N
N

N

HAL

open science

OPTIMAL ADAPTIVE ESTIMATION OF LINEAR
FUNCTIONALS UNDER SPARSITY

O Collier, Laétitia Comminges, A B Tsybakov, Nicolas Verzelen

» To cite this version:

O Collier, Laétitia Comminges, A B Tsybakov, Nicolas Verzelen. OPTIMAL ADAPTIVE ESTIMA-
TION OF LINEAR FUNCTIONALS UNDER SPARSITY. 2017. hal-01425801v1

HAL Id: hal-01425801
https://hal.science/hal-01425801v1

Preprint submitted on 3 Jan 2017 (v1), last revised 6 Oct 2017 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01425801v1
https://hal.archives-ouvertes.fr

OPTIMAL ADAPTIVE ESTIMATION OF LINEAR FUNCTIONALS
UNDER SPARSITY

O. COLLIER, L. COMMINGES, A.B. TSYBAKOV AND N. VERZELEN

ABSTRACT. We consider the problem of estimation of a linear functional in the Gaussian
sequence model where the unknown vector § € R? belongs to a class of s-sparse vectors
with unknown s. We suggest an adaptive estimator achieving a non-asymptotic rate of
convergence that differs from the minimax rate at most by a logarithmic factor. We also
show that this optimal adaptive rate cannot be improved when s is unknown. Furthermore,
we address the issue of simultaneous adaptation to s and to the variance 2 of the noise.
We suggest an estimator that achieves the optimal adaptive rate when both s and o? are
unknown.

1. INTRODUCTION

We consider the model
(1) yjIQjJrO'fj, jzl,...,d,

where 0 = (01,...,04) € R? is an unknown vector of parameters, &j are i.i.d. standard normal
random variables, and o > 0 is the noise level. We study the problem of estimation of the
linear functional

based on the observations y = (y1,...,¥yq)-

For s € {1,...,d}, we denote by ©, the class of all # € R? satisfying [|f]jo < s, where
l10]lo denotes the number of non-zero components of . We assume that 6 belongs to ©4 for
some s € {1,...,d}. Parameter s characterizes the sparsity of vector #. The problem of
estimation of L(f) in this context arises, for example, if one wants to estimate the value of
a function f at a fixed point from noisy observations of its Fourier coefficients knowing that
the function admits a sparse representation with respect to the first d functions of the Fourier
basis. Indeed, in this case the value f(0) is equal to the sum of Fourier coefficients of f with
even indices.

As a measure of quality of an estimator T of the functional L(0) based on the sample
(y1,--.,Y4), we consider the maximum squared risk

vl £ sup By(T — L(0))*,
0cOs
where Egy denotes the expectation with respect to the distribution Py of (y1,...,yq) satisfy-
ing (1). For each fixed s € {1,...,d}, the best quality of estimation is characterized by the
minimax risk

W52 inf sup By(T — L(9))?,
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where the infimum is taken over all estimators. An estimator T™ is called rate optimal on
O, if %I =< 4*. Here and in the following we write a(d,s,o) < b(d,s,o) for two functions
a(-) and b(-) of d,s and o if there exist absolute constants ¢ > 0 and ¢ > 0 such that
c<a(d,s,0)/bld,s,o) < foralld,all se€{l,...,d} and all o > 0.

The problem of estimation of the linear functional from the minimax point of view has been
analyzed in [6, 1, 2, 4, 5, 8] among others. Most of these papers study minimax estimation of
linear functionals on classes of vectors 6 different from ©4. Namely, 6 is considered as a vector
of first d Fourier or wavelet coefficients of functions belonging to some smoothness class, such
as Sobolev or Besov classes. In particular, the class of vectors # is assumed to be convex,
which is not the case of class ©,. Cai and Low [1] were the first to address the problem
of constructing rate optimal estimators of L(#) on the sparsity class ©, and evaluating the
minimax risk ¢¥. They studied the case s < d® for some a < 1/2, with ¢ = 1/V/d, and
established upper and lower bounds on ¢} that are accurate up to a logarithmic factor in
d. The sharp non-asymptotic expression for the minimax risk ¥ is derived in [3] where it is
shown that, for all d, all s € {1,...,d} and all 0 > 0

Y =< o?s%log(1 +d/s).

Furthermore, [3] proves that a simple estimator of the form

d .
(2) i*— {Ej:l yj]ly]2.>202 log(14+d/s2), i s< Vd,

E?:l Yjs otherwise,

is rate optimal. Here and in the following, 1. denotes the indicator function.

Note that the minimax risk )} critically depends on the parameter s that in practice is
usually unknown. More importantly, the rate optimal estimator f}; depends on s as well,
which makes it inaccessible in practice.

