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Sharp Oracle Inequalities for Low-complexity Priors

Tung Duy Luu* Jalal Fadili* Christophe Chesneau'

Abstract

In this paper, we consider a high-dimensional statistical estimation problem in which the the number of
parameters is comparable or larger than the sample size. We present a unified analysis of the performance
guarantees of exponential weighted aggregation and penalized estimators with a general class of data
losses and priors which encourage objects which conform to some notion of simplicity/complexity. More
precisely, we show that these two estimators satisfy sharp oracle inequalities for prediction ensuring their
good theoretical performances. We also highlight the differences between them. When the noise is
random, we provide oracle inequalities in probability using concentration inequalities. These results are
then applied to several instances including the Lasso, the group Lasso, their analysis-type counterparts,
the ¢, and the nuclear norm penalties. All our estimators can be efficiently implemented using proximal
splitting algorithms.

Key words. High-dimensional estimation, exponential weighted aggregation, penalized estimation, oracle inequal-
ity, low-complexity models.

AMS subject classifications. 62G07 62G20

1 Introduction

1.1 Problem statement

Our statistical context is the following. Let y = (y,vy,, - ,y,,) be n identically distributed observations
with common marginal distribution, and X € R"™*P a deterministic design matrix. The goal to estimate a
parameter vector 8 € RP of the observations marginal distribution based on the data y and X.

Let F' : R™” x R™ — R be a loss function supposed to be smooth and convex that assigns to each @ € RP a
cost F(X0,y). Let 0y € Argmingcp, E [F/(X 6, y)] be any minimizer of the population risk. We regard 8
as the true parameter. A usual instance of this statistical setting is the standard linear regression model based
on n pairs (y,;, X ;) of response-covariate that are linked linearly y = X0y + &, and F'(u,y) = % Hy — qu

Our goal is to provide general oracle inequalities in prediction for two estimators of 6y: the penalized
estimator and exponential weighted aggregation. Whenever p > n, the estimation problem is ill-posed since
the rectangular matrix X has a kernel of dimension at least p — n. To circumvent this difficulty, we will
exploit the prior that 8y has some low-complexity structure (among which sparsity and low-rank are the
most popular). That is, even if the ambient dimension p of 8 is very large, its intrinsic dimension is much
smaller than the sample size n. This makes it possible to build estimates X 6 with good provable performance
guarantees under appropriate conditions. There has been a flurry of research on the use of low-complexity
regularization in ill-posed recovery problems in various areas including statistics and machine learning.
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1.2 Variational/Penalized Estimators

Regularization is now a central theme in many fields including statistics, machine learning and inverse prob-
lems. It allows one to impose on the set of candidate solutions some prior structure on the object to be
estimated. This regularization ranges from squared Euclidean or Hilbertian norms to non-Hilbertian norms
(e.g. ¢1 norm for sparse objects, or nuclear norm for low-rank matrices) that have sparked considerable in-
terest in the recent years. In this paper, we consider the class of estimators obtained by solving the convex
optimization problem'

~PE

0, € Argmin{V,,(8) £ 1F(X0,y) + A J(0)}, (1.1)

OcRp

n

where the regularizing penalty J is a proper closed convex function that promotes some specific notion
of simplicity/low-complexity, and A, > 0 is the regularization parameter. A prominent member covered
by (1.1) is the Lasso [13, 52, 39, 22, 8, 5, 7, 31] and its variants such the analysis/fused Lasso [47, 53],
SLOPE [6, 49] or group Lasso [2, 67, 1, 65]. Another example is the nuclear norm minimization for low
rank matrix recovery motivated by various applications including robust PCA, phase retrieval, control and
computer vision [41, 10, 26, 11]. See [37, 7, 61, 58] for generalizations and comprehensive reviews.

1.3 Exponential Weighted Aggregation (EWA)

An alternative to the the variational estimator (1.1) is the aggregation by exponential weighting, which con-
sists in substituting averaging for minimization. The aggregators are defined via the probability density

function
__ exp(=Va(9)/8)
1in(8) = ,
Jo exp (=Va(w)/B)dw
where 8 > 0 is called temperature parameter. If all 8 are candidates to estimate the true vector 8, then
© = RP. The aggregate is thus defined by

(1.2)

0" = [ 0un(6)d0. (1.3)

n
RP
Aggregation by exponential weighting has been widely considered in the statistical and machine learning

~EWA
literatures, see e.g. [19, 16, 15, 20, 38, 66, 42, 33, 27, 24] to name a few. 6, can also be interpreted as
the posterior conditional mean in the Bayesian sense if F'/(n[3) is the negative-loglikelihood associated to
the noise £ with the prior density m(6) x exp (—A\,J(0)/03).

1.4 Oracle inequalities

Oracle inequalities, which are at the heart of our work, quantify the quality of an estimator compared to the
best possible one among a family of estimators. These inequalities are well adapted in the scenario where
the prior penalty promotes some notion of low-complexity (e.g. sparsity, low rank, etc.). Given two vectors
0, and 09, let R, (01, 62) be a nonnegative error measure between their predictions, respectively X 6, and
; is the /o

X 65. A popular example is the averaged prediction squared error + HX 0, - X 02{ , where H :

n H2

-~

. . ~PE .
norm. R, will serve as a measure of the performance of the estimators 8,, and 8,, . More precisely,

!"To avoid trivialities, the set of minimizers is assumed non-empty, which holds for instance if .J is also coercive.



~EWA ~PEN
we aim to prove that @,  and ,, mimic as much as possible the best possible model. This idea is

materialized in the following type of inequalities (stated here for EWA)

~EWA

Rn (0 700) < C inf (Rn(av 00) + An,p,/\n,ﬁ(e))a (1.4)

" OcRP

where C' > 1 is the leading constant of the oracle inequality and the remainder term A, 5, 53(0) depends on
the performance of the estimator, the complexity of 8, the sample size n, the dimension p, and the regular-
ization and temperature parameters (\,, ). An estimator with good oracle properties would correspond to
C close to 1 (ideally, C' = 1, in which case the inequality is said “sharp”), and A,, ;, »,, 3(8) is small and
decreases rapidly to 0 as n — +o0.

1.5 Contributions

We provide a unified analysis where we capture the essential ingredients behind the low-complexity priors
promoted by J, relying on sophisticated arguments from convex analysis and our previous work [25, 57, 59,
56, 58]. Our main contributions are summarized as follows:

. AEWA o . . APEN
e We show that the EWA estimator 8,,  in (1.2) and the variational/penalized estimator 8,,  in (1.1)
satisfy (deterministic) sharp oracle inequalities for prediction with optimal remainder term, for general
data losses F' beyond the usual quadratic one, and J is a proper finite-valued sublinear function (i.e.
J is finite-valued convex and positively homogeneous). We also highlight the differences between the
two estimators in terms of the corresponding bounds.

e When the observations are random, we prove oracle inequalities in probability. The theory is non-
asymptotic in nature, as it yields explicit bounds that hold with high probability for finite sample sizes,
and reveals the dependence on dimension and other structural parameters of the model.

e For the standard linear model with Gaussian or sub-Gaussian noise, and a quadratic loss, we deliver
refined versions of these oracle inequalities in probability. We underscore the role of the Gaussian
width, a concept that captures important geometric characteristics of sets in R"™.

e These results yield naturally a large number of corollaries when specialized to penalties routinely used
in the literature, among which the Lasso, the group Lasso, their analysis-type counterparts (fused
(group) Lasso), the £, and the nuclear norms. Soem of these corollaries are known and others novel.

