] oree E’g>\{1}’ Ve (#’#}
oro e [%72)\{1}7 ve (ﬁ,gf;g); (1.14)

and for d > 12,

0 (0) ve (] o e N ve (]

Let (p,q) be an admissible pair defined by

2
=1 v q=2v. (1.16)

d—20)v—d’

Then for all (@, ¢) € H x L2, there exist T* € (0,00] and a unique solution to (NLFW)
satisfying _
v e C(0,T), H7)nCH([0,T*), L*) N LY

loc

([0, T%), LY).
Moreover, the following properties hold:
i If T* < oo, then [|[v](t)] go — 00 ast — T*.
ii. v depends continuously on (p,®) in the following sense. There exists 0 < T < T* such
that if (on,dn) — (p,¢) in H x L? and if v, denotes the solution of (NLFW) with

initial data (¢n, ¢n), then 0 < T < T*(pn, dn) for all n sufficiently large and v, — v in
C((0, 1], H7)n C'([0, 7], L?).

2. Let
d do*
2,*), |: ’ *)7 L1
s [ 3 ve 110" (1.17)
where o* := (d+ 20)/(d — 20). Let (p,q) be an admissible pair defined by
2do*
= 20" = . 1.18
p=20", p= (1.18)

Then the same conclusion as in Item 1 holds true.

This theorem and the conservation of energy imply the following global well-posedness for
the defocusing (NLFW).

Corollary 1.10. Under assumptions of Theorem for all (p,0) € H x L2, there exists a
unique global solution to the defocusing (NLFW) satisfying

veCR,H)NCYR,L*) N LY

loc

(R, L),
where (p,q) are as in Theorem .
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The following result gives the local well-posedness with small data scattering for (NLEW) in
critical cases.

Theorem 1.11. 1. Assume for d > 1 that

d 4o
e [m,d)\{l}, ve 1+ﬁ,oo>, (1.19)
and also, if v is not an odd integer,
]~ S <v- . (120
Let p,a be defined by
(d+o)(v—-1) 2(d+ o)
= = . 1.21
b 20 o d—o ( )

Then for all (@, $) € H™ x H™= 7 there exist T* € (0, oo] and a unique solution to (NLFW)
satisfying

v e C0,T7), H™) N CH([0,T7), H™ ) N L}, ((0.T%), L) O iy, (10, T7), H* ).

loc

Moreover, if [|[v](0)|| g+, < € for some & > 0 small enough, then T* = oo and the solution is
scattering in H™ x H™= ie. there exist (pT,¢T) € H™ x H™7 such that the (weak)
solution to the linear fractional wave equation

vt (t,z) + A?vt(t,z) = 0, (t,x) € RxRY
v (0,z) = pt(z), 0wt (0,2) = ¢T(z), = €RY,

satisfy
lim ||[v(t) = v* (®)]ll 7o = 0.

t—+oo

2. Assume for d > 1 that

d2+4d 4o(d+2)
o)\ vefie dd+ o) )
d d*+4d do(d+2) do(d+2)
ores [d+1 3d+4)\{1} e+ ddto) " d273da+4d74o] (1:22)

Then for all (@, d) € H™ x H™=7 there exist T* € (0, oo] and a unique solution to (NLFW)
satisfying )
ve C(0,T%), H™) N C ([0, T*), H™~7) N LP

loc

([0,T7), LP),

where p is as above. Moreover, if ||[v](0)|| g < € for some e > 0 small enough, then T* = co
and the solution s scattering in HY x HYw~7,

Finally, we have the following local well-posedness and scattering with small data for (NLFW)
in o-critical case.

Theorem 1.12. Let

e [L g)\{u when d = {1,2,3,4},
o€ C[l'é %)\{1} when d > 5, (1:23)

and v =1+ 40/(d — 20). Then for all (p,¢) € H? x L?, there exist T* € (0,00] and a unique
solution to (NLFW) satisfying

ve C([0,T%),H°) N CY ([0, T%), L*) N LY, ([0, T*), L*).

Moreover, if |[v](0)]| o < € for some & > 0 small enough, then T* = oo and the solution is
scattering in H? x L2.
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The rest of this note is organized as follows. In Section 2, we prove Strichartz estimates for
the fractional Schrodinger and wave equations. In Section 3, we recall the fractional derivatives
of the nonlinearity. Section 4 is devoted to the proofs of local well-posedness for sub-critical
(NLFS) and the local well-posedness with small data scattering for critical (NLFS). We finally
prove the local well-posedness for sub-critical (NLFW) and the local well-posedness with small
data scattering for critical (NLFW) in Section 5.

2 Strichartz estimates

In this section, we recall Strichartz estimates for the linear fractional Schrédinger and wave
equations.

Theorem 2.1 (Strichartz estimates [12]). Let d > 1,0 € (0,00)\{1},7 € R and a (weak)
solution to the linear fractional Schrédinger equation, namely

t
u(t) = ™ p + / e =N B (s)ds,
0

for some data @, F. Then for all (p,q) and (a,b) admissible pairs,

Il 535 S Wellgrsrmn + 1P o g rmarane 2.1)
where v, o and o are as in , In particular,
[l o, iy =w0y S Pl + 1 E e, vy (2.2)
and
HUHLOO(R,B;””") + ||UHLP(R,Bg) S el g + ||FHLa’(R,Bg,)v (2.3)
provided that
Yp.q = Yo' bt + O (2.4)
Here (a,a’) is a conjugate pair.
Sketch of proof. We firstly note this theorem is proved if we establish
1" Pl or,zey S 1Pl 2, (2.5)
t
H /0 RIS F(s)dsHLp(RLq) S IPLF | s g1 (2.6)
for all (p,q), (a,b) admissible pairs. Indeed, by change of variables, we see that
€A Pl Lor,pay = N~ TH0/0) |8 Py || 1o 1),
1Pronllze = N2 Pre|l 2,
where px(2) = ¢(N~1x). The estimate implies that
1€ Pyl Lo e,0y S N7 Py gl 2, (2.7)
for all N € 2%. Similarly,
t
H / ei(t_s)AaPNF(s)ds‘
0 L (R,L9)
_ N-(d/at+o/pto) ‘ / " iti-9)a” P FN(S)dS‘ 7
0 Lr(R,L9)
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where Fy(t,z) = F(N~°t, N~'x). We also have from (2.6 and the fact
||P1FN||La’(R,Lb’) = N{/Vtale )HPNF“La'(]R,Lb’)

that

< N%’qiv""b'ﬂTHPNF”LG’(R,L”')’ (2.8)

t
| [ e pepis <
0 LP(R,L7)

for all N € 22. We see from (2.7) and (2.8) that
NPyl pee, ey S NYH0a|| Pyl gz + NTFwa ™00 =9 || Py || s g pory.-

