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Sharp Oracle Inequalities for Low-complexity Priors

Tung Duy Luu - Jalal Fadili
(corresponding author) - Christophe
Chesneau

Abstract In this paper, we consider a high-dimensional statistical estima-
tion problem in which the the number of parameters is comparable or larger
than the sample size. We present a unified analysis of the performance guar-
antees of exponential weighted aggregation and penalized estimators with a
general class of data losses and priors which encourage objects which con-
form to some notion of simplicity/complexity. More precisely, we show that
these two estimators satisfy sharp oracle inequalities for prediction ensuring
their good theoretical performances. We also highlight the differences between
them. When the noise is random, we provide oracle inequalities in probability
using concentration inequalities. These results are then applied to several in-
stances including the Lasso, the group Lasso, their analysis-type counterparts,
the /o, and the nuclear norm penalties. All our estimators can be efficiently
implemented using proximal splitting algorithms.

Keywords High-dimensional estimation - Exponential weighted aggregation -
Penalized estimation - Oracle inequality - Low complexity models

1 Introduction
1.1 Problem statement

Our statistical context is the following. Let y = (y;, Yo, ,¥,,) be n obser-
vations with common marginal distribution, and X € R™*P a deterministic
design matrix. The goal to estimate a parameter vector 8 € RP of the obser-
vations marginal distribution based on the data y and X.

Let F: R" xR™ — R be a loss function supposed to be smooth and convex
that assigns to each 8 € R? acost F'(X0,y). Let 8y € Argmingp, E [F(X6,y)]
be any minimizer of the population risk. We regard 6, as the true parameter.
A usual instance of this statistical setting is the standard linear regression
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model based on n pairs (y,, X;) of response-covariate that are linked linearly
y=X0o+¢&, and F(u,y) = 3|y — qu

Our goal is to provide general oracle inequalities in prediction for two esti-
mators of Oy: the penalized estimator and exponential weighted aggregation.
In the setting where ”p larger than n (possibly much larger), the estimation
problem is ill-posed since the rectangular matrix X has a kernel of dimension
at least p — n. To circumvent this difficulty, we will exploit the prior that 8
has some low-complexity structure (among which sparsity and low-rank are
the most popular). That is, even if the ambient dimension p of 0y is very large,
its intrinsic dimension is much smaller than the sample size n. This makes it
possible to build estimates X0 with good provable performance guarantees
under appropriate conditions. There has been a flurry of research on the use
of low-complexity regularization in ill-posed recovery problems in various areas
including statistics and machine learning.

1.2 Penalized Estimators

Regularization is now a central theme in many fields including statistics, ma-
chine learning and inverse problems. It allows one to impose on the set of
candidate solutions some prior structure on the object to be estimated. This
regularization ranges from squared Euclidean or Hilbertian norms to non-
Hilbertian norms (e.g. ¢; norm for sparse objects, or nuclear norm for low-
rank matrices) that have sparked considerable interest in the recent years. In
this paper, we consider the class of estimators obtained by solving the convex
optimization problem'

~PE

9, € Argmin{V,(0) Y LF(X0.,y) + A\, J(0)}, (1)

OcRpP

n

where the regularizing penalty J is a proper closed convex function that pro-
motes some specific notion of simplicity/low-complexity, and A, > 0 is the
regularization parameter. A prominent member covered by (1) is the Lasso
Chen et al (1999); Tibshirani (1996); Osborne et al (2000); Donoho (2006);
Candes and Plan (2009); Bickel et al (2009); Bithlmann and van de Geer
(2011); Koltchinskii (2008) and its variants such the analysis/fused Lasso
Rudin et al (1992); Tibshirani et al (2005), SLOPE Bogdan et al (2014);
Su and Candes (2015) or group Lasso Bakin (1999); Yuan and Lin (2006);
Bach (2008); Wei and Huang (2010). Another example is the nuclear norm
minimization for low rank matrix recovery motivated by various applications
including robust PCA, phase retrieval, control and computer vision Recht et al
(2010); Candes and Recht (2009); Fazel et al (2001); Candes et al (2013). See
Negahban et al (2012); Bithlmann and van de Geer (2011); van de Geer (2014);
Vaiter et al (2015b) for generalizations and comprehensive reviews.

1 To avoid trivialities, the set of minimizers is assumed non-empty, which holds for instance
if J is also coercive.
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1.3 Exponential Weighted Aggregation (EWA)

An alternative to the penalized estimator (1) is the aggregation by exponen-
tial weighting, which consists in substituting averaging for minimization. The
aggregators are defined via the probability density function

e (-Va(8)/8)
Jor o5 (—Va(@)/B)dw”

where 8 > 0 is called temperature parameter. If all 8 are candidates to estimate
the true vector 8, then ©® = RP. The aggregate is thus defined by

pn (6) (2)

~EWA
0."" = [ oun(6)as. (3)
RP

Aggregation by exponential weighting has been widely considered in the
statistical and machine learning literatures, see e.g., Dalalyan and Tsybakov
(2007, 2008, 2009, 2012); Nemirovski (2000); Yang (2004); Rigollet and Tsy-
bakov (2007); Lecué (2007); Guedj and Alquier (2013); Duy Luu et al (2016)
to name a few. The technique used in these papers were initiated by Le-
ung and Barron (2006) (use of Stein’s identity to study an early version of

-~

WA
EWA) and Catoni (2003, 2007) (PAC-Bayesian theory). #,,  can also be in-
terpreted as the posterior conditional mean in the Bayesian sense if F/(ng)
is the negative-loglikelihood associated to the noise £ with the prior density

7(6) o< exp (=S (0)/5)-

1.4 Oracle inequalities

Oracle inequalities, which are at the heart of our work, quantify the quality of
an estimator compared to the best possible one among a family of estimators.
These inequalities are well adapted in the scenario where the prior penalty
promotes some notion of low-complexity (e.g. sparsity, low rank, etc.). Given
two vectors 61 and 03, let R, (61,602) be a nonnegative error measure between
their predictions, respectively X601 and X 65. A popular example is the aver-
is the ¢5 norm.

-~

R,, will serve as a measure of the performance of the estimators 0
~PEN . . ~EW. ~PEN . .
n - More precisely, we aim to prove that 8,, and ,, mimic as much

as possible the best possible model. This idea is materialized in the following
type of inequalities (stated here for EWA)

aged prediction squared error 1||X6; — X 02||§, where || - ||,

n and

~EWA
R (6, 00) < C jnf (Rn(6,60) + Anpr, 5(60)), (4)

where C' > 1 is the leading constant of the oracle inequality and the remainder
term A, 5, 3(0) depends on the performance of the estimator, the complexity
of 6, the sample size n, the dimension p, and the regularization and tem-
perature parameters (\,, 5). An estimator with good oracle properties would
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correspond to C' close to 1 (ideally, C' = 1, in which case the inequality is said
“sharp”), and Ay, p x, (@) is small and decreases rapidly to 0 as n — +o0.

1.5 Contributions

We provide a unified analysis where we capture the essential ingredients behind
the low-complexity priors promoted by J, relying on sophisticated arguments
from convex analysis and our previous work Fadili et al (2013); Vaiter et al
(2015a, 2018, 2017, 2015b). Our main contributions are summarized as follows:

~EWA
o We show that the EWA estimator 8,  in (2) and the penalized estima-

tor §SEN in (1) satisfy (deterministic) sharp oracle inequalities for predic-
tion with optimal remainder term, for general data losses F' beyond the
usual quadratic one, and J is a proper finite-valued sublinear function (i.e.
J is finite-valued convex and positively homogeneous). We also highlight
the differences between the two estimators in terms of the corresponding
bounds.

e When the observations are random, we prove oracle inequalities in proba-
bility. The theory is non-asymptotic in nature, as it yields explicit bounds
that hold with high probability for finite sample sizes, and reveals the de-
pendence on dimension and other structural parameters of the model.

e For the standard linear model with Gaussian or sub-Gaussian noise, and
a quadratic loss, we deliver refined versions of these oracle inequalities in
probability. We underscore the role of the Gaussian width, a concept that
captures important geometric characteristics of sets in R™.

e These results yield naturally a large number of corollaries when specialized
to penalties routinely used in the literature, among which the Lasso, the
group Lasso, their analysis-type counterparts (fused (group) Lasso), the
f~ and the nuclear norms. Some of these corollaries are known and others
novel.

~EWA ~PEN
The estimators 6, and 6, can be easily implemented thanks to
the framework of proximal splitting methods, and more precisely forward-
backward type splitting. While the latter is well-known to solve (1) Vaiter et al
(2015b), its application within a proximal Langevin Monte-Carlo algorithm to

~EWA
compute 8,  with provable guarantees has been recently developed by the
authors in Duy Luu et al (2016) to sample from log-semiconcave densities?,
see also Durmus et al (2016) for log-concave densities.

1.6 Relation to previous work

~EWA
Our oracle inequality for 8, extends the work of Dalalyan et al (2018) with
an unprecedented level of generality, far beyond the Lasso and the nuclear

2 In a forthcoming paper, this framework was extended to cover the even more general
class of prox-regular functions.
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norm. Our prediction sharp oracle inequality for /G\SEN specializes to that of
Sun and Zhang (2012) in the case of the Lasso (see also the discussion in
Dalalyan et al (2017) and references therein) and that of Koltchinskii et al
(2011) for the case of the nuclear norm. Our work also goes much beyond
that in van de Geer (2014) on weakly decomposable priors, where we show in
particular that there is no need to impose decomposability on the regularizer,
since it is rather an intrinsic property of it.

1.7 Paper organization

Section 2 states our main assumptions on the data loss and the prior penalty.
All the concepts and notions are exemplified on some penalties some of which
are popular in the literature. In Section 3, we prove our main oracle inequali-
ties, and their versions in probability. We then tackle the case of linear regres-
sion with quadratic data loss in Section 4. Concepts from convex analysis that
are essential to this work are gathered in Section A. A key intermediate result
in the proof of our main results is established in Section B with an elegant
argument relying on Moreau-Yosida regularization.

1.8 Notations

Vectors and matrices For a d-dimensional Euclidean space RY, we endow it
with its usual inner product (-, -) and associated norm ||-||,. Idgq is the identity
matrix on R%. For p > 1, |||, will denote the £, norm of a vector with the
usual adaptation for p = +oc.

In the following, if T" is a vector space, Pr denotes the orthogonal projector
on T, and

OT:PTG and XT:XPT.

For a finite set C we denote ’C’ its cardinality. For I C {1,...,p}, we denote by
1¢ its complement. @7 is the subvector whose entries are those of 0 restricted to
the indices in I, and X ; the submatrix whose columns are those of X indexed
by I. For any matrix X, X T denotes its transpose and X its Moore-Penrose
pseudo-inverse. For a linear operator A, A™ is its adjoint.

