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ADDITIVE FUNCTIONAL OF MARKOV CHAINS WITH APPLICATION
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TO AGE-DEPENDENT BRANCHING PROCESS.

LOIC HERVE, SANA LOUHICHI, AND FRANCOISE PENE

ABSTRACT. We study the exponential growth of bifurcating processes with ancestral depen-
dence. We suppose here that the lifetimes of the cells are dependent random variables, that
the numbers of new cells are random and dependent. Lifetimes and new cells’s numbers are
also assumed to be dependent. We illustrate our results by examples, including some Markov
models. Our approach is related to the behaviour of the Laplace transform of nonnegative
additive functional of Markov chains and require weak moment assumption (no exponential
moment is needed).
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1. INTRODUCTION

Mathematical models for the growth of populations have been widely studied and applied
in many fields especially animal, cell biology (mitosis), plant and forestry sciences. Branching
process is a mathematical model often used to model reproduction (see for instance [2], [12]
and [18]). It is described as follows. A single ancestor object (that may be a particle, a
neutron, a cosmic ray, a cell and so on) is born at time 0. It lives for a random time. At
the moment of death, the object produces a random number of progenies. Each of the first
generation progeny behaves, independently of each other and of the ancestor: the objects do
not interfere with one another. Many authors were interested by generalizing this classical
model by trying to describe the interference of objects between them (see, for instance, [23]
and the references therein).

In the spirit of the branching processes and for the sake of generalization, we consider
in this paper a model of reproduction with a random number of children and with random
life duration. Our approach, to develop this mathematical model, is to associate to each
object v a parameter x,, this parameter may depend on its energy, its position or on other
non-observed factors and it can be seen as the characteristics of the given object. When v
runs over the set of all objects, we assume that the set of parameters (x,), is a realisation
of a random process (X,),. We do not specify either the type of interactions between the
objects nor the dependence conditions on the sequence (X,),. As will be described later in
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this paper, our results are first announced in the case where (X)), is a stationary process on
some paths of objects: the parameters processes have the same law-behavior for all objects
belonging to the same generation. The classical independent identically distributed (i.i.d.
for short) case is a particular case of stationarity. Next we will use, as was done by many
authors, Markov processes as mathematical models for this parameter process. We discuss,
in particular, the linear autoregressive process.

We are interested in this paper by the mitosis model and from now an object will be a
cell. This mitosis model starts with one single initial cell. After a random time, this initial
cell is divided into a random number of cells and the process continue. For technical reasons
we will suppose that the random number of children is always larger than 2. We summarize
our model, used throughout the paper, as follows,

e to each cell v, is associated a parameter z, € X (with (X, X) a measurable space)
which determines its lifetime £(z,) and the number of new cells k(x,) in which the
cell splits at the end of its lifetime (where £ and k are two measurable functions with
values in [0, 400) and in Z, respectively);

e for each line (vy,)n>0 of cells, the parameters along this line are given by copies (non
necessarily independent) of a process (Xy,),>0 with values in X;

e k() > 2 for any x, i.e. each cell gives birth to more than two children.

For every ¢t > 0, let us consider the Belleman-Harris age-dependent branching process
(Nt)t>0, that is Ny is the number of cells alive at time ¢ (see [2] and [12] for more about). The
exponential growth behavior of V; as ¢ tends to infinity was studied in the book of Harris [12]
in the case where (X,,), is a sequence of i.i.d. rv’s, that is when the lifetimes are modeled by
a sequence of i.i.d. random variables independent of the random numbers of the news cells
which are also assumed to be i.i.d. The growth rate v (also called the Malthusian parameter)
was defined, in this context, as the positive root of the equation,

E[n(X1)] E [e 06| =1, (1)

as soon as the distribution of £(X7) is not lattice (cf. [12, Theorem 17.1]). Louhichi and Ycart
[23] extend some results of Harris to the case where the lifetimes are a sequence of dependent
random variables and when each cell is divided, after a random lifetime, into two cells: (X,),
is a stationary process and k(x) = 2 for any z. Under those assumptions the Malthusian
parameter v is expressed in terms of the Laplace transform of the random variable S,

Sp = Zg(Xk‘) (2)
k=0

which models the birth date of the (n 4 1)-th individual of a same line. More precisely,

v1 =inf < v >0, Z 2"E [e_VS”] <00 . (3)
n>0

In this paper we are interested by the general case where the lifetimes and the numbers
of new cells are dependent random variables. In this case, the growth rate of Ny is given by:

v = inf 7>0,Zgn(7)<oo ) (4)

n>0
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where g,(7) is expressed in terms of a perturbed Laplace transform of S,

n—1
gn(7) =E H K(X;) | (8(X,) — 1)e75n
7=0

One task of the paper, is to give exact evaluations of E(N;) and E(Ny Ny, ), for any t,7 > 0,
under general and minimal conditions on the parameter process (X,,) as described above.
Those calculations are the main ingredients to get the convergence almost surely of e *!V;
to a non-negative random variable W. A second task of the paper is to discuss the condi-
tions yielding the previous results and to give some Markovian models for which the growth
parameter v is finite.

This paper is organized as follows. In section 2, we give with proofs an exact evaluation
of E(Ny) (see Proposition 2.1). An immediate consequence of this calculation, when v is
supposed finite, is the convergence in mean of e ! E(V;) to some constant C,, given by

see Corollary 2.2 for a precise statement. As noticed in Subsection 2.2, from a multiplicative
ergodicity behavior of g, (), see Definition 2.3, one can deduce that v and C,, are both finite.
For this, we study this multiplicative ergodicity property in the context of additive functional
of Markov chains with Markov kernel P and initial law p. In Subsection 2.2, we state our
spectral assumptions, after noting that

V=1 ga(y) = (keTE P (Phis))

where P, is a Laplace-type kernel associated with P, { and & (see Formula (11) for more
details about the notations). Those spectral assumptions are on P, supposed to continuously
act on some suitable Banach space B and on its spectral radius r(v) (see Hypotheses 2.5,
2.7 and 2.7*). Those assumptions are needed in order to obtain a spectral multiplicative
ergodicity property for the iterated operator P7. This spectral property is the main tool to
prove the multiplicative ergodicity behavior of g, () and then to deduce that v is finite and
is given by
v =1inf{y >0, r(y) < 1},

(see Theorem 2.8). The existence and the finiteness of C, are discussed in Thereom 2.9.
Thereom 2.9 needs reinforcing assumptions by considering a longer chain of Banach spaces.
We discuss in Subsection 2.3 two Markovian examples satisfying Theorems’s 2.8 and 2.9
assumptions, see Theorem 2.11 and Theorem 2.12 for respectively a toy model involving
some Knudsen gas (see [3] for other results on Knudsen gases) and for linear autoregressive
processes, both under weak integrability assumptions on the observable ¢ (the lifetime).

Our approach for Markov models is based on the method of perturbation of operators.
This method, introduced by Nagaev [25, 26] and by Le Page and Guivarc’h [21, 10] to prove
a wide class of limit theorems (central limit theorem, local limit theorem, large and moderate
deviations principles), has known an impressive development in the past decades (e.g. see
[4, 14] and the references therein). The price to pay for our weak moment assumptions is
that, in general, the classical perturbation method does not apply in our context to the family
of Laplace operators and that we have to consider several Banach spaces instead of a single one
(see Remark 2.6 for details). This is allowed by the Keller and Liverani perturbation theorem
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[17, 1](e.g. see [16] and the references therein). The fact that we work with several spaces (due
to our weak moment assumptions) complicates our study compared to the classical approach.

In Section 3, we study the behavior of E(N;Ny,), for any ¢ > 0, 7 > 0, in the very general
setting of dependence (cf. Proposition 3.2). Proposition 3.2 is obtained under a suitable
behavior of the sequence (k(X;))i<i<n, the birthtimes S,, and Sﬁf) of two cells belonging
respectively to the n-th and m-th generation and having the last common ancestor in the

k-th generation. More precisely, Proposition 3.2 gives the following formula,

0o oo min(n,m)—

E(NNetr) = E(Ne) + E(Npr) =143 > Z E (A"’m’kHS"IStHSff)1St+T> 7

n=1m=1

for suitable integer sequence A, ,,, 1, expressed only by the numbers of children as is defined
in Subsection 3.1. We study in Corollary 3.3, the mean quadratic and the almost sure
convergence of e V!N; as t tends to infinity. The purpose of Subsection 3.2 is to discuss
Corollary’s 3.3 assumptions, yielding the almost sure convergence of e “*N; as t tends to
infinity, in the particular case where lifetimes and new cells numbers are independent and
new cells numbers are modelled by a sequence of iid random variables. A main step to check
in this particular case is to establish (see Lemma 3.7),

o n+1 \I’Q(x) s
ey kK (k — 1)P Zg ) < t|Xo =) — Co(z)| < e 0t (5)

n>0
The bound (5) is the main tool to obtain (see Proposition 3.8 for more details),
E(N;) = e’ E(r(X0))E(e X0 Gy (X)) [1 + O(e™Y)], as t — oo, for some ¢ > 0.

Under additional assumptions, the bound (5) allows also to obtain (see Proposition 3.9),

o
E(N¢N;ir) = e’ZH7) gy Z KYE(C(X1)e 25 [1 + ae™ ], as t — oo,
k=0

where ko = E(k(X7)(k(X1)— 1)) and where a, €1 are positive constants independent of ¢ and
7. Lemma 3.7 gives sufficient conditions ensuring (5). Theorem 3.6 studies the convergence in
mean quadratic and almost surely of e7**N; to a random variable W and gives the expressions
of the first and of the second moment of this limit W. In Subsection 3.3 we discuss mainly
the conditions of Lemma 3.7 (and then sufficient conditions for the bound (5)).

The rest of the sections are devoted to the proofs of Theorems 2.8 and 2.9 dedicated to
the multiplicative ergodicity property for additive Markov chains. In Section 4, we discuss
the tools and the assumptions needed to those two main theorems. We study in particular
the monotonicity, the positivity and the derivative of the spectral radius r(y) of the Laplace
kernel P,. In Section 5, we apply our general method to a toy model of Knudsen gas in
the particular case where k = 2. The proofs concerning the less elementary case of linear
autoregressive models are given in Section 6. Theorems 2.8 and 2.9 are completely proved in
Section 7. Section 8 gives the proof of Proposition 4.5 needed to check Hypothesis 2.5 which
is one of the main assumptions of Theorems 2.8 and 2.9. Finally, Section 9 gives an example
of a kernel P, for which its spectral radius is greater than one and hence the growth rate v
does not exist.
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2. BEHAVIOR OF THE FIRST MOMENT, MULTIPLICATIVE ERGODICITY, EXAMPLES

2.1. First moment of N;. The following proposition evaluates, for any ¢ > 0, the expecta-
tion of V; when it exists in terms of the lifetimes (£(X;))i>0 and of the numbers of new cells

(15(X3))ixo0-

Proposition 2.1. Lett > 0 be fired. If}, o E [(H?:o /<;(Xj)> 1{Sn§t}] < 00, then E(Ny) <
oo and

n—1
E(Ny) =14+> E || [[#X)) | (6(Xn) = 1) 1s,<n
n>0 7=0

(with the usual convention H;:lo k(X;)=1).

Proof. For every n > 0, we write 3, () for the number of cells of generation n alive at time .
Let us write Dy and Ty for respectively the number of children and the lifetime of the initial
cell. For every k € {1,---, Do}, we write g for the parameter (resp. Dy and Ty, for the
number of children and the lifetime) of the k-th child of the initial cell. More generally, we
write zq g, ... k, for the parameter (resp. Do, ... k, and Tg g, ... k, for the number of children
and the lifetime) of the cell of the n-th generation which is the k;,-th child of the k,_i-th
child of the ... of the k;i-th child of the initial cell. Observe that E[¥(t)] = P(£(Xo) > t) and
that, for every n > 1,

Dg Do,k Do by, ey
E[En(t)] =K E E e E : 1{TO+T0,]€1+"'+T0’]¢1,... ,kn,l§t<TO+TO,k1+"'+TO,I€1,---,kn}
k1=1 ko=1 kn=1
Do 1 Do kg, kp g
= E [DoE Z Z 1{T0+T0,1+~~~+To,1,k2,---,kn,l§t<T0+T0,1+~~~+T0,1,;€2,...,kn} Xo
L ko=1 kn=1
[ Do1,1 Do,1,1,k3, kp_1
= K DODO,IE E e § 1{TO+TO,1+"'+TO,1,1,]€3,...,kn71§t<TO+TO,1+"'+T071,1’k37...Jcn} XO’X071
ks=1 kn=1

Hence, for every n > 1,

E[En(t)] = E |:D0D0,1 T DO,l"’l1{T0+T0,1+"-+T0’1n—1 <t<To+To,1++Tp,1n}
n—1
= E | []#(X) ] (1s,a20 — Lisu<n)
=0
Since >, o E [(H?:o /<;(Xj)> 1{Sn§t}] <ooand Ny = 1g,5¢ + 2 ooy Bp(t) a. s., we obtain

n—1
E[N:] = P(E(Xo) > t) +E [r(Xo)Le(xo)<t] + ZE H K(XG) | (k(Xn) = 1)1gs, <
=0

n>1

n—1
= 1+E[(k(X0) = Dlexgyzd + DB | | T #(5) | (5(X0) = D1ygs, <y
7=0

n>1
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It follows from Proposition 2.1 that E[V;] < oo if v defined by (4) is finite (using the fact
that 1¢g, <y < evte~79n), Now using Proposition 2.1 and arguing exactly as for the proof of
Theorem 2.1 in [23], we obtain the following exponential behavior in mean of E(N) in a very
general setting of dependence with the use of the function G given by

n—1
G(y) =3 ga(), recall that gu(v) =E | [ [ #(X)) | (e(Xa) = e . (6)
n>0 j=0

Corollary 2.2. Assume that v < oo and that the following limit exists

Cl/ = %%r}/_FVG(V‘i’V)’ (7)
1 t

then, lim — [ e "’E(Ng)ds = C,,. (8)
t—o00 0

2.2. Multiplicative ergodicity, application to Markov chains. We adapt the notion of
"multiplicative ergodicity”, as introduced in [19] and [20], to our context.

Definition 2.3. Let v > 0. We say that (Sp, k(X,))n is multiplicatively ergodic on
J =10,71) if there exist two continuous maps A and p from J to (0,+00) such that, for every
compact subset K of (0,71), there exist Mg > 0 and O € (0,1) such that, for every n > 1,

Vy e K, |gn(v) — A (V)" < Mk (p(7)0K)" (9)

When k(-) is constant, we will simply say that (Sy)y is multiplicatively ergodic on J.

Remark 2.4. Assume that (Sp, k(Xy))n is multiplicatively ergodic on J = [0,71). Then

e For every v € J we have: G(7) =3, 5 9n(7) <00 < p(7) < 1.
e For every compact subset K of J, we obtain from the definition of v in (4) that

A(v) < Mgk

A A R

e v < 71 means that

v=inf{yeJ : p(y) <1} <. (10)
e If moreover p is differentiable at v with p(v) =1 and p/'(v) # 0, then (7) follows with
C, = —V’;‘),((VU)). Actually, to obtain (10), we can relax the continuity assumptions on A

and p on J = [0,v1). For (7), we just need the continuity of A and the differentiability
of p at v (with p'(v) #0).

