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Abstract

The aim of this paper is to derive an efficient scheme for solving one-dimensional time-
fractional nonlinear Schrédinger equations set in unbounded domains. We first derive some
absorbing boundary conditions for the fractional system by using the unified approach intro-
duced in and a linearization procedure. Then, the initial boundary-value problem for
the fractional system with ABCs is discretized and the error estimate O(h%+7) is stated. To
accelerate the scheme in time, the fractional derivative is approximated through a linearized
Ll-scheme. Finally, we end the paper by some numerical simulations to validate the proper-
ties (accuracy and efficiency) of the derived scheme. In addition, we illustrate the behavior
of the solution by reporting a few simulations for various parameter values of the fractional
order 0 < o < 1, nonlinearities and potentials.
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1 Introduction

The classical Schrodinger equation serves as the Feynman propagator for nonrelativistic quan-
tum mechanics using a Gaussian probability distribution in the space of all possible paths. This
provides a useful mechanism that accounts naturally for the non-Gaussian distributions cor-
responding to fractional structures. By extending the Feynman path integral from Gaussian
distribution to Lévy-like quantum mechanical paths, Laskin proposed in [33-36] a space frac-
tional Schrédinger equation, proved that the associated fractional Hamiltonian is hermitian and
that the parity is conserved. Guo and Huo [24] stated the local well-posedness in subcritical
space for the Cauchy problem of the nonlinear fractional Schrédinger equation. Kirkpatrick and
Zhang studied the dynamics and observed the behavior of the decoherence and turbulence of the
Schrédinger equation with a fractional Laplacian operator that can arise in some cases, and pre-
sented the results to be consistent with the long-range interactions. Ionescu et al. [42] considered
the question of the global existence of a fractional semilinear cubic Schrodinger equation. Duo
and Zhang [19] computed the ground and first excited states of fractional Schrodinger equations
in an infinite potential well. In [7], the authors proposed a numerical study of the ground states
and dynamics of space fractional rotating Gross-Pitaevskii equations with nonlocal interactions
through pseudospectral approximation schemes.

Recently, Naber [45] built the Time Fractional Schrédinger Equation (TFSE) in analogy
with the fractional Fokker-Planck equation as well as with the application of Wich rotation of
time. Related works have next been developed [12,18,41,46,53], including the generalization of
the TFSE to a full space and time fractional quantum dynamics version and some new results on
the correct continuity equation for the probability density. The fractional nonlinear Schrédinger
equation is used to describe the nonlocal quantum phenomena in quantum physics and explore
the quantum behaviors of either long-range interactions or time-dependent processes with many
scales. There are many applications to consider this new and fast developing part in quantum
physics [31}133H36,|41},|45]146} |52, 55, 56]. Some analytical and approximate solutions have been
considered for the TFSE [29,48]. The complexity of the TFSE with different potentials and
nonlinearities precludes detailed analytical studies of its non standard properties. Therefore,
efficient and accurate numerical simulations [13}22}[26}/44./54] are urgently needed to understand
them.

In this paper, we develop some efficient numerical methods for computing the solution to
general 1D Time-Fractional Nonlinear Schrodinger Equations (TFNSE) given by

i§DP (2, 1) = —thue + V(@) + f(1B1)9, (,t) € R x (0,77,
P(x,0) = Yo (z), z €R, (1.1)
Y(x,t) -0 when |z| = 400, te€(0,T],

where i = y/—1 and V/(z) is the external potential function. The function f allows to include
general nonlinear effects with respect to 9, e.g. for the case of the cubic nonlinearity f(|v|*)y =
g|v|?¢ that arises in nonlinear optics. If g = +1, one gets the well-known defocusing nonlinearity
while ¢ = —1 corresponds to the focusing situation. The operator ng‘ denotes the Caputo
fractional derivative of order o (0 < @ < 1) with respect to ¢ [59] and given by

Comar B 1 t 1 o(x,s)
oDfY(z,t) = T —a) /0 G597 0 ds, 0<a<l, (1.2)
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where I' is the Gamma special function.
To numerically solve problem ([1.1)), there are three essential difficulties

(1) the unboundedness of the spatial domain,
(2) the nonlinearity f,
(3) and the huge storage and computational cost of the (nonlocal) Caputo derivative.

To overcome the first problem, the method of Artificial/Absorbing Boundary Conditions
(ABCs) is a powerful way to reformulate the initial problem in the unbounded domain as another
problem appropriately set in a bounded domain [1,/6},25]. The basic idea is to build a suitable
ABC to eliminate the waves striking a fictitious boundary introduced to bound the computa-
tional domain. In the literature, much attention has been received to study the construction of
ABCs for time-fractional linear PDEs [8}14,/17,[23] and Schrodinger-type equations [1|3H6}25].

For the second difficulty, the Laplace transform, usually used for the construction of ABCs,
cannot be applied directly due to the nonlinear term. To handle the nonlinearity in the ABCs,
a unified approach has been proposed in [57,58] to construct accurate ABCs for the standard
nonlinear Schrodinger equation (aw = 1). In this paper, we extend the unified approach to
derive some nonlinear ABCs for the TFNSE involved in system . By using these ABCs, the
original problem set in the unbounded domain is reduced to an initial boundary-value problem
(IBVP), and a priori estimates for the reduced problem are stated. It is well-known that using
an implicit numerical scheme for the nonlinear problem leads to an extra computational cost
since the nonlinearity needs to be resolved through iterations, at each time step [2]. To avoid
this problem, we construct a linearized finite-difference scheme by linearizing the nonlinear
term. The convergence and stability analysis of the linearized scheme is established and the
corresponding optimal convergence rate O(h? -+ 7) is also obtained, where h and 7 represent the
spatial meshsize and time step, respectively.

