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Abstract

In this paper, we prove some exponential growth results when time goes to —oo for the pullback attractor
of a non-autonomous SIR (susceptible, infected, recovered) model from epidemiology considered in Anguiano
and Kloeden (2014). We prove two exponential growth results for this pullback attractor, firstly in the norm
H$(Q)3, and later, under appropriate additional assumptions, in the norm H?(2)3.
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1 Introduction and setting of the problem

Let us consider the following problem for a temporally-forced SIR (susceptible, infected, recovered) model with
diffusion
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with the Dirichlet boundary condition
S(x,t) =I(z,t) = R(x,t) =0 on 90 X (to,+00), (2)
and initial condition
S(x,to) = So(z), I(x,tg) = Io(x), R(z,ty) = Ro(z) for = € Q, (3)

where Q C R%, d > 1, is a bounded domain with a smooth boundary 9Q, N(t) = S(t) + I(t) + R(t) and ¢y € R.
We assume that the parameters a, b, ¢ and ~ are positive constants such that v + g + 5 < A, where Ay > 0 is
the first eigenvalue of the negative Laplacian with zero Dirichlet boundary condition in 2. The temporal forcing
term is given by a continuous function ¢ : R — R taking positive bounded values, i.e. ¢(t) € [¢,q"] for all ¢ €
R where 0 < ¢~ < ¢, such that ¢’ € L} (R; L? (Q2)) and satisfies
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Epidemiology is the study of the spread of diseases with the objective of tracing factors that are responsible
for or contribute to their occurrence. Mathematical models are used extensively in the study of epidemiological
phenomena. Most models for the transmission of infectious (see for instance [1, 5]) descend from the classical SIR
model of Kermack and McKendrick [8] established in 1927. Its classical form involves a system of autonomous
ordinary differential equations for three classes, the susceptibles S, infectives I and recovereds R, of a constant
total population.

There is a strong biological motivation to include time-dependent terms into epidemiological models, for
instance temporally varying forcing is typical of seasonal variation of a disease [7, 10].

Our model (1)-(3) is a classical and well-known model from mathematical epidemiology in the form of the
SIR equations, with diffusion, in which a temporal forcing term is considered.

Several studies on this model have already been published. More precisely, in [3] we proved the existence and
uniqueness of positive solutions of (1)-(3) for initial data in L?(Q2)3. Namely, in [3, Theorem 6.2.] we establish
that, if ¢ takes positive bounded values, the process associated to (1)-(3) has a unique pullback attractor A,
which satisfies

,lim (6/\1t0 sup |(w1,w2aw3)2L2(Q)> =0. (5)
0 oo (w1, w2, w3z)EA(to)

In Anguiano [4], we established a regularity result for the unique positive solution to problem (1)-(3), and we
proved some regularity results for the pullback attractor A. More precisely, we prove that, under the condition
v+ % +5 < A1, the set A(to), for any o € R, is a bounded subset of H} ()3, and if moreover ¢’ € L7 (R; L?(12)),
then A(to) is also a bounded subset of H?(Q)3.

However, as far as we know, there are no results in the literature concerning exponential growth of the
pullback attractor of (1)-(3) as we will consider in this paper. By relying on a technique introduced by Anguiano
et al. [2], we prove our main results (cf. Theorem 3 and Theorem 4).

The structure of the paper is as follows. In Section 2, we prove an exponential growth condition for the
attractor A(tp) in H}(Q)3 when tg — —oco. Under appropriate additional assumptions, an exponential growth
condition in H2(Q)3 for A(tp) is proved in Section 3.

2 An exponential growth condition for the pullback attractor in
Hi (Q)°

We denote by (-, ) the inner product in L?(f2), and by || 2(q) the associated norm. By [|-|| we denote the norm

in H}(Q), which is associated to the inner product ((-,-)) := (V-, V-). We will denote by (-, -} the duality product
between H~!(Q) and H} (Q).
In addition, X3 denotes the space of functions (uq,us,us) € L? (Q)3 with the scalar product

((u1,u2,u3), (v1,v2,v3)) = (u1,v1) + (u2,v2) + (us, v3)

and norm
(1, u2,u3)l L2 () = lurlp2q) + U2l L2 ) + lusl L2 (g
for all (uy,us,us3),(v1,v2,v3) € X3, while Y3 denotes the space of functions (uy,ug,u3) € H} (Q)3 with the scalar

product
(((u1,uz,us), (v1,v2,v3))) = ((ur,v1)) + ((uz,v2)) + ((us,v3)) ,

and norm
[[(u1, w2, uz)|| = [|ua || + [|uz|| + [[us]],

for all (u1,ug,us),(vi,va,v3) € Ya. Finally, let X; be the subspace of non-negative functions in X3 and Y3" be
the subspace of non-negative functions in Y.
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The globally defined nonnegative solutions of (1)—(3) generate a process in the Banach space X5 (see [3]),
i.e., a family of mappings Uy, : X;‘ — X;‘ with ¢ > ¢y in R satisfying