By taking the £2(2%) norm both sides and using the Minkowski inequality, we get (2.1). The

estimates ([2.2)) and (2.3]) follow easily from (2.1). It remains to prove (2.5) and (2.6). By the
TT*-criterion (see [25] or [1]), we need to show

1T l2>22 S 1, (2.9)
T @) S (14 [E) 72, (2.10)

for all t € R where T(t) := €"A” P;. The energy estimate (2.9)) is obvious by using the Plancherel
theorem. The dispersive estimate (2.10) follows by the standard stationary phase theorem. The
proof is complete. O

Corollary 2.2. Let d > 1,0 € (0,00)\{1},7 € R. If u is a (weak) solution to the linear
fractional Schrédinger equation for some data p, F, then for all (p,q) and (a,b) admissible with

g < 00 and b < oo satisfying (2.4)),

||uHLp(R7H;Y"YP:q) 5 H%DHH'Y + ||FHL1(]R,H‘I)> (211)

lull oo m, frwea)y + 1l zo@,zay S N0l e + 1F | par (g, 1oy (2.12)

Corollary 2.3. Let d > 1, 0 € (0,00)\{1}, v > 0 and I a bounded interval. If u is a (weak)
solution to the linear fractional Schrédinger equation for some data o, F, then for all (p,q)
admissible satisfying q < oo,

[l o g =m0y S Mol + 1E | r - (2.13)

Remark 2.4. When o € (0,2]\{1}, one can obtain the following global-in-time Strichartz
estimate

ol -ty Nl + 1P e

It is valid for all v € R.

Proof of Corollary 2.3 We firstly note that when v,, > 0 (or at least o € (0,2]\{1}),
i

we can obtain for any v € R and I = R. To see this, we write ||uHLp(R HY ey =
s g

| (A)"" 7" ul| Lo (g, Loy and use l) with v = 7, 4 to obtain
g0 gty 1AV Gl + 1A Fll s g oy

This gives the claim since ||v|| gp.e < ||v|| w0 using that 4, 4 > 0. It remains to treat the case
Yp.q < 0. By the Minkowski inequality and the unitary of e®*A” in L2, the estimate (2.13) is
proved if we can show for v > 0, I C R a bounded interval and all (p, q) admissible with ¢ < oo
that

itAT

1 Pl o, gy =m0y S Mol (2.14)
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Indeed, if we have (2.14)), then

t
‘ ‘ / ei(t_s)AaF(s)ds‘
0

< i(t—s)A” o
Le(1,H] ") —/IH]l[O,t](S)e F(s)||LP(I’Hq p,q)ds

i(t—s)A°
< [ 1IN PGy s
< / 1F($) | a12ds = | Fll s .60y

We now prove ([2.14). To do so, we write
(A0 A7 = (D) (AP (1= ) (D) (A)T T A,

for some ¢ € C§°(R?) valued in [0,1] and equal to 1 near the origin. For the first term, the
Sobolev embedding implies

[ (D) (A) ™77 e gl o S (D) (A) 7 €A o s,

for some § > d/2 — d/q. Thanks to the support of 1) and the unitary property of ¢’*A” in L?, we

get ,
[9(D) (M) e ol o0y S llellre S llellmo-

Here the boundedness of I is crucial to have the first estimate. For the second term, using (2.12)),
we obtain

11 =) (D) (A Nl Loz, pay S (1= 9)D) (W) @l o S ol
Combining the two terms, we have (2.14). This completes the proof. O

Corollary 2.5. Let d > 1,0 € (0,00)\{1},7 € R and a (weak) solution to the linear fractional
wave equation, namely

v(t) = cos(tA%)p +

sin(tAa)¢+/0tSirl(“_‘9)/\(7)G(s)dS,

Ac Ac
for some data ¢, ¢,G. Then for all (p,q) and (a,b) admissible pairs,

1050(e, 535 S NEO 7t + UG 1 g g v5m 20 (2.15)
where
1l ce ) = 10l ey + 1960l o iy
IR]O) v+ = N1l gt + 1Dl grrtapia—a -
In particular,
[ =5 [C)) [ <7 e (2.16)
and
oIl Lo e, 37y + V)| o, 9y S NO1OM om0 + NGl Lor e, 0, (2.17)
provided that
Yp.g = Yar b + 20 (2.18)

Proof. Tt follows easily from Theorem 2.1] and the fact that

AT —itA”

24

AT | —itA”
cos(tA”) = %, sin(tA?) =

(&
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As in Corollary we have the following usual Strichartz estimates for the fractional wave
equation.

Corollary 2.6. Let d > 1,0 € (0,00)\{1},7 € R. Ifv is a (weak) solution to the linear
fractional wave equation for some data ¢, ¢, G, then for all (p,q) and (a,b) admissible satisfying

q < 00,b < oo and (2.18)),
e | 5[] T Ty (219)
[0l oo &, 7m0y + 10l 2o R, L0y S NVIO) N grpa + Gl Lo, o) (2:20)

The following result, which is similar to Corollary [2.3] gives the local Strichartz estimates for
the fractional wave equation.