We investigate now the geometric ergodicity property in the following context of additive
functional of Markov chains. We assume throughout this section that X = (X,,), is a Markov
chain on (X, X’) with Markov kernel P(z,dy), invariant probability =, and initial probability
w (i.e. p is the distribution of Xj). Assume moreover that, for every n > 1, the random
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variable []i_, (X)) is integrable. We set hy; , := (k—1) e, Let v € (0,+00). For n > 1,

n—1

gn(7) = E || [ s(x;)e ) | by (Xn)
§=0

n—1
= E || [] s(x;)e D) | (Phyy)(Xno1) |
j=0

with (Ph)(z) := [y h(y) P(x,dy). If n > 2, we continue and obtain

n—2
gn(7) =E H "L(Xj)e_%(Xj) (Py(Phyy))(Xn-2)|
§=0

with Pyh := P(hke™ ). An easy induction gives

Vn>1, gu(y)=p (K e Py (th)) : (11)
We also define Pooh := P(hklie—qy)-

Before stating our spectral assumptions on P, we need to introduce some standard no-
tations. When (B, | - ||g) and (B, || - ||5,) are two Banach spaces, the space of continuous
C-linear operators from B to B; will be written £(B, By). We simply write £L(B) for £(B, B),
and the topological dual space of B is denoted by (B*, || - ||5+). When, for some v € [0, +00],
the kernel P, continuously acts on B, the spectral radius of P,z and its essential spectral
radius are denoted by 7(7y) and 7ess(Py) respectively, that is:

L T 1/n T . 1/n
) = r(Pye) = lim (P " and re(P) = tim (P = P
Hypothesis 2.5. Let B be a Banach space composed of functions on X (or of classes of such
functions modulo the ©—almost sure equality) such that B C L'(7). Let J be a subinterval of
[0, +00]. We assume that, for every v € J, P, continuously acts on B and that

(i) r(v) = ’I“(PW‘B) > 0, and Py is quasi-compact on B (i.e. ress(PwB) <r(y))
(i1) r(v) is the only eigenvalue of modulus r(v) for Py, and r(v) is a first order pole of P,
with moreover dim Ker(Py, — r(y)I) = dim Ker(P, — r(fy)I)2 =1.

Theorem 2.8 will ensure that, under Hypothesis 2.5, for every v € J there exists a rank-
one non-negative projector Il, € L(B) (i.e. the eigenprojector associated with the eigenvalue
(7)), and some constants 6., € (0,1) and M, € (0,+00) such that

Vyed, VfeB, ||[Prf—r(y)"ILf|z < My (05r()" |1 f]l3- (12)

If moreover (ke ¢:) € B*, P(hs~) € B, B(7) := p(ke *IL,(Phs)) is positive, then we
deduce (9) with A = A/r and p = r from (11) in the specific case K = {~}.

Remark 2.6. To establish the multiplicative ergodicity of Definition 2.3, further regularity
properties are needed. Due to (12), a natural way is to apply the perturbation theory of linear
operators. Unfortunately, the classical operator perturbation method [25, 26, 10, 11]. does not
apply to our context. Indeed, because we do not assume any exponential moment condition on
& (contrarily to the papers mentioned in Introduction), the map v — Py is (in general) not
continuous from (0,+00) to L(B). For instance, for linear autoregressive models (Theorem
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2.13), we will work with Banach spaces B, = Cya linked to some weighted-supremum Banach
spaces. For the Knudsen gas (Theorem 2.11), we will work with B, = L*(x). In these two
cases, the map v — P, is not continuous in general from (0,400) to L(B,), but only from
(0,+00) to L(Ba,By) for a < b for the linear autoregressive models (and for b < a for the
Knudsen gas). This is the reason why we use the Keller-Liverani perturbation theorem [17].
The price to pay is to consider ”a chain of Banach spaces” instead of a single one.

We introduce two sets of assumptions (Hypotheses 2.7 and 2.7*): both of them will be
relevant for our examples in Sections 5 and 6 (Knudsen gas and linear autoregressive model).
Below the notation By < By means that By is continuously injected in Bj.

Hypothesis 2.7. Let By and By be two Banach spaces, let J be a subinterval of [0, 400].
We will say that (Py,J,Bo,B1) satisfies Hypothesis 2.7 if

o B() — Bl,

o for every v € J, P, € L(By) N L(B1),

e the map v — P, is continuous from J to L(By, B1),
e there exist co > 0, 0o > 0, M > 0 such that

Yy € J, ress(PﬂBO) < g (13a)

VyeJ, ¥n=1, Vf € By, [P} fllz, < co(0llflIs +M"fls) (13b)

Hypothesis 2.7*. (P,,J, By, B1) satisfies all the conditions of Hypothesis 2.7, except for
(13a) and (13b) which are replaced by the following ones:

V1T, ren((Ps:) < Bo (142)

Vyed, vn =1, Vit e By, |(P)"f sy < cologllf sy + M| f*]Is5) (14b)

Hypothesis 2.7* can be seen as a dual version of Hypothesis 2.7, but it is worth noticing
that the conditions (14a)-(14b) cannot be deduced from (13a)-(13b) (and conversely). Under
Hypothesis 2.7 or 2.7* we define the following set:

Jo:={y e J:r(y)>d}. (15)

Theorem 2.8. Let By — B3 — L(n) be two Banach spaces such that 1x € By, let J be a
subinterval of [0, +o00]. Assume that (Py,J, By, B3) satisfies Hypothesis 2.7 or 2.7* and that

e Hypothesis 2.5 holds on Jy and B := By under Hypothesis 2.7
e Hypothesis 2.5 holds on Jy and B := B3 under Hypothesis 2.7%.

Then
V30 € J,  limsupr(y) < max(do, (7)), (16)
=70
and the function v w r(y) := r(Pyp) is continuous on Jo. Moreover there exists a map

v = IL, from Jy to L(B) which is continuous from Jo to L(By,B3) such that, for every
compact subset K of Jy, there exist Ok € (0,1) and Mg € (0,+00) such that

Vye K, VfeB, |[P)f—r()"Lf|;< Mx (Oxr()"[If]s (17)

Consequently, under the previous assumptions, the following assertions hold:
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(i) If the maps v — Ph,, and v — p(ke™8) are continuous from Jo to By and to Bj
respectively, and if

Yy edo, B(y):=p <,.@ eﬂﬁnw(th» >0, (18)

then (Sn, k(Xp))n is multiplicatively ergodic on Jy with A(y) := ) and p(y) =r(7).
(i) If moreover inf r(vy) <1 < sup r(7), then v is finite and
v€Jo v€Jo

v=inf{y >0 : r(y) <1} (19)

Formula (17) can be interpreted as a spectral multiplicative ergodicity property.
To prove the existence of C,, we reinforce our assumptions by considering a longer chain of
Banach spaces.

Theorem 2.9. Assume w(& > 0) > 0. Let By — By < By — B3 < LY(7) be Banach spaces
containing 1x and let J be a subinterval of [0,+oc]. Assume that one of the two following
conditions holds

(a) Either: fori=0,1,2, (Py,J,B;, Biy1) satisfies Hypothesis 2.7, and Hypothesis 2.5 holds
with (Jo, B;) ; in this case we set B := By.

(b) Or: fori = 0,1,2, (Py,J,B;,Biy1) satisfies Hypothesis 2.7%, and Hypothesis 2.5 holds
with (Jo, Bit1) ; in this case we set B := Bs.

Assume moreover that the map v — Py is continuous from J to L(B;, Biy1) fori € {0,2} and
C' from J to L(By,By) with derivative P f = Py(=¢f) (f = &f being in L(B1,Bz2)). Then
(17) holds with C*-smooth maps v — r(v) := r(Py) and v — IL, from Jy into R and into
L(By, Bs) respectively. Consequently, under the previous assumptions, the assertions (i)-(it)
in Theorem 2.8 can be specified and completed as follows:

(i’) If the additional assumptions in Assertion (i) of Theorem 2.8 hold with the present
spaces By and Bs, then the functions A(-) and p(-) :=r(-) are C'-smooth on Jy.

(i3’) If moreover inf e, 7(v) < 1 < sup.,ey, r(y) and if v'(v) # 0, then the constant C, of
(7) is well defined and finite, and Property (8) holds true.

Note that the two above results require, not only to check the spectral property (13a)
(or (14a)) and the Doeblin-Fortet inequalities (13b) (or (14b)), but also to prove (18) and
moreover 7’(v) > 0 in Theorem 2.9. This will be discussed in section 4.

2.3. Markovian examples. Here we present two examples which will be derived from the
general results of the previous section (see Sections 5 and 6 for the proofs). The first one
is a toy model on which our general spectral assumptions are easily checked. In this model,
at each step, either we follow a Markov chain Z = (Z,), (with probability (1 — «)) or we
generate an independent random variable with distribution the invariant probability measure
of Z (with probability «). See [3] for more about this model.

Example 2.10 (Knudsen gas). Let X := R%, let m be some Borel probability measure on
X, and let U a Markov operator with stationary probability w. We fix a« € (1/2,1). Let
X = (Xn)n be a Markov chain with transition kernel P = an + (1 —a) U.
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Theorem 2.11. Assume that X = (X,,),, is a Knudsen gas with initial distribution admitting
a density with respect to w, which belongs to LP(m) for some p > 1. Moreover assume that
k =2 and that w(§ > 0) = 1. Then v defined by (4) is finite. If, moreover, w({™) < oo for
some T € (1,p/(p — 1)), then (7) is well defined and Property (8) holds with C, € (0,+00).

Example 2.12 (Linear autoregressive model). X := R and X,, = aX,,—1 + 9, forn > 1,
where X is a real-valued random variable, o € (—1,1), and (9 )n>1 is a sequence of i.i.d. real-
valued random variables independent of Xo. Let rqg > 0. We assume that 91 has a continuous
Lebesgue probability density function p > 0 on X satisfying the following condition: for all
zo € R, there exist a neighbourhood Vi, of xy and a non-negative function qz,(-) such that
y = (14 y))™ quo(y) is Lebesgue-integrable and such that :

Vy e R, Yo € Vg, p(y+v) < gz (). (20)

Note that ¥1 admits a moment of order rg.

Recall that £ : R — [0,+00) is said to be coercive if lim,_ o §(7) = +o0, ie. if, for
every 3, the set [ < (] is bounded.

Theorem 2.13 (Linear autoregressive model). Assume that X = (X,), is a linear autore-
gressive model satisfying the above assumption and that the distribution of Xo is either the
stationary probability measure w or 0, for some x € R. Let Ny be a positive integer. Assume
that K is bounded, that £ is coercive, that the Lebesgue measure of the set [ = 0] is zero, and

that sup,cr % < 00.

Then, v given by (4) is well defined (and is independent of the choice of the distribution

of Xo as above). If moreover there exists T > 0 such that sup,cp é(ﬁi < 00, then the

z|)ro

constant C,, given by (7) is well defined in (0,400) and Property (8) holds.

Recall that [, x| dr(x) < oo under the assumptions of Theorem 2.13 (see [5, 6]). Hence

147 .
SUP,eR (gl(f‘)w < oo implies that [ [¢|'T dm < oco.

3. BEHAVIOR OF THE SECOND MOMENT AND ALMOST SURE CONVERGENCE

3.1. Second moment and applications. We make some stationarity assumption.

Hypothesis 3.1. For each k € N, there exists a process X*) = (Xy(Lk))nZO such that

k= (Xn)Ogngk .a.s. (21)
0= (Xn)n>o0 mn law,

and such that, for every couple of lines of cells ((vn)n, (wWp)n) coinciding up to the k-th gen-
eration but not at the (k 4 1)-th generation, the corresponding sequence of parameters have
the same distribution as (X, X*)).
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Now define, for any integers n > 1,m > 1 and min(n,m)—1 > k > 0 the random variables
Apm i as follows:

j=min(k+1,n—1)

k
[T &)= )= 1) (s(x52) - 1)
je{k\{n—1,m—1}
with the usual convention HZ py1 - = Lif £ < k. Define also S = > =0 {(X](k)). The
main result of this section is the following proposition.

Proposition 3.2. Assume that Hypothesis 3.1 holds. Lett > 0 and 7 > 0 be fized. If
E(Nitr) < 00, then

o0 o0 mmnm

SIOIEEL IR LNELES 35 ol o] (AT s

n=1m=1

Proof. We have, using the notations of the proof of Proposition 2.1, N; = 1{T0>t}+220:1 Ya(t) a.s.,
with
Do DO,kl Dovkl"”vkn—l

t) = Z E : Z 1{T0+T0,k1+"'+T0,k1,---,kn,l <t} — 1{T0+To,k1+"'+To,k1,---,knﬁt}'
k1=1 ko=1 kn=1

Now due to E(N;) < oo (see the proof of Proposition 2.1),

Do Dok, Doky,ky_y
Z Z . Z 1{T0+T0,k1+'"+T0,k1,'“,kn_lgt} < o0 a.s..
k1=1 ko=1 kn=1

Therefore Ny = 14+ 3°° /%, (t) a.s., with

Do DO,kl Do’klv”‘vkn—Q
t) = Z Z T Z (DO,kl,'“,k‘n—l - 1)1{T0+T0,k1+---+T0,k1, g1 St}
k1=1 ko=1 kpn—1=1
Consequently,

oo 5 [e.e] 5 [e.e] [e.e] 5 5

NiNepr =143 S+ St +7)+ > > Su()Sm(t +7)
n=1 n= n=1m=1

N+ N 143 SOt 7).

n=1m=1

For any positive integers n,m and t > 0,7 > 0, we have,

min(n—1,m—1)

Sat)Emt+7)= ) Yo De=D)(Dg =D, oy<isn i @<itn)
k=0 (evg)eEn,m,k

where E,, ,,, 1, is the set of (E,Z), with £ = (0,41, ...,4,—1) € (N*)™ and = (0,[71,,,,,Em,1) €

(N*)™ having the same coordinates up to time k, i.e. such that min{j = 0, ..., min(n,m)
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l; # ZJ} = k+1, with the notation S,,—1(£) := To +Toe, + -+ Ty, ¢,_,- We conclude by
proceding exactly as in the proof of Proposition 2.1. O

As it was done in [12] in the case of independence (cf. Lemma 19.1 and Theorem 21.1
there), Proposition 3.2 is the main ingredient for the proofs of the quadratic mean and of the
almost sure convergence of e "' Ny, for the growth rate v already defined in (4).

Corollary 3.3. Assume Hypothesis 3.1, that v < oo, that limsup,_,., e “*E[N;] < oo and
that there exists K > 0 such that

oo min(n,m)—1

2t+T _ _
[T 9D DD D] P TR E ETNC

n=1m=1

Then there exists a square integrable random variable W such that (e*”tNt)tZO converges in
quadratic mean to W as t tends to infinity.

If moreover the convergence in (23) is exponentially fast and if W > 0, then (e "*Ny)i>o0
converges almost surely to W as t tends to infinity.

