N

N

Strong law of large numbers for the capacity of the
Wiener sausage in dimension four

Amine Asselah, Bruno Schapira, Perla Sousi

» To cite this version:

Amine Asselah, Bruno Schapira, Perla Sousi. Strong law of large numbers for the capacity of the
Wiener sausage in dimension four. 2018. hal-01423781v2

HAL Id: hal-01423781
https://hal.science/hal-01423781v2

Preprint submitted on 16 Mar 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01423781v2
https://hal.archives-ouvertes.fr

Strong law of large numbers for the capacity of the
Wiener sausage in dimension four

Amine Asselah * Bruno Schapira' Perla Sousi?

Abstract

We prove a strong law of large numbers for the Newtonian capacity of a Wiener sausage in
the critical dimension four, where a logarithmic correction appears in the scaling. The main
step of the proof is to obtain precise asymptotics for the expected value of the capacity. This re-
quires a delicate analysis of intersection probabilities between two independent Wiener sausages.
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1 Introduction

We denote by (8s,s > 0) a Brownian motion on R*, and for » > 0 and 0 < s < t < oo, the Wiener
sausage of radius r in the time period [s, t] is defined as

Wyls,t] = {z €R* : ||z = Bu|| <r for some s <u < t}, (1.1)

where || - || stands for the Euclidean norm. Let P, and E, be the law and expectation with respect
to the Brownian motion started at z € R*. Let G denote Green’s function (G(z) = ||z||~2/(272))
and H4 denote the hitting time of A C R* by the Brownian motion. The Newtonian capacity of a
compact set A C R* may be defined through hitting time as

Cap(A) = lim w.

2| =00 G(2) (12)

A more classical definition through a variational expression reads

-1
Cap(A) = <inf{// G(z —y)dp(zr)du(y) = ¢ prob. measure with support in A}) .

Our central object is the capacity of the Wiener sausage, and formula (1.2), with A = W3[0, ¢]
(sampled independently of the Brownian motion inherent to the law IP,), casts the problem into an
intersection event for two independent sausages.

Our main result is the following law of large number for the capacity of the Wiener sausage.
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Theorem 1.1. In dimension four, for any radius r > 0, almost surely and in LP, for any p € [1,00),
we have

1
lim %tcap(wr[o,t]) _ a2 (1.3)

t—00

The proof of (1.3) presents some similarities with the proof in the discrete case, which is given
in our companion paper [4], but also substantial differences. The main difference concerns the
computation of the expected capacity, which in the discrete setting had been essentially obtained
by Lawler, see [3] for details, whereas in our context it requires new delicate analysis.

It may seem odd that the fluctuations result we obtain in the discrete model [4] are not directly
transposable in the continuous setting. However, it was noticed some thirty years ago by Le Gall [13]
that it does not seem easy to deduce Wiener sausage estimates from random walks estimates, and
vice-versa. Let us explain one reason for that. The capacity of a set A can be represented as
the integral of the equilibrium measure of the set A, very much as in the discrete formula for the
capacity of the range R[0,n| of a random walk:

Cap(RI0.n]) = 3 By (Hygyy, = 0)

z€R[0,n]

where on the right-hand side HX stands for the first return time to a set A for a random walk with
law P,, and R[0,n| is the range of another independent random walk. Whereas Lawler [12] has
established deep non-intersection results for two random walks in dimension four, the corresponding
results for the equilibrium measure of W;(0,¢) are still missing.

As noted in [4], the scaling in Theorem 1.1 is analogous to that of the law of large numbers for the
volume of the Wiener sausage in dimension 2 (see [14]).

Remark 1.2. Our result is a result about non-intersection probabilities for two independent Wiener
sausages, and the asymptotic result (1.3) reads as follows. For any € > 0, almost surely, for ¢ large
enough,

(1-¢) m 22 Po (Wayal0, (] N Wi o[0,00) # @ | B) < (1+2) (1.4)

t
2logt B ||% 2logt

Estimates, up to constants, have been obtained in a different regime (where z and ¢ are related
as z = v/tz) by Pemantle, Peres and Shapiro [19], but cannot be used to obtain our strong law of
large numbers.

One delicate part in Theorem 1.1 is establishing convergence for the scaled expected capacity. This
is Proposition 3.1 of Section 3. From (1.2), the expected capacity of a Wiener sausage is equivalent
to the probability that two Wiener sausages intersect. Estimating such a probability has a long
tradition: pioneering works were produced by Dvoretzky, Erdos and Kakutani [6] and Aizenman
[1]; Aizenman’s results have been subsequently improved by Albeverio and Zhou [2], Peres [20],
Pemantle, Peres and Shapiro [19] and Khoshnevisan [10] (and references therein). In the discrete
setting, the literature is even larger and older, and analogous results are presented in Lawler’s
comprehensive book [12].

As a byproduct of our arguments, we improve a large deviation estimate of Erhard and Poisat [8],
and obtain a nearly correct estimate of the variance, which will have to be improved for studying
the fluctuations.



Proposition 1.3. There is a constant ¢ > 0, such that for any 0 < € < 1, there exists k = k(e)
such that for any t large enough

P(Cap(Wl [0,t]) — E[Cap(W1]0,t])] > 6@) <exp(-— cszt”). (1.5)

Moreover, there exists a constant C > 0, such that for t large enough,
2

var (Cap(W1[0,1])) < C(loglogt)gm.

(1.6)
Remark 1.4. We do not know what is the correct speed in the large deviation estimate (1.5). The
analogous result for the volume of the sausage in d = 2 (or even the size of the range of a random
walk) is not known. On the other hand, the correct order for the variance should be t?/(logt)?, as
was proved in the discrete setting [4]. Thus our bound in (1.6) is off only by a (loglogt)® term.
Note that (1.6) is proved only at the end of the paper, as a byproduct of the proof of Theorem 1.1.

One key step of our investigation is a simple formula for the capacity of the sausage which is neither
asymptotic nor variational. In Section 2.2, we deduce a decomposition formula for the capacity of
the union of two sets in terms of the sum of capacities and a cross-term: for any two compact sets
A and B, and for any r > 0 with AU B C B(0,r),

Cap(AU B) = Cap(A) + Cap(B) — xr(4, B) — &.(A, B), (1.7)

with
1

xr(A,B) =2r%r? ———
(4.B) 10B(0,7)] Jas(o,

(P,(Ha < Hp < ) +P,(Hp < Ha < x0)) dz, (1.8)

and

1
10B(0,7)| Jag(o,r)

where we use the notation B(0, ) for the ball of radius r and 9B(0, r) for its boundary. In particular
er(A, B) < Cap(ANB). The decomposition formula (1.7) is of a different nature to the one presented
in [4] for the discrete setting. As an illustration, a key technical estimate here concerns the cross
term x,(A, B) where A and B are independent sausages. In order to bound its first moment, we
prove an estimate on the probability of intersection of a Wiener sausage by two other independent
Brownian motions.

(A, B) = 2n°r? . P,(Ha = Hp < ) dz, (1.9)

Proposition 1.5. Let 3, v and 7 be three independent Brownian motions. For any o > 0 and
c € (0,1), there exist positive constants C' and tgy, such that for all t > tg and all z,2' € R*, with
Vit (logt)™ < [|z[|, [[¢']| < V- (logt)®,

e ) 1A ) (410

Py, (W1[0, 4] N[0, 00) # &, W1[0,#]N7[0, 0) # @) < C (logt)?

where Py , ,» means that 5, v and ¥ start from 0, z and 2’ respectively.
We note that the problem of obtaining a law of large numbers for the capacity of the Wiener sausage

has been raised recently by van den Berg, Bolthausen and den Hollander [22] in connection with
the torsional rigidity of the complement of the Wiener sausage on a torus.



The paper is organised as follows. Section 2 contains preliminary results: in Section 2.1 we
gather some well-known facts about Brownian motion and Green’s function, and in Section 2.2
we prove (1.7) and compare the capacity of a Wiener sausage to its volume. In Section 3 we prove
the asymptotic for the expected capacity. In Section 4, we deduce our large deviation bounds,
Proposition 1.3. In Section 5 we provide some intersection probabilities of a Wiener sausage by
another Brownian motion, and deduce a second moment bound of the cross-terms x, appearing in
the decomposition (1.7). Finally, we prove Theorem 1.1 in Section 6.

2 Preliminaries

2.1 Notation and basic estimates

We denote by P, the law of a Brownian motion starting from z, and simply write P when z is the
origin. Likewise P, ,; denotes the law of two independent Brownian motions starting respectively
from z and 2/, and similarly for P, ./ .». We denote by || - || the Euclidean norm, and for any x € R*
and r > 0, by B(x,r) the closed Euclidean ball of radius r centered at x. For u,v € R, we use
the standard notation u A v and w V v for min(u,v) and max(u,v) respectively. We write |A| for
the Lebesgue measure of a Borel set A, and let ps(z,y) be the transition kernel of the Brownian

motion:
1 lz—wl?

Ps(%y):me 2 =ps(0,y — ). (2.1)

Green’s function is defined by
00 t
G(z) := / ps(0,2) ds, and for any t > 0 we define G¢(z) := / ps(0, 2) ds. (2.2)
0 0

The occupation time formula reads, for any ¢ > 0 and any bounded measurable function ¢,

| Ee@ds = [ p@)Gila)da. (2.3)
0 R4

We further recall, see Theorem 3.33 in [18], that for all z # 0,

Glz) = . 1 (2.4)

272 [|2]?2
The following regularized version of Green’s function plays a key role:
G'()i= [ Gla—yydy= [ B8~ 2] < s (25)
B(0,1) 0
(with the second inequality following from (2.3)).

Furthermore, Green’s function is harmonic on R4\{0}, and thus satisfies the mean-value property
on this domain. In particular one has for ||z|| > 1, using (2.4) and that |B(0,1)| = 72/2,

1

G*() = IB(0,1)] - G(2) = 5. (2.6)
Iz
Moreover, there exists a positive constant C' so that for all z € R* we have
C
G*(z) < ——. 2.7
&= pv 27



The gambler’s ruin estimate states that for any z € R*, with |z|| > r (see Corollary 3.19 in [18]),

7“2

]P)Z (HB(O,T) < OO) = W

(2.8)
We also need the following well-known estimates (see Remark 2.22 in [18] for the first one and use
the scaling property of the Brownian motion together with either Exercice (3.10) in [21] or the
remark after (3.40) below, for the second one): there exist positive constants ¢ and C, such that
for any t > 0 and r > 0,

P(supHﬁsH > 7") < C-exp(—cr?/t), (2.9)
s<t

and
P(supHﬁsH < r) < C-exp(—ct/r?). (2.10)
s<t

Using (2.9), we get for some positive constants ¢ and C,

2
P sup W87 (logt)'/? | < Cexp(—c(logt)'/*0). (2.11)
—b - <s<t
(log t)3 =7=
Indeed, to deal with the time s in ||3s]|?/s, it is enough to divide the time period [t/(logt)3, ] into
a finite number of intervals [t/(logt)*/10,¢/(log t)*=D/10] & =1,...,30, and use the left boundary
of each interval to bound time s. It also follows from (2.8) that

t C
P inf J2P< —— | < .
N 1817 < (logt)10 | = (logt)*

S
= (log t)3

(2.12)

Indeed, either the Brownian motion starts at time ¢/(logt)? inside a ball of radius v/¢/(logt)®/?
centered at the origin, or it starts outside such a ball, and hits the ball of radius v/¢/(logt)®
afterwards: both events satisfy the desired bound (for the first one, this can be seen by integrating
the density (2.1) over the ball, and the second one follows from (2.8)).