The third difficulty concerns the huge storage and computational cost of the direct discretiza-
tion of the Caputo derivative. For instances, the L1-approximation [32}38//40,/51] and high-order
discretization schemes [15,,21,37,47] require the storage of all past values of the unknown func-
tion v, i.e. ©¥(0), Y(At),---, ¥Y(nAt), and O(n) flops at the n-th time step and each spatial
grid point. Thus, the average storage is O(NJ) and the total computational cost is O(N2J),
where N and J are the total numbers of time steps and spatial grid points, respectively. As a
consequence, this is a severe limitation for the long time simulations of time-fractional PDEs,
that would be even worst for higher-dimensional problems. To reduce both the storage and
computational cost, we use the fast evaluation of the Caputo derivative developed in [27]. The
main idea of this method is to split the convolution integral in into two parts: 1) a local
part containing the integral from ¢t — 7 to t (7 > 0), and 2) a history part for the integral from
0 to t — 7. The standard Ll-approximation is next used to discretize the local part. For the
history part, we integrate by part to get a convolution integral of 1 with the kernel t—1~¢.
Thus, we can apply the sum-of-exponentials technique to approximate the kernel t~'= (with
0 < a < 1) on the interval [7,T] with a uniform absolute error ¢ and for a number of exponentials
Nexp = O (log% (log log% + log %) + log% (log log% + log %)) . For a fixed accuracy &, we have
Nexp = O(log N) for T > 1 or Nexp = O(log? N) for T ~ 1 assuming that N = L. The resulting
algorithm has a nearly optimal complexity with O(N JNexp) operations and a O(J Nexp) storage
for solving the TFNSE. Indeed, the approximation can be used to accelerate the evaluation of



the convolution wvia the standard recurrence relation. Numerical examples show that the fast
evaluation is both efficient and stable during the simulation.

The paper is organized as follows. In Section 2, we propose the construction of ABCs
for the TFNSE based on the unified approach. In Section 3, we derive some a priori error
estimates for the resulting truncated IBVP. Section 4 is devoted to the discretization scheme
and its numerical analysis. Some numerical examples in Section 5 confirm the efficiency of the
scheme and validate the error estimates. In addition, we provide some examples to illustrate
the behavior of the solution of TFNSE. Finally, Section 6 concludes the paper.

2 Construction of nonlinear ABCs for the TFNSE

Let us introduce a computational bounded domain Q™ := {z, < x < x,.}, with left and right
finite fictitious boundaries I'* := {z,} and I'"" := {z,}. The two points z; and z, are chosen
such that the initial data o(z) is compactly supported in Q"*. We define the left and right
half-spaces by Q° := {—oc0 < < 24} and Q" := {x, < 2 < +00}, respectively, and the exterior
domain by Q¢ = QU Q. Let us apply now the basic ideas of the unified approach proposed
in [57./58] to construct some ABCs for the TFNSE

(1) Firstly, the TENSE arising in ((1.1]) is rewritten in operator form in the exterior domain
Qext as
i§Df) (2, t) = L, t) + Np(, 1), =€ Q™ (2.1)

where the linear and nonlinear operators are respectively given by
LY = —tppe and N =V + f(|0*)y.

Based on the operator splitting method [2|11,/16], for a small time step, the original
equation is considered as taking first a linear effect and next a nonlinear effect.

(2) On Q% we approximate the linear operator £ by an approximate one-way operator £PP
(by distinguishing between the right- and left-traveling waves) which can absorb the wave
striking the artificial boundaries. The one-directional operators L£*PP are then used to
replace the original linear operator L.

(3) Taking an infinitesimal time step, we obtain an approximate one-directional equation by
coupling the approximate operator £*PP with the nonlinear operator N’

i§DXp(, 1) = L3PPoY(z, 1) + N (x, t). (2.2)

Finally, applying the approximate equation at the fictitious boundaries, one gets some
ABCs. Therefore, the main point now is to construct the one-directional operators L£2PP.

To derive an operator L£2PP approximating £, we first consider the following time-fractional
linear Schrodinger equation (TFLSE) in the exterior domain

6D, t) = Lap(w, 1) = —tha(,t), x € Q™ (2.3)
Yo(x) =0, z€ Qext
Y(z,t) -0, when |z| — +oo. (2.5)



Let us recall that the Laplace transform of the Caputo fractional derivative [59] is

FDR[p(1)](s) = s*4(s) — s*14(0), (2.6)
where the Laplace transform is defined by

P(s) = / e Sly(t)dt, R(s) > 0.

0

Thus Eq. (2.3) can be written in the Laplace domain as

isai(x, s) = —QZM(:B, s), R(s)>D0. (2.7)
Setting v/ —i = e_ﬂfi, the general form of the solution to Eq. (2.7) is
o(x,s) = A_(s)e_%e_\/ﬁx + A+(s)e_%e‘/‘?&x,

where the coefficients A4 (s) are two arbitrary analytic functions. From ({2.5), we deduce that

~ A+(s)e_%ie‘/57%, z et
xz,8) = - - ’ 2.8
Vi) { A_(s)e"Te VT e qr. (2:8)
Differentiating 12(3:, s) with respect to x, one gets the two following relations
Doh(z = g, 5) = € T s34(x 1= 1y, 5), (2.9)
&ﬂZ(m =, S) = —ef%is%{b\(x =, ), (2.10)

which correspond to the Dirichlet-to-Neumann (DtN) maps at the interfaces for the TFLSE
written in the Laplace domain.

Exact ABCs for the TFLSE. Appling the inverse Laplace transform to (2.9)-(2.10]), one
naturally gets the exact ABCs (DtN maps) for the TFLSE

s

B e 1 L os(z, s) __-mops O
&ﬂb(x,t)——r( _%)/0 T ds =—e 1yD(z,t), onI"". (2.11)

In the above relation, we introduced d, as the outwardly directed unit normal vector to I'¢".

