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Schemes with well-controlled dissipation.
Hyperbolic systems in nonconservative form

Abdelaziz Beljadid', Philippe G. LeFloch?,
Siddhartha Mishra?, and Carlos Parés*

Abstract

We propose here a class of numerical schemes for the approximation of weak solutions to nonlinear hyper-
bolic systems in nonconservative form —the notion of solution being understood in the sense of Dal Maso,
LeFloch, and Murat (DLM). The proposed numerical method falls within LeFloch-Mishra’s framework
of schemes with well-controlled dissipation (WCD), recently introduced for dealing with small-scale de-
pendent shocks. We design WCD schemes which are consistent with a given nonconservative system at
arbitrarily high-order and then analyze their linear stability. We then investigate several nonconservative
hyperbolic models arising in complex fluid dynamics, and we numerically demonstrate the convergence of
our schemes toward physically meaningful weak solutions.

1 Introduction

This is a follow-up to the papers [17, 32], in which two of the authors have introduced a class of
schemes, refered to as the schemes with well-controlled dissipation (WCD), which allow one to
compute, with robustness and accuracy, small-scale dependent shock wave solutions to nonlinear
hyperbolic systems of conservation laws. We do not attempt to review the problem of nonclassical
shocks and the corresponding numerical techniques and, instead, we refer to the textbook by
LeFloch [29] together with the recent review by LeFloch and Mishra [32] and references therein.
In the present paper, we investigate nonlinear hyperbolic models in nonconservative form, such

as those arising in the modeling of two-phase (liquid-vapor) flows and shallow water (two-layer)
flows. Shock waves appear often in these contexts and developing reliable numerical methods is an
essential challenge. Specifically, we consider nonlinear hyperbolic systems in one spatial variable,
of the general form

Ui + A(U)U, = 0, U=U(tz) e RY,

U(0,z) = Uo(x),
where U is the vector of primitive unknowns and A = A(U) is a smooth map defined on (a subset
of) RN. We assume that, for each relevant U, the matrix A(U) admits distinct real eigenvalues
denoted by A1 < A2 < ... < Ay and, therefore, a corresponding basis of right-eigenvectors,
denoted by 7;(U)i<j<n. We are interested in (possibly) discontinuous solutions to (1.1) that
can be realized as (singular) limits of (smooth) solutions to systems with vanishing diffusion and
(possibly) dispersion, that is,

Ui+ A(U)U, = e(BU)U,)_ + ac® (C1(U) (C2(U)Uy),)
U(0,z) = Up(x).
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The challenging question of defining weak solutions to (1.1) was solved around 1990 by LeFloch
and his collaborators. Recall that it was first proposed in [25] to rely on Volpert’s product and
in [26] to rely on traveling wave profiles associated with an augmented model taking into account
small-scale effects. A general notion of nonconservative product was then introduced by Dal Maso,
LeFloch and Murat (in the preprint included in [27], later published in [15]) who also solved the
Riemann problem for nonconservative systems. Recall also that the existence of weak solutions
in the DLM sense to the Cauchy problem was established for nonlinear hyperbolic systems (1.1)
by LeFloch and Liu [31] via Glimm’s random choice method when the initial data has small total
variation. The existence of traveling wave solutions to nonconservative systems was established
later on in [38]; see also [2].

The numerical investigation of nonconservative hyperbolic problems was initiated in Hou and
LeFloch [22], motivated by an earlier study by Karni [24] for the system of gas dynamics equa-
tions. The class of nonconservative systems and, more generally, systems admitting small-scale
dependent shock waves, leads to particularly challenging problems as was first studied by LeFloch
and collaborators [22, 21, 23, 34, 14, 33] and later further investigated in [8, 37, 1]. Recall that
a variety of approaches for nonconservative systems were proposed in the literature, especially
by Gosse [20], Berthon and Coquel [3, 5, 6] together with LeFloch [7], Parés and collaborators
[11, 12, 35, 36], Mishra and collaborators [9, 19], and Berthon, Boutin, and Turpault [4].

However, as pointed out in the review [32], robust and accurate schemes that can compute
small-scale dependent shocks to nonconservative hyperbolic systems, especially with arbitrary
large amplitude, still remain unavailable. It is precisely our objective in the present paper, as
mentioned earlier, to built upon the WCD framework recently proposed by LeFloch and Mishra
[17, 32] and to design schemes with well-controlled dissipation adapted to (1.2).

Recall that, in [17], the authors designed WCD schemes for the approximation of nonclassical
shock waves to nonconvex (but conservative) hyperbolic systems. The extension of these schemes
to nonconservative hyperbolic systems is addressed here. Throughout, we rely on the notion of the
equivalent equation associated with a scheme, whose importance to handle small-scale dependent
solutions was discovered by LeFloch and collaborators [22, 21, 34, 33]. The equivalent equation
associated to a numerical method, which is a high-order PDE system obtained by a formal Taylor
expansion, was also used to design numerical methods in [24] and [9]. The general idea is to design
numerical methods such that the viscous terms in the equivalent equation coincides with the one
arising from the physics. Although this methodology leads to numerical solutions that are closer
to the correct weak solutions, convergence as Ax tends to 0 cannot be expected in general, since
the higher-order terms in the equivalent equation are not controlled [22].

As stated in (1.2), we take into account a vanishing diffusion and (possibly) a vanishing disper-
sion and our finite difference method, whose stencil consists of 2p+ 1 centered points, is applied in
such a way that the diffusion and dispersion terms in the equivalent equation are of order O(Ax)
and O(Ax?), respectively, while the order of the higher-order terms is O(Ax??) at least. Impor-
tantly and this is one of the main features, our numerical method is provided with a parameter ¢
whose values is computed so that, given a certain tolerance 7, the ratio between these higher-order
terms and the physically meaningful ones at a shock is bounded by 7. The numerical solutions
therefore are expected to converge to the physically-meaningful weak solutions, when both Ax
tends to 0 and p tends to co (in agreement with the conclusion in [33] for nonclassical shocks).

We emphasize that the main goal of the numerical methods introduced here is the convergence
to the correct weak solutions: they are not designed to compete in efficiency or shock-capturing
properties with standard high-order numerical methods, which are relevant for a different class of
problems, i.e. shocks that are insensitive to small-scale mechanisms.

