N

N

Hierarchical pinning model in correlated random
environment

Quentin Berger, Fabio Lucio Toninelli

» To cite this version:

Quentin Berger, Fabio Lucio Toninelli. Hierarchical pinning model in correlated random environ-
ment. Annales de I'Institut Henri Poincaré (B) Probabilités et Statistiques, 2013, 49, pp.781 - 816.
10.1214/12-ATHP493 . hal-01426311

HAL Id: hal-01426311
https://hal.science/hal-01426311

Submitted on 4 Jan 2017

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01426311
https://hal.archives-ouvertes.fr

HIERARCHICAL PINNING MODEL IN CORRELATED RANDOM
ENVIRONMENT

QUENTIN BERGER AND FABIO LUCIO TONINELLI

ABSTRACT. We consider the hierarchical disordered pinning model studied in [9], which
exhibits a localization/delocalization phase transition. In the case where the disorder
is i.i.d. (independent and identically distributed), the question of relevance/irrelevance
of disorder (i.e. whether disorder changes or not the critical properties with respect to
the homogeneous case) is by now mathematically rather well understood [14, 15]. Here
we consider the case where randomness is spatially correlated and correlations respect
the hierarchical structure of the model; in the non-hierarchical model our choice would
correspond to a power-law decay of correlations.

In terms of the critical exponent of the homogeneous model and of the correlation
decay exponent, we identify three regions. In the first one (non-summable correlations)
the phase transition disappears. In the second one (correlations decaying fast enough)
the system behaves essentially like in the ii.d. setting and the relevance/irrelevance
criterion is not modified. Finally, there is a region where the presence of correlations
changes the critical properties of the annealed system.

2010 Mathematics Subject Classification: 82B44, 82D60, 60K37

Keywords: Pinning Models, Polymer, Disordered Models, Harris Criterion, Critical Phe-
nomena, Correlation

1. INTRODUCTION

A fundamental problem in the study of disordered systems is to understand to what
extent quenched (i.e. frozen) randomness modifies the critical properties of a homoge-
neous (i.e. non-disordered) system. Basically, the first question is whether the transition
survives in presence of disorder that locally randomizes the thermodynamic parameter
which measures the distance from the critical point (e.g. for a ferromagnet T'— T, can be
randomized by adding a random component to the couplings J;;). If yes, then one can ask
whether the critical exponents are modified. The celebrated Harris criterion [18] states
that disorder is irrelevant (i.e. a sufficiently weak disorder does not change the critical
exponents) if dv > 2, where d is the space dimension and v is the correlation length critical
exponent of the homogeneous model, while it is relevant if dv < 2. The case dv = 2 is
called marginal and deciding between relevance and irrelevance is a very model-dependent
question.

Despite much effort, the Harris criterion is still far from having a mathematical justi-
fication. In the last few years, the disordered pinning model [11, 13] emerged as a case
where the disorder relevance question can be attacked from a rigorous point of view. This
is a class of one-dimensional (d = 1) models, based on an underlying renewal process with
power-law inter-arrival distribution; the model lives in a random environment, such that
the occurrence of a renewal at step n is modified with respect to the law of the renewal by
a factor exp(e, ), where €, is a sequence of i.i.d. random variables: if €, > 0 (resp. €, < 0)
there is an energetic gain (resp. penalization) in having the renewal at n. The pinning
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2 QUENTIN BERGER AND FABIO LUCIO TONINELLI

model exhibits a localization/delocalization phase transition when the average h := Ee,
is varied, and in the non-disordered case (32 := Var(e,) = 0) the critical point k. and
the critical exponent v can be computed exactly (v depends only on the tail exponent of
the renewal inter-arrival law). Thanks to a series of recent works, the Harris criterion has
been put on mathematical grounds on this case: it is now proven that, for 5 small, v does
not change if it is larger than 2 [1, 19, 23] and it does change as soon as 8 # 0 if v < 2
[17]. For the pinning model, the relevance/irrelevance question can be also asked in the
following sense [9]: is the critical point of the disordered model (quenched critical point)
equal to the critical point of the annealed model, where the partition function is replaced
by its disorder average? It turns out that for 8 small the difference of the two critical
points is zero if v > 2 [1, 23], while it behaves like 5%(2~¥) if v < 2 [2, §]. In the marginal
case v = 2, relevance of disorder has also been shown, though in the weaker sense that
the difference between quenched and annealed critical points is non-zero (it is essentially
of order exp(—c/B?), as argued in [9] and proven in [15, 16]). Recently, a variational
approach to the relevance/irrelevance question, based on a large deviation principle, has
been proposed in [5].

Let us also add that, for the pinning model, the correlation length exponent v should
coincide with the exponent governing the vanishing of the free energy at the critical point:
F(h,B) ~ (h—h(B8))” (this is proven in special situations, e.g. [12, 22], but it should be a
rather general fact). In the rest of this work, v will actually denote the free energy critical
exponent.

It is widely expected, on general grounds, that correlations in the environment may
change qualitatively the Harris criterion: in the case of a d-dimensional system where
the correlation between the random potentials at i and j decays as |i — j|7¢, Weinrib
and Halperin [24] predict that the Harris criterion is unchanged if £ > d (summable
correlations), while for £ < d the condition for disorder irrelevance should be (v > 2.

The study of the random pinning model with correlated disorder is still in a rudimentary
form. In [21] a case with finite-range correlations was studied, and no modification of the
Harris criterion was found. On the other extreme, in the pinning model of [3] not only
correlations decay in a power-law way, but potentials are so strongly correlated that in a
system of length N there are typically regions of size N?, for some b > 0, where the ¢,
take the same value. In this case, the authors of [3] are able to compute the critical point
and to give sharp estimates on the critical behavior for 8 > 0. In particular, they find that
an arbitrarily small amount of disorder does change the critical exponent, irrespective of
the value of the non-disordered critical exponent v.

Hierarchical models on diamond lattices, homogeneous or disordered [4, 6, 7|, are a
powerful tool in the study of the critical behavior of statistical mechanics models, especially
because real-space renormalization group transformations a la Migdal-Kadanoff are exact
in this case. In this spirit, in the present work we consider the hierarchical version of the
pinning model introduced in the i.i.d. setting in [9] and later studied in [14, 15]. The idea
is to study a polymer on a diamond hierarchical lattice, interacting with a one-dimensional
defect line where the potentials ¢, are placed (cf. [9, Sec. 4.2] and [14, Sec. 1.2] for more
details on the relation with the non-hierarchical pinning model). Thanks to the diamond
structure, the partition function for a system of size 2" turns out to be expressed by a
simple recursive relation in terms of the partition functions of two systems of size 2771,
cf. (2.1). At this point one can (as we will in the following) forget about the polymer
interpretation and just retain the recursion. As in the non-hierarchical case, the system
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exhibits a localization/delocalization phase transition witnessed by the vanishing of the
free energy when h is smaller than a certain threshold value h.(3).

We consider the case where disorder is Gaussian and its correlation structure respects
the hierarchical structure of the model: the correlation between the potential at i and
j is given by x%®J) | where 0 < k < 1 and d(i,7) is the tree distance between i and j
on a binary tree. The Weinrib-Halperin criterion in this context would say that disorder
is irrelevant if and only if vlog,(1/max(k,1/2)) > 2 which for k = 0 (no correlations)
reduces to v > 2 as for the i.i.d. case. In terms of a parameter B € (1,2) which defines
the geometry of the diamond lattice, the criterion would read equivalently (cf. (2.19))

irrelevance <= max(x, 1/2) < B%/4. (1.1)

A closer inspection of the model, however, shows easily that the phase transition does
not survive for k > 1/2 (cf. Section 3.1). When instead correlations are summable
(which corresponds to x < 1/2) we find, in agreement with (1.1), irrelevance if B > /2
(see Theorem 3.3 and Proposition 5.1). As for B < v/2, again we find agreement with
the Weinrib-Halperin criterion: disorder is relevant (see Proposition 3.5) and if in addition
k < B?/4, the model behaves like in the i.i.d. case as far as the difference between quenched
and annealed critical points is concerned, see Theorem 3.3. The crucial step (and the one
which requires the most technical work) in proving Theorem 3.3 (and Proposition 5.1)
is to show that for x < min(1/2, B2/4) the Gibbs measure of the annealed system near
the annealed critical point is close (in a suitable sense) to the Gibbs measure of the
homogeneous system near its critical point (cf. Theorem 3.1 and Proposition 3.2). This
requires some work, in particular because the annealed critical point is not known explicitly
for k # 0. Once this is done, the proof of disorder relevance/irrelevance according to
B < V2 can be obtained generalizing the ideas that were developed for the i.i.d. model.

Finally, the region B%/4 < k < 1/2, B < /2 reserves somewhat of a surprise: while we
are not able to capture sharply the behavior of the annealed model and of the difference
between quenched and annealed critical points (as we do for x < min(1/2, B2/4), see
Theorem 3.1, Proposition 3.2 and Theorem 3.3), we can prove that the annealed model
has a different critical behavior than the homogeneous model with the same value of B. In
particular, the contact fraction at the annealed critical point scales qualitatively differently
(as a function of the system size) than for the homogeneous model, see Equation (4.33). In
view of Theorem 3.1 mentioned above, this means that if we fix B < /2 and we increase
Kk starting from 0, at k = B?/4 the annealed system has a “phase transition” where
its critical properties change. As we discuss in Section 3.1, this suggests that, while for
k < B?/4 the annealed free energy near the annealed critical point h3(3) has a singularity
of type (h—h2(B))” and v = log, /log(2/B), for B?/4 < k < 1/2 the annealed free energy
should vanish as h N\, h2(/) with a larger exponent.

Let us conclude by discussing how our results would presumably read for the correlated,
non-hierarchical disordered pinning model. If the disorder is Gaussian and correlations
decay as |i — j|7¢, then we should get the same results as for the hierarchical model,
provided that logy(1/k) = £. In particular, if { < 1 (non-summable correlations) there is
no phase transition (the proof of Theorem 3.7 can actually be easily adapted), and the
annealed system, well defined if € > 1, would have a critical behavior different from the
homogeneous one if 1 < £ < 2/v with v the free energy critical exponent of the homoge-
neous pinning model. As a side remark, let us recall that Dyson [10] used a hierarchical
ferromagnetic Ising model (which, at least formally, resembles very much our annealed
pinning model, cf. (3.2)) plus the Griffiths correlation inequalities, to derive criteria for
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existence of a ferromagnetic phase transition for a non-hierarchical, one-dimensional Ising
ferromagnet with couplings decaying as J;—j ~ i — j |=¢. We stress that, in contrast, in
our case there are no available correlation inequalities which would allow to infer directly
results on the non-hierarchical pinning model starting from the hierarchical one.