Proof of Corollary 3.3. Due to Corollary 3.3 and Proposition 3.2,

t—o0

2
lim E [(e”tNt - e*”“”)NHT) ] —0,

for any 7 > 0, uniformly in 7. The Cauchy criterion ensures then the convergence in quadratic
mean of e"'N; as t tends to infinity to a random variable W with finite second moment.

For the last point, we deduce from Proposition 3.2 that fOOOE [(e*”tNt — W)Q] dt < oo.

This yields (arguing as for the proof of Theorem 21.1 in [12]) the almost sure convergence,
as t tends to infinity, of e **N; to W. O

We will apply these results in the two following sections under some additional indepen-
dence assumptions.

3.2. Some extensions of Harris’ results. For further results, we will make the following
stronger assumption.

Hypothesis 3.4. (X,,), is a stationary Markov process, (k(X,))n is a sequence of i.i.d.
square integrable random variables of expectation k1, which is independent of (§(Xy))n. More-

over, for all k € N, (Xy(Lk))nZkH_l and (Xp)n>k+1 are independent given Xy, and v (as defined

in (4)) satisfies,

VxeX, v=inf<y>0, Z k1E [67VS”+1|X0 = 1] <00 p <00. (24)
n>0

We set ko := E[r(X1)(k(X1) — 1)].
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Define f,o(t) = (k1 —1)e ™ 3 5o k1P (Snt1 — So < t]Xo = 2) . We will make the follow-
ing assumption involving the Laplace transform fx 0 of fzo:

V’Y > 07 fNJC,O('Y) = /O e_ﬂ/tfx,o(

+ ZR"E[ (+0)(Sn+1— SO)\XO—QU] . (25)
Ty

Hypothesis 3.5. Suppose that there exist two positive reals 6 < v and € such that, for any x,
the Laplace transform f o, extended on the complex plane, satisfies the following conditions:

(1) fa:O is analytic in {z =u+1y,|u| <d+e€ y e R}\ {0},
(2) fx o has a simple pole at 0, with residue Co(z),

(3) [ | Fo(0 + i)ldy < oo

(4) 1imy_>:|:oo fzo0(u+1y) =0, uniformly in u € [—0,6],

(5) Wo(a) = [ 72 | Fro(—0 + i) |dy < oo .

We generalize the approach of [23] to obtain the following result extending [12, Theorem
19.1] to the case where the lifetimes are dependent.

Theorem 3.6. Assume that Hypotheses 3.4 and 3.5 are satisfied and that

E {efyg(XO)éo(Xo)] +E [67(”75)5(X0)\I/0(X0)} + i Hle [C’g(Xk)e*Q”Sk] < 00,
k=0

and Zm E [C’O Xi)Uo(Xk)e ~(v=0)Sk 4 \I’g(Xk)e_z(”_‘s)S’“] < 00,

o

> #E [(GO(Xk) + Wo(Xi) + k)ef(ymsk} < 00, (26)
k=0

then there exists a square integrable random variable W such that (e V'Ni);>o converges in
quadratic mean to W as t tends to infinity, with

E[W] = E [efyg(XO)éo(Xo)}
Var(W) = ko i KYE [C’g(Xk)e*Q”Sk] — K3 <E {ef”g(XO)C’O(XO)} >2.
k=0

If, moreover, W > 0 almost surely then e "*N; converges almost surely to W.

The rest of this subsection is devoted to the proof of Theorem 3.6. Define, for » < m, the
partial sums S, ,, = Y . &(X;), so that S,, = Sy, and Sﬁ% =5 {(X( )) The following

1=T 1=r
lemma is very useful in order to prove the exponential speed of convergence in (23) and then
to obtain the almost sure convergence of e “!NN;. Its proof is an immediate consequence of

Lemma 2.2 in [23] and we omit it.

Lemma 3.7. Assume Hypothesis 8.5. Then, for any t > 0,

~ L4
eVt Z k(K1 — 1)P(S1pnt1 < t|Xo =2) — Cp(z)| < o) e o, (27)

2
n>0
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Lemma 3.7 together with Proposition 2.1 allows to give an exact asymptotic behavior of
E(Ny) as t tends to infinity, as shows the following proposition.

Proposition 3.8. Suppose that (X,)n>0 is a stationary sequence of random variables, that
(k(X3))i>0 is a sequence of i.i.d. random variables with finite first moment. Let k1 =
E(k(X1)). Suppose moreover that (k(X;))i>o is independent of (§(Xi))i>0, that v satis-
fies (24) and that Hypothesis 3.5 is satisﬁed for some positive & strictly less than v. If
E(e~"¢(X0)Cy (X)) < oo and if E(e=@=9EX0)W,(Xy)) < oo, then E(N;) < oo and there
exists €1 > 0 such that

E(N;) = e’t ki E(e X0 Co (X)) [1 + O(e™ )], as t — oo

Proof. Recall that fro(u) =e "> k™ Y(k1 — 1)P(S1.n < u|Xo = 2). Moreover

Zlﬁll /<.31 — 1 S < t ZHI K1 — 1 Sln <t-— (XO)‘XO)]-{ﬁ(Xo)gt}

n>1 n>1
= " [ 00 i (1 — 6(X0)) g0
=e"'iE [e_yg(XO) (on,o(t — {(Xo)) — C~YO(XO)) 1{£(Xo)§t}] + ek [e_yg(XO)C’O(Xo)l{g(XO)St}} '

Now Lemma 3.7 gives,

~ —6t
E om0 (fxp 0t — €(X0)) — Col(X0) ) Lerppn] < G B | Bo(Ko)e @O0

Consequently > -, k7 (k1 — 1)P(S, <t) < oo by the requirements of this proposition and

SR (s — 1P(Sy < ) = "y [E (e%(XO’éO(Xo)l{g(xo)gt}) + e*‘”D(t)} (28)

n>1

with 0 < D(t) < (27)"'E (\I’O(Xo)e_(”_‘s)g(Xo)). This allows to deduce thanks to Proposition
2.1 that E(V;) < oo and

E(N:) = k1 Bl ™) Co(Xo) Lexoyen] |1+ €AW +e7D(1)]
with 0 < A(t) < sup;sg A(t) < 00,0 < D(t) < sup;so D(t) < 0. O
The following proposition gives an exact asymptotic behavior of E(Ny Ny, ) under further

assumptions. Theorem 3.6 follows directly from the following proposition combined with
Corollary 3.3.

Proposition 3.9. Assume that Hypotheses 3.4 and 3.5 are satisfied. Suppose also that
S o FAE(C3(Xg)e=29%) < oo. If Condition (26) is satisfied, then, for anyt > 0, T > 0,
E(NtNtJrT) < o0 and

o
E(N;Nyyr) = /%47, Z KNE <C~'§(Xk)e_2ys’“> [1+ae” ), as t — oo,
k=0

where a and €1 are positive constants independent of t and 7.
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Proof. The task is to apply Proposition 3.2. For 0 < k& < min(n,m) — 1, we have

k
Bl Anmids, <, sir’f)_lﬁw}} = E[Apmi] P <S”—1 <t Spli<t+ T)

Observe that
E[(x(Xo) — 1)?]s]* ifk=n—1=m-1
E[Anmi]l = ralk1 — 1)K] max(n—2m=2) if(k=m—-1louk=n—-1), n#m
/12(/11—1)2"2+m2k if(k#m—1letk#n—1).

Now we have for k # m — 1,
P <Sn_1 <t s% < t+7’) -
E [P (5k+17n_1 <t— Sk, 5;(;21 ey StHT — SkISk,Xk) 1{Sk<t}]

=FE []P’ (SkJrl,n,l <t-— Sk’Sk,Xk)]P’ <S](€]jr)1 1 <t+4+T1-— Sk‘Sk,Xk> 1{5k<t}}
When k& =m — 1 (and then necessarily m < n)
P(Sn,1 <t, Sm-1 St—{—T) :P(Sn,1 St)

Consequently,
oo n
Z Z E [A"vmvm_ll{snlgt, Sm1+S,r(nmn:1)1§t+T}:|
n=1m=1 ’
oo n—1
=3 > KPP (k1 — 1)koP (Spo1 < 1) +ZH? 'E[(k(X0) — 1)2P(S,1 < 1)
n=1m=1 n=1
o o
= (k1 — Drz Y _(n— DK P (Spo1 < 8) + E[(r(Xo) — 1)%] Y &7 P (Spo1 <8,
n=1 n=1

and for any 0 < § < v

o n
—v(2t+7)
€ ZZE[ m,m,m— 11{Sn 1<t, Spo1+S5 Y <t+7—}:|

n=1m=1

(o]
< e_t(”_‘s) (k1 — 1)k Z n— 1)k}~ ’Ele (”H)S"*l]
n=1

—|—€7t(y76)E[(I{(XQ) _ 1)2] Z I{?flE[ef(qu(S)Sn_q‘ (29)
n=1

We also have,

0o oo min(n,m)—

> > Z E[A”’m’kl{snlgt,swsxi’“) <t+7}] !

n=2m=2 +t1m—1=

0o
= K9 Z /ﬁ;le Z Iﬁ:n 2= k /'431 — 1)]P’ (SkJan,l S t— Sk’Sk,Xk)
n>k+2

» Z K2R () — 1P (S]E;]j—)l,m—l <t+T7-— Sk|5k,Xk) Lis,<ty
m>k+2
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Now the bound (27) gives,

k -
e V(=220 &(2i) Z Kn 2— k Kl—l) (Sk—l—ln 1<t—Z£ |Xk_xk> —Co(xk)

n>k+2

< V¥ (xk)eﬂs(tfzfzo £(z4))

k
VTS0 €@ 3 2R (g )P (S,i’i’l,m_l §t+f—§j£<x@->|xk=xk) — Co(x)
m>k+2 =0

<, (xk)e*(S(HT*Zf:o (i)

The two last bounds together with (30) give then

0o oo min(n,m)—2

YD) DD D] LS PR

n=2m=2

= /(247 [Z KEE(CE(Xp)e 25k 15, <4) + e%] , (31)

where a <2777 ,'<;1 (CO(Xk,)\I/O(Xk)e (2v— 5)Sk) e 0t PRy /ile(\I/%(Xk)efﬂl’*‘s)Sk)_
Finally,

(o] o
> > E(Aumarlis_ o snst cin) ®2)
n=1m=n+1
o0
1
:@(m—l)ZE Z K 2]P’< n"m D <t+7 =S 1|Sn1, Xpe 1) 1{Sn_1§t}]
= m=n+1

ZH? l{sn 1<t} Z I{m n— 1P< (7 ) <t+71-S5, n— 1|Sn 1, n— 1)]

m=n+1

= Kl—lE

Now the bound (27) gives

("‘51 . 1)e—V(t+’T iz 015 (zi)) Z K:m n—1

m>n+1
n—1 3
(Sr(anl)l <t+4+71-— Zf .%'Z ’Xn 1= Tp— 1) — CO(wn—l)
=0
< \Po(xn—l)eﬂs(HT*Z?;Olg(xi)). (33)

We have also,

eVt Z lirll_lE (CO(Xn—l)eil/S”_l 1{Sn_1§t}> < ef(ufé)t Z H;rlz—lE |:C~«O(Xn_1)ef(u+5)5n_1} ’

n>1 n>1

(34)
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and

e™'E | Y w1 g, < Wo(Xng)e VIt T mSn)
n>1

<e Ry RTIE (I{Snflst}‘I’O(anl)6_(1/_6)5”71)

n>1

< YT R W (X )e 0TS (35)

n>1

We get collecting Inequalities (32), (33), (34) and (35)

o0 o
—v(2t47)
e Z Z E <An7m7n_11{5n1§t7 Sn71+s(k) §t+7-}>

n=1m=n+1 m
< ey SRR ((Co(Xno1) + Wo(Xp-1))e™HIS1 ). (36)
n>1

We then obtain combining (29), (31) and (36),

0o oo min(n,m)—

V@D Z Z Z E [A”vmvkl{snlgt, S5k <t+7’}:|

k41 1
n=1m=1 thm=

= ko Y REICE X 254 5, ) + eI+ e @)
k=0
where a is as defined in (31) and
A < ko Z I{?_lE [(éo(anl) + \I,O(Xnil))e*(l/Jré)Sn—l}

n>1
[S)

I{l — 1 Z n — 1 ( *(V+5)Sn—1) + E[ XO _ 1 Z (1/+5)Sn 1]
n=1 =1

Consequently, we obtain collecting (37) together with (22) and Proposition 3.8, that there
exists €; > 0, such that, for any ¢,7 > 0,

o
E[N;Nypr] = €47 iy Z KEE[CZ(Xg)e 2 Sk](1 + cpre ), as t — oo,
k=0

where sup, , ¢;r < oo. O
)

Proof of Theorem 3.6. The bound (37) proves that the convergence in (23) is exponentially
fast and satisfied with

K = ko Z KYE[C3 (X, )e2v5x].
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The proof of Theorem 3.6 is complete by using Corollary 3.3, Proposition 3.9, Proposition 3.8,
and the fact that,
E[W] = lim E[e "' N,)] = s1E[e X0} Cy(Xy)], by Proposition 3.8,

t—o0

t—o00

o0
E[W?] = lim E[e " N7] = ko Z ﬁle[ég(Xk)e*m’S’“] by Proposition 3.9.
k=0

O

3.3. About Hypothesis 3.5. The purpose of this section is to discuss Hypothesis 3.5 yield-
ing to the key bound (27). We assume Hypothesis 3.4 along this paragraph.

3.3.1. The i.i.d. case. If moreover the lifetimes are i.i.d. then the growth rate v as defined
in (24) is also that defined in (1), that is k1 E [e’”g(x‘))] = 1. The following lemma gives
additional assumptions ensuring (27) in this i.i.d. case. Although this case is classical, its
study is important to make comparison with previous results (obtained with other methods
of proofs). Also proofs for more general results will be obtained in the spirit of this classical
case, see the paragraph below.

Lemma 3.10 (i.i.d. case). Assume Hypothesis 3.4, that (§(X,))n is a sequence of i.i.d.
random variables admitting o density g € LP for some p > 1. If, for some M >0, v > § > 0,
infyeg |1 — 51 E [e-(COH+0EX0)]| > 0 and inf > ar infye_sg [1—M1E [e(utr+w)e(Xo)] | > 0,
then Hypothesis 3.5 is satisfied for any x € X, with

Col) = " (B [ex0)e ] )

RV

, =11 ptoo 1/(p=1)
Vy(x) < Const. <inf ‘1 — k1 E [e_(_5+”+ly)5(xo)} D [/ gp(u)du]

yeR — oo

Remark 1. Note that if £(Xo) is exponentially distributed with parameter A, then for any
0 > 0 sufficiently small,

V= )\(Iil — 1)
inf (1 — i [e*(*‘sﬂLVﬂLiy)ﬁ(Xo)} ‘ -
yeR
inf inf ‘1 — /q;lE {e—(u-i-u-i-iy)E(Xo)} ‘ > M)\Hl()\ + 5)—1((5 A+ V)Q 4 Mz)_l/Q S0
|y|>M ue[—6,0]

Remark 2. Due to Lemma 3.10, Propositions 3.8 and 3.9 are respectively Theorem 17.2
and Lemma 18.1 in [12] (m, h"(1) and ny there being respectively k1, ko and the constant

function C).