Approximate ABCs for the TFLSE. The exact ABCs cannot be directly combined
with the nonlinear term A9. In addition, the above boundary condition is nonlocal and therefore
computationally costly. To localize this boundary condition, we proceed as in the standard
approach originally introduced by Engquist and Majda [20] for wave-like equations to obtain
some local ABCs. To this aim, we first introduce the diagonal (P, P)-Padé approximation of the
function /s used in [3-5,/9, /10, 28]

P

Ve =52 [1 -3 A6 =5 | L o), (2.12)

p=1 88 - (Sg - Sa)Bp




where the coefficients {Ap}i1<p<p and {Bp}i1<p<p are given by

2 . pm pr
Ap = ? By = cos”
PTop 10" <2P+1>’ p = €08 (2P+1>’

and the constant sg is the Padé expansion point. The error estimate of the Padé approximation
is established in [43], for all s* > 0,

s¢—1
EP(Sa) _ 2\/870‘ <W> , with ’7(806) — \/\/S:oz_i_l'

Here, we only consider the simplest case, i.e. P = 1, and obtain the third-order diagonal Padé

2P+1(Sa) (2.13)

approximation
— _ §s) +3s” 914
Vs ¢ 7338‘+50" (2.14)
Replacing v/s* in (2.9) and (2.10)) by the approximation (2.14]), one gets
(358 + 5%) Dpth(, 5) £ e*%sg (s§ + 35%) ¥(x, s) =0, (2.15)

where the plus (minus, respectively) sign in + represents the right(left, respectively)-hand side
boundary condition. After some simple algebraic calculations with (2.15)), we deduce the relation

$OP(x, 5) = —(0p £ 3~ T52) "L (3500, £ e~ T 52 s8)D(z, 5). (2.16)
Applying the inverse Laplace transform to and multiplying by i, one gets
iEDP(w, t) = —i(0p £ 30~ T 57 ) 13500, + e~ T 58 s8)(x, 1), (2.17)
Comparing with , we can derive the approximate operator
Lo = —i(9, + 3e~ T 52 )" (3580, + e~ 57 s2)(x, 1). (2.18)
Nonlinear approximate ABCs for the TFNSE. Substituting into , the nonlinear
ABCs for the TFNSE are
(9o 3¢ ¥ 58 D + (3550, £ e T s s3) = —i(0, £3e T 53 ) (Ve + f([)w).  (2.19)

By using an approach similar to the one by Kuska [30], we linearize the nonlinear term f(|1|?)
to obtain a variety of boundary conditions:

(9 £ 30 ¥ 5§ )SDMb + (3550, £ e T s s§)b = —i(V + F(2) (@0 £ 3e™ T sfv).  (2.20)
Finally, we obtain an IBVP in Q™ x [0, 7] with the boundary conditions (2.20]) on T'*"

5D (2, 1) = —thae + VU + f([U*)0,  t>0,2 € Q™, (2.21)

p(x,0) = tho(x), x € Q™, (2.22)

(0r F 3e_%i30%)g7)§‘w + (3s§0: F e_%s?)w =—-i(V+ f(|¢’2))<8$ F ?na_%is(;%)w7 xeTh.
(2.23)

Remark 1 Generally, the ABCs (2.19) perform better than (2.20). However, the stability anal-
ysis with (2.20) is easier to handle than with (2.19). The comparison is discussed in [60] for
general nonlinear Schrédinger equations. In this paper, we consider ([2.20) as ABC.



3 A priori error estimates

To state the stability of (2.21)-(2.23]), we introduce two auxiliary variables

O(t) = Oy (w0, t) — Bsd e T (. t),

(1)

Oxtp(zr, t) + 38(;%8_%1/)(1‘T, t).

Thus, the reduced problem (2.21)-(2.23|) can be equivalently rewritten as
D (@, 1) =t + Vb + (4170,

¢($a 0) = ¢0($),

Yoz, t) = 0(t) + 352 e

“T (1),

3a

§DRO(t) +1(V (2) + F([9[2)0(t) + 3s50(t) + 857 €T h(x,8) =0,

balz,t) = 6(t) — 352 e

“R (s t),

§DF () +1(V + f([91)e(t) + 35§ (1) — 88?67%1?(% t) =0,

Some useful lemmas are now given to state some a priori estimates for the reduced problem

B-1-B.9).

ze QM ¢ >0,

z e Qint,
T e I‘é,
T e I‘é,
zel”,

zel.

Lemma 3.1 Let u(t) be a complez-valued function which is absolutely continuous on [0,T].
Then, the following inequality holds

§Df [u()? < a(®)§Dfu(t) + u(t)gDia(t),

where |u|?> = wu and u represents the complex conjugate function of .

O<a<l,

Proof. A direct calculation (considering the order of integration) is given as follows

a(t)§Dfu(t) +u(t)§Dfa(t) — D u(t)

1

ur(r)a(t)

'l -«
1

/

t
/i

(t—T1)

'l -«
1

'/t ur (7)[u(t) — u(7)]

LJo (t—7)

'l -«
1

'l —a)

1

[
e T o (T
[ witman | o

u(t)r(7)

(3.7)

(t— 1)~
U (7)[u(t)

/ot (t—7)
Uir(7)

(t—T1)>

67

[

ur(7)

r

(t—

ur(7)

A t—n

(t—r

dr

d
7)™ "
2

dn > 0.

Now, let us consider the following Lemma (see e.g. [49]).

t Ui
dT+/ un(n)dn/
0 0

" uT(T)adTJr/Ot (t—

ur(7)

(t—r

ne

>adT]

(n)dn/o’7

(1)
(t—m1)

o



Lemma 3.2 Let 0 < a < 1. We assume that y(t) is a nonnegative absolutely continuous
function that satisfies

6D1y(t) < ey(t) +ea(t), 0<a<l, te(0,T), (3-8)
where ¢1 > 0 and ca(t) is an integrable nonnegative function on [0,T]. Then, we have
y(t) < y(0)Eq1(c1t®) + T'(a)Ega(cit®)oD; “eal(t), (3.9)

where Eq 5(z) =Y .00, F(#:—B) are the Mittag-Leffler functions and D; “u(t) is the Riemann-
Liouville integral given by

oDy ult) = F(la) /0 o f(:))ladr, 0<a<l

We can then deduce the following result.