In this paper, we suggest adaptive estimators of L(6) that do not depend on s and achieve
a non-asymptotic rate of convergence ®(a, s) that differs from the minimax rate ¢} at most
by a logarithmic factor. We also show that this rate cannot be improved when s is unknown
in the sense of the definition that we give in Section 2 below. Furthermore, in Section 3
we address the issue of simultaneous adaptation to s and o. We suggest an estimator that
achieves the best rate of adaptive estimation ®’(c, s) when both s and ¢ are unknown.

2. MAIN RESULTS

We assume throughout the paper that d > 3. Our aim is to show that the optimal adaptive
rate of convergence is of the form

(0, s) = 0?s%log(1 + d(log d)/s?)
and to construct an adaptive estimator attaining this rate. Note that
(3) L (0,s) < o%d(logd), for all \/dlogd < s < d.
Indeed, since the function « — zlog(1l + 1/z) is increasing for x > 0,

(4) d(logd)/2 < s*log(1 + d(logd)/s?) < d(logd), V /dlogd <s<d, d> 3.
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To construct an adaptive estimator, we first consider a collection of non-adaptive estimators
indexed by s =1,...,d:

d .
(5) I.= 2j=1 yj]lyj2.>aa2 log(1+d(logd)/s2)» 1 s < +/dlogd,
S Z;Ll Ys otherwise,

where o > 0 is a constant that will be chosen large enough. Note that if in definition (5) we
replace d(logd) by d, and « by 2, we obtain the estimator ﬁ: suggested in [3], cf. (2). It is
proved in [3] that the estimator f);‘ is rate optimal in the minimax non-adaptive sense. The
additional log d factor is necessary to achieve adaptivity as it will be clear from the subsequent
arguments.

We obtain an adaptive estimator via data-driven selection in the collection of estimators
{ﬁ s}. The selection is based on a Lepski type scheme. For s = 1,...,d, consider the thresholds
ws > 0 given by

wj = Bo’s” log(1 + d(log d)/s*) = B (a, s),

where 5 > 0 is a constant that will be chosen large enough. We define the selected index § by
the relation

(6) 3 £ min {s € {1,...,[\/dlogd]}: |Ls — Ly| < wy for all s > s}

with the convention that § = |\/dlogd| +1 if the set in (6) is empty. Here, |\/dlogd| denotes
the largest integer less than v/dlogd. Finally, we define an adaptive to s estimator of L as

(7) LAL,
The following theorem exhibits an upper bound on its risk.

Theorem 1. There exists an absolute constant cg > 0 such that the following holds. Let L be
the estimator defined in (7) with parameters o > g and 8 > 37a. Then, for all o > 0, and
all integers d > 3, s € {1,...,d} we have

sup Bg(L — L(0))? < CoL(0,s),
0O

where C' > 0 is an absolute constant.

Observe that for small s (such that s < d® for b < 1/2), we have 1 < ® (0, s)/¢F < ¢ where
¢ > 0 is an absolute constant. Therefore, for such s our estimator L attains the best possible
rate on ©g given by the minimax risk ¢} and it cannot be improved, even by estimators
depending on s. Because of this, the only issue is to check that the rate ®% (0,s) cannot be
improved if s is greater than d” with b < 1/2. For definiteness, we consider below the case
b = 1/4 but with minor modifications the argument applies to any b < 1/2. Specifically, we
prove that any estimator whose maximal risk over ©; is smaller (within a small constant)
than ®% (o, s) for some s > d*/*, must have a maximal risk over ©; of power order in d instead
of the logarithmic order ®%(o,1) corresponding to our estimator. In other words, if we find
an estimator that improves upon our estimator only slightly (by a constant factor) for some
s > d'/*4, then this estimator inevitably loses much more for small s, such as s = 1, since there
the ratio of maximal risks of the two estimators behaves as a power of d.



4 O. COLLIER, L. COMMINGES, A.B. TSYBAKOV AND N. VERZELEN

Theorem 2. Let d > 3 and 0 > 0. There exist two small absolute constants Cy > 0 and
C1 > 0 such that the following holds. Any estimator T that satisfies

sup Ey [(f - L(@))Q] < Co®%(0,s)  for some s > d/*
0co

s

has a degenerate maximal risk over ©1, that is

sup E@[(f — L(G))Q] > Cho?d'/*t
(UG

The property obtained in Theorem 2 can be paraphrased in an asymptotic context to
conclude that ®¥(o,s) is the adaptive rate of convergence on the scale of classes {Os,s =
1,...,d} in the sense of the definition in [10]. Indeed, assume that d — oco. Following
[10], we call a function s — W4(s) the adaptive rate of convergence on the scale of classes
{Os,s =1,...,d} if the following holds.

(i) There exists an estimator L such that, for all d,

(8) max  sup Eg(L — L(0))?/T4(s) < C,
s=1,...d gco,
where C' > 0 is a constant (clearly, such an estimator L is adaptive since it cannot
depend on s).
(ii) If there exist another function s — ¥/,(s) and a constant C’ > 0 such that, for all d,

9) inf max  sup Eo(T — L(6))*/¥y(s) < €',
and
\I]/
(10) min () — 0 as d — oo,
s=1,...,d ‘I’d(s)
then there exists 5 € {1,...,d} such that
s o Wa(s)

— 00 as d — 00.