Proof of Lemma 3.10. The task is to check the conditions on the Laplace transform f:v,O (as
calculated in (25)). In this i.i.d. case, we have, for v = s + iy and s > 0,

K1 — 1 E[ef(ﬂf‘f'y)g(XO)]
Y+ v 1— K E[fe=(rt0)E(Xo0)]”

fx,O(W) =
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The right hand side of the last equality is analytic in a sufficiently narrow strip {z = u +

iy, [u| < 6+ e,y € R} \ {0} for § + € < v. It has a simple pole at 0 with residue Cy(z), since
- —1 -1
lim = f0(2) = "y~ (E [¢(Xo)e™€X0)] ) = Co(a).
z—0 K1V

We have, since |1— ki E(e~0+v+#)€(X0))| is hounded below by a strictly positive constant (this
follows from sup,cg [E[e~0tv+w)E(X0)]| < E[e=¥4(X0)] = 1/ky), and letting p’ = p/(p — 1),

oo +00 |R[e~(+iy+)E(Xo))|
| Voo iy < ot [ dy

—00 —00 (V + 5)2 + y2
+00 ‘ ) 1/p' +00 1/p
< Cst < / |E[e~(OFiy+r)e(Xo)p dy> < / (v+6)%+ y2)p/2dy> .

Now we have, arguing as for the proof of Lemma 3 in Harris (1963) page 163,

+00 +oo
/ |E[e CFvEXo) P gy < C, [/ e PO P (1)t

—0o0

1/(p—1)
N |
Consequently fj;o ‘f$,0(5 + iy)|dy < oo since the density ¢ is supposed to be in £P. Using
the same arguments, we prove that fj;o ]fx,o(—é +iy)|dy < oo, in fact,

oo
/ Foo(—8 + i)ldy

_ 4 —L1 ptoo p s p+oo 1/p
< K1Cp (;IEl[f& ‘1 — gy E[e~ (FOHrHin)E(Xo)) > [/ gp(t)dt} (/ (v —06)+ y2)p/2dy> ,

which is finite by the requirements of the lemma. Now, we have for any u € [0, d] and for
any |y| > M >0,

Frolu+ )] < (st = (0 +w)? +52)7 V2 |1 gyEfe (b imexo)

X

this proves that, for all M > 0, supyy|s p SUPye[—5,4] ‘fLo(u + zy)‘ < oo and then limy_,+ fLO(u—l—
iy) = 0, uniformly in u € [—0d,d]. Hypothesis (3.5) is then satisfied. O

<M ( inf inf |1 — g E[e” (v HmEXo)]
ly| \Jy|>M ue[-5,]

3.3.2. Multiplicative ergodic case. Hypothesis 3.5 can also be satisfied by Markov Chains
having multiplicative ergodic sums (cf. Definition 3.3 and Section 3 in [23]), the multiplicative
ergodic property supposes that, for any v > 0, any = € X and any n € N,

B [ €] = 2] = a3, 2)L"(3) 4 1o (3,2) 9
for suitable non-negative functions «, L and (ry,),. We suppose here that,

(a) Forall z € X, the functions (-, z), L and r,(-, z) can be extended to analytic functions
in{z=u+iy,|lu <d+e<rv,yecR}

(b) L is positive and non-increasing on R*. The equation x;1L(z) = 1, has a unique
positive solution in C, denoted by v.

(¢) The mapping L is holomorphic at v and L'(v) < 0.
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(d) The series ), - &7, (7, z) converges uniformly in v in a neighborhood of v uniformly
in z.

(¢) There exists p’ > 1 such that [~ |a(£d+v+iy,z)L (6 +v+iy)[P'dy < oo and that
f_oo ‘ ano Kirn(£0 +v +iy, @ )’p dy < 0.

(f) infyer [1— k1 L(£6 +iy+v)| > 0, 00 > sup|y s ps SUPye|—s,9) |(u + iy + v, 2) L(u+iy +
v)| > 0,00 > SUP|y|> M SUPye[—5,g] ano K1 (utiy+r, )] > 0 and infjy s pr infye_s 5 [1—
k1L(u+ iy + v)| > 0, for some M > 0.

Remark 3. Under Hypotheses (3.4) and (3.5), the multiplicative ergodic property stated in
(38) ensures (9), in fact, in this case

gn(7) = (k1 = DRTL" (y)E(a(7, Xo)) + (k1 = DTE(ra (7, Xo)), for any v > 0.
Lemma 3.11. Hypothesis 3.5 is satisfied under Conditions (a)---- -(f) with

s _(m=1)

Co(x) = ma(u,x)

—1
Vo(z) < Ky (in&ﬂ—mL(—é—i—iy—i—y,xN) X
ye

o 1/p +oo 1/p
(/ la(—=0 + v+ iy, ) L(=d + v + iy) ]pdy> (/ )_p/Qdy>

') +oo 1/17
+r1 / ’Z"Ll?”nﬂ( 8+ v+ iy, )P dy </ )_p/Zdy>

n>0

for any z € X.

Proof of Lemma 3.11. We have, in this case,

Frol) = 20 3 W[OS 601, — g

’7+V n>0
k1i—la(y+v,z)L(y+v) k1 —1 n
= + KT +v,x),

which can be extended thanks to Conditions (a) and (d) to an analytic function in {z =
u+iy,|ul <d+e<rvyeR}\ {0} Conditions (a), (b), (¢) and (d) allow to deduce that

(/'431 — 1) ~

;Lr% 2feo(z) = —ma(y,x) =: Cy(x).

We have arguing as for the proof of Lemma 3.10, for any |y| > M and any u € [, 4],
K1 SUD|y|> M SUPye[—g9) |(u + iy + v, ) L(u + iy + V)|
[yl inf)y s a7 infe—54 [1 — k1 L(u + iy + V)|

+ sup sup ZH1’Tn+1(U+2y+V x)|,
Y1 1y1> 1 wel-s0) 255

| f0(u + iy)| <
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which proves, thanks to (f), that limy 100 SUP,e[—s 4] | f.0(u +iy)| = 0. Now,
-1
[ Vealees - ilay < m (L raL s a4 ) x
y

o0 , 1/p' +o0 1/p
</ (0 + v + iy, x) L(£S + v + iy) [P dy> </ (v £0)* + y2)p/2dy>

e .
0 , e +o0 1/p
o / | KT (6 + v + iy, 2) dy ( / (v £0)° + y2)p/2dy> ,
— n>0 —00
which is finite thanks to Conditions (e) and (f). Hypothesis (3.5) is then satisfied. O

3.3.3. Bifurcating Markov chains. Hypothesis 3.4 supposes also that the two sequences (X,gk) In>k+1
and (Xp)p>k+1 are independent given Xj, for any & € N. This condition can be satisfied by
bifurcating Markov chains as defined in Section 3 of [23].

4. TooLsS FOR MARKOV MODELS

In this section, we discuss assumptions of Theorems 2.8 and 2.9. We assume that X =
(Xn)n is a Markov chain on (X, X') with Markov kernel P(x,dy), invariant probability 7, and
initial probability p (i.e. p is the distribution of Xj).

4.1. Notations, definitions and hypotheses on Banach spaces. Recall that the Laplace-
type kernels (P,), are given by

Vy € [0,+00), Py f = P(ke %f) and Py f = P(klge—oy f)- (39)
For any normed complex vector spaces (Bo, || - ||g,) and (Bi,|| - ||5,), we endow the space
L(By, B1) with the operator norm || - ||, 8, given by
VQ € L(Bo,B1), [QlBos = sup Q|5

J€Bo, |IfllBy=1

We simply write (L(B), ]| - ||g) for (L(B,B),| - ||s,5). For any @ € L(B), we denote by Q* its
adjoint operator. We write o(Q) = 0(Q)3) for the spectrum of Q:

o(Q):={AeC : (Q — AI) is non invertible},

where I denotes the identity operator on B. Recall that ) and Q* have the same norm
in £(B) and L(B*) respectively, as well as the same spectrum. The spectral radius of Q3
(resp. its essential spectral radius) is denoted by r(Q) = r(Q5) (resp. ress(Q) = Tess(QB))-
Recall that

Tess(Q) :=sup{|A\| : A€ Cand (Q — AI) is non Fredholm}.

To check the assumptions of Theorems 2.8 and 2.9, we work with Banach spaces contained
in L(7) (as stated in Hypothesis 2.5) and we use some assumptions involving the notion of
positivity and non-negativity on such a space (or on its dual space), as defined below.
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Definition 4.1. Let B be a Banach space composed of functions f : X — C (or of classes of
such functions modulo 7). If f € B is a class of functions, we say that it is non-negative
(resp. positive) if one of its representant is so. We say that it is non-null if the null
function is not one of its representant. An element 1p € B* is said to be non-negative if for
every non-negative f € B, we have (f) > 0. An element b € B* is said to be positive if
for every non-negative non-null f € B, we have (f) > 0.

Hypothesis 4.2. For every ¢ € B, ¢ > 0, ¢ # 0, there exists p € B*, ¢»p > 0, such that
W(¢) > 0. For every iy € B*, ¢ >0, ¢ # 0, there exists ¢ € B, ¢ > 0 such that ¥ (¢) > 0.

Hypothesis 4.3. Let J C [0, +00] such that: Vv € J, Py, € L(B). For every~y € J such that
r(y) > 0, the following properties hold: if ¢ € B is non-null and non-negative, then Py¢ > 0
(modulo m) and every non-null non-negative ¢ € B* N Ker(Py —r(v)I) is positive.

Note that Hypothesis 4.2 is quite general. Let us recall the definition of a Banach lattice.

Definition 4.4. A complex Banach space (B, | - ||g) of functions f : X — C (or of classes of
such functions modulo ) is said to be a complex Banach lattice if it is stable by |- |, by
real part and if

VfgeB, f(X)Ug(X)CR = min(f g), max(f,g) € B,
VigeB, [fl<lgl = |lflls=1/fls<lglls = Ilgllls-

Such a space satisfies Hypothesis 4.2. Classical instances of Banach lattices of functions are
the spaces (LP(7), ||-||p) and (By, ||||v) (see (44) and (52)), as well as the space (L (X), ||]|oc)
composed of all the bounded measurable C-valued functions on X, and equipped with its usual

norm || flloo := supgex |f()]

4.2. About Hypothesis 2.5.

Proposition 4.5. Let J be a subinterval of [0, +00| and let B be a Banach lattice of functions
on X (or of classes of such functions modulo 7). We assume that Hypothesis 4.3 holds, that
B C LY(n), and that for every v € J

(i) Py € L(B), r(7v) :==r(Pyp) >0, and P, is quasi-compact on B,

(i1) for every f,g € B with f >0, Py,f =r(y)f and Pyg =r(vy)g, we have g€ C- f,
Assume moreover that the Markov kernel P satisfies the following condition: 1 is the only

complex number X of modulus 1 such that P(h/|h|) = Ah/|h| in L(7) for some h € B, |h| > 0
(modulo 7). Then Hypothesis 2.5 is fulfilled with J and B.

Proposition 4.5 is proved in Section 8.
Proposition 4.6. Assume that Hypothesis 2.5 holds for some B and J. Let v € J. Then
I, =limr(y) " P} in L(B), (40)
n

and there exist some nonzero elements 7, € B*NKer(Py—r(y)I) and (% € BnKer(Py—r(y)I)
such that %7(57) =1 and

VieB, ILf=m(f)éy and Vf B, ILf* = f(¢,)7,. (41)
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If B satisfies Hypothesis 4.2, then (% and T~ are non-negative in B and B* respectively. Under
the additional Hypothesis 4.3, every non-null non-negative ¢ € BNKer(P, —r(y)I) is positive
m—a.s. and, for every non-null and non-negative f € B, we have IL,f > 0 7—a.s..

Proof. Properties (40) and the existence of &5\7 and 7, in (41) follow from Hypothesis 2.5.
Now assume that Hypothesis 4.2 holds. Then (40) and the first assertion in Hypothesis 4.2,

applied with ¢ = (}Ey and the associated v, € B*, ¢, > 0, imply that, for every g € B,
g > 0, we have 0 < lim,, r(7) "¢, (P}g) = 7(9) 1/17(;%), hence 7, > 0 since wv(ay) > 0.
Next the second assertion in Hypothesis 4.2, applied with ¢» = 7, and the associated ¢, € B,
¢y > 0, gives 0 < lim, r(y) " Ploy = 5@((%)(%, hence (% > 0 since 7 (¢) > 0. Finally,
under Hypotheses 4.2 and 4.3, if vy € J and if f € B, f # 0, f > 0, then 7, (f) > 0. Thus
IL, f =7y (f) (% is positive modulo 7 since so is (% > 0 from Hypothesis 4.3. O

Corollary 4.7. Assume that, for some subinterval J C [0,+00), Hypothesis 2.5 holds on two
Banach spaces By and By, both containing 1x and satisfying Hypotheses 4.2 and 4.3. Then

Yy e r(Pys) = r(Pys,) = lim (w(Py1x))".

If moreover By < Ba and if, fori = 1,2, 1L, ; denotes the rank-one eigen-projector associated
with Py, in (12), then the restriction of L, o to By equals to 11, ;.

Proof. For i = 1,2, Proposition 4.6 applied to Pz, (with the notations ‘Z%i and 7, ;) gives
T(PP ) = (r(Pys,) " i(1)7(B1) + 0(r(Poys,)")

with w($77i) 7yi(1x) > 0 from Hypothesis 4.3. Hence the first assertion holds. Now let
f € By1. Then IL, 1 f = lim,, 7(Py3,) " (P 5,)"f in By from Proposition 4.6 applied to P, 3,
and from the previous fact. It follows from B; < By that this convergence holds in By too.
Now Proposition 4.6 applied to Pz, gives Il 1 f =1L, 5 f. O

4.3. About Condition (18).

Proposition 4.8. Assume that (P,)~ and p satisfy the assumptions of Theorem 2.8, excepted
(18). Then the real number B(y) given in (18) is well-defined for every v € Jy, and

vy €y, B(y) =7y (Phs) p (ke76,), (42)

where QASA, and 7~ are given in (41). Assume moreover that the space B involved in the
assumptions of Theorem 2.8 satisfies Hypotheses 4.2 and 4.3 on Jy and that one of the
following assumptions holds true

(i) w is absolutely continuous with respect to ,
(ii) the first part in Hypothesis 4.3 is reinforced as follows: for every v € J, if ¢ € B is
non-null and non-negative, then Py,¢ > 0 everywhere on X.

Then (18) holds.