Sets For a nonempty set C € RP, we denote conv (C) the closure of its convex
hull, and ¢¢ its indicator function, i.e. t¢(8) = 0if @ € C and +oo otherwise. For
a nonempty convex set C, its affine hull aff(C) is the smallest affine manifold
containing it. It is a translate of its parallel subspace par(C), i.e. par(C) =
aff(C) — 8 = R(C — C); for any @ € C. The relative interior ri(C) of a convex
set C is the interior of C for the topology relative to its affine full.
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Functions A function f : R? — R U {400} is closed (or lower semicontinu-
ous (Isc)) if so is its epigraph. It is coercive if limjg|, o0 f(6) = 400, and
strongly coercive if limg, 5100 f(0)/ ||z, = +00. The effective domain of
fis dom(f) = {@ € R? : f(0) < +oo} and f is proper if dom(f) # 0
as is the case when it is finite-valued. A function is said sublinear if it is
convex and positively homogeneous. The Legendre-Fenchel conjugate of f is
[*(z) = supgerr(z,0) — f(0). For f proper, the functions (f, f*) obey the
Fenchel-Young inequality

f(@)+ f*(z) > (z,0), V(0,z) € RP x RP. (5)

When f is a proper lower semicontonuous and convex function, (f, f*) is actu-
ally the best pair for which this inequality cannot be tightened. For a function
g on Ry, the function gt : a € Ry — g (a) = sup,~at — g(t) is called the
monotone conjugate of g. The pair (g, g") obviously obeys (5) on Ry x R.

For a Cl-smooth function f, V£(8) is its (Euclidean) gradient. For a bi-
variate function g : (n,y) € R® x R® — R that is C? with respect to the
first variable n, for any y, we will denote Vg(n, y) the gradient of g at n with
respect to the first variable.

The subdifferential f(0) of a convex function f at 0 is the set

0f(0) = {neR” : f(8')> f(8)+(n,6 —0), V6'ecdom(f)}.

An element of 0f(0) is a subgradient. If the convex function f is differentiable
at 6, then its only subgradient is its gradient, i.e. 9f(0) = {V f(0)}.
The Bregman divergence associated to a convex function f at 8@ with respect
ton € 0f(0) £ 0 is
D7(9,6) = £(8) — [(6) — (1,8 6).
The Bregman divergence is in general nonsymmetric. It is also nonnegative by

convexity. When f is differentiable at 6, we simply write D 7 (0,5) (which is,
in this case, also known as the Taylor distance).

2 Estimation with low-complexity penalties

) ~PEN ~EWA | . L .

The estimators 8,, and 8,,  in (1) and (3) require two essential ingredients:
the data loss term F’ and the prior penalty J. We here specify the class of such
functions covered in our work, and provide illustrating examples.

2.1 Data loss

The class of loss functions F' that we consider obey the following assumptions:
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(H.1) F(-,y): R* = R is C'(R") and uniformly convex for all y of modulus ¢,
ie.
F(’Uay) > F(uay) + <VF(u,y),'v - u> + (p(H’U - u||2)7
where ¢ : R;. — R, is a convex non-decreasing function that vanishes only
at 0.
(H.2) Forany 6 € R? andy € R", [5, exp (—F(X0,y)/(nB3))|(VF(X8,y), X (6—
6))]df < +oo.

Recall that by Lemma 2, the monotone conjugate ¢t of ¢ is a proper, closed,
convex, strongly coercive and non-decreasing function on Ry that vanishes at
0. Moreover, o7 = ¢. The function @™ is finite-valued on R if ¢ is strongly
coercive, and it vanishes only at 0 under e.g. Lemma 2(iii).

The class of data loss functions in (H.1) is fairly general. It is reminiscent
of the negative log-likelihood in the regular exponential family. For the moment
assumption (H.2) to be satisfied, it is suffient that

/ exp (—¢(||X6]],)/(nB)) || VF(X0 + u*,v)||, || X6 + (w* — X0)||,d6 < +oc,
RP

where u* be a minimizer of F(-,y), which is unique by uniform convexity. We
here provide an example.

Example 1 Consider the case where® p(t) = t9/q, q €]1,400[, or equivalently
et (t) = t%/q. where 1/q¢+ 1/q. = 1. For ¢ = ¢q. = 2, (H.1) amounts
to saying that F(-,y) is strongly convex for all y. In particular, (Bauschke
and Combettes 2011, Proposition 10.13) shows that F(u,y) = ||u — y||3/q is
uniformly convex for g € [2, +00] with modulus ¢(t) = Cy4t?/q, where Cy > 0
is a constant that depends solely on q.

For (H.2) to be verified, it is suffient that

/Rp exp (— | X0|2/(an)) [ VF(X6 +u*, ), | (X6 +u*) — X8 ,d6 < +oc.

In particular, taking F'(u,y) = ||u—yHg/q, q € [2,400[, we have || VF (u, y)”2 =
|lu— y||(2171, and thus (H.2) holds since

/Rp exp (|| X6/ (qnB))|ly — (X0 +w*)|3 || X8 — (X6 + u*)||,d6 < +cc.

2.2 Prior penalty
Recall the main definitions and results from convex analysis that are collected
in Section A. Our main assumption on J is the following.

(H.3) J: RP — R is the gauge of a non-empty convex compact set containing
the origin as an interior point.

3 We consider a scaled version of ¢ for simplicity, but the same conclusions remain valid
if we take ¢p(t) = Ct?/q, with C > 0.
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By Lemma 4, this assumption is equivalent to saying that J = ¢ is proper,
convex, positively homogeneous, finite-valued and coercive. In turn, J is locally
Lipschitz continuous on RP. Observe also that by virtue of Lemma 5 and
Lemma 3, the polar gauge J° = ~¢o enjoys the same properties as J in (H.3).

2.3 Decomposability of the prior penalty

We are now in position to provide an important characterization of the subd-
ifferential mapping of a function J satisfying (H.3). This characterization will
play a pivotal role in our proof of the oracle inequality.

We start by defining some essential geometrical objects that were intro-
duced in Vaiter et al (2015a).

Definition 1 (Model Subspace) Let 8 € RP. We denote by eg as

eo = Pag(6.(0))(0).
We denote
Se = par(8J(0)) and Tp = Sp.
To is coined the model subspace of 8 associated to J.

It can be shown, see (Vaiter et al 2015a, Proposition 5), that 8 € Ty, hence
the name model subspace. When J is differentiable at 8, we have eg = V.J(0)
and Ty = RP. When J is the ¢1-norm (Lasso), the vector eg is nothing but
the sign of 8. Thus, eg can be viewed as a generalization of the sign vector.
Observe also that eg = P, (0J(0)), and thus eg € Tp N aff(0.J(6)). However,
in general, eg & 0J(6).

We now provide a fundamental equivalent description of the subdifferential
of J at 0 in terms of eg, Ty, Sg and the polar gauge J°.

Theorem 1 Let J satisfy (H.3). Let 0 € RP and f¢ € 1i(0J(0)).
(i) The subdifferential of J at 0 reads

dJ(0) = aff(0J(0))NC°
={nelR" :

N, = eo and ig%max (J°(reo +mg, + (T —1)Ps, fo),7) < 1} .
(i) For any w € RP, In € 0J(0) such that

J(wse) = <”7$97w39>'

Proof (i) This follows by piecing together (Vaiter et al 2015a, Theorem 1,
Proposition 4 and Proposition 5(iii)).
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(ii) From (Vaiter et al 2015a, Proposition 5(iv)), we have

00.(0)—fo (W) = J(ws,) — (Pse fo,ws,)-

Thus there exists a supporting point v € 9J(0) — fg C Sg with normal
vector w (Bauschke and Combettes 2011, Corollary 7.6(iii)), i.e.

T9.(8)~fo (W) = (v, Ws,).
Taking 7 = v + fg concludes the proof.

Remark 1 The coercivity assumption in (H.3) is not needed for Theorem 1
to hold.

The decomposability of described in Theorem 1(i) depends on the par-
ticular choice of the mapping 8 — fg € ri(0J(0)). An interesting situation
is encountered when eg € ri(J(0)), so that one can choose fg = eg. Strong
gauges, see (Vaiter et al 2015a, Definition 6), are precisely a class of gauges
for which this situation occurs, and in this case, Theorem 1(i) has the simpler
form

0J(0) = aff(0J(0))NC° ={neR" : ny, =ep and J°(ng,) <1}. (6)

The Lasso, group Lasso and nuclear norms are typical examples of (sym-
metric) strong gauges. However, analysis sparsity penalties (e.g. the fused
Lasso) or the ¢-penalty are not strong gauges, though they obviously satisfy
(H.3). See the next section for a detailed discussion.

2.4 Calculus with the prior family

The family of penalties complying with (H.3) form a robust class enjoying im-
portant calculus rules. In particular it is closed under the sum and composition
with an injective linear operator as we now prove.

Lemma 1 The set of functions satisfying (H.3) is closed under addition* and

pre-composition by an injective linear operator. More precisely, the following
holds:
def

(i) Let J and G be two gauges satisfying (H.3). Then H = J + G also obeys
(H.3). Moreover,
(o) TH =TS NT§ and el = P (eq +¢€5), where Ty and e} (resp. TS
and e§ ) are the model subspace and vector at @ associated to J (resp.
G);
(b) H(w) = maseqo ) SO0 (inf (pJ°(@), (1~ )G°()))-
(i) Let J be a gauge satisfying (H.3), and D : R? — RP be surjective. Then
HY JoD" also fulfills (H.3). Moreover,

4 It is obvious that the same holds with any positive linear combination.
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(a) TH = Ker(D;{) and el = Pru De, where T and e are the model
subspace and vector at u Y DO associated to J;
(b) H°(w) = J°(D*w), where D* = DT (DD") ™.

The outcome of Lemma 1 is naturally expected. For instance, assertion
(i) states that combining several penalties/priors will promote objects living
on the intersection of the respective low-complexity models. Similarly, for (ii),
one promotes low-complexity in the image of the analysis operator D' It
then follows that one has not to deploy an ad hoc analysis when linearly pre-
composing or combining (or both) several penalties (e.g. ¢1+nuclear norms for
recovering sparse and low-rank matrices) since our unified analysis in Section 3
will apply to them just as well.

Proof (i) Convexity, positive homogeneity, coercivity and finite-valuedness are
straightforward.
(a) This is (Vaiter et al 2015a, Proposition 8(i)-(ii)).
(b) We have from Lemma 5 and calculus rules on support functions,

H°(w) = oj0ra@)<1(w) = sup  (w,0)
J(0)+G(8)<1
= max sup (w, 0)

PE0:1] 7(6)<p,G(8)<1—p

= max conv (inf (0(0)<p(w), 76(0)<1-5(w)))

p€[0,1]
= pfél[%ﬁ] conv (inf (pUJ(B)gl(w)v (1- P)UG(o)gl(w)))
= max conv (inf (pJ°(w), (1 — p)G°(w))),

p€[0,1]

where we used (Hiriart-Urruty and Lemaréchal 2001, Theorem V.3.3.3)
in third row, positive homogeneity in the fourth, and Lemma 5 in the
fifth.
(ii) Again, convexity, positive homogeneity and finite-valuedness are immedi-
ate. Coercivity holds by injectivity of DT,
(a) This is (Vaiter et al 2015a, Proposition 10(i)-(ii)).
(b) Denote J = 7. We have
Ho(w) = swp (w,6)
DTeccC
(D7 is injective) = sup (DT w, DTH)
DToecC
= sup (DYw,u)
ueCNSpan(DT)
= conv (inf (JO(D+w), LKer(D)(D+w)))

= J°(D*w).

where in the last equality, we used the fact that D*w € Span (DT) =
Ker(D)*, and thus LKer(D)(D+w) = 400 unless w = 0, and J° is
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continuous and convex by (H.3) and Lemma 5. In the fourth equality,
we invoked (Hiriart-Urruty and Lemaréchal 2001, Theorem V.3.3.3)
and Lemma 5.