Finally, we recall a basic result (see Corollary 8.12 and Theorem 8.27 in [18]). For a set A C R?,
let d(z, A) := inf{||z —y| : y € A}.

Lemma 2.1. Let A be a compact set in R*. Then, for any z € RN\ A,

Cap(4)
< .
P.(Ha <00) < 272 d(z, A)?

2.2 On capacity

We first give a representation formula for the capacity of a set, which has the advantage of not
being given as a limit. If A is a compact subset of R*, with A C B(0,r) for some r > 0, then

. Py (Ha < o0) . P.(Hopo,) < ) /
Cap(A) = lim ———= = lim : . P,(Ha < 00) dp,
(4) [P eSS G(2) Il ]| =00 G(2) 9B(01) y(Ha ) dp-(y)
= 2772r2-/ P,(Ha < o) d)\(y), (2.13)
8B(0,r)



where p, is the law of the Brownian motion starting from z at time Hpp(g,), conditioned on this
hitting time being finite, and A, is the uniform measure on 9B(0,7). The second equality above
follows from the Markov property, and the last equality follows from (2.8) and the fact that the
harmonic measure of a ball (seen from infinity), which by Theorem 3.46 in [18] is also the weak
limit of p, as z goes to infinity, is the uniform measure on the boundary of the ball.

The decomposition formula (1.7) for the capacity of the union of two sets follows immediately
using (2.13) and ordering of Hy and Hp.

Now we state a lemma which bounds the capacity of the intersection of two Wiener sausages by
the volume of the intersection of larger sausages.

Lemma 2.2. Let W and W be two independent Wiener sausages. Then, almost surely, for allt > 0,
Cap(W1[0,]) < C1 - [Ways[0, 1] (2.14)

and
Cap(W1[0,t] N WA[0,4]) < Cy - [Wa]0,t] N W4[0,1]]. (2.15)

with C1 = Cap(B(0,4))/B(0,4/3)|. Moreover, there is a constant Cy > 0, such that for allt > 2,

E |Cap?(W1[0,t] N WA[0,4])| < Cy (logt)?. (2.16)

Proof. We start with inequality (2.14). Let (B(x;,4/3),i < M) be a finite covering of W]0, ¢]
by open balls of radius 4/3 whose centers are all assumed to belong to S[0,t], the trace of the
Brownian motion driving W30, ¢]. Then, by removing one by one some balls if necessary, one can
obtain a sequence of disjoint balls (B(x;,4/3),1 < M'), with M’ < M, such that the enlarged balls
(B(x;,4),i < M’) still cover W1[0,t]. Since the capacity is subadditive, one has on one hand

Cap(W1[0,#]) < M’ Cap(B(0,4)),
and on the other hand since the balls B(x;,4/3) are disjoint and are all contained in Wy 5[0, ],
M'IB(0,4/3)] < [Wyys[0,1]|.

Inequality (2.14) follows. Inequality (2.15) is similar: start with (B(z;,4/3),7 < M) a finite covering
of W1[0,¢] N W1[0,¢] by balls of radius one whose centers are all assumed to belong to [0, .
Then, by removing one by one some balls if necessary, one obtain a sequence of disjoint balls
(B(zi,4/3),i < M), such that the enlarged balls (B(x;,4),i < M’) cover the set W3[0, ] N W10, ],
and such that all of them intersect W1[0,# N W1[0,¢]. But since the centers (z;) also belong to

5[0, 1], all the balls B(z;,4/3) belong to the enlarged intersection W4[0,t] N W4[0,t]. So as before
one has on one hand

Cap(W1]0,¢] N W, 0,¢]) < M’ Cap(B(0,4)),

and on the other hand -
(W40, 8] N W4[0,t]] > M'[B(0,4/3)].

We now prove (2.16). We start with a first moment bound (see [9] for more precise asymptotics):

E[|W1[0,t] N, [o,t]ﬂ < Clogt. (2.17)
This estimate is easily obtained. Indeed, by definition
E[|W1[0,1 1[0, 1] = /41@ (Hpen) < 1)° dz. (2.18)
R

6



and then we use the bounds (2.8) inside B(0,t) and (2.9) outside. For the second moment, we write
similarly

E[|W1[0,t] N Wl[o,t]P] :/ / P(Hp(.1) < t, Hp( 1) < t)2 dzd?'. (2.19)
R4 JR4
When |z — 2’| < 2, one uses the trivial bound
P(HB(ZJ) < t7HB(z’7l) < t) < P(HB(Z,l) < t). (2.20)
When |z — 2/|| > 2, we first use that
]P)(HB(Z,l) < taHB(z/,l) < t) = P(HB(Z,I) < HB(z/,l) < t) + ]P)(HB(Z/,I) < HB(z,l) < t) ,
and hence taking the square on both sides gives
2 2 2
P(Hp(s1) < t, Hp(wr 1) < t)” < 2P(Hp(,1) < Hp 1) <t)” +2P(Hp( 1) < Hpzpy < t)”. (2.21)

Let v denote the hitting distribution of the ball B(z,1) by a Brownian motion starting from 0,
conditioned to hit this ball before time t. Then by the strong Markov property we get

P(Hps1) < Hpay <t) < P(Hpy <t) Py (Hpeay <t).
Substituting this, (2.20) and (2.21) into (2.19) gives by symmetry
E[\Wl [0, N Wl[O,t]ﬂ < 4/R4 /R4 P(Hp(z) < )2 Py (Hperyy < t)? dzd’
+|B(0,2)| /RLIP(HB(ZJ) <)’ dz.
Using (2.18) and translation invariance of the Brownian motion, we now obtain for all z,
/W Py (Hpry < 1)’ d' = IE[WV1 [0, 4] N W40, t]y} .
Recalling (2.17), the proof concludes from the bound

E[ywl [0, 4] N W40, t]P] < 4E [ywl [0, 4] N W40, m] " 1B, 2)\E[ywl [0, 4] N W40, t]\] .

L]

3 On the Expected Capacity
3.1 Statement of the result and sketch of proof
The principal result of this section gives the precise asymptotics for the expected capacity.
Proposition 3.1. In dimension four, and for any radius r > 0,

. logt 92

lim —— E[Cap (W, [0,t])] = =°. (3.1)

t—00 t



Remark 3.2. The scale invariance of Brownian motion yields in dimension four, for any r > 0,
E[Cap (W,[0,t])] = r*E[Cap (W1[0,t/r?])] .
Thus, it is enough to prove (3.1) for r = 1.

The proof is inspired by the approach of Lawler in the random walk setting [11, Chapter 3], to
obtain an upper bound for the probability that two random walks meet. This approach is based
on the observation that the number of times when two random walks meet, conditionally on one
of them, is concentrated. One interesting point is that by pushing his method further, and taking
advantage of the continuous setting where some computation can be done explicitly and directly,
we obtain a true equivalent of the probability that two Wiener sausages meet. Before giving the
proof, let us explain its rough ideas and introduce the main notation.

The first step is to cast the expected capacity of W1[0,#] into a probability of intersection of this
Wiener sausage by another Brownian motion 3, starting from infinity. More precisely we show in
Section 3.3 that

E[Cap (Wi[0.4)) = lim @ -PO,Z(Wl[o,t] N B[0, 00) # @) . (3.2)

This representation holds for deterministic sets (1.2), and here we need to justify the interchange
of limit and expectation. We next introduce the following stopping time

7 = inf{s >0 : Es € W1[0,¢]}, (3.3)

and note that {W,[0,] N B[0,00) # @} = {r < co}. Then, we introduce a counting measure of the
pairs of times at which the two trajectories come within distance 1: for s <, let

00 t -
Rls.{] = / du/ Ll — Bol| < 1) do. (3.4)
0 s
Observe that, almost surely, {7 < oo} = {R[0,t] > 0}, and the following equality holds
Eo,[R[0,
Py (1 < 00) = 0:(R[0, 1] (3.5)

Eo.[R[0,t] | 7 < o0

The estimate of the numerator in (3.5) is established by direct and explicit computations. More
precisely we prove (see Section 3.3) that for all ¢ > 0,
Eo.[R[0,t]  =?

lim —22 o Dy 3.6
lzl—oo  G(2) 2 (3.6)

The estimate of the denominator in (3.5) is more intricate. Consider the random time
o = inf{szo 185 — B(r)]| §1}. (3.7)

A crucial observation is that o is not a stopping time (with respect to any natural filtration),
since 7 depends on the whole Wiener sausage W, [0,t]. In particular conditionally on 7 and o, one
cannot consider the two trajectories 3[7,00) and Wi[o,t], as being independent 1. and neither can
be B[r,00) and W1[0,0]. To overcome this difficulty, the main idea (following Lawler) is to use
that both Eg . [R[o,t] | B, (Bs)s<-| and Eq .[R[0,0] | 5, (Bs)s<+] are concentrated around their mean
values, which are of order logt, at least when ¢ and t — o are large enough. As a consequence,
for typical values of o, they are close to their mean values. The main part of the proof is then to
estimate the probability that o is not typical with this respect.

'a mistake that Erdos and Taylor implicitly made in their pioneering work [7], and that Lawler corrected about
twenty years later [11].



3.2 Proof of Proposition 3.1

Denote by (Fs)s>0 and (fs) s>0 the natural filtrations of 5 and 5 respectively. Recall the definition
(3.3) of 7, and then define the sigma-field G, := F; V (Fs)s>0. Then by taking conditional expec-

tation with respect to G, we get using the strong Markov property for 3 at time 7, and (2.5), that
on event {7 < oo}, with X := (o) — B(7),

Eo..[R[0,1] | G.] :/0 G*(Bu — B(7)) du

- /0 "G (B — Blo) — X) du+ [@G-s0)-xya @39

We shall see next that these last two integrals above are asymptotically of the same order. As
already mentioned, to deal with the difficulty of ¢ not being a stopping time, the main idea is to
introduce the notion of good o, when both integrals are close to their typical values. Then by using
a trick of Lawler, one is led to estimate only the probability for a deterministic time not to be good,
which can be done using the estimates gathered in the next section. Then we separate the proof
of the proposition in two parts, one for the lower bound in (3.1) and the other one for the upper
bound, and define in fact two notions of good ¢ accordingly.