An outline of this paper is as follows. In Section 2, we begin with a selection of nonlinear
hyperbolic models in nonconservative form of particular interest in the dynamics of complex fluids.
In Section 3, we introduce our class of schemes with well-controlled dissipation and we discuss
various aspects of these schemes, including the important issue of establishing bounds on the
time-step. Section 4 is then devoted to present numerical tests for the coupled Burgers system,
the coupled cubic equations, a modified shallow water model, and, finally, the two-layer shallow
water model. We conclude this paper with several remarks in Section 5.



2 A selection of nonlinear hyperbolic models in nonconservative form 3

2 A selection of nonlinear hyperbolic models in nonconservative form

2.1 The coupled Burgers equations

In this section, we present some examples of nonconservative nonlinear hyperbolic systems. First
of all, in [11] the authors proposed the following model problem for nonconservative hyperbolic
systems:

Opu +u0z(u+v) =0,

2.1
Opv 4+ v 9 (u+v) =0. (2.1)

The system can be rewritten in the form (1.1) with

o-f]. w0

v v v

If the component equations of this system are added, then the Burgers equation for w := u+wv

is obtained:
w?

Therefore, the equation (2.1) is termed the coupled Burgers system. The Burgers equation satisfied
by the sum w = u 4 v suggests the following entropy pair:

In order to set unambiguously the jump conditions across a shock, the small scale effects have
to be taken into account. Following Berthon [3] we consider the vanishing diffusion term given by

Ou+ ud(u+v) = elﬁiz(u +v),

’ (2.2)
O + v 0z (u+v) = €07, (u+ ).

In [3] the exact viscous profiles of the regularized system have been computed. In the limit
€1, €2 — 0 this gives the correct (physically relevant) entropy solution of the Riemann problem for
the coupled Burgers equation. This solution depends on the ratio €1 /ea: see [3].

Equations (2.1) can be rewritten in the following form

Ow + wdw =0,

2.3
Oru + udyw = 0. (2:3)

The system can be rewritten in the form (1.1) with

o[ -l

The eigenvalues of A(U) are A\1(U) = w and A2(U) = 0 and the corresponding eigenvectors

Therefore, the system is strictly hyperbolic if w # 0. Note that the first equation in (2.3) is
decoupled from the second equation of this system and can be rewritten in conservative form.



2 A selection of nonlinear hyperbolic models in nonconservative form 4

2.2 The coupled cubic equations
We consider next the system

Opu + 2(u + v) uy + (u+v)? v, =0,
O + (u+v) uy +2(u+v)% v, =0

The system can be rewritten in the form (1.1) with

o= A=

If the component equations of this system are added, then a scalar conservation law for w := u+wv
with cubic flux is obtained:
Orw + 8xw3 =0.

The conservation law satisfied by the sum w = u + v suggests the following entropy pair:

W)= av)= "

The eigenvalues of A(U) are A\;(U) = w? and \2(U) = 3w?, while corresponding eigenvectors
are

mm:[

Therefore, the system is always hyperbolic and it is strictly hyperbolic if u+v # 0. The characteris-
tic field r1 (U) is linearly degenerate and the corresponding simple waves are contact discontinuities

that link states U such that

wh=w".

The characteristic field ro(U) satisfies
VX (U)-ro(U) £0 ifu+ov#0.

The corresponding rarefaction waves link two states U™ satisfying

ut—vt =u" —v.

In order to set unambiguously the jump conditions, we consider the following regularized
system:

O+ 2(u + v) 2 up + (u4v)2 v = €1 (U + V) zp + (516%(u + V) gz,

) ) 5 (2.5)
v+ (u+v) uy + 2(u+v)° vy = €a(u + V) gy + 267 (U + V) paa,
where d;, i = 1,2 are positive constants. If these two constants are such that:
0187 — 6953
1= 01T+ bash = 22 (2.6)
S1 — S2
where ..
Si = ‘ ) i= 17 27
€1 + €2

then the traveling waves of the regularized system can be explicitly computed. A similar situation
happens in the context of Navier-Stokes equations: when the Prandtl number is 3/4 then a simple
exact solution of the viscous profiles can be computed: see [41].

Notice first that the regularized equation satisfied by w is:

wt + (wg)ﬂc = €Wgy + 7€2wwmw7 (27)
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where € = €; + €3. Next, we look for a number A and a pair of functions (u(y), v(y)) with

T — At

€

y:

solving (2.5) as well as the boundary conditions:

: . : _ *
Jm ) =ut I ) =%
. / o . / _
i, v ) =0, N, V) =0,
. 172 _ . " _

Some easy computations show that v and v have to satisfy:

'+ 2(u+v)2u + (u+0)? 0 = s (u+ ) + 085 (u+ ),

l 2,/ 2,/ " 2 " (2'8)
2+ (u+v) v+ 2u+v)? v = so(u+v)" + das5(u+v)".
The function w = u + v satisfies the equation:
2w’ + 3w’ = w” +yw”, (2.9)

and thus it is a traveling wave of (2.7), and these traveling waves can be exactly computed: see
[29] and the references therein for the theory of nonclassical shocks.
On the other hand, thanks to (2.6), z = u — v satisfies the equation

2\ w? = (51— s2)(w” +yw”)
and, thus,
(=X +w?)z' = (51 — s2)(— ' + 3w?w’),

which allows us to compute z (and thus u and v) once w is known. In particular, it can be shown
that two states U* can be connected by a traveling wave if w* can be connected, in turn, via the
equation (2.9). Consequently, u*, v* satisfy the relations

ut = ;<w+—|—u_ —v7 4+ (s —32)<3(w+—w_)
+ﬁ<log<m>—1g<m>>>>, (2.10)
vt o= wt -t

where
A= (wh)? +wtw™ 4+ (w)% (2.11)

Once the traveling waves have been computed, the physically meaningful jump conditions are
derived.

Figure 1 shows the Hugoniot curve of a given left state and the components of the right states
Ur = (ur,v.) as a function of w, = u, + v.. It can be noticed that these components tend to
+oo as w, — 0F. Therefore the Hugoniot curve of a state satisfying w, > 0 cannot pass through
w = 0. We will consider this system in the region u + v > 0 in which the first characteristic field
is genuinely nonlinear.
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o [eft state I
—hugoniot curve it

Lo o |eft state

——————
1
1
s

Fig. 1: Rankine-Hugoniot curve of the state U; = [1,1] (left), v and v components of the right
states as a function of w, (right).