2.5 Examples
2.5.1 Lasso

The Lasso regularization is used to promote the sparsity of the minimizers,
see Bithlmann and van de Geer (2011) for a comprehensive review. It corre-
sponds to choosing J as the £1-norm

70) = o], =3 |oi| )

It is also referred to as ¢1-synthesis in the signal processing community, in
contrast to the more general ¢;-analysis sparsity penalty detailed below.

We denote (@;)1<i<, the canonical basis of R” and supp(8) = {ief{1,....p} :
01‘ 7é O} Then,

sign(@,) if i € supp(0)

PO and Je = |||
0 otherwise o0

(8)

Ty = Span{(ai)iESupp(Q)}7 (ee)i = {

2.5.2 Group Lasso

The group Lasso has been advocated to promote sparsity by groups, i.e. it
drives all the coefficients in one group to zero together hence leading to group
selection, see Bakin (1999); Yuan and Lin (2006); Bach (2008); Wei and Huang
(2010) to cite a few. The group Lasso penalty with L groups reads

J(8) = H0||1,2 d:efz Hem 2 9)

where UiL=1 b ={1,...,p}, bi,b; C{1,...,p}, and b; Nb; = () whenever i # j.
Define the group support as suppg(6) = {z e{l,...,L} : 6y, # O}. Thus,
one has
Tp = Spaﬂ{(aj){j : EiesuppB(G),ij,;}}’

0, o
—i— if ¢ € suppy(0 (10)
16,1, 5(6) , and J°(w) = max [jwy,]ls -
0 otherwise €{l,...,.L}

(ee)bi =
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2.5.3 Analysis (group) Lasso

One can push the structured sparsity idea one step further by promoting
group/block sparsity through a linear operator, i.e. analysis-type sparsity.
Given a linear operator D : R? — R? (seen as a matrix), the analysis group
sparsity penalty is

J(6)=||D"6||, ,- (11)

This encompasses the 2-D isotropic total variation Rudin et al (1992). For
when all groups of cardinality one, we have the analysis-¢; penalty (a.k.a.
general Lasso), which encapsulates several important penalties including that
of the 1-D total variation Rudin et al (1992), and the fused Lasso Tibshirani
et al (2005). The overlapping group Lasso Jacob et al (2009) is also a special
case of (9) by taking D' to be an operator that exactract the blocks Peyré
et al (2011); Chen et al (2010) (in which case D has even orthogonal rows).

Let Ag = Uicsupp, (7o) bi and Ag its complement. From Lemma 1(ii) and
(10), we get

Ty =Ker(D}.), o =Pz, Depyy

DTe
(p7e),
My o Tib leESUPPB(DTO) (12)
where (eDT*G)b. = H(D e)hi .

0 otherwise.
If, in addition, D is surjective, then by virtue of Lemma 1(ii) we also have

I@) = [DTw, = max [(DTw)]

(13)

9"

2.5.4 Anti-sparsity

If the vector to be estimated is expected to be flat (anti-sparse), this can be
captured using the £, norm (a.k.a. Tchebychev norm) as prior

J(0) = HBHOO = ief??f(,p} |91| (14)

The ¢ regularization has found applications in several fields Jégou et al
(2012); Lyubarskii and Vershynin (2010); Studer et al (2012). Suppose that

0 # 0, and define the saturation support of 6 as I o {2 e {1,...,p}
6] =116 } # 0. From (Vaiter et al 2015a, Proposition 14), we have

Tg = {6 S RP : alzat S Rsign(alzat)},

sign(0;) /|15 if i € It . (15)
(ee)i - { 0/ ’ (‘9 ; and J7 = H||1
0 otherwise
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2.5.5 Nuclear norm

The natural extension of low-complexity priors to matrices 8 € RPr*P2 jg
to penalize the singular values of the matrix. Let rank(f) = r, and 8 =
U diag(A(8))V " be a reduced rank-r SVD decomposition, where U € RP* <"
and V' € RP2*" have orthonormal columns, and A(8) € (R4 \ {0})" is the vec-
tor of singular values (A1(8),--- ,A.(0)) in non-increasing order. The nuclear
norm of 6 is

7(0) =[lo]l, = [x©)]],- (16)
This penalty is the best convex surrogate to enforce a low-rank prior. It has
been widely used for various applications Recht et al (2010); Candés and Recht
(2009); Candes et al (2011); Fazel et al (2001); Candes et al (2013).

Following e.g. (Vaiter et al 2017, Example 21), we have

To={UA" +BV' : AcR”>*" BeR"*"}, ¢g=UV"

17
and J°(@) = [lolls_y» = [M@)||. {an

3 Oracle inequalities for a general loss

Before delving into the details, in the sequel, we will need a bit of notations.
We recall Ty and eg the model subspace and vector associated to 8 (see
Definition 1). Denote Sg = T-. Given two coercive finite-valued gauges .J; =
Ye, and Jy = 7c,, and a linear operator A, we define || Al _, ; the operator
bound as
IAll,,_,.,, = sup J2(A6).
0eCy

Note that || A]| ;, _, ;, is bounded (this follows from Lemma 4(v)). Furthermore,
we have from Lemma 5 that

IAll,, ., = sup sup (ATw,8) = sup sup (ATw,8) = sup J(ATw)
6eC; wels weCs 6eCy wecs

=[la’]

J3—Je”

In the following, whenever it is clear from the context, to lighten notation
when J; is a norm, we write the subscript of the norm instead of J; (e.g. p for
the ¢, norm, * for the nuclear norm, etc.).

Our main result will involve a measure of well-conditionedness of the design
matrix X when restricted to some subspace T. More precisely, for ¢ > 0, we
introduce the coefficient

P
T(T,C) = inf ||| TH|24)J”XWHQ

{we]RP : J(ws)<cJ(wT)} n'/2(J(wr) — J(ws)/c) (18)

This generalizes the compatibility factor introduced in van de Geer and Buhlmann
(2009) for the Lasso (and used in Dalalyan et al (2018)). The experienced
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reader may have recognized that this factor is reminescent of the null space
property and restricted injectivity that play a central role in the analysis of
the performance guarantees of penalized estimators (1); see Fadili et al (2013);
Vaiter et al (2015a, 2018, 2017, 2015b). One can see in particular that (7, ¢)
is larger than the smallest singular value of X .

The oracle inequalites will provided in terms of the loss

R.(6,00) = 1D(X6, X0).

. ) ~EWA
3.1 Oracle inequality for 6,

We are now ready to establish our first main result: an oracle inequality for
the EWA estimator (3).

~EWA
Theorem 2 Consider the EWA estimator 8,,  in (3) with the density (2),
where F' and J satisfy Assumptions (H.1)-(H.2) and (H.3). Then, for any

7 > 1 such that \,, > TJO(—XTVF(XHO,y)>/n, the following holds,

~EWA . 1 + An\/ﬁ('rjo (69) + 1) ”|PT9 H|24J
Rn (0n P 00) < elélﬂgp Rn (0’ 00) + EQP TT(TQ, TJO(EB)Jrl)

T—1

+ pgs.
(19)

Remark 2

1. It should be emphasized that Theorem 2 is actually a deterministic state-
ment for a fixed choice of \,. Probabilistic analysis will be required when
the result is applied to particular statistical models as we will see later.
For this, we will use concentration inequalities in order to provide bounds
that hold with high probability over the data.

2. The oracle inequality is sharp. The remainder in it has two terms. The
first one encodes the complexity of the model promoted by J. The second
one, pB, captures the influence of the temperature parameter. In particu-
lar, taking g sufficiently small of the order O((pn)*l), this term becomes
O(n=1).

3. When ¢(t) = vt?/2,i.e. F(-,y) is v-strongly convex, then ¢ (t) = t2/(2v),
and the reminder term becomes

o 2 2

Ao (7%(e) + 1) 1Pz, Mz s
o 2
27‘2yT(T¢97 Lf’f“)

(20)
p=
If, moreover, VF is also k-Lipschitz continuous, then it can be shown that

R, (0, 00) is equivalent to a quadratic loss. This means that the oracle in-
equality in Theorem 2 can be stated in terms of the quadratic prediction
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error. However, the inequality is not anymore sharp in this case as a con-
stant factor equal to the condition number k/v > 1 naturally multiplies
the right-hand side.

4. If J is such that eg € 9J(0) C C° (typically for a strong gauge by (6)),
then J°(eg) < 1 (in fact an equality if @ # 0). Thus the term J°(eg) can
be omitted in (19).

5. A close inspection of the proof of Theorem 2 reveals that the term pS can
be improved to the smaller bound

~EWA

P+ (Val®, ) ~Ey, [Va(0))).

where the upper-bound is a consequence of Jensen inequality.
Proof By convexity of J and assumption (H.1), we have for any n € 9V,,(0)
and any 0 € R?,
DY (8.6) > (|| X8~ X0]|,).
Since ¢ is non-decreasing and convex, ¢ o ||-||, is a convex function. Thus,

taking the expectation w.r.t. to u, on both sides and using Jensen inequality,
we get

Val6) > B, [Vu(6) + B, [(n.6-6)] + 15, [¢(|X8 - X6],)]

~EWA
n

_ 1 — ~EWA
> Va8, 4B, (0.8 0)] + Lol x5 - x8, "),

This holds for any n € 0V, (0), and in particular at the minimal selection

(8Vn(0))0 (see Section B for details). It then follows from the pillar result in
Proposition 5° that

0 p—
E,, [(9V.(6))°.8 - )] = —pB.
We thus deduce the inequality

~EWA

Va@,"") - V@) < p8 - o(|x0,"

- X90||,), VOeR". (21)

By definition of the Bregman divergence, we have

~EWA
R0, .05) — Ru(6.60)
1 ~EWA ~EWA
— —(F(X0, .y) - F(X0,y)+ (~-X VF(X6,.9)).0, —0))
~EWA 1 ~EWA
= (V’l(on ) - Vn(0)> + ﬁ<_XTVF(X007y)70n - 9>

A (IB ) — (8)).