3.2.1 Further notation and preliminary estimates

We introduce here some additional notation, and then state a few lemmas with all the basic esti-
mates we shall need. Before this, we need to extend (3 to negative times and therefore consider a
two-sided Brownian motion (3, )ucr. Then for s < t, and = € R*, set

t _ t
Du[s, 1] ::/ G*(Bu — Bs— ) du, and Dis. 1] ::/ G (Bu—Br—2)du.  (3.9)
Note that with X = 8(c) — B(7), we get from (3.8),

Eo..[R[0,1] | G-] = Dx[0,0] + Dx]|o, 1. (3.10)

In the following lemmas we gather all the estimates we need on D, and D,. The first one deals
with the first and second moments of Dg|0, t].

Lemma 3.3. One has

1 1
lim —— E[Dg[0,t]] = -
Am gy D04l =7
and there exists a constant C' > 0, such that for allt > 2,
E[Do[0,t]*] < C (logt)*. (3.11)

The second result shows that D,[0,¢] is uniformly close to Dy[0,t], when [|z|| < 1. Define

o0 1
- - du. 3.12
= BaPv1™ (3.12)

Lemma 3.4. The following assertions hold. There exists a constant C > 0, so that for all t > 0,
almost surely,

sup |D;[0,t] — Do[0,t]] < CC. (3.13)
2l <1

Moreover, there ezists a constant A\ > 0, such that Elexp(A ()] < oo.



The third lemma gives a control of the fluctuations of Dy[s,t] and D,[0, s], as s varies over [0, t].

Lemma 3.5. Let for 0 < s < ¢/,

00 1 ~ $ 1
C::/ I g;:/ o ——du, and M,y =1+ sw ||B.-B.l.
L BBV T L 18— BulP VT T ssumese

Define further for s >0 and r > 0,

C1(||By — Bs —yl| <) = S 1()|Bu— Bs —yll <)
S = d ) d S = d .
%) ui‘JET/S 1By —gPvi T ond &) 2?27«/00 1Bu—Bo—slPvi

(i) For any s, (s and Cs are equal in law to (y. Likewise, &s(r) and &,(r) are equal in law to &y(r),
for any r > 0.

(it) There exists a constant A > 0, such that E[exp(A M&l)] < 00. Moreover, there exist positive
constants ¢ and C, so that for all r > 2, E[¢y(r)?] < Cr?, and

P(&(r) > Crlogr) < Cexp(—cr), (3.14)

(iii) There exists a constant C > 0, so that for all 0 < s’ < s < t, almost surely,

sup ‘Da:[slat]_Dm[Sth < 0(3_3/+Ms’,sgs+§s(R))7

[l=]I<1

with R = ||Bs — Bsl||, and likewise, for all 0 < s < s’ <t, almost surely

sup ‘ZN);E[O, s] — 15,,[(), s']
llzll<1

< O =5+ Moyl +E(R)).

The next result gives some large deviation bounds for Dg|0, t], and shows that it is concentrated.

Lemma 3.6. For any € > 0, there exists ¢ = c(e) > 0, such that for t large enough,

P(|Dol0,1] — d(t)| > ed(t)) < exp (—c(ogt)'/?), with d(t) :=E[Dol0,1]].

Dealing with another starting point than the origin can also be obtained as a corollary of the
previous lemmas:
Lemma 3.7. There exist positive constants ¢ and C, such that for allt > 2, and all b € R4,

2
Ky < sup D.[0,t] + riCo + fo(ﬁ)) < C(logt)?,

]| <1

and,
1 1
Py, (Co > 1 logt> + Py (fo(rt) > Zrt(logrt)2> < Cexp(—c(log t)'/3).
Moreover, for any € > 0, there exists a constant ¢ > 0, such that for all t large enough, and all b

such that t/(logt)'0 < ||b]|? < t(logt)'/?

]P’b< sup D.[0,t] > elog t) < exp(—c(log 75)1/3)'

[[=]|<1
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Finally the last preliminary result we should need is the following elementary fact.

Lemma 3.8. There exists a constant C' > 0, so that for all k,i € N, and z € R?,

_ k2 pit2 _
PO,Z< inf  inf Hﬁu—ﬁs||g1> < 0/ / PO,Z(Hﬁu—ﬁng?,) du ds.
k 7

k<u<k+1i<s<i+1

The proofs of these lemmas (together with the proof of (3.2), and (3.6)) are postponed to Subsec-
tions 3.3, 3.4, and 3.5, and assuming them one can now start the proof of Proposition 3.1.

3.2.2 Proof of the lower bound in (3.1)

We fix some ¢ > 0, and define a time s € [0,t] to be good if

sup Dy[0,s] < (14¢)d(t) and  sup Dy[s,t] < (1+¢)d(t),

fl=]I<1 [l=[|<1
where d(t) is defined in Lemma 3.6. Otherwise we say that s is bad. The estimates gathered so
far (see in particular Lemmas 3.4 and 3.6) show that the probability for a fixed time s to be bad
decays like a stretched exponential in logt. However, this is far from being sufficient for getting
the lower bound in (3.1). Indeed a subtle and difficult point here is that o (and 3,) depend on
the whole trajectory (fu)u<t, and as a consequence it is actually not possible to obtain directly
good estimates for the probability of o being bad. So the idea of Lawler, see [12, page 101], in the
random walk setting, was to decompose the event {o bad} into all the possible values for ¢ and T,
and replace the event {0 = i, 7 = k} by the event that the two walks are at the same position at
times ¢ and k respectively. The event {S; = Si} for two independent walks S and S is independent
of the event {i bad}, and hence the probability factorises. One can then use the estimate for the
probability that a deterministic time is bad. What remains is a double sum which is equal to the
expected number of pairs of times the two walks coincide, but which is negligible compared to the
probability that a time ¢ is bad.

In our case, a number of new (technical) difficulties arise, mainly due to the continuous time setting.
Indeed one is first led to discretise 7 and o. For 7 this is not a serious problem, but doing it for o
requires to relate the event {i < o < i+ 1} N {0 bad} to the events that ¢ or ¢ + 1 are bad (more
precisely we relate them to the events {¢ bad_} or {i + 1 bady}, see below for a definition). For
this we use Lemma 3.5 which relates D,[s,t] with D[s,t] when s and s" are close (and similarly
for D,[0, s] and D,[0, s']).

Let us now start with the details. We first express the event {s bad} in terms of other events which
are conditionally independent of (3, )(s)<u<[sj+1 (With [s] the integral part of s). Set r; := % log t,
with the constant A as in Lemma 3.5. Then for an integer ¢, and using the notation of Lemma 3.5,
define the events

{i bad_} = { sup D,[0,4] > (1 + %)d(t)} U{G > (og )} U {&(r) > rillogr)?}

=<1

{i bady } = { sup Dy i t] > (1+3) d(t)} {6 > (tog)/*} U {&i(re) > rillogr)?}
fl=ll<1
From Lemma 3.3 we get that d(t) is of order logt for large t. Using this and Lemma 3.5 (part
(iii)) we obtain that for all ¢ large enough and for any s € [0,¢ — 1], letting ¢ = [s], on the event
{supg<s M 511 < 14},
{sbad} C {ibad_}U{i+1 bad;}. (3.15)

11



Note that all these events depend in fact on ¢ and &, but since they are kept fixed in the rest of the
proof this should not cause any confusion.

Recall that for s > 0, Fs = o((Bu)u<s), and define F := o((Bu)u>s)-

Now we first need to estimate the probability that an integer ¢ is bads, conditionally on F;. For
this observe that for any ¢ < ¢, one has by the Markov property, conditionally on F;,

law
sup Dg.[i,t] < sup Dgli,t + i (law) sup D, [0,t].
lzll<1 2l <1 =<1

Therefore using Lemmas 3.4, 3.5 and 3.6 we get that there exists ¢ > 0 so that for all ¢ large enough
and all integers ¢ € [0, t], almost surely

P(i bad, | Fi) < exp(—c(logt)'/?). (3.16)

Using in addition Lemma 3.3 we also obtain that there exists C' > 0 so that for all t > 2, almost
surely

2
E (sup D, i 1] +rt(i+£i(rt)> ‘ Fi| < Clogt). (3.17)
<1

The corresponding estimates for the event {ibad_} are harder to obtain, since now the law of the
Brownian path between times 0 and ¢, conditionally on ]:j, is a Brownian bridge, and it is no
more possible to obtain estimates which are valid almost surely. One need now to assume that 4
is sufficiently large, and to work on an event where ||3;|| is neither too small nor too large. More
precisely, we define for an integer i,
_ { Vi
=

(log 1) <Gl < \/E(logt)l/lo}

Then we gather the analogues of (3.16) and (3.17) in the following lemma whose proof is postponed
to Section 3.2.3.

Lemma 3.9. There exist positive constants ¢ and C, so that for all t large enough, almost surely

on the event &;,
P(i bad_ | F;) < exp(—c(logt)'/?), (3.18)

and

2
E ( sup 5;,;[0, i] + rt@- + gz(rt)> ’ .7:z-+ < Cexp(2(log t)1/5). (3.19)

ll=]|<1

We resume now the proof of the lower bound. Since the event {o good} is G,-measurable, one has
from (3.10) and the definition of {o good}

Eo .[R[0,t]1(T < 00, 0 good)] = Eg . [Eo.[R[0,t] | G;] - 1(T < 00, o good)]
< 2(1+¢)d(t)Py (T < 00, o good). (3.20)

Thus, we can write

1

Po,- > Po,. ; d) > ————
0,2(T < 00) > Py (1T < 00,0 good) 20+ )d(d)

-Eo -[R[0,t]1(T < 00, 0 good)].  (3.21)
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The last term above is estimated through
Eo . [R[0,t]1(T < 00,0 good)] > Eg.[R[0,t]] — Eo.[R[0,t]1(T < 00,0 bad, &)] — Eo .[R[0,t]1(E°)],

with
E = ﬂ &N {supMs,SH < rt} )

t/(log t)3<i<t s<t

Using (2.11), (2.12) and Lemma 3.5 (ii), we get
C

C < .
P& < (log ]! (3.22)
From (2.7) we obtain for ||z|| > s,
C C 2 C
ElG (5 - 2] <E| | < 5 + Clogllalpe /59 < L Co,
("G = T < Bl v < e ol EE
Therefore for ||z|| > ¢ using Cauchy-Schwarz we obtain
t
t
Eo.[R[0,t]1(£° :/EG*BS—zlEC ds < CP(E)Y/? <C : 3.23
[ROHL(EY] = [ EIG (8~ )1(E)ds < CPEYN iy < Oy, (329

Next we estimate the expectation of R[0,t] on {o bad}, using Lawler’s approach. This is also the
part requiring (3.16), (3.17) and Lemma 3.9. The first step is, as before, to take the conditional
expectation with respect to G, and use (3.8), which gives (with X = (1) — (o))

Eo -[R[0,t]1(T < 00,0 bad, )]
= Eo.. | Dx[0,0]1(7 < 00,0 bad, £)| + Eo.. [Dx[o, t]1(r < 00,0 bad, £)]. (3.24)