Let us now give an overview of the organization of the paper:

e In Section 2 we define the model and give preliminary results, in particular on the
homogeneous case, and we state our main results in Section 3;

e In Section 3.1 we discuss the case k > 1/2; showing that the phase transition does
not survive;

e In Section 4, we study in detail the annealed model, giving first some preliminary
tools (Section 4.1), then looking at the case k < 1/2 A B%/4 and proving Theorem 3.1
and Proposition 3.2 (Section 4.2), and finally focusing on the case B?/4 < k < 1/2
(Section 4.3);

e In Section 5 we prove disorder irrelevance for k < 1/2, B > V2, and in section 6 we
prove disorder relevance for x < 1/2 A B2/4, B < V/2.

2. MODEL AND PRELIMINARIES

2.1. The hierarchical pinning model with hierarchically correlated disorder. Let
1 < B < 2. We consider the following iteration

Z(z) B Z7(12i_1)Z¢(L2i) +B-1
n+1 = B ?

(2.1)

for n € NU {0} and i € N. We study the case in which the initial condition is random
and given by Z(gl) = ePwith with h € R, 8 > 0 and where w := {w; }ien is a sequence of
centered Gaussian variables, whose law is denoted by P. One defines the law P thanks
to the correlations matrix K and note k;; := E[w;w;]. We interpret Zr(f) as the partition
function on the i** block of size 27.

In view of the recursive definition of the partition function, we make the very natural

choice of restricting to a correlation structure of hierarchical type. For p € NU {0} and
k €N, let

Iip = {(k—1)2° +1,... K2} (2.2)

be the k" block of size 2P. We define the hierarchical distance d(-,-) on N by establishing
that d(i,j) = p if 4, j are contained in the same block of size 2P but not in the same block
of size 2P~1. In other words, d(i, j) is just the tree distance between i and j, if N is seen
as the set of the leaves of an infinite binary tree.

We assume that x;; depends only on d(i, j) and for d(i,j) = p we write k;; =: £, with
ko = 1, kp > 0 for every p. Actually, we make the explicit choice

kp = KP for some 0<k<1/2 (2.3)

We will see in Section 3.1 that the reason why we exclude the case k > 1/2 is that the
model becomes less interesting (there is no phase transition for the quenched model and
the annealed model is not well defined). For x = 0, one recovers the model with i.i.d.
disorder.

It is standard that such a Gaussian law actually exists. An explicit construction can
be obtained as follows. Let Z = {Ij,,p > 0,k € N} and let {&7}7ez be a family of

i.i.d. standard Gaussian N (0, 1) variables, and note its law P. Then one has the following
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equality in law:

Wi 1= //%[5.\)[, (2’4)
1eZyiel

where Ry, = Ky 1= VKP — wPTL (just check that the Gaussian family thus constructed
has the correct correlation structure; the sum in the r.h.s. of (2.4) is well defined since
> Rr=1<o00.)

We point out that all our results can be easily extended to the case where k :=
limy, o0 |#p| /P exists and is in (0,1/2).

The quenched free energy of the model is defined by

w P—a.s

1 1
F(,h) == lim —-log Z), "= lim —Eflog Z3) (2.5)

where Za denotes ZT(LI) (it is helpful to indicate explicitly the dependence on h and on
w, the dependence on /8 being implicit to get simpler notations.) The above definition is
justified by the following Theorem:

Theorem 2.1. The limit in (2.5) exists P-almost surely and in L'(dP), is almost surely
constant and non-negative. The function F is convez, and F(f3,-) is non-decreasing. These
properties are inherited from

1
Fn(B, h) = 5 Ellog Z7]. (2.6)
Fn(B,h) converges exponentially fast to F(B,h), and more precisely one has for all n > 1
1 1 B*+B -1
F.(B,h) — —log B < F(B,h) < F,(f, —1 _ . 2.
(8.h) ~ o 105 B < F(3.h) whnjn%<3w_n> 2.7)

We define also the annealed partition function Z3 , := E[Z}”,], and the annealed free
energy:

a : 1 W
F(6,h) := lim oo logB[Z)]. (2.8)

Proposition 2.2. The limit in (2.8) exists, is non-negative and finite. The function F?
is convexr and F*([3,-) is non-decreasing. These properties are inherited from

1
Fn(B,h) = 57 log E[Z7)]. (2.9)
F2(B,h) converges exponentially fast to F*(S,h), and more precisely one has for alln > 1
1
Fn(B,h) = 55 log B <FY(8,h) < FR(B,h) + O((2)"). (2.10)

Note that the error terms in the upper bounds in (2.7)-(2.10) are not of the same order.

Finiteness of the annealed free energy would fail if the correlations where not summable,
ie. if ) ; ki; = oo, which would be the case for £ > 1/2.

The proof of Theorem 2.1 is almost identical to the proof of [14, Theorem 1.1] (one has
just to use Kingman’s subadditive ergodic theorem instead of the law of large numbers) so
we skip it. The fact that F(8,h) < oo is a trivial consequence of Z%, < exp(> 7, (Blwi| +
h)). The proof of Proposition 2.2 is postponed to Section 4.1. ’
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We can compare the quenched and annealed free energies, with the Jensen inequality:
. 1 w . 1 w a
F(B,h) = nh_)llolo 2—nE[loan7h] < nILHQOQ_nlOgE[ mnl = F4 (B, h). (2.11)

The properties of F® are well known in the non-correlated case, since in this case the
annealed model is just the hierarchical homogeneous pinning model (see the Section 2.3).
We also have the existence of critical points for both quenched and annealed models,
thanks to the convexity and the monotonicity of the free energies with respect to h:

Proposition 2.3 (Critical points). Let 8 > 0 being fized. There exist critical values
h2(B), he(B) such that

e F¥(B,h) =0 if h < h2(B) and F*(B,h) > 0 if h > h2(p)

e F(B,h) =0 if h < he(B) and F(B,h) > 0 if h > h.(f).
One has —c.3%> < h3(B) < he(B) < 0 for some constant ¢, < co.

The inequality h2(8) < h.(f) is a direct consequence of (2.11). The fact that h2(3) >
—c,.3% is discussed after (3.2). The bound h.(8) < 0 follows from F(3,h) > F(0, h), which
is proven in [11, Prop. 5.1] (the proof is given there for the i.i.d. disorder model but it
works identically for the correlated case, since it simply requires that E(w;) = 0).

In the sequel, we often write h2 instead of h2(3) for brevity.

2.2. Galton-Watson interpretation and polymer measure. Let us take 1 < B < 2,
and set P, the law of a Galton-Watson tree 7, of depth n + 1, where the offspring
distribution concentrates on 0 with probability % and on 2 with probability %. Thus,
the mean offspring size is 2/B > 1, and the Galton-Watson process is supercritical. We
then have a random binary tree with a random subset of descendants and we define the
set R, C {1,...,2"} of individuals that are present at the n*" generation (which are the
leaves of T,).

Recall the definition (2.2) of I ,, the k'™ block of size 2P, and of the hierarchical (tree)
distance d(-,-) introduced in Section 2.1.

One has the useful following Proposition

Proposition 2.4 ([15], Proposition 4.1). For anyn > 0 and given a subset I C {1,...,2"},
one defines ’7'[(n) to be the subtree of the standard binary tree of depth n + 1, obtained by
deleting all the edges, except those which link leaves i € I to the root. We note v(n,I) the
number of nodes of TI(n), with the convention that leaves are mot counted as modes, while
the root is. Then one has

E, [6;] = B~ (2.12)
where 81 = [[;c; i and where §; = 1 if the individual i is present at generation n (i.e. if
i € Ry), and 0; = 0 otherwise. In particular E,[6;] = B™" for every i € {1,...,2"}.

Using the recursive structure of the Galton-Watson tree 7, one can rewrite the partition
function as

27l
Z\) =By, |exp (Z(5W2n(i—1)+k + h)5k)] : (2.13)
k=1
since it satisfies the iteration (2.1) and the correct initial condition Zéi) = exp(fBw; + h).

It is convenient to define

H:ji(;) = ) (Bwk + D)6y (2.14)
kJEIz‘m
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as the Hamiltonian on the ' block of size 2" (we also write H¥, for H,’ ’,(Ll) if there is no

ambiguity). This allows to introduce the polymer measure

dP7, 1

P, = % exp (Hy ) - (2.15)

Remark 2.5. As in the pinning model [11], the critical point h.(f) marks the transition
from a delocalized to a localized regime. We observe that thanks to the convexity of the
free energy, for a fixed 8

OnF(B,h) = nh_)rrgo EY

gn
2% > 5k] : (2.16)
k=1

almost surely in w, for every h such that F is differentiable at h. This is the so-called
average “contact fraction” under the measure P} ;. If h < he(B), F(8,h) = 0 and the
density of contact goes to 0: we are in the delocalized regime. On the other hand, if
h > h.(B), we have F(3,h) > 0, and there is a positive density of contacts: this is the
localized regime.

Such a remark applies also naturally to the annealed model.

2.3. Critical behavior of the pure model. It is convenient to set

SP=>" o (2.17)

kEL;yn
)

to be the number of contact points on the block I;,, and write S,, = 57(11 if there is no

ambiguity. We then have of course Sg) = 57(12_1'11) + Sff_l)l
The pure model is the model in which f = 0: its partition function is Z}'}¢ =
E, [exp (hS,)] and we let F(h) denote its free energy. It is well known that the pure

model exhibits a phase transition at the critical point h.(8 = 0) = 0:

Theorem 2.6 ([14], Theorem 1.2). For every B € (1,2), there exist two constants ¢y =
co(B) > 0 and ¢ := cj(B) > 0 such that for all 0 < h < 1, we have

coh? < F(h) < ¢yh” (2.18)
with los 2
og
=— >1. 2.1
Y= Tog(2/B) (219)

The exponent v is called the pure critical exponent. Note that v is an increasing function
of B, and that we have v = 2 for B = B, := /2. We give other useful estimates on the
pure model in Appendix A.

3. MAIN RESULTS

In this section we frequently write h? instead of h2(p).

It turns out that the effect of correlations is extremely different according to whether
K< BT2 A % or not. In the former case, our first result says that, the correlations decaying
fast enough, the critical properties of the annealed model are very close to those of the
pure one.