11

(11) Ty(3) s=mnd Ty(s)
In words, this definition states that the adaptive rate of convergence Wy(s) is such that any
improvement of this rate for some s (cf. (10)) is possible only at the expense of much greater
loss for another s (cf. (11)).

Corollary 1. The rate ®'(0,s) is the adaptive rate of convergence on the scale of classes
{Bs,s=1,...,d}.

It follows from the above results that the rate <I>L(a, s) cannot be improved when adaptive
estimation on the family of sparsity classes {O,,s = 1,...,d} is considered. The ratio between
the best rate of adaptive estimation ®* (o, s) and the minimax rate ¢} is equal to

52— PHos) _ log(1 + dllogd)/s?)
S ar log(l+d/s?)
As mentioned above, ¢* =< 1 if s < d® for b < 1/2. In a vicinity of s = v/d we have ¢* =

S
loglog d, whereas for s > y/dlogd the behavior of this ratio is logarithmic: ¢} < logd. Thus,
there are three different regimes and we see that, in all of them, rate adaptive estimation of
the linear functional on the sparsity classes is impossible without loss of efficiency as compared

to the minimax estimation. However, this loss is at most logarithmic in d.
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3. ADAPTATION TO 8 WHEN ¢ IS UNKNOWN

In this section we discuss a generalization of our adaptive estimator to the case when the
standard deviation o of the noise is unknown.

To treat the case of unknown o, we first construct an estimator & of o such that, with high
probability, ¢ < 6 < 100. Then, we consider the family of estimators defined by a relation
analogous to (5):

(12) il =

s

d .
2 Zj:l yj]lyjz>a&2 log(1+d(logd)/s?)> if s <+/dlogd,
Z?:l Yj, otherwise,

where o > 0 is a constant to be chosen large enough. The difference from (5) consists in the
fact that we replace the unknown o by . Then, we define a random threshold w!, > 0 as

(@))% = B2 og(1 + d(log d) /2),

where 8 > 0 is a constant to be chosen large enough. The selected index 8’ is defined by the
formula analogous to (6):

(13) §2min{se{l,...,[\/dlogd|}: |L, — L] <w, for all s > s}.
Finally, the adaptive estimator when o is unknown is defined as
L'&1).

The aim of this section is to show that the risk of the estimator L’ admits an upper bound
with the same rate as in Theorem 1 for all d large enough. Consequently, I attains the best
rate of adaptive estimation as follows from Section 2.

Different estimators & can be used. By slightly modifying the method suggested in [3], we
consider the statistic

R 1 1/2
(14) &= Q(W j;d;Q y?j)>

where y(21) < <L y(2 ) are the order statistics associated to ¥, ..., yg. This statistic has the
properties stated in the next proposition. In particular, & overestimates o but it turns out to
be without prejudice to the attainment of the best rate by the resulting estimator L.

Proposition 1. There exists an absolute constant dg > 3 such that the following holds. Let
G be the estimator defined in (14). Then, for all integers d > dy and s < d/2 we have

(15) Jnf Py(o <6< 100) > 1 - d=°,
and
(16) sup Eg(61) < Co?,

€0,

where C is an absolute constant.

The proof of this proposition is given in Section 4. Using Proposition 1 we establish the
following bound on the risk of the estimator L'.
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Theorem 3. There exist large enough absolute constants a > 0, 8 > 0, and dy > 3 such that
the following holds. Let & be the estimator defined in (14). Then, for the estimator L' with
tuning parameters o and (3, for all o > 0, and all integers d > dy and s < d/2 we have

(17) sup Eg(L' — L())? < C®%(0, ),
0cO

where C' > 0 is an absolute constant.

Thus, the estimator L/, which is independent of both s and o achieves the rate dL (0, s)
that is the best possible rate of adaptive estimation established in Section 2.

The condition s < d/2 in this theorem can be generalized to s < {d for some ¢ € (0,1). In
fact, for any ¢ € (0,1), we can modify the definition of (14) by summing only over the (1—()d
smallest values of y7. Then, changing the numerical constants a and 3 in the definition of w/,
we obtain that the corresponding estimator L’ achieves the best possible rate simultaneously
for all s < {d with a constant C' in (17) that would depend on (. However, we cannot set
¢ = 1. Indeed, the following proposition shows that it is not possible to construct an estimator,
which is simultaneously adaptive to all o > 0 and to all s € [1,d].