Proof. Let v € Jy (thus r(y) > 0). First, by assumption Phy~ € By. Thus IL,(Phy ) € B3
since I, € L(By, B3) (see Theorem 2.8), and B(7) is then well-defined from the assumptions
on 4 in Theorem 2.8. Formula (42) follows from (41). Now, under the additional assumptions
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in (i), we know from Proposition 4.6 that (% > 0 and 7, > 0. Moreover Ph,~ > 0 and
Phy,~ # 0 in L1(7) since 7(Phy) = 7(hyg~) > 0. Since By < Bz < L(7) by hypothesis, it
follows that Ph,, ., # 0 in By and in B3. Thus 7, (Ph, ) > 0 from Hypothesis 4.3. Also note
that gz/;,y > 0 (modulo 7) from Proposition 4.6. Then (¢) follows from the previous remarks
and from (42). Assertion (i7) is obvious since, in this case, QASA, > (0 everywhere. O

4.4. About the monotonicity of the spectral radius.

Proposition 4.9. If (B,| - ||5) is a complex Banach lattice of functions f : X — C (or
of classes of functions modulo ), and if P, € L(B) for every v € [0,+00), then the map
v+ 7(7) is non-increasing on [0, +00).

Proof. For any 0 < v < v < co and for any f,g € B such that |f| < |g|, we have e~ 7¢|f| <
e~ ¢|g| and so P,/|f| < P,|g|, which implies by induction that PoIf| < PJ|f] for every integer
n > 1. We conclude that [P}z < ||P}||s since (B, || - [|g) is a Banach lattice. This implies
that 7(7") < r(v) and so the desired statement. O

Proposition 4.10. Assume that Hypothesis 2.5 is fulfilled for some J and for some B sat-
isfying Hypotheses 4.2 and 4.3. Then v — r(7) is non-increasing on J.

Proof. We use the notations of Proposition 4.6. Let ;1,72 € J such that 75 < ;. Then
Ty (P @y ) < Ty (P 0, ) since 7o, is non-negative. Moreover ., (P, ¢~,) = (r(71))" and

Ty, (P»:;(ﬁvl) = (r(72)) " Ty, (P71 )71 (B42) + 0 ((r(72))") -
Since 7, and 7, are positive and since ¢., and ¢., are non-null non-negative, Hypothesis 4.3

gIVeS Ty (G, ), (d35) > 0. Thus (r(71))" < O ((r(12))™), 50 (1) < r(72).- O

Remark 4.11. The non-increasingness of r on J implies that the set Jy in (15) is an interval.
Let us also indicate that it can happen that v(-) is constant on [0,+00) (see Appendiz 9).

The next result is relevant to check the condition r’/(v) # 0 in Theorem 2.9.

Proposition 4.12. Assume that the assumptions of Theorem 2.9 hold.

(i) Let v € Jo be such that (1L, (£11,1x)) > 0. Then 1'(v) < 0.

(ii) Assume moreover that the space By involved in the assumptions of Theorem 2.9 satisfy
Hypotheses 4.2 and 4.3 on Jy, and that w({{ = 0}) < 1. Then r'(-) < 0 on Jy, thus
v+ () is strictly decreasing on Jy.

Proof. Assertion (i) follows from Proposition 7.5. Let us derive (i7) from (7). Let v € Jp.
First note that IL,1x € Bz. Indeed it follows from the assumptions of Theorem 2.9 that
II,1x € B; (use also Corollary 4.7) and that the map f — &f is in £(Bi,B2). Hence
¢l 1x € By. Moreover, under the assumptions in (i7), we know from the last assertion of
Proposition 4.6 (applied on Bs) that IT,1x > 0 modulo 7, thus £I1,1x # 0 in L!(7) (since
m({& = 0}) < 1), and so I1,1x # 0 in By from By < L(7). Then it follows again from
the last assertion of Proposition 4.6 (applied on Bs) that II,(£I1,1x) > 0 modulo 7, thus
7 (I, (£11,1x)) > 0. Hence r'(y) < 0 from (4). O

A consequence of the monotonicity of v +— 7(y) the following characterisation of v < oc.
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Proposition 4.13. Assume that the assumptions of Theorem 2.8 hold (with J and &y given
in Hypothesis 2.7 or 2.7%); in particular for every v € J the Laplace kernel P, is assumed to
continuously act on the Banach space B chosen in the assumptions of Theorem 2.8.

(i) If 5o < 1, then for every v € J we have: G(v) < oo < r(y) < 1.

(ii) If v is non-increasing, if J = (a,+o0] for some a > 0 and if 69 < 1, then v < 0o &
7(00) = 7(Pyip) < 1.

Proof. First, if v € Jp, then G(v) < 0o < r(y) < 1 due to Theorem 2.8 and to Remark 2.4.
Second, if v € J\ Jp, then r(v) < §p < 1, so that, for some fixed § € (g, 1), we can deduce
from the definition of g, () and r(7y), and from assumptions of Theorem 2.8, that there exists
Cs > 0 such that G(v) < 3272 C56™ < co. Hence (i) is fulfilled. Now, under the assumptions
of (i7), it follows from Proposition 4.9 and from (i) that: v < co < limsup,_, ., 7(7) < 1.
Moreover, due to Theorem 2.8, we know that limsup.,_, ., 7(v) < max(do,7(c0)), and even
that limy 4o 7(y) = 7(00) if 7(00) > d9. Considering the cases r(c0) < dp and 7(c0) > dg
then gives the desired equivalence in (i7). O

4.5. Positivity of the spectral radius. Recall that we have set Jy:={y € J:7(y) > dp}
under the assumptions of Theorem 2.8. Another consequence of the monotonicity of v +— r(v)
is the following lemma.

Lemma 4.14. Let v1,7v2,73 be such that 0 < v < v2 < 3. Assume that the assumptions
of Theorem 2.8 hold with J = (y1,72) and that r is non-increasing on J. Moreover suppose
that, for every v € (y1,73), Py continuously acts on B and that the map f — (ke Ef) is
in B*, where B is the space given in Theorem 2.8. Finally suppose that

1

n

Ay := lim sup <7T(Ii PO"IX)> < 0. (43)

If Jy # {0}, then we have r(y) > 0 for every v € (71,73)-

Proof. Let vy € Jo, 70 # 0. Then r(y) > r(y0) > 0 for every v € (71,7]. Next let v € (y0,73)
and set p := v/~ > 1. Since 7, is positive and ¢, is non-negative and non-null (modulo
), we have

1 n 1
y . P n . —as, ]\ "
o <rn =r (1) = i (s(ee ¥ P110)" = i (me[(Iw050) 3] )

due to (17) since 1x € B and f +— ﬂ(nefggf) is in B*, and due to (11) (in which we replace
By by Ke™76). Let ¢ = p/(p — 1). Writing x(X;) = x(X;)9k(X;)"/P, it follows from the
Holder inequality that

1

lim sup <En Lli[oﬂ(Xj)Dn_q X limsup (En [(Jli[()m(Xj)> e—m])”_l”

n—-400 n—-+o00

IN

7 (70)

1

a1
< limsup <7T(I-€ P€1X)> . lim sup <7T(l-€ e 8 P,;LIX)) £

n—-+o0o n—-+o0o
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The above first limit superior equals to Aé/ ? by hypothesis, and the second limit superior is
1
less than (r(7))» from the definition of r(y) and from the fact that 1x € B and f s m(ke ¢ f)
1
is in B*. Thus 0 < r(y) < A(l)/q (r(y))». O

Remark 4.15. Condition (43) holds if 0 € J (in particular Py € L(B)) and if the map
f = w(kf) is in B* since Ag < r(0) from the definition of the spectral radius r(0) of Py.
Moreover note that (43) holds too if k is bounded by some constant d > 0 since Py < d P.

5. KNUDSEN GAS: PROOF OF THEOREM 2.11

In this section, we apply our general results for the Knudsen gas. Here the Laplace-type
kernels P, act on the usual Lebesgue space (L*(r),]| - ||o) for some suitable a € [1,+00),
where

I~ ([ If(w)ladﬂ(w)f- (44)

Theorem 2.11 directly follows from the next more precise theorem.

Theorem 5.1 (Knudsen gas). Assume that X = (X,), is a Knudsen gas as described in
Ezxzample 2.10, and that its initial distribution p on X is absolutely continuous with respect to
7, with density in 1LP(m). Assume moreover that k = 2 and that the function £ : X — [0, +00)
in (2) is measurable. Then (Sy)n is multiplicatively ergodic on the interval Jy = {y > 0 :
r(v) > 2(1—a)}, where r(v) denotes le spectral radius of P, on LY with b := -5 If moreover
a>1/2 and if

20> (21— a))"m<25(zk) = o) <1, (45)
k=0

n>0
where (Zy)n is a Markov process with transition U, then v defined in (4) is finite. Finally,
if 1(€7) < oo for some T > 1 and if p > T3, then the constant C, in (7) is well defined and
finite, and consequently the conclusion (8) of Corollary 2.2 holds true.

Theorem 5.1 straightforwardly extends to the case x(-) = m, where m > 2 is any integer.
To prove Theorem 5.1, we apply Theorems 2.8 and 2.9. First we prove the following.

Lemma 5.2. Let1 <b < a.

(i) For every v > 0, Tess(Pyjra(r)) < 2(1 — ).
(ii) The function v — Py is continuous from (0,+oc] to L(L(r),Lb(x)).
(i) For any ~ € [0, +0c] and any f € L4(r), [P, flle < 2((1 - a)flla + ol f1)-
(iv) For any~y > 0, for any non-null non-negative f € L*(w) and every non-null non-negative
g € L (n) with o’ = 7, we have w(gPyf) > 0 and P, f > 0.
(0) ITr(7) > 21 — @), for cvery f,g € L) with > 0, P,f = r(3)f and Prg = r(x)g,
then we have g € C- f.
(vi) 1 is the only complex number X of modulus 1 such that P(h/|h|) = Ah/|h| in L (%) for

some h € B, |h| >0 (modulo ).

Proof.
(i) Observe that P, = 2(ar(e™ %) + (1 — a)U,) with U, := U(e™7%:). Since the sum of
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a Fredholm operator with a compact operator is Fredholm, we directly obtain re.(Py) =
2(1 — a)ress(Uy) < 2(1 — a).
(i1) For every 0 < v,7" < oo and every f € B such that || f||, = 1, we have

1Py f =Py flls = 2IP((e7 —e "))y
< 20 = e ) fllp < 20leE = e
where ¢ is such that L +1 = 1 Hence ||P, — PyllLa(myom < 2)le™¢ — e77¢|,, which

converges to 0 as 7/ goes to ~, by the dominated convergence theorem. In the same way, we
prove that ||Py — PoollLa () Lo(x) < 2/le=7¢||. and hence the continuity of v — P, at infinity.

(#i1) For every v € [0, +o0] and every f € LU(m), [P flla < 2[[Pflla < 2((1=a)[|flla+el[f]l)
since ||Uf|la < ||flle- This gives the Doeblin-Fortet inequality.

(iv) For any non-null non-negative f € L(7), we have P, f > 2am(e” ¢ f)1x > 0. The other
assertion of (iv) is then obvious.

(v) Let f,g € L*(m) such that f > 0, P,f = r(v)f and Pyg = r(vy)g in L%(7). Set 8 :=

:EZ:;{:?; and h := g — B f. Then m(e™7*h) = 0 and Pyh = r(y)h, which gives r(y)h =

2(1—a) U(e™7¢h), so that r(7) |h| < 2(1—a)U(|h|). Since 7 U = 7, we obtain: r(y) w(|h|) <
2(1 — a)w(|h|). Finally we conclude that w(|h|) = 0 because r(vy) > 2(1 — «) and so g = S f
in L(7).

(vi) Let k € L(x) and A € C be such that [A\| = 1, |[k| = 1x and P(k) = Ak. Then
Mk = an(k) + (1 — a)U (k). Taking the modulus, we obtain 1 < a|r (k)| + (1 — a)U(1x) < 1.
By convexity we conclude that |7(k)| = 1 and that k is constant modulo 7, so that A =1. O

Proof of the multiplicative ergodicity. We apply Theorem 2.8. Let b := p%l and a > b. From

Assertion (i)-(iii) of Lemma 5.2, P, satisfies Hypothesis 2.7 with J = [0, +00), By = L%(7) and
Bi = L%(7) (to obtain (13b), iterate Inequality (i) of Lemma 5.2 and use ||-||1 < ||-||s). Next,
if v € Jy (i.e. r(y) > 2(1 — @)), then P, is quasi-compact from Assertion (i) of Lemma 5.2.
Note that Assertion (iv) of Lemma 5.2 implies that Hypothesis 4.3 holds on the space L%(7).
Then P, satisfies the hypotheses of Proposition 4.5 on By = L%(7) from Assertions (v) and
(vi) of Lemma 5.2. Thus Hypothesis 2.5 holds on Jy with By = L%(7). Consequently (Sy,),
is multiplicatively ergodic on Jy with respect to P, if we prove that p, : f (e 7€ f) is
in (Lb(7))*, that the function v ~ . is continuous from Jy to (L°(7))*, and finally that
Condition (18) holds. Since p is absolutely continuous with respect to 7 with density g, in
LP(x), we have

VfeLi(n), py(f)= /Rdf(y) e W g, (y) dn(y)

thus p, € (L°(7))* since e ¢ g, € LP(m). Moreover the norm in (L%(7))* of (uy — 1) equals
to ||(e 7€ — 7€) Gullp, which converges to 0 as 7' —~ from Lebesgue’s theorem. Finally
Condition (18) holds from Assertion (i) of Proposition 4.8. O

In view of (4), we study the spectral radius r(y) of P,. First observe that the non-
increasingness of r(-) follows from Proposition 4.9 since L%(7) is a Banach lattice. Con-
sequently the set Jy := {y > 0 : r(y) > 2(1 — «)} is an interval with minJy = 0
since r(0) = 2. Next set hy = e for v > 0 and he = 10y Recall that P, f =

2lan(f hy) + (1 — a)U(f hy)]. We set U, () := hy U(").
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Lemma 5.3. Lety € [0,00] and a € (1,+00). Let A be an eigenvalue of (Py)a(x) such that
A > 2(1—a)p(U,). Then

A=2a) TY 21— o) 7 (T7(hy)). (46)

n>0
In particular if r(y) > 2(1 — «), then X = () satisfies (46).

Proof. Let v € [0,00]. Let A € C and f € L%(), f # 0, be such that P, f = Af in L%(n), i.e
A =2[an(f hy)+ (1 —a)U(f hy)] that can be rewritten

M hy = 2(an(f hy) by 4 (1 — @)U, (f hy)).
Observe that 7(fh,) # 0. Indeed m(fh,) = 0 would imply A\fh, = 2(1 — @)U, (f h,),

which contradicts the fact that A\/(2 — 2a) is not in the spectrum of U,. Now setting g :=
[ hy/7(f hy), we have

Ag = 2(ahy + (1 — a)Uy(9)) (47)
and so 201 ) )
. — ) ~ «
2000 ) 222,
Hence .
2 20 —a) ~ |1~ 20 2"1—a)" -,
9="1 [zd - Uv] (hy) ;0 = Ul hey
and so (1 )
N1 — )" .
A= Am(g) =20y =" (U by )

O

Let (Z,), be a Markov process with transition U. Note that W(Uf/‘(hw)) = E,[e™7 2k=07k]
if v € [0,00) and m(U% (heo)) = Pr[>p—o Zx = 0]. Hence (46) can be rewritten

A = 20 Z 2(1)\7;0‘)1& [e™? k=0 Zx). (48)

n>0

Assume o > 1/2 and 7(§ > 0) =1 (so that r(co) = 0). Let ¢ := sup Jy. Due to (16), we
know that lim. _, .- 7(7) < 2(1 — a) and that 7 is continuous on Jy. So v is well defined and
is such that 23", 50 2"(1 — @)"E[e~7Xk=07¢] = 1 (note that this quantity is 2 when = 0
and that its limit at infinity is smaller than 1).