~E

~PEN
The estimators @,, and 8,,  can be easily implemented thanks to the framework of proximal splitting
methods, and more precisely forward-backward type splitting. While the latter is well-known to solve (1.1)

~EWA
[58], its application within a proximal Langevin Monte-Carlo algorithm to compute 8,, with provable
guarantees has been recently developed by the authors in [24] to sample from log-semiconcave densities”,
see also [23] for log-concave densities.

1.6 Relation to previous work

~EWA
Our oracle inequality for @,,  extends the work of [17] with an unprecedented level of generality, far beyond

~PEN
the Lasso and the nuclear norm. Our prediction sharp oracle inequality for 8,,  specializes to that of [50]

*In a forthcoming paper, this framework was extended to cover the even more general class of prox-regular functions.



in the case of the Lasso (see also the discussion in [18] and references therein) and that of [32] for the case
of the nuclear norm. Our work also goes much beyond that in [61] on weakly decomposable priors, where
we show in particular that there is no need to impose decomposability on the regularizer, since it is rather an
intrinsic property of it.

1.7 Paper organization

Section 2 states our main assumptions on the data loss and the prior penalty. All the concepts and notions
are exemplified on some penalties some of which are popular in the literature. In Section 3, we prove our
main oracle inequalities, and their versions in probability. We then tackle the case of linear regression with
quadratic data loss in Section 4. Concepts from convex analysis that are essential to this work are gathered
in Section A. A key intermediate result in the proof of our main results is established in Section B with an
elegant argument relying on Moreau-Yosida regularization.

1.8 Notations

Vectors and matrices For a d-dimensional Euclidean space R?, we endow it with its usual inner product
(-,-) and associated norm ||-||,,. Id, is the identity matrix on R%. Forp > 1, ||-|| p Will denote the £, norm of
a vector with the usual adaptation for p = +o0.

In the following, if T" is a vector space, P7 denotes the orthogonal projector on 7', and

OT:PTO and XT:XPT.

For a finite set C we denote ’C } its cardinality. For I C {1,...,p}, we denote by I its complement. 67 is the
subvector whose entries are those of 0 restricted to the indices in I, and X ; the submatrix whose columns
are those of X indexed by . For any matrix X, X " denotes its transpose and X its Moore-Penrose
pseudo-inverse. For a linear operator A, A* is its adjoint.

Sets For a nonempty set C € RP, we denote coniv (C) the closure of its convex hull, and ¢ its indicator
function, i.e. tc(0) = 0if @ € C and +oo otherwise. For a nonempty convex set C, its affine hull aff (C)
is the smallest affine manifold containing it. It is a translate of its parallel subspace par(C), i.e. par(C) =
aff(C) — @ = R(C — C); for any € € C. The relative interior ri(C) of a convex set C is the interior of C for
the topology relative to its affine full.

Functions A function f : R? — R U {+o0} is closed (or lower semicontinuous) if so is its epigraph.
It is coercive if limyg), 400 f(0) = +00, and strongly coercive if lim g o0 f(6)/ [|2]ly = +o00. The
effective domain of f is dom(f) = {@ € RP : f(0) < +oco} and f is proper if dom(f) # 0 as is the
case when it is finite-valued. A function is said sublinear if it is convex and positively homogeneous. The
Legendre-Fenchel conjugate of f is f*(2) = supgcgrs(2,60) — f(0). For f proper, the functions (f, f*)
obey the Fenchel-Young inequality

f(0)+ f*(z) > (z,0), V(0,z) € RP x RP. (1.5)

When f is a proper lower semicontonuous and convex function, (f, f*) is actually the best pair for which
this inequality cannot be tightened. For a function g on R, the function g7 : a € Ry — g (a) =
sup;>q at — g(t) is called the monotone conjugate of g. The pair (g, g ™) obviously obeys (1.5) on R x R,

4



For a C''-smooth function f, V f(8) is its (Euclidean) gradient. For a bivariate function g : (n,y) €
R™ x R™ — R that is C? with respect to the first variable 7, for any y, we will denote Vg(n, y) the gradient
of g at  with respect to the first variable.

The subdifferential Of(0) of a convex function f at € is the set

of(0)={neR’ : f(0)>f(O)+(n6 —06), V8 cdom(f)}.

Anelement of 9 f(0) is a subgradient. If the convex function f is differentiable at 6, then its only subgradient
is its gradient, i.e. 9f(0) = {Vf(0)}.
The Bregman divergence associated to a convex function f at @ with respect ton € 9f(0) # ) is

D(8.6) = £(8) - £(6) — (n.0 - 6).

The Bregman divergence is in general nonsymmetric. It is also nonnegative by convexity. When f is differ-
entiable at 8, we simply write D ¥ (0, 0) (which is, in this case, also known as the Taylor distance).

2 Estimation with low-complexity penalties

~PEN ~EWA
The estimators 8,, and 8,,  in (1.1) and (1.3) require two essential ingredients: the data loss term F" and
the prior penalty J. We here specify the class of such functions covered in our work, and provide illustrating
examples.

2.1 Data loss

The class of loss functions F' that we consider obey the following assumptions:
(H.1) F(-,y): R® — Ris C*(R") and uniformly convex for all y of modulus ¢, i.e.
F(v,y) = F(u,y) + (VF(u,y),v —u) + ¢([lv - ull,),
where ¢ : Ry — R is a convex non-decreasing function that vanishes only at 0.
(H.2) Forany 6 € R? andy € R", [, exp (—F(X0,y)/(nB))|(VF(X0,y), X (0 — 6))|d6 < +oo.

Recall that by Lemma A.1, the monotone conjugate ¢ of ¢ is a proper, closed, convex, strongly coercive
and non-decreasing function on R that vanishes at 0. Moreover, ™ = ¢. ¢™ is finite-valued on R if ¢
is strongly coercive, and it vanishes only at 0 under e.g. Lemma A.1(iii).

The class of data loss functions in (H.1) is fairly general. It is reminiscent of the negative log-likelihood
in the regular exponential family. For the moment assumption (H.2) to be satisfied, it is suffient that

/Rp exp (—(||X0],)/ (1)) [V F(X0 + w*), )|, || X0 + (u* — XB)||,d6 < +oc,

where ©* be a minimizer of F'(-,y), which is unique by uniform convexity. We here provide an example.

Example 2.1. Consider the case where® ¢(t) = t1/q, q €]1,+00|, or equivalently o™ (t) = t4* /q. where
1/qg+1/q. = 1. For ¢ = q. = 2, (H.1) amounts to saying that F(-,y) is strongly convex for all y. In

3We consider a scaled version of ¢ for simplicity, but the same conclusions remain valid if we take (t) = Ct9/q, with C' > 0.



particular, [3, Proposition 10.13] shows that F(u,y) = Hu — yHg/q is uniformly convex for q € [2,400]
with modulus ¢(t) = C4t?/q, where Cy > 0 is a constant that depends solely on q.
For (H.2) to be verified, it is suffient that

[ exp (<11X0]3/(anB) [VF(X0 + ). )|, ][ (X6 + u") — Xb]| 6 < +x.