First, let us write down more explicitly what Z7 , = E[Z,] is. Note that the Gaussian
structure of the disorder is very helpful, to be able to give an explicit formula for the
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annealed partition function, only in terms of two points correlations. The computation
gives

A n
2 =En |exp <%2 + h> So+822Y K, S 65 || =Ea [eHi,h] . (3.1)
k=1 p=1

1<i,j <2
d(i,j)=p
One easily realizes that
2 on 5 on—p
hZék L2 5 D Hihidj = ( +h> Sn + 522/@, Z STV (3.2)
i,j=1
In particular note that
27l 27l /8 27l
(h+5%/2) Zék <(htexf?) Y 0pi= | ht 5 Y 2P Zék,
k=1 p>0
which together with the fact that h.(3 = 0) = 0, implies —c,3? < h2(8) < — B?/2.
We also use the notation Hf{’(k) for the “annealed Hamiltonian” on the k" block of size
’ a,(k) B2
Hn:h =h Z 51 + 7 Z Hijéi(sj'.
€l i,j€Ikn
and the following relation holds:
HE oy = HOD + B 4 20,0505, (3.3)
If we set h = h2% + u, so that the phase transition is at u = 0, one has
o= B oxp (uSy) €002 | = Z3 B3 exp (uSh)], (3.4)
where P
n,ha 1
e = HE . ). .
P, 7y, " (2 (3:5)

The measure PJ pa is the annealed polymer measure at the critical point hZ.
We can finally formulate our first result:

Theorem 3.1. Let k < BT2 A % There exist some By > 0 and constants ci,co > 0 such
that for every B < By and u € [0,1], one has

— 3% <§>” +E, [exp (e_clﬁ2u5n>] <E, [exp (uSp) e ”h‘"‘] <E, [exp (e”ﬁQuSnﬂ
so that, for any u € [0,1], 0
F (e_clﬁzu) <FY(B,hE +u) <F (eclﬁzu) . (3.7)

Theorem 3.1 is saying that the critical behavior of the annealed free energy around h2
is the same as that of the pure model around h = 0 (in particular, same critical exponent

V).
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The essential tool is to prove that the measures P, and PJ . are close. This is the
contents of the following Proposition:

Proposition 3.2. Ifk < BT2 A %, then there exist some By > 0 and a constant ¢; > 0 such
that, for every B < By, for any non-empty subset I of {1,...,2"} one has
1] a |1
e—0152> E, [0]] <E, [5161{"»“?] < (60162) E, [51], (3.8)

where 61 := [[;c; 0i. The case I =0 is dealt with by Lemma 4.1 below, that says that the
partition function at the critical point approaches 1 exponentially fast:

e R/ B a1, (3.9)

Observe that (3.9) says that if K < BT2 A % the partition function of the annealed
model at h? is very close to that of the pure model at its critical point h = 0 (which
equals identically 1). We will see in Theorem 3.6 that (3.8) fails, even for 8 > 0 small, if

B2 1

With the crucial Proposition 3.2 in hand, it is not hard to prove that for k < BTQ A %
the Harris criterion for disorder relevance is not modified by the presence of disorder
correlations:

Theorem 3.3. Let k < BTQ A %

e If1 < B < B, =/2, then disorder is relevant: the quenched and annealed critical
points differ for every 8 > 0, and:
— if B < B, there exist a constant c3 > 0 such that for every 0 < < 1

(e3) 7 877 < holB) — h2(B) < 5877 : (3.10)
— if B = B, there exist a constant c4 > 0 and some By > 0 such that for every
0<B<bBo
“) < h(B) < i 11
exp —@ < he(B) — he(B) < exp —m . (3.11)

e If B. < B < 2, then disorder is irrelevant: there exists some [y > 0 such that
he(B) = h2(B) for any 0 < B < By. More precisely, for every n > 0 and choosing
u > 0 sufficiently small, F(B,h2(8) + u) > (1 —n)F*(5, h2(B) + u).

With some extra effort one can presumably improve the upper bound (3.11) to exp(—cy ' /3?)
and the lower bound to exp(—ca(€)/B%1€) for every e > 0, as is known for the uncorrelated
case k = 0 [15, 16]. We will not pursue this line.

Remark 3.4. It is important to note that Theorems 3.1 and 3.3 do not require the
knowledge of the value of h? (in general there is no hope to compute it exactly). This
makes the analysis of the quenched model considerably more challenging than in the i.i.d.
disorder case k = 0, where it is immediate to see that h2(3) = —32/2.

We mentioned in the introduction that for the i.i.d. model one can prove that, when the
free-energy critical exponent v of the homogeneous model is smaller than 2, such exponent
is modified by an arbitrarily small amount of disorder (more precisely, the result is that
the exponent is at least 2 as soon as f > 0). The same holds for the model with correlated
disorder:
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Proposition 3.5. If k < 1/2, for every B € (1,2) there exists a constant ¢(B) < oo such
that for all B > 0 and h € R, we have

F(g,hn) < &)

52

(h— he(B))? . (3.12)

We restrict to k < 1/2 since otherwise there is no phase transition.

We do not give here the proof of this Proposition since, thanks to summability of the
correlations, it is very similar to the one for the i.i.d. hierarchical model [20]. We refer
also to Section 77, where a similar result is proved in the non hierarchical case.

In the case 1/2 > k > B2%/4 correlations have a much more dramatic effect on critical
properties and in particular we expect them to change the value of the annealed critical
exponent from the value v = log 2/ log(2/B) to a larger one. Partial results in this direction
are collected in the following Theorem, which shows that (some) critical properties of the
annealed model differ from those of the homogenous one.

Theorem 3.6. Let B?/4 < k < 1/2 and B > 0. In contrast with (3.9), the partition
function at the critical point does not converge to 1. Rather, one has

H e < (2\Br>n (3.13)

Also, the average number of mdwzduals at generation n at the critical point satisfies

1
25] < TW (3.14)

th

nha[ - nha

When proving Theorem 3.6 we will actually prove that the m" moment of S,, under
P, 42 is at most of order k~™"/2_ Therefore, with high probability S,, is much smaller

than (2/B)", which would be the order of magnitude of S,, for K < B?/4 A 1/2, as can be
deduced from Propositions 3.2 and 2.4.

In other words, if we fix B < v/2 and we let k£ grow but tuning h so that we are always at
the annealed critical point, there is a phase transition in the behavior of the finite-volume
contact fraction when crossing the value = B2/4, cf. also Figure 3.

3.1. A note on the case k > 1/2. As we saw in the previous Chapter, the case k > 1/2
(non-summable correlations) is somehow particular, and correspond to power-law decaying
correlations with an exponent £ < 1 in the non-hierarchical case. Restricting to the event
where all the §,, are equal to 1 and using Proposition 2.4, one sees that

1 27l n
2> <§> exp | | (h+8%/2)+8%/2) mp2p™t | 27| (3.15)
p=1
Thus, we see that F*(3, h) = oo unless
o0
Koo =Y rp2P < +00. (3.16)
p=0

For k > 1/2, not only the annealed free energy is ill-defined. One can also prove that the
quenched free energy is strictly positive for every value of h € R: the quenched system
does not have a localization/delocalization phase transition.
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B2
K k=
1
2 \ 1
1
1
1
1
1
1
1
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1
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Relevant Disorder 1 Irrelevant Disorder
1
1
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1
0 1
! B
1 B. =2 2

FIGURE 1. Overview of the qualitative behavior of the model. One takes k < 1/2,
otherwise neither annealed nor quenched model have any phase transition. For x <
1/2A B? /4 the annealed model exhibits the same critical behavior as the pure one, and so
the critical exponent is v* = v = log 2/ log(2/B). Moreover, the measures P, and P ha
are similar (in the sense of Proposition 3.2) and the criterion relevance/irrelevance of
disorder is the same as in the i.i.d. disorder case: disorder is irrelevant for B > B. := \/§,
marginally relevant at B = B. and relevant for B < B. (cf. Theorem 3.3). The region
above the parabola k = B2/4 remains to be understood, but partial results (Theorem
3.6) suggest that the critical behavior of the annealed model is different from the one
of the pure model, in particular the annealed critical exponent should be larger. Note
that disorder is proven to be relevant for all B < Be, k < 1/2 through the “smoothing
result” of Proposition 3.5, showing that the quenched critical exponent is strictly larger
than the pure one.

Theorem 3.7. If k > 1/2, then F(B,h) > 0 for every B > 0,h € R, so that h.() = —oc.
There exists some constant c5 > 0 such that for allh < —1 and g >0

F(8,h) 2 exp (—eshl ]/ 5252/ 10520 (3.17)

The proof of h.(8) = —oo can be presumably extended to the case k = 1/2. To avoid
technicalities, we do not develop this case here.

Proof. In this proof (and in the sequel), we do not keep track of the constants ¢, C, ...,
and therefore they can change from line to line.

The proof is identical to what is done in Section 7?7, and we do not repeat it here
completely. However, we give the hierarchical substitute for the bound 3.20 on the free
energy, which is the bound obtained with the strategy of targeting all the “good” blocks.

Let us fix some I € N (that is chosen large later on), take n > [ and let Z C {1,...,2"7'},
which is supposed to denote the set of indices corresponding to “good blocks” of size 2.
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Then for any fixed w, targeting only the blocks in Z gives (a similar inequality was proven
in [20])

g B_1 v(n—1,T) olk
© > <7> I1 25", (3.18)
kel

where v(n —[,Z,) is the number of nodes in the subtree TZ("_I) defined in Proposition 2.4

and Zf;fi) is the partition function on Iy, the it" block of size 2!, cf. (2.2). The term

(BB_zl)v(n_l’I) is a lower bound on the probability that the node 1 < i < 2"~ at generation

n — [ has at least one descendant at level n — [+ 1 if and only if i € 7 (see Figure 3.1).

good blocks

FIGURE 2. The strategy of aiming exactly at the good (colored) blocks is repre-
sented above. One first places the subtree '7’1(”71)7 which is present with probability
(1/B)*=1D) " and then forces all the leaves that do not lead to any good block (the
hexagons in the figure) not to have any children, which happens with probability larger
than ((B—1)/B)* "% The maximal amount of nodes that such a tree can contain is
reached when all the good blocks are all equally distant one from another, and is thus
bounded as in (3.19).

It was shown in [20] that

v(n,I) < |Z[(2+n -1 — [logy |Z]]) (3.19)
so that
1 w oo 1 o, (k) B* \ [Z]
o loa 2, > 2—nk€§;log2l’h — log <B — ) 5n 2+ n =1 [logy |T]]). (3.20)

From this point, the proof is identical to what is done, in Section ??7. The only point
that changes is the estimation of the entropic cost of the change of measure procedure,
used to bound the probability for a block to be favorable. Indeed, the correlation matrix in
the hierarchical case is not a Toeplitz matrix anymore, and the estimate of (K 114,14
is dealt with Lemma B.1, that stresses that 1, is an eigenvector of K, with eigenvalue

Ao=1+30 20 1k, O
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4. STUDY OF THE ANNEALED MODEL

Let us remark first of all that since x, > 0, thanks to (3.3) one has H},, ; > Ha (1)
H Z’f), and therefore
Z: ) +B—1
AT (Zn1) . (4.1)

B
From this one deduces that Z}; ;. < 1. Indeed, the map z (#2 + (B — 1))/B has an
unstable fixed point at 1, and Zz,hg > 1 would imply that F?(3, h2) > 0.