Uto,tol“ =, Ut,toﬂ? = Ut,r O UrtyT,

for all tg < r < tand z € X;r . In [3, Proposition 1] we established that the 2-parameter family of mappings
Uy - X;r — X3+7 to < t, given by

Ut to (S0, Lo, Ro) = (S(t), I(t), R(1)), (6)

where (S(t),I(t), R(t)) is the unique positive solution of (1)—(3) with the initial value (So, Iy, Ro), defines a
continuous process on X .

Recall that a pullback attractor for the process Uy 4, (e.g., cf. [6]) in the space X3 is a family A = {A(t),t € R}
of nonempty compact subsets of X 3+ , which is invariant in the sense that

U1y Ato) = A1), for all t > tq,
and pullback attracts bounded subsets D of X;r , Le.,
dist v+ (Ui, D, A(t)) =0 as ty— —oo,
where we denote by dist y + (,-) the Hausdorff semi-distance in X .

We recall a lemma (see [9]) which is necessary for the proof of our results.

Lemma 1 Let X,Y be Banach spaces such that X is reflexive, and the inclusion X CY is continuous. Assume
that {un} is a bounded sequence in L (to, T; X) such that u, — u weakly in Li(ty,T; X) for some q € [1,+00)
and u € CO([to, T);Y). Then, u(t) € X for all t € [to, T] and

lu(llx <8P unll o o mix) V€ [to, T)-
77/_

Let A : H}(Q) — H~(Q) be the linear operator associated with the negative Laplacian. The operator A is
symmetric, coercive and continuous.

Since the space H}(Q) is included in L?() with compact injection, as a consequence of the Hilbert-Schmidt
Theorem there exists a nondecreasing sequence 0 < A; < Ay < ... of eigenvalues of A with zero Dirichlet boundary
condition in €, with lim;_,o A; = +oc and there exists an orthonormal basis of Hilbert {w; : j > 1} of L*(Q)
and orthogonal in H} () with V,, := span {w; : 1 < j <n} densely embedded in H}(£2), such that

Aw; = Ajw; for all j > 1.
For each integer n > 1, we denote by (S, (t), I.(t), Rn(t)) = (Sn(t;to,So), In(t; to, o), Rn(t;to, Ro)) the
Galerkin approximation of the solution (S(¢;to,S0), I(t;to, o), R(t; to, Ro)) of (1)-(3), which is given by

Su(t) =Y vmiWws,  In(t) =Y vmi(Ows,  Ra(t) = (b,
j=1 j=1 j=1

and is the solution of

O (Sult).1y) = (AS(0) w) + (A(Su(t). Lu(0). Ru(t).0) ).
& (L)) = (AL, w) + (B(Su(t), Tn(0) Ba(t) ), 17),
d
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with initial data
(Sn(to), wj) = (So,wj) , (In(to), w;) = (Lo, w;) , (Rn(to), w;) = (Ro, w;),

for all w; € V,,, where

Tng () = (Su(t),w)),  vm;(t) = Tn(t),w)),  vm;(t) = (Ra(t), w)).

We denote
A0 lt), Ra(0).) = ag(t) = aS,(6) + b1, (1) ~ 7 2
fQ(Sn(t)a In(t), Rn(t)7 t) = 7(0: + b+ C)In(t) + ’st](\;;:f;)(t) )
F3(Sn(t), Lu(t), Rp(t),t) := el (t) — aRy(t),

where

No(t) = Su(t) + L (t) + Ro().

On the other hand, if we denote
D(A)={ve H}Q): Ave L*(Q)},

with the scalar product
(v,0)p(ay = (Av, Aw) Vv, w € D(A),

then D(A) is a Hilbert space, and D(A) is included in H{(2) with continuous and dense injection. Let D(A)*
be the subspace of non-negative functions in D(A).

Remark 2 We note that if Q@ C RY is a bounded C* domain, then we have that D(A) = H? (Q) N H} (Q), and
moreover the norm induced by (-,-) p(4y in D(A) and the norm of H?(Q) are equivalent.