In particular, taking F(u,y) = Hu - yHg/q, q € [2,4+00[, we have HVF(u,y)H2 = Hu — yHg_l, and
thus (H.2) holds since

[ esw (101 0y~ (X0 + )| X8~ (X0 + )0 < +ox.

2.2 Prior penalty

Recall the main definitions and results from convex analysis that are collected in Section A. Our main as-
sumption on J is the following.

(H.3) J: RP — Ris the gauge of a non-empty convex compact set containing the origin as an interior point.

By Lemma A.3, this assumption is equivalent to saying that .J e vc is proper, convex, positively homoge-
neous, finite-valued and coercive. In turn, J is locally Lipschitz continuous on RP. Observe also that by
virtue of Lemma A.4 and Lemma A.2, the polar gauge J° o ~co enjoys the same properties as J in (H.3).

2.3 Decomposability of the prior penalty

We are now in position to provide an important characterization of the subdifferential mapping of a function
J satisfying (H.3). This characterization will play a pivotal role in our proof of the oracle inequality.
We start by defining some essential geometrical objects that were introduced in [57].

Definition 2.1 (Model Subspace). Let @ € RP. We denote by eg as

eo = Pag(9(6))(0)-

We denote
So = par(0.J(8)) and Ty = Sy.

Ty is coined the model subspace of @ associated to J.

It can be shown, see [57, Proposition 5], that 8 € Ty, hence the name model subspace. When J is
differentiable at 8, we have eg = V.J(0) and Ty = RP. When J is the ¢;-norm (Lasso), the vector ey is
nothing but the sign of 8. Thus, eg can be viewed as a generalization of the sign vector. Observe also that
eg = P1,(0J(0)), and thus eg € Ty N aff(0.J(0)). However, in general, eg ¢ 0J(8).

We now provide a fundamental equivalent description of the subdifferential of J at 8 in terms of eg, Tp,
Sp and the polar gauge J°.

Theorem 2.1. Ler J satisfy (H.3). Let 0 € RP and fg € 1i(0J(0)).



(i) The subdifferential of J at 0 reads

8.J(0) = aff (8.7 (8)) N C°

={neR" : ny,=co and ir;%max (J°(reg +mg, + (T — 1) Pg, fo),7) < 1}.
7—_

(ii) Forany w € RP, 3n € 0.J(0) such that
‘](wSB) = <775'9’w59>'

Proof. (i) This follows by piecing together [57, Theorem 1, Proposition 4 and Proposition 5(iii)].

(i) From [57, Proposition 5(iv)], we have

095(0)—fo (W) = J(ws,) — (Psy fo,ws,)-

Thus there exists a supporting point v € 9.J(6)— fg C Sg with normal vector w [3, Corollary 7.6(iii)],
ie.
00J(0)—fo (w) = <’U’ w59>'

Taking 7 = v + fg concludes the proof.

Remark 2.1. The coercivity assumption in (H.3) is not needed for Theorem 2.1 to hold.

The decomposability of described in Theorem 2.1(i) depends on the particular choice of the mapping
0 — fo € 1i(0J(0)). An interesting situation is encountered when eg € ri(J(0)), so that one can choose
fo = eg. Strong gauges, see [57, Definition 6], are precisely a class of gauges for which this situation occurs,
and in this case, Theorem 2.1(i) has the simpler form

dJ(0) = aff(8J(0))NC°={neR" : gy, =eg and J°(ng,) <1}. .1

The Lasso, group Lasso and nuclear norms are typical examples of (symmetric) strong gauges. How-
ever, analysis sparsity penalties (e.g. the fused Lasso) or the /..-penalty are not strong gauges, though they
obviously satisfy (H.3). See the next section for a detailed discussion.

2.4 Calculus with the prior family

The family of penalties complying with (H.3) form a robust class enjoying important calculus rules. In
particular it is closed under the sum and composition with an injective linear operator as we now prove.

Lemma 2.1. The set of functions satisfying (H.3) is closed under addition* and pre-composition by an
injective linear operator. More precisely, the following holds:

(i) Let J and G be two gauges satisfying (H.3). Then H Y J+Galso obeys (H.3). Moreover,

(a) Té{ = Té] N TGG and eg = PTéq (eg + eg), where Tej and eg (resp. Tg and eg) are the model
subspace and vector at 0 associated to J (resp. G);

“It is obvious that the same holds with any positive linear combination.



(b) H(w) = max,e(o ) G007 (inf (p.1°(w), (1 - p)G°(w))).

(ii) Let J be a gauge satisfying (H.3), and D : RY — RP be surjective. Then H Y JoD" also Sulfills
(H.3). Moreover,

(a) Téq = Ker(Dg ;) and eé{ = PTBH De, where T and e} are the model subspace and vector at

dej .
u ¥ DO associated to J ;

(b) H°(w) = J°(D%w), where D = DT (DDT)_I.

The outcome of Lemma 2.1 is naturally expected. For instance, assertion (i) states that combining several
penalties/priors will promote objects living on the intersection of the respective low-complexity models.
Similarly, for (ii), one promotes low-complexity in the image of the analysis operator D' . It then follows
that one has not to deploy an ad hoc analysis when linearly pre-composing or combining (or both) several

penalties (e.g. ¢1+nuclear norms for recovering sparse and low-rank matrices) since our unified analysis in
Section 3 will apply to them just as well.

Proof. (i) Convexity, positive homogeneity, coercivity and finite-valuedness are straightforward.

(a) This is [57, Proposition 8(i)-(ii)].

(b) We have from Lemma A.4 and calculus rules on support functions,

H®(w) = 0j0)+c0)<1(w) = sup  (w,0) = max sup (w,0)
J(0)+G(0)<1 PED,1] J(8)<p,G(8)<1—p

([28, Theorem V.3.3.3]) = In[%)i] conv (inf (UJ(9)<p(w), Ug(9)<1_p(w))>
pe ) - -

(Positive homogeneity) = Iél[%)i] conv (inf (pO—J(e)Sl(W), (1-— p)ag(g)gl(w)))
p K

(Lemma A.4) = max_conv (inf (pJ°(w), (1 — p)G°(w))).

pel0,1

(i) Again, Convexity, positive homogeneity and finite-valuedness are immediate. Coercivity holds by
injectivity of D'
(a) This is [57, Proposition 10(i)-(ii)].
(b) Denote J = 7. We have
Ho(w) = sup (w,6)
DTocc

(DT isinjective) = SUp <D+w,DT9)
DTeoec

= sup (DT w, u)
ueCNSpan(DT)

([28, Theorem V.3.3.3] and Lemma A.4) = CONV (inf (JO (D+w), UKer(D) (D*w)))
= J°(D"w).
where in the last equality, we used the fact that D"w € Span (DT) = Ker(D)*, and thus
Ker(D) (D"w) = +ocunless w = 0, and J° is continuous and convex by (H.3) and Lemma A 4.

O]



2.5 Examples
2.5.1 Lasso

The Lasso regularization is used to promote the sparsity of the minimizers, see [7] for a comphensive review.
It corresponds to choosing J as the £1-norm

p

J©0) = o], =>_6i] (22)

=1

It is also referred to as ¢1-synthesis in the signal processing community, in contrast to the more general
£1-analysis sparsity penalty detailed below.