4.1. An auxiliary partition function, proof of Proposition 2.2. It is very convenient
for the following to introduce a modified partition function, both for the quenched case
and for the annealed one, defining

7w w 2 2 : —
W =Ey [exp (Hy ), +06°6,(S0)%)],  with 0 := 50— 2n) (4.2)
and
Zon = E[Z] = By, [exp(H} )], (4.3)
with
H )y = HY )+ 086, (S0). (4.4)

Note that 6 vanishes for kK — 0 (no need of the auxiliary partition function for the non-
correlated model) and that it diverges for k — 1/2, where the annealed model is not
well-defined.

We also naturally define F*(3,h) := lim,_,o, 2 "log Z*, (the existence of the limit
will be shown in the course of the proof of Proposition 2.2’) and, using 0 < 1, one gets
that Z} , < Zgh < 6962(4*6)"227}“ so that F*(8,h) = F*(8,h) (recall we chose k < 1/2).
Similarly, if F(3, h) := lim,,_, 27" log Z%, then F(83,h) = F(B, h).

Then, from (3.3), one gets that (recall i = K" and (2.17))

%2/1”“(5(1))2 + %2/{%1—1(5«(2))2

n n

Hyqp < HZ:S) + HZ:ELQ) +
_’_2952 n+1(S(1))2 + 29/821%714-1(57(11))2
= B + 052" (SD)? + B v 052 (5P)? = AV + B (4.5)

where we used the self-explanatory notation H () for the auxiliary Hamiltonian in the
block I;,,. We used the bounds ab < 1/2(a® + b2) and (a + b)? < 2(a? + b?) and then the
definition of 6.
This gives in particular that
. (Z2,)*+B—-1
n+1,h < : B ’ (46)

from which one deduces that Z? g > 1 for all n € N. Indeed, otherwise, for some
ng € N one has Za b < 1, and then one can find some h > hZ such that Za h < 1,
which combined w1th (4 6) gives that Z2 mn < 1forall n > ng. Therefore one Would have
F2(8,h) = F*(8,h) = 0, which is a contradlctwn with the definition of h2.
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Proof of Proposition 2.2. One has from (4.1)

VA YA 2
n+1,h n,h
> : 4.
L ( - ) , (4.7)
and from (4.6) and the fact that Z?uh >(B-1)/B
, B?+B -1
KpZ?® n+1,h S (KBZ ) with Kp = 73(3 1) . (4.8)

Therefore, the sequence {27 " log(Z}; ,/B) }n>1 and {27" log(KBZ;h)}nZl are non-decreasing
and non-increasing respectively, so that both converge to a limit, F*(3, h) and F?(8, h) re-
spectively, but we have already remarked earlier in this section that F*(3,h) = F?(3, h).
One finally has

F*(B,h) = F(B,h) — 27" log B (49)
F*(8,h) = F*(B,h) < F (B, h) +27"log K, .
so that since F2 (3, h) < F2(B,h) + 08%(2k)", one gets the desired result.
g

4.2. Proof of Theorem 3.1 and Proposition 3.2. The really crucial point is to prove
2

that, provided that k < BT A %, the annealed partition function (and the auxiliary one

Zy ,) at the annealed critical point converges exponentially fast to 1.

Lemma 4.1. If k < £ A 1 then there exist some constant ca > 0 and some 5y > 0 such
that for any n >0 cmd every 8 < Bo, one has

exp (—c28%(4k/B*)") < Z pa

< L,
LS Z3

<
< exp (6262(4/1/32)") .

Proof of Theorem 3.1 given Lemma 4.1 and Pmposz’tion 3.2 . We expand exp (uS,,), to get

a H a
E, [exp (uSp) e Mo ] Z u [ n) e mh } . (4.10)
Thanks to Proposition 3.2, we have that for any k£ > 1

(6—0152)kEn ((S0)] < B [(S)F ez | < (e“ﬁQ)kEn [(S)*], (4.11)
and with (4.10) we have then

E, [GXP (uSn)e ""‘] < Zppa t+ En i (U eCI.B ) (S| <E, {exp (eclﬁ2u5n)]

k=1
(4.12)
where we used that Z7 ,. < 1. We naturally get the other inequality in the same way
E, Sy) etz | > B —efy g 2 (453 413
exp (uSy) et | > B, |exp (e uS, )| — 28 ) (4.13)

where we used Lemma 4.1 to get that Z7 ;. > 1 — ca8%(4k/ B2, O
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Remark 4.2. Using the same type of expansion, Proposition 3.2 gives more general
results: for example, one can get

E, [exp (e‘pclﬁzu(Sn)pﬂ — 32 <%>” <E, [eH:’h?- exp (u(Sn)p)]

E, [eH:»h? exp (u(Sn)p)] <E, [exp <ep0152u(sn)P)] L (4.14)
In the sequel, we refer to this Remark to avoid repeating this kind of computation.

Before proving Proposition 3.2 and Lemma 4.1, we prove the following result, valid for
any xk < 1/2. Given I C {1,...,2"} we say that I is complete if 2i — 1 € I for some i € N
if and only if 27 € [.

Lemma 4.3. For every n > 1, and any non-empty and complete subset I of {1,...,2"},
one has

. 1]

I122.| Eulo] <E, [&eHZ»’L%] (4.15)

p=0

. 1]
<E, [516HZ»’1?] < H Z2s | Ealbr (4.16)
Note that if I = (), these inequalities are false, since Z? ks S Zg ha-

Proof of Lemma 4.3. As the two bounds rely on a similar argument, that is H? Rt ha 2

Hzga) + Ha (2;3 in one case, and HM_1 ha S Hzga) + 1 Eza) in the other case, we focus only
on the lower bound.

We prove it by iteration, the case n = 1 being trivial (the only non-empty complete
subset is I = {1,2} and the inequalities can be checked by hand). Now assume that the
assumption is true for some n > 1 and take I a non-empty complete subset of {1, ..., 271},
We decompose I into two subsets I1 = I N[1,2"] and I = I N[2" + 1,2""1] and we define
fg to be the subset obtained by shifting I5 to the left by 2". It is easy to realize that both

I and I, are complete subsets of {1,...,2"} and one has E,11[0;] = $E,[67,|E,[6
Now, using that H2+17ha > H> (1) + HZ’E?, one has

n,ha

i)

H2 o 1 H? o H? o
Bt [dre o] > =B, (61,02 | B, [0,z (4.17)
and two cases can occur.

(1) I =0, [I| = |I| (or I} = 0, |Io| = |I|). Then, (4.17) plus the induction step gives
]

He o 1
En+l |:5I€ "‘H’h‘:] E [(5[1] n ,ha H Za’ha . (418)
. ] . .
Since Zz,ha < 1, one has Z;ha‘ > <Zﬁ7ha.> , and obtains the claim at level n + 1.
(2) I, Iz # 0. In this case, from (4.17), the recurrence assumption directly gives

[T1|+|12|

H2 a 1 a
E, i [516 ”“"LC} E n[0r,]E H Zpha : (4.19)
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1%t branch = probab. 1/B
15% block N 27 block

I I

FIGURE 3. Decomposition of a non-empty complete set I into two subsets [ and Is.
If I is non empty, the first generation must be non-empty (this has probability 1/B).
Conditionally on this, the occurrence of I1 and Iz are independent events.

This gives the result at level n + 1, using that |I| = |I;|+ |I2|, and bounding again
& . <1

n,ha

O

Proof of Proposition 3.2. Given I C {1,...,2"}, let I’ be the smallest complete subset of
{1,...,2"} that contains I, and note that |I’| < 2|I|. Note that

E,[0r exp( ?L,hg)] = E, [0 exp( ’?L,h?)]’ E,[0:] = E,[0r],

simply because of the offspring distribution of the Galton-Watson tree: if the individual
2¢ — 1 is present at generation n, so is the individual 2i. This immediately implies that
the statement of Lemma 4.3 holds for every I (not necessarily complete), if |I| is replaced
by 2|I|.

o0

Then, Lemmas 4.3 and 4.1 imply Proposition 3.2 with ¢; = 2¢5 Y (%)n = 202B2B—_24H.
p=0

O

Proof of Lemma 4.1. One would like to use a result analogue to Proposition 3.2 to bound
Zp s
relies strongly on the pure model estimates presented in Appendix A, which show that the
term 0k, (S,)? in Zihg has little effect if k < BTZ A s

Take ¢ := (2k) V % < 1 and C the constant ¢ associated to A = 1 in Corollary A.4,

=E, [eHthg exp (Hﬁn(Sn)Z)]. So we first prove a weaker upper bound. The proof

—2
and fix some 8 < By, with By := <H;i0 ec(p+2)‘pp> < 1. We prove iteratively on n that
for all subsets I of {1,...,2"} one has

E, |:5[€szh?] < (mn)‘I‘En[(S[], with z,, = H eC 18P (4.20)
p=0
Note that with our choice of By one has (z,,)? < 8y for all n > 0.

The case n = 0 is trivial (just use that h? < — 52/2, as discussed after (3.2)). Now
assume that (4.20) is true for some n > 0 and take I a subset of {1,...,2""1}.
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If I = (), then we simply use that Zopa S L IET # () decompose it as in the proof of

Lemma 4.3 into two subsets I, Iy and let I, be obtained by translating Is to the left by
2", so that E,41[07] = %En[&l]En[éE] (see Figure 4.2). Then, from the iteration (3.3) on
Hp ), one has

2 2 2
a a,(1) B n+1 [ (1) a (1) B n+l ((o(2)
a g a o s .
n+1,h2 Hn,hc + 92 K (Sn ) + H 9 —K (Sn ) (4 21)

so that one gets

a a 2

En 1 5IeHn+1,h%. < lEn 51 eHn,hg exp B—/Q"'H Sn 2

+ B 1 5
2

Now one can use the inductive assumption to estimate each part of (4.22). Expanding
the exponential term and recalling that By(z,)? < 1, one has for instance

He B2 i) ] = (B2 HY o o \2k
E, [5,16 2 exp <7,{ (S)? )| = > ——=E, [5,16 2 (S) ]

k=0

< Y G C s oy (5,02

k!
k=0

< (o) E, [51 )2l ”WW} < ()" B, [0, 5G] (423)
We now use Corollary A.4 to get that
n\[1|+1
K 1 n
[51 ez h"(Sn)? ] < exp (C’%(p 1y +1> E,[6r,]. (4.24)
Combining this with (4.22)-(4.23) and the definition of ¢ > 2k one gets
Hina] « (M1 (o€t 1 5
En—l—l |:5[€ :| B (JEn) (6 4 > B
n+1

Using that n|I|+2 < (n42)|I] (because I # () and the definition of z,, 1 = x,eC " +28e"
one gets equation (4.20) at level n + 1.