Corollary 2.7. Let d > 1, 0 € (0,00)\{1}, v > 0 and I C R a bounded interval. Ifv is a
(weak) solution to the linear fractional wave equation for some data @, ¢, G, then for all (p,q)
admissible satisfying ¢ < oo,

10l o gy S NRIO e + N GllLr i, 7-)- (2.21)

Proof. The proof is similar to the one of Corollary Thanks to the Minkowski inequality, it
suffices to prove for all v > 0, all I C R bounded interval and all (p,q) admissible pair with
q <,

[ COS(tAO-)@||Lp(]7H;77’YPv‘Z) S llellas (2.22)
sin(tA%)
< o 2.2
H A° ‘ Le(1,Hy ") ™ Il (2.23)

The estimate (2.22) follows from the ones of e**A”. We will give the proof of (2.23). To do this,

we write
sin(tA%) sin(tA%) sin(tA7)
Ac A° Ao
for some 1 as in the proof of Corollary For the first term, the Sobolev embedding and the
fact “n[(\tif)‘ Loy < |¢| imply
—L

(A = (D) (A + (L= 9)(D) (A

_ in(tA? _
o) e DN < o) ()4 g,

for some 6 > d/2 — d/q. This gives

g SIN(EA)
oDy a7 ZEg]| Sl

Here we use the fact that ||¢(D) <A>6+‘7_'“’"’ lz2—sr2 < 1. For the second term, we apply (2.14)
with the fact sin(tA%) = (e — e="*A7)/2i and get

SIA =) D)A |l S ol v

sin(tA%) ‘
Lr(1,L1) ™

@ =)oy ay e 22

Here we use that ||(1—)(D) (A)” A=7|| 22 < 1 by functional calculus. Combining two terms,
we have (2.23]). The proof is complete. O
3 Nonlinear estimates

In this section, we recall some estimates related to the fractional derivatives of nonlinear opera-
tors. Let us start with the following Kato-Ponce inequality (or fractional Leibniz rule).
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Proposition 3.1. Let 7 > 0,1 <r < o0 and 1 < p1,p2,q1,q2 < 00 satisfying % = p% + q% =
p% + q%, Then there exists C = C(d,v,7,p1,q1,p2,q2) > 0 such that for all u,v € 7,

1A @o)llzr < (1Al woallollzon + [l 1A e ), (3.1)

) o)l < C (1Al ol + lull o || (A) ] 102 ). (3.2)

We refer to [21] (and references therein) for the proof of above inequalities and more general
results. We also have the following fractional chain rule.

Proposition 3.2. Let F € C*(C,C) and G € C(C,R") such that F(0) =0 and
[F/(6z + (1 = 0)Q)| < n(0)(G(2) +G((), 2(eC, 0<0<1,

where u € L*((0,1)). Then for v € (0,1) and 1 < r,p < oo, 1 < q < oo satisfying % = % + %,
there exists C = C(d, u,v,7,p,q) > 0 such that for allu € 7,

[AYF(u)|lr < CIF" (W)l Lal|AYu]| e, (3.3)

(M) F(u)llpr < CIIF"(w)]|zal (M) ullze. (3.4)

We refer to [13] (see also [32]) for the proof of (3.3) and [35] for (3.4]). A direct consequence
of the fractional Leibniz rule and the fractional chain rule is the following fractional derivatives.

Lemma 3.3. Let F € C*(C,C),k € N\{0}. Assume that there is v > k such that
|ID'F(2)| < Clz|"7% 2z€C, i=1,2,...k

+ =L there ewists

Then for v € [0,k] and 1 < r,p < 00, 1 < q < oo satisfying % = % 7

C =C(d,v,y,r,p,q) >0 such that for allu € &,
IAYF ()l < Cllullza A ul| s,
1A F(u)[Lr < Cllull7z 1 {A)” ul| e

The reader can find the proof of (3.5)) in [24]. The one of (3.6] follows from (3.5]), the Holder
inequality and the fact that

(A ullr ~ JlullLr + A7l
for 1 <r < o0,y >0.

Lemma 3.4. Let F(z) be a homogeneous polynomial in z,Z of degree v > 1. Then (3.5) and
(3.6) hold true for any v >0 and r,p,q as in Lemma ,

Corollary 3.5. Let F(2) = |z|" "1z withv > 1,y >0 and 1 <r,p < oo, 1 < q < oo satisfying

11, v=1
T*p—'_ q °

i. If v is an odd integer or [y] < v otherwise, then there exists C = C(d,v,v,r,p,q) > 0
such that for all u € .7,
IF )l 2 < Cllullza llull gy -

A similar estimate holds with H,’Y, Hg—norms are replaced by H), H) -norms respectively.

ii. Ifv is an odd integer or [v] < v — 1 otherwise, then there exists C = C(d,v,v,7,p,q) > 0
such that for all u,v € &,

1F(w) = F(v)|

ar < C((llzz® + ol )l = vl
 (rall g + o) Ul g + 0l )l = wllze)-

A similar estimate holds with H;f, Hg—norms are replaced by H)Y, H) -norms respectively.
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Proof. Ttem 1 is an immediate consequence of Lemma [3.3]and Lemma [3.4] For Item 2, we firstly
write

F(u) — F(v) = 1//0 [v + t(u —v)| " H(u —v)dt,

and use the fractional Leibniz rule given in Proposition Then the results follows by applying
the fractional derivatives given in Lemma and Lemma O]

4 Nonlinear fractional Schrodinger equations

4.1 Local well-posedness in sub-critical cases

In this subsection, we give the proofs of Theorem [I.I} Theorem [I.3] and Proposition

Proof of Theorem We follow the standard process (see e.g. [B] or [3]) by using the fixed
point argument in a suitable Banach space. We firstly choose p > max(v — 1,4) when d = 1 and
p > max(v — 1,2) when d > 2 such that v > d/2 — o/p and then choose g € [2,00) such that

2 d _d

z < =,
+ 2

3

Step 1. Existence. Let us consider

X o= {we L1, HY) 0 121, Hy7w0) | ull o 1,0y + ] < M},

Lr(I,H, ™) =
equipped with the distance

d(U,U) = ||U - UHL‘”(I,LQ) + ||U - ’U”LP(I,H;’YP’Q)’

where I = [0,7] and M,T > 0 to be chosen later. The persistence of regularity (see e.g. [5],
Theorem 1.2.5) shows that (X, d) is a complete metric space. By the Duhamel formula, it suffices
to prove that the functional

t
d(u)(t) = e o+ ip / e Ay (s) |V Tu(s)ds (4.1)
0
is a contraction on X. The local Strichartz estimate (2.13) gives