Let us start with the second term, which is slightly easier to handle. Notice that on the event &,
using Lemma 3.5, we get (assuming o <t — 1),

HSllllpl Dylo,t] < “51”151 Dyllo] + 1,t] + C(1 + reCig)+1 + &jo)+1(7t)) =t Hig)41-
z||< z||<

Note also that when ¢ — 1 < ¢ < ¢, one can bound the left-hand side above just by a constant,
since G* is bounded (recall the definition (3.9)). Also we use the convention that D,[s,t] = 0
when s > t. Then using (3.15), we get

EO,Z [DX [07 t]l<7- < 0,0 ba'da g)] < EO,z

( sup Dglo, t]) 1(1 < 00,0 bad,S)]

lzll<1
oo [t]

ZZE()’Z [Hit11([1] = k,[0] =i,0 bad, E)]

k=0 i=0

oo ]

> ) Eo: [HiaL([r] =k, o] = i,i bad_, )] + Bo . [Hiy1 1([7] = k, [0] = 4,4 + 1 bad)]
k=0 =0

o

DD Eo. [HipalkiL(i bad—, )] + Eo.z [Hiv1 1L (i + 1 bady)], (3.25)
k=0 i=0

IN

IN

IN
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where we set for any k,7 € N,

I =1 ( inf Hﬁu Bull < 1) .

k<u<k+1 z<v< +1

Note that (3.17) gives in fact that almost surely

E[HY | Fipa] < Cllogt)*. (3.26)
Therefore by conditioning first with respect to F;11 V foo, and then using Cauchy-Schwarz and
(3.16), we get for any 0 < i < t,

Eo,» [His11,;1(i + 1 bady)] < Cexp(—c(logt)/*)Eq . (I1).
Similarly by conditioning first with respect to Fit1 V Foo and then with respect to ]-T \% j-:oo, we
get using (3.26) and (3.18), for any 0 t)g <i<t
Eo. [Hit1Ip;1(i bad_, E)] < Eo, [Hit1l,:1(i bad_, &)] < Cexp(—c(logt)*)Eg , [T -
On the other hand, for i < t/log®t, one can just use (3.26), which gives using Jensen’s inequality,
Eo. [Hit11xi1(i bad_, E)] < Eq, [Hiy111:] < C(logt)Eq » [ ).

Finally using Lemma 3.8 and (3.25), we deduce that

1/3

Eo.. [Dx[o,t]1(r < 00,0 bad, £)] < Ce ¢1s) " Fy R3]0, t+1]]+Clog t-Eo . | R3]0 +1]1,

t
" (logt)?
where for any T > 0

30,7 : / / Hﬂs Bull < 3)dsdu.

By scaling R3[0,77] is equal in law to 81R[0,7"/9]. Therefore (3.6) gives for ||z|| large enough,
t

|12[|>(log £)>°

The analogous estimate for the other expectation in (3.24) is similar. The only change is that one

can rule out the case of small indices ¢ from the beginning. For this we use that by (3.6), for ||z||
large enough,

Eo.. [f)x[o,a]l (7‘ < 00,0 < (lo;t) )] = Eo,. [R[O,U]l <T < 00,0 < (10;) )]

t t
< [ < _—
< o [R [0’ <1ogt>2H = Ul Pog 2

One then follows the same argument as for (3.27), summing over indices i > t/(logt)? and us-
ing (3.19) this time to obtain

Eo,. [Dx[o,t]1(T < 00,0 bad, &) < C (3.27)

t
I1z[1*(log £)>°
Inserting (3.27) and (3.28) into (3.24), and then using (3.21), (3.22) together with (3.23) we obtain
for all t large enough.

Eo - Dx[0,0]1(r < o0, 0 bad, 5)} <C (3.28)

e Pyt < o0) 2 t C
lim inf ~2 > (- ).
o~ G(z) T 4l+e) d@) log ¢

Since the above estimate holds for all € > 0, we obtain, using in addition Lemma 3.3, (recall (3.2)
and (3.3))

L logt 9
hggg}lf T-E[Cap(Wl[O,t])] > 7.
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3.2.3 Proof of Lemma 3.9

The proof is based on the fact that conditionally on -7:1'+’ the process (8u)o<u<i is a Brownian

bridge. Denote by Qg}) the law of a Brownian bridge starting from 0 and ending up in b at time ¢

(and abusing notation let it also denote the expectation with respect to this law). It follows from

Markov’s property, that for any bounded (or nonnegative) measurable function F', one has for all

beRY,

Pi/2(Bis2:b)
pi(ov b)

Furthermore, using the explicit expression (2.1), we see that for any b satisfying ||b[|? < i(logt)
we have

Q) (Buru < i/2)] =E | F(Bu,u < i/2) (3.29)

1/5
Pi/2(937 b)

zeR* Di (07 b)

One deduces first that for any b as above, and any nonnegative functional F,

< dexp((logt)/%).

Q) [F(Bu — Bi,u < i/2)] < dexp((logt)/)E[F(By — b,u < i/2)]
< 4dexp((logt)'/*)E_p [F(Bu,u < i/2)]. (3.30)

Note also that w is in fact allowed to run over the whole interval (—oo,i/2] in (3.29) and (3.30).
By using next that under (@[()237, the law of (Bi—u — Bi)o<u<i 1S just Qg)_b, one deduces as well that
for b as above,

QUF(Biu — 8,0 <u < i/2)] < 4dexp((logt)/>)E[F(Ba,0 < u < i/2)]. (3.31)

)

Therefore on the event & applying first (3.31) with F' = (supjq<; D,[i/2,i])?, and using Lem-
mas 3.3 and 3.4, we obtain that for any ¢ < ¢, almost surely

2 2
Q. <sup Ex[i/z,z'o < 4dexp((logt)"/*)E (sup Dm[o,z'/2]> < Cexp(2(logt)'/?).
o |

|lzll<1 =<1

Likewise, using this time (3.30), and Lemma 3.7, one has on &;

. i/2 2
W, (Sup / G*(Bs — i — x) ds> < Cexp(2(logt)'/?).
0

=<1

Combining the last two displays we get that on &;

2
Qs ( sup Da:[o,z‘]) < Cexp(2(log)/?). (3.32)
Similarly, using now Lemmas 3.4 and 3.6, on the event & we have

@(()Z)ﬁz [sup D,[i/2,i] > (1 + Z) d(t)] < 4exp((logt)1/5)IP( sup D,[0,i/2] > <1 + Z) d(t))

=<1 [l=]I<1

< Cexp(—c(logt)'/?), (3.33)
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for some constant ¢ > 0. Moreover, it follows from (3.30) and Lemma 3.7, that on &;, for ¢ large
enough,

llzll<1 |lz||<1

[sup / G*(Bs — Bi —x)ds > Zd(t)] < 4exp((logt)/?) P_g, < sup D[0,i/2] > d( ))
< exp(—c(logt)/?). (3.34)

Combining (3.33) and (3.34), we get that on &;, for ¢ large enough,

Q) [ sup D,[0,4] > (1 +

£)dt)| < exp(—c(logt)t/3). (3.35)
lzfl<1 2

The last two events involved in the definition of {i bad_} are handled similarly. For instance,
for the event concerning Q, denoting by Q 1 the integral on (—o0,i/2) and by (; 2 the integral on
[i/2,1i], one has using (3.30) and (3.31), using that  is a two-sided Brownian motion for the third
inequality, and Lemmas 3.4 and 3.7 for the last one

Q(()Z)Bl [a‘ > (log t)l/g} = QOB [Q e (log t)l/ﬂ + @ [Cw > (log 75)1/3]

i/2 1
P_g, </_oo st > (logt)1/3> (Co > = (logt)1/3>

2P_g, ({0 > (logt)1/3> <(0 > (logt)1/3> < Cexp(—c(logt)1/3).

IN

IN

Likewise, and as for (3.32), using also the last part of Lemma 3.4 one has almost surely on the
event &;

Q% [¢] < Cexp(2(l0gt)).

The corresponding estimates involving g,-(rt) are entirely similar. Finally we obtain that for ¢ large
enough, on the event &;

@(()Z)BZ [i bad_] < Cexp(—c(logt)'/3),

and

=<1

2
Q(%Z ( sup IN%[O,Z'] + 714G + é(rﬁ) < Cexp(2(logt)/%).

3.2.4 Proof of the upper bound in (3.1)

This part is similar to the lower bound, except that we work on a slightly longer time period, to
avoid discussing the cases when o or t — o would not be of order ¢. So given € € (0,1), which we
fix for the moment, we define a time s € [0, ] to be good if

HaicI||l£1 Dy[—et,s] > (1 —€)d(t) and |\:;i31||l£1 Dy[s, (1 +e)t] > (1 —e)d(t),

and otherwise we say that s is bad.
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We write next
Py (1 < 00) =Py (T < 00, 0 good) + Py .(T < 00, o bad) .

Let us treat first the probability with the event {o good}. We have

Eo..[R[—¢t, (1 + &)t]]
]P) z 9 d g ’ .
07 <00, 7 8000) = g TR et (L4 2)] | 7 < o0, good]

By conditioning first with respect to G, we get by definition of o good, that
Eo:[R]—¢t, (1 +¢€)t] | T < 00,0 good] > 2(1 —¢) d(t).
Together with (3.6) this provides the upper bound, at least for ¢ large enough,

t
< w314 28)——

) Py (7 < 00,0 good)
lim sup — logt'

Concerning the probability of the event {o bad}, one can argue as for the proof of the lower bound,
by discretizing 7 and o, and summing over all possible values of [r] and [o]. Since this part is
entirely similar to the arguments given in the proof of the lower bound in Section 3.2.2, and is
actually even simpler since we do not have to deal with the additional factor RJ0,t], we omit the
details. This completes the proof of Proposition 3.1. U

3.3 Proofs of (3.2), (3.6), and Lemmas 3.3 and 3.8

Proof of (3.2). For any real p > 0, with d\, denoting the uniform probability measure on the
boundary of B(0, p), we have shown in (2.13) that

Cap (W10, N B(0, p)) = @ /83(0 2 )PO,Z (W1 [0, N B0, p) N B0, 00) # @ | Wi [0, t]) dAap(2).
,2p

Taking expectation on both sides we obtain

E[Cap (W3[0, £] N B(0, p))] = Gép) / By - (W[0.4 N B(0.p) N [0, 00) # 2) day(2).