5 In the appendix, we provide a self-contained proof based on a novel Moreau-Yosida
regularization argument. In (Dalalyan et al 2018, Corollary 1 and 2), an alternative proof is
given using an absolute continuity argument since py, is locally Lipschitz, hence a Sobolev
function.
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By virtue of the duality inequality (42), we have

~EWA
R. (8, ,00) — R.(6,60)
< (V@) = va(0)) + (- XTVF(X60,9)) 1@, ~6)
(B, ) = J(8))
< (%@ V@) + 22 (10, ~ )~ (78, ~ 10))).
~EWA

Denote w = 6 — 0. By virtue of (H.3), Theorem 1 and (42), we obtain

n

J(w) = r(J@n ) = J(0)) < J(wry) + J(ws,) — Tlea,wr,) — 7 (ws,)
J(wr,) + T (ws,) + 7 (e0) (wr,) — 7 (ws,)
= (r°(eq) + 1) J(wry) — (7 — 1) (ws,)
(rJ°(e

)+1)(J(wn,) - W}SHJ(”SB))'

IAIA

IN

This inequality together with (21) (applied with 8 = ) and (18) yield
Ra(B, " .00) — R.(6.6))
A (77°(e0) + 1) IP7p o, 4[| X ],
nl/QTT(Te), 7TJO(€9)+1>

T—1

1
<pB-— E‘P(HX“’HQ) +

/\,ﬂ/?l(TJO (eo) + 1) H|PT9 |||2~>J

™r (Te, LJOT(%)H ) ’

1
<pB+ ="
n

where we applied Fenchel-Young inequality (5) to get the last bound. Taking
the infimum over 0 € RP yields the desired result.

Stratifiable functions Theorem 2 has a nice instanciation when R? can be par-
titioned into a collection of subsets {M;}; that form a stratification of RP.
That is, R? is a finite disjoint union U; M; such that the partitioning sets M,
(called strata) must fit nicely together and the stratification is endowed with
a partial ordering for the closure operation. For example, it is known that a
polyhedral function has a polyhedral stratification, and more generally, semial-
gebraic functions induce stratifications into finite disjoint unions of manifolds;
see, e.g., Coste (2002). Another example is that of partly smooth convex func-
tions thoroughly studied in Vaiter et al (2015a, 2018, 2017, 2015b) for various
statistical and inverse problems. These functions induce a stratification into
strata that are C2-smooth submanifolds of R”. In turns out that all popular
penalty functions discussed in this paper are partly smooth (see Vaiter et al
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(2017, 2015b)). Let’s denote .# the set of strata associated to J. With this
notation at hand, the oracle inequality (19) now reads

Ra(@, " .00) < inf ( Ru(6,00) + -o" /277 ‘eeliéfl”ﬁ?” b
_/g[eeM n TT(TQ, T)
+pB.

(22)

~PEN
3.2 Oracle inequality for 6,

~PEN
The next result establishes that 6,  satisfies a sharp prediction oracle in-
equality that we will compare to (19).

~PEN
Theorem 3 Consider the penalized estimator 6,  in (1), where F and J
satisfy Assumptions (H.1) and (H.3). Then, for any T > 1 such that X\, >

TJO(—XTVF(XGO,yD/n, the following holds,

~PEN ) I . A/n(1J%(e0) + 1) 1Py oy,
Ry, (en ) 90) < glen]lgp Ry (0’ 90) + ?p TT(T@, TJ°(€_91)+1>

T

(23)

Proof The proof follows the same lines as that of Theorem 2 except that we

~PEN ~PEN
use the fact that ,,  is a global minimizer of V,,, i.e. 0 € 9V,,(0,, ). Indeed,
we have for any 6 € RP
~PEN 1 ~PEN
Va(0) >V, (6, )+ Ega(HXB - X0, |,) (24)

~EWA ~PEN
Continuing exactly as just after (21), replacing 6,,  with 8,,  and invoking
(24) instead of (21), we arrive at the claimed result.

Remark 3

1. Observe that the penalized estimator EzEN does not require the moment as-
sumption (H.2) for (23) to hold. The convexity assumption on ¢ in (H.1),
which was important to apply Jensen’s inequality in the proof of (19), is
not needed either to get (23).

2. As we remarked for Theorem 2, Theorem 3 is also a deterministic statement
~PEN
for a fixed choice of A, that holds for any minimizer 6,, , which is not

unique in general. The condition on A, is similar to the one in Negahban
~PEN
et al (2012) where authors established different guarantees for 6,
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. ) ~EWA  ~PEN
3.3 Discussion of 8,, vs 0,

One clearly sees that the difference between the prediction performance of
N

»  lies in the term pg (or rather its lower-bound in Remark 2-5).

In particular, for 8 = O((pn)~"), this term is on the order O(n~'). This choice

can be refined in most situations. In particular, for the case of quadratic loss,

one can take 3 = O(/\f,||| Pr,, |||;J/P)a hence leading to remainder terms in

(19) and (23) of the same order.
In view of this discussion, one may wonder what are the actual benefits of using

~EWA | ~PEN .

0,  instead of 8, . Generalizing the arguments of Dalalyan et al (2018),
L ~PEN

we will show that 6, enjoys one main advantage compared to 6, . To

simplify the discussion, we will focus on the case of linear regression (30) with
Gaussian noise & ~ N(0,0%Id,,) and F is the quadratic loss.

~EWA
The chief advantage of 6, is its stability as a function of the data and

hyperparameters. It has been shown that for a large class of penalties J, in-
~PEN
cluding those studied here, the prediction X6,, is a smooth function of y

outside a set of Lebesgue measure zero; see (Vaiter et al 2017, Theorem 2).
Those authors also provided in (Vaiter et al 2017, Theorem 3) an expression of
the Stein unbiased risk estimator (SURE). For instance, when J is the gauge
of a polytope, the SURE is given by

2

Hy—X@: + 0% dim (Tlé\iEN) —no”.

EN, 2

I,
The SURE was advocated as an automatic and objective way to choose A.
However, one can see that dim (Tb\PEN) is a non-smooth function of A, which

~EWA
may lead to numerical instabilities in practice. In contrast, the SURE of 6,,

~EWA
whose closed-form is given in (Dalalyan et al 2018, (10)), is such that X6,
is a continuous function of (X, 3) €]0, +oo[? and y € R™. This better regularity

~EWA
suggests that it would be wiser to use the SURE associated to 8,, for an
automatic choice of \.

3.4 Oracle inequalities in probability

It remains to check when the event & = {\,, > TJO(—XTVF(XOO,y))/n}
holds with high probability when y is random. We will use concentration
inequalities in order to provide bounds that hold with high probability over
the data. Toward this goal, we will need the following assumption.

(H4) y=(y1,Y9, - ,Y,) are independent random observations, and F(u,y) =
>ie filwis yy),
fi : R xR — R. Moreover,
(i) E[|fi((X60)i,y;)|] <+oo,V1<i<n;
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(ii) [£/((X80)i,t)| < g(t), where E [g(y,)] < 400, V1 < i <n;

(iii) Bernstein moment condition: V1 < ¢ < n and all integers m > 2
E Ufi’((XHO)i, yz)‘m] < m!k™ 202 /2 for some constants k > 0, o; > 0
independent of n.

Let 02 = maxi<i<n 0?.

Observe that under (H.4), and by virtue of Lemma 5(iv) and (Hiriart-
Urruty and Lemaréchal 2001, Proposition V.3.3.4), we have

J°(— X"VF(X8o,y)) =oc(— X VF(X8,y))

= ap S A(XKOw)zm

zeX(C) 3

Thus, checking the event & amounts to establishing a deviation inequality
for the supremum of an empirical process® above its mean under the weak
Bernstein moment condition (H.4)(iii), which essentially requires that the
f1((X80);,y;) have sub-exponential tails, We will first tackle the case where
C is the convex hull of a finite set (i.e. C is a polytope).

3.4.1 Polyhedral penalty

We here suppose that J is a finite-valued gauge of C = conv (V), where V is
finite, i.e. C is a polytope with vertices (Rockafellar 1996, Corollary 19.1.1).
Our first oracle inequality in probability is the following.

ors . . ~EWA ~PEN def
Proposition 1 Consider the estimators 0, and 0,, , where F' and J =

e satisfy Assumptions (H.1), (H.2), (H.3) and (H.4), and C is a polytope
with vertices V. Suppose that rank(X) = n and let s(X) = maxyey | Xv|| .

Choose
An = 705(X) Mg@(lmﬁ/a MM)

n

for some T > 1 and 6 > 1. Then (19) and (23) hold with probability at least
1 -2V,

Proof In view of Assumptions (H.1) and (H.4), one can differentiate under
the expectation sign (Leibniz rule) to conclude that E [F(X-,y)] is C! at 6
and VE [F(X8y,y)] = X "E [VF(X8y,y)]. As 8y minimizes the population
risk, one has VE [F(X 6y, y)] = 0. Using the rank assumption on X, we deduce
that

E[f{((X60)i,y;)] =0, VI<i<n.

Moreover, (25) specializes to

J° (= X'VF(X0,y)) = sup — Y [((X600)i,y,)z:.
zeX(V) o

6 As X(C) is compact, it has a dense countable subset.
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Let t' = Apyn/7 and t = t'/s(X). By the union bound and (25), we have

n
P(1°(~ XTVF(X60,y)) 2¢) <P (]%) =3 U(X00) )z > t,)
i=1

<|V| max P (‘ Zf{((Xeo)i,yi)zi| 2 t,>
i=1

zeX (V)

< VP <s<X>r > F(X60)y)] = t')

= VP (\ > F(X60)iy)| = t) :

i=1
Owing to assumption (H.4)(iii), we are in position to apply the Bernstein

inequality to get

t2
P(J°(~ X VF(X00,y)) >t) <2[V]exp (—W)

Every ¢ such that

t > /5log(|V]) (H\/a log([VI) + /w23 log([VI) + 2n02),

satisfies t2 > 26 log(|V|)(kt 4+ no?). Applying the trivial inequality va + b <
va + Vb to the bound on t, we conclude.

Remark 4 In the monograph (Biihlmann and van de Geer 2011, Lemma 14.12),
the authors derived an exponential deviation inequality for the supremum of an
empirical process with finite V and possibly unbounded empirical processes un-
der a Bernstein moment condition similar to ours (in fact ours implies theirs).
The very last part of our proof can be obtained by applying their result. We
detailed it here for the sake of completeness.

Lasso To lighten the notation, let Iy = supp(0). From (8), it is easy to see
that

IPzollo = V/ITo| and  J%(eq) = [|sign(01, )], <1,

where last bound holds as an equality whenever 8 # 0. Further the ¢; norm
is the gauge of the cross-polytope (i.e. the unit ¢; ball). Its vertex set V is the
set of unit-norm one-sparse vectors (+a;)1<i<p, where we recall (a;)1<i<p the
canonical basis. Thus

VI=2p and s(X)=max[|Xv[|,, = max |.X;].