We denote (a;)1<;<, the canonical basis of R? and supp(8) = {ie{1,...,p} : 6; #0}. Then,

sign(@;) if ¢ € supp(0)

2.3
0 otherwise 23)

, and J°=| |

oo’

Ty = Span{(ai)iESupp(e)}a (ee)i = {

2.5.2 Group Lasso

The group Lasso has been advocated to promote sparsity by groups, i.e. it drives all the coefficients in one
group to zero together hence leading to group selection, see [2, 67, 1, 65] to cite a few. The group Lasso
penalty with L groups reads

24

L
def
JO) = 6]l , =D _[6n.],.
i=1
where UZ-L:1 bi ={1,...,p}, b;,b; C{1,...,p}, and b; N b; = () whenever i # j. Define the group support
as suppg(0) = {i € {1,...,L} : @y, # 0}. Thus, one has

0y, e

. if i € suppg(0)

= ”ob’LHQ B , and Jo(w) = max Hwbl”Q .
0 otherwise ic{1,...,L}

2.5

TO - Spa‘n{<a,7){] . HiESuppB(G),iji} }7 (ee)bz

2.5.3 Analysis (group) Lasso

One can push the structured sparsity idea one step further by promoting group/block sparsity through a linear
operator, i.e. analysis-type sparsity. Given a linear operator D : R? — RP? (seen as a matrix), the analysis
group sparsity penalty is

J(6)=|D"8|,,. (2.6)

This encompasses the 2-D isotropic total variation [47]. For when all groups of cardinality one, we have the
analysis-/; penalty (a.k.a. general Lasso), which encapsulates several important penalties including that of
the 1-D total variation [47], and the fused Lasso [53]. The overlapping group Lasso [29] is also a special
case of (2.4) by taking D to be an operator that exactract the blocks [40, 14] (in which case D has even
orthogonal rows).



Let Ag = UiESuppB( Do) b; and Aj its complement. From Lemma 2.1(ii) and (2.5), we get

(Tt urpa(DT)
Il lif * I € suppg
Tg = Ker(DX?)), g = PTe DeDlT’z where (eDlTYZ)bZ. = H(DTO)bi 5
0 otherwise.
2.7
If, in addition, D is surjective, then by virtue of Lemma 2.1(ii) we also have
J%(w) = HD+°"H00,2 “ max H(Dﬂu)bi ) (2.8)

ie{1,...,.L}

2.5.4 Anti-sparsity

If the vector to be estimated is expected to be flat (anti-sparse), this can be captured using the ¢, norm (a.k.a.
Tchebychev norm) as prior

Joll. = e [6.] 29

The /¢ regularization has found applications in several fields [30, 36, 48]. Suppose that 8 # 0, and define

t def

the saturation support of 6 as I3* = {i € {1,...,p} : ‘01‘ = 6]l } # 0. From [57, Proposition 14],
we have

sign(0;) /|15 ifi € It

C o, oand J° =]
0 otherwise

Tg = {E € R?P . alzat S Rsign(alzat)}, (60)2‘ = {
(2.10)

2.5.5 Nuclear norm

The natural extension of low-complexity priors to matrices @ € RP1*P2 is to penalize the singular values of
the matrix. Let rank(8) = r, and @ = U diag(A(8))V " be a reduced rank-r SVD decomposition, where
U € RP*" and V' € RP2*" have orthonormal columns, and A(@) € (R4 \ {0})" is the vector of singular
values (A1(8), - ,A(0)) in non-increasing order. The nuclear norm of 8 is

J(6)=|9|, = HA(E))Hl. (2.11)

This penalty is the best convex surrogate to enforce a low-rank prior. It has been widely used for various
applications [41, 10, 9, 26, 11].
Following e.g. [56, Example 21], we have

To={UA'+BV' : AcRP?" BER" "} ¢ =UV' and J°(w)=|lwly s =|AMw)]_.
(2.12)

3 Oracle inequalities for a general loss

Before delving into the details, in the sequel, we will need a bit of notations.

We recall Ty and eg the model subspace and vector associated to @ (see Definition 2.1). Denote Sg =
T, j. Given two coercive finite-valued gauges J; = ~¢, and J2 = ~¢,, and a linear operator A, we define
I Al 7, 7, the operator bound as

IAll;,_, 5, = sup J2(A8).
0ecCy
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Note that [|A[| ;, _, 7, is bounded (this follows from Lemma A.3(v)). Furthermore, we have from Lemma A.4
that

IlAll;,_,, = sup sup (ATw,0) = sup sup(A'w,0) = up JP(ATw) = ||AT]
0cCy wels wels ey weC

Jg—=J7"

In the following, whenever it is clear from the context, to lighten notation when J; is a norm, we write the
subscript of the norm instead of J; (e.g. p for the £, norm, * for the nuclear norm, etc.).

Our main result will involve a measure of well-conditionedness of the design matrix X when restricted
to some subspace 1. More precisely, for ¢ > 0, we introduce the coefficient

(T, ) = o IPrlly || Xwll, .
7 {weRrr : J(ws)<c(wr) } n'/2(J(wr) — J(ws)/c)

3.1

This generalizes the compatibility factor introduced in [62] for the Lasso (and used in [17]). The experienced
reader may have recognized that this factor is reminescent of the null space property and restricted injectivity
that play a central role in the analysis of the performance guarantees of variational/penalized estimators (1.1);
see [25,57,59, 56, 58]. One can see in particular that (7', c) is larger than the smallest singular value of X 7.

The oracle inequalites will provided in terms of the loss

R,(0,60) = 1Dp(X0,X0).

~EWA
3.1 Oracle inequality for 0,

We are now ready to establish our first main result: an oracle inequality for the EWA estimator (1.3).

~EWA
Theorem 3.1. Consider the EWA estimator 0, in (1.3) with the density (1.2), where F' and J satisfy
Assumptions (H.1)-(H.2) and (H.3). Then, for any 7 > 1 such that \,, > 7J° (—XTVF(XOO, y))/n the
following holds,

~ A 1)||P
a8, 00) < int [ 7 (6,00) + Lo | 2T e");: WPtolons ) ) 4 s 2
OcRp TT(TO,T 7_691) )
Remark 3.1.

1. It should be emphasized that Theorem 3.1 is actually a deterministic statement for a fixed choice of
An. Probabilistic analysis will be required when the result is applied to particular statistical models
as we will see later. For this, we will use concentration inequalities in order to provide bounds that
hold with high probability over the data.

2. The oracle inequality is sharp. The remainder in it has two terms. The first one encodes the complexity
of the model promoted by J. The second one, pf3, captures the influence of the temperature parameter.
In particular, taking (3 sufficiently small of the order O((pn)*l), this term becomes O(n~1).

11



3. When ¢(t) = vt?/2, i.e. F(-,y) is v-strongly convex, then ¢ (t) = t?/(2v), and the reminder term
becomes

o 2
(1T (o) + 1) P, 5, s
2727 (Tp, L)1)’

(3.3)
T—1

If, moreover, V F is also k-Lipschitz continuous, then it can be shown that R, (0, 90) is equivalent to
a quadratic loss. This means that the oracle inequality in Theorem 3.1 can be stated in terms of the
quadratic prediction error. However, the inequality is not anymore sharp in this case as a constant
factor equal to the condition number k/v > 1 naturally multiplies the right-hand side.