E, (01, /(07 ). (4.25)

We have performed a first crucial step: there exist some 5y > 0 and a constant z :=

lim x,, such that for every n € N and every 8 < [y one has
n—oo

n [(XreHi’h?] < 2B, [6;] for every I C {1,...,2"}. (4.26)

Then using the idea of Remark 4.2, one has from the definition of Zz’ ha (and expanding
the exponential term)

,z’hg E, [eHn,hg} + i (eﬂjﬁi"fn)kEn [eHn,hg (Sn)%]

S Zpp tEg [exp (x2052/<"(5n)2) —1]
< Zppe texp (652(4/1/32)") -1, (4.27)
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where we used (4.26) for the first inequality and Theorem A.3 for the second one. Then
using that Zypa < 1, 0ne has the desired upper bound for 2 pa On the other hand, with

Zg’ha > 1 one gets that Z; ;. > 1 — dB%(4r/B?)", which concludes the proof. O

Remark 4.4. Adapting the proof of Proposition 3.2 to the auxiliary partition function
Z, 1, one gets under the same hypothesis that there exists a constant ¢} such that for any

non-empty subset I of {1,...,2"} one has

(6_0'152>'” E, [0;] <En [&eﬁi,hg] < (ecﬁﬁz)m E, [d1]. (4.28)

This implies, together with Lemma 4.1, an analog of Theorem 3.1: there exist some 5y > 0
and constants ¢}, ¢, > 0 such that for every S < fp and u € [0, 1], one has

E, [exp (6_0352115”)] <E, [exp (uSp) e "’Lc] <E, [exp (eciBQuSnﬂ + 0'262 <%
(4.29)

4.3. The case B?/4 < k < 1/2: proof of Theorem 3.6. Using the identity (3.3), one
has for all n € N and h € R

a o _ Lper | and 2,mt1g0 @)\ | L B 1
n+lh = BE [e e exp (6 Sy Sy ) + 5 (4.30)
- 1 (52 n+1) He m 2 B—-1
If one takes h = h% and uses the bound Z% +1he S < 1, one gets
00 B2Rn+1 m e . . 2

m=0

so that bounding each term of the sum by 1, one gets that for all m > 0

E, [eHz,hg(sn)m] < vVml (1 <i>n+1>m. (4.33)

For m =1 (using Z ), > (B —1)/B) we obtain (3.14), but also an estimate for all the
moments of S,.
Using Lemma 4.3 one has

(B Breenimos 37 o

which implies (3.13). Another observation is that, writing h = h2+u, one gets from (4.33)

that
E, [GH;": h} —E, { uSh nha} f: % <_ <%>n+l> , (4.35)

m=0
Thus if u < (y/k)", one has that Z?2 iy = E, |e"n. h] does not grow with n. This is in

contrast with the pure model where
Zpu’ = Eplexp(uSy)] = exp(uEy (S,)) = exp(u(2/B)")

which diverges with n if u = (y/k)" (recall we are considering x > B2/4).
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All these facts lead us to conjecture that the phase transition of the annealed model for
B?/4 < k < 1/2 is smoother than that of the pure model.

5. DISORDER IRRELEVANCE

To prove disorder irrelevance for B > B, and the upper bounds on the difference between
quenched and annealed critical points in Theorem 3.3, we use the following Proposition:

Proposition 5.1. Let k < (B2/4A1/2). If B > B,, there exists a g > 0 such that for
B < Bo and for every n € (0,1) one can find € > 0 such that for all u € (0,¢)

F(8, A2+ 1) > (1 — )F*(8,h% + u). (5.1)
If B < B, then for every n € (0,1) one can find constants c, By, e > 0 such that if

B < fo, for all u € (cB77,(n))
F(B,he +u) = (1 —n)F*(8,he + u) (5.2)

with v as in (2.19).
If B = B, then for everyn € (0,1) one can find By > 0 and a constant ¢ > 0 such that

if B< Bo, for all u € (cexp (—66_2/3) , 1)
F(8,he +u) = (1= n)F*(B, he + ). (5.3)

Proof. This is based on the study of the variance V,, := E[(Z;;h)ﬂ - E[Z;‘L”h]z.
Fix some B € (1,2). One has

2n
E[(Z2n)?| = B {exp | Han(0) + Hip(0) + 82 Y ioid] (5.4)
ij=1
with § and ¢’ two independent copies of the same Galton-Watson process. We also have
_ 2 _ _
E [Z;;h} = E®2 [exp (th(é) + Hf:’h(é’))]. To simplify notations, we write h = h? + u

and we define
27l

ij=1
Then,
Vp = E§2 [eus’leus;i (eﬁzD” — 1) eH’i’h?(é)eﬁzvh%(él)}
< gn — E%Q [ecusnecus,g <6062Dn _ 1)} . (5.6)

where we expanded the exponential and used Remark 4.2 and Eq. (4.28).
Using the Cauchy-Schwarz inequality in (5.6),

Vo < E,, [2005] \/ B2 [(e07 00 —1)°] < By [20050] \JBE2 2000 1], (5.7)

We define @, := Vn/E[Z;;h]z < Vy, (recall that h > h2 and that EZ¥,, > 1). Then one

n,h2
e2C’uSn]

also uses Lemma A.1 to get that E, | < cexp (¢2"u”). Therefore, one has

Qn < cexp (2"u”) \/E§2 [€2052Dn — 1]. (5.8)
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Defining
ni = ni(u) = log(1/u)/log(2/B) = vlog(1l/u)/log 2, (5.9)
which is the value of n at which E,[exp(uS,,)] starts getting large, one has for p > 0

Qny1p < e \/E§12+p [62062[)’”“’ - 1]' (5.10)
Thus it is left to estimate the last term, with Proposition A.5.

5.1. The case B > B.. Thanks to Proposition A.5 there exists some 5y > 0 such that
for B < By and for all n € N

ES? [ewﬁzf’" - 1] < B, (5.11)

n

for some ® < 1. Choose p; = p;(ny) such that e®?"'v/®m1 = 1 (note that p; diverges with

n1) and then
ny—0o0

Qnytpy < VOPL 570, (5.12)
Then we use that

_ E[zZ¥ _ E[Z¥ B-1
E [log Zy )] > log <%) P <Z,°;7h > [ 5 ’h]> + log <T> : (5.13)

where P (Z;;h > E[Z;;h] / 2) > 1 — 4Q), from the Tchebyshev inequality. We apply this
with n = nj3 + p1(n1) to get (using also Theorem 2.1 and (4.9))

log
277,

C

> (1- 477)2% log (E[Z;/4]) — o7

F(5,h) > . [log 75, -

/

> (1= 4n)F*(8,h) = 552 ™ 2 (L= 5n)F*(8, 1), (5.14)

provided that n; is large enough to ensure both
Quipp < M2 <y (5.15)
and 277 M)yY < pFY(B, h) for all we (0,1). (5.16)

Note that the requirement on n; in (5.16) also depends only on 7, cf. Theorem 3.1. Since
ny is related to u via (5.9), one has actually to assume that u < €(n) with e sufficiently
small, as required in Proposition 5.1.

5.2. The case B < B.. Given n > 0 and 8 < 1, fix some p; = pi(n) such that (5.16)
holds and assume that ¢;3% (") < u < e(n) with ¢; = ¢1(n) to be chosen sufficiently
large later (observe that if €(n) is small one has that n; and p; are large, so the above

requirement on p; is coherent). The definition of ny(u) (which gives u = (B/2)™) and of
v (which gives (2/B)” = 2) imply that

9 \P1(n) /g2 n1+p1(n) B2 n1+p1(n)
2<ert = — < — 1
redt(m) (%) <=(%) 617

where co = (1) can be made arbitrarily small by choosing ¢y large. Then, again provided
that ¢y is small enough (i.e. ¢; large enough), we can apply Proposition A.5 to get from
(5.10)

2p1 (1) 2 2 ntpa(n) ; c2pr1(n)
Qni4pi(n) S Cé cp 5 <cde ca(n) < 1. (5.18)
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From this point on, the proof proceeds like in the case B > B,, starting from (5.13).

5.3. The case B = B.. This is similar to the case B < B.. The value of 3y has to be
chosen small enough to guarantee that Proposition A.5 is applicable. We skip details.
O

6. DISORDER RELEVANCE: CRITICAL POINT SHIFT LOWER BOUNDS

To prove disorder relevance, we give a finite size condition for delocalization, adapting
the fractional moment method, first used in [8], and then in [15, 16] for the pinning model
with i.i.d. disorder.

6.1. Fractional moment iteration. For v <1 let =, to be the largest solution of
22+ (B-1)7
x = o .
One can easily see that for v sufficiently close to 1 (which we assume to be the case in the

following) x., actually exists and is strictly less than 1. Moreover one has that x., increases
to 1 as v increases to 1. Then we have:

_ ¥ _
Proposition 6.1. Take k < 1/2. Then, setting A, := E [(Zﬁjh) } with Z3h defined in
(4.2), one has

+(B—1)
Apt1 < nT

If there exists some ng such that Ay, < x., then F(5,h) = 0.

(6.1)

Proof. If for some ny one has A,, < x,, then iterating (6.1) one gets A4,, < x, < 1 for all
n > ng. Using the Jensen’s inequality one has

1 - 1

—El[log(Zy )] < —log A4, 6.2

o Elos(Zin) '] < o log (6.2)

which gives F(5,h) = F(8,h) = 0 (equality of the two free energies was noted after (4.2)).
We now turn to the proof of (6.1). We define Zﬁ:h =E, [eH:’h e’“"”ﬁz(s’l)z] and use that

(Sni1)? <2(S,)% +2(S,)? to get the iteration

1 _
~Ellog Z%,] =
n [ 0og n,h]

1 - B—-1

i ki, (1) 261,(2)

Zn—i—l,h < EZn,h Zn,h + B (63)
where as usual the two partition functions in the r.h.s. refer to the first and second sub-
system of size 2". From this, and using the inequality (a + b)Y < a” 4+ b7 for any a,b > 0
and v < 1, one has

E((28,,,)] < B [(z2p0 2 @) ] ¢ L (64)
One then shows the following
Lemma 6.2. If u > 6 with 6 = 2(1f2ﬁ) as in (4.2),
E [(zf:‘;‘”zf;;“‘”)”] <E [(Z;h)'y]z. (6.5)

This gives directly (6.1), taking = 6 so that Z", = Z:j’h. O
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Proof of Lemma 6.2. One sets

g
o(t,n) = log B | (204" 207 )| (6.6)
where one defines Py to be the law of a Gaussian vector (wi,...,wgn+1) with correlations

kij(t) = kp if d(i,7) = p < n, and k;;(t) = tkp41 if d(4,7) = n+ 1. Then one can compute
the derivatives of ®. Using the definition of Z", one has for ¢t > 0, p € R

o Vhin B
@(t,ﬂ)z TR,
E, [(th th > ]
w, (1) w,(2) B
o [E§2 [((ST(LI)F - (5’22))2) T e““”((sv(ml))%(s,ﬁz))z)] (Zs:;(ll)Zﬁ,’,(ﬁ))v
(6.7)
Thanks to Proposition B.3 one gets
_(tyﬂ) = n+ 5 Z Z E, |:7 Zg’h Zﬁ,h :| ‘ (68)
ot E; [(Zﬁ,’él)zﬁ,’g)) } o LOwiow; <