Inserting this into Proposition 1, we obtain the following corollary.
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) , ~EWA ~PEN )
Corollary 1 Consider the estimators 8,,  and 8,, , where where J is the

Lasso penalty and F satisfies Assumptions (H.1), (H.2) and (H.4). Suppose
that rank(X) = n and take

An > 105(X) W(lﬁ-\/ﬁn/(j (510i(2p)>7

for some T > 1 and § > 1. Then, with probability at least 1 — 2(2p)*~%, the
following holds

Rn(§5WA700) S lnf (Rn(eaeo) + ,}LSO+< /\n\/ﬁ(T""l)\/ﬂl))) +p/87

Ic{1,...,p} TT(Span{ai}iGI,
0: supp(0)=I

T—1

(26)

R 60) < (Rn<e,eo>+;w( SN ))

1
TT(Span{ai}igl,%tl )
0: supp(0)=I

(27)

~PEN
For 6,, , we recover a similar scaling for A,, and the oracle inequality as
in van de Geer (2008), though in the latter the oracle inequality is not sharp
unlike ours. Note that the above oracle inequality extends readily to the case
of analysis/fused Lasso HDT . Hl where D is surjective. We leave the details to
the interested reader (see also the analysis group Lasso example in Section 4).

Anti-sparsity From Section 2.5.4, recall the saturation support I3* of 6. From
(15), we get

IP7pllyoe =1 and  J°(eq) = || sign(@ )|, /15" < 1,

with equality whenever 8 # 0. In addition, the £,, norm is the gauge of the
hypercube whose vertex set is V = {£1}?. Thus

[V| = 2P.
We have the following oracle inequalities.

~EW. ~PEN
Corollary 2 Consider the estimators 0, and 8,, , where where J is anti-
sparsity penalty (14), and F satisfies Assumptions (H.1), (H.2) and (H.4).
Suppose that rank(X) = n and let s(X) = max; ; | X, ;|. Choose

A > Tos(X)\/m\/g(l + 2@0/@@)7
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for some T > 1 and § > 1. Then, with probability at least 1 — 27PO—D+1 ¢pe
following holds

~EWA
R, (6 6p) < inf R, (0.0 1,7+ Any/n(T+1)
O 00 2 ot (R0 b iy
0: I3'=1

+pB,
(28)
and

~PEN

< : 1+ Anv/n(r+1) .
Rn(en ,00) = IC{llr,l.f.,p} <Rn(0790) + n@ (TT({G:GIGRsign(GI)},:_ti)>>
0: Iy*=1

(29)

We are not aware of any result of this kind in the literature. The bound im-
posed on X is similar to what is generally assumed in the vector quantization
literature Lyubarskii and Vershynin (2010); Studer et al (2012).

3.4.2 General penalty

Extending the above reasoning to a general penalty requires a deviation in-
equality for the supremum of an empirical process in (25) under the Bernstein
moment condition (H.4)(iii), but without the need of uniform boundedness.
This can be achieved via generic chaining along a tree using entropy with
bracketing; see (van de Geer and Lederer 2013, Theorem 8). The resulting
deviation bound will thus depend on the entropies with bracketing. These
quantities capture the complexity of the set X (C) but are intricate to com-
pute in general. This subject deserves further investigation that we leave to a
future work.

Remark 5 (Group Lasso) Using the union bound, we have
P ( max | X, VF(X80,y)|, > /\nn/T) < LmaxP (|| X} VF(X60,y)|, > Aun/7).
1e1,..., 7

This requires a concentration inequality for quadratic forms of independent
random variables satisfying the Bernstein moment assumption above. We are
not aware of any such result. But if our moment condition is strengthened to

E [|£/((X600)i,y,)|""] < mis?Vo2/2, V1 <i<n¥m>1,

then one can use (Bellec 2014, Theorem 3). Indeed, assuming max; || X ||, <
v/n, which is a natural normalization on the design, we have by independence
that

1/2
E (| X, VF(X00,9),] <E[| X} VF(X60.9)[}]

= a\/tr(X;Xbi)/Zz o /Z HX]H2/2§ o/ Kn/2.

JEb;



Sharp Oracle Inequalities for Low-complexity Priors 23

It then follows that taking

\ > oV K + 16r+/5log(L)

n —_ T K
vn

the oracle inequalities (34) and (35) hold for the group Lasso with probability

at least 1 — L'=%. A similar result can be proved for the analysis group Lasso

just as well (see Section 4.3.3).

0> 1,

4 Oracle inequalities for low-complexity linear regression

In this section, we consider the classical linear regression problem where the
n response-covariate pairs (y;, X;) are linked as

y = X6 +¢, (30)

where £ is a noise vector. The data loss will be set to F'(u,y) = %Hy—uH; This
in turn entails that ¢ = ¢+ = 2(:)* on R4 and R, (6,60) = |X07 X00||§.

el

. . 2 . . 2n .
In this section, we assume that the noise &€ is a zero-mean sub-Gaussian
vector in R™ with parameter o. That is, its one-dimensional marginals (£, z)

are sub-Gaussian random variables Vz € R", i.e. they satisfy
P (|(€,2)| > t) < 2e7/Cl=IY vy e R™ (31)

In this case, the bounds of Section 3.4 can be improved.

4.1 General penalty

As we will shortly show, the event & will depend on the Gaussian width, a
summary geometric quantity which, informally speaking, measures the size of
the bulk of a set in R™.

Definition 2 The Gaussian width of a subset S C R™ is defined as
w(S) = E [os(g)], where g~ N(0,1d,).

The concept of Gaussian width has appeared in the literature in differ-
ent contexts. In particular, it has been used to establish sample complexity
bounds to ensure exact recovery (noiseless case) and mean-square estimation
stability (noisy case) for low-complexity penalized estimators from Gaussian
measurements; see e.g. Rudelson and Vershynin (2008); Chandrasekaran et al
(2012); Tropp (2015a); Vershynin (2015); Vaiter et al (2015b).

The Gaussian width has deep connections to convex geometry and it enjoys
many useful properties. It is well-known that it is positively homogeneous,
monotonic w.r.t. inclusion, and invariant under orthogonal transformations.
Moreover, w(conv (S)) = w(S). From Lemma 3(ii)-(iii), w(S) is a non-negative
finite quantity whenever the set S is bounded and contains the origin.

We are now ready to state our oracle inequality in probability with sub-
Gaussian noise.
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Proposition 2 Let the data generated by (30) where € is a zero-mean sub-
~EWA
Gaussian random vector with parameter o. Consider the estimators 0,  and

~PEN def . .
0, , where F and J = ~¢ satisfy Assumptions (H.1)-(H.2) and (H.3). Sup-

pose that X, > ~ZV 210g(c2/6)w(x(c)), for some T > 1 and 0 < § < min(cg, 1),

n
where ¢1 and co are positive absolute constants. Then with probability at least

1 =14, (19) and (23) hold with the remainder term given by (20) with v = 1.

The proof requires sophisticated ideas from the theory of generic chain-
ing Talagrand (2005), but we only apply these results. The constants ¢; and
co can be traced back to the proof of these results as detailed in Talagrand
(2005).

Proof First, from (31), we have the bound

P (|<£,z — z’>| > t) < 2@7t2/(2”z*z/Hi"rz)7 Vz,2 € R,

i.e. the increment condition (Talagrand 2005, (0.4)) is verified. Thus combin-
ing (25) with the probability bound in (Talagrand 2005, page 11), the generic
chaining theorem (Talagrand 2005, Theorem 1.2.6) and the majorizing mea-
sure theorem (Talagrand 2005, Theorem 2.1.1), we have

P(J°(XT€) > Aun/7) <P ( sup (€, 2) > ociy/2log(cs /5)w(X(C))>

zeX(C)

022log(62/5)) _s

If the noise is Gaussian, an enhanced version can be proved by invoking
Gaussian concentration of Lipschitz functions Ledoux (2001).

Proposition 3 Let the data generated by (30) with noise 5 N(0,0%1d,,).
Consider the estimators 0 A and 6 EN, where F and J = ~¢ satisfy As-
sumptions (H.1)-(H.2) and (H.3). Suppose that A\, > % , for
some T > 1 and § > 0. Then with probability at least 1 — exp ( M),

2 X105,
(19) and (23) hold with the remainder term given by (20) with v = 1.

Proof Thanks to sublinearity (see Lemma 4(i) and Lemma 5), the function

& JO(XT£) is Lipschitz continuous with Lipschitz constant |||X—r |||2_>JO =
X ;_o- From (25), we also have

E[J°(XT€)] = ouw(X(C)).

Observe that X (C) is a convex compact set containing the origin. Setting
€ = An/7 — ow(X(C)) > dow(X(C)), it follows from (25) and the Gaussian
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concentration of Lipschitz functions Ledoux (2001) that

P(J(XT€) > Aun/7) <P (J(XTE —E[J(XTE)] > e
<P(J°(XT¢/o) —w(X(0)) = dw(X(C)))

52w<x<<z)>2>
< ex - .
= p( 20X,

Estimating theoretically the Gaussian width of a set” is a non-trivial prob-
lem that has been extensively studied in the areas of probability in Banach
spaces and stochastic processes. There are classical bounds on the Gaussian
width (Sudakov’s and Dudley’s inequalities), but they are difficult to estimate
in most cases and neither of these bounds is tight for all sets. When the set is a
convex cone (intersected with a sphere), tractable estimates based on polarity
arguments were proposed in, e.g., Chandrasekaran et al (2012).

4.2 Polyhedral penalty

When C and is polytope, enhanced oracle inequalities can be obtained by
invoking a simple union bound argument.

Proposition 4 Let the data generated by (30) where € is a zero-mean sub-
~EWA

Gaussian random vector with parameter o. Consider the estimators 0, and

~PEN

6, , where F and J = e satisfy Assumptions (H.1)-(H.2) and (H.3), and

moreover C is a  polytope  with  wvertices V.  Suppose  that
70| max, v /26 lo

An > ( eviX H) 26 1og([VD) , for some T > 1 and 6 > 1. Then with

probability at least 1 21V, (1 9) and (23) hold with the remainder term

given by (20) with v = 1.

In particular, if maxyey || Xvl||, = Cy/n, for a positive constant C, then
24 log(|V])
=B

one can take N\, > Cto

Proof From (25) we have
JO(XTﬁ) = max (Xv,€) = max (Xv,8),

where in the last inequality, we used the fact that a convex function attains its
maximum on C at an extreme point V. Let € = o ( maxyey || X ||, ) /26 log(|V]).

7 Not to mention its image with a linear operator as for X (C).
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By the union bound, (31) and (25), we have

P(J°(XTE) > M\an/7) <P (Iglea;{ (Xv, &) > e>
< [VImaxP ((Xv, &) > €)
< VimaxP ([(Xv,6)] > )
<2V|exp (— ¢/ (20% max | Xv]3))

< 2(y|t-e.

4.3 Applications

In this section, we exemplify our oracle inequalities for the penalties described
in Section 2.5.

4.3.1 Lasso

Recall the derivations for the Lasso in Section 3.4.1. We obtain the following
corollary of Proposition 4.