By rotational invariance of 5 and E , we get that the probability appearing in the integral above is
the same for all z € 9B(0,2p). Writing 2p = (2p,0,...,0) we get

1 ~
E[Cap (Wl [07 t] N B(Oa p))] = MPO,Q,D (Wl [07 t] N B(Oa p) N B[Oa OO) 7& @)
_ 1 ol P(Wl[oat] mBC(()?p) # Q)
= G Po (W1 0.1 N B0, 00) # 2) + (9( o ).
Using that the O term appearing above tends to 0 as p — oo and invoking monotone convergence
proves (3.2). O

Proof of (3.6). Note first that by (2.5) and (3.4), one has Eg .[R[0,] | 8] = D.[0,t], and thus by
(2.3) and (3.9),

Eo..[R[0, 1] = /R Gz - )G do (3.36)
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Then, (2.6) shows that for any fixed z, G*(z — x)/G(z) converges to w2/2, as ||z|| — co. Moreover,
using Fubini we get [ G¢(z) dz = ¢. We now explain why we can interchange the limit as z goes to
infinity and the integral in (3.36).

Set F, = {z: ||z —z| < |z||/2}. Using that G* is bounded, (2.3) and (2.4), we obtain that for
positive constants C' and C’, for all z satisfying ||z| > 1,

G*(Z—$) 2 = z 2 z S
[ S5 e < el /x||z||z|/2Gt(x)dx = Cllel [ B8l = Jz1/2)d

t
0
t]E 4 t3
< 024”2,”2/ [Hﬁsl‘ ]ds < C/ =
o =l [El

using also the scaling property of the Brownian motion for the last inequality. On the other hand
on R*\ F,, the ratio G*(z — x)/G(z) is upper bounded by a constant (recall (2.6)) and hence one
can apply the dominated convergence theorem. We conclude that, for any ¢ > 0, (3.6) holds. [

Proof of Lemma 3.3. One has recalling (3.9), and then (2.6),
t . B 772 t t
Bipuio.0] = [ i@ as= G [ Gl > vlas + o ([ Bl < vas)

w2 /t/ G(z) _l=1? 1 1 =1
- W) N drds + O(1) = — / e dr + 0(),
2 Jo Jjz|>1 2m2s? A2 Jz>1 ][

using that P(||Bs|]| < 1) < 1 A (C/s?), for some constant C > 0, at the second line, and applying
Fubini at the last line. Then a change of variable gives

1 1 Ll 1 [>®2n2p3 2 1 [>®1 .2
—2/ g€ 2 dr = —2/ 7r4p e % dp = —/ —e 2 dr
472 Jje>1 llzl| dn2 )1 p 2 /e

1 [t logt
- 5/ —dr—l—O(l):% O(1)

It remains to bound the second moment of Dy[0,¢]. Recalling (3.9), and by using the Markov
property, we get

enio.7) = B[ [ [ 606 50 dsas]

~ 9 / E[G*(8,)G"(8,)] ds ds’
0<s<s’'<t

< 2/; dsE[G*(ﬁs)E[/OtG*(ﬁs+gs/)dS/|5s”
< 28D[0.1] - (sup EID.0.1]). (3.37)

with B a standard Brownian motion independent of 8. Using the simplest form of a rearrangement
inequality (see for instance [17, Theorem 3.4]) shows that for any x € R* and all ¢ > 0,

P(18: — =] < 1) < P([|B:]| < 1).

Using next that if § and 5 are two independent standard Brownian motions, then (3, — ES equals
in law By, for any fixed positive v and s, we deduce that also for any x € Z*,

Po(||Bu — Bs| <1) = Poo(|Bu — Bs — ]| 1) < Poo(||Bu — Bsl < 1)
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Then by combining (2.5) and (3.9) we deduce that
E[D:[0, 7] < E[Do[0,]],
for all x € R%. Together with (3.37), this shows that
E[Do[0,#]*] < 2E[Dy[0,#]]?,

which concludes the proof, using the first part of the lemma. O

Proof of Lemma 3.8. For A C R*, define A" := U,c4B(2,1). We claim that there exists a
constant C' > 0, such that for any z, and A,

P,(Ha<1)< 0/2 P,(Bs € A7) ds. (3.38)
0

Note that by applying this inequality first for 5 on the interval [k, k+ 1], with A = Wi[i,i+1], and
then for S on the interval [i,7 4+ 1] with A = B(fs,2), for every s € [k, k + 2], we get the lemma.
Thus only (3.38) needs to be proved. Consider § a Brownian motion starting from some z at time
0. Note first that almost surely,

2
1 (HA <1, sup [[B(Ha+u)—B(Ha)l < 1) < / 1(Bs € AY)ds, (3.39)
0<u<1 0

just because when the indicator function on the left-hand side equals 1, we know that § remains
within distance at most 1 from A during a time period of length at least 1. Now, we can use the
strong Markov property at time H,4 to obtain

P(HAgl, sup !\B(HAJrU)—B(HA)l!Sl) _ P<HAS1>-P( sup Bl §1>.
0<u<1 0<u<1

Thus, (3.38) follows after taking expectation in (3.39), with C' = 1/P(supg<,<; [|Bull < 1), which

is a positive and finite constant. ]

3.4 Proofs of Lemmas 3.4, 3.5 and 3.7

For the proofs of these lemmas, it is convenient to introduce new notation. For A C R* Borel-
measurable, ¢(A) denotes the total time spent in the set A by the Brownian motion f:

(A) :—/ 1(8, € A)ds.
0
We also define the sets Ayg = B(0, 1), and
A; = B(0,2)\ B(0,2"71), fori>1.

Note that for any A and k£ > 1, one has using the Markov property

E[¢(A)*] = k!'E U | 1(Bs, €A,...,Bs, € A)dsy . ..dsk] < k! <sup Ex[E(A)]>k. (3.40)

z€EA

In particular there is A > 0, such that E[exp(A\(Ap))] < co. Using the scaling property of Brownian
motion and Markov’s inequality, this gives an alternative proof of (2.10) (in dimension d > 3).
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Proof of Lemma 3.4. Let us start with the exponential moment of (. Observe that
o0

0(Aq)

C < Z 93i
i=0

Using Jensen’s inequality and that £(4;) equals in law to 220=1¢(A;) for all i > 1, we obtain for
some constant C' > 0,

k
X1 (A > 1 (AN \*
E[¢*] <E <Z ﬁga((——l))) <) 5k (22(@—1))> < AFE[(Ao)| + B[40 < O
i=0 1=0

using (3.40) for the last inequality. Thus ¢ has some exponential moments.

Now we prove (3.13). Suppose that ||u|| > 2 and ||z|| < 1. Then, by (2.6)

1
4

1 1

1+ 2 |ul] C
2 2 <
lw ™ lull

— 2 2 — 3°
[ o | 77 R

G (u+2) = G (u)] =

Since G* is bounded on B(0, 3), there exists C' > 0, so that for all u € R*,

sup |G*(u+ z) — G*(u) ¢

<2 (3.41)
lz|<1 [uf® v 1

Then, (3.13) follows from (3.9). O

Proof of Lemma 3.5. Part (i) follows from standard properties of the Brownian motion. We
next prove (ii). The bound on My follows from (2.9). For the rest of the proof, it is convenient to
define for s > 0, y € R* and r > 0,

e Ool(”ﬁu_ﬂs_y” S'I“)
és(yar) T /S Hﬂu _ Bs _ y”2 vV 1 dua

so that &s(r) = supj, <, §s(y, 7). Then observe that &;(y, r) is equal in law to & (y, ) for any s > 0.
Moreover, for any given y, &y(0,7) stochastically dominates £y(y, ). Indeed in the integral defining
&0(0,r) the part of the integral after the hitting time of the sphere of radius ||y|| is equal in law
to &(y,r) by rotational and translation invariance of Brownian motion. Now using the scaling
property of Brownian motion, and a change of variables we can see that

log, ()
Gy [ 118 < 1)
£0(0,7) 2 / WPl =2 gy < 7 4 Zi,
OO0 =" ), WeEv s 2

where

© (1B < /1) . iaw)
Z::/ LUPull = /7). gy 02 g0 40),
A TN v (o)

and for any 7 > 0,

x p2-itl < < 9t W) [P 1L <8, <1
Ay i LU EL R P LRI TED
0 [[Bull 0 [ Bull

We deduce by a union bound that

du < 40(Ap).

P(&(0,7) > (logs(r) + 2)r) < (logy(r) + 2)P(¢(Ag) > r/4) < Cexp(—cr),
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for some positive constants ¢ and C, using that ¢(Ap) has a finite exponential moment (see (3.40)).
The analogous result for &(r) follows by a union bound. The bound on its second moment is
immediate once we observe that &y(r) < £(B(0,2r)), since the latter is equal in law to 4r2(Ag).

It remains to prove (iii). Applying Lemma 3.4 to the standard Brownian motion (8, — fs)u>s Or
(Bu — Bs')u>s' we get that there exists a constant C' > 0 so that almost surely

sup |D,[s,t] — Dy[s,t]| < C¢s and  sup |D.[s',t] — Do[s',t]| < C¢y.
el <1 lzll<1

From (2.7) there exists a positive constant C' so that

1 1
Y|PV 1By —BslP V1

o0
|Dols’,t] — Dols, ]| SC’(S—S’)—I—C/ ’ du,
S H/Bu - ﬁs
where Y = [y — 5. We next divide the last integral in three pieces, one over times u when
|8y — Bs = Y| < ||Y||, one over times u when ||5, — Bs|| < [|Y]| and ||S, — Bs — Y|| > ||Y]|, and the
last piece over the remaining times. Using again the same argument as in the proof of Lemma 3.4,
one can bound each of these pieces respectively by C&(Y, ||Y]]), C&s(0, ||Y]]) and C(s. Finally one
can bound similarly |(s — (s |, proving the bound concerning the D,’s. The other bound concerning
the D,’s is entirely similar. O

Proof of Lemma 3.7. Exactly for the same reason as the fact that £,(0,r) stochastically dom-
inates &(y,7), for any y € R* (see the argument given in the proof of the previous lemma), one
can see that the law of &(r) and (o when the Brownian motion 3 starts from some b € R*, are
stochastically dominated by these same random variables when ( starts from the origin. Therefore
all the statements of Lemma 3.7 concerning these two quantities follow from Lemma 3.5.

Note that the law of D,[0,¢] under E; is the same as the law of D,_;[0,¢] under Ey. Moreover,
using (2.6) and that G* is bounded one can see that for some C' > 0 independent of b

sup D,_[0,t] < CD_p[0,1],

llzl<1
Then, the proof of Lemma 3.3 reveals that for any b € R%,
E[Dy[0,t]%] < 2E[Dol0, #]]%.

Thus, the proof of the first statement follows from Lemma 3.3. Finally, we prove the last claim of
the lemma. So assume that b is such that ¢/(logt)® < ||b]|?> < t(logt)'/>. Note that by the above
arguments, it just amounts to showing that for some constant ¢ > 0 (possibly depending on ¢, but
not on b),

P(Dy[0,1] > elogt) < exp(—c(logt)'/?),

for ¢ large enough. For b € R* we write H(b) = Hpp(o,p))- Then by standard properties of Brownian
motion, and using rotational invariance of the function G*, one has for any b € R?,

¢ o [HOF
Db[O,t]:/O G*(Bs — b) ds (1:)/ G*(8,) ds.