Now, in our first main result, we prove an exponential growth condition for the attractor A(tg) in HE()? when
tg — —o0.

Theorem 3 Suppose that Q C R? is a bounded C? domain and assume that v+ % +5 < A1 where Ay is the first
eigenvalue of the operator A on the domain Q with Dirichlet boundary condition. Then A(to) satisfies

Jim YN sup [ )]? =0, ™
0 00 (v1,v2,v3)€A(to)

Proof. From the inequality (27) of [4], for any ¢t > ¢, we have
S0} 2y ) o+ B oy + [ (ISP IO+ Ba5) ) ds (8)
to
<G (lSOEZ(Q)+|IO|32(Q)+|R0&2(Q)+@ - t0)> ;
max {1, $(¢*)* ||}

min {1,2 — AL+ e+ 27)} '
From (8) and (26) in [4] we now obtain that

for all r € [to, t], and all n > 1, where C} :=

(r = t0) (152 ()1 + 1L + IRa(0)I2) < Cr (180f3m(0 + ol +IRolagey + = 10))  (9)

(q4)? 19 (t = t0)* 20+ 5 k1 C)

_|_

_|_

2 2 2
kL C (|50|L2(Q)+|10|L2(Q)+|R0\L2(Q)) (t —to),
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for any t > tg, all r € [to,t], and all n > 1, where C := (2A\; —b — ¢ —2v)~! and k; is a positive constant.

In particular, from (9) we deduce

2 2 2 2 2 2
IS+ 11 () + [P < Co (10 iy + o 2+ Rol 22y 1) (10)
for all € [to + 1,0 + 2], and any n > 1, where
Cy := max {C’l +2k,C, 20, + 4(g )2 (2(12 + ﬁklc)} .
2
Using Lemma 3 in [4], we have that (S,(-) ), Rn(4)) = (Sn(+5t0,S0), In(;to, Io), Rn(+;to, Ro)) converges

) (
weakly to the unique solution to (1)-(3) (S(-), I(-), R(*)) = (S(-;to,So), I(-;to, Io), R(:;to, Ro)) in L?(to,t; (Y 1)3),
for all ¢ > tg. Thus, from (10) and Lemma 1, we in particular obtain

I,
);

2 2 2 2 2 2
[S(to+ D"+ 1o+ 1)+ [ R(to+1)[|" < Co (|50|L2(n)+|IO|L2(Q)+|RO\L2(Q)+1) :
Multiplying this inequality by e* (ot and using (6), there exists a constant C'5 > 0 such that
eAl(tU—H)HUtO—i-l,to (50;107R0)H2 < 03(2)\1 (e>\1to |(503107R0)‘i2(ﬂ) + e)qto) , (11)

for all ty € R, and all (S, Ip, Ro) € X3 .
As A(to + 1) = Upy41,10A (to), it follows from (11) that

10D (01, v, 03) |7 < Cae <€A1t°( S A )|(w1,w27w3)|22(9) - e>‘1t0> )
wi,w2,w3)EA(to

for all (vi,v2,v3) € A(top + 1), and any to € R.
Finally, this inequality implies

Mo ||(vy, vg,v3)||? < Ozt | etilto=D) sup |(w17w2,w3)|iz(m +eMto=1) | (12)
(w1,w2,w3)€A(to—1)

for all (vy,v9,v3) € A(tg), and any to € R. Taking into account (5), from (12) we obtain (7). m

3 An exponential growth condition for the pullback attractor in
H2(ﬂ)3

The aim of this section is to continue with the analysis of the model in the sense of proving that the attractor
A(to) satisfies also an exponential growth condition on the space H2(§2)? provided some additional assumptions
are fulfilled. Our second main result is the following.

Theorem 4 In addition to the assumptions in Theorem 3, assume moreover that ¢ € L? (R;L*(2)), and
satisfies (4). Then A(to) satisfies that

lim (e)‘lto sup |(v1,v2,v3)||§{2(ﬂ)> =0. (13)

to——o0 (v1,v2,v3)EA(to)