2.3 The modified shallow water system
2.3.1 Formulation of the model
In [8] the following system was considered

ht‘f'CI:z::O’

q2
q + (h> + qhh, =0,

(2.12)

where ¢ = uh. This is a modification of the shallow water system in which the gravity has been
replaced by the discharge in the pressure term of the momentum equation. Although this system
does not come from a physical model, it is useful to test numerical methods for nonconservative
systems, since it presents the difficulties related to the presence of nonconservative products arising
in many physically relevant models but it is simple enough to be able to compute the solutions of
the Riemann problems.

The system can be written in the form (1.1) with

AU) = [_ugiuhg ;J (2.13)

The eigenvalues of A(U) are A\ (U) = u — hy/u and Aa = u + hy/u, and

Ri(U) = [ N } i=1,2,

are associated eigenvectors. The system is strictly hyperbolic if v > 0 and h # 0. On the other
hand, some straightforward calculations show that:

h h
V)\1(U)R1(U)=—2\/a+ 5, v)\Q(U)R2(U):2\/r(>L+ 5
Therefore the characteristic fields are genuinely nonlinear if h # +4,/u. We consider the system

in the region
Q={(h,q) | 0<u,0<h<4/u}, (2.14)
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in which the system is strictly hyperbolic and the characteristic fields are genuinely nonlinear.
The Riemann invariants are given by \/u + h/2 = const and /u — h/2 = const.

In [8] a specific family of paths was chosen to set the definition of weak solutions in the
presence of shocks. Here, we proceed in a different way: we show that the system can be written
in conservative form after a change of variables. We assume here that the weak of solutions
of this conservative reformulation are the correct ones and thus the right jump condition is the
corresponding Rankine-Hugoniot condition. Indeed, by using the identity

h? h? h3
Q(2>x:(qz)z+(6);
ht + QI - 07
h3 q> h2 (2.15)
(04 5) + (5 +0%) =0

The corresponding Rankine-Hugoniot conditions are as follows:

the system reads

_U(h+_h—)+Q+_Q—:O7

b BN, & & bl ¢k (2.16)
B

hy h-_ 2 2

where g+ and h4 are the right and left limits, and o the shock speed.
Eliminating ¢ and defining

o= B g trTuo
hy’ hy —h_’
the following equation is obtained
6hih_@? — hy(2hy +h_)(hy —h_)i — 2u_(h% +h% + hyh_) =0, (2.17)
and thus
1
U =-——hy(2h h_)(hy —h_
i 12,H,L( +@hy +ho)(hy —h)

(2.18)

£\ /12 (2hy + ho)2(hy — ho)? 4 A8u_hyho (B + B2 + hiho)).

These two values of @ allow us to obtain, given hy,h_ and u_, the possible values of u,, that
is, the Rankine-Hugoniot curves of a given state U~. It can be easily checked that 1-shocks
correspond to the choice of the minus sign and 2-shocks to the plus sign. Moreover, if Lax entropy
condition is assumed, the entropy 1-shocks correspond to 0 < hy < h_ and the entropy 2-shocks
to 0 < h_ < h,. The Rankine-Hugoniot curves of different left states belonging to 2 are depicted
in Figure 2 together with the boundary of 2. As the Figure seems to suggest, it can be checked
that the Rankine-Hugoniot curves of a given state U~ € § lie in €.

2.4 The two layer shallow water model

We consider finally the one-dimensional two layer shallow water system that governs the evolution
of two superposed shallow layers of immiscible fluids with constant densities p;, i = 1,2 (p1 < p2)
over a flat bottom:

Ohi  Oq1

ot T =%

oq i, 9,0\ _ Ohs

8t+<hl+2h1 =g ’io
ohs 0w _ 21
ot ox

dqs @ 9, pr , Ohy
23 2 Iy = Mo, =t
315 +<h2+2 2 . ng 2(9177
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Fig. 2: Rankine-Hugoniot curves: curve (a) for (h_,u_) = (1.2,1.6), curve (b) for (h_,u_) =
(1.,1.), curve (c) for (h—,u_) = (0.8,0.04). The curve (d) is defined by h = 4,/u which is
the boundary of the domain defined by Equation (2.14)

where h; and ¢; denote respectively the thickness and the mass-flow of the i-th layer, and g is the
gravity.
This system can be written in the form (1.1) with

hq 0 1 0 0
24 .2 2
I _|uitef 2w cf 0
U= ho | A(U) = 0 0 0 E (2.20)
q2 rc3 0 —ui+c3 2u

where 7 = p1/p2, u; = qi/hi, and ¢; = \/gh;, i = 1,2.
In order to set the jump condition, we consider the following system with vanishing diffusion:

ahl 5‘q1

a. = h TxH
ot T o —al
oq q1 2 Ohs
A h hi—— = T
B +(h1+ oy e2(q1) Vo
Ohy O _ (2:21)
ot O 32 )xx,
aQQ q3 2 Ohy
h - h - TT
o (h2 N + 25y — (@)
The corresponding weak solutions depend on the way that the four parameterse;, i = 1,...,4, tend

to 0. The viscous terms coming from the physics of the problem only appear in the momentum
equations, so that e = 0 and e3 = 0. On the other hand, the viscosity coefficient of the water
of both water layers is similar, so that es & ¢4 (see [9]). Nevertheless, for numerical purposes in
Subsection 4.4 we consider the case:

€2 = €4 =€, €] = €3 = UE,

with € > 0 and g > 0. Although the choice p = 0 is the only one which is consistent with the
physics of the problem, the numerical method introduced in next section is unstable for this choice
due to the lack of viscosity in the first and third equations. Therefore, decreasing values of p will
be considered in order to approach the physically relevant solutions.
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3 Schemes with well-controlled dissipation

3.1 Semi-discrete formulation

In this section we adapt the class of finite difference schemes introduced in [17] for systems of
conservation laws to numerically approximate discontinuous solutions of nonconservative equations
with added vanishing diffusion and (possibly) dispersion, as stated in (1.2). Without loss of
generality and for the sake of simplicity, we consider a uniform mesh {z;};,., with mesh size
Az = z;4+1 — ©;. The time-step and the time level at step n are denoted by At and t, = nAt,
respectively. In order to introduce the main ideas, we consider a nonconservative system with
linear vanishing diffusion and dispersion terms, i.e.