1) oo (1, 7) + 1R o g gm0y S Nl + IE @) 21,17y,
1) = @)l (1,22) + [ ®(w) = ) 1y (f vy S I (W) = F0)llL1(2,22),

where F(u) = |u|*~!u. By our assumptions on v, Corollary gives

”F( )HLl I1,H7) < HUHLV (1, Loc)HU”L"O (I,HY) ~ ) (42)
| F(u) — F(0)|l21(r,n2) S (IIullLu TRl [0 1Loo>)Hu—vHLoo<1,Lz)
< Tl_i (HUHLP(] Loo) + ||U||LP(I oo )”’u — U”LOQ(I’LQ)_ (43)

Using that v — v, , > d/q, the Sobolev embedding implies LP(I, H] ") C LP(I,L>). Thus,
we get

1D ()l zoe (1, + 1@y gm0y S Nepllern + T >l ully wy—ay 0l z ),

and

A@w), 8@) ST 5 ([l o) I o) e = vl 2,
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This shows that for all u,v € X, there exists C' > 0 independent of ¢ € H” such that

ST
N2l zow 2,1y + 1R o =000y < Cllellz + cT' " MY,

A(D(u), ®(v)) < CT 5 M"d(u,v).

Therefore, if we set M = 2C||¢|| g~ and choose T' > 0 small enough so that CT'~ % v Ml <i
then X is stable by ® and @ is a contraction on X. By the fixed point theorem, there ex1sts a
unique u € X so that ®(u) = u.

Step 2. Uniqueness. Consider u,v € C(I, HY) N LP(I, L*>) two solutions of (NLFS). Since the
uniqueness is a local property (see [5]), it suffices to show w = v for T is small. We have from

(@3) that

A(u,0) < CT' 5 (Jullyoly ooy + 0l ey ), ).

Since |[ul|p(r,zo0y is small if T" is small and similarly for v, we see that if 7" > 0 small enough,

d(u,v) < =d(u,v) or u =v.

N —

Step 3. Item i. Since the time of existence constructed in Step 1 only depends on |¢||g~. The
blowup alternative follows by standard argument (see e.g. [5]).

Step 4. Item ii. Let ¢, — ¢ in HY and C,T = T(¢) be as in Step 1. Set M = 4C||p|lmg~. It
follows that 2C||¢y || g+ < M for sufficiently large n. Thus the solution u,, constructed in Step 1
belongs to X with T' = T'(¢) for n large enough. We have from Strichartz estimate and

[E2) that

e 2 e

provided (a,b) is admissible and b < co. This shows the boundedness of u,, in L*(I, H "").
We also have from (4.3]) and the choice of T" that

1
d(tn,u) < Cllen —@|lL2 + §d(un,u) or d(un,u) < 2C@, — ¢||L2-

This yields that wu, — w in L>(I, L2) N LP(I, H; ™). Strichartz estimate (2.13) again implies
that u, — u in L(I,H, '*") for any admissible pair (a,b) with b < co. The convergence in
C(I, H"~¢) follows from the boundedness in L>°(I, H"), the convergence in L°(I, L?) and that

1— € €
llullgro=e < flull g llull £2- 0
Remark 4.1. If we assume that v > 1 is an odd integer or

[y <v-1

otherwise, then the continuous dependence holds in C(I, HY). To see this, we consider X as
above equipped with the following metric

A(u,) 1= [lu = vl mgrzny + 1=Vl g -
Using Item ii of Corollary we have
1F () = F)llzrr,mm S (lull 7o g peey F 101700 o))l = 0l oo (1,60
(1l 7720 g ooy F 017220 g ooy Nl oo (2, 87) + 0] oo (i) )l = 0l o1, 1) -
Using the Sobolev embedding, we see that for all u,v € X,
d(®(u), d(v)) S T F M d(u,v).

Therefore, the continuity in C(I, H") follows as in Step 4.
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Proof of Theorem Let (p,q) be as in (1.8). It is easy to see that (p,q) is admissible and
Yp.g = 0= Yp.qo + 0. We next choose (m,n) so that

1 1 v-1 1 1 v-1
+ .

- — =z 4.4
P p  m 7 4 n (44)
It is easy to see that
V_]',V_lzlf(y_l)(d 27) 0, g<n= dq .
m P 20 d—q
The Sobolev embedding implies
ECERTCES 5}
||uHLm ILH) ~ |I|1 || |Lp(] H’Y) (45)

Step 1. Existence. Let us consider
X o= {we L1 HY) | Nl pogr gy < M}

equipped with the distance
d(u,v) = [Ju — U||LP(1,LQ),
where I = [0,7] and M,T > 0 to be determined. One can easily verify that (X, d) is a complete
metric space (see e.g. []). The Strichartz estimate (2.12) implies
1R o117y S ol + ||F(u)||LP’(I,H;’,)a
[®(u) = @)l|Le(r,0) S N1F(w) = F)| Lo 1,107y

It follows from Corollary (4.4) and (4.5) that

_ (v=1)(d=2v)

121,y < Il + T T2 ully (4.6)
(w=1)d=2y)

@ () = @) Lot o) S T (Halle s sy + 100y e = Ollasrzay. (A7)

This implies for all u,v € X, there exists C independent of ¢ € H” such that

(w=1)(d=2y)

1Rl oz, 117) < Cllellrn +CTH MY,
d(B(w), B(v)) < CT =52 MY~ Ld(u, v).
If we set M = 2C||¢|| ;- and choose T' > 0 small enough so that CT'~ ) <1

then @ is a strict contraction on X. Thus ® has a unique fixed point in X. Since ¢ € H" and
u € LP(I,H]), the continuity in H” follows easily from Strichartz estimates (see e.g. [4]). This
proves the existence of solution u € C(I, HY) N LP(I, HY) to (NLFS).
Step 2. Uniqueness. The uniqueness is similar to Step 2 of the proof of Theorem [I.1] using
1) Note that ||uHLp(I7H;) can be small if T' is taken small enough.
step 3. Item i. The blowup alternative is easy since the time of existence depends only on

o/l -
Step 4. Item ii. The continuous dependence is similar to that of Theorem We have from