Theorem 3.3 Let (1(z,t), ¢(t),0(t)) be the solution of the reduced problem (3.1))-(3.6)). Then,
for 0 < a < 1, we have the following a priori estimate

Tr 1 _ 3a Tr
| o e g (00 + 0P < [ 1o (310)
xy Ty

Proof. By multiplying (3.1)) by v(x,t), integrating by parts the result over Q™ taking the
complex conjugate of (3.1]), multiplying the result by v (x,t) and integrating by parts over Q"
and finally combining the two equations and taking the complex parts, we have

/ B DD () + (e, OGP, 1)] di = 23 { Ty}

Ly

Substituting ¥, (z¢,t) and ¥, (z,,t), defined by (3.3) and (3.5)), into (3.11)), we arrive at

(3.11)

Tr
zp °

/ [, 5D (a, ) + (x, )SD(z, 1)) da

i

= —3v2sg ([0 ) + [0 D) + 23 {eF (6w, t) — 00z 1) . (312)

_3a _
Multiplying (3.6]) by %80 2 ¢(z,, 1), then taking the complex conjugate of (3.6, multiplying the

_3a
result by %80 2 ¢(zy,t), combining the two equations, taking the real parts, and using the same
arguments as (3.4), we obtain

§%0 © [BOFDRO0) +00EDRA0] =~y FI0()P — 2Me T 0(0I (), (313)
S50 ¢ [BOEDRO0) + pOEDRG(0] =~y IO + 2REe T ()P ). (314)

Adding (3.12)), (3.13)) and (3.14)), applying Lemmaand noticing that |S{Z}|+|R{Z}| < v2|Z|

lead to

Ty 1 _ 3a
58 [ w0 do + 5o ¥ 507 [l0(0)? + 6P
7
%

< =3V3sg (19en )P + [0lan OF) + 255 (80P + |6()?) +2V2 (6()9] +167])
(3.15)



Applying the Cauchy-Schwarz inequality
- 1 - 1
|0() (e, t)| < 4*6!9(75)!2 ez ) and [P (1) < ZE\¢(t)|2 + e, 1)
with € = %s? to Eq. (3.15), we get

I+ _3a _a
o | [ twte 0P s+ sy ¥ (00 +10607)| <~y ® (6 +16(0F) <0. (310

Finally applying Lemma (3.2)) completes the proof. [ ]

4 Discretization and analysis of the schemes

This section is devoted to the construction and numerical analysis of the linearized numerical
schemes. Let 7 =T/N and h = (xy — x,)/J be the temporal and spatial step sizes, respectively,
where N and J are two given positive integers. We denote the discrete time by t, = nt
(0<n<N)and Q, ={t,|0 =ty <t1 < ... <ty =T}. A point of the uniform spatial grid is
such that z; = jh, (0 <j <J), and Qp, = {zj|z; =z, + jh,0 < j < J}. We also set

1#? = w(xjvtn)v Vi = V(wj)v " = ¢(tn), 0" =0(tn).

4.1 Derivation of the linearized L1-scheme

The L1-scheme for approximating the Caputo fractional derivative is

1 n9/(s) 1 Dk gkl e 1

Cryo n
Dey = ds = ) ds + Q
05,7 INQE)) /0 (tn—s)™ ° 'l -« T / L (ty, —s)e s

k=1

T _ _
R R I R R
k=1

where v" = v(t,) and ap = (k + 1)!7% — k1= k > 0. Let us denote the L1 scheme by

—a n

Cmya 7 k k—1
D = ——————C n— - .
oD @ ] kE 1 ap—p (V" —0"7)

If v € C2([0,T]), the truncation error Q" satisfies [40,51]
Q" < Cr* . (4.1)

For a sequence of functions {w}l}ogng N<j<.J, we define

n n
n _ j+l J 2, n__ * N
5ij+% == (5ij = h(éijJr% 5ij_%),
n _ ,,n—l1 —a n
st — 5 Y Dawn-:;E:a St (4.2)
t J T Y T 7 " F(2—O[) n—iVt J° .
i=1



Writing the TFNSE equation at the left point x,
i§DFUE = —(h)aw + Vol + F (1051748,

and using the Taylor expansion, we have

() = 7 (08— 08) — 5 Wh)ea + OU)

h N [OBYN 12 n n
= 0,0 + 5 (i §DPuE — (Vo + FURI))YE ) +O(2). (4.3)
Similarly, at the right boundary point x;, we have
(W5)e = 0,0y = 5 (i D805 — (Vi + F(W5 PG ) + O(2). (4.4)

We apply the L1-scheme to approximate the time-fractional Caputo derivative, the second-
order central finite difference method to approximate the second-order spatial derivative at the
interior points, and use and to couple the ABCs and the linearized approach to deal
with the nonlinear term. This yields

i Doy = —g2yn + [Vj + f(|w;?—1|2)}¢; +TP, 1<j<J—1,1<n<N, (4.5)
h (0% n n n 5 72 n h’ n— n n
iy D2y = —0,0} + (0"+3s2e” Ty + o) (Vo + (g~ )] vf + T, (4.6)
3a i
§D20m = —i[Vo+ f(|ug ' )]0 —s50m—8s," e % Ul + Ry, (47)
i opayn — gy, + (3sge T} — ") + h Vi + f(105 )] ¢ + T (4.8)
5 0TV = 02¥; 1 50 J 5 LVJ J J J> .
3a i
§Deg™ = —i[Vy + F(0 ' P)| 6" 355 @™ +8s7 e~ F ) + B3, (4.9)
P =po(z;), 0<j< (4.10)
Applying the Taylor expansion and , we have
T/ < Clr+h%), 1<j<J-1, 1<n<N, (4.11)
T3] < C(r+h*), [T} <C(r+h%, 1<n<N, (4.12)
[Rg| < C7, |Rj|<Cr, 1<n<N. (4.13)

Omitting the small terms in (4.5))-(4.10) based on the above error bounds, we construct the
following finite difference scheme for solving problem (3.1f)-(3.4)