Uy + A(U)U, = €BU,p 4 6€2CU 4z (3.1)

For such a system, we introduce the semi-discrete finite difference scheme

au; 1 P
dt +EA(UZ) Z OéjUH_j
j=-p
(3.2)
c P 5c? P
=B jzz_pﬁjUi+j + ¢ j; VUit |

in which U;(t) = U(z;, t) represents the nodal value and ¢ = ¢(t) > 0is a time-dependent parameter
to be determined. By applying a Taylor series expansion to u(xz; + jAz,t) up to terms of the order
O(Ax?PT1) where u is a smooth solution of the system, the following consistency conditions are
found to determine the coefficients a;, 5;, Vi:

Jj=p Jj=p
joj=1, Y ja;=0, s#1 and 0<s<2p, (3.3)
Jj=-p Jj=—p
Jj=p Jj=p
S 8i=2 > j'Bj=0, s#2 and 0<s<2p, (3.4)
Jj=-p Jj=-p
Jj=p Jj=p
> Py=6, > =0 s#3 and 0<s<2p. (3.5)
Jj=-p Jj=-p

Observe that these conditions define a set of three linear systems of (2p+1) equations and (2p+1)
unknowns with Vandermonde matrices that can be explicitly solved to obtain the three sets of
coefficients.

However, it is well-known that Vandermonde matrices are ill-conditioned and can lead to large
errors in the coefficients. In order to avoid this, let us compute the solutions of these systems.
Notice first that, if a—p, ..., oy satisfy (3.3) then the 2p+1 point numerical differentiation formula:

F10)= Dy ()= Y o f() (3.6)

Jj=-p

is exact for polynomials of degree lower or equal to 2p. Therefore, the linear system has a unique
solution which is given by the weights of the interpolation-differentiation formula (3.6) with points
—p,--+,0,...,p, that is, a; = 1%(0) for j = —p,...,p, where

(x+p)...(z—j+1)(x—35—-1)...(x—p)

lj(z) = G+p)..-)(=1)...(G—p) ’
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are the Lagrange basis polynomials. Tedious but straightforward calculations allow us to obtain
the explicit expression of these coefficients:

. l)2
a; = (-1 ——— (p —, j=1,...,p,
3= i+ )P —j)! (3.7)
ag =0,
ozj:—a,j, j:—l,...,—p.

Analogously, the solutions of (3.4) and (3.5) can be interpreted as the weights of the interpolation-
differentiation formulas

110 = Dy, ()= BIG), (3.8)
f0) = Dinlh) = >0 w6, (3.9)

given by 3; = 17(0), v; = Ij’(0) for j = —p,...,p. The expressions of these coefficients are as

follows: 2p1)?
o (_1)i+1 D:
b= T G =
Bj = B—j7p J=-1....,-p, (3.10)

Bo = —2 Z Bj
=1

) j:17"'7p7

and ( )2
. 6(p! 1 .
: Y 1<k<p, k#j (3.11)
Yo = 07
Vi = —V—-j> jzil,"w*p'

For computational purposes, the formulas of the coefficients may be rewritten without factorial
numbers by grouping adequately the factors.
For any integer k let us define the following parameters that will be used in next section:

i=p J=p j=p
AL =" oy, BL=D Bt b= it (3.12)

Jj=-p Jj=-p j=-p

Observe that, for 0 < k < 2p, the values of these parameters vanish except A} =1, BY = 2, and
C% = 6. For k greater than 2p these parameters must be calculated numerically. These parameters
can also be written in terms of the numerical differentiation formulas (3.6), (3.8), (3.9) as follows:

Ai = D%p—‘,—l(l‘k)? Bz = D%p-‘,—l(xk)? Cg = Dgp+1(xk)' (313)

3.2 Analysis via the equivalent equations

Following [21, 33] and, more recently, [17], we use the notion of equivalent equation in order to
design our class of WCD schemes. A formal Taylor expansion in (3.2) allows us to derive the
following equivalent equation:

el k—1
U + AU)U, = cAxBUq + 66 A2*CUpyy — A(U) | Y Az, APUR)
k=2p+1 ’

(3.14)

oo A k—1 e A k—1
+eB | Y =BUW | +sfc| Y =—cul |,
k=2p+1 ) k=2p+1 :
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thus establishing that (3.2) is a first-order consistent method for (1.1) and a 2pth-order consistent
method for (3.1) with the choice cAz = e.

As in [17, 32], the coefficient ¢ is chosen such that, at a discontinuity, the high-order terms of
the discretization error are well-controlled, i.e. bounded by the underlying low-order terms. To
this end, let us consider a single discontinuity

U~ ifz <ot
Uz, ) = { U™T otherwise; (3.15)

satisfying Dal Maso-LeFloch-Murat’s jump conditions [15]:
1
/ A(®(s, U=, U+)0sD(s, U, U+ ds = o[U], (3.16)
0

where o is the speed of propagation, U* are the left- and right-hand limit values, with
U)=U"-U".

Moreover, according to the theory of nonconservative hyperbolic systems introduced in [26], the
map
s€[0,1] = ®(s, U, U")

is, after a reparametrization, the profile of the traveling wave connecting U~ to U™.
At the discontinuity the weak solution formally satisfies

Uk =0 (A[Ux]k) : (3.17)

in the following sense: for a smooth function v one has the equality

ko(=1)7 k v(x —J)Ax
v®)(z) = lim 2o (;) @+ (p=j)hs)

Az—0 Axk

)

where p = k/2 if k is even and p = (k +1)/2 if p is odd. If now we compute the incremental ratio
above for U at x = ot, we obtain:

Z?:O(_l)j < f ) U(0t+ (p —j)AiL’,t) _ [U]

&
Axk Azk’

for some constant Cj. Analogously,

AU)U,(at,t) = O <UA£L') . (3.18)

In effect, for a smooth vectorial function V' one has:

Notice that, if we replace V' by U(-,t) and = by ot in the integral above, the integrand vanishes
at every s # ot. Nevertheless, within the Dal-Maso-LeFloch-Murat theory, the nonconservative
product A(U)U, is understood in this case as a Dirac measure placed at = ot, whose mass is
given by the integral:

1
/ A(®(s, U, U))0s®(s,U",U")ds.
0
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In this sense:

L /MA; AU D)Ua(s.t)ds = [ A@(s, U~ U )as(s, U, U+ ) ds = TY
Az Ut—% 5 z\S, = Az o P 5 s 3 5 = Ax )
where (3.16) has been used.