Strichartz estimate and . ) that

_ ooy
lull por iy S Mol + +T! el o1 2y
JEESATEES W)

lull Lacr, ey S llell2 + T [|lu HLP(I H‘Y)HUHLT’(I,L‘I)a

provided that (a,b) is admissible, b < oo and 7y, = 0. This gives the boundedness of w,, in
L%(I,H}'). The convergence in L(I,L?) and HY~¢ follows similarly as in Step 4 of Theorem

using . O
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Proof of Prop051t10n. The assumption (|1.9) allows us to apply Theorem and Theorem
Wlth ~ = 0/2 and obtain the local Well—posedness in H°/2. We now prove the global extension
using the blowup alternative. Item i follows from the conservation of mass and energy. For Item
ii and Item iii, we firstly use Gagliardo-Nirenberg’s inequality (see e.g. [34], Appendix) with the
fact that

1 1 6o dlv—1)
- o =""")
vi1 2 2 o +1)

and the conservation of mass to get

v+l— da(v—1)

v o V+1* = e
w75 S A7 ult )IIL Y ut g2 = IIU(L‘)IIHC,M el

Note that here the assumption v < 1 + 20/d ensures that 6 € (0,1). The conservation of mass
then gives

1)

p 14
T S Ese) - ?HU(@HHW ||<p||”

SO0/ = Eu(u(t) — L (o)

Ifve(l,1420/d) or dv=b) ¢ (0,2), then ||u(t)|| 0,2 < C. This together with the conservation
of mass implies the boundedness of [lw(®)|| 7072 and Item ii follows. Item iii is treated similarly
with [|¢| 2 is small. It remains to show Item iv. By Sobolev embedding with 1 <
have

u+1 + 5 240 W

lellzv+r < Cllpllprare.
This shows that E(yp) is small if ||¢|| go/2 is small. Similarly,

%I\U(t)llza/g = Es(u(t)) = ——[lu®) 755 < Bo() + Cllu®lg)e,

with v+ 1 > 2. This again implies that ||w(¢)|| g0/ is bounded provided ||¢]| zo/2 is small. This
completes the proof. O

4.2 Local well-posedness in critical cases

In this subsection, we give the proofs of Theorem [T.6] and Theorem

Proof of Theorem Let us recall the following result which gives a good control for the
nonlinear term.

Lemma 4.2 ([22]). Let o € (0,2)\{1}, v be as in (1.10)), 75 as in (1.1). Then we have

|| Hi4 R, B’Ys V4,00 H | 2"05(]1%,3;5) when d = 1,
1—
lull 7ot @ ey S lu HZP(]R B )H I < & ey where v —=1>p>2 whend =2,
|| Hi2(R B'Yb V2,2% ||u||L°°(]R BWS) when d > 37

where p* = 2p/(p — 2) and 2* = 2d/(d — 2).

This result is a slightly modification of Lemma 3.5 in [22]. The main difference is the power
exponent in R2. The proof is similar to the one given there, thus we omit it.
Step 1. Existence. We only treat for d > 3, the ones for d = 1,d = 2 are completely similar.
Let us consider

X o= {we Lo B VIR BT ) |l g oy < Mo el ) remase) SN,
2
equipped with the distance

d(u,v) = ||U - U||L°°(I,L2) + ”u - U”Lg(I 3*72,2*)5
By
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where I = [0,7] and T, M, N > 0 will be chosen later. One can check (see e.g. [4] or [5]) that
(X,d) is a complete metric space. Using the Duhamel formula

t
B(u)(t) = ™ o+ i,u/ A ()] u(s)ds =: unom () + inn(t), (4.8)
0
the Strichartz estimate (2.2)) yields
HuhomHLQ(I,B;:‘*“Q,N ) 5 ”(p”HWs .

. < ¢ for some
L2(I B“/ ’Yg 2*) =

e > 0 small enough which will be chosen later, provided that either H<p| v 1s small or it is
satisfied some 7" > 0 small enough by the dominated convergence theorem. Therefore, we can
take T' = oo in the first case and T be this finite time in the second. On the other hand, using

again (2.2)), we have

A similar estimate holds for ||unom|| e (7 frve)- We see that ||unom|

||uinhHL2(I B% Y2, 2*) ~ ||F( )HLl(I,H“fS)'

A same estimate holds for |[tinnl| e (7, ey~ Corollary and Lemma E give

IE a1 ey S Tl oyl ooy S Wl om0 2 ey (49)
Similarly, we have
1F() = PO)naen S (11520 g ey + 100500 g ey )l = vl 2 (4.10)
S (A L PN L Ao [ o Py [ A PRy

This implies for all u,v € X, there exists C' > 0 independent of ¢ € H7 such that
27 v— 2
1) greraan ) < 6+ ONM
1Rl oo (1, 7720) < Cllell 70 + CN2 M,
d(®(u), ®(v)) < CN*M"~3d(u,v).

Now by setting N = 2¢ and M = 2C||¢||;;,. and choosing € > 0 small enough such that
CN2M"~3 <min{1/2,e/M}, we see that X is stable by ® and ® is a contraction on X. By the
fixed point theorem, there exists a unique solution u € X to (NLFS). Note that when ||¢| ;.. is
small enough, we can take T" = oc.

Step 2. Uniqueness. The uniqueness in C°°(I, H") N L?(I, By "**") follows as in Step 2 of
the proof of Theorem [1.1] using 1) Here ||u||L2 gl Ty AT be small as T is small.

Step 3. Scattering. The global existence when ||g0|| v is small is given in Step 1. It remains
to show the scattering property. Thanks to (4.9), we see that

: o : o t2 : o
HefthA u(tg) _677,t1A u(tl)”H’Ys — HZ“/ efzsA (|u|u71u)(8)dsHH
Ts

v—2

= O P A AR ] o PR B CRR

as t1,ty — +00. We have from (4.10) that

e (ko) = N ut)lle Sl |

u||L°°([t1,t2]aL2)’

(4.12)

ull? s e

which also tends to zero as t,ts — +o0o. This implies that the limit

ti= lim e " u(t)
t——+oo

13
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exists in HY. Moreover, we have
AT too . o
u(t) — et ot = fiu/ e =N P(u(s))ds.
t

The unitary property of e?*A” in L2, (4.11)) and (4.12)) imply that ||u(t) — e***" T || g7 — 0 when
t — +o00. This completes the proof of Theorem [1.6] O

Proof of Theorem The proof is similar to the one of Theorem [1.6} Thus, we only
give the main steps. It is easy to check that the admissible pair (p,q) given in (1.12)) satisfies
Yp.q =0 =Y ¢ + 0. We next choose n so that