For the values of 7, 7 under consideration one has

0 (1) 2\ 9 L2 @2 By @ g2 (922 ) o)\
i, (Z;j’,(jzg,g)) — PRPES? |55t HHL (ST (@f,ﬁ’&’iﬁ)
Therefore,
on 2n+1
S Y o ()
i=1 j=2n+1 Ow;Ow; 7
2132
~28 WD e ey g2y ) 2\
< TEgz [((gg))zﬂgg))z) o T gk (S57)24(S32) )] (Zﬁ,é)zﬁ,ﬁ)) ,
(6.10)
and as a consequence, since we chose k,, = K"
0P Kk OD
—(t,p) < = —=—(t, p). 6.11
57 (1) < 55 (6 0) (6.11)

Thus, the function ¢ — ®(¢, u — Kt/2) is non-increasing and

log E [(Zg;f/z’(”Zﬁ;f/z’@’ﬂ — (1,1 — 1/2) <D0, 1) = 2log B [(Zﬁ’h) q . (6.12)

Then, one uses that for y > 2(%2&) one has 2ux < p—~k/2, which allows us to conclude. [

6.2. Change of measure. In this section we prove the lower bounds of Theorem 3.3 on
the critical point shift for B < B..
One fixes v close to 1 such that x, is also close to 1, and proves that if h = h +u with

u > 0 small enough, one has A4,, :=E KZ“

no’h)} < 24 for some ng € N. To this purpose,

-1

(6.9)
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we introduce a change of measure in the spirit of [16]. Define

9(w) = Lirw) < R} + ERLP(W)>R)>

F(w) == (Vw,w) — E[(Vw,w)], (6.13)

where the choices of the symmetric 2" x 2" matrix V', of R € R and eg > 0 will be made
later. Note that we have chosen F' to be centered. Then using the Holder inequality, one
has

v

E[(Z2,)") = E (o) " (0)Z20)"] <E[0@) ™| Els@)Zi].  (6.14)

dP

Remark 6.3. The original idea [15] is to take g(w) = G where P is a new probability
measure on {wy,...,wsn} such that P and P are mutually absolutely continuous. Then,

to control both terms in (6.14), one has to choose P in a certain sense close enough to P,
such that the first term is close to 1, but also such that under the measure P the annealed
partition function E [g(w)thg] =F [thg] is small.

The choice of g and F' in (6.13) has the same effect of the change of measure in [15],
that is inducing negative correlations between different w;, and the specific form (6.13) is
chosen for technical reasons, to deal more easily with the case in which (Vw,w) is large.

Let us first deal with the Radon-Nikodym part of (6.14): we make here the choice
er = P(F(w) > R)'~7. Then one has

E [(g(w))‘ﬁ] <1+ (ep) TAP(F(w) > R) =1 +P(F(w) > R)" 7 =1+¢ex.  (6.15)
We now use the following lemma to estimate g in terms of R. We let [[V[|* = 3, j V3
and K denote the covariance matrix (k)1 <i,j < 2n-

Lemma 6.4. If V is such that Vi; depends only on d(i,5) and |[V||* = 1, then one has
Var(F) < 2K2, with K., defined in (3.16), so that

2Koo R—o0
2 =%0. (6.16)

P(F(w) > R) <

Thus one gets that e < const x R=20=7 which can be made arbitrarily small choosing
R large.

Proof. We have that Var(F) = E [(Vw,w)?] — E [(Vw,w)]?, and we can compute

2n A 2n 2m
E [(Vw,w>2} = Z Z Vz’ijlE[Wiijkwl] = Z Z V,-ijl(nijnkl + Rikkj + Hill‘ijk)
ij=1k,l=1 ij=1k,l=1
= E[(Vw,w)]* +2Tr (VK)?). (6.17)

We now use Lemma B.1, which says that V and K can be codiagonalized, and that the
eigenvalues of K are bounded by K, to get that Tr ((VK)?) < KZTr(V?) = K% (recall
that Tr(V?) = |[|[V]|? = 1, as V is symmetric). One finally gets that Var(F) < 2K?2, and
as I is centered, using Tchebyshev’s inequality gives the result. O

Next, we study the second factor in the r.h.s. of (6.14):
E[gw)Zy ] <E[lpw) < ryZin] +erE[Z3] (6.18)
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To study the first term we define the measure P on {wi,...,wan} to be absolutely con-
tinuous with respect to P, with Radon-Nikodym derivative given by S—E = g}:z One then
has

E [1 (Flw) < R}ij;;;] — 72, B(F(w) < R). (6.19)

We are now ready to choose V =1V,,, and we do so as in [15]. We take V' to be zero on
the diagonal (V;; = 0), and for 4,5 € {1,...,2"}

Vij = [ ]], if i # 4, (6.20)
Yy
where
1/2
2n
Vo= | Y En[6:6;] (6.21)
ij=1
i#5

is used to normalize V. We stress that V satisfy the conditions of Lemma 6.4. N
One can compute easily Y, , since from Proposition 2.4 we have E,,[0;6;] = Bn—d(ig)+1
and one finds (cf. [15, Eq. (8.23)])

if B=B.:=+v2

y, v . ! e = V2, (6.22)
o((#)") iB<B.

where X = O(Y') means that X > ¢Y for some positive constant c.

Proposition 6.5. We choose V. =V, as in (6.20)-(6.21), and R = R, = %E[F(w)]
Then there exists some 6 > 0 small such that, if u(2/B)" < 6, one has

Ri= %E[F(w)] > ¢B2Y,,. (6.23)

Therefore, from (6.22), R can be made arbitrarily large with n. Moreover there ezists a
constant ¢ > 0 which does not depend on n, such that

P(F(w)> R) =P <F(w) > %E[F(@]) > ¢ (6.24)

Combining this Proposition to (6.18) and (6.19), one gets that
Elgw)Zyn] < Znp(1—C+er). (6.25)

Recalling the equality (4.29) (which is the analog of Theorem 3.1 for the alternative
partition function Z ), one has for r < B2/4n1)2

_ , 4k \"
2, <E, [eclusn] + ¢y 3 <B—’§> < e 45, (6.26)

provided that u < 0(B/2)™ with ¢ small (to be able to apply Lemma A.1 to E, [ecllusn} ),

and that n > ns to deal with the term (4/1/32)n. Therefore, if § and ep was chosen
small enough (that is smaller than some constant ¢ = ¢(()), one has for n > ng that

E [g(w)Zgﬂ < 1—¢/2 for all w < 6(B/2)". This and (6.15) bound the two terms in
(6.14), so that one has

Ay =E[(Z2)] < Q+en)(1-¢/2) <1-¢/3<a, (6.27)
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where the two last inequalities hold if e i is small and v close to 1. To sum up, for §, 8 small
and R large enough, one has that A, <z, for all u < §(B/2)", and so F(3, h% +u) = 0.
Then, let us check how large has to be n so that our choice of R := %IE[F (w)] becomes
large. From Proposition 6.5 one has that R > ¢3%Y,, so that one has to take %Y, > C
for some constant C' large enough. From (6.22), in order to have 5%Y,, > C,
e if B < B,, it is enough to take n larger than ng := log(C’572)/log(2/B?);
e if B = B,, one has to take n larger than ng := g%
Then for n = ngy one gets that R is large, but one also needs to take u < §(2/B)™ to
ensure that A, v,; < x4 . Notice that from the choice of ng above, the condition on u
translates into

1 32log(2/B)/ log(2/B%) _ /352 -
u< dB » dpz it B < B,, (6.28)
e~ if B = B,
where we also used that v = log2/log(2/B). One then gets the desired bounds (3.10)-
(3.11) on the difference between quenched and annealed critical points. O

6.3. Proof of Proposition 6.5. To compute INE[F(w)], we define for any 1 < ,j < 2"

~ 1 7w
Uij = E[wiwj] = TEnE [wiwj eanh] . (6.29)
Zn,h
A Gaussian integration by parts gives easily
271/
Uij = Kik + Uij 1= Kij + 52 Z I{iklﬂle;h[(sk&], (6.30)
k=1
where E%,h denotes expectation w.r.t. the measure whose density with respect to P,
is exp(H?,)/Z*,. We then compare E? ,[6;6;] with E,[0xd], using that h = A2 + u,
0<u<dB/2)™
_ 1 [7a c 2
E 1 [0k0] = ——E, [5kaleHmh%e“Sn < 2R, [Mlee . “Sn] < B, [6,0]  (6.31)
n,h
where in the first inequality we used Remark 4.4 and also the fact that Zfl hZ Zz ha = 1,

and in the second inequality we used that u(2/B)" < ¢ to apply Corollary A.2. The
same argument easily gives E7 ;[6,6;] > cEy [050] in the range of u considered, so that

cB?a;; < uij < dB%a;j, where
27l
Q5 = Z H,Z‘klilen[(Sk(sl] > Yn(KVK)U (632)
k=1

(the inequality is due to the fact that V' is zero on the diagonal). We finally get

2n 2"
E[F(w)] = E[(Vw,w) ~E[(Vw,w)] = Y Vij(ky +uiy) ~E[(Vw,w)] = Y Vijuij, (6.33)
i,j=1 hj=1

so that we only have to compute 2127;:1 Vijai; > Y, Tr(VKVK). Since ||[V|? =1 and all
eigenvalues of K are between 1 and Ko, one has Tr ((VK)?) = ©(1). Altogether, we get
(6.23).
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We now prove (6.24). Using the Paley-Zygmund inequality, we get that
~ ~ 1~ E[F(w))?
Br) 2 1) =B (Flw) 2 5BIF@)) = L
2 AE[F (w)?]
so that we only have to prove the following:
Var(F(w)) = E[(Vw,w)?] - E[(Vw,w)]* = OE[F(w)]?). (6.35)

Indeed from this it follows immediately that there exists some constant ¢ > 0 such that
E[F()?/EIF(w)?2] > C i ) X

We now prove (6.35), studying E [(Vw,w)?] = Z?’jk’l:l Vii ViiE|wiwjwpwi], starting
with the computation, for any 1 < 4,7, k,1 < 2", of

(6.34)

~ 1 7w
Elw;wjwiw] = ZTE"E [wiijkwl etnn| (6.36)
n,h

Again, a Gaussian integration by parts gives, after elementary computations,

E lwiwjwiwi] = Aijir + Bijr := [KijUn + kiUji + £aUjr + Kjra + K + R
271/
> KukjskrkED p [6,056:0,] . (6.37)
r,s,t,u=1
We estimate E [(Vw w) ] by analyzing separately A;jz and Bijp.
Contribution from Bijp: we have
271/
zgkl CB Z ’fzr’fjs/fkt/flv [5r535t511] > (6'38)

r,s,t,u=1

where we used again Proposition 3.2 and Corollary A.2 as in (6.31) (recall that we consider
u < §(B/2)™). Then defining