We now use formally (3.17) and (3.18) in (3.14), to compare the order of magnitude of the
different terms:

W0 _ 0 ool
_ga Ul oBplUl | s 2ccnlU] '
Span—FcSpBAm—Féc SpCAx’
where
o0 Ap o0 Bp o0 Op
A _ k B _ k C _ k
Si= > T S= ) T S5= > (3:20)
k=2p+1 k=2p+1 k=2p+1

These coefficients have to be also numerically computed, by using the numerical differentiation
formulas (3.6), (3.8), and (3.9) as follows:

S = (Dhyr(€") = Dloma, P = (D3pr(e®) = Dlompy ST = (D3y41(€") = Dloce- (3:21)

Equation (3.19) represents the balance of terms in the equivalent equation at a discontinuity.
The parameter c is thus chosen so that the high-order terms

_ g4l gmplUl s acc0nlU)
h.ot.= S, T Ay S, BAJ: dc”S, CAJ:’ (3.22)
are dominated in amplitude by the leading low order terms
_ U] U] 2. 1U]

thus ensuring that the high-order terms of the equivalent equation are a small perturbation of the
correct underlying diffusion and dispersion terms.

In practice, the speed o is not known a priori and, therefore, in order to estimate the high-order
terms, we consider a Roe-type matrix, i.e. an intermediate matrix A(U~,U™) satisfying

1
AU, U] = / A(D(s, U, U*))0s®(s, U, U*) ds, (3.24)
0
and we approximate the high-order and leading terms by
_sraw-.ohlY _ enplll _s500lU
hot.=S; AU, U )Ax cS, BA:C dc*S, CAx’ (3.25)
- U] U] U]
ot. = aw-on U plUl 50200 2
lot {Uv-,Uu )Ax B 6CCAJC (3.26)

Note that, if U* can be linked by an admissible shock, then (3.24) and (3.16) imply:
AU, UN[U] = o[U].
In order to achieve this correct balance, a tolerance parameter 7 << 1 is fixed and p is chosen

so that

|h.o.t.
|l.o.t.|| < T (3.27)

We first derive an upper bound for the high-order terms. For every component j =1,..., N,
we write

1 _
hotl; < = (SAIAU™ U, U] +elSEIB U] + 2SS IIC0)) . (329)
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Next, a lower bound for the low-order terms is obtained. To do so, we assume that § > 0 and
(B;[U]) - (Gs[U]) >0, Vj, U™ (3.29)

These assumptions, that are satisfied in all the cases considered in this article, allow us to derive
the inequalities:

Ul 2|~ U] R~
C‘Bij + dc C]Ax <|lot.l|;+|AU",U )JAx , (3.30)
and thus 1
Lotly > 1 (eIBU]| + 8¢ |C{U]| — | AW, U, [0]) (3.31)
Taking into account (3.28) and (3.31), we conclude that (3.27) is satisfied if we choose
L on 2 L oo
e(1-21s21) 1By 1011+ ¢ (1= 21s61) I
1

- (1 + T|S;‘> AU, U");[U]| > 0. (3.32)

Therefore, in order to design a scheme satisfying (3.27), it is enough to choose ¢ > 0 such that
(3.32) is fulfilled.

We consider the two possible cases. If C;[U] > 0, (3.32) gives a quadratic relation to be
satisfied by c¢. The second degree polynomial in the variable ¢ takes a negative value at ¢ = 0 and,
if

1SS <, (3.33)

it tends to oo as ¢ — 0o. In that case, it is enough to choose a value ¢; satisfying
6> € (3.34)

where £ is the unique positive root of the polynomial.
If C;[U] = 0 but B;[U] # 0, (3.32) reduces to a linear relation and, if

|S5)] <, (3.35)
it is enough to choose a value c; satisfying

o s A+ 2ISED AU, U]
T (-2IsP) B

(3.36)

Finally, once that c1,...,cy have been determined, we set the value of ¢ to

c= max c;j.
1<j<N

In practice, a value of the parameter, c; /2, is computed whenever a discontinuity is detected
at 11/2 = (2 + 441)/2 by a smoothness indicator (based in the second order finite difference).
Then, the value of the parameter c is set to the maximum of these local values. On the other hand,
the computation of a Roe matrix satisfying (3.24) for the family of paths given by the traveling
waves may be very difficult and computationally expensive. In the numerical tests shown in Section

4, Roe matrices satisfying (3.24) for the family of straight segments

(s, U, UN)=U +s(U" —U") (3.37)

are considered instead. The numerical results show that the values of ¢ computed with this
approximation result in a balance of the high-order and leading-order terms. Nevertheless the
value of ¢ may be large and thus the value of Az has to be small in order to avoid smeared shocks
in the numerical solutions.
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We observe that it is always possible to take p large enough so that (3.33) and (3.35) are
satisfied. Indeed, the coefficients Sf, Sf, SpC tend to 0 as p — oo, and this is checked as follows.

Let us show the result for SI’?: the proof is similar for the other two coefficients. Taking into
account (3.21), it is enough to prove:

lim Dy, (") = 1. (3.38)

p*}OO
Given any function f € C*°(R) and given an integer p > 1, there exits £, € [—p, p] such that

f(2p+1)(€p) H

£10) = Dhyr (1) = 1'10) = 4(0) = (~4),

Jj==p--p, 370

where ¢, represents the polynomial that interpolates the data:

(=p, f(=p)), -, (0, £(0)), ... (p, f(p))-

In the particular case of the exponential function, we obtain:

1= Db (o)) < 22 3.39
|1 — 2p+1(€)|_m (3.39)
and the quotient criterion allows us to conclude the claimed result.
3.3 Temporal integration
The proposed semidiscrete schemes result in an ODE system of the form
dU
o L(U), U(ty) = UY, (3.40)

where L is an operator defined by the parameters used in semi-discrete form of the scheme. In
our numerical tests we use one of the so-called total variation diminishing (TVD) Runge Kutta
schemes for temporal integration introduced in [39]. This method is performed via three stages to
solve equation (3.40), that is,

U = U” + AtL(U"),
3 1
= 7Un —_—
1o T

1 2 2
Ut = SU"+ §U(2> + gAtL(U(Q)).

1
u® U 4 ZAtL(U(l)), (3.41)

3.4 The condition on the time-step

The goal of this paragraph is to derive a stability condition for practical purposes which takes into
account both the hyperbolic part and the high-order terms of the system: a linear stability analysis
is performed under some simplifying assumptions. A complete study of the fully discretized method
is beyond the scope of the article and will be addressed in a next one. The stability condition
found here imposes a restriction on the time step which is completely analogous to a standard
CFL condition.