4. If J is such that eg € 0.J(0) C C° (typically for a strong gauge by (2.1)), then J°(eg) < 1 (in fact an
equality if @ # 0). Thus the term J°(eg) can be omitted in (3.2).

5. A close inspection of the proof of Theorem 3.1 reveals that the term p3 can be improved to the smaller

bound
~EWA

pB+ (Vn(an ) —Eu, [Vn(G)D»
where the upper-bound is a consequence of Jensen inequality.

Proof. By convexity of .J and assumption (H.1), we have for any i € 9V;,(0) and any 8 € RP,
_ 1 _
Dy (8.0) > Lo( x0 - X))

Since ¢ is non-decreasing and convex, ¢ o ||-||, is a convex function. Thus, taking the expectation w.r.t. to
Ln on both sides and using Jensen inequality, we get

V@) > By, Va(0)] 4y, (0,8 - 6)] + E,,, [0(| X8 — X6 ,)]

~EWA
n

EWA
> V(6 n )

)+ By, (1.0 - 0)] + (|| X8~ XO

This holds for any n € 9V,,(0), and in particular at the minimal selection (GVn(H))O (see Section B for
details). It then follows from the pillar result in Proposition B.1° that

O —
By, |((02(0))°,8 - 6)] = —pp.
We thus deduce the inequality

V@02 —,(8) < pB — %gp(HX@fVVA - X9|,), vOcRrr (3.4)

By definition of the Bregman divergence, we have

~EWA 1 ~EWA ~EWA
~ 1 ~
= (Val®,") = Val0)) + ~(-XTVF(X00,9).8, " —6)
~EWA

3In the appendix, we provide a self-contained proof based on a novel Moreau-Yosida regularization argument. In [17, Corollary 1
and 2], an alternative proof is given using an absolute continuity argument since ., is locally Lipschitz, hence a Sobolev function.

12



By virtue of the duality inequality (A.1), we have

R0 00) — B (0.00) < (V@) ~ v(0)) + %JO (-XTVE(X00.y)) 1@, - 6)
~ (I8, - 7(0))

< (W@ = va@) + 22 (10" — )~ (8, - (0)) ).

~EWA
Denote w = 6,, — 6. By virtue of (H.3), Theorem 2.1 and (A.1), we obtain

J(@) = 7(J@n") = J(8)) < J(wr,) + J(ws,) — Tlea, wr,) — 7 (ws,)
< J(wr,) + T(wsy) + 7T (c0) T (wr,) — T (ws,)
— (rJ°(eq) + 1) T (wr,) — (T — 1) T (ws,)
< (77°(e0) + 1) (J(wry) — e T (@so) ).

This inequality together with (3.4) (applied with @ = 6) and (3.1) yield

~EWA

- An(T7°(eq) + 1) Py lly | X,

O (e

1
160) — Ru(6.60) < p8 — —o(||Xe],) +
T—1
Anv/n(TJ%(e0) + 1) [Pyl 5
TT(TB, M) ’

1
<pB+ -t
n

T—1

where we applied Fenchel-Young inequality (1.5) to get the last bound. Taking the infimum over 8 € RP
yields the desired result. O

Partly smooth functions Theorem 3.1 has a nice instanciation for the case of partly smooth functions
convex functions. These functions have been thoroughly studied recently in [57, 59, 56, 58] for various
statistical and inverse problems. In particular, a finite-valued convex function .J is partly smooth at a point 8
relative to an active set M 3 0, if M is a C?-smooth submanifold of RP, and .J behaves smoothly along M
and sharply transverse to it. In addition, the partial smoothness active submanifold is always unique. There
are two consequences of partial smoothness. First, the sharpness property is equivalently characterized by
To(M) = Ty, where Tg(M) is the tangent space of M at 8. Second, ey coincides with the Riemannian
gradient of J alont M. Moreover, both these two properties locally persist at all nearby points of 8 on M;
see [56, 58] for details. As an example, a C2-smooth function at @ is partly smooth relative to the whole
space RP. All popular penalty functions discussed in Sections 2.5 are also partly smooth (see [56, 58]).

Let’s denote .# the set of all possible partial smoothness active submanifolds associated to J. An inter-
esting fact is that there are many situations where .# contains finitely many active submanifolds (that form
a stratification of RP), as is the case for the examples of Section 2.5. With this notation at hand, the oracle
inequality (3.2) now reads

0 An J(eg) +1)||P
R, (OSWAv 00) < /\/ltnf// R, (9, 00) + lsoJr \/H(T (eq) T)J‘!(ET;J_(F/I/O H‘Q%J +pB.
Me 4 n T (7};(/\/{), f)
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~PEN
3.2 Oracle inequality for 6,

~PEN
The next result establishes that 8,,  satisfies a sharp prediction oracle inequality that we will compare to
(3.2).

~PEN
Theorem 3.2. Consider the penalized estimator 0, in (1.1), where F' and J satisfy Assumptions (H.1)
and (H.3). Then, for any T > 1 such that A\, > 7J° (—XTVF(XHO, y)) /n, the following holds,

~PEN . 1
R,(0, ,00) < Oléllfgp R,(0,60) + ¥

o[ v (rI%(e0) + 1) [Pl ,
Y (%(M)v M)

T—1

(3.5)

~PEN
Proof. The proof follows the same lines as that of Theorem 3.1 except that we use the fact that 8,, isa

~PEN
global minimizer of V,,,i.e. 0 € 9V,,(6,, ). Indeed, we have for any 6 € RP
~PEN 1 ~PEN
V() > V0, )+ Ego(HXO - X6, |, (3.6)

~EWA ~PEN
Continuing exactly as just after (3.4), replacing 8,,  with 6 and invoking (3.6) instead of (3.4), we

n
arrive at the claimed result. O

Remark 3.2.

~PEN
1. Observe that the penalized estimator 8,,  does not require the moment assumption (H.2) for (3.5) to
hold. The convexity assumption on @ in (H.1), which was important to apply Jensen’s inequality in the
proof of (3.2), is not needed either to get (3.5).

2. As we remarked for Theorem 3.1, Theorem 3.2 is also a deterministic statement for a fixed choice of
~PEN
An that holds for any minimizer 8,, , which is not unique in general. The condition on X\, is similar
~PEN
to the one in [37] where authors established different guarantees for 8,, .

~EWA ~PEN
One clearly sees that the difference between the prediction performance of 8,,  and 6,,  lies in the

term pS (or rather its lower-bound in Remark 3.1-5). Thus letting 8 — 0 in (3.2), one recovers the oracle
inequality (3.5) of penalized estimators. In particular, for 3 = O((pn)~!), this is on the order O(n™1).

3.3 Oracle inequalities in probability

It remains to check when the event & = {\, > 7J°(—X TVF(X8,, y))/n} holds with high probability
when y is random. We will use concentration inequalities in order to provide bounds that hold with high
probability over the data. Toward this goal, we will need the following assumption.

H4) y = (Yy1,Y9, - ,y,) are independent and identically distributed observations, and
F(u,y) =Y, fi(ui,y;), fi : R x R — R. Moreover,
@ E [[fi(X80)i,y:)|] < +o0,V1<i<n;
(ii) ‘fi’((XOO),-,t)‘ < g(t), where E [g(y,)] < 400, V1 < i <mn;

(iii) Bernstein moment condition: V1 < ¢ < n and all integers m > 2, E H f(X 00)i,yi)}m] <
mlk™ 202 /2 for some constants x > 0, o; > 0 independent of n.