_ En[dig;] Lii=j)
Wi = v = Vij + VB (6.39)
we get
27L 27L
> VigViBiju < et D (KWE)po(KWK) By, [6,0460,]
i,5,k, =1 r,s,t,o=1

27L
<dpt Z W sWiBn [6:0:6,00) + "8 Y W WiEy [6:6,6,], (6.40)

r,s,t,u=1 rit,o=1

r#s,t#v
where we used the following claim:

Claim 6.6. There exists a constant ¢ > 0 such that for every1 <i,j < 2", (WK);; < Wjj
and (KW)W < C/Wij.
Proof of the Claim. We write ¢ = d(i,j), so W;; =: W, and

n q—1 q—1

(WK)iy = Wakig =Y _ 20 Wk + > 2P Wer, + Z P Wk,  (6.41)
=1 p=0 p=0 p=q+1
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where we decomposed the sum according to the positions of [ (d(i,l) = p < q, d(i,1) = q
or d(i,l) > q). Using that W), is decreasing with p, we get that the second and the third
term are both smaller than () 2Pk,)W,. We only have to deal with the first term, using
the explicit expression of W), together with Proposition 2.4:

- R = R | 2\ ¢
> orlw, = 7B <§> <cy-B <§> = c29W,, (6.42)
p=0 p=0
so that the first term in (6.41) is smaller than ¢27k,WW,. One then has that (W K);; < /W,
and the same computations also gives that (KW);; < ¢Wj;. O

The main term in the r.h.s. of (6.40) is the first one, for which we have

Lemma 6.7. Let B < B.. There exists a constant ¢ > 0 such that

2n
1
Z VesViuEn [0r0:0:0,) = 5 En[0,05)En[0:0,)En[0,0,0:0,] < cY2. (6.43)
r,s,t,v=1 nop s tu=1
r#8,t#v r#s,l#v

This can be found in the proof of Lemma 4.4 of [15] for B = B,; the proof is easily
extended to the case B < B..

As for the remaining terms in (6.40), it is not hard to see, using repeatedly Proposi-
tion 2.4, that they give a contribution of order o(Y;2). For instance, one has

omn

4 4 n n— _ p4
g Tg;lwrrwtv n[0:0:8] < ¢ anzm p%%B = Blo(Y)). (6.44)
’t;ﬁv

Altogether one has
27l

Z VijViaBij = B0 (Y;2) = O (E[F(W)P) ; (6.45)

i,5.k, =1
of. (6.23).

Contribution of Ajjp: recalling that U;; = k; + u;j, we have k;jUp + kpuij < UsjUp.
Thus, we get

on 2

D ViValkiUn + sug) < | Y ViiUsj | =E[(Vw,w)]?, (6.46)
i,5,k,l=1 1,j=1

that we recall is not O(E[F(w)]?), but will be canceled in the variance. The other contri-
butions are, thanks to symmetry of V', all equal to (or smaller than)

on

Z ViiVearaUji = Y VigViakakij + Z Vi Virkirusi, (6.47)
i, k=1 i,k d=1 i jokd=1

where the first term is Tr ((V K)?) which is bounded as remarked before. Thanks to the
estimate uj; < c’ﬁzaﬂ = c’ﬁzYn(KWK)jl, the second term is bounded above by a constant
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times
27L
B*Y,, Z VijViarin (KW K) j < B°Y,Tr (WK)?)
ij,k,l=1
< B, Tr(W?) < 2¢8%Y, = O(E[F(w))). (6.48)

We used Lemma B.1 to codiagonalize W and K and to bound the eigenvalues of K
by a constant, and then the fact that the eigenvalues \; of W are also bounded, so
that Y |N[P < e N2 = ¢Tr(W?) = O(1). Indeed, Tr(W?) = Tr(V?) + 5, W2 =
1+ (2/B%)"Y, 2 = 1 +0(1). Putting together (6.37) with the estimates (6.45), (6.46) and
(6.48) we have

Var(F(w)) = E(Vio,)?) — (B(Veo,0))” = 3" (gt + Bys)VigVia — (B(Ve,))’
ikl
0 (E[F(w)P) (6.49)

and (6.35) is proven.

APPENDIX A. PURE MODEL ESTIMATES

We first give some estimates on the partition function of a system of size n.

Lemma A.1. (1) There exist constants ag > 0 and ¢y > 0 such that for any n > 0, if
u < ag (B/2)" one has
E, [exp (uSy,)] < exp (cou(2/B)"™). (A1)

(2) There exists a constant ¢ > 0 such that for any n >0 and u > 0 one has
E, [exp (uSy)] < cexp (cu”2"), (A2)
where v is as in (2.19).

Proof. For the first inequality, the same type of computation was already done in [14], and
we give here only an outline of the proof. The partition function Rj of the pure model

satisfies the iteration
R(] = e“,
{ R24+B-1 (A.3)

Rk+l = B .

Defining P, := Ry — 1 it is easy to show by recurrence that P, < cou (%)k for every k < n
(because we stay in the linear regime for the chosen value of u), so that for kK = n we get
the result.

For the second inequality, we use that for any n > 0 and u > 0,

1 B
L 0x B, fexp (uS,)] < F(u) + 2 (A4)
from [14, Theorem 1.1], and this gives immediately the result, using (2.18). O

Defining for any subset I C {1,...,2"} 67 := [[;c;0i, and 67 = 1 if I = ), one wants
to compare E,[67¢"5"] and E,[0;] when the partition function ZP} is still in the linear
regime 0 < u < ag (B/2)", the bound E,[67¢"%"] > E, [67] being trivial.
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Corollary A.2. There exist constants ag > 0 and ¢ > 0 such that for any n > 0 and any
non-empty subset I C {1,...,2"}, if 0 < u < ag (B/2)" one has

E, [07exp (uS,)] < exp (c’u <%>n> ! E, [6]. (A.5)

Proof. We prove by iteration on n that for all non-empty subsets I C {1,...,2"}, if
u < ag (B/2)" one has

e\
E, [67exp (uS,)] < exp <couz< > > E, [¢1], (A.6)

where ¢ is the constant obtained in Lemma A.1.

The case n = 0 is trivial. Let us assume that we have the assumption for n > 0 and prove
it for n + 1. Take I a non-empty subset of {1,...,2"T'}. As in the proof of Lemma 4.3,
one decomposes [ into its “left” and “right” part and writes E,1[d7] = %En[éh]En [572]
and |I| = || + |Ig|

If 14, Ig # (), using the induction hypothesis, one easily has

1
E,+1[0rexp (uSp41)] = EEn [01, exp (uS,)] Ep [51} exp (uSn)]

n/gN\k [ 11]+|12] 1
< exp <couz <E> ) SEnl0nEnld7], (AT)
k=0

which gives the right bound.

If I; = 0 (or analogously if I = 0)), one has E,1[6;] = %E"[éfg] and

E,+1[0rexp (uSpi1)] = %En lexp (uSy)| Ep, [(572 exp (uSn)]

i\ 2]
1
< /B o (wZ( )) FEAG) (A8)

where the first part is dealt with Lemma A.1, and the second one with the induction
hypothesis. O

Theorem A.3. Let B € (1,2). Let (by)n>0 be a sequence that goes to 0 as n goes to
infinity. There exists a constant ¢, > 0 such that for all n > 0 and every 0 < u < bn(BT2 A

$)" one has

E, [exp (u(S2)2)] < exp <cbu ( §2>n> . (A.9)

Corollary A.4. Let B € (1,2), k < BTZ /\% and note ¢ := (2k) V % < 1. Then for every
A > 0 there exists a constant cq4 > 0 such that for any n > 0, any u € [0, A] and any
subset I of {1,...,2"}, one has

B, [87 exp (ur(5,)?)] < (eme)""

Note that if I =0, the statement is implied by Theorem A.3.
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Proof of Theorem A.3. The proof relies on Lemma A.1. Consider u < bn(BT2 A %)" One
writes

J:=E, [exp (%u(s,f)] = \/%_w /_:o e 1%, [exp (2v/uS,)] d=. (A.11)

One sets A := % (%)n, where a is a constant that will be chosen small. Note that

thanks to our choice of u, one has A > a b, 2 that goes to infinity as n grows to infinity.
Then one decomposes the integral J according to the values of z, and writes J = J; + Ja,
where

1 2
J = —/ e ? /2En [eXp (Z\/asn)] dz
Vam Jz<a (A.12)

Jo = No /zzA e R, [exp (2v/uSy)] dz

To bound .J;, one chooses a < ag with ag as in Lemma A.1, such that for the values of z
considered one has zy/u < ag(B/2)™ and then one applies Lemma A.1-(1) to get

\/%/KA % exp (czv/u(2/B)") dz < exp< ¢ u (4/B?) > (A.13)

We deal with the term .Jy, decomposing again according to the values of z. Let us first
introduce some notations: we define the sequence (Aj)r>o by the iteration

Ao=4 ) (A.14)
Aps1 = AARYY (> Ap > 1),

and define also m = inf{k, Ay > A\/u2"}, for some A chosen large enough later. We
point out that m is finite. Indeed for a fixed large n, if v < 2, then A, > A**! and goes
to infinity as k goes to infinity. Otherwise, if v > 2, Ay goes to AY/(“*=2) as k goes to
infinity. Then, we just need to check that AY/(“=2) > A,/u2" if n is large. Using the value
of v =log2/log(2/B) one has 21/ = 2/B, so that AY = a’u~"/?27". Then

A v u—u/22—n v n\—(r—1 vil—v
Tzt = ey =@ @)Y 2 a7 (A.15)

where we used that u2" < b,. As v > 1, it remains only to take n large.
One decomposes Jo as follows:

A
- om/ R, [exp (viS,)] de

e~/ exp (z .
b [ o (+vS,)) s (A16)

Each term of the sum in (A.16) can be dealt with Lemma A.1-(2). One gets

JAVARE 9
= / e, [exp (:v/uSy)] dz < By [exp (ApsavaSy)] PV > Ay)

< ¢ exp <622"u”/2(Ak+1)”> exp (—c(Ag)?), (A.17)
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where A stands for a standard centered Gaussian. Now recall the definition of A, and
A, that gives (Apy1)” = AY(Ag)? = a’u~"/?27"(Ay)?, so that one can bound the term
in (A.17) by
crexp ((cpa” — )(Ag)?) < cpexp (—C(Ak)2/2) , (A.18)
where the inequality is valid provided one has chosen a sufficiently small.
Let us now deal with the last term in (A.16), trivially bounding S,, < 2™:

%/m 6—22/2En [exp (2\/ESH)] dz < \/%/m 6—22/262\/52” dz
2D (3 Ay a2 < A O el N ¢ a2 (5 10)

where we used that /u2" < A~'A,,, and supposed that A was chosen large enough for
the last inequality.
We finally get that for n large one has

i Ce—cA?/2 if v <2
Jy < —e(AR)*/2 = A.20
25 l;)e Cme=¢A2  ify > 2, ( )

where in the case v < 2 we used that Ay, > AF*1. Note that for v > 2, using (A.15), one

1-(2/v)k 1
also can bound m from above as follows: since A, = A 1-2/v
v/(v—2
Ar__ AT e o7/ =Dp(1-0))(v=2) A= /) (A.21)

Vur o Ju2n

So if one takes k > —loglog A/log(2/v) one gets that Ay > a”/(”_z)bgll_y)/(y_me_c,\/ﬂ2n.
If n is large enough this implies that m < const x loglog A.