In order to estimate the requirement to be imposed to the time step for our method to be
linearly stable, we apply von Neumann’s analysis to the numerical scheme when p is sufficiently
large. We consider first the forward Euler method:

p p p
urtt =ur + A( A Ul +eB Y BUN +0C Y ij;;j), (3.42)

Jj=-p Jj=-p Jj=-p
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where A = At/Ax, and A, B, C are N x N constant matrices. Moreover, we suppose that
these three matrices are diagonalizable and that they commute, i.e. they diagonalize in a common
eigenvector basis. Let us denote by

M?v ME? Nkcv k:]-v"'aNa

the eigenvalues of A, B, and C', ordered so that eigenvalues with the same index correspond to the
same eigenvector of the chosen basis. The eigenvalues of B and C are supposed to be non-negative.
The Fourier modes satisfy:
Ut = G(e. An)y,

where the symbol is given by:

P P p
G@“A@I+A<14§:cwe”Aﬁkd3§:/%e”Am4(k%7§:fﬁe”A“>.

J=—p Jj=-p j=-—p

Here I is the identity matrix.
Using again the interpretation of the coefficients «;, 3;, v; as the weights of interpolation-
differentiation formula, we have:

P
Z aje—zJAxE — D%p+1(9)7

Jj=-p
D
—ijA
> Bie A = D3, (9),
Jj=-p
D
—ijA
Z Y€ A = Dgp—i—l(g)v
Jj=-p

where g(z) = e~ AT Therefore, if p is large enough, we have:

P
Z e TATE = g (0) = —iAx€,

Jj=-p

p
Z ﬁje—ijA;zf o~ g//<0) _ —Al‘2€2,
Jj=-p

p
Z ,yje—iijf o~ g///(o) _ iAa?3§3.
J=—p

Therefore, the symbol can be estimated by:
G(&, Az) 2 T+ X (iAz€A — cAz*E B + 6PiAz*¢P0)
and their eigenvalues by:
ps =1 = AeAz?e2uB i) (Axfuj? + 502Aa:3§3ukc) , k=1,...,N.

If uP # 0, taking into account that the maximal wavenumber representable in the mesh is
§ = A, some straightforward calculations show that the inequality
At < 20;1,?
= < =,
Az 2r2(uP)? + (uf + 6c2m2u)

k=1,...,N, (3.43)

implies that
gl <1, 1<k<N,
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and the von Neumann stability condition is thus satisfied in the strict sense. Therefore:
U ]2 < (1U2,

where || - ||2 is the L?-norm.

Now, since the temporal integrator (3.41) can be represented as a convex combination of
forward Euler methods, (3.43) is a stability condition also for the corresponding scheme. In effect,
from the analysis above we derive:

D < (1o,
3 1
Wl < U+ 01 < 0",
n 1 n 2 n
ot e < glomll + S IT@ < 107,

If 42 = 0 and we consider the time integrator (3.41), then some easy computations shows that:
rn4-1 1 1 1 3\ rm

The eigenvalues of the symbol can be approached for large enough values of p by:

M) M)
uf=1—(72k> +i(>\%—( ék) >

where
i = Azépit + 6 A3, k=1,...,N.

Then, [u§| < 1 is ensured if
Myt < 3.

The following stability condition is thus obtained:

At _ V3
Ar = A 22,0’
x 7r|ﬂk+5c7ruk|

k=1,...,N. (3.44)

Observe that the right-hand sides of (3.43) and (3.44) do not depend on Az. Nevertheless,
these conditions may be very restrictive in practice when c is very large.

In the particular case of the Burgers coupled system, A and B the matrices do not commute.
Nevertheless, the computation of the eigenvalues of the approximated symbol lead again to the
stability condition (3.43) that, in this case, reads as follows:

N
Ax ~ 4272 + (u+v)?’

(3.45)

For the coupled cubic system, the matrices commute and the stability condition reads as
follows:

At < 4c
Az T 4e272 + (3(u + v)? + 26c2m2)?
A deeper analysis may lead to sharper stability conditions if, for instance, the approximation
for large values of p is not applied and the eigenvalues of the symbol corresponding to the time

integrator (3.41) are computed, or if nonlinear stability criteria are investigated. Nevertheless such
an analysis is out of the scope of this paper.

(3.46)
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4 Numerical experiments

4.1 The coupled Burgers equations

In this section, we present numerical experiments that illustrate the approximation of different
examples of nonconservative hyperbolic systems with the proposed WCD schemes. First of all,
we consider the coupled Burgers system (2.1) with the notion of weak solution consistent with the
viscous regularization (2.2).

We consider first the Riemann problem, at x = 0, with initial data

U, = [0_125} . U= [_21} . (4.1)

for the coupled Burgers system (2.2). The exact solution of the Riemann problem consists of a
stationary contact discontinuity and a shock. The numerical method (3.2) with ¢ = 0.1, p = 8 is
used to discretize the system in space and the 3rd order TVD RK is used for the time discretization.
In all the numerical tests shown in this section, the boundary conditions are treated by adding p
ghost nodes on both sides of the computational interval whose values are set to the ones at the
extreme nodes at every time step:

UfJ:U(’;L7 U}\IJ+j:U]?/[’ .j:17"'7p7

where 0 and M are the indexes of the first and last nodes.

Figure 3 shows the comparison of the numerical and the exact solutions for different mesh
resolutions. Observe that the location of the shock and the intermediate state are correctly
captured. This is further evidenced in a zoom of the solution around the shock, that is provided
in Figure 4.

Figure 5 shows the errors corresponding to the numerical approximation of the intermediate
state (between the contact and the shock) for different mesh steps and values of p in logarithmic
scale. In order to compare methods with similar shock-capturing properties, the horizontal axis
corresponds to log(pAz) (notice that the stencil of the method is 2pAx). It can be observed that,
for any considered value of p, the error first decreases with an order of accuracy of about 3 (which
is expected, as the order of accuracy of the time stepping is 3) but then it stabilizes at a value (very
small but non-zero), which decreases with higher values of p. Therefore, for a given value of p,
the numerical method does not necessarily converge to the right weak solution as Az — 0 (notice
the small but non-zero error): it converges to a slightly different weak solution that depends on
the high-order terms of the equivalent equation. Nevertheless, if both Ax tends to 0 and p to oo
the error tends to 0, as it can be seen in Figure 6, where we show the error in logarithmic scale
obtained with different values of p using meshes such that pAxz remain constant. Thus, we see
that the WCD schemes will converge to the correct value if the formal order of approximation is
arbitrarily high.