Proposition 2. Let d > 3 and o > 0. There exists a small absolute constant Cy > 0 such
that the following holds. Any estimator T that satisfies

(18) sup Eg [(f - L(Q))Q] < Cyo?d , Yo > 0,
0O,

has a degenerate maximal risk over Og4, that is, for any fized o > 0,
~ 2
(19) sup Eg[(T — L(0))"] = o0 .
[AS(SF]

In other words, when ¢ is unknown, any estimator, for which the maximal risk over ©, is
finite for all o, cannot achieve over © a risk of smaller order than o2d, and hence cannot be
minimax adaptive. Indeed, as shown above, the adaptive minimax rate over ©1 is of the order
o?logd.

4. PROOFS OF THE UPPER BOUNDS

In the following, we will denote by ¢y, co, ... absolute positive constants. We will write for
brevity L instead of L(#).

4.1. Proof of Theorem 1. Let s € {1,...,d} and assume that 6 belongs to ©,. We have
(20) Eo(L — L)? = Eg[(Ls — L)*13<,] + Ep[(Ls — L)*1ss).

Consider the first summand on the right hand side of (20). Set for brevity so = |/dlogd] +1.
Using the definition of § we obtain, on the event {§ < s},

(ﬁg—L)2§2wz+2(ﬁs—L)2 if s<sgors> sy s<sg.

Thus,
(21) Vs<so: Ep[(Ls—L)Ls<s] < 28°0%(0,s) +2Ey(Ls — L)%,
(22) Vs>so: Eg[(Ls— L)*1s<s] < Eg[(Ls — L)*(Ls<ss<so + Lomsy)]
< 2820%(0,s) + 2E¢(Ls — L)? 4+ Eg(Ls, — L)
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By Lemma 6 proved at the end of this section, for any tuning constant o > 0 large enough
we have

sup Eg(f)s — L)< ®%0,s), s=1,...,50—1.
€O,

Note that, in view of (3), for all s € [sq, d] we have

(0, 50) < o?dlogd < 20%s*log(1 + (dlogd)/s?) = 201 (a, 5),
and by definition of Ly, for all s € [so,d] and all # € RY, we have Eg(Ls — L)? = o2d <
2®% (0, s). Combining these remarks with (21) and (22) yields

(23) sup Eg [(ﬁs - L)2ﬂ§§5] < epdl(o,s), s=1,....d.
0€O,

Consider now the second summand on the right hand side of (20). Since § < sp we obtain the
following two facts. First,

(24) sup Ey [(i}s — L)21§>s] =0, Vs> s
[ASSH

Second, on the event {§ > s},

(Ls—L)*< ) (Ly - L)

s<s'<sp

Thus,

sup Bo[(Ls — L)%155,] < sup [ Py(s > s)(dlogd)/* max \/Eg(Ly _L)ﬂ
0cO, 0cO 5<s’'<sp

(25)

IN

(dlogd)** sup \/Py(5 > s) max [ sup \/Eg(Ly — L)4}
0€0, s'<so Lgeco,,

where for the second inequality we have used that ©, C ©4 for s < s’. To evaluate the right
hand side of (25) we use the following two lemmas.

Lemma 1. For all s < sg we have

sup Eg (ﬁs - L)4 < czotdi(logd)?, sup Ey (I:; — L)4 < czotd*(log d)?.
SCH USCH

Lemma 2. There exist absolute constants c4 > 0 and ag > 0 such that the following holds.
(i) For all & > ap and 5 > 37a we have

(26) max _ sup Pg(3 > s) < cyd™®.
s<y/dlogd 0cO,

(ii) There exist a > o and > g such that

max _ sup Py(8 > s) < cqd ™.
s<y/dlogd 0cO,

From (24), (25), the first inequality in Lemma 1, and part (i) of Lemma 2 we find that

sup Eg[(f)g - L)2]1§>S] < c50? < cg®(0,5), s=1,...,d.
0cO;

Combining this inequality with (20) and (23) we obtain the theorem.
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4.2. Proofs of the lemmas.

Proof of Lemma 1. For s = sy, Ls—L=L,—-L=o0 Zle &. As a consequence
Eg(Ls — L)* = By(L, — L)* = 30%d* < 30*d*(log d)? .

Henceforth, we focus on the case s < \/m . We have

d d
(27) Li=L=0) &~ uil,2car og(1+d(logd)/s?)