Then one easily gets that Jo = o (A_2), with A=2 =0 (u(4/BQ)"), so that combining
with the bound on J; one has

J< exp @u (4/32)"> o (u(4/B2)". (A.22)
O

Proof of Corollary A.4. We proceed by induction. Fix A > 0 and u < A, and take the
constant ¢4 obtained in Theorem A.3 for the sequence b, = A (%} A 2,%)”. The case n =0
is trivial. Suppose now that the assumption is true for some n, and take I a subset of
{1,...,2"+1}

Suppose I # () (otherwise one already has the result from Theorem A.3). As in the
proof of Lemma 4.3, one decomposes I into its “left” and “right” part and E, 1[07] =

%En[&l]En[&fz]. Using that (S,,41)? < 2(5%1))2 + 2(57(?))2 one gets

E,i1 [51 exp um"+1(5n+1)2)]
1
EEn (67, exp ((Zﬁ)um"(Sn)2)] E, [513 exp ((Zﬁ)um"(SnF)}
1 o\ 11|+ | T2 |+2 s (n
< B0 En[og] (419" < Brafor] (er2ee) I (4,23)

(

where for the second inequality we used the recursion assumption and for the last one the
assumption || > 1. Now one just uses that 2x < ¢ to conclude. O
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From Corollary A.4 one can deduce the following Proposition, useful to control the
variance of the partition function (see Section 5). Define as in (5.5) D), := ZZ =1 Kij0i07,
where § and ¢’ are the populations at generation n of two independent GW trees.

Proposition A.5. Let B € (1,2), k < 3 A BTZ and set ¢ = (2k) A (4r/B?) < 1.
o If B > B, then for every ® € (Fzg V @, 1) there exist some ug > 0 and some constant
¢ > 0, such that for every n € N, u € [0, ug] one has
E®? [exp (uD,)] <14 cud™ (A.24)

e If B < B, there exist some a1 > 0 and some constant ¢ > 0, such that for every
n
neN, ifu<a (BTZ) one has

2 n
E2? [exp (uD,)] <1+ cu (BQ> . (A.25)
e [f B = B, there exists some ug such that if u < ug then for all n < %u‘l/?’ one has
E®2 [exp (uD,)] <1+ 2u'/3. (A.26)

Proof. One has
Dypp1 = DD + D@ 4 1y (51(11)5/1(12) I 5/21)5/1(12))

<D{+DP + <<5<1>) (5’,(3))2+(5,?))2+(5’S>)2>. (A.27)

Since clearly D41 vanishes when either of the two GW trees is empty, one has for every
v € [0,1]

B 7] < g e (G (5" 5)7)) ]+ P
B2-1

1 n \n 2

ﬁea)w E%z [exp (vecov(p) Dn)] + R
where in the second inequality we expanded e’”" as in Remark 4.2 and used Corollary A.4
to get the constant ¢y > 0 for ¢ := (2k) V 42 and some ¢’ € (p,1). Then we set vy < 1
and for n > 0 define v, 1 = vpe= )" g, Define X,, := E? [exp (v,D,)] — 1, s0
that using the previous inequality one has

e L covmen y 1 200" X, n
We consider the different cases B < B., B = B. and B > B, separately, but each time
we estimate from above E&? [e”“D ”] One then easily deduces Proposition A.5 using that
there exists a constant c¢; such that v, > cjvg, and then E%Q [eclvoD”] <14+ X,. One
concludes taking u := c1vg.
In the sequel we actually study the iteration

< (A.28)

~ 2e"n

X .
Xnp1 = 55 Xn (1 + 7”) + (c¢/co)wn, Xo= Xo (A.30)

where we defined w,, := cougp™. Clearly, X, < X, for every n.
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- Take B > B, := /2. Let us fix some ® € (% Vo, 1). One has that Xg < Cyvg and
<C

one shows easily by iteration, using (A.30) and the definition of w,,, that X’n n P,

with (Cy)nen an increasing sequence satisfying
1
Cpy1 = Cre®n <1 + §Cn00®"> + c’cp"(I)_("H) (A.31)

(use that ® > (2/B?)). Then we show that provided that vg has been chosen small enough,
(Ch)nen is a bounded sequence. Indeed, using that C;, > Cj one has

1
Cn-‘rl < Cnewn <1 + §CnUOCI)n + c/q)_lcgl(w/q))n)

1 1 «
< Cre® exp <§C’nv0<1>”> exp (c”(go/@)”) < Aexp <§v0 Z C’k@k) . (A.32)
k=0

where we noted A := [[22, e“re (#/®)"  with A < +00 thanks to the definition of w,, and
using that ® > ¢. It is then not difficult to see that if vy is chosen small enough, more
precisely such that Aexp (’U(]C(] Yo <I>k) < 20y, then C), remains smaller than 2C for
every n € N. From this, one gets that X,, < 2C,®"vg for every n.

- Take B < B.. The idea is that if X is small enough, (A.30) can be approximated
by the iteration X, < %Xn while X,, remains small. For any fixed n > 0, one chooses

vy = a (B2/2)n with a small (chosen in a moment), and one has Xy < Cpa (BTZ)R Then

one shows by iteration that

Xy < Cra (B*/2)" " (A.33)
for some increasing sequence (Cy)ren verifying
C B2 n—k B2 k+1-—n
Cry1 = " C}, (1 + 7ka <7> ) +at <7> W (A.34)

One then shows with the same method as in the case B > B, that C,, is bounded by some
constant C' uniformly in n, provided that a had been chosen small enough. Thus taking
k =n one has X,, < ca = cvy (2/B2)n.

- Take B = B, = /2. The iteration (A.30) gives

X
Xy < € X, (1 i 7) T (c/co)wn, (A.35)

and we recall that w, = cougp™ Take vy = &3, so that Xg < ¢ for ¢ small. We
now show that if € < ¢y with g¢ chosen small enough, one has for all n < %5_1 that
X, < e(1+ne). We prove this by induction. For n = 0 this is just because one chose
Xo <e. If X, <e(1+ne) and ne < 1/2, one has (note that w,, < coe? for all n)

1
Xpt1 < e’ e (14 ne) <1 + 3¢ (1+ ne)) + €3,
<

e[(1+ cpe®) (14 ne) (1 + 3¢/4) + 652]
<e[l+e(n+3/4+cye’+ce)] <e(l+(n+1)), (A.36)
provided that € < g9 with ¢ small enough. This concludes the induction step. Thus one
has that for all n < %&?_1, X, < 2¢, with e = vé/g. O
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APPENDIX B. HIERACHICALLY CORRELATED GAUSSIAN VECTORS

Lemma B.1. Let m() be a function from N to R and for n € N let Let M = M) =
(Mij)1 < i,j < 2n e the 2" x 2™ matriz with entries M;; := m(d(i,j)). Then, the eigenvectors
of such a matriz do not depend on the function m(-), and the eigenvalues are

Ao =m(0) + > 7, 28 tm(k) , with multiplicity 1
Ap =m(0) + S 7P 2k Im(k) — 2" Pm(n + 1 —p) ,  with multiplicity 2P, for 1 <p <
(B.1)
This comes directly from the fact that
m(n) m(n)
M (=1
(n) m(n) m(n)
M mn) - mn) , (B.2)
M (=1
m(n) -+ m(n)
where each block is of size 2"~1. One computes the eigenvalues: the eigenvector (1,...,1)
gives \g, the eigenvector (1,...,1,—1,...,—1) gives A\;. Then the eigenvectors (X,0) and

(0, X) with X # (1,...,1) being an eigenvector of M (™~1) give all the others eigenvalues,
which are the eigenvalue associated to X with M ™Y, but with multiplicity multiplied
by 2.

Remark B.2. Lemma B.1 shows that the spectral radius of M is upper bounded by
> e 2P|m(p)|. Also, two matrices with entries depending only on the distances d(i, j)
can be codiagonalized, as the eigenvectors do not depend on the values of the entries, and
one can describe the diagonalizing orthogonal matrix €2

1 1 V2 0

1 1 1 =2 0
Vo | 1= 0 V2

(B.3)

1 -1 0 —v2
such that Q'KQ = Diag (Ao, A1, A2, A2, . ..) with \; given in Lemma B.1.

Let w = {wj}ien be the centered Gaussian family with correlation structure E[w;w;] =
Kq(ij)- The following Proposition gives the dependence on k;, of a smooth function of
Wiye. . ,Won:

Proposition B.3. If f : R?" — R is twice differentiable and grows at most polynomially
at infinity, one has

2n71 on

2
%E[f(wl,...,wgn)]zz > E[azgwj(w)} (B.4)

i=1 j=on—-111
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Proof. Thanks to Remark B.2, one has

E[f(wi,...,wm)] =E[f(Qw)], (B.5)
with €2 defined in (B.3), and where P stands for the law of a centered Gaussian vector
of covariance matrix A := Diag (Mg, A1, A2, A2,...). The eigenvalues \; and their mul-

tiplicity are given in Lemma B.1. Then, as only A\g = ko + Y p_; 28 1k and A\ =
Ko + ZZ;% 2k=1 — 2" 1k, depend on k, one gets
0 0 ~ 0 ~
—E =21 Qw)] — 2" 1 B [f(Qw)]. B.6
B[] = 2" B [(0u)] 2 (@) (B6)

Then one uses the classical Gaussian fact that if w is a centered Gaussian variable of
variance o2 and g is a differentiable function which grows at most polynomially at infinity,

0 0%g
—FE = E . B.
aEl)] = 32 | 75()] (B.7)
Plugging this result in (B.6) one gets
1 0
WO—MEU(M"”’WZ”)]
27l
o°f o°f
= - 0194E - = Q209 E
Z et [8&:,8% } Z 2 [(%caxj ]
7.7 1 7] 1
271/
1 O f
= __ E B.
D ol
d(irj)=n
where in the second equality we used the values of 251 and Qpo. O

Remark B.4. With the same type of computations, since () is explicit, one can also
compute the derivative with respect to s, for p < n, and after some computations, one
gets

9 1 & o2 f
a—ﬁpE[f(wl,m,wzn)] =3 i]Z::1 E [Owiﬁw]— (w)] : (B.9)
d(£7j)=p
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