H(b)
Moreover, (2.9) and (2.10) show respectively that

P(H(b) <t/(logt)®) < exp(—c(logt)), and P(H(b) > t(logt)?) < exp(—c(logt)).
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Note furthermore that
t(logt)?
/ G*(Bs) ds = Do|0,t(logt)?] — Do[0,t/(logt)®].
t/(logt)®

Therefore Lemma 3.3 and 3.6 show that for ¢ large enough

P(Dy[0,t] > elogt) < P (Dy[0,t(logt)?] > (1 +¢)d(t)) + P (DO [O, m] <(1- 6)d(t))
+ exp(—c(logt)) < exp(—c(logt)'/?).

This concludes the proof of the lemma. O

3.5 Proof of Lemma 3.6

The idea of the proof is to show that Dg[0,¢] is close to a sum of order logt terms which are
i.i.d. with enough moments, and then apply standard concentration results. This idea was guiding
Lawler’s intuition in the discrete setting, as he explains in [12, page 98]. However, he showed, by
direct computation, that the variance of Dg[0, ] is of order logt, as its mean. Here we obtain more
precise estimate in the continuous setting.

Actually, we do not use the full strength of Lemma 3.6. However, having just a control of the
variance would not be sufficient for the proof; we need at least a good control of the fourth centered
moment. Since this is not more difficult nor longer to obtain, we prove the stronger result stated
in Lemma 3.6.

First, let us define the sequence of stopping times (7;)i>0 by
mi=1inf{s >0 : ||Bs| > 2},

for all # > 0. Then, set for i > 0,
Ti+1 n
Y; = / G(Bs) ds, and forn >0 D, := Z Y;.
i i=0

Note that in dimension four, for any positive real A and = € R?* one has \2G(\zr) = G(z).
Therefore using the scaling property of the Brownian motion, we see that the Y;’s are independent
and identically distributed. The following lemma shows that Yy has sufficiently small moments,
and as a consequence that D, is concentrated. We postpone its proof.

Lemma 3.10. There exists a positive constant X\, such that ]E[e)‘\/%] < o00. As a consequence
there exist positive constants ¢ and C, such that for alle >0 and n > 1,

P(|D,, — E[D,]| > eE[D,]) < C exp(—c(en)'/?).

Now we see that as t goes to infinity, Dy[0,¢] is close to Dy,, where N; is defined for all ¢ > 0, by
Ny =sup{i : 7; < t},

if 9 <'t, and N; = 0 otherwise. Indeed, recall that G*(z) = G(z), whenever ||z|| > 1, so that

Dol0,1] = /0 t G*(8s)ds = Dn, — Z1(t) — Zo(t) + Z3(1), (3.42)
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with vt .
Zy(t) = / LB < DG (B s, Zolt) = / G(8,) ds.

0 oVt

and

20 = [ 1130 < 16" (6)ds.

Since, G* is bounded on B(0, 1), we see that Z3(t) < Zz(co) < C4(Ap), for some constant C' > 0,
with the notation introduced at the beginning of Section 3.4. Moreover, by definition Z»(t) < Yy,.
These bounds together with (3.40) and the next lemma show that Zi(t), Z2(t) and Z3(t) are
negligible in (3.42).

Lemma 3.11. There exists A > 0, such that
E[eMV21(®)] < 400,
and for any € > 0, there exist ¢ > 0 and C > 0, such that
P(Yy, > elogt) < Cexp(—cy/logt).
Moreover, E[Yy,] = o(logt).

Let us postpone the proof of this lemma and continue the proof of Lemma 3.6.

Actually the proof is almost finished. First, all the previous estimates and (3.42) show that Dg[0, ¢]
and Dy, have asymptotically the same mean, i.e.

. 1

Moreover, using the strong Markov property at times 7;, one obtains

E[Dn,] = iE[Yil(iSNt)] = iE[Yil(ﬂ'St)]
1=0 =0

= SCEMB(ri<t) = EGEN
1=0

Then all that remains to do is to recall that NV, is concentrated. Indeed, letting n, = logt/(21og2),
it follows from (2.9) that for any € > 0,

P(N; > (14 ¢e)ny) = ]P’(supHﬁSH >t<1+6>/2> < C exp(—ct?), (3.43)
s<t
and it follows from (2.10) that
P(Ne < (1—e)ny) = P(sup\lﬁsll < t“‘E)/Q) < C exp(—ct®), (3.44)
s<t

for some positive constants ¢ and C. So for all ¢ < 1 we obtain E[N;] > (1 —¢)n; for all ¢ sufficiently

large. Therefore,
d(t) ~ E[Dn,] > co (1 —e)ny,
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with ¢ = E[Yp]. Note also that E[D,,] = con, for all n > 0. Then with all the estimates obtained
so far (in particular with Lemma 3.10 and (3.40)), we deduce that for ¢ large enough,

P(Do[0,t] = (14+2)d(t) < P(D(y ey, = (1+5)d®) +P (N> (145 m)

+ P(Z(t) = Sd(1)) < Cexp(—cllogt)'/?),
and likewise for the lower bound (using also Lemma 3.11):

P(Do[0,£] < (1 —€)d(t)) < P (D(l_%)nt < (1 - g) d(t)) +P (Nt <(1- Z)nt>

+ P (Zi(t) + Zo(t) > Zd(1)) < Cexp(—c(logt)'/?),

| ™

which concludes the proof of Lemma 3.6. O

At this point it just remains to prove Lemma 3.10 and 3.11.

Proof of Lemma 3.10. We first extend the definition of the 7;’s and A;’s to negative indices:
T :=inf{s>7 : B, €9B(0,27")},  and A_; = B(0,27"1)\ B(0,27%),

for ¢ > 1. We also set

lo(A;) = /oo 1(B. € A_)ds.

0

In particular, compare it with the notation introduced in Section 3.4, and note that {y(A_;) <
¢(A_;) . Then similarly as in the proof of Lemma 3.4, one has

T1 .
Yo = [ 6()ds £ Y a(ru < m)2(A-) +
70 i>1

Note that 7; has an exponential tail by (2.10), so it suffices to bound the moments of the first sum.
More precisely it amounts to proving that its k-th power is bounded by C* (k!)2. First,

k
k
E E l(TfiJrl < 7'1)22%0(14,1) = E 421:1 UE | | l(Ter'j+1 < TI)EO(Afij)

i>1 [AERENT" J=1
Next, by Holder’s inequality we get

k k 1/k
E H l(T—ij—i-l < Tl)e()(A_Z‘].) < H E[l(T_Z’j_H < Tl)e()(A_ij)k]
j=1 j=1

Now by scaling and rotational invariance of the Brownian motion, for any = € 9B(0,27+1), and
y € 0B(0,1), ' .
B [0(A_)*] = 4FCVE (A1)} < 4FVE(A )Y,

Therefore using the strong Markov property, we get

E[l(T_z’j_H < Tl)EO(A_Z'].yC < ]:P)(T_ij+1 < Tl) 4~k -1 E[K(A_l)k]
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From (3.40) we deduce that there is a constant C' > 0, such that

k
k
E Zl(TfiJrl < 7'1)22%0(1471‘) < Ck k! Z HP(T,ijJrl < Tl)l/k
i>1 1yeeyig j=1
k k
1
= CPR| D Pl <m)VM ) <OV D | SO
i>1 i>1

using (2.8) for the second inequality. This concludes the proof of the first part of the lemma.

It remains to prove the second part. Let € > 0 be fixed. Since Yj is integrable, there exists L > 1,
such that E[Yp1(Yy > L)] < /4. Then using Bernstein’s inequality (see for instance Theorems
3.4 and 3.5 in [5]) and the first part of the lemma at the third line, we obtain for some positive
constants C' and c,

P( > (Vi —EM)| > e(n+ 1)) < P(Fi<n:Y>L) +1P>< > (YiL(Y; < L) -E[Yi])| > e(n+ 1)>
i=0 i=0
< (n+1)P(Yo > L) —i—IF’( Z(Yzl(Yz < L)-EY;1(Y; < L)])| > g(n + 1)>
i=0
< C | nexp(=AVL) +ex —052771
= P PUTEDg+Le) )
The desired result follows by taking L = (6n)2/ 3 and en large enough. O

Proof of Lemma 3.11. We start with the first part. Exactly as in the proof of Lemma 3.10, and
using the same notation, one has

o
Zi(oe) = [ 28] S DGR s < € 3 Ui < )24,
0 i>1
and the result follows exactly as in the previous lemma.

Concerning the second part, recall the notation introduced at the end of the proof of Lemma 3.6.
Then using (3.43), (3.44) and Lemma 3.10, we get

P(Yn, > elogt) P(|Ny — ny| > elogt) + P(Fi € [ny — elogt,n, + clogt] : Y; > elogt)
C exp(—ct®) + 2eclogt - P(Yy > elogt)
C exp(—ct®) 4+ Ce(logt) exp(—cy/elogt).

Finally we compute the expectation of Yy, as follows: for any fixed € > 0,

ININ A

E[Yy] = Y E[l(r <t<m41)Y]
>0
< Y ER(t<ma)Yil+ Y. ElL(n <OV +2e(logEYD],
i<nt—elogt i>ni+elogt

where for indices i between n; — elogt and n; + €logt, we used the simple bound E[1(7; < ¢t <
Ti+1)Y:] < E[Yi] = E[Yo]. Then using Cauchy-Schwarz and (3.44) for the first sum above, and the
Markov property and (2.9) for the second sum, we get

E[Yy,] < Cnyexp(—ct)E[YZ]? +EYo] Y exp(—c2?) + 2¢(log )E[Yo),

j>elogt
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and the result follows. O

4 Upward Large Deviation

Using our estimate on the expected capacity, we obtain a rough estimate on the upward large
deviation, which we use in the next section when bounding the square of the cross-terms (recall
their definition (1.8)). Our estimate improves a recent inequality of Erhard and Poisat: inequality
(5.55) in the proof of their Lemma 3.7 in [8]. They estimated the probability that the capacity of
the sausage exceeds by far its mean value and obtained polynomial bounds.

Proposition 4.1. There exist positive constants ¢ and ty, such that for any a € (0,1), there is
k= k(a) > 0, satisfying

P(Cap (W10, 2]) — E[Cap (W1 [0, #])] > alcfgt) < exp <cat"‘ min(1, 10(;25)> ,

for all t > tg. Moreover, there exists a constant k > 0, such that the inequality holds true for any
a>1andt> 2.

Remark 4.2. The proposition shows in particular that the process (lngtCap(Wl [0,t]), t > 2), is

bounded in LP, for all p > 1. It also implies (1.5) of Proposition 1.3, since for ¢ large enough
a/logt < 1, and the logt can be absorbed in ¢* by choosing a smaller .