DI = —5207 + [Vj + f(|\11;?*1|2)}\11?, 1<j<J-1,1<n<N, (4.14)
Doy = o, + (0" 88T e ) + L[Vt r(ugt ) g, (4.15)
D2O" = —i[Vo + F(1 03] 0" 3500"8s.2 e T UL, (4.16)
igpg G =00y (3s7e T 0m — ") + g Vo (et | e, (4.17)
DoP" = —i[VJ + f(l\If’}*1|2)} B 350P" 4852 e T U7, (4.18)
Ul =Vo(z;), 0<j<J, (4.19)

where \If;?, ®™ and O™ correspond to the numerical approximations of 1/1]”, ¢" and 0", respectively.
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4.2 Numerical analysis of the linearized L1-scheme

Let us now consider the convergence analysis of the finite difference scheme. Let u = {(uo, u1,...,u7)}
and v = {(vg, v1,...,v7)} defined on €. We introduce the following inner products and norms

J—-1

1 1
(u,v) = h(ﬁﬂovo + Zﬂjvj + §ﬂJUJ), lull = V/(u,u),
j=1
J
luly = h'21 ‘6$’aj—%‘ ’fsfcuj_%‘a lulloo = 0%%!%‘#
]:

We first introduce the following set of useful lemmas.
Lemma 4.1 (see [51]) We assume that a, = (k + 1)17% — k172, Then, one gets
l=ap>ar>--->a, —0. (4.20)
Lemma 4.2 For any discrete function v € Qp, the following inequality holds

1 1
loll3e < elvff + (= + W)HUIIQ-

ez -
Lemma 4.3 (see [39]) Suppose that {w" }p=o,... and {g" }n=o,... are two nonnegative sequences
that satisfy w® < ¢° and

D" < Mw™ + dow™ g, n>1,
where A1 > 0 and Ao > 0 are two given real-valued constants. Then, there exists a constant T*

such that, for T < 7%,

T j>
_— EL(2Xt 1<n<N 4.21

where Eq(2) = Ea1(2) and A = M\ + 5%

Lemma 4.4 Let {v" nN:o be a sequence of functions defined in Q. If vg < Kk and
R(Dv" ") < OV M2+ Ol + 5%, 1<n <N, (4.22)

where k > 0 and C is a positive constant bounded independently of T, then, there exists a positive
constant T, such that, for T < 7y,

0" < Chk. (4.23)
Proof. From the definition of D and Lemma [3.1} we have
o T2-a n-1 )
R( gDF", 0") = %(m (a‘wn - ;(an—j—l — an—j)v) — an10’, ”n>
2—a n—1 1|12 n||2 0|2 n(|2
T 2 [0 ]+ ([0 e e |
2 m(aollvnll —;(an—j—l_an—j)Q—an—12>
T (o = S st — oI — ana01P)
2F(2 — a) 0 =~ n—j— n—j n—
1
— L2, (4.24)

11



Substituting (4.24)) into (4.22)) and using Lemma [4.3] we can easily get (4.23). ]

We now define the error function on the grid, for 0 <57 < J, 0<n < N,

e = =W, = — ", G =" - O,

and let K = maxlSnSN{HwnHm + ‘(bn’ + len‘} + 1.
We have the following result.

Theorem 4.5 Let us assume that system (3.1)-(3.4) has unique smooth solutions ¢(z,t), 6(t)
and ¢(t) in QMtx [0, T] Then there exist two positive constants 1o and ho such that, when 7 < 79
and h < hg, system (4.14 admits a unique solution {\I/” " 0"}, forn=1,2,---, N,
satisfying

V"o + [©7] + 27| < K, (4.25)
™| + 1" + [9"] < C*(7 + h?). (4.26)

Proof. At each discrete time t = t,,, the proposed numerical method produces a tridiagonal
system of linear algebraic equations. Since the associated matrix is strictly diagonally dominant,
then the numerical solution of the problem is unique.

Now, we prove the error estimates of the numerical scheme. Subtracting — from
-, we have the error equations: for 1 <n < N

i §De} = Vﬂ+w#+ﬂw“Wwﬂ—ﬂw“Wﬂﬂ+ﬁs1§j§J—L (4.27)
h h

28’ ae&—%eﬁ(ﬂ 18550 Tef) -0 Voek + o (£ PYug — FUE P ) 415, (4.29)
oo = —i(Vowr + £l o uwg*1F>@”) squn—8syPe T ey + Ry, (4.29)

h i h/ — n— n n
S GD2eh = 0,y (355 e T eh—") + SVoeh + 5 ( (0 )y — (w5 2)wy) + 17,
(4.30)

§D3" = —i[Vag™ + f(luy P)e" — F( )" <35t 48sg e T+ R, (431)
e)=0, 0<j<J (4.32)
Multiplying Eq. (4.27) by he}, and summing up over j from 1 to J — 1, we have

J—1
ih Y (§perer hZ{ (62ep)e) + Vieyer + | F(lwr ™ Pur — F(93 2wy |er + Trep |
j=1

Multiplying e, ", €'} and ip" on both sides of (4.28)-(4.31)), respectively, adding the results
with the above formula, then using the following summation by parts formulas

—hZ(éie? e; — €0z el + ejoze’] 1 =|e"?

and

1
%%8a+ZqW%+~SM®=GM&w)
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we arrive at

i ( SDeen, e”) + " D" + 09" SDyn

J-1 J-1
="+ 1> Viere! +h2[ [ Ry — F( T ) e+ h > T
j=1 J=1

h n— ni\=n n—-n

(19”+35 e ilep)ey + Voegég"’ (f(W’ e - (195 1|2)‘I’0>€0 + Ty'eg
(Vom + (e — e R)en )" - 3iss 9" —Sise 2~ T el 0" + iRIT"

+(3sge te—yp )€J+ SViejes + 2( (5 Pl = FOe )y )6J+TJ@J

Vo + 1w e — F(w )20 g isg o e sisgt e Tielp" + RYP". (4.33)

Now, we prove the results (4.25)) and (4.26]) by mathematical induction. First, we show that the
estimates hold for n = 1. Since {\IIO Y. 0% = {1/1?, #Y, 0%}, we have

(FQudPywl— (w02 eh)eb = (£ Pywl—F (s P)wl el = F(dPlell?, 0<i<J,

(4.34)
(raudet — r(wiPet)a = (£(ulP)e! - £(ud)e )" = g, (4.35)
(FQu56" = 1SR )B" = (F(wP)e — F(w5H2Y )" = FW5 Pl P (4.36)