1 1 v-1 dq
- =-+ orn = .
¢ q n d—sq
The Sobolev embedding gives
lullecr,zmy S ullpo(r, ey (4.13)

Step 1. Existence. We will show that the functional ® given in is a contraction on
X o= fue L(1HY) |l ey < M
which equipped with the distance
d(u,v) = [[u = vl[Le(r,19),
where I = [0,7T] and M, T > 0 to be determine. The Strichartz estimate implies
||Uhom||Lp(I,Hgs) S el e -

This shows that ||uhom||Lp(I fypy S € for some ¢ > 0 small enough provided that 7" is small or
lloll e is small. Similarly, we have

ol oz srgey S IE @ 1 -
It follows from Corollary the choice of n and (4.13)) that
Vo 1,1y S Tl ey (4.14)
1) = PO raary S (105 ey + 101070 e = vllasrzn: (4.15)

Thus, the Strichartz estimate (2.12) implies for all u,v € X, there exists C independent of
@ € H7 such that

H(P(U)HLP(LH;s) <e+ CMV,
d(®(u), ®(v)) < CM"d(u,v).

If we choose g, M > 0 small so that

cMmrt< 1, 5+% < M,

2 2
then X is stable by ® and ® a contraction on X. Using the argument as in Step 1 of the proof
of Theorem [1.3} we obtain the existence of solution v € C(I, H) N LP(I, H)*) to (NLFS). Note
that when ||¢[[ -, is small, we can take T = oo.
Step 2. Uniqueness. It follows easily from by the same argument given in Step 2 of the

proof of Theorem using (4.15)).
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Step 3. Scattering. The global existence when ||| ;.. is small follows from Step 1. The
scattering is treated similarly as in Step 3 of the proof of Theorem The main point is to
show

e 28 u(ts) — e A wu(ty) || e — 0 (4.16)
as t1,ty — +o00. To do so, we use the adjoint estimate to the homogeneous Strichartz estimate,

namely ¢ € L? — ¢ o € LP(R, L9) to get

||67it2A”u(t2) . efitlAau(tl)HH’Ys _

to e
i,u/ e (Ju)' ") (s)ds

ty

Hos

= H / A’YSe*isA" (1[t1}t2]‘u|yilu)(5)d5‘
R

L2
S ||F(u)HLP’([tl,tg],H;Yf)'
Similarly,
le™*=% u(tz) — e N u(ty) e S IE @)L ey 0], 20')-
Using (4.14) and (4.15)), we get (4.16). The proof is complete. O

5 Nonlinear fractional wave equations

5.1 Local well-posedness in subcritical cases

In this subsection, we will give the proofs of Theorem and Theorem

Proof of Theorem The proof is very close to the one of Theorem Let (p, q) be the
fractional pair in the proof of Theorem
Step 1. Existence. We will solve (NLFW) in

Y = {v cC(I,H)YNCHI,H"°)N LP(L, HY 7)) | |[[v]llpoe (1,57 + Hv||L,,(LH;—wP,q) < M},
equipped with the distance
Ao, w) = lfo —w)ll 1,22 + 1o = wll v,

where I = [0,7] and T, M > 0 will be chosen later. The persistence of regularity implies that
(Y, d) is a complete metric space. By the Duhamel formula, it suffices to prove that the functional

U (v)(t) = cos(tA%)p + SHII(X;?U)(;S - u/o WW(S”VilU(S)dS (5.1)

is a contraction on Y. The local Strichartz estimates (2.21]) imply
19 @)z i) + 1@ g gz=may S NRNOM s + IE @) 222, 57-0)
S NIz + [1F @)z 2.m7),

where F(v) = |[v|*"!v. As in the proof of Theorem Corollary implies

v—

1 —
7 ol gy oy ol 1,

IFE )i,y ST

Similarly,

_v=1 v v
IF @) = Pl s S T 5 (ol ey + Nl pooy Mo = wllimqrzey (5:2)
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The Sobolev embedding LP(I, H) ") C LP(I,L>) then implies that

I @) zoe (1) + 1) 1 1 7wy S IO + T ol [vll oo (1,27

Lr(1,H] ™9)

and

AW (v), w(w)) S T (|lo]l7; + )l Jd(v,w),

Therefore, for all v,w € Y, there exists a constant C' > 0 independent of ¢, ¢ such that

LP(I H] "P1) LP(I H] P1)

7 G
N@ @ (ra + 19O g7y < CHRIO s+ CT' 5 M,

and
d(T(v), T(w)) < CT% MY d(v, w).

Setting M = 2C||[v](0)|| g~ and choosing T' > 0 small enough so that o Mt < L 5
see that Y is stable by ¥ and W is a contraction on Y. By the fixed point theorem, there ex1sts
a unique solution v € Y to (NLFW).

Step 2. Uniqueness. The uniqueness of solution v € C(I, HY)NC(I, HY=7) N LP(I, L>°) follows

as in the proof of Theorem using ([5.2)).

Step 3. The blowup alternative follows easily since the time of existence depends only on

([0} (O) |- -

Step 4. The continuous dependence is similar to that of Theorem [T} O

Proof of Theorem 1. Let us firstly consider Item 1. We note (see Remark that

under the assumptions ([1.13)), (1.14) and (1.15) (see Remark , the pair (p,q) given in ((1.16)
is admissible satisfying v, 4 =0 = 71,2 + 20 and 1 — v/p > 0. Consider now

v = {v e, H7) N "I, EA) N EPE L9) | |l g ey + 0l 2o,y < M,
equipped with the distance
d(v, w) = ||[v = w]ll oo (1, 1oy + v = wllLer,20),

where I = [0,7] and M > 0 will be chosen later. We will prove that the functional (5.1)) is a
contraction on Y. The Strichartz estimate (2.20) implies
I oo 1,720y + 1) | zo(r,Lay S NN o + 1E @) 22,22y = N0]OM o + 01170 (1,22
SNz + T 100101 -

Similarly,

IF (@) = F(w)llz1(z1,22) (||v\|LV§I,L2V> oty pan o = wllzer e
75 (ol gy + 1015 o )0 = wlior ey (53)
This implies that for all v,w € Y, there exists C' > 0 independent of (¢, ¢) € H? x L2 such that,

I ()]l e (1.20y + 1€ @) | (1,L0y < ClI(O0)] go + CT 7 MY,
d(U(v), ¥(w)) < CT 5 MY d(v, w).