Proof of Proposition 4.1. Let a > 0 be fixed. Using that the capacity is subadditive, one has
forany t > 2 and L > 1,

2L 1
Cap(W1[0,2]) < 3 Cap <W1 [k% (k + 1)214) . (4.1)
k=0

To simplify notation, we write
t t
X = Cap (W1[0,t]), and Xj = Cap (W1 [k:2—L, (k+ 1)2_L]> , fork>0.

Note that the (X}) are independent and identically distributed. Then choose L such that 2F = [¢],
with k < 1, some positive constant to be fixed later. For t large enough, Proposition 3.1 gives

t/2k

t
E[X] > 472(1 — 27 10q)—— E[X;] < 47%(1 + 27 19g)—L— .
[X] > 47m=( a) , and E[Xj] <47r°(1+ a)log(t/2L>

logt
Plugging this into (4.1) we obtain
2l 1

t
X —E[X] < kzo (X — LX) + 4 o (

(1+27%)
1 —log(2L)/logt

(1- 2*1%)).

Furthermore when a < 1, by choosing x small enough (depending on a), one can make the last
term above smaller than at/(2logt), and when a > 1, it is easy to check that this is also true with
x = 1/1000. Thus for this choice of &,

2l—1
t a t
Pl X -EX|>a— ] < P X —E[Xg]) > —— 4.2
(X2 0] < B X 0 = G 42)



Now we claim that X;/(t/2%) has a finite exponential moment. Indeed, thanks to Lemma 2.2, it
suffices to compute the moments of the volume of a Wiener sausage. But this is easily obtained,
using a similar argument as for the local time of balls, see (3.40). To be more precise, for z € R?,
set

o, :=inf{s >0 : ||Bs — z|]| < 1}.

Then for any ¢ > 1 and £ > 1, one has using the strong Markov property at times o,,, and
translation invariance of the Brownian motion,

E[[WL[0,4]%] = /---/P(azl<t,...,azk<t)dz1...dzk
= k:'/ / (0 < - <o, <t)dz...dz
< RE[W0, 4"

Next recall a classical result of Kesten, Spitzer, and Whitman on the volume of the Wiener sausage,
(see e.g. [15] or [16] and references therein).

lim © -E[|W1(0,1)|] = Cap(B(0,1)) = 272

t—oo t

As a consequence, for some constant C, we have E[|[W1[0,#]|¥] < C*k!tk, and there exists Ao > 0,
such that
Cap(W1]0,¢
sup E [exp <)\0 M)} < Ho0. (4.3)
t>1

Now from (4.2) and (4.3) it is quite standard to deduce the result of the proposition. But let us
give some details for the reader’s convenience. First, using a Taylor expansion, one has for any
x € R, and any integer n > 0,
noi
x
X
=D T

=0

2] |x’n+1
(n+ 1)l

Applying this with n = 2, shows that for any A > 0, and any nonnegative random variable Y with
finite mean,

2 Z 7
MY —E[Y]) Z)\ [Y])

3
< SV —EY]P Y E,
=0 )

Therefore, if we assume in addition that E[e¥] is finite and that A < 1/2, we obtain

2
E[*YEND) < 1+A E[(Y —E[Y])?] + C1A° < @Y,

for some constants C; and Cy (that only depend on E[eY]). Finally we apply the previous bound
to Y = \gXo/(t/2F), with g as in (4.3). Using Chebychev’s exponential inequality, we get for any
A€ 0,1/2],

2L 1

(X —E[Xi]) _ a 2F Aoa L) —E[X}]
P > — < E ANg————
kzo /2L — 2logt | — exp (- 2logt H P 0 t/2L
)\)\OCL 2 L
< _ _
B exp< <2logt CQ)\>2 >7
and the result follows by optimizing in A. O
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5 Intersection of Sausages and Cross-terms

5.1 Intersection of Wiener sausages

Our aim in this section is to obtain some bounds on the probability of intersection of two Wiener
sausages. Then, in the next section, we apply these results to bound the second moment of the
cross-term in the decomposition (1.8) of the capacity of two Wiener sausages.

We consider two independent Brownian motions (8;,¢ > 0) and (Bt,t > 0) starting respectively
from 0 and z, and denote their corresponding Wiener sausages by W and W. We estimate the
probability that W, 5[0, 1] intersects W /5[0, 00), when |[|z|| is of order V't up to logarithmic factors.
Note that in Section 3 we also consider the same question but when z is sent to infinity first. This
section can be read independently of Section 3, and does not use its notation.

Such estimates have a long history in probability. Let us mention three occurrences of closely
related estimates, which are however not enough to deduce ours. Aizenman in [1] obtained a bound
for the Laplace transform integrated over space. Pemantle, Peres and Shapiro [19] obtained the
existence of positive constants ¢ and C, such that for all z € R*, almost surely, for all ¢ large
enough,

ct . _ e
inf |z—y| 2 <Py, (Wl/Q[O,t] AWy [0, 00) # @ ’ 5) <

-2
sup ||z — .
log t yep[o.4] = p | yll

logt yepio,q
Lawler has obtained similar results for random walks. Finally, our result reads as follows.

Proposition 5.1. For any o > 0, there exist positive constants C' and tg, such that for all t > tg
and z € R*, with t/(logt)® < ||z||? < t - (logt)%,

N t (loglogt)?
P07Z<W1/2[0,t] N Wi 2[0,00) # @) < C <1 A ||Z||2> log { (5.1)

We divide the proof of Proposition 5.1 into two lemmas. The first one deals with ||z|| large.

Lemma 5.2. For any o > 0, there exist positive constants C' and tg, such that for all t > tg and
all z € R* nonzero, with ||z|| < v/t - (logt)®,

t loglogt
Iz logt

P07z (Wl/2 [O,t] N WI/Q [0, OO) 75 @) < C (52)

The second lemma improves on Lemma 5.2 in the region ||z|| small.

Lemma 5.3. For any o > 0, there exist positive constants C' and tg, such that for all t > tg and
all z € R, with t - (logt) ™ < ||z|? < ¢,

(loglogt)?

5.3
logt (5:3)

Po.. (W1/2[0,1] N Wi jo[0,00) # 2) < C-

Proof of Lemma 5.2. Let r := /t/logt. Assume that ||z|| > 2r, otherwise there is nothing to
prove. Using (2.8), we see that estimating (5.2) amounts to bounding the term

Po,. (W1/2[0, 1] 0 Wi 20, 00) # &, WA[0,8] N B(z,7) = &)

28



Using now Proposition 4.1, we see that it suffices to bound the term
—~ t
Po.. (Wl/Q[O,t] N Wl/Q[O, o0) # &, d(z, W1[0,t]) > r, Cap(W1]0,t]) < 87T2—1 t) .
0g

By first conditioning on W7[0,¢], and then applying Lemma 2.1, we deduce that the latter display
is bounded, up to a constant factor, by
1(d(z, W1[0,t]) > r) t

d(z, W1]0,1])2 logt’

E

Furthermore, on the event {d(z, W1[0,t]) > r}, for ¢ sufficiently large we have
1
§d(z, B10,t]) < d(z,6[0,t]) — 1 < d(z, W1[0,t]) < d(z, B[0,t]),

with 3[0,¢] the trace of 8 on the time interval [0,¢]. Now by using again (2.8) and the bound
2|l < v/t(logt)®, we get for some constant C' independent of z,

1(d(z, B[0,t]) > r)
BTG B0, )2 ]

1/r
_ 2/0 w-P(d(z, B0,4]) < 1/u) du

1/r
< 2/ w-P(d(z B(0.1]) < 1/u) du+ ——
W 2]l
log(||z]|/7) 1. loglogt
2BV < Cla+ - ,
EE @t e

IN

C

which concludes the proof. O

Proof of Lemma 5.3. Set t; = 0, ¢t = ||z||? and for k > 3, denote t; = 2t;,_;. Let K be the
smallest integer such that 28~1 > (logt)®. In particular ¢t < 2571|2||?> = tx,1 by hypothesis.
Then,

K
Py,. (W1/2 [0,2] N W5 /5[0, 00) # @> < ZPO,Z (W1/2[tk,tk+1] N W1)2[0,00) # @> .
k=1

We now bound each term of the sum on the right hand side. The first one (corresponding to k = 1)
is bounded using directly Lemma 5.2: for some positive constant C,

loglogt

Bo- (Waal0. ) N W 0.o0) # ) < O

Now for the other terms, we first observe that for some positive constant C, for all z, satisfying

121l = 1,
1 C / 1 L=’ C
El——| < 5 | ——5¢ % dz < —. 5.4
) < a b o4
Furthermore, it follows from (2.9), that for all k£ < K,
PlllBe, — 2l > Vte(ogtr)] < Pll|By || > Vir((log tx)® — 1)] < C exp(—c(logt)®), (5:5)

using that by hypothesis ||z]| < v/tx, and that logt; and logt are of the same order. Then, we
obtain, for some positive constant C, for ¢ large enough,

PO,Z <W1/2[tk,tk+1] N /V[71/2[0, OO) §é @) S E[sz_ﬁtk (WI/Q [O,tk+1 — tk] N Wl/g[o, OO) ?é @):|
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)

CIE[ 1 }tk-loglogt < C_loglogt

18, — =17

using Lemma 5.2 and (5.5) for the second inequality and (5.4) for the third one. We conclude the
proof recalling that K is of order loglogt. O

logt - logt

We now give the proof of Proposition 1.5.

Proof of Proposition 1.5. Define the stopping times
o:=inf{s : W[0,s]N~v[0,00) # @}, and o :=inf{s : W3[0, s]N7[0,00) # }.
Note that
Po,z..» (W1[0,t] N[0, 00) # @&, W1[0,¢] N7[0,00) # @) =Py, (0 <o <t)+ Py, (0 <o <t).

By symmetry, we only need to deal with Py , /(0 < & < t). Now conditionally on v, o is a stopping
time for 8. In particular, conditionally on o and f,, Wi[o,t] is equal in law to S, + W{[0,t — o],
with W’ a Wiener sausage, independent of everything else. Therefore

Po..(0<o<t) < Eo.[lloc<t)Py,.(0c<d<t]|o, v, 5]

Eo,. [1( < t) Po_s, (W{[0,t — o] N3[0,00) # 2 | )]
Eo.. [1(0 < ) Po g, (W][0,] N[0, 00) # 2)] .