=1 =1

Thus,

d
. 4
E¢(Ls — L)* < 8<U4E<Z §i) + d*a’olog?(1 + d(log d)/32)> < cs0td*(log d)?.

i=1

In a similar way,

. d d
(28) L; —L=o Zfl - Zyi]lyfga&Q log(1+d(logd)/s2)>

i=1 i=1
and
. d 4
Eo(L. — L)* < 8(J4E<Z gi) + d*a2Ey(6%) 1og2(1 + d(log d) /32)).
i=1

The desired bound for Eg(L/, — L)* follows from this inequality and (16). O

Proof of Lemma 2. We start by proving part (i) of Lemma 2. Note first that, for s < \/dlogd
and all § we have

(29) Po(|Ls — L| > wy/2) <Pp(|Ls — L| > ws/3), Vs<s <d
Indeed, if s < s’ we have wy > w;, since the function ¢ — wy is increasing for ¢ > 0. If

Vdlogd < s’ < d, we use (4), which yields w? > Bo?d(logd)/2 > wf/W/Q and since

s < v/dlogd we obtain w?, > w2 /2 using again the fact that the function ¢ — w; is increasing.
From (29) we obtain that, for s < v/dlogd, all s’ such that s < s’ < d and all 6,

Po(|Ly — Ls| > wy) < Py(|Ly — L| > wy/2) + Py(|Ls — L| > ws/3).
This inequality and the definition of § imply that, for all s < v/dlogd and all 6,

(30) Py(s>5)< Y Py(lLy — L] > wy)
s<s’'<d
< dPy(|Ls — LI > ws/3) + > Py(|Ly — L] > wy/2).
s<s'<d

Note that, for \/dlogd < §' < d, we have Ly = Z‘ijzl yi, and wy > ov/Bdlogd/+/2 due to (4).
Hence, for v/dlogd < s’ < d, and all 6,

d
. VBdlogd a6
Py(|Ly — L] > wy/2) < P(| 3 &| > YEUOBL) < 94-0/15,
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where we have used that ; are i.i.d. standard Gaussian random variables. This inequality

and (30) imply that, for s < y/dlogd, and all 6,

31 Py(§>5s) < \/dlogd max P f/s/—L > wy /2
(31) (5> ) < V/dlogd__max__Po(|L LI > v 2)

+dP(|Ls — L| > ws/3) + 2d*P/16,
As ©, C O for s < s, we have

max sup Pg(\ﬁs/ —L|>wy/2) < max  sup Pe(‘izsl —L| > wy/2).
s<s’'<y/dlogd #cO; s'<y/dlogd 6cO

Together with (31) this implies

max  sup Pp(§>s) <2d max  sup P9(|ﬁs/ —L| > wy/3) + 2d'~P/16,
s<y/dlogd 9O, s’'<y/dlogd €O

For 3 > 96 the last summand in this inequality does not exceed 2d—°. Thus, to prove (26) it
is enough to show that

(32) max  sup Pg(!f)s —L| > w8/3) < ¢e7d .
s<{/dlogd 6cO,

The rest of this proof consists in demonstrating that (32) is satisfied if the tuning constants
a and 8 are properly chosen. Fix s < y/dlogd and let 6 belong to ©5;. We will denote by S
the support of 8 and we set for brevity

a2 \/log(1 + d(log d)/s?).
From (27) and the fact that y; = 6; + 0§; we have

(33) |i$ - L| =|0 Zfl - Zy’i]ly’?gagza? +o Z £i1£?>aa2
€S €S igS
SU’ Zfi + U‘ Z§i1§$>aa2 + Vaosa.
ieS igS

In the following we assume that 3 > 37«. Using this and recalling that ws = v/Bosa we find

Po(|Le — L| > ws/3) < P() > €l aer| > v/Bsa/6) + P(‘ > 6| > (VB/6 ~ Va)sa)
ids ics

> \/&sa) + P(‘ Zgi
€S

Since &; are i.i.d. N(0,1) random variables, we have

) P>

i€S

(34) < P() Zfi1§§>aa2 > 08\/&3a>.
idS

2
c
> 08\/asa> < 2exp ( — Egascﬁ).

We now use the relation
(36) sa® = slog(1+ d(logd)/s®) > (logd)/2 for all s € [1,/dlogd].

Indeed, for s € [1,+/dlogd/3] the left hand side of (36) is monotone increasing in s, while for
s € [y/dlogd/3,+/dlogd] the inequality in (36) is trivial. It follows from (35) and (36) that,
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for all 8 > 37« and all suitably large «,

(37) P(|Y
€S

Next, consider the first probability on the right hand side of (34). To bound it from above,

we invoke the following lemma.

Lemma 3. For any absolute constant o« > 0 large enough, for all s < +/dlogd, and all

UcC{l,....d},
P( sup ‘Zgzﬂlézbfat

te[1,10]

Combining (34), (37) and Lemma 3 we obtain (32). Thus, part (i) of Lemma 2 follows.

We now proceed to the proof of part (ii) of Lemma 2. Proposition 1 implies that, for
s < +/dlogd and 6 € Oy,

Py(8' > 5) <Py(§ > s,6 € [0,100]) +d 5.

On the event {6 € [o,100]}, we can replace ¢ in the definition of § either by o or by 100
according to cases, thus making the analysis of Py(§' > s,6 € [0, 100]) equivalent, up to the
values of numerical constants, to the analysis of Py(§ > s) given below. The only non-trivial
difference consists in the fact that the analog of (33) when Ly is replaced by L/ contains
the term a‘ > igs Gile2sas2a2 /02
This term is evaluated using Lemma 3 and the fact that

P(‘ ;&ﬂmoﬁaa/a > Vasa, & € [o, 100]) < P(t:[llllfo] ) Zfﬂlwa |>/aat

> Cg\/asa> <ds.