Thus, by taking the imaginary part of the equation (4.33)) and by using the Cauchy-Schwarz
inequality, we get

R((D2e!, ') + 7' D2t + 7 D) < Clle! |2+ Cl' P+ CI' 2 + C(r + )% (4.37)
By Lemma [1.4] we conclude that there exists a parameter 71 such that, for 7 < 7,

et + ||+ [91] < C* (1 + h?). (4.38)

Meanwhile, we have

3 Gl lehaly: o 1c*
= A i 1
J:

Together with (4.38]), (4.39) and Lemma we deduce that

.
H61||Loo <C(r+ h? + E)

Hence, one obtains
19 oo + 0" + @1 < [[9 oo + 16" + '] + lle! [z + [9'] + 9]

;
<t lloo + 107+ 16+ Co(7 + 17 + ) < K,

13



whenever C1(7 + h? + 7)< 1L
Now, suppose that the main results (4.25) and (4.26) hold for n < k — 1, then we have the
following set of inequalities

(FOwt Py —r( ot 2y wt)
= (PRt = FOws Pyl )+ (FOWE Bt - F( w2 wh)
VEFETH (™ P = 195 ) + (W5 ) (0 — o)
< C(ef M + e, (4.40)
h k-1 k-1 gkl k-1 o
where {;7" € (¢j, U7) and we remark that || ¥} || < K. Similarly, we show that
Flleg ™ 10" = (w108 < Cleg™'| + CJ9"|, (4.41)
F5 )6 = FUW5TTP)@" < Clel ™ + Cletl. (4.42)
In addition, we can write that
S((9"+3sg e~ Tiek)e + Tiel + (F(ub T P)0F — F(wE 20N — sisg™ e T el

3V2 _ n _ e —k . 3a/2 _m -k
= ——s@]e§]2+%<ﬁke’5+T§eo—i—(f(]wg )6~ f(wgTP)eN T - sisy e T el )

3\/ _ 1 _ 1 1
—5 i 1B + (Ol + g 10412) + (Coleb P+ 5o TSP + (Csleb + 5 19417)

3a 2 _omi _ 1
FR(8isy" e ) (Culeb + g 1),

IN

where C;, i = 1,2,3,4 are arbitrary positive real-valued constants. Let us set Cy + Cs 4+ C3 +
§R(8133a/2)C'4 = 3v/2s¢ /2 in the above formula. We then deduce that

S((0F+3s5 e Tiek)el + The + (1wl 20t — £ 2)0Md" — sisg™ e T el
< C*)*+ Ty (4.43)
Similarly to (4.43)), we obtain
S((3sf e T ey~ + Ty + (F(0y T P)6" — FW )@ + Sisg e Tielg")
< Cle" P+ C|T}>. (4.44)

Now, let us consider n = k in (4.33). By taking the imaginary part of the resulting equation,
by using (4.40))-(4.44)) and the Cauchy-Schwarz inequality, one gets

§R<( SDaek) k) + 3% SDopk + 7" C]Do‘ﬁk> (4.45)
< C(Ile" M2+ eI + H + 1952 + (7 + h?)?). (4.46)
Now, by Lemma [£.4] when 7 < 72, we prove that there exists a parameter 75 such that

¥ + ¥ + |9%] < C*(r + h?). (4.47)
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Moreover, we have

4 4C*
< ﬁHekHZ < —-(t+h*>2 (4.48)

) 72

1
2

J
7j=1

Together with (4.47)), (4.48) and Lemma we deduce that

-
|eF||Le < C(1 + h? + E)‘

Therefore, we obtain
195 o + 1041 + 19¥] < 10¥loc + 16%] +16¥1 + lle¥]| = + 19%] + |6*]
<[5 oo + 65| + |65 + C(r + 12 + 2) < K,

as long as Cy(7 + h? + 7) < 1. Finally, the conclusions also hold for n = k, completing hence
the proof. [ |

4.3 Fast evaluation based on the L1-schemes

We now introduce the fast evaluation of the Caputo derivative, proposed in [27], to circumvent
the huge storage and computational cost for the long time simulation. The main idea of this
fast evaluation algorithm is to split the Caputo derivative into the sum of a local part and a
history part

(Df " =

1 o/ (x, 5)ds 1 tn-1 9/(s)ds o .
e oo Ty s = O] + Cian)

For the local part Cloe(ty,), we apply the L1-approximation, i.e.,

w(%tn) _¢(x7tn—1) /tn 1 ¢(%tn) _¢(x7tn—1)
s b e . 4.4
Choc(tn) (1 - ) o s 7o0(2 - a) (4.49)
For the history part Ch;st(tn), we integrate by part and get
. — 1 w(x;tn—l) ¢($,t0) /tn_1 ¢(x,s)ds
ot = 7y | g G 0

Then, we use a sum-of-exponentials expansion to approximate the convolution integral of "
with the kernel t~17®. For a given absolute error ¢ and for «, there exist some positive real

numbers s; and w;, i =1, -+, Nexp (Nexp is the number of exponentials) such that
1 Nexp
P Z wie St <e, forall te[r,T]. (4.51)
i=1

We replace the kernel tl% in (4.50) by its sum-of-exponentials approximation in (4.51)) to have

Nexp
~ 1 w(x7tn—1) ¢(907 tO)
Chlst(tn) ~ F(l — a) o o « ; szhlst,z(tn) >

15



where Upigt,i(tn) is defined by

tn—1
Uhist,i(tn) = / ei(tnis)siw($, S)dS,
0

and has a simple recurrence relation

tn—1
Uhist.i(tn) = €5 Uist.i(tn_1) + / e=sitn=(z, 5)ds, (4.52)

tn—2
with Uhist,i(to) = 0. The integral can be calculated by

—8iT

5 [(675” -1+ 31-7')1/)”*1 +(1—e% — e*SiTsiT)WL*Q] .