14



Observe that under (H.4), and by virtue of Lemma A.4(iv) and [28, Proposition V.3.3.4], we have

J°(—XVF(X00,y)) =0c(— X 'VF(X00,y)) = s;;()c) > (X 60)i, )z (3.7)
z€ =1

Thus, checking the event & amounts to establishing a deviation inequality for the supremum of an empirical
process6 above its mean under the weak Bernstein moment condition (H.4)(iii), which essentially requires
that the f/((X6y)i,y;) have sub-exponential tails, We will first tackle the case where C is the convex hull of
a finite set (i.e. C is a polytope).

3.3.1 Polyhedral penalty

We here suppose that is a finite gauge of C = conv (1), where V is finite, i.e. C is a polytope with vertices [44,
Corollary 19.1.1]. Our first oracle inequality in probability is the following.

~EWA ~PEN 2 . .
Proposition 3.1. Consider the estimators 0,, and 0, , where F' and J = e satisfy Assumptions (H.1),

(H.2), (H.3) and (H.4), and C is a polytope with vertices V. Suppose that rank(X) = n and
MmaXycy HX'UHOO < 1, and take

N /2510i(|1/|) <1+\/§/<c/a 5log7§|V|)>’

for some T > 1 and § > 1. Then (3.2) and (3.5) hold with probability at least 1 — 2|V|' .

Proof. In view of Assumptions (H.1) and (H.4), one can differentiate under the expectation sign (Leibniz
rule) to conclude that E [F(X-,y)] is C* at 8y and VE [F(X8y,y)] = X "'E[VF(X8y,y)]. As 6
minimizes the population risk, one has VE [F'(X 6, y)] = 0. Using the rank assumption on X, we deduce
that

E [f/((X60)i,y;)] =0, V1<i<n.

Moreover, (3.7) specializes to

J°(- XTVF(X60,y)) = sup — > fi((X60)i,y,)z.

Let t = A,n/7. By the union bound and (3.7), we have

P(J°(~ X VF(X00,y)) >t) <P (Zgggj) = 2 H((X80)iy)z > t)
=1

zeX (V)

< V| max P (‘ Zfi/((XBO)i;yi)zi‘ > t) :
i=1

The random variables (f/((X6o);, yi)zi)i are zero-mean independent, and Vi and m > 2

E [ £/((X80)i,y)zil"] < |z mie™ 20?2 < max | Xol|2 mis™ 202 /2 < mln™ 0% /2

As X (C) is compact, it has a dense countable subset.
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We are then in position to apply the Bernstein inequality to get

t2
P (JO( — XTVF(XHO,:U)) > t) < 2‘V| exp <_2(/§t—i-no'2)>’

2

where 02 = maxj<;<, 07. Bvery t such that

t = /31og([V]) (r+/310g([V]) + /W23 log(VI) + 2n0%),

satisfies t2 > 26 log(|V|)(xt + no?). Applying the trivial inequality v/a + b < v/a + v/b to the bound on t,
we conclude. O

Lasso To lighten the notation, let Iy = supp(@). From (2.3), it is easy to see that

IPz,llo 1 = V/1Io| and  J°(eq) = sign(81,)|l.,, < 1.

where last bound holds as an equality whenever 8 # 0. Further the ¢; norm is the gauge of the cross-polytope
(i.e. the unit £; ball). Its vertex set V is the set of unit-norm one-sparse vectors (£a;)1<;<p, Where we recall
(ai)1<i<p the canonical basis. Thus

V| =2p and Xv|, = Xillo -

V| =2p max || X, = max X,

Inserting this into Proposition 3.1, we obtain the following corollary.

~EWA ~PEN
Corollary 3.1. Consider the estimators 8,,  and @,, , where where J is the Lasso penalty and F' satisfies
Assumptions (H.1), (H.2) and (H.4). Suppose that rank(X ) = n and max; || X ;|| < 1, and take

20 log(2 log(2
- 605<p><1+@0/g 6g<p>>

for some T > 1 and § > 1. Then, with probability at least 1 — 2(2p)'~°, the following holds

~EWA . Anv/n(T+1)4/|1]
R.(6, ,00) < inf R,(0,00) + LoT + pB, 3.8
( 0) Ic{1,...,p} ( ( 0) n?¥ <TT(Span{ai}ieI7:_J_ri> )) pﬁ (3-8)
0: supp(0)=I
and

~PEN . Anva(r+1)\/11]
R,(0, ,00) < inf R,.(0,600) + Lot . 3.9
( 0 I1C{1,... 0} < (6.80) + <TT(Span{ai}iez,:+}) >) G2

0: supp(0)=I
~PEN

For 8, , we recover a similar scaling for \,, and the oracle inequality as in [60], though in the latter the

oracle inequality is not sharp unlike ours. Note that the above oracle inequality extends readily to the case of
analysis/fused Lasso HDT . H , Where D is surjective. We leave the details to the interested reader (see also
the analysis group Lasso example in Section 4).
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Anti-sparsity From Section 2.5.4, recall the saturation support Ij** of 6. From (2.10), we get
IPr s =1 and J°(cg) = | sign(Bp) | /115" < 1.

with equality whenever 8 # 0. In addition, the /, norm is the gauge of the hypercube whose vertex set is
VY = {£1}?. Thus
V| = 2P.

We have the following oracle inequalities.

~EWA ~PEN
Corollary 3.2. Consider the estimators 0, and 0,, , where where J is anti-sparsity penalty (2.9), and
F satisfies Assumptions (H.1), (H.2) and (H.4). Suppose that rank(X) = n and max; j | X; j| < 1/p, and

“ = o /25Tog@) [ 2 (1 2 T2 2).

for some T > 1 and § > 1. Then, with probability at least 1 — 2(2p)'~°, the following holds

~EWA
< inf 1 + An/n(T+1) 1
Rn (Gn 700) _[C{llr}...,p} <Rn(0700) + ngp (TT({B:OIGRsign(HI)},ﬁ) +p6, (3 0)
6: It=1
and
Ra(8,".00) < inf (Rn(e,oo) +3Ls0+< T T+1>>>- 31D

_IC{I,.A.,p} {g:EIERSigH(BI)},ﬁ

0: =1
We are not aware of any result of this kind in the literature. The bound imposed on X is similar to what
is generally assumed in the vector quantization literature [36, 48].

3.3.2 General penalty

Extending the above reasoning to a general penalty requires a deviation inequality for the supremum of an
empirical process in (3.7) under the Bernstein moment condition (H.4)(iii), but without the need of uniform
boundedness. This can be achieved via generic chaining along a tree using entropy with bracketing; see [63,
Theorem 8]. The resulting deviation bound will thus depend on the entropies with bracketing. These quan-
tities capture the complexity of the set X (C) but are intricate to compute in general. This subject deserves
further investigation that we leave to a future work.

Remark 3.3 (Group Lasso). Using the union bound, we have

L
P < max || X7é, > )\nn/7> <SP (xE], = Aun/r).
=1

€{1,...,L}

This requires a concentration inequality for quadratic forms of independent random variables satisfying the
Bernstein moment assumption above. We are not aware of any such a result. But if our moment condition is
strengthened to

E || £/((X60)i,y)|™"] < mik2o?/2, v1<i<n,vm > 1,
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then one can use [4, Theorem 3]. Indeed, assume the nroamlization max; H} X bTi < n, which entails

E ||| X, VE(X80,)|l,] <E [||X7VF(X60,9)]| } < o/En2.