>fsa><09d 6

instead of 0’ > igs §i1£z>aaz‘ while 6 depends on &, ...,&,.

>fsa>

We omit further details that are straightforward from 1nspect10n of the proof of part (i) of
Lemma 2 given above. Thus, part (ii) of Lemma 2 follows. O

For the proof of Lemma 3, recall the following fact about the tails of the standard Gaussian
distribution.

Lemma 4. Let X ~ N(0,1), = > 1 and ¢ € N. There exists a constant Cy depending only
on q such that

E| X1 x| < Ca®le™/2,
We will also use the Fuk-Nagaev inequality [9, page 78| that we state here for reader’s
convenience.

Lemma 5 (Fuk-Nagaev inequality). Let p > 2 and v > 0. Assume that Xq,...,X, are
independent random variables with E(X;) =0 and E|X;/P < 0o, i =1,...,n. Then,

202
( X>v> (1+2/p)* E|X|pvp+exp< )
Z Z (p+2)2%er> "  EX?
Proof of Lemma 3. We have
w2 P( s [ &g aul > Vasa)

te[1,10] ;cp

= E[ < sup }Z€z|fz|]l|§z|>fat‘ >\F8a‘ |€i|’i€U)]
i€U

te[1,10]
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where €; denotes the sign of ;. Consider the function g(z) = sup,cp 1) ’ YoicU xi|£i‘]l\§i|>\/aat}
where x = (z;,i € U) with z; € {—1,1}. For any ig € U, let g;, ,(x) denote the value of this
function when we replace z;, by v € {—1,1}. Note that, for any fixed (|¢;|,7 € U), we have
the bounded differences condition:

sup|g(2) — giou(®)| < 2/&ilL g5 yma = 2Zi Vu € {—1,1},ip € U.
x

The vector of Rademacher random variables (€1, . . ., €4) is independent from (|£1], . .., |£4]). Thus,
for any fixed (|&;|,7 € U) we can use the bounded differences inequality, which yields

_ a82a2 _()[32(12 2 .
(38) pogE[exp( 7>]§exp( )+P(ZEZU21>A>, VA>0

2> iew 22 28

We now set A =Y., EZ? + dexp (—aa?/(2p)) for some integer p > 2 that will be chosen
large enough.

To finish the proof, it remains to show that each of the two summands on the right hand
side of (38) does not exceed cgd~%/2 if p and a are large enough. To bound from above

the probability P(ZieU Z? > A) we apply Lemma 5 with X; = Z2 — E(Z?) and v =
dexp (—aa?/(2p)). The random variables X; are centered and satisfy, in view of Lemma 4,
(39) E|X;[P < 2P7'E|Z;|*? < 21’—10;(\/@)21’—16—@“2/2
for any p € N*. Thus, Lemma 5 yields

(Vo

2 *op—1 a)2p—1
€U

dexp(aa?(1/2 —1/p))
(p+2)%ePC5(Vaa)® )
The expression in the last display can be rendered smaller than cgd=¢/2 for some absolute

constant cg > 0 and all d > 3 by choosing p large enough.
Finally, using (39) we find

as?a® as?a? - c10v/aas? exp(aa?/(2p))
2A T 2d(Cv/aaexp(—aa?/2) + exp(—aa?/(2p))) ~ d ’
whereas

> logd

s?exp(aa®/(2p)) s? (1 N dlog d)a/(Qp) > logd (dlog d)a/(2p)*1

52

d d
for any o > 2p and any s < y/dlogd. Hence, for such a and s,

g2

as2a2

2A

that is smaller than cgd=%/2 for all d > 3 provided that the absolute constant « is large
enough. Thus, Lemma 3 follows.

exp ( - ) < exp (—ci0v/aalog d)

O
Lemma 6. There exists an absolute constant c; > 0 such that, for all « > 0 large enough,

sup Eg(L, — L)? < 19%(0,5), sup Eg(L, — L)? < ¢;®L(0,5), Vs < +/dlogd.
0cO; 0€0;
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Proof. We easily deduce from (33) that

By (L — L)* < 30% (s + dE [X*1 o 000] + as®a?),
where X ~ N(0,1). By (39),
2C5 ads? < 205 s%a

2 * 2y
dE [X?1 x259,2] < 2CTadexp(—a®) = 2+ dlogd = logd

)

which implies that the desired bound for Eg(ﬁs — L)? holds whenever o > 2. Next, we prove
the bound of the lemma for Eg(L, — L)2. Similarly to (33),