VARVAN

To simplify notation, write D = ||z’ — B,||. Note that one can assume D > v/t - (logt)~3%~1, since
by using (2.8) and the hypothesis on ||2’|| we have

30— t 4o
Po,- (0’ <t,D<+t-(logt)™® 1) < ]2 (log)6at2 < (logt)~ o2,

and the right hand side in (1.10) is always larger than (logt)~#*~2 by the hypothesis on z and z’.
Then by applying Proposition 5.1 we get for positive constants C; and Co,

Eo,: {1 (a <t, D> #) Py, (W1[0,t] NF[0,00) # @)}

< C1 Ko, [1(0 <t) (1 A i)] ) M

D2 logt
16t (loglogt)? 1211\ (loglogt)?
I|27]|% log 4 logt

(loglogt)* t t 12’1\ (loglogt)?
< 0228 (A ). (1A CiP, (o<t D< : .
= 7 logt? B ) e\ T = T E ) o

<y PO,Z (Wl[O,t] FW[O, OO) 75 %) ) . <1 A + Clpo,z (O’ <t,D<

Now define
e { inf{s : Bs € B(z, [|2'[|/4)} if ||z = 2| > [|']|/2
sal inf{s : Bs € B(Z,3|2||/4)} if ||z —=2| <|Z]|/2.
Note that by construction ||z—8,, || > max(||z—2'l|, ||2]|)/4, and that on the event {D < ||2'||/4},
one has o0 > 7, ,». Therefore by Cbnditioning first on 7, . and the position of 3 at this time, and
then by using Proposition 5.1, we obtain for some positive constants x, Cs and Cy,

Po. (0 <t, D <|2']|/4)

IN

Py,. (Tz,z’ <o < t)

t log log t)?
< 351 (oglogt)” o <y
|z — 2'||? logt ’
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IA

t (loglogt)? .2
o (1A . el
! < =~ z'w) gt

t t (loglogt)?
1IN —— 1 .
C4< : ||z||2>< " ||sz2> logt

where we used (2.9) in the third line and considering two cases to obtain the last inequality:
|2’ > ||2]|/2, in which case we bound the exponential term by the product and ||2’|| < ||2]|/2, in
which case using the triangle inequality gives ||z — 2’| > ||z||/2. This concludes the proof. O

5.2 A second moment estimate

Here we apply the results of the previous section to bound the second moment of the cross-term x
from the decomposition (1.7). Recall that for any compact sets A and B with AU B C B(0,r), we
have defined

1

xr(A,B) =2n%r? ————
(4, B) 950, 7] Joson

(P.[Ha < Hp < 0] +P,[Hp < Ha < 0]) dz,

Proposition 5.4. Let 8 and B be two independent Brownian motions and let W and W be their
corresponding Wiener sausages. Then, there is a constant C such that for any t > e, with r(t) =

Vt-logt,

t?(loglogt)®
(logt)*

Remark 5.5. Note that on the event when W;[0,¢] is not included in the ball B(0,7(t)), one can
use the deterministic bound x,(4, B) < 472r?, which directly follows from the definition (1.8) and
holds for any sets A and B. Thus by using (2.9), one can see that the upper bound in (5.6) also
holds if one removes the indicator function on the left-hand side.

E[Xf(t)(Wl[O,t],Wl[O,t])1(W1[0,t]UWl[O,t] CB(O,r(t)))] < C (5.6)

Proof. For any compact sets A and B and any r such that AU B C B(0,r), we bound ¥, (4, B)?
as follows. For some constant C' > 0,
(4B -
vt et
|88(Oar)‘2 OB(0,r)x0B(0,r)
+ P, (Hg < Hy<oo, Hg < Hy <00)+ P, ./(Ha < Hp < 00, Hg < Hy < o)

+ P, (Hp < Ha < o0, ﬁA<ﬁB<oo)) dzd?, (5.7)

<PZ72/(HA<HB < o0, ﬁIA<ﬁIB <OO)

where H and H refer to the hitting times of two independent Brownian motions v and 7 starting
respectively from z and 2’ in 9B(0,7). To simplify notation, let A = Wy[0,t], B = W1]0,¢], and
r = r(t). Also, with a slight abuse of notation, in the lines below we let P, ./ be the law of v and
7 conditionally on Wi]0,t] and Wy [0,¢]. Then by using (2.8), we obtain

P..(Ha < Hp < oo, Ha < Hp < 0)

B _ - 1
=P, (HA<HB<oo,HA<HB<OO,HB( NG ):oo,HB(Q NG ):oo>+0<(logt)8)'

" (log )3
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Now, to bound the probability on the right-hand side, we use the Markov property at times Hx
and H 4 for v and 7 respectively. We then have using Proposition 1.5 twice, and for some constant
c,

IP)Z7ZI<HA<HB<OO,FIA<E[B<OO,H Vi :oo,fl Vi ):oo>

B, (log t)3 ) B, (log t)3
~ N Vi
< P, (Ha< Hp <00, Hy < Hp < 00, ||[7(HA)|| 2 ——=, |7(HA)| =
< P (Ha < Hy < 00, < Hy < 0, [0(HA) 2 (ot 13U 2 ots)
~ (loglogt)* _g

t t (loglogt)® _g (loglogt)®
gc(m—)-(m > 1 O((logt)™®) = o (1osl8ITY
) U A TEE) oger T O™ = O Frogs
Note that to apply Proposition 1.5 at the third line above, one also need the hypothesis that

Iv(HA)| and ||5(H4)|| are not larger than v/t(logt) for instance. But these events have negligible
probability by (2.9), so one can indeed apply the proposition. By symmetry, we get as well

(loglog t)8>
(logt)®

The last two terms in (5.7) can be bounded as follows. One can first condition on A = W;]0,¢] and
B = W1[0,], and then using the inequality ab < a® + b* for a,b > 0, together with (5.8) and (5.9),
this gives

P...(Hp < Hy < o0, Hg < Hy < 00) = O ( (5.9)

P,.(Hs < Hp < 00, Hp < Ha < 00) < P, ,(Ha < Hp < 00, Ha < Hp < o0)
(10g10gt)8> (5.10)

P, . (Hp < H Hp < H =0
+ Py (Hp < Ha < o0, Hp < Hy < o0) ( (log tF

By symmetry it also gives

~ (loglogt)8> (5.11)

P, . (H~ < HWl[O,t} < 00, HW1[0,t] < le[o,t} < OO) =0 < (log £)°

Wl[O,t]
Then the proof follows from (5.7), (5.8), (5.9), (5.10), and (5.11). O

6 Proof of Theorem 1.1

The proof of the strong law of large number has four elementary steps: (i) the representation formula
(2.13) of the capacity of the sausage in terms of a probability of intersection of two sausages, (ii)
a decomposition formula as we divide the time period into two equal periods, and iterate the
latter steps enough times (iii) an estimate of the variance of dominant terms of the decomposition,
(iv) Borel-Cantelli’s Lemma allows us to conclude along a subsequence, and the monotony of the
capacity which yields the asymptotics along all sequence.

Since all the technicalities have been dealt before, we present a streamlined proof. We only give
the proof when the radius of the sausage is equal to one, as the same proof applies for any radius.
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The decomposition. We let r = r(t) = v/t - logt. When dealing with the random set W3[0, 1],
(1.7) holds only on the event {W;[0,t] C B(0,7)}, and yields

con 000 o ([0 4] ) con (4 [1.]) e (i [0 - 1]
—er(wfog] m[5)

What is crucial here is that Cap(W1[0,5]) and Cap(Wi[5,t]) are independent. We iterate the
previous decomposition L times and center it, to obtain (with the notation X = X —E[X]), on the
event {W7]0,t] C B(0,r)},

Cap(Wh[0,4]) = S(t,L) — E(t, L,7) — T (L, L, 1), (6.1)

where S(t, L) is a sum of 2¥ i.i.d. terms distributed as Cap(W7[0,t/2%]), where

2t-1 . . - o -
_ (26 —2 27 —1 20—1 2%
.:.t L 7” ZZX7«<W1 7t7 Tt ,Wl Tt’ ?t ), (62)
=1 i=1 L E L -
and
L2 (2 -2 2i—1] (21 2]
i — _ _
T t L ’I" ZZ€T<W1 Tt, Tt ,Wl Tt, ?t ) (63)
=1 i=1 L - L -

In both (6.2) and (6.3), the second sum (with ¢ fixed) is made of independent terms.

Variance Estimates. We choose L such that (logt)* < 2 < 2(logt)?, so that L is of order
loglogt. Let now € > 0 be fixed. By (2.9) and Chebychev’s inequality, for ¢ large enough,

(o> ) = P A ¢ 80+ 2 ([TE L7 > 5 ;)

= e t
P <|S(t, L)—-Z(t L,r)| > 2logt>

IN

—c(logt)®> L p ( Y(t. L et
2 (TEL > 5

gvar(S(t, L)) + var(=E(t, L r))

+8(logt) 3

(6.4)

Then we use the triangle inequality for the L?-norm and the Cauchy-Schwarz inequality, as well as
Proposition 5.4 (see also (5.5)), to obtain

L 2 8 9
= -1t - (loglogt) o (loglogt)
(B0, L2r) < OL- 32X gyt < O Togyt ©9)
1

To deal with var(S(t, L)), we can use Proposition 4.1 which gives a constant C' > 0, such that for
any t > 2

2
E[Cap(Wl[O,t])z] < C(lofgit)w

Thus there exists a constant C’ > 0, such that for ¢ large enough,

son (t/20)? , 1
var(Sp(t)) < C 2LW < 2C Tog 1)

(6.6)
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The term T is controlled by invoking Lemma 2.2, and using that ¢,(A, B) < Cap(A N B). Since it
is the sum of at most L2% such terms, we deduce

var(Y(t,L,7)) < E[Y(t L,r)?] = O(L2"(logt)?) = O((logt)'), (6.7)
so that . (log 1)12
| _ € o
P <‘T(t,L,r)‘ > §@> - (9< §2 ) . (6.8)
Plugging (6.5) (6.6) and (6.8) into (6.4), we obtain
t B (loglogt)®
P <|Cap(W1[0,t]) — E[Cap(W1[0,t])]] > 6@) =0 (W)

From Subsequences to SLLN. Consider the sequence a,, = exp(n3/ 4), satisfying that a, 1 —an
goes to infinity but an+1 — an, = o(ay). Since the previous bound holds for all € > 0, by using
Borel-Cantelli’s lemma and Proposition 3.1, we deduce that a.s.

‘m Cap(W1 [O, an})
n—oo E[Cap(W7[0, ay))]

- L (6.9)

Let now t > 0, and choose n = n(t) > 0, so that a, < t < any1. Using that the map t —
Cap(W1[0,1]) is a.s. nondecreasing (since for any sets A C B, one has Cap(A4) < Cap(B)), we can
write

Cap(W1]0, ay)) < Cap(W1]0,t]) < Cap(W110, an+1])
E[Cap(W1[0,ant1])] ~ E[Cap(W1[0,t])] — E[Cap(W1[0,an])]’

Moreover, applying Proposition 3.1 again gives

(6.10)

E[Cap(Wi[an, ant1])] = E[Cap(W1]0, ans1 — an))] = O ( % ) = 0 <10Z;n) .

Then using that for any sets A and B, one has Cap(A4) < Cap(A U B) < Cap(A) + Cap(B), we
deduce that

i E[Cap(W1][0, an+1])]
n—o0 E[Cap(Wl[O;an])}

which, together with (6.9) and (6.10), proves the almost sure convergence.

The convergence in LP follows from the boundedness result proved in Section 4, see Remark 4.2. [

Finally we note that the bound on the variance (1.6) follows from (6.1), (6.5), (6.6) and (6.7).
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