S;T

e

tn—1
/ ety (z, 5)ds ~

tn—2

Finally, the Fast approximate evaluation of the Caputo fractional derivative is given by

Nex
FCma,n __ ¢($,tn) _w(xvtn—l) 1 1/J(l’,tn—1) w(x,to) J ) o
o D" = TO‘F<2 _ a) =+ T(1—a) a - ta -« ; szhlst,z(tn) )

(4.53)

for n > 0, and where Uy i(t,) can be obtained by the recurrence relation (4.52]).
The following lemma provides an error bound for the fast approximation g CDf‘w" appearing

in (153,

Lemma 4.6 (see [27]) We assume that 1(t) € C*([0,t,]) and let

FRny = $D&(, t FCDey™(z,t,), with 0<a <1.

)‘t:tn o
Then, we have the following error inequality

r2-a (1 —a 2%

oty 1
(2—a)\ 12 + 2—«

omax [ (x, t)] + T —a) 028X | ()|

Fpn -
"R < - ~+2e)

By using the fast evaluation of the Caputo derivative instead of the direct L1-approximation

in (4.14)-(4.19), we have the finite difference scheme given by

iODPwT = —520n + [v; + f(\m;*ﬁ)] U, 1<j<J—1,1<n<N, (4.54)
i%OFCID)? b= 00+ (0"~ Bs¢e T WY + g[Vo + (g | g, (4.55)
FODEO" = —i|Vo + (WG A)] 0" + 3s50" + 85 e 5 UL, (4.56)
i EODEWy = 6,0 + (g e T Wy — @)+ 1 [V 4wy ) w, (457)
Fopagn — —i[VJ + f(\\Iff;‘1|2)} B 4 355" — 85t e 5T, (4.58)
U9 =Wg(z;), 0<j<.J (4.59)

Furthermore, the error estimate is given as follows.
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Theorem 4.7 Let us suppose that (3.1)-(3.4]) has a unique smooth solution (¥ (x,t),0(t), (1)) in
Qint x [0,T). Then, there exist some positive real-valued constants 1o and hg such that, for T <
and h < hg, the system (4.54)-(4.59) admits a unique solution {¥7,®",O"}, n=1,2,--- N,
satisfying

V" los + [©7] + 27| < K, (4.60)
€™l + ™| + [9"| < CY (7 + h* +e). (4.61)

The proof of (4.61]) is similar to the one of (4.26)) by using the truncation error given in Lemma
4.0l

5 Numerical examples

In this section, we provide four examples to not only demonstrate the effectiveness of our method,
but also to illustrate the dynamics of numerical solutions of TFNSEs in different situations.

Example 1. In this example we consider the TENSE with cubic nonlinearity, i.e. f(|2]) = 2|¢|?
and with the gaussian potential V (z) := e 5", The initial data is: 1o(z) = e . For the
calculations in Figures(l|and 2, we fix : T' =4 and |xy, z,[:=] — 5, 5[. The left and right pictures

represent the amplitude of the wave field, i.e. |1/Jf’}£a8t|, for « = 0.5 and o = 0.75, respectively, and

computed by the fast scheme - for the discretization parameters 7 := T/N = 1073
(N = 4x10%) and h = (z, — 2¢)/J = 5 x 1072 (J = 200), with the tolerance parameter
e = 107?. For the ABCs, we fix sg = 20 (we see below that any other value sg does not modify
the results). The CPU time for & = 0.5 is 21 (sec.) and 27 (sec.) for o = 0.75. Using the fast
scheme compared with the direct scheme — does not affect the accuracy. Indeed, we
report on Figure [2| the absolute error between @Df_"’haSt and ¢f_i’;3ir ("dir” means "direct” here):

|¢f’}fﬁSt —@/}f’,ihr], on the grid for the same discretization parameters 7 and h, and the two values of

a. The error is smaller than € and clearly does not modify the accuracy of a given computation.
To demonstrate the complexity of the two schemes (direct vs. fast), we plot on Figure [3| the
CPU time of the two schemes in seconds vs. the number N of grid points in time. We observe
that while the CPU time for the direct scheme scales as O(N?), it increases almost linearly with
respect to IV for the fast scheme. There is a significant speed-up even for moderate values of N.

From these first computations, we conclude that the fast scheme leads to a similar accuracy
as for the direct scheme (according to the tolerance &, other computations confirming this obser-
vation) while being much more efficient, with a nearly linear cost in time for a low storage, most
particularly when 7 gets smaller. For these reasons, we now always use the fast scheme to study

. . . . . fast
the convergence rates in space and time, and for the various simulations. We also denote 7"
b

a,fast

by 1,5, to simplify the notations in the text (but we keep the initial notation 7" inside the
figures).
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a =0.5 a =0.75

Figure 1: (Example 1) amplitude |@bf}£aSt| for o = 0.5 (left) and o = 0.75 (right).

a=0.5 a=0.75

x107®

Figure 2: (Example 1) absolute error |1/)f’,£aSt — %] for a = 0.5 (left) and = 0.75 (right).

We now analyze both the truncation error related to the introduction of an ABC and the
convergence rate of the fast scheme. To this aim, we compute a reference solution 1" on the
larger domain | — 12, 12[ until the time 7" = 0.5, for some extremely small values of 7 and h. We
report the following error: we define Eoo (N, J) := |[¢0™f — 1), 4|00 for two fixed values of 7 and
h. When analyzing the convergence rate in space of the fast scheme, we represent the quantity
Eoo(No, J) := |[¢"" — ¥y nlloo vs. J (both in logjy-scale) for 7o = 107* (Ny = 5 x 10%) and
for various values of sg. When we study the convergence rate in time, we fix hg := 5 x 1073
(Jo = 2 x 10%) and represent Eoo (N, Jo) == [|1**f — 1, 4 ||oo vs. N (in logjg-scale). From Figures
and [5, we show that both the convergence rate of the fast scheme f (as well as
direct scheme (4.14)-(4.19)) is of the order of O(h*+ 7). In addition, the ABCs are accurate and
not affected by the choice of the parameter sg. Finally, an analysis (not reported here) shows
that the Loo-error of the direct and fast schemes is almost the same (up to the tolerance ¢).
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a=0.5 a =0.75

4 , ' : 4 |
—&— Direct Evaluation —&— Direct Evaluation
3.5 || == Fast Evaluation 3.5 | == Fast Evaluation
g 31 g 31
) )
Eas Fas
5 5
e 27 e 2¢
= 1S
=) 4 =) 4 e ol
o 1.5F e o 1.5¢1 e
2 e 2 e
1 e ™~ - - 1 [ " - s
0.5 0.5
3.2 3.4 3.6 3.8 4 4.2 3.2 3.4 3.6 3.8 4 4.2
logyo(V) logyo(&V)

Figure 3: (Example 1) comparison of the CPU time (sec. in log;,-scale) required for the direct
and fast methods vs. the number N of time points (log;q scale) (left: o = 0.5; right: o = 0.75).