ﬁ; — L =0 E & — E yi]lyzzga&QaQ +o0o E £i1025?>a&2a2'
€S i€S €S
This implies

(40) By (£~ L Locirnon] < Bo(o| Y&| + vaosa +ow)’
€S

< 3(0’28 + aBy(6%)a%s* + O'2E(W2)) ,

. Using Lemma 3 we find that, for all o > 0 large

where W £ SUP¢e(1,10] ‘ Zi€S &ilje,|> /aat

enough,
BW?) < (Vasa® +B( Y 16l) s o
i¢s
< as’d®+ [E(Z |£¢|)4} 1/209d_3 < as?a® + coV3d7L.
iZs

Plugging this bound in (40) and using (16) we get
Ey |:(j’; - L)2166[J,1OU]:| < Cll(I)L(Ua S)'

On the other hand, by virtue of Lemma 1 and (15),

. - czo?logd
Eg [(L; - L)z]l&g[cr,l()o]} < \/P@(é’ g [Ua 100]) EG(L/S - L)4 < \/>3d1/2g < Clz(PL((J', 5)'

The desired bound for Eg(L,, — L)? follows from the last two displays.
O

4.3. Proofs of Proposition 1 and of Theorem 3.

Proof of Proposition 1. Since s < d/2, there exists a subset T of size |d/2] such that TNS = 0.
By Definition of 2, we obtain that

8102
6% < & .
Ld/2] ;

This immediately implies (16). To prove (15), note that the Gaussian concentration inequality

(cf. [7]) yields
P((Zgz)m > \/IOOLd/2J/81> < exp(—cd)
i€T
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for a positive constant c¢. Therefore,
(41) Py(6 < 100) > 1 — exp(—cd).

Next, let G be the collection of all subsets of {1, ...,d} of cardinality |d/2]. We now establish
a bound on the deviations of random variables Zg = 0_—12 Yica y? uniformly over all G € G.
Fix any G € G. The random variable Zg has a chi-square distribution with [d/2| degrees of
freedom and non-centrality parameter ) ;. 91-2. In particular, this distribution is stochasti-
cally larger than a central chi-square distribution with d’ = |d/2| degrees of freedom. Let Z
be a random variable with this central chi-square distribution. By Lemma 11.1 in [12],

!
P<Z§ix2/d/>§x, YV ax>0.
e

Take z = (¢ “lemd/2, Using the bound log (4) < d'log(ed/d’) it follows that log(1/z) <
d d

d'(3 +1log(4)) < d'(3 +log?2) + 1. Taking the union bound over all G € G we conclude that
P( inf Zg < d/(l 3) <e /2 < 52
Geg 7% = 4¢3 a))=°

for all d large enough. Since 52 = 02% infeeg Z%, we obtain that 52 > ¢ with probability

at least 1 —d~°/2 for all d large enough. Combining this with (41), we get (15) for all d large

enough.
O

Proof of Theorem 3. We repeat the proof of Theorem 1 replacing there L, by L, and § by &'
The difference is that, in view of (16), the relation (21) now holds with c1532® (0, 5) instead
of B2®% (0, 5), and we use the results of Lemmas 1, 2 and 6 related to L/, rather than to Ly. O

5. PROOFS OF THE LOWER BOUNDS

5.1. Proof of Theorem 2. Theorem 2 is an immediate consequence of the following lemma.

Lemma 7. For all d > 3 and all s > d1/4,

5 s _ 1
(42) R(s) £ inf { sup Eg(L — L)?02d7/* + sup E¢(L — L)*(9%(0, 5)) 1} > .
L oco, €O, 160

Proof. We first introduce some notation. For a probability measure p on ©,, we denote by P,
the mixture probability measure P, = fes Pyu(d). Let S(s,d) denote the set of all subsets of
{1,...,d} of size s, and let S be a set-valued random variable uniformly distributed on S(s, d).
For any p > 0, denote by p, the distribution of the random variable op jes € where e; is

the jth canonical basis vector in R?. Next, let x3(Q, P) = [(dQ/dP)?dP — 1 denote the
chi-square divergence between two probability measures ) and P such that Q < P, and

XQ(Q,P) =+o00 if Q & P.
Take any s > d'/* and set

p2 \log(1+ d(logd)/s%)/2 = (®%(0,5))"/*/(250).
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Consider the mixture distribution P, with this value of p. For any estimator L, we have
suppeco, Eo(L — L)? > E, (L — L)* > E, (L —E,,(L))*> =E,, (L — osp)?. Therefore,

R(s) > inf {EO(EZ)U—Qd—l/“ +E,, (L —osp)?* (X (o, 8))_1}

> % inf {Po(ﬂ > osp/2)o 2d VA (0, 5) + PMP(E < as,o/2)}
L

1
(43) > mf{ Po(A)o2d A0l (0,5) + B, (AC)} ,
where inf 4 denotes the infimum over all measurable events A, and A¢ denotes the complement
of A. Tt remains to prove that the expression in (43) is not smaller than 1/160. This will be
deduced from the following lemma, the proof of which is given at the end of this section.