Note that the value of ¢, given by the WCD condition (3.36) is only a sufficient condition. It
can lead to the overestimation of numerical viscosities as in the above example. For instance, with
the values of p = 8 and 7 = 0.1 we obtain a value of ¢ = 2.5, which is clearly much higher than the
necessary stabilizing viscosity. Nevertheless, the analysis in Section 3.2, indicates that a higher
value of ¢ would increase robustness by improving the possibility of satisfying the WCD condition
(3.36). We illustrate this fact by the following example.

We consider the Riemann problem for the coupled Burgers system with initial conditions

il o[

In this case, the numerical method with ¢ = 0.1 gives very bad results even for very fine meshes:
see Figure 7. Nevertheless, for ¢ = 0.75 a similar behavior as in the previous numerical example is
observed: see Figure 8 that depicts the approximation obtained at ¢ = 0.1 with pAx = 0.004. The
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—exact

—x=le-1 o5
I =5e-2 —eact
—(x=256-3 " —(x=le-1
— (x=1.25e-3 Y —— dx =5e-2
L j i —x=2.5¢-3
—(x=1.25¢-3

Fig. 3: Numerical results of the WCD method with ¢ = 0.1, p = 8 for the coupled Burgers system
with initial condition (4.1). Up: u, Down: v ).

T iy
—exact |
\\ —dx=le-1
| dc=e-2 | | e
—x=2.5¢-3 —exact
—i=1.25€-3 —dx=le-1
) dx =5e-2
> —x=2.5¢-3
i 1 i —0x=1.25e-3
\ 12+
| | | | L R I I 1 I I I
045 05 055 08 085 o7 05 052 054 05 [ 05 062
X X

Fig. 4: Numerical results of the WCD method with ¢ = 0.1, p = 8 for the coupled Burgers system
with initial condition (4.1): zoom. Up: u, Down: v ).

small over and undershots are due to the degeneracy of the viscous term: in a contact discontinuity
u + v remains constant and thus 92, (u + v) = 0.

In Figure 9 the exact Hugoniot curve of the left states that can be linked to the right state
U, = (2,-1) by an admissible shock is compared with its numerical approximation obtained with
c=0.75, p=4, and Az = 0.004 and illustrates the accurate approximation with this method.

4.2 The coupled cubic equations

Next, we consider the coupled cubic system (2.5) with parameters,

51:2/3, 52:1/3, 61:1/2, (52:1.
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Fig. 5: Errors corresponding to the intermediate state of the Riemann problem corresponding to
(4.1) in logarithmic scale. Horizontal axis: log;q(pAx). Vertical axis: log,,(error).

We consider first the Riemann problem, at z = 0, with initial data
1.5 0.75

U= [0.5} U= [0.25} ' (43)
The solution, corresponding to the underlying diffusive-dispersive regularization, consists of a
contact discontinuity traveling at speed 4 and a shock whose speed is 7. The numerical method
(3.2) is used with Az = 1/2500, 7 = 10~!, p = 4 to discretize the system in space, (3.34) is used
to compute the parameter ¢, yielding a value of ¢ = 6, and the 3rd order RK TVD method is
considered for the time discretization. Figure 10 shows the comparison of the numerical and the
exact solutions. Observe that the location of the shock and the intermediate state are correctly
captured. A zoom of the region near the rear of the contact discontinuity is shown in Figure 11
in which the effects of the dispersion terms are apparent.

In the presence of a dispersion term, the choice of a parameter ¢ satisfying (3.34) is absolutely
vital, in order to balance adequately the dispersion and the diffusion terms: Figure 12 shows the
results obtained with the same parameters but using a value of ¢ not satisfying (3.34).

In Figure 13 the exact Hugoniot curve of the left states that can be linked to the right state
U, = (.5,—.5) by an admissible shock is compared with its numerical approximation obtained

with 7 = 0.1, p = 4, and Az = 1/1500 and shows that the WCD method is able to correctly
approximate the small-scale dependent shock waves.

4.3 The cubic flux equation
In order to test the ability of the numerical method (3.2) to correctly capture non-classical shocks

we consider the following Riemann problem for the cubic flux conservation law:

up + (u?’)z =0,

3, x <0, 4.4
”(I’O):{ -3 x> 0. -y

The solution of this Riemann problem consistent with the regularization

1
us + (u3)z = €Ugy + 552714111
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Fig. 6: Errors corresponding to the intermediate state of the Riemann problem corresponding to
(4.1) in logarithmic scale with different values of p and pAxz = 0.01. Horizontal axis: p.
Vertical axis: log,(error).

800

dor

J a0

1 > -0

200

400k

=00

-01

LS

<008 006 004 002 0 002 004 006 008 01 ‘
1 -8 006 0 -0 0 002 004 006 008

X X

Fig. 7: Numerical results of the WCD method at ¢ = 0.00027835 for the coupled Burgers system
with initial condition (4.2) with ¢ = 0.1, p = 2 and Az = 0.0004 (Left: u, Right: v ).

consists of a non-classical shock connecting u; = 3 to u* = -3 + % and a rarefaction connecting
u* to u, = —3: see [29].
To do this, we first write the equation in the form:

1
2 2
U + 3Uu Uy = €Ugy + 56 [T—

that fits in the general framework (3.1), and then we apply the discretization (3.2) to obtain

du; 3 P c <& 2 P
@ A | 2ot | S R 2 it AT 2 e

Jj=-p Jj=-
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Fig. 8: Numerical results of the WCD method at t = 0.1 for the coupled Burgers system with
initial condition (4.2) with ¢ = 0.75, different values of p, and pAz = 0.004(Left: u, Right:

v ).

The 3rd order TVD RK is considered for the time discretization.

Figure 14 shows the numerical results obtained at ¢ = 0.03 with Az = 1073, 7 = 107!,
and p = 6. The numerical solutions are compared with the exact one: it can be seen that the
non-classical shock is correctly captured. This numerical test is particularly challenging, as it
deals with two major difficulties of the numerical approximation of nonlinear hyperbolic PDE: the
convergence of numerical method in nonconservative form and the convergence to weak solutions
involving non-classical shocks.

4.4 The modified shallow water model

In this section, the WCD scheme for nonconservative systems is applied to the following regular-
ization of system (2.15) :

h2
ht - ?hw + 8¢ = elhwz7

hs 5 , &2 25  h?
st—|—<3—18h _}ﬂ)hx+(h+6 Sy = €28zx,

where s = g + h?/6.