It then follows that taking

A > Ta\/EJr 16r+/61log(L) 51,

)
n

the oracle inequalities (4.5) and (4.6) hold for the group Lasso with probability at least 1 — L'~9. A similar
result can be proved for the analysis group Lasso just as well with a proper normalization assumption on X
(see Section 4.3.3).

4 Oracle inequalities for low-complexity linear regression

In this section, we consider the classical linear regression problem where the n response-covariate pairs
(y;, X ;) are linked as

y=X0p+E&, “4.1)

2 o .
where £ is a noise vector. The data loss will be set to F'(u,y) = 5 Hy uH2 This in turn entails that
=" = 5() on R, and Rn(B,HO) = %HXH — XOOHZ'

In this section, we assume that the noise £ is a zero-mean sub-Gaussian vector in R™ with parameter o.
That is, its one-dimensional marginals (£, z) are sub-Gaussian random variables Vz € R", i.e. they satisfy

P (|(&,2)| > t) < 2e 7/ ClIFE") vz e R 4.2)

In this case, the bounds of Section 3.3 can be improved.

4.1 General penalty

As we will shortly show, the event & will depend on the Gaussian width, a summary geometric quantity
which, informally speaking, measures the size of the bulk of a set in R".

Definition 4.1. The Gaussian width of a subset S C R" is defined as
w(S) “E[os(g)], where g~ N(0,1dy,).

The concept of Gaussian width has appeared in the literature in different contexts. In particular, it has
been used to establish sample complexity bounds to ensure exact recovery (noiseless case) and mean-square
estimation stability (noisy case) for low-complexity penalized estimators from Gaussian measurements; see
e.g. [46, 12, 54, 64, 58].

The Gaussian width has deep connections to convex geometry and it enjoys many useful properties. It
is well-known that it is positively homogeneous, monotonic w.r.t. inclusion, and invariant under orthogonal
transformations. Moreover, w(conv (S)) = w(S). From Lemma A.2(ii)-(iii), w(S) is a non-negative finite
quantity whenever the set S is bounded and contains the origin.

We are now ready to state our oracle inequality in probability with sub-Gaussian noise.
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Proposition 4.1. Let the data generated by (4.1) where & is a zero-mean sub-Gaussian random vector with
~EWA ~PE 2 . .
parameter o. Consider the estimators 8,,  and 0,, , where F and J el e satisfy Assumptions (H.1)-

(H.2) and (H.3). Suppose that \,, > Toc1y/ 2log(c2/9)w(X (€)) <, for some T > 1 and 0 < 6 < min(cg, 1),

n

where ¢y and co are positive absolute constants. Then with probability at least 1 — 6, (3.2) and (3.5) hold
with the remainder term given by (3.3) withv = 1.

The proof requires sophisticated ideas from the theory of generic chaining [51], but we only apply these
results. The constants c; and ¢y can be traced back to the proof of these results as detailed in [51].

Proof. First, from (4.2), we have the bound
P(|(¢,z-2)>1t) < 2e~t/ClI==230%) vy o ¢ R™,

i.e. the increment condition [51, (0.4)] is verified. Thus combining (3.7) with the probability bound in [51,
page 11], the generic chaining theorem [51, Theorem 1.2.6] and the majorizing measure theorem [51, The-
orem 2.1.1], we have

P (JO(XTG) > Ann/T> <P ( sup (§,2) > 061\/210g(02/5)w(X(C))>

zeX(C)
022 log(02/5)> _s

< coexp <— 552

O]

If the noise is Gaussian, an enhanced version can be proved by invoking Gaussian concentration of Lips-
chitz functions [34].

Proposition 4.2. Let the data generated by (4.1) with noise & ~ N(0,0%1d,,). Consider the estimators

~EWA ~PEN def . .
0, and 0,, , where F' and J = ~¢ satisfy Assumptions (H.1)-(H.2) and (H.3). Suppose that \,, >

%:J(X(C)), for some T > 1 and 6 > 0. Then with probability at least 1 — exp (—W), 3.2)
J—=2

and (3.5) hold with the remainder term given by (3.3) with v = 1.

Proof. Thanks to sublinearity (see Lemma A.3(i) and Lemma A.4), the function § — J°(X T{) is Lipschitz
continuous with Lipschitz constant H!X T ‘H2H Jo = 1 X1l ;o From (3.7), we also have

E [JO (XTg)] = ow(X(C)).

Observe that X (C) is a convex compact set containing the origin. Setting ¢ = \,n/7 — cw(X(C)) >
dow(X (C)), it follows from (3.7) and the Gaussian concentration of Lipschitz functions [34] that

P (JO(XTg) > )\nn/T) <P (JO(XTg) ~E [JO(XTg)} > e)
<P (1(XT¢/0) ~uw(X(C)) = bw(X(C)))

62w<X<c>>2>
< ex _ .
- p( 20X,
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Estimating theoretically the Gaussian width of a set’ is a non-trivial problem that has been extensively
studied in the areas of probability in Banach spaces and stochastic processes. There are classical bounds on
the Gaussian width (Sudakov’s and Dudley’s inequalities), but they are difficult to estimate in most cases
and neither of these bounds is tight for all sets. When the set is a convex cone (intersected with a sphere),
tractable estimates based on polarity arguments were proposed in, e.g., [12].

4.2 Polyhedral penalty

When C and is polytope, enhanced oracle inequalities can be obtained by by invoking a simple union bound
argument.

Proposition 4.3. Let the data generated by (4.1) where & is a zero-mean sub-Gaussian random vector with

. . ~EW, ~PE de : .
parameter o. Consider the estimators 0, and 0, , where F and J “ e satisfy Assumptions (H.1)-
Ta(maxveVHX'UH) 26log(|V|)

(H.2) and (H.3), and moreover C is a polytope with vertices V. Suppose that A, >
forsome T > 1and & > 1. Then with probability at least 1 —2|V|*~ 9 (3.2) and (3.5) hold with the remainder
term given by (3.3) withv = 1.

. . . . 251 v
In particular, if maxyey | X 0|y < \/n, the first term in the choice of Ay, scales as To 70;51“ D,

Proof. From (3.7) we have

JO(XTﬁ) = max (Xv,§) = max (Xv,§),

vel vey

where in the last inequality, we used the fact that a convex function attains its maximum on C at an extreme
point V. Let € = o ( maxyey || X v, )1/26log(|V]). By the union bound, (4.2) and (3.7), we have

P (J° (X'¢) > Ann/f) <P (g}gg (Xv,§) > 6)
< VImaxP ((Xv,§) > )
< VmaxP (|(Xv.&)| = ¢)
<2|V|exp (— 62/(202 max HX'U||§))

< 2|V|I9.

4.3 Applications

In this section, we exemplify our oracle inequalities for the penalties described in Section 2.5.

4.3.1 Lasso

Recall the derivations for the Lasso in Section 3.3.1. We obtain the following corollary of Proposition 4.3.