Corollary 3 Let the data generated by (30) where & is a zero-mean sub-
Gaussian random wvector with parameter o. Assume that X is such that

‘ ) ~EWA ~PEN )
max; | X;||, < v/n. Consider the estimators @,  and 0,, , where J is the
Lasso penalty (7) and F satisfies Assumptions (H.1)-(H.2). Suppose that
Ap > TOA/ 261077%(210), for some T > 1 and § > 1. Then, with probability at least
1 —2(2p)' =2, the following holds

~EWA 2 ) ) 2 )
R I A s e
0: sup{;(é):] p ifi€ls T
+ 2pp,
(32)
and
~PEN 9 ) , o
wll X0 = X6l < Ic{lln.f-- »} (MX@ - X6all; + Tzr(sk;({:}? I|T+1)2>.
0: Suplz)(é):I p iyi€ls T
(33)

The normalization on the design is natural. The remainder term grows as
W. The oracle inequality (33) recovers (Dalalyan et al 2018, Theorem 1)
in the exactly sparse case, and (33) the one in (Sun and Zhang 2012, The-
orem 4) (see also (Koltchinskii et al 2011, Theorem 11) and (Dalalyan et al
2017, Theorem 2)). It is worth mentioning, however, that (Dalalyan et al 2018,
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Theorem 1) handles the inexactly sparse case while we do not. For the choice
B = O(c?I]log(2p)/(pn)), the remainder terms in (32) and (33) are of the
same order. Observe that this choice of the temperature parameter is optimal
in view of the results of Castillo et al (2015). These authors proved that for
the ¢; penalty, orthonormal design, noise & ~ AN'(0,0%Id,,), and all choices of
the form A = Coy/log(n)/n, then the pseudo-posterior pu, in (2) with tem-
parature 3 = o2 /n puts asymptotically no mass on the ball centered at 6y of
radius ~ +/log(n)/n.

4.8.2 Group Lasso

Recall the notations in Section 2.5.2, and denote Iy = suppp(@) the set index-
ing active blocks in 6. From (10), we have

1Pzl s = /1Io]l and  J%(eq) = lleallo p <1,

where the last bound holds as an equality whenever 8 # 0.

We have the following oracle inequalities as corollaries of Proposition 2 and
Proposition 3.

. . ~EWA
Corollary 4 Let the data generated by (30). Consider the estimators 0,
~PEN

and 0, , where F satisfies Assumptions (H.1)-(H.2), and J is the group
Lasso (9) with L non-overlapping blocks of equal size K. Let

\/maxZ /n.

2—2
(i) & is a zero-mean sub-Gaussian random vector with parameter o: suppose
that
A > 37’()’5(X)c v/ 2log(ca/8) (\/7+\/210g(L)
n —_ \/>

min(cg, 1), where ¢ and co are the positive absolute constants in Proposi-
tion 2. Then, with probability at least 1 — 6, the following holds

, for some T > 1 and 0 < § <

~EWA 2 . 2
U xafs e, (1o xa;
0: suppz(0)=I (34)

2 2
AT+ ) >+2Pﬁ,

1
2T<Span{a]}7eb el :+1

and
Lo s o, (dxo - xo;
0: suppB(G) I (35)

An (r+1)? 1]

+ —
2T<Span{aj}Jeb iels 71>
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(ii) & ~ N(0,0%1d,,): suppose that \,, > TUS(X)L V\Qﬁflog(m, for someT > 1

and § > 1. Then, with probability at least 1 — L'=°, (34) and (35) hold.

When s(X) = O(1)%, the first remainder term is on the order
1[(VE++/2108(1))”
| I( i - sl )) . This is similar to the scaling that has been provided in

the literature for EWA with other group sparsity priors and noises Rigollet

~PEN
and Tsybakov (2012); Duy Luu et al (2016). Similar rates were given for 6,

with the group Lasso in Negahban et al (2012); Lounici et al (2011); van de
Geer (2014).

Proof

(i) This is a consequence of Proposition 2, for which we need to bound

w(X(C) =E Le{mlffﬁ} HXZQHQ} :

We first have, for any block b;
1/2
B [|X7l,] <E[IX79]2] " < sX)VEn
Furthermore, HX ;r - H2 is Lipschitz continuous with Lipschitz constant

$(X)+/n. Thus the union bound and Gaussian concentration of Lipschitz
functions Ledoux (2001) yield, for any ¢ > 0,

¥ (ief?f‘ffu X7 g, > s(X)VEn+1)

L
<Y P(Ix7el, -E[lIx5¢

=1

|2] > t) < Lexp (—28(;)211>
Let k = s(X)(\/m +4/2n log(L)). w(X (C)) can be expressed as

w(X(C)) = /OOO]P’( maxL} HX;';gH2 > u) du

ie{l,...,
K oo
_ (u—s(X)VEn)2 —25(X)%nlog(L)
§/ du+/ e 2n du
0 K

o s—VE)2-21o
:/-iJrs(X)\/ﬁ/ eJ K)221g(L)du
w/(s(X)v/n)

s—r/(s(X) V)
2

SK—i—S(X)\/ﬁ/ e du =k + 2s(X)v/n < 3k.
K/ (s(X)v/n)

8 This is for instance the case if X is drawn from the standard Gaussian ensemble and
K = O(n) (the O(:) is in fact even o(-) as the remainder term is supposed to go to 0 as
n — +00). In this case, classical concentration bounds of the largest eigenvalue of a Wishart

matrix allow to conclude that s(X) = O(1 + 4/ K/n) = O(1) with high probabilty.
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(ii) The proof follows the lines of Proposition 3 where we additionally use the
union bound. Indeed,

P( max HX;EHQZAnn/T)

ie{l,...,.L}
L

<> P X7.€]l, —E [[|X0ll,] = Aan/m —E [|X5€],])
i=1

o~ E[IX€]L] > Aun/r = os(X)VER)

M=

P(]|x,¢

1

.
Il

<> (|| xgll, — E [ X7, > os(X)y/20n10g(L))

-

@
Il
—

< Lexp (—dlog(L)) = L' 79,
where used the Gaussian concentration of Lipschitz functions Ledoux (2001)

in the last inequality.

We observe in passing that another way to prove the oracle inequalities
in the sub-Gaussian is to use Dudley’s inequality on the sphere in R after
applying a union bound on the L blocks. In addition, in the Gaussian case, the

(similar) bound A, > 3670s(X )L i/%nlog(L) can be obtained by combining

Proposition 3 and the estimate w(X(C)) < 3s(X)(VKn + /2nlog(L)) in
the proof of (i). The corresponding probability of success would be at least

1 L790-1%,
4.8.83 Analysis group Lasso

We now turn to the prior penalty (11). Recall the notations in Section 2.5.3,
and remind Ag = J;esupp, (D 7o) bi- We assume that D is a frame of R”, hence
surjective, meaning that there exist ¢,d > 0 such that for any w € R?

d|wl; < [|[DTw|[; < clwll3-

This together with (12)-(13) and Cauchy-Schwarz inequality entail

Pzl ;= sup HDT“"TGH1 s < Ve sup HDT“’TeH1 2
HwT9H2§1 7 HDT“’T9||2§1 7
=+ sup HDL“’TeHl,Q
PR wm [, <1

= |SUPPB(DT9)|-

Note, however, that from (12), we do not have in general

C(D.6) | D" ooy, Depia| <1
2] 00,2
With exactly the same arguments to those for proving Corollary 4, replac-

ing X by X D, we arrive at the following oracle inequalities.

DTo
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~EWA
Corollary 5 Let the data generated by (30). Consider the estimators 0,

~PEN
and 0, , where F satisfies Assumptions (H.1)-(H.2), and J is the analysis
group Lasso (11) with L blocks of equal size K. Assume that D is a frame,

and le s(X D) = \/maxi DbTiXTXDbi /n.

22
(i) € is a zero-mean sub-Gaussian random vector with parameter o: suppose
that

My > 3ros(X D)o Yo/ (VEH21os(0)

NG , for some 7> 1 and 0 < § <

min(cg, 1), where ¢1 and co are the positive absolute constants in Proposi-
tion 2. Then, with probability at least 1 — 6, the following holds

AR R (’ILHXO - X0l
6: suppy (D' 0)=1I
L e(eme)in ) +2pf,
T2T<Ker(DIg)vTC(T[)7?)H>
and "
xa x| e (31||X0—X00||§

6: suppyz (D' )=I
2
ex2 (ro(D.,6)+1) |1|
+ z |-

27 (Kcr(DIC ),7TC(D70)+1
e

T—1
(37)
(ii) & ~ N(0,0%1d,,): suppose that \, > TJS(XD)L V\ijlog(L), for some

7> 1 and 6 > 1. Then, with probability at least 1 — L', (36) and (37)
hold.

To the best of our knowledge, this result is new to the literature. The
scaling of the remainder term is the same as in Duy Luu et al (2016) and
Rigollet and Tsybakov (2012) with analysis sparsity priors different from ours
(the authors in the latter also assume that D is invertible).

4.8.4 Anti-sparsity

Recall the derivations for the ¢, norm example in Section 3.4.1. We have the
following oracle inequalities from Proposition 4.

Corollary 6 Let the data generated by (30) where & is a zero-mean sub-
Gaussian random wvector with parameter o. Assume that X is such that
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_ . ~EWA ~PEN .
max; ; | X; ;| < 1/p. Consider the estimators 8,,  and 0, , where F satis-
fies Assumptions (H.1)-(H.2), and J is the anti-sparsity penalty (14). Sup-

pose that \, > TU\/Zélog(Z)\/g, for some T > 1 and § > 1. Then, with
probability at least 1 — 27PO—D+1 the following holds

~EWA
Lo xa <, e (1o xo;
0: Igt=1
A2 (741)2
n +2 ,
T2T<{0ZBIERSign(G[)},Zfi)Q) pﬂ
(38)
and
~PEN
L ol (1130 x0,)
9: ISaCZI (39)

+ /\i(r+1)2
T2T({§:§16Rsign(91)},%)2 '

The first remainder term scales as £ which reflects that anti-sparsity reg-
ularization requires an overdetermined regime to ensure good stability per-
formance. This is in agreement with (Vaiter et al 2015a, Theorem 7). This
phenomenon was also observed by Donoho and Tanner (2010) who studied
sample complexity thresholds for noiseless recovery from random projections
of the hypercube.