By setting M = 2C||[v](0)||;7-, choosing T' > 0 small enough so that CT* "7 M»~! < 1 and
arguing as in the proof of Theorem [1.3 [I.8] we have the existence and uniqueness of solution v €
C(I, H)NCY(I, L*)NLP(I, L9). The blowup alternative is immediate since the time of existence
only depends on [|[v](0)]| .. Finally, the continuous dependence is proved by using (5.3).

2. The proof of Item 2 is similar, thus we only give the main steps. It is easy to see that
under the assumption , the pair (p,q) defined in is admissible and v, , = 0. Since
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v € [do*/(d + 0),0*), we see that ¢/v € (1,2]. This allows to choose b € [2,00] so that
b = g/v. We next choose a € [2,00] such that (a,b) is admissible and v4p = =74y —0 = 0 or
Yo' ¢ + 20 = 0. Thanks to the fact that v < o, we see that
_r > 0.

p

a/

This shows that $ =

v—1 v—1
> .
m P

We will prove that ¥ is a contraction on
Y = {v cveC(,H)NC I, L) NLP(I,LY) | 0]l oo 1,770y + 10l Lo(2,00) < M},
equipped with the distance
d(v,w) == [[[v = ]|l poc (7 70y + v = W[ Lo(1,L9)-
The Strichartz estimate implies
I ()l oo (1,110 + 1Y @) Lo ,20y S NN o + 1 @) or (1,07

= 1))l 7o + 10l mr oy 0l o, 2

SR g+ TF 5 [0ll% 1,10y
Similarly,

1) = F@)ll w1,y S (100570 oy + 0l 1 )l = @l 1,0y
STF =5 (Il o + 1015t 1y ) 10 = Wl o).
This implies that for all v, w € Y, there exists C > 0 independent of (¢, $) € H? x L? such that,
N0 @) oo 1,11y + @) 2o2.29) < CHRIO) 7o + CT S~ M,
d(T(v), U(w)) < CT % MY d(v,w).

The conclusion is similar as in Item 1. The proof is now complete. U

Remark 5.1. Let us give some comments on the assumptions (|1.13)), (1.14)) and (L.15)). In order
to make (p, ¢) defined in to be a admissible satisfying v, , = ¢ = y1,2+20 and 1—v/p > 0,
we need the following conditions:

- A first condition is (d — 20)v > d which ensures p is a positive number.

- We next one is p > 4 when d = 1 and p > 2 when d > 2. Thus (2 — 50)v < 2 when d = 1 and
(d—30)v < dwhen d > 2.

- We also need % + g < g which implies (2d — 40 — do)v < 2d — do. When d = 1, we have
(2-50)v<2-o0.

- Condition v, 4 = 0 = 1,2 + 20 is easy to check.

- Finally, we have (d — 20)v < d + 20 which yields 1 — v/p > 0.

Therefore, we need

(120w >1 (d—20)v >d

(1-20)y <1420 whend=1and Eg 33523”0 when d > 2.
_ <9 _

(2-50p<2-0 (2d — 40 — do)v < 2d — do

One can solve easily the above systems of inequalities and obtain (1.13)), (1.14) and (1.15).
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5.2 Local well-posedness in critical cases

In this subsection, we will give the proofs of Theorem and Theorem
Proof of Theorem 1. Let us treat the first case (|1.19). Consider
Y = {v € O(I, H™)n C (I, =) A LP(I, LP) N L(1, H)* %)
00 g ey < M Bolior i + ol s, < N}
equipped with the distance

d(v, w) = [|[v — w]”Loo(I,wa) + |l — wllpor,Lry + v — w”La(I,lef%)’
where (p,a) given in (1.21)), I = [0,7] and T, M, N > 0 will be chosen later. Using the Duhamel’s
formula, it suffices to show that the functional

sin(tA7)

W(v)(t) = cos(tA%)p + — 6 — “/o W@(s)r*v(sm = Vhom (t) + inn (1),

is a contraction on Y, where vpom(t) is the sum of two first terms and vy, (t) is the last term. It

is easy to check that under the assumptions (1.19)), (p,p) and (a, a) are admissible with 7y, , =
and g, = 0/2. The Strichartz estimate (2.20)) then nnphes

S 1O g - (5-4)

Thus the left hand side of (5.4]) can be taken smaller than & for some ¢ > 0 small enough
provided that either ||[v](0)]| ., is small or it is true for some 7" > 0 small enough by the
dominated convergence. On the other hand, the homogeneous Sobolev embedding with the fact

that v — /2 > 0 implies LP(I, H;" ™ ?)  LP(I, L?) where d/q = d/p + (7w — 0/2). For such
g, we see that (p,q) is admissible satisfying

”'Uhom”LP(I,LP) + thomHLa(I’H;/w*%)

g
5 = Ya,a = Ya',a’ + 20.

The Sobolev embedding and Strichartz estimate (2.20) then yield
< o
IlF(U) ||La/ (I’H;Y;ij

Ypqa =

Vinn |l Lo 1,20y + ”Ui“h”m([ﬂzw%) S

Using 1) and the fact that % = % + ”le, Corollary ﬁ gives

-1
||F(U>||La’(171_'1:l""_%) ,S ||’UHZP(I’LP)HU”L“(I,HZW_%).