The numerical results are compared to those obtained by using the WCD scheme developed by
Ernest et al. in [17] for the same system in the conservative form. The third-order TVD Runge
Kutta method is used for temporal integration.

We consider two different Riemann problems for the above system, involving shocks of different
amplitude. The domain [—1, 1] and the following initial condition is considered

e hgr, otherwise, '

and u(0,z) = 1. We consider Az = 1/500, 7 = 0.01, and p = 12.

First, we consider (4.6) with h;, = 0.7 and hgr = 0.5 to realize shocks of moderate strength.
In Figure 15 the numerical solutions obtained at time 0.1 with both the WCD schemes for the
nonconservative and the conservative formulations are compared.
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I right state //) |
—exact curve

| o app. curve /

Fig. 9: Approximation of the Hugoniot curve of the right state (2,—1) and the approximation
obtained with ¢ = 0.75, p = 4, and Az = 0.004.

08

06

—wcd
—exact| |

osf —wcd
—exact

Fig. 10: Numerical results of the WCD method with dr = 1/2500, 7 = 107!, p = 4 for the
non-convex coupled cubic system with initial conditions (4.3) : Left: u, Right: v.

Next, we consider hy, = 3 and hir = 0.5 to realize shocks of larger amplitude. In Figure 16,
we present the numerical solutions obtained with both approaches. It can be seen that in the two
considered cases the numerical solutions obtained with both approaches are in excellent agreement.

4.5 The two-layer shallow water model

Finally, we consider the two-layer shallow water system (2.19) with parameters ¢ = 9.8 and
r = 0.98. We consider the Riemann problem proposed in [10] with data

1.8 0.2
0 0

U=\ 02| Ur=1| 1% (4.7)
0 0

In order to apply the WCD methods, we consider the regularization (2.21).
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Fig. 11: Numerical results of the WCD method with dz = 1/2500, 7 = 107!, p = 4 for the
non-convex coupled cubic system with initial conditions (4.3) : zoom. Left: u, Right: v.
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—exact| |

0.1 0 0.1 0.2 0.3 0.4 0.1 0 0.1 0.2 0.3 0.4

Fig. 12: Numerical results of the WCD method with dz = 1/2500, ¢ = 0.1, p = 4 for the coupled
cubic system with initial conditions (4.3). Left: u, Right: v.

We consider first ¢ = 1 and apply the method with decreasing values of the tolerance to
check the convergence of the method. The solution of the Riemann problem consists of two fast
waves corresponding to the barotropic mode and tow compound slower internal waves (shock +
rarefaction). Figure 17 shows the internal waves (variable hy) at time 7" = 0.2 together with a
zoom of intermediate states captured by the numerical method depending on the value of 7.

In order to study the sensitivity of the numerical solutions to changes in the viscous terms,
we compare the numerical solutions obtained for different values of p using the same value of Ax
and 7. We also plot the numerical solutions obtained with the ICFP method introduced in [18],
a path-conservative numerical method consistent with the family of straight segments. Figure 18
shows the numerical solutions and a zoom of the rarefaction part of the right compound internal
wave.

Notice that the numerical solution obtained with the IFCP method is close to the numerical
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Fig. 13: Approximation of the Hugoniot curve of the right state (.5, .5) for the cubic coupled system
and the approximation obtained with 7 = 0.1, p = 4, and Az = 1/1500 ).

—wcd
) —exact| |

Fig. 14: Numerical results at ¢ = 0.03 of the WCD method for the Riemann problem (4.4) with
Az =103, 7=10"', and p = 6.

solution obtained with x4 = 1 but its distance to the WCD solution increases as p decreases:
remember that, in the viscous terms coming from the physics of the problem, p = 0. This is
very likely due to the fact that both the numerical viscosity matrix of the IFCP method and the
diffusion matrix corresponding to the case p = 1 commute with the matrix system A(U) what
makes that the corresponding traveling waves are close to each other: see [2].

The numerical method with y = 0 becomes unstable: in this case, the diffusion matrix has a
double null eigenvalue and thus the right-hand side of the stability condition (3.43) vanishes.

5 Concluding remarks

We have addressed the highly challenging problem of designing converging and accurate approx-
imation methods for nonlinear hyperbolic systems in nonconservative form. The weak solutions
under consideration are understood in the sense of Dal Maso, LeFloch and Murat [15] and defined
via a family of Lipschitz continuous paths, especially traveling wave trajectories, as advocated in
LeFloch [26]. Indeed, small-scale effects are encoded by choosing a suitable family of paths, which
are parametrized in terms of viscous profiles of an underlying diffusive (or diffusive-dispersive)
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Fig. 15: Solution with a small shock for the modified shallow water system at time 0.1, using WCD
schemes with 7 = 0.01, p = 12, Az = 1/500, and CFL = 0.4. Left column: h. Right
column: u. Black lines: solutions using the WCD scheme for the nonconservative system.
Red lines: solutions using the WCD scheme for conservative systems.

regularization of the nonconservative hyperbolic system under consideration. The correct choice
of the family of paths is given by traveling waves of the regularized system. Different choices
of regularizations (or paths) usually lead to different weak solutions. Hence, the construction of
accurate numerical schemes is an essential and particularly involved task, since high-order error
terms need to be controlled in order to capture the underlying small-scale effects.

In the present paper, we have constructed accurate and robust finite difference schemes for non-
conservative hyperbolic systems by adapting LeFloch-Mishra’s WCD framework [32]. An analysis
of the equivalent equation associated with the scheme (near a discontinuity) provides us with the
basic tool in our construction. We have introduced arbitrarily high-order and consistent schemes
containing a time-dependent parameter, which we have chosen so that the high-order terms of
the equivalent equation are controlled by (and negligible with respect to) the low-order diffusive(-
dispersive) regularization terms. We have clearly demonstrated that such a choice of parameters
is possible and we have derived conditions on the time-step in order to ensure linear stability.

The resulting WCD schemes were tested on four examples of nonconservative hyperbolic sys-
tems. Our numerical results illustrate the viability of our approach and demonstrate that the
WCD schemes approximate the correct small-scale dependent shock waves, including shock waves
of large amplitude, understood in the DLM sense.

The application of these schemes to other realistic models such as multi-phase flows would be
a natural extension of our framework. Furthermore, while our presentation focused on noncon-
servative hyperbolic systems in a single space dimension, it is expected that the proposed WCD
schemes should generalize to multi-dimensional problems. It would also be interesting to carry
out a deeper analysis of the stability condition.
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