Space convergence: o = 0.5 Space convergence: o = 0.75
K 15
AN
1.5
N
—~ N ~ -2+
52 N
2 S S
~-25; . ~ 250
5 . 5
5 . 5
= \\\ M3
3.5 s
-4 . . : -3.5
1.2 1.4 1.6 1.8 2 2.2 1.2 1.4 1.6 1.8 2 2.2
J (logy) J (logy)

Figure 4: (Example 1) E.(No,J) vs. J (both in log;y-scale) for various values of sp and by
using the fast scheme (4.54)-(4.59) (left: a = 0.5; right: a = 0.75).

Example 2. In this second example, we investigate the evolution of the numerical solution 1 of
the TFNSE for different fractional orders o with the nonlinearity f(|1|?)1 = —2J|*% and for
V(z) = 0. The initial data is 19 = €*(**+3)sech(z + 3). The computational domain is | — 10, 10]
for a maximal time of computation 7' = 2. The discretization parameters are 7 = 4 x 1073
(N =5x10% and h =2 x 1072 (J = 10%). For the ABC, we consider sy = 20.

In the standard situation, i.e. for o = 1, the soliton propagates from the left to the right
domain with a given angle. One can see on Figure [6] that the evolution of the solution is pretty
sharp on the first time steps and then the solution propagates straight when o = 0.25 with less
dispersion. The situation tends to the standard case when « tends to 1.
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Time convergence: a = 0.5 Time convergence: a = 0.75

2 -1.4
——5) = 2 ——5) = 2
22 --0-80:8 -*- 50 :8
sy =14 161 sy = 14
3 e 50 = 20 "3 e 50 = 20
o0 2.4 50 % 0
k) = -1.8f
326 3
z z -2
g -2.8 2
S S
3l 22
3.2 : ‘ : : ‘ -2.4 : ‘ : : ‘
0.6 0.8 1 1.2 1.4 1.6 0.6 0.8 1 1.2 1.4 1.6
N (logy) N (logy)

Figure 5: (Example 1) E (N, Jy) vs. N (both in logy-scale) for various values of sy and by
using the fast scheme (4.54)-(4.59) (left: a = 0.5; right: a = 0.75).

a =0.25

Figure 6: (Example 2) evolution of [¢| for & = 0.25 (CPU time 87 sec.), 0.5 (89 sec.), 0.75 (85
sec.) and 0.95 (76 sec.).
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Example 3. This third example, reported on Figure [7] is dedicated to the collision of two
waves for different values of a. The nonlinearity and the external potential for the TEFNSE are

respectively given by )

FQP = 2%y, V(z) =e .

The initial data is built as the superposition of two waves
Yo(z) = e 2@ Bsech(z — 8) + X H¥sech(z + 8).

We consider the interval | —20,20[ and a final computational time 7" = 6. We fix N = 3000 grid
points in time and J = 1000 spatial discrete points. For the ABC, we choose sy = 20.

For the standard nonlinear equation with o = 1, the two soliton waves collide and keep their
own shapes moving away after the collision. This can be observed here when « is close to 1. For
smaller values of «, this property is loss and the waves do not even cross. At the same time,
some waves are created, with high oscillations corresponding to fluctuations and suggesting the
appearance of a decoherence phenomena that depends on .

a =0.5 a =0.75

Figure 7: (Example 3) evolution of [¢| for a = 0.5 (487 sec.), 0.75 (442 sec.), 0.95 (540 sec.)
and 0.999 (545 sec.).
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Example 4. In this last example, we consider the TFNSE with a cubic-plus-quintic nonlinearity
F(0|5)w = 2|¢|%¢ + |¢|* and V(z) = 0. The initial data is built as the superposition of two

Gaussian functions
Yo = o HeD? | 3D

The interval of computation is ] —15, 15[ and the final time is T = 3. The time step is 7 = 4x 1073
(for N = 750 points) and the spatial mesh size is equal to h = 1.5 x 1072 (with J = 2 x 103
points). For the ABC, we consider sg = 20.

The dynamics of the solution is plotted on Figure [8| for various values of a. While the two
waves clearly mixed for a close to 1 with many oscillations and then largely spread out, they
tend to form just one smooth wave after a short time, propagating without being deformed. The
support tends to be smaller when a decays.

a =0.25

o fast

/)
Ve

[

|7/)u.fas(
.h
o fast
.h

4

Figure 8: (Example 4) evolution of [¢| for a = 0.25 (717 sec.), 0.5 (627 sec.), 0.75 (668 sec.)
and 0.95 (645 sec.).

6 Conclusion

In this paper, we studied the computation of the time fractional nonlinear Schrodinger equation
(TFNSE) on unbounded domain. First, we generalized the construction of approximate non-
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linear ABCs through the unified approach proposed in [57,58] to compute the solution to the
TFNSE. In addition, we analyzed the stability of the reduced problem with the approximate
nonlinear ABCs and the convergence of the linearized finite difference scheme. To speed-up
the computations, we used the fast evaluation of the fractional Caputo derivative given in [27].
We presented some numerical examples to verify the performance of the proposed numerical
methods. The extension of the method to the two-dimensional TFNSE on unbounded domain
and its fast evaluation will be discussed in a future work.
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