Similarly,
1) = F@ 1, et S U0y + Bl o) = vl s,
ol oy + N0l )0l a5, + 00 om0 = 0oy (55)
Similarly, by rewriting vw = Yw — § + Ya,a, the Strichartz estimate also gives
2@ e 1.y S IO e + ol Wl ) o5,
This implies for all v,w € Y, there exists C' > 0 independent of (o, ¢) € H™ x H™~7 such that
I @)llLr,oey + @I, g, <€+ CNY,

Le(IL,H," %)

I (Il Lo (1, 17y < CRIO) g7 + CNY,
d(¥(v), ¥(w)) < CN*d(v,w).
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Now by setting N = 2¢ and M = 2C|[v](0)|| -, and choosing € > 0 small enough (provided
either T is small or ||[v](0)|| 7+, is small) such that

1
CN < min {g,cn[v](o)um}, ON"Tl < 2,

we see that Y is stable by ¥ and ¥ is a contraction on Y. By the fixed point theorem, there

exists a unique solution v € Y to (NLFW). Note that when ||[v](0)]| 5., is small enough, we can

take T' = co. The uniqueness in C(I, H™)NCY(I, HY~)NLP(I,LP)NL*(I, Hy" ?) follows as

in Theorem [1.1| by using 1) Here [|v||zr(7,») and ”v”La(I,HZW*%) can be small as T' is small.
We now prove the scattering property of the global solution. Let us denote

V(t) = { afi’Z) ] A= ( pz g ) GV(t) = { F(??(t)) ]

The (NLFW) can be written as
o V(t)—AV(t) = G(V (1)),

or
t
V(t) = eV (0) + / e=AG(V (s))ds,
0
where

AG‘

etA . costA° sin tA?
T\ —A%sintA®  costA°

The adjoint estimates of e : L([ty, ], L) — H7eo with Ya,a = 0/2 imply

H/ erish F(v(s))dsH_ = H/ A5 tish A”W’fF(v(s))ds’
t Hyw=o t

L2
SIEON Lt oy g5
v—1
SNz ey 21,20 100 gy gy %) =0
as t1,to — +o00. This implies that
to
lle =4Vt~ e V)l = || [ e tevonas]|, 0 6o
t1 w

as tq,ty — +00o. Therefore, the limit

VH0):= lim e V(1)

t——+o0

exists in H"™ x H"™ =7, We also have

V(t) — eV H(0) = — /+DO e=94GQ(V (s))ds.

Using the unitary property of e**A” in L? and (5.6), we have [|[V (t) — e AV +(0)]]| ., — O as
t — +oo. This completes the proof of Item 1.

2. We next consider the case . The proof is similar as above, thus we only give the
main steps. We will solve (NLEW) in

Y= {v € CI,H™)NCH I, H™ =) N LP(L, LP) | [0)l poo (1. ey < M, 0 Lo, 1) < N},
equipped with the distance

d(v,w) := |[[v = W]l g (1 oy + [0 = Wl Lo (1, L9,
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where p is as in Item 1. It is easy to check that under the assumption ([1.22), (p,p) and (b,d)
are admissible and

Ypp = Yw = Wb + 20,
where b" = p/v. The Strichartz estimate (2.20)) implies ||vhom || e 1,20y S [|[v](0)|| 7w - Therefore,

|vhom || e (1,2r) < € for some € > 0 small enough provided that 7" is small or [|[v](0)]| z+,, is small.
Similarly,

[vimnllzez,.zoy S NE @) e ooy S M0l2or, 20y

where the last inequality follows from the Holder inequality with the fact that

1_1 vl
vop o p
We also have from ([2.20) that
1E @) = F@) 10 S (1ol 1oy + 10l o )0 = wlimazny (57

This implies for all v,w € Y, there exists C' > 0 independent of (¢, ¢) € H™ x H"~7 such that

[¥()|lLr(r,Lry <€+ CNY,
I ) oo 1,2y < ClRIO) g + CNY,
d(¥(v), ®(w)) < CN""td(v,w).
Now by setting N = 2¢ and M = 2C||[v](0)|| - and choosing € > 0 small enough, we have the
existence of solution v € Y to (NLFW). The uniqueness in C'(I, H*)NC*(I, H™~°)NLP(I, L)
follows as in Theorem |1.1| by using (5.7)). Here ||v||z»(7,z») can be small as T" is small.

Using the adjoint Strichartz estimates with the fact that v, = —yy — 0 = —yw + 0, we
have

tz . - t2 ) o
H / eizs/\ F('U(S))dSH ) = H / AVW—Uej:zsA F(v(s))ds‘
ty Hw=e ty

S HE@ Ly ey a1, 20y S W00 (21 20,0y = 0

L2

as t1,to — +o00. This implies

—0

’HWW

eV (ta) = Ve = [ [ s AGV(s)ds]

t1

as ty,to — 400. The same argument as in Item 1 proves the scattering property for the global
solution. The proof of Theorem [1.11]is complete. (]

Proof of Theorem [1.12 The proof is similar the one of Theorem We thus give a sketch
of the proof. We emphasize that here v = 1 + 40/(d — 20) with o as in (1.23). We will solve
(NLFW) in

Y= {v € C(I,H?) N CH I, L) N LY (L L) [ [0l poo (1. 10y < M (0]l o120y < N}

equipped with the distance

d(v,w) := [[[v = w]l| poo (1 froy + IV = wllLv(1,220),

where I = [0, 7] and M, N > 0 will be chosen later. It is easy to check that under the assumption
, (v,2v) is admissible with 7,2, = 0 = 712 + 20. The Strichartz estimate (2.20) then
implies ||vhom ||zv(r,2v) S [1[v](0)|l go- Thus |[vnom| v (r,02v) < € for some € > 0 small enough
provided T is small or ||[v](0)]| ;- is small. The Strichartz estimate also gives

[vinn [ Lv 1,20y S NE W) 21(2,L2) = V70 (1,02v)-
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Similarly,
1B@) ~ P)las S (0150 o + el o ) o~ vl 68

Thus for all v,w € Y, there exists C' > 0 independent of (p, ¢) € H? x L? such that

[ ()|[v(r,22v) < €+ CN,
I ()]l oo (1.17y < ClIO) || o + CNY,
d(¥(v), ®(w)) < CNYd(v,w).

Now by setting N = 2¢ and M = 2C|[v](0)|| ;» and choosing € > 0 small enough, we have the
existence of solution v € Y to (NLFW). The uniqueness in C(I, H?) N C(I, L) N L¥ (I, L*)
follows as in Theorem by using . Here [|v|| v (7,z2v) can be small as T is small.

The scattering property is very similar as in the proof of Theorem We have

to o
WKeﬂ”F@@wﬁwgwwwp@huazwmﬂmmmq+o

as ty1,ts — +o0o. This implies
e 4V (t2) — e AV ()]l o — O

as tq,ts — +o0o. This completes the proof. O
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