4.8.5 Nuclear norm

We now turn to the nuclear norm case. Recall the notations of Section 2.5.5.
For matrices 8 € RP1*P2 a measurement map X takes the form of a linear
operator whose ith component is given by the Frobenius scalar product

X(0); =tr((X")70) = (X", 0)F,

where X' is a matrix in RP1*P2. We denote |-||p the associated norm. From
(17), it is immediate to see that whenever 0 # 0,

T(eq) = UV, = 1.
Moreover, from (17), we have

H /H H)\( l)Hl /
P = su r = T—l < k(0
||| To |||F*)* Gs/Epjs Hel HF es/lelpja H)\(gl) HZ Bs’lelplg rat ( )

< \/min(r, p1) + min(r, p2) < V2r.
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To apply Proposition 2 and Proposition 3, we need to bound w(X(C)) (C is
the nuclear ball), or equivalently, to bound

Z Xigz'
i=1

which is the expectation of the operator norm of a random series with matrix
coefficients. Thus using (Tropp 2015b, Theorem 4.1.1(4.1.5)) to get this bound,
and inserting it into Proposition 2 and Proposition 3, we get the following
oracle inequalities for the nuclear norm. Define

2—2

Corollary 7 Let the data generated by (30) with a linear operator X : RPr*P2 —

EfIX*(@)llm0] = E

] . g~N(0,0%1d,),
2—2

n

S xhTX

i=1

)
2—2

s(X) = 4/ max (

iXi(Xi)T

~ ~P
R™. Consider the estimators 0, and 0, , where F satisfies Assump-
tions (H.1)-(H.2), and J is the nuclear norm (16).

(i) € is a zero-mean sub-Gaussian random vector with parameter o: suppose
that
An > 2708(X)ey \/log(q/é) loe1tp2)  for some T > 1 and 0 < § < min(cy, 1),

n
where ¢y and co are the positive absolute constants in Proposition 2. Then,

with probability at least 1 — §, the following holds

~EWA 2 . 2
o xafs | owr(xo- o)
0: rank(0)=r
+ 2l ) opipe,
TZT(TQ,:J’__})
(40)
and
~PEN 2 . 2
o xofis (1o xa;
0: rank(0)=r (41)
n 272 (74+1)2r

—n .
T2T(T9, T+1>

T—1

(ii) & ~ N(0,0%1d,,): suppose that A, > (1+8)10s(X)4/ w, for some
7> 1 and 6 > 0. Then, with probability at least 1 — (p1 +p2)_52, (40) and
(41) hold.

The set over which the infimum is taken just reminds us that the nu-
clear norm is partly smooth (see above) relative to the constant rank manifold



Sharp Oracle Inequalities for Low-complexity Priors 33

(which is a Riemannian submanifold of RP**P2) (Daniilidis et al 2014, The-
orem 3.19). In the iid Gaussian noise case, we recover the same rate as in

~ A
(Dalalyan et al 2018, Theorem 3) for 8. and in (Koltchinskii et al 2011,

Theorem 2) for E:EN. If s(X) = O(\/p1 + p2), then the first remainder term
scales as "(P1FP 2)17fg(p 14P2) For low-rank matrix recovery, the same rate was
also independently proved in Mai and Alquier (2015); Suzuki (2015)? for EWA
and the posterior conditional mean respectively, in the temperature regime
B = C/n, though with completely different priors, but without requiring the
compatibility factor assumption.

The assumption s(X) = O(y/p1 + p2) on the design is mild and verified in
many situations. Indeed, by Jensen’s inequality we have

. . 2
(X'L)TXz

) <[l

22 232 252

n
s(X)2<n! Zmax (H‘Xl(XZ)TH‘
i=1
If, for example, (X*); are independent copies of a standard random Gaus-
sian matrix, then classical concentration bounds of the largest eigenvalue of a

Wishart matrix entail that MXz concentrates around its mean

(i, ] < e vme < v

4.4 Discussion of minimax optimality

~EWA ~PEN
In this section, we discuss the optimality of the estimators ,, and 6,, (we
remind the reader that the design X is fixed). Recall the discussion on strati-
fication at the end of Section 3.1. Let My € .# be the stratum active at 8y €
M. In this setting, choosing f = C(1 + 5)202w(X(C))2H{ Py, |||§%J/(pn2)
for some constant C' > 0, (22) and Proposition 3 ensure that

L x8,"" - X6,

L 2K || Prog [y [ (r°(e0,) +1)°

- 2 TJ° (o, 2
n T<T007 %)

~PEN
HIX8. " = X600
L L8P wX P[Py, [l (77(e0,) +1)°
- n? T(Tg TJ°<e90>+1)2’

07 7—1

with high probability. In particular, for a polyhedral gauge penalty, in which
case My = Tp, (see Vaiter et al (2015a)), and under the normalization

9 The noise is iid Gaussian in Suzuki (2015) and subexponential in Mai and Alquier
(2015). The assumptions on the design are also different.
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maxyy || Xv|, < /n and with the choice 8 = 20302 || P 4, H’i—u log(|V])/(pn),
Proposition 4 entails

2602 || P, |5, log(|V]) (rJ°(eq,) +1)°

1 ~EWA 2
21X0, - X6, < . ETRENETY:
7 (o et
" 2602|[ Pag, [I7 . 1 0 ?
D e e o )
T (Mo, o)

with high probability. Thus the risk bounds only depend on M. A natural

question that arises is whether the above bounds are optimal, i.e. whether
~EWA

an estimator can achieve a significantly better prediction risk than 6, and

~PEN

6, uniformly on Mj. A classical way to answer this question is the min-

imax point of view. This amounts to finding a lower bound on the minimax
probabilities of the form

inf sup Pr(1]|X0— X0|>>1w,),
inf sup r (L 15> ¥n)

where v, is the rate, which ideally, should be comparable to the risk bounds
above. A standard path to derive such a lower bound is to exhibit a subset
of My of well-separated points while controlling its diameter, see (Tsybakov
2008, Chapter 2) or (Massart 2007, Section 4.3). This however must be worked
out on a case-by-case basis.

FEzample 2 (Lasso) In this case, My = Tp, is the subspace of vectors whose
support is contained in that of 6y. Let I = supp(6o) and s = ||0q]|,. Define
the set

By={6cR": 6;€{0,1}° and 67 =0}.
We have By C My and [0 — 6'[|, < 2s for all (6,6') € By. Define Fy <
{TXO NS BO}, for r > 0 to be specified later. Due to the Varshamov-
Gilbert lemma (Massart 2007, Lemma 4.7), given a €]0,1[, there exists a

subset B C By with cardinality |B| > 2°%/2 such that for two distinct elements
X6 and X6 in F

HX(B — 9’)“; > kr? HG — 0’”; >2(1-— a)kr?s,
1X (60— 8|5 <m0 < 4rr?s,
where

2
1X6|2 _

2
. _ X6l
oMo [0]3

oemy [0]5

ﬁ:

Standard results from random matrix theory, see Tropp (2015a), ensure that
k > 0 for a Gaussian design with high probability as long as n > s + C'/s for
some positive absolute constant C'.
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Then choosing 72 = 0o” where ¢ €]0,1/8] and p = (1 + a)log(1 + a) +

i®

(1 —a)log(l —a), we get the bounds

o%c(l —a)pr
2K

1X (6 — 8|5 < 20%¢log(B]).

|x (665 >

S,

We are now in position to apply (Tsybakov 2008, Theorem 2.5) to conclude
that there exists n €]0, 1] (that depends on a) such that

~ 20(1 —
inf sup Pr (%HXH—XQH; > Mf) >n.
9 0eM, 4K n

~EWA
This lower bound together with Corollary 3 show that 8, (with g =

O(o?slog(2p)/(pn))) and giEN are nearly minimax (up to a logarithmic fac-
tor) over M.

One can generalize this reasoning to get a minimax lower bound over the
larger class of s-sparse vectors, i.e. |J{V = Span{(a;)i<j<,} : dim(V) = s},
which is a finite union of subspaces that contains My. Let (a,b) €]0,1[? such
that 1 < s < abp and a(—1 + b — log(b)) > log(2) '° ¢ €]0,1/8[. Then
combining (Tsybakov 2008, Theorem 2.5) and (Massart 2007, Lemma 4.6 and

Lemma 4.10), we have for n = W(l —2c— 1/#&“1))) €]0,1]

~ 2 1— 1
inf sup Pr(%HXO—XoH; > oep( - )k s Og(p/s))
9 6eM, 2% n

Zn

- 9

where p = —a(—1+ b — log(b))/log(ab), and k and % are now the restricted
isometry constants of X of degree 2s, i.e.

1X0;

leli<2s 6]

1 X6l

b2
loll,<2s 16|

<F=

ﬁ:

For this lower bound to be meaningful, k£ should be positive. From the com-
pressed sensing literature, many random designs are known to verify this
condition for n large enough compared to s, e.g. sub-Gaussian designs with
n 2 slog(p).

One can see that the difference between this lower bound and the one on
Mg lies in the log(p/s) factor, which basically derives from the control over
the union of subspaces. The minimax prediction risk (in expectation) over the
lo-ball were studied in Rigollet and Tsybakov (2011); Raskutti et al (2011);
Verzelen (2012); Ye and Zhang (2010); Wang et al (2014), where similar lower
bounds were obtained.

10 E.g. take b= 1/(1 4 e ¥2).
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Ezample 8 (Group Lasso) For the group Lasso with L groups of equal size K,
My is the subspace group sparse vectors whose group support is included in
that of 8. Let s be the number of non-zero (active) groups in 8y. Following
exactly the same reasoning as for the Lasso, one can show that the risk lower

bound in probability scales as Co?sK/n, which together with Corollary 4,
~PEN

shows that §SWA (with 8 = O(0?s(VK + \/210g(L))2/(pn))) and 0,  are
nearly minimax (up again to a logarithmic factor) over Mgy. One can also
derive the lower bound Co?s(K + log(L/s))/n over the set of s-block sparse
vectors. Such minimax lower bound is comparable to the one in Lounici et al

(2011).

Ezample 4 (Anti-sparsity) Denote the saturation support of 8y as I3 and
recall the subspace Tp, form (15). Thus, Mg = Tp, is the subspace of vectors
which are collinear to sign(6p) on I*** and free on its complement. Observe
that dim(M) = p — s + 1, where s = |I5%%|. Define the set

By ={0 €R? : Opar =sign(frser) and O eae)e € {0,1}77°) 1.

By construction, By C My, and |6 70/”0 < 2(p — s) for all (6,8') € By.
Thus following the same arguments as for the Lasso example (using again
Varshamov-Gilbert lemma and (Tsybakov 2008, Theorem 2.5)), we conclude
that there exists n €]0, 1] (that depends on a) such that

2¢(1 —a)prp — s)
4K n

>

- )

inf sup Pr <%||X§— XBHE > g
0 6cMyp

where the restricted isometry constants are defined similarly to the Lasso

but with respect to the model subspace Mg of the ., norm. Again, for a

Gaussian design, £ > 0 with high probability as long as n > (p —s+ 1) +

C+/p— s+ 1 Tropp (2015a).

The obtained minimax lower bound is consistent with the sample complex-
ity thresholds derived in Donoho and Tanner (2010) for noiseless recovery from
random projections of the hypercube. For a saturation support size s small
compared to p, the bound of Corollary 6 (with g = 0(02/n2)) comes close to
the minimax lower bound.

Ezample 5 (Nuclear norm) Let r = rank(6g), where 8y € RP1*P2 and p =
max(p1, p2). For the nuclear norm, M, is the manifold of rank-r matrices. Thus
arguing as in (Koltchinskii et al 2011, Theorem 5) (who use the Varshamov-
Gilbert lemma Massart (2007) to find the covering set), one can show that

the minimax risk lower bound over Mg is Co?r/n. In view of Corollary 7,
~EWA ~PEN
we deduce that 8, (with 8 = O(c?rlog(p1 + p2)/(p1pen))) and 6, are

nearly minimax over the constant rank manifolds.