Proof. From inequality (35) in [4], taking ¢t = to + 3 and € = 2, we have

to+3
2 2 2 2 2 2
1S5 (M 120 + T (M)120) T 1B (M)12@) < (4k3+1)/t ) <|S1/1(9)|L2(Q)Jr"[7/1(0)|L2(Q)+|R/n(0)‘L2(Q))d0 (14)
o+
to+3 9
+ a/ 14" (0) |12 () O,
to+1
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for all r € [tg + 2,tp + 3], and any n > 1, where k3 is a positive constant.
Analogously, and if we take s =tg+ 1 and r = t = ¢y + 3 in inequality (25) of [4], we, in particular, have

to+3
2 2 2
L (5000 Oy H RO )0 < 1,000+ DI + 1o + DI + oo + DI

+ 3(¢%)219 (2% + SkiC) (15)
+ kC (\Soﬁz(n)+|Io|iz(n)+|R0\iz(Q)> ;

for all n > 1, where k; is a positive constant and C := (2A\; — b —c — 2y)~%.
From (14) and (15), we obtain

2 2 2
1S4 acey + ) 2oy + IR ey < (ks + 1) (180 + DI+ ulto + DI + | Ralto + DI)
to+3
bk + )39+ SRC) +a [ 4O db
to+1

+ (4ks+1)kiC (|So|i2(ﬂ)+|10|iz’(ﬂ)+|R0‘i2(ﬂ)) ;

for all r € [to + 2,t0 + 3], and any n > 1.
Owing to this inequality and (10), there exists a constant C; > 0 such that

to+3
2 2 2 ~ 2
1S5 (M2 () + 0 ()12 (0) + [Ru(P)]2) < C (|SO|iQ(Q)+|IO|i2(Q)+|R0|i2(9) Jr/ |¢'(0)[12(q) 40 + 1) ;

to
for all r € [to + 2,to + 3], and any n > 1.
From inequality (36) of [4], and thanks to (16), we have

A8 (1) 7200y + AL ()| 720 + 1AR (1) 720

~ to+3
< 4Gy (|50iZ(Q)+|IO|2Lz(Q)+|RO|iz(Q) +/ |q/(9)|iQ(Q) de + 1)

to

+ 8a%(q")? 19 + ks (180 (1) 2oy + (1) 2oy + | Ra(r) 22y )

for all r € [to + 2,t0 + 3], and any n > 1, where ko is a positive constant.
Therefore, by (8) we obtain that there exists a constant Co > 0 such that

\ASn(T)|2L2(Q) + |AIn(7')|2L2(Q) + |ARn(T)|ri*2(Q) (16)

~ to+3
S 02 <|50|?22(Q)+IO@P(Q)—HROEQ(Q) +/ |q/(9)|iz(g) de + 1) )

to

for all r € [tg + 2,tp + 3], and any n > 1.

By Theorem 6 in [4], we have that (S(+;to, So), (- to, o), R(-;to, Ro)) € C ([to + 2,t0 + 3]; Y5"). On the other
hand, in the proof of Theorem 4 in [4], we proved that {(S,(-;t0,S0), In(:; to, o), Rn(;to, Ro))} is bounded in
L3(to, t; (D(A)*1)3) for all t > to. Then, in particular, we have that (S, (), I,(+), Rn(+)) = (Sn(*; to, S0), In (- to, Io),
R, (-;to, Ro)) converges weakly to the unique solution, (S(-),I(-), R(:)) = (S(-;to,S0), I(*;t0,Io), R(:;to, Ro)), to
(1)-(3) in L2(to + 2,t0 + 3; (D(A)1)3).

Then, by Lemma 1, inequality (16) and the equivalence of the norms |Av|z2(q) and ||[v]|g2(q), we have that
there exists a constant C3 > 0 such that

1(S(r5t0, S0), I(r5to, To), R(r; to, Ro)) | 2 e (17)
~ to+3
<Cs (|50\i2(9)+|10|i2(9)+|30|iz(9) + [0 g (0) 72y 0 + 1) :

to
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for all r € [to + 2,10 + 3], any to € R, and (SQ,I(),R(]) S X;_
Thus, from (17), and using (6), we deduce that there exists a constant Cy > 0 such that

. to+3
||Uto+2,to(SO7107RO)H%&(Q) <Cy (I(So,]o,Ro)FLz(Q)Jr/ |q/(0)\iz(m d0+1) ,
to

for all tg € R, (So, Io, Ro) € X5 .
From this inequality, and the fact that A(tg) = Uy, 1, —2.A(to — 2), we obtain

~ to+1
H(v1,v2,v3)||§12(g) < Cy ( sup |(w1,w2,w3)|QL2(Q) +/ |q/(9)|i2(ﬂ) d9+1> 7 (18)
(w1, w2, w3)€A(tg—2) to—2

for all (v1,v2,v3) € A(ty), and any ¢y € R.
Now, thanks to (4) and (5), we obtain (13) from (18). m
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