Proof of the existence of the constant C,, in (7). We apply Theorem 2.9. Assume that a >
1/2, that (45) holds, and that 7({7) < oo for some 7 > 1. Let p > -T5 and set a3 :=
p%l (ie. 1/p 4+ 1/ag = 1). Note that a3 < 7. Let az be such that a3 < as < 7. Since
limg — 400 % = 7, we can chose a; > asg such that ag < T:L—a;l Next let a9 > a;. From
Lemma 5.2 we deduce that the assumptions of Theorem 2.9 hold with the spaces B; = L% ()
for i = 0,1,2,3, so that we can apply Theorem 2.9: we conclude that r is C* on [0,60;). The
fact that ' < 0 can easily be proved using Proposition 4.12. In this particular case, we can
also use the fact that r is given by an implicit formula F(r(vy),v) = 0 (see (46)), with F'

C' with non-null derivatives at (r(7),7). Moreover C, in (7) is well-defined, provided that
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iyt f e p(e6f) is in (L% (7))* and that the function v +— p, is continuous from Jy to
(L9 (7))*. These conditions hold since p is absolutely continuous with respect to = with
density in LP(7) (see the proof of the multiplicative ergodicity). Moreover (18) has been
proved together with the multiplicative ergodicity. O

6. LINEAR AUTOREGRESSIVE MODEL: PROOF OF THEOREM 2.13

Let (X, )nen be a linear autoregressive model as described in Example 2.12. Then (X, )nen
is a Markov chain with transition kernel

Pz, A) = /R 140z + y)p(y) dy = /R 14(y)ply — az) dy. (19)

Recall that the density p is assumed to satisfy the domination condition (20) ensuring that
p has a moment of order rg, that is

/|x|r° x)dxr < o0. (50)

In fact the domination condition (20) means that p satisfies (50) under a (local) uniform
domination way.

Set V(z) := (1 4 |z])™, z € R. Recall that, under Assumption (50), P satisfies the
following drift condition (see [24])

V6 > |af™, 3L=L(5) >0, PV <35V + L1y (51)
Moreover it is well-known that (X, )nen is V-geometrically ergodic, see [24]. Let (By, || - |lv)
be the weighted-supremum Banach space
By :={ f:X—C, measurable :||f|y = sup|f(z)|V(z)"' < oo }. (52)
reX

Let (Cy, | - |lv) denote the following subspace of By:

Cy =4 f€By: fiscontinuous and lim @)
where the symbol lim ;| _, o, means that the limits when z — +o00 exist and are equal. Note
that V € Cy and that Cy is a closed subspace of (By, || - ||v). For every f € Cy we define

T

Let Co,v == {f € Cy : ly(f) = 0}. Finally we denote by (Cp,|| - ||) the space of bounded
continuous complex-valued functions on R endowed with the supremum norm || - ||o. We

will see below that, for every v € (0, +00], P, continuously acts on Cy (see Lemma 6.2). For
€ (0,400], we denote by 7(7y) the spectral radius of P, on Cy, that is:

exists in (C} ,

r(7) = r(Py) = lim | P} [/" = lim | B} V"
where ||- ||y also denotes the operator norm on Cy. We will also prove that lim, _, o, 7(y) > 2.

Recall that £ : X — [0,400) is a measurable function and that S, = Y ;_,&(Xy). Let
k : X—{2,...} be a measurable function. Theorem 6.1 below directly follows from the next
more precise theorem when applied with 4 =, or u = .
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Theorem 6.1. Assume that the previous assumptions hold. Assume that the distribution p
of Xo belongs to C5, namely satisfying (V) < oco. Assume moreover that & is coercive, that
Kk is bounded, that p is continuous, and that supg £/V < o0o. Then

a) (Sn, 6(Xn))n is multiplicatively ergodic on (0,+00) with p =1 on [0, +00).

b) If moreover the Lebesgue measure of the set [£ = 0] is zero, then limy_, ;oo 7(7y) = 0. Hence
v is finite.

c¢) Moreover, if there exists T > 0 such that supg £V < oo, then v — 7(y) admits a
negative derivative on [0,400). Hence (7) holds also with C, € (0,400).

The next subsections are devoted to the proof of Theorem 6.1.

6.1. Study of Hypothesis 2.7*. In this subsection we prove that (P,,J, By, B1) satisfies
Hypothesis 2.7* with J = (0, +o0], By = Cp, and By = Cy'.

Lemma 6.2. Assume that Assumption (20) holds (thus (50)), that p is continuous and that &
is coercive. Then, for every y € (0,+00], P, continuously acts on both C, and Cy. For every
v € [0,400], Py is compact from Cp into Cy. For every v € (0,+00], we have Py (By) C Co v .

Proof. Let v € [0,400]. From (51) it easily follows that P,V < PV < (6 4+ L)V, so that P,
continuously acts on By . Let f € By. Then

W€R7(%ﬂ®%ié%@wwy (53)

. { Uy (2,y) = w(y)e W fy)ply —ax) i 0<y<oo
with

Uy (2,y) = w(Y) e=01 (¥) f(y) ply — ax) if v = +oo.
Let A > 0. We deduce from Assumption (20) and from a usual compactness argument
([ A, A] is compact) that there exists a non-negative function ¢ = g4 such that y — V(y) q(y)
is Lebesgue-integrable and

Vve[-A,4], VyeR, ply+v)<q(y)
Thus we have for every z € [—A, A] and for every y € R
[y (2, 9)| < 6l fllv (L4 [yD)™ ply — az) < [[ElloolfllvV (y) a(y)- (54)

Since x +— 1, (z,y) is continuous for every y € R from the continuity of p, we deduce from
Lebesgue’s theorem that the function P, f is continuous on R. We have proved that, if
v € [0,400] and if f € By, then P, f is continuous on R. Thus P, continuously acts on Cy.

Now, if v € (0, +00], then

Vx € R, % = /va(x,y) dy with x4 (z,y) = 0,(ax +y) %p(y)

r(y)erElexty) if 0<vy<oo

where 0 (ax +y) == { )
£(Y)lie=oy(az +y) if v =+oc.

For every (z,y) € R?, we obtain that
L+ |2 + Jy]

LB ) < el 0+ 1) 00

\Mwwﬂsewmwwwﬂw<



32 LOIC HERVE, SANA LOUHICHI, AND FRANCOISE PENE

Moreover lim|,_, 4o 0, (ax +y) = 0 since ¢ is coercive. It follows again from Lebesgue’s
theorem that
. (B0@

thus P, f € Cov. We have proved that, if v € (0, +00], then P, (By) C Co,v, thus the last as-
sertion of Lemma 6.2 holds and P, continuously acts on Cy. Finally, to prove the compactness
property, let v € [0, 400] and consider P, as written in (53). Since p is continuous, the image
by P, of the unit ball {f € Cp : || f||oc < 1} is equicontinuous from Scheffé’s lemma. Then P,
is compact from Cp into Cy from Ascoli’s theorem and from lim,| _, o, V(z) = +o0. U

With the usual convention V° := 1, we have the identification Cyo = C,. Then the
continuity of vy — P, from (0, +oo] into £(Cp,Cy) follows from the following.

Lemma 6.3. Let0 < a < a+b< 1. Assume that £ < cV for some positive constant c. Then
the following operator-norm inequality holds for every (v,v') € [0, +00)?
b
1Py = Pyllevacyar = sup Py f — Py fllvers < l6lloc(ely =27 Pllyase -
feCyallfllva<i

Proof. Let (7,7') € [0,+0c)2. For all (u,v) € [0,4+00)2, we have [e™ —e™?| < [e™* —e™?|" <
|u — v|® from Taylor’s inequality. Thus we obtain for any f € Cya

[(Pyf)(z) = (Py @) < [6lloc]l fllve /R |75 — e EW|(V (1)) *p(y — ) dy
< Ielell (el =) [ (V)™ o) dy
< lslloll fllvalely =+ PV @+ (),
from which we deduce the desired inequality. O

Lemma 6.4. Assume that Assumption (20) holds (thus (50)) and that & is coercive. Then
|Py — Pxlle,.cv i= sup |Pyf — Pxofllv — 0 when y— +o0.
fECH[Iflleo<1

Proof. Let € > 0. Let f € Cy be such that || f|l < 1. From |P, f| < Plx = 1x it follows that
there exists A = A(e) such that :

[(Py f)(x)]
V@ °

Moreover, for any > 0 and = € R such that |z| < A, we obtain that

(Pyf = Puf)(@)] < [Ifloce™ /[5 P+l / ply — o) dy

[0<€<p]
< e (avﬁ + / a() dy>
[0<€<p]

where ¢ = g4 is the function given in (54). Since ¢ is Lebesgue-integrable on R, we have
f[0<£<B] q(y) dy — 0 when 5 — 0, so that there exists Sy = fy(¢) > 0 such that

1 lloe / a(y) dy <
[0<€<B0]

|z] > A = Vv e (0,4+00), (55)

| ™
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Finally let 79 = 7o(¢) > 0 be such that : ¥y > 79, [|&]|ece™ " < /2. Then
P,f—Pof)(x
WBLZEDE (b ) - (Pl e (56)
V(z)
Inequalities (55) and (56) provides the desired statement. O

lz| <A = Vv e (y,00),

To study the conditions (14a) and (14b) of Hypothesis 2.7* with J = (0,4o00], By = Cp,
and B; = Cy, we use the duality arguments of [15, prop. 5.4]. The topological dual spaces of
Cy and Cy, are denoted by (Ci, || - |lv) and (C}, || - ||s) respectively (for the sake of simplicity
we use the same notation for the dual norms). For any v > 0, we denote by P7 the adjoint
operator of P, on Cy. Note that each Py is a contraction with respect to the dual norm || [|o
because so is Py on Cy,.

In the sequel, § > |a|™ is fixed, as well as the associated constant L = L() in (51).

Lemma 6.5. Assume that (50) holds, that k is bounded, and that & is coercive. Then, for
every v > 0 and for every B > 0, there exists a positive constant Lg such that

PV < ||t]loo(e7 P8V + L 1x). (57)
Moreover
PV < |E|loo (sup V) 1x. (58)
[€=0]

Proof. We have for every v > 0 and for every 5 > 0
PV = P(ke V)= P(ke *1gsgV) + P(ke " 1g<gV)

< lslloo <6”5(5V+L1x) +/{£<m V(y)P(udy)) (from (51))

< #llso <e”55V + (L + sup V)1X>
[£<B]

from which we deduce the first desired statement. For P.,, we have

PV = P(klgyV) < (Ei% V) P(r) < (Ei% V) 1] o Lxc.

O

Corollary 6.6. Assume that Assumption (50) holds true, that k is bounded, and that £ is
coercive. Then, for every y1 > 0 and for every € > 0, there exists a constant D > 0 such that

vy € [y, Foo], VT eCy, BN v <ellffllv + DI o (59)

Moreover, for every v € (0,+00], the essential spectral radius ress(Py) is zero.

Proof. Choose 3 = 3(71,€) > 0 such that ||x||sce™ 7?6 < e. Then we deduce from Lemma, 6.5
that Py, V < eV + D 1x, where D = D(L,v1,¢) is a positive constant. Now let v € [y1, +00].
Since P,V < P, V, we also have P,V < eV + D 1x. This inequality easily rewrites as (59)
(see the proof in [9, p. 190]). Finally, since P} is compact from Cy; into C; (Lemma 6.2), we
deduce from [13] that ress(Py) < e. We obtain re.s(Py) = 0 because € is arbitrary. O
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Remark 6.7. Let v1 > 0, e >0 and 0 < a < a+b < 1. Observe that Corollary 6.6 holds
also if we replace V' by Vot (since 91 admits a moment of order ro(a+b)). Moreover notice
that (59) with Vot instead of V' directly gives that there exists a constant D, g4 > 0 such
that

vy € [y, +00), VT € Chavns 1P lvars S ellf*lvase + Deats | f*[lva (60)
since || f*[loo < [[f*[lva.

6.2. A preliminary useful statement on (7).

Proposition 6.8. Assume that Assumption (50) holds true, that k is bounded, that & is
coercive and finally that the function £/V is bounded on R. Then lim r(y) > 2.

v—04

Proof. We need the following lemma concerning the special case x = 2. To avoid confusion
we write below P, and 7(y) in place of P, and r() when s = 2.

Lemma 6.9. Assume that (50) holds, that k = 2, and that £ is coercive. Then Py continu-
ously acts on Cy. Moreover the function v — 7() is continuous at v = 0, with 7(0) = 2.

From P} > ﬁ,? (since K > 2), we deduce that r(y) = r(Py) > r(P,) = 7(y). It follows
from Proposition 4.9 that lim, _, o, 7(7) > limy o, r(y) = 2. O

Proof of Lemma 6.9. Note that Py =2P. If f € Cy, then

Vr € R, % = /RXO(QJ,y) dy with xo(z,y) =

flax +y)
V(x)

We know that [xo(z,y)] < [If]lv (1 -+ Iyl)"p(y), and writing xo(z,y) i= {12258 Lertsd p(y)

proves that lim|,|, 1o X0(7,y) = Lv(f)|a]™ p(y). It follows from Lebesgue’s theorem that

lim ) 4oo (]z/f()m()gﬁ) =Ly (f)|a|™. Thus P(Cy) C Cy and P continuously acts on Cy .

p(y)-

Iterating Inequality (51) proves that P is power-bounded on Cy (i.e. sup,>; [|[P"V]|y <
00), thus 7(P) = 1 since P is Markov. Moreover (51) rewrites as the following (dual) Doeblin-
Fortet inequality (see the proof in [9, p. 190]):

VITeCy, 1P fllv < af v+ LIS oo (61)

Since P is compact from Cp into Cy (apply the same argument as in Lemma 6.2), so is P* from
Cyy into C;. Then we deduce from [13] that, under Assumption (50), P is a quasi-compact
operator on Cy and its essential spectral radius 7ess(P) satisfies the following bound (see also
[27, Sect. 8]): Tess(P) < 0. It follows that

F0)=r(Py) =2 and ress(By) < 20. (62)

Observe that (51) and Inequality ﬁyV < 2PVgive ﬁyV < 26V + 2L 1x, which rewrites as
the following Doeblin-Fortet inequality:
Wy € 10,400), Yf* €Chry IP5f v <28 1 v + 2L || f*loo- (63)

Using (62), (63), Corollary 6.6 and Lemma 6.3 (with a = 0 et b = 1), it follows from
Theorem 2.8 (applied with §y = 29) that v +— 7() is continuous at v = 0 since r(0) = 2 >
24. O
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6.3. Study of Hypothesis 2.5. In this subsection we prove that Hypothesis 2.5 holds with
respect to (J1,By) with By = Cy and J; := (0, 61), where

1 :=sup{y >0 : r(y) > 0}. (64)

We know from Proposition 6.8 that #; > 0. Since Cy is a Banach lattice, we use Proposi-
tion 4.5 to prove Hypothesis 2.5.