A Pre-requisites from convex analysis

We here collect some ingredients from convex analysis that are essential to our exposition.
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Monotone conjugate

Lemma 2 Let g be a non-decreasing function on Ry that vanishes at 0. Then the following
hold:

(i) gt is a proper closed conver and non-decreasing function on Ry that vanishes at 0.

(ii) If g is also closed and convex, then gt+ = g.

(ii1) Let f:t € R g(|t|) such that f is differentiable on R, where g is finite-valued, strictly
convex and strongly coercive. Then gt is likewise finite-valued, strictly convex, strongly
coercive, and f* = gt o|-| is differentiable on R. In particular, both g and gt are
strictly increasing on R4.

Proof (i) By (Bauschke and Combettes 2011, Proposition 13.11), g is a closed convex
function. We have inf; >0 g(t) = —sup,>qt-0—g(t) = —g*(0). Since g is non-decreasing
and ¢g(0) = 0, then g*(0) = —inf;>qg(t) = —g(0) = 0. In addition, by (5), we have
g (a) > a-0—g(0) = 0, Ya € Ry. This shows that g* is non-negative and dom(gt) # 0,
and in turn, it is also proper.

Let a,b in R4 such that @ < b. Then

g7 (a)—g T (b) = (supta—g(t))—(sup t'b—g(t')) < sup(ta—g(t)—tb+g(t)) = supt(a—b) = 0.
t>0 t>0 >0 t>0

That is, g7 is non-decreasing on R .

(ii) This follows from (Rockafellar 1996, Theorem 12.4).

(iii) By definition of f, f is a finite-valued function on R, strictly convex, differentiable and
strongly coercive. It then follows from (Hiriart-Urruty and Lemaréchal 2001, Corol-
lary X.4.1.4) that f* enjoys the same properties. In turn, using the fact that both f
and f* are even, we have g7 is strongly coercive, and strict convexity of f (resp. f*) is
equivalent to that of g (resp. g7). Altogether, this shows the first claim. We now prove
that g vanishes only at 0 (and similary for g7). As g is non-decreasing and strictly
convex, we have, for any p €]0,1[ and a,b in Ry such that a < b,

g(a) < glpa + (1 = p)b) < pg(a) + (1 — p)g(b) < pg(b) + (1 — p)g(b) = g(b).

Support function The support function of C C RP is

oc(w) = 2u}é<w,6>.
€

We recall the following properties whose proofs can be found in e.g. Rockafellar (1996);
Hiriart-Urruty and Lemaréchal (2001).

Lemma 3 Let C be a non-empty set.

(i) oc is proper lower semicontonuous (lsc) and sublinear.

(ii) oc is finite-valued if and only if C is bounded.
(iir) If 0 € C, then o¢ is non-negative.

(iv) If C is convex and compact with 0 € int(C), then oc is finite-valued and coercive.
Gauges and polars

Definition 3 (Polar set) Let C be a nonempty convex set. The set C° given by

c°={nerr: (n,6)<1 voeC}

is called the polar of C.
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The set C° is closed convex and contains the origin. When C is also closed and contains the
origin, then it coincides with its bipolar, i.e. C°° = C.

Let C C RP be a non-empty closed convex set containing the origin. The gauge of C is
the function ~¢ defined on RP by

Yo (8) = inf{)\ >0 : 6eX}.

As usual, v¢(0) = +oo if the infimum is not attained.

Lemma 4 hereafter recaps the main properties of a gauge that we need. In particular,
(ii) is a fundamental result of convex analysis that states that there is a one-to-one corre-
spondence between gauge functions and closed convex sets containing the origin. This allows
to identify sets from their gauges, and vice versa.

Lemma 4

(i) ¢ is a non-negative, lsc and sublinear function.
(i) C is the unique closed convez set containing the origin such that

c={6€eR’ : yc(0) <1}.

(iii) e 1s finite-valued if, and only if, 0 € int(C), in which case ¢ is Lipschitz continuous.
(iv) ~c s finite-valued and coercive if, and only if, C is compact and 0 € int(C).
See Vaiter et al (2015a) for the proof.
Observe that thanks to sublinearity, local Lipschitz continuity valid for any finite-valued
convex function is streghthned to global Lipschitz continuity. Moreover, v¢ is a norm, having
C as its unit ball, if and only if C is bounded with nonempty interior and symmetric.

We now define the polar gauge.

Definition 4 (Polar Gauge) The polar of a gauge ¢ is the function v¢ defined by
ve(w) =inf {p >0 : (6,w) < uyc(6),¥0}.
An immediate consequence is that gauges polar to each other have the property
(0,u) < vc(0)ye(u) V(0,u) € dom(yc) x dom(vg), (42)

just as dual norms satisfy a duality inequality. In fact, polar pairs of gauges correspond to
the best inequalities of this type.

Lemma 5 Let C C RP be a closed convex set containing the origin. Then,

(it) 7§ is a gauge function and v3° = vc.
(iii) Vg = ~yco, or equivalently

c°={6eRrR” : 13(0) <1}.
(iv) The gauge of C and the support function of C are mutually polar, i.e.
Yo = oco and “yeo =o¢ .

See Rockafellar (1996); Hiriart-Urruty and Lemaréchal (2001); Vaiter et al (2015a) for the
proof.
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B Expectation of the inner product

We start with some definitions and notations that will be used in the proof. For a non-empty

closed convex set C € RP, we denote (C) its minimal selection, i.e. the element of minimal
norm in C. This element is of course unique. For a proper lsc and convex function f and
~ > 0, its Moreau envelope (or Moreau-Yosida regularization) is defined by

74(0) “:efgggl %HE— 0|2+ (@).

The Moreau envelope enjoys several important properties that we collect in the following
lemma.

Lemma 6 Let f be a finite-valued and convex function. Then

(i) (7f(8)).,>0 is a decreasing net, and V6 € RP, 7f(0)  f(0) as v \ 0.

(ii) Vf € CY(RP) with v~1-Lipschitz continuous gradient.

0 0
(iii) VO € RP, VI£(0) — (9£(8)) " and ||[V£(0)||, /~|[(2£(8))]|, as ¥ 0.

Proof (i) (Bauschke and Combettes 2011, Proposition 12.32). (ii) (Bauschke and Combettes
2011, Proposition 12.29). (iii) Since f is finite-valued and convex, it is is subdifferentiable
everywhere and its subdifferential is a maximal monotone operator with full domain RP,
and the result follows from (Bauschke and Combettes 2011, Corollary 23.46(1)).

We are now equipped to prove the following important result'!. To study EWA, Leung
and Barron (2006) used Stein’s identity and Catoni (2003, 2007); Dalalyan and Tsybakov
(2008); Mai and Alquier (2015) used PAC-Bayesian bounds. Our result hereafter turns out
to be instrumental to study EWA in the low-temperature regime for general penalties.

Proposition 5 Let the density pun in (2), where
(a) F satisfies Assumptions (H.1)-(H.2);
(b) J is a finite-valued lower-bounded conver function, and IR > 0 and p > 0, such that
0
vo €Y, |[(07(0)) ||, < RIOI5;
(¢) and Vi, is coercive.
Then, V0 € RP,
0 —
B, [((0Va(0))",0 - 6)] = —pp.

This result covers of course the situation where J fulfills (H.3). In this case, since
0J(0) C C° by Theorem 1(i), we have p = 0 and R = diam(C®), the diameter of the convex
compact set C° containing the origin. It can be shown that, when F(-, y) is strongly coercive,
the coercivity assumption (c) can be equivalently stated as Joo(6) > 0, VO € ker(X) \ {0},
where Joo is the recession/asymptotic function of J; see e.g. Rockafellar and Wets (1998).

def

Proof Let V) (0) Lef %F(XB, Y)+ A, 7J(0) and define u; (0) = exp (—V,?(O)/,B) /Z, where
0 < Z < +4oo is the normalizing constant of the density pn. Assumption (H.1) and
Lemma 6(ii)-(iii) tell us that V;; € C*(R?) and VV,)(0) — (BVn(G))O as ¥ — 0. Thus

B [((0Va(0))", 8- 8)] = /R Jim (i3(6)9V7(6),8 - 6)de.

We now check that (i, (8)VV,] (), 0 — 8) is dominated by an integrable function. From the
definition of the Moreau envelope, we have

v, (6) = min LP(X6,y)+ M\ (J(0-6) + % o1[2)-

11 Tt will be proved here using Moreau-Yosida regularization. Yet another alternative proof
could be based on mollifiers for approximating subdifferentials.
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From coercivity of V;,, the objective in the min is also coercive in (8, 8) by (Rockafellar and
Wets 1998, Exercise 3.29(b)). It then follows from (Rockafellar and Wets 1998, Theorem 3.31)
that V,; is also coercive. In turn, (Rockafellar and Wets 1998, Theorem 11.8(c) and 3.26(a))
allow to assert that for some a €]0, 400, 3b €] — 00, +-00[ such that for all v > 0 and 8 € RP

17 (0) < exp (—a 6], —b) /2. (43)
Lemma 6-(iii) and assumption (b) on J entail that for any 0 € R?,
0
[V, < | (27®)"|, < RISl
Altogether, we have

(k3 (8)VV:1(6),0 - )] <4 (0)(|(X T S VF(X0,4),8 = 0)| + X[V 7O ]| - 6]],)
< CZ 7 exp (—F(X0,y)/(nB))|(LVF(X6,y), X(6 - 6))|
+ (Zexpb) " AnRexp (—a|6],)||6]|5|[6 - 6]],
where the constant C' > 0 reflects the lower-boundedness of J. It is easy to see that the

function in this upper-bound is integrable, where we also use (H.2). Hence, we can apply
the dominated convergence theorem to get

¥—0

E,, [((avn(e))o,é—m] = lim/ (1 (0)VV;7 (6),8 — 6)d6.
RP

Now, by simple differential calculus (chain and product rules), we have

(1 (0)VV,) (0),8 — ) = (V1 (6),0 — )

p
=5 o (1(0): ~ 6)) - 51 0).
=1

Integrating the first term, we get by Fubini theorem and the Newton-Leibniz formula

/ (/ 8‘; (n2(6)(8: — Bi))d9¢>d01 -d@;_1d0;y1 ---dB,
RP—1 R 4

= / [17.(8)(8; — 0;)] ,dO1 -+ dB;1d6i 1 - dO) = O,
RP—1

where we used coercivity of V;)' (see (43)) to conclude that lim|g,|_ 4oc u(0)(8; —0;) =0.
For the second term, we have from Lemma 6(i) that u;, — pn as v — 0. Thus, arguing
again as in (43), we can apply the dominated convergence theorem to conclude that

lim/ ul(@)d@:/ 1n(0)dO = 1.
~—0 RP RP
This concludes the proof.
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