Lemma 8. Let P and Q be two probability measures on a measurable space (X,U). Then, for
any q > 0,

inf (P(A)g + Q(A)) > max [

0<r<1

Trar (1 — T(X2(Q, P)+ 1))] .

We now apply Lemma 8 with P = Py, Q =P, and

d(logd
(44) q=o02d" V4" (0,5) = s?d"*log (1 + ( Z§ ))

By Lemma 1 in [3], the chi-square divergence x*(P, ,» Po) satisfies
(P, , Py) < (1—7—1—76"’) —1<(1+5<6P2—1))5.
to? dd = d

Since ,02 _ (log (1 + d(logd))) /4, we find

(45) P < o [stos[1+ 5 (1045 1) |

52

1
exp [s log <1 + (:;gd)] < g4 7
S

where we have used that (14 )4 <1+ 2/4 for = > 0. Take

IN

(46) 7= (dY*+1)71)2.

Then, using (44) and the inequality s > d'/* we find

log d
(47) B S log (1 + d( g )) N d1/2 log(l +d1/2(logd)) . 1 V>3
qar = d1/4(d1/4 +1) ~ 2d1/4(d1/4 +1) 4’ =
Lemma 8 and inequalities (45) — (47) imply
. —2 ;-1/4gL c gr 1
1ﬁf{Po(A) A"Vl (0,5) + P, (A )} 2 e 210
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Proof of Lemma 8. We follow the same lines as in the proof of Proposition 2.4 in [11]. Thus,
for any 7 € (0,1),
P(A) > 7(Q(A) —v), wherev=0@Q a0 <7|<7(x°(Q,P)+1).
Then,
inf (P(A)g +Q(A)} > inf {a7(@(A) — v) + Q(A)}

qr(1 —v)
14 qr

v

i t— 1—-1¢t) =
min max(gr(t - v),1- 1)

0

5.2. Proof of Corollary 1. First, note that condition (8) with U4(s) = C®% (0, s) is satisfied
due to Theorem 1. Next, the minimum in condition (10) with ¥,4(s) = C®%(0, s) can be only
attained for s > d'/4, since for s < d'/* we have ®L(0,s) < 1* where ¥} is the minimax
rate on ©,. Thus, it is not possible to achieve a faster rate than ®¥(c,s) for s < dY4, and
therefore (10) is equivalent to the condition

\IJ,
min d(s)

Bt KA
s>ai/4 @H(oys)

and
Wy(s)

. v (s)
min —%—— < min —%—"—.
s=1,.,d PL(0,8) ~ s>qi/a PL(0,s)

Obviously, ¥/,(s) cannot be of smaller order than the minimax rate ¥, which implies that

min 7\1121(8) > min 7@]: = min clog(1 +d/s”) > d
s>di/a ®L(o,8) T s>ar/a PL(0,5)  s>ar/4 log(1 + d(logd)/s2) ~ logd

where ¢, ¢ > 0 are absolute constants. On the other hand, Theorem 2 yields
Croy(1) C'Cyo?dt*  C'Cydv*
®L(g,1) = @L(o,1)  log(l+d(logd))
Combining the last three displays, we find

(1) in Vy(s) JC'CydM*
DL(0,1) s=1,..d PL(0,s) ~ (logd)log(1+ d(logd))

— 00,
as d — oo, thus proving (11) with 5 = 1.

5.3. Proof of Proposition 2. Since in this proof we consider different values of o, we denote
the probability distribution of (y1, ..., yq) satisfying (1) by Py ;2. Let Eg ;2 be the correspond-

ing expectation. Assume that T satisfies (18) with Cy = 1/512. We will prove that (19) holds
for o = 1. The extension to arbitrary ¢ > 0 is straightforward and is therefore omitted.

Let a > 1 be a positive number and let p be the d-dimensional normal distribution with
zero mean and covariance matrix a’I; where I, is the identity matrix. In what follows, we
consider the mixture probability measure P, = f@d Py 111(df). Observe that P, = Pg 1 42.
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Fixing § = 0 and 02 = 1+ a® in (18), we get Eg 1442 [ClAﬂ] < 2Cpa’d and therefore
P071+a2(]ﬂ > %a\/g) < %. Since P, = P 1442, this implies

(48) P, (1T < %N&) > Z

For 6 distributed according to p, L(#) has a normal distribution with mean 0 and variance
a’d. Hence, using the table of standard normal distribution, we find

u(10) < $Vi) < §

Combining this with (48), we conclude that, with P,-probability greater than 1/2, we have
simultaneously |L(#)| > av/d/4 and |T| < av/d/8. Hence,

sup Eg, (T - L(0))] > E,[(T - L(6))?] 2d

> —a
— 128
where E,, denotes the expectation with respect to P,. The result now follows by letting a tend
to infinity.
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