Observe that, for any v € (0,601), P, is quasi-compact on Cy from Corollary 6.6 since
r() > 0. The other conditions of Proposition 4.5 follow from Remark 6.11 and Lemmas 6.12-
6.13 below. First we state the following.

Lemma 6.10. For any non-null e* € Cy;, e* > 0, there exists a nonnegative measure ji = fiex
on (R, X) such that

wreer, e =n(L-ai) + W) (63

Remark 6.11. Due to Lemma 6.10, Hypothesis 4.3 is fulfilled with J; and B = Cy. Indeed,
let v € Ji and let ¢ € Cy be non-null and non-negative. Then, we have Py¢ > 0 everywhere
from the definition of P and the strict positivity of the function p(-). Now prove that, if
Y € B* N Ker(Py — r(y)I) is non-null and non-negative, then 1(Py¢) > 0, so ¢ is positive.
Let v > 0. First observe that ¢ # cly for every c € C because r(7y) > 0 and Py(fy) =0 from
Lemma 6.2. Second note that = 0 in (65) implies that e* = e*(V') £y. Thus the nonnegative
measure [i = [iy, associated with ¢ in (65) is non-null. Since by (Py¢) =0 from Lemma 6.2,
we deduce from (65) (applied with e* = 1)) and from Py¢ > 0 that (Py¢) = p(Pyp/V) > 0.

Proof of Lemma 6.10. Let (C, || -||) denote the following space

C = { g :R—C continuous : ||g|| :=sup|g(z)] < oo and lim g¢g(x) exists in (C}.
R

T€ |z| — oo

For every g € C, we set: £(g) := lim|g_, o, g(z). We denote by C* the topological dual space
of C. Let e* € Cf,, e* > 0, and let ¢* € C* be defined by:

Vgel, ¢€(g):=e"(gV).

Next let € be the restriction of €* to Cy := {g € C : £(g) = 0}. From the Riesz representation
theorem, there exists a unique positive measure p on (R, X') such that

Vg € Co, €l9) = pl9) = /Rgdﬂ-
Then, writing g = (g9 — ¢(g) 1r) + ¢(g) 1r for any g € C, we obtain that
& (g) = n(g — g9) 1r) + € (1r) £(9)-
We conclude by observing that, for any f € Cy, we have e*(f) =¢e*(f/V). O
Lemma 6.12. If f,g € Cyv are such that Pyf = r(v)f and Pyg = r(vy)g with f > 0, then
geC-f.

Proof. Let f,g € Ker(Py —r(vy)I) with f > 0. Let § € C be such that h := g — §f vanishes
at 0. Since h € Ker(P, —r(y)I) we deduce from Proposition 8.1 that P,|h| = r(v)|h|. Then
|h|(0) = 0, the positivity of p(-) and finally the continuity of |h| show that h = 0. O
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Lemma 6.13. Let h € Cy with |h| > 0 and A € C be such that |A\| =1 and Pﬁ = )\|—Z‘ in
LY(w). Then X =1.

Proof. Observe that % is in Cp so in By. But it is known from [24] that (X,), is V-
geometrically ergodic, so A=1. O

6.4. Proof of Theorem 6.1. To prove Assertion a) of Theorem 6.1, we apply Theorem 2.8.
Let 1 be such that 0 < v < 01, with 61 given in (64). Let € € (0,1). Then, from the results
of the previous subsections, the assumptions of Theorem 2.8 hold with J = (v1,6;), By = Cy,
By = Cy, 0y = ¢, thus with Jy := {y € J : r(y) > e}. A first consequence is that §; = +oo
from Lemma 4.14 and Remark 4.15. Moreover, for every v € Jy, the map p, : f p(ke™Ef)
is in (Cy)* from u(V) < oo, and we have for every v,+" € Jy and for every f € Cy

1) = oy (D] < Dl v (Je6 = €74V

so that the norm of (py— ) in (Cy)* is less than ||k ||oo p(|e ™76 —e7¢|V') which converges to 0
as vy’ — v from Lebesgue’s theorem. Finally note that the additional condition in Assertion (i)
of Proposition 4.8 clearly holds from the form of P (see (49)) and from the positivity of the
density p. Thus (18) holds. Since v; and ¢ are arbitrarily small, we deduce from Theorem 2.8
that (Sp, k(Xy))n is multiplicatively ergodic on (0, 4+00) with py (y) = r() > 0 on (0, 400).
We have proved Assertion a) of Theorem 6.1.

For Assertion b), observe that Leb({( = 0) = 0 implies that P,, = 0, in particular the
spectral radius r(co) of Py is zero. Then Lemma 6.4 and Theorem 2.8 give lim,_, 1 7(y) =
r(c0) = 0. Consequently v is finite and satisfies (19), and so (4), with respect to IP,,, provided
that p is a probability distribution belonging to Cj;.

Finally, to prove Part (3) of Theorem 6.1, we assume now that £ € BV . for some 7 > 0

and that [¢ = 0] has Lebesgue measure 0. Consider any
1
O<agp<a<ar+-——<ar<az=1.
147

Let us prove that the additional assumptions of Theorem 2.9 hold true with B; := Cya; for
i €{0,1,2,3}. Let i € {0,1,2}. The fact that (P,), satisfies the conditions of Hypothesis
2.7% on (J,B;, Bi11) comes from Lemma 6.3 and Remark 6.7. The fact that Hypothesis 2.5 is
satisfied on B, follows from Proposition 4.5: apply the results of Subsection 6.3 with V%i+1
in place of V. Observe that

HSN sup M1 <1l s, sup Hﬁﬂ _

v o Ve VT

€A1
HngBg = sup W < sup
Hence we have proved that f — &f is in £(Bi, Bz). The fact that v — P, is C! from (0, +00)

to L(Bi,B2) and that P, := P,(—{f) comes from the proof of [16, Lemma 10.4]. Finally, due
to Proposition 4.12, we have 7/(v) < 0. We conclude by Theorem 2.9.

7. PROOF OF THEOREMS 2.8 AND 2.9

Let us state the Keller-Liverani perturbation theorem.
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Theorem 7.1 (Keller-Liverani Perturbation Theorem [17, 22, 8]). Let (X, | - |lx,) be a
Banach space and (X1,| - ||x,) be a normed space such that Xy — Xy. Let J C [—00,+00] be
an interval and let (Q(t))ics be a family of operators. We assume that

e For everyt e J, Q(t) € L(Xy) N L(XY),
o t— Q(t) is a continuous map from J in L(Xy, X1),
e There exist 6g > 0, co, My > 0 such that for everyt € J

Vf € Xo, Vn€ Zy, Q)" fllan < co(d51 Sl + Mgl f ]l )-

Let ty € J. Then, for every e > 0 and every d > &y, there exists Iy C J containing tg such
that

sup (21 = Q) lap < o0,
tely, zeD(d,e)

with D(6,¢) :={z € C, d(z,0(Q(to)x,)) > ¢, |2] > d}.

Furthermore the map t + (21 — Q(t))™1 from J to L(Xy,X1) is continuous at ty in a
uniform way with respect to z € D(d,¢), i.e.
. _ -1 _ ~1 ) _
Jim_ sup {1 = Q) ~ (o1 - Q1) s 2 € D)} =0
In particular, im sup,_,,, r((Q(t))‘XO) < max(dp, r((Q(to))‘XO)). Finally the map t — r((Q(t))|XO)
is continuous on {t € J : 7((Q(t))|x,) > 0 > Tess((Q(t))|x,)}-

We use the notations of Section 4.1 and identify (X,,), with the canonical Markov chain.
From now on, to simplify notations, we write R,(vy) := (2 — P,)~! for the resolvent when it
is well defined. Recall that Jy :={t € J : r(y) > dp}.

7.1. Proof of Theorem 2.8 under Hypothesis 2.7. Here we assume that (P, ), satisfies
Hypothesis 2.7 with (J, By, B1) and that Hypothesis 2.5 is fulfilled on Jy with B := By. The
property (16) and the continuity on Jo of the function v +— r(vy) = r((Py)z,) follow from
Theorem 7.1. Moreover we deduce from Hypothesis 2.5 on Jy with B := By that (12) holds.
It remains to prove that, if K is a compact subset of Jy, then the constants 6, and M, and
in (12) are uniformly bounded by some 0x € (0,1) and Mg € (0,400), and that v — II, is
continuous from Jy to L(By,B1). To that effect we use below the spectral definition of IL,.

Let x : Jo — (0,+00) be defined by x(7v) := max (Jo, A(7)), where we have set A(y) :=
max{|A| : A € o(Pyp,) \ {r(7)}}. Due to Theorem 7.1, x is continuous on Jo. Let K be a
compact subset of Jy. We set 6 := maxg *. Since x(v) < r(v) for every v € K and since 7(-)
and x(-) are continuous, we conclude that # € (0,1). Next we consider any n > 0 such that
6 + 2n < 1. Next let us construct the map v — II, from K to L(Bp). Let 9 € K. Since r
is continuous on K, there exists ¢ > 0 such that, for every v € K such that |y — | < e, we
have |r(y) — r(y0)| < nr(y0). Let us write K () for the set of v € K such that |y — vo| < e.
Observe that, for any v € K(vo),

x(7) < 0r(y) <01 +n)r(0) < (0 +n)r(v) < (1 —n)r(n)
and so the eigenprojector IL, on Ker(P, — r(v)I) can be defined by

1
I, = — R.(v)dz, 66
Y 2% Fl(»yo) ( ) ( )
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where T'1 () is the oriented circle centered on r(vy) with radius nr(7p). Due to Theorem
7.1, v — 11, is well defined from K (o) to L(Bp) and is continuous from K (vy) to L(By, By).

Now, for every v € K, we define the oriented circle To(y) := {z € C: [z| = (0 +n)r(v)}.
By definition of 6, for every v € K, we have x(v) < 6r(y) and so x(y) < (¢ +77) (7) < ( ).
Hence, by definition of x(v), R, ('y) is well-defined in £(By) for every v € K and z € T'g(7).
From spectral theory, it comes that

NY =P —r(y)"IL, = % " 2" R,(vy)dz (67)
and so
1P} = ()" LI, < My ((0+m)r(1)" with M= sup  |[R(7)s,-  (68)
|z[=(0+n)r(7)
We have to prove that
My = sup M, < oo. (69)

yeEK

Let 79 € K. Since v +— () is continuous at 7, there exists a« = a(vyg) > 0 such that, for
every v € K such that |y — | < a, we have

0+1 0+ 31
9+n7“(70)<7“(7)< 0+

Set 0 := 2 (7). If [y —70| < a and if |z| = (6 +n) r(v), we obtain since dy < x(70) < 07(0)
and 6+ 2n < 1:

7(70)-

5o+ 0 < x(0)+6 < (0+ g) r(y0) < |z < (6 + 33?7) 7(7v0) <7(0) — 0.

From the previous inequalities, let us just keep in mind that x(v9)+9 < |z| < r(70)— 0. Then,
by definition of x(v9), we conclude that every complex number z such that |z| = (0 +n) r(v)
satisfies

2| > 8o+ 6 and d(z,0(Q(v))) > 6.

Hence, up to a change of «a, due to Theorem 7.1, we obtain that

sup M, =sup{[|[R-(7)ll, : |7 =l <a, [z =0 +n)r(y)} < oo
v>0: |y—7o|<c

By a standard compacity argument, we have proved (69). Consequently, with 0x = 0 + n,
we deduce from (68) that

12 = ()" |y < M (0 7(7))"
from which we derive (17). The proof of Theorem 2.8 under Hypothesis 2.7 is achieved.

7.2. Proof of Theorem 2.9 under Hypothesis 2.7. First we prove the following lemma.

Lemma 7.2. For every v € Jo and for i = 1,2, the spectral radius of P, p, is equal to
r(y) = T(P’Y\Bo)'

Proof. For i =0,1,2 set 7;(7y) := 7((P,)|5,)- Due to Theorem 2.8 applied to (Py, J, B;, Bit1),

there exists ¢; > 0 such that 7(P}'1x) ~ ¢;ri(y)" as n goes to infinity. This proves the

equality of the spectral radius. O
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Proof of Theorem 2.9 under Hypothesis 2.7. We define y; as x in the proof of Theorem 2.8
for each B; (i = 0, 1,2). We define now x := max(xo, x1, x2). Let us prove the differentiability
of r and IT on Jy. Let v € Jy. Let n > 0 be such that r(v9) > x(y0) + 217 and let £ > 0 be
such that for every v € Jy satisfying |y —~0| < €, we have 7(v) > r(v)—n > x(70)+n17 > x(7).
We set Iy := Jo N (v —€,7 —€) and

Dy:={z2€C: x(v)+n<|z| <r(yw) —ntU{zeC:|z—=r(n)| =n} (70)

Due to the hypotheses of Theorem 2.9 and to an easy adaptation of [16, Lemma A.2] (see
Remark 7.3), we obtain that, for every z € Dy, the map v +— R, (7) is C' from Iy to £(By, B3)
with R (y) = R.(7)P;R.(7) and

|R.(v0 +h) — R.(v0) — hR.(70)Bo.85

lim sup =0. 71
Moreover, for every v € Iy, we deduce from spectral theory that
1 1
I, = — R d d N,=— R d
8l 2Z7T I Z(fy) < an Y 27/7_(_ Ty z Z(PY) Z,

where I'y is the oriented circle centered at r(7p) with radius n and T'y is the oriented circle
centered at 0 with some radius ¥y satisfying x(70) + 17 < Y9 < r(y) —n. Thus v — IIL,
and v + N, are Cl-smooth from Jy to £(By, Bs). Since 1x € By by hypothesis this implies
the continuous differentiability of v — N,1x and of v — IL,1x from Jy to Bs. Since r(vy) =
% and v — P,1x is C' from Iy to B3 by hypothesis, we obtain the continuous

differentiability of r on Ij. O

Remark 7.3 (Proof of the differentiability of v — R.(v)). We adapt the arguments of [16,
Lemma A.2], writing

R.(7) = R:(70) + R.(70) [Py — Py R.(70) + U2(7),

with V2(7) = R=(70) [Py — Pyy] R2(70) [Py — Py B2 ().
Then

[10-(0)ll5.

B3 Py = Py
< Rz(vo)llBe || ————
Po— 1= (70)l|5,

-7

1R (v0) |81 [1 Py — Pao |l 80,51 [ Bz (M) B0~ (72)
B1,B2
From the hypotheses of Theorem 2.9 and from the resolvent bounds derived from Theorem 7.1,
the last term goes to 0, uniformly in z € D, when v goes to yy. Similarly we have:

[R:(70)(Py = Py)R=(0) = (v = 70)R=(%0) Py, R:(70) || g, g,
< MHP’Y - P"{O - (7 - VO)P'IyoHBl,BQ = 0(7 - '70)

when again the finite positive constant M is derived from the resolvent bounds of Theorem 7.1.
This shows that R’ (v0) = R.(v0) Py, R=("0) in L(Bo, B3). To prove that v — R.(7) is contin-
uous from Jy to L(Boy, Bs) in a uniform way with respect to z € D, observe that v — R,(7) is
CO from Jy to L(By,B1) (use Theorem 7.1), that y — Py is C° (uniformly in z € D) from Jo
to L(By,Ba) by hypothesis, and finally that v — R.(v) is C° (uniformly in z € D) from Jy to
L(Ba,B3) (again use Theorem 7.1). Observe that (72) gives the differentiability at vy of the
map v — R,(7y) considered from J to L(By,Bs). The additional space Bs is only required to
obtain the continuous differentiability.
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7.3. Proof of Theorems 2.8 and 2.9 under Hypothesis 2.7*. Here the Keller-Liverani
perturbation theorem must be applied to the dual family (P:; )y- Actually the hypotheses of
Theorem 2.8 are:

o B — B,

e For every v € J, Py € L(Bg) N L(BY),

e v~ Py is a continuous map from J in L(B7, Bj),

e There exist dg, cg, Mg > 0 such that, for all v € J, TESS((PV)TBT) < §p and
Vn =1, Vit e By, [[(P7)"f"lls; < coloollf"llsy + M"[f )

e Hypothesis 2.5 holds on (Jy, By).

Proof of Theorem 2.8 under Hypothesis 2.7*. Under these assumptions it follows from The-
orem 7.1 applied to (P)),es with respect to (Bf, Bj) that, for every € > 0 and every & > do,
the map ¢ +— (zI — P:;)_l is well defined from Jy to £(B7), provided that z € D(d, ) with

D(d,e) :={z € C, d(z,a((P;O)‘Bg)) >e, |z| >0} ={z€C, d(z,a((P70)|52)) >e, |z| > d}.

In addition, the map ¢t — (zI — P¥)™!, considered from Jy to L(Bf,B), is continuous at
every 7o € Jo in a uniform way with respect to z € D(4,¢). By duality this implies that
t +— (21 — Py)~! is well defined from Jy to £(B;). Moreover, when this map is considered
from Jy to L£(By,B1), it is continuous at -y in a uniform way with respect to z € D(J,¢).
Finally Hypothesis 2.5 on (Jy, B1) enables us to identify the spectral elements associated with
r(y) = r((P7)|Bl). Consequently one can prove as in Subsection 7.1 that there exists a map
v = II, from Jy to £(B1), which is continuous from Jy to L£(By,B1), such that (17) holds
with B := B;. U

Proof of Theorem 2.9 under Hypothesis 2.7*. When Theorem 2.9 is stated with Hypothe-
sis 2.7*, then Theorem 2.8 applies on (By, B1), (B1,B2) and (B2, Bs) (with Hypothesis 2.7*
in each case). Thus, for every v € Jy, the spectral radius r;(y) := r((P,)3,) are equal for
i = 1,2,3 (See the proof of Lemma 7.2). Observe that, from our hypotheses, Hypothesis
2.5 holds on (Jy, B;) for i = 1,2,3. Since P7 on By inherits the spectral properties of P, on
B;, we can prove as above that, for every vy € Jy and for every ¢ > 0 and § > Jp, the map
v = (2] — P,;‘)*1 is well defined from some subinterval Iy of Jy containing vy into L(Bj),
provided that z € Dy where the set Dy is defined in (70). In addition, by applying Remark 7.3
with the adjoint operators (P,;‘)7 and the spaces B — B3 — B} — B, we can prove that the
map v — (21 — P;;)*l, considered from Jy to £(B3, Bg), is C! in a uniform way with respect
to z € Dy. By duality, this gives (71). We conclude the differentiability of v ~ II7 from Jo
to L(B3, BY) and so the differentiability of v — IL, from Jy to L(B1, Bs). O

7.4. Complements on the derivative of r(-). Let us first prove the following.

Lemma 7.4. Let J; = (a,b) C [0,+00) and let By — Bz be two Banach spaces such that
[ = &f € L(B1,B2). Assume that, for every vy € Ji, Py € L(B1) N L(B2) and that there exist
elements ¢, € By and 7, € B3 such that Py, = 7(7)¢, and Pym, = r(y)m,. Moreover as-
sume that v — Py and v — r(7) are differentiable from Jy to L(B1,B2) and to C respectively,
with respective derivatives at v € Jy given by P, : f + Py (=£f) and (7). Finally assume
that v = ¢~ is continuous from Jy to By and differentiable from Ji to By with derivative

v = @
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Then we have for every v € Ji: 7' (3)y (@) = —r(7)7y(Edy) . In particular, if () > 0,
Ty (dy) = 0 and m (E¢y) > 0, then r'(y) < 0.

Proof. Let 7,70 € Ji1. We have Py¢, = 7(7)¢y in Ba. From Py¢y — Py g = Py (0 — ¢vg) +
(Py — Py,)(¢~), we obtain that

Py (8) + Py (=€) = 7(0) 8, + 7' (70)Pse  in Bo.
We conclude by composing by 7., and using the fact that m,, o Py = r(y0)m,. U

Proposition 7.5. Assume that the assumptions of Theorem 2.9 hold. For every v € Jy, set
¢ =1, 1x and my = IIiw. Then the assumptions of Lemma 7.4 hold with J, = Jo and with
respect to the spaces By < By (resp. By < Bs) when the assumptions of Theorem 2.9 hold
with Hypothesis 2.7 (resp. with Hypothesis 2.7%). Consequently, for every v € Jy,

(1L, (€ 11,1x)) >0 = r'(y) < 0.

Proof of Proposition 7.5 under Hypothesis 2.7. We have 7, € B3 since m € B and II is
well defined in £(B3). Moreover ¢, € B; since 1x € By and II, € L(By), and v — ¢, is
continuous from J to By by Theorem 2.8. Finally v — ¢, is differentiable from J to B
(see the end of Remark 7.3). We have proved that the assumptions of Lemma 7.4 hold as
stated under Hypothesis 2.7. Finally, since r(v) > 0 when v € Jy, the desired implication
in Proposition 7.5 follows from the conclusion of Lemma 7.4 because 7, (¢) = m(¢,) and

7 (€ ¢y) = w(IL, (£ 11, 1x)). U

Proof of Proposition 7.5 under Hypothesis 2.7*. Note that m, :=II'7 € B3 since 7 € B3 and
IT3 is well defined in £(B3). The function v = P, is differentiable from Jy to L(B1,Bz),
thus from Jy to £(B1,B3). We have ¢, := Il,1x € B; since 1x € By and IL, is well defined
in £(B1). Moreover v — ¢, is continuous from J to By since II, is well defined in £(B),
continuous from Jy to L(By, B1), and 1x € By. Finally v — ¢, is differentiable from J to B3
since II, is well defined in £(Bs) and differentiable from Jy to £(B1,B3) and 1x € By. O

8. PROOF OF PROPOSITION 4.5

Proposition 4.5 directly follows from the following statement.

Proposition 8.1. Let B be a non null complex Banach lattice of functions f : X — C (or of
classes of such functions modulo 7). Let Q be a (nonnull) nonnegative quasicompact operator
on B such that 7(Q) # 0 and such that for every nonnull nonnegative f € B and for every
nonnull nonnegative ¢ € B* N Ker(Q* — r(Q)I), we have Qf > 0 and Y(Qf) > 0. Then

(a) 7(Q) is a first order pole of Q, and there exists a positive ¢ € B and a positive @) € B*

such that
Y(o) =1, Qeo=rQ)¢ and QY =r(Q)Y. (73)

(b) Let A € C and h € B such that |\ = 7(Q) and Qh = Ah. Then Q|h| = r(Q)|h| in B.

(c) If moreover Q is of the form Q = P(ke 7€) where P is the operator associated with
a Markov kernel, if 1x € B — LY(7), if Ker(Q — r(Q)I) = C - ¢ and if 1 is the only
complex number X of modulus 1 such that P(h/|h|) = Ah/|h| in LY(7) for some h € B
with |h| > 0, then r(Q) is the only eigenvalue of modulus r(Q) of Q.
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Proof. The fact that r(Q) is a finite pole of @ is classical for a nonnegative quasi-compact
operator () on a Banach lattice. Let us just remember the main arguments. From quasi-
compactness we know that there exists a finite pole A € o(Q) such that |A| = 7(Q). Thus,
setting A, := A(1 + 1/n) for any n > 1, we deduce from A € ¢(Q) that

lim [ (AT — Q)5 = +oo.

Since B is a Banach lattice, we deduce from the Banach-Steinhaus theorem that there exists
a nonnegative and nonnull element f € B such that

tim | (had — Q)7 s = +0o.

Next define 7, := 7(Q)(1 + 1/n) and observe that
‘()\nf _ Q)_lf‘ _ { Z A;(k—f—l) Qkf{ < Zr;(lﬁ—l) Qkf
k>0 k>0
Since B is a Banach lattice, the last inequality is true in norm, that is
[l = Q)7 < 1D Q|
k>0

from which we deduce that lim,, ||(r,] — Q)™ !||s = +o00, thus 7(Q) € ¢(Q). Finally r(Q) is a

finite pole of @) from quasi-compactness.

Let g denote the order of the pole r(Q), namely r(Q) is a pole of order ¢ of the resolvent
function z — (2I — Q)~!. Then there exists p > 0 such that (21 — Q)~! admits the following
Laurent series provided that |z — 7(Q)| < p and z # r(Q):

+oo

(I-=Q) "' = (2= r(Q) 4,

k=—q

where Ay are bounded linear operators on 5. By quasi-compactness, A_1 is a projection onto
the finite subspace Ker(Q — r(Q)I)?. Moreover we know that

A= (Q-r@D" oA = A0 (Q-r(@D)"" (74)
and that, setting r, :== r(Q)(1+ 1/n),
Ay = lim (= (@)l - Q)7
= lim (r, —r(@))° Z r D QF, (75)

n — 400
k>0

Since @ is a nonnull nonnegative operator on B, so is A_,. Since A_; # 0, we take a
nonnegative hy € B such that ¢ := A_jhg # 0 in B. We have (Q — r(Q)I)A_, = 0, so
7(Q)¢ = Q¢. Similarly there exists a nonnegative 19 € B* such that 1y := A* 2 is a
nonzero and nonnegative element of Ker(Q* —r(Q)I), where A*  is the adjoint operator of

A_,. Note that 1 (¢) = 11(Q¢)/r(Q) > 0 from our hypotheses, so that ¢ and 1 := 11 /91 ()
satisfy (73). To conclude the proof of Assertion (a), let us prove by reductio ad absurdum

that ¢ = 1. Assume that ¢ > 2. Then A % =0 from (74) and A_1(B) = Ker(Q —r(Q)I)?, so
that 11 (@) = (A* ;¥0)(A_gho) = 1ho(A2 ho) = 0. This contradicts the above fact.

To prove (b), recall that, from our hypotheses, we have ¥ (g) = ¥(Qg)/r(Q) > 0 for every
nonnull nonnegative g € B. Let A € C and h € B such that |A\| = 7(Q) and Qh = Ah. The
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positivity of @ gives |Ah| = r(Q)|h| = |Qh| < Qlh|, thus gy := Q|h| — r(Q)|h| > 0. From
¥(go) = 0, it follows that go = 0, that is: Q|h| = r(Q)|h| in B.

Now let us prove Assertion (c) of Proposition 8.1. Recall that the above nonnull nonneg-
ative function ¢ € B is such that Q¢ = r(Q)¢. From our hypotheses we deduce that ¢ > 0
(modulo 7). Let A € C and h € B be such that |A\| = 7(Q), h # 0 and Qh = Ah. Due to the
previous point and to our assumptions, we obtain that Q|h| = r(Q) |h| and |h| = B¢ for some
B > 0. In particular h # 0 7— a.s.. One may assume that 5 = 1 for the sake of simplicity.
Let A= {zx € X:|h(z)| = ¢(x) > 0} and

B={zeX:(Po)a) =r(Qox)}, C={xeX:(Ph)x)=Ah(x)).
Let A¢ =X\ A. It follows from 7(A¢) = 0 and from the invariance of 7 that
T (P(lAc(qS + |h|) 5677£)> = <1Ac (¢ + |h|) 56775) = 0.

Let D := {z € X : (P(14c (¢ + |h|) ke %)) (z) = 0}. Then we have m(D) = 1. Now define
E=ANnBNCND. Then n(F) = 1, and we obtain that

Ve e E, |h(x)]=¢(x)>0 (76a)
Vo€ B, Mh(z)= (P(lahke))(z) = / h(y) k(y)e ¢ P(x, dy) (76b)
Ve e E, r(Q)¢o(x) = ( (Lap ke~ 75 /qb )e aY P(x,dy). (76¢)
Let 2 € F and define the probability measure: 7, (dy) := (r(Q) ¢(z)) " ¢ (y) k(y)e~ W) P(z, dy).
We have
r(Q) ¢(z) h(y)
B P2 W) e(dy) = 1.
[ i =
Since |h(z)| = ¢(x) and |h| = ¢ on A, the previous integrand is of modulus one. Then a

standard convexity argument ensures that the following equality holds for P(z,-)—almost
every y € X:

r(Q) o(x) h(y) = Ad(y) h(x).
This implies that r(Q)Pm = )\% everywhere on F, thus T(Q)P% = A\ in LY(7). So
A =r(Q) from the hypothesis of Assertion (c) of Proposition 8.1. O

9. A COUNTER-EXAMPLE

Assume that (X, d) is a metric space equipped with its Borel o-algebra. Let £ denote
the set of bounded functions f : X — C, endowed with the supremum norm.

Proposition 9.1. Assume that P is a Markov kernel satisfying the following condition :
there exists S € (0,4+00) such that, for every x € X, the support of P(x,dy) is contained
in the ball B(x,S) centered at x with radius S. Assume that k = 2 and that £(y) — 0 when
d(y,xo) — +00, where g is some fized point in X. Then, for every v € [0,400), the kernel
P, :=2P(e™%.) continuously acts on L and its spectral radius r(7) = 7((Py)|coo) satisfies
the following

Vy €10,400), r(y)=2.
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Proof. We clearly have r(y) < 2 since P, < P and P is Markov. For any 8 > 0, we obtain
with f = 1[§§B]

VreX, (Pf)(z)=2 / e W) Pz, dy) > 2777 P(z,[¢ < ).
[e<B]

The set [§ < S] contains X\ B(xg, R) for some R > 0 since £(y) — 0 when d(y, z9) — +o0.

Thus, for d(xz, o) sufficiently large (d(z,z9) > R+ S), we have P(z,[{ < ]) = 1, so that

| Pyllee > || Py fllcoe > 2¢~7P. This gives || Py g = 2 when 8 — 0. Similarly we obtain with

f = 1e<p), that, Vo € X\ B(xo, R + 25),

(P2f)(z) = 4 / e 1CWHED 1 g (2) Py, dz) P(x, dy)
> 4P / e W P(y, ¢ < B]) Pz, dy) > de 217
X\B(z0,R+S)

and so V3 > 0, HP%HL;OO > ||P,$f”l:oo > 4¢~27%, Again this provides HP%HL;OO = 4 since [
can be taken arbitrarily small. Similarly we can prove that ||P}[|ze = 2" for every n > 1,
thus r(y) = 2. O
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