"Not to mention its image with a linear operator as for X (C).
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Corollary 4.1. Let the data generated by (4.1) where £ is a zero-mean sub-Gaussian random vector with pa-
~EWA ~PEN
rameter o. Assume that X is such that max; || X ||, < v/n. Consider the estimators @,,  and0,, , where

J is the Lasso penalty (2.2) and F satisfies Assumptions (H.1)-(H.2). Suppose that A, > T0 %g@p), for
some T > 1 and § > 1. Then, with probability at least 1 — 2(2p)1*5, the following holds

~EWA . 2 2

R.(8, .60) < inf |R,(0,80)+ Aulrr DL ) 4 g, (4.3)
Ic{1,...,p} QTQVT(SPaH{ai}iehﬁ>
0: supp(0)=I
and
APEN . A2 (r+1)%|1]
R,(6 ,00) < inf R,(0,60q) + n . 4.4
nO s O0) < ( (6. 60) 2720t (Spanfaibier, 21 ) 9
6: supp(0)=I

The remainder term grows as @. The oracle inequality (4.4) recovers [17, Theorem 1] in the exactly

sparse case, and (4.4) the one in [50, Theorem 4] (see also [18, Theorem 2]). It is worth mentioning, however,
that [17, Theorem 1] handles the inexactly sparse case while we do not.

4.3.2 Group Lasso

Recall the notations in Section 2.5.2, and denote Iy = suppp(@) the number of active blocks in 6. From
(2.5), we have

IP7ello—y; = V1ol and J%(eq) = [leallor <1,
where the last bound holds as an equality whenever 8 # 0.
We have the following oracle inequalities as corollaries of Proposition 4.1 and Proposition 4.2.

~EWA ~PEN
Corollary 4.2. Let the data generated by (4.1). Consider the estimators 0,,  and 0, , where F' satisfies
Assumptions (H.1)-(H.2), and J is the group Lasso (2.4) with L non-overlapping blocks of equal size K.

Assume that X is such that max; H’X;XbZ 9 so <n.

(i) & is a zero-mean sub-Gaussian random vector with parameter o: suppose  that

log(c2/8) (VK 2log(L
Ay > 32700, Viog(ez2/9)( nﬂ/ e(1))

co are the positive absolute constants in Proposition 4.1. Then, with probability at least 1 — 0, the

, forsome T > 1land 0 < § < min(CQ, 1), where c¢; and

following holds
~EWA - 2
R.(8, .60)< inf  (R.(6,60) + ML) hps, (45)
I1c{1,...,.L} 272UT<Span{aj}j6bi’i€]7ﬁ>
6: suppg(0)=I
and
~PEN
Ra(6, ,00))< inf [R.(6,80)+ M) 46
Ic{1,...,.L} 2T2VY(Span{aj}jebi,ielvm)

6: suppg(0)=I

(ii) & ~ N(0,0%Id,,): suppose that \, > Tdm— ”\}slog@), for some T > 1 and 6 > 1. Then, with

probability at least 1 — L' =9, (4.5) and (4.6) hold.
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2
I|(VE++/21og(L
The first remainder term is on the order | l( - el )> . This is similar to the scaling that has been
provided in the literature for EWA with other group sparsity priors and noises [43, 24]. Similar rates were

~PEN
given for 6, with the group Lasso in [37, 35, 61].
Proof.

(i) This is a consequence of Proposition 4.1, for which we need to bound

L

1/2
;] < vVvKn.

max HX,I
ie{l,...,L} ¢

w(X(C)) =E [

We first have, for any block b;

E||x]gl,| <E ||

5, - ||,, is Lipschitz continuous with Lipschitz constant || X ,]l,_,, < v/7. Thus the
union bound and Gaussian concentration of Lipschitz functions [34] yield, for any ¢ > 0,

t2
| 1) < Lexp <%)

L
IP’< max }}X;guzz\/ﬁH)gZP(

.
ie{l,...L} E [HXbi&

Let K = VEKn+ y/2nlog(L). w(X(C)) can be expressed as

- g—\/72— n lo,
w(X(C)) :/ ]P’( ?113,}( , > s) ds </ d$+/ _ (s=VEm)2—2nlog(L) s
0 efl,...

(s=VE)2—21og(L)

o e R

(ii) The proof follows the lines of Proposition 4.2 where we additionally use the union bound. Indeed,

%7,

L -
( no (X0l > dunir) < P (158l - B [IX5 ] = a1 x0e]))

< P

2] > \on/T — chKn)

IN

&Mh Mwl

Slog(z) = 1%

(s
P< AR
xp (—

where used the Gaussian concentration of Lipschitz functions [34] in the last inequality.

O

We observe in passing that another way to prove the oracle inequalities in the sub-Gaussian is to use
Dudley’s inequality on the sphere in R after applying a union bound on the L blocks.
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4.3.3 Analysis group Lasso

We now turn to the prior penalty (2.6). Recall the notations in Section 2.5.3, and remind Ag = | J,¢ supp(D T 0) b;.
We assume that D is a frame of RP, hence surjective, meaning that there exist ¢,d > 0 such that for any
w € RP
2 T, .12 2
dfwl; < [[D wll; < cllwll;-

This together with (2.7)-(2.8) and Cauchy-Schwarz inequality entail

IPr,llyy, = sup HDT‘*’TGH1 s = Ve sup HDT‘*’TGH1 2
[|wry[,<1 7 [ DT wry ||,<1 7
= e Sup HD]\—ewTGHI,Q

o3,

— V/&\/Isupps(DT0)].

<1
00,2

With exactly the same arguments to those for proving Corollary 4.2, replacing X by X D, we arrive at
the following oracle inequalities.

Note, however, that from (2.7), we do not have in general DTe

My,
‘D+ PKer(D;\rg)De L2

~EWA ~PEN
Corollary 4.3. Let the data generated by (4.1). Consider the estimators 0, and 6, , where F satisfies
Assumptions (H.1)-(H.2), and J is the analysis group Lasso (2.6) with L blocks of equal size K. Assume
that D is a frame, and X is such that max; }HD;XTXDbi ‘H2ﬁ2 <n.

(i) & is a zero-mean sub-Gaussian random vector with parameter o: suppose  that
log(c2/6) (VK++/2log(L) .
An > 370cCy \/7< - \/7), for some T > 1and 0 < 6 < min(cy, 1), where c¢; and
¢y are the positive absolute constants in Proposition 4.1. Then, with probability at least 1 — 0, the
following holds
)\2( HD+P D HHl,QH 1)21
~EWA . CAn\T Ker(D 1) DTo o2’ 1]
i (en ’00) < inf Ry (0’ 00) + ’ 1,2 7 | + 05,
fet) 10 P Pl
0: suppy (DT 0)=I Ker(D, )"~ 'DTolloc,2
B 2720 Ker(D;\rg ), 7?71
4.7
and
i1 2 2
~PEN . cAn (THD+ PKer(DIC>DeDT9HOO,2+1) ]
Ry, (gn 700) < inf R, (0, 00) + 6 o .
Ic{1,...,L} 7_HD+P +  De 1,2H 41
0: suppgz (DT 0)=I Ker(D, )~ "DTolloo,2
B 27207 | Ker(Dj.), f_ T
]

4.8)
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(ii) & ~ N(0,0%1d,,): suppose that \, > TUm— ”\}slog@), for some T > 1 and 6 > 1. Then, with

probability at least 1 — LY=9 (4.7) and (4.8) hold.

To the best of our knowledge, this result is new to the literature. The scaling of the remainder term is the
same as in [24] and [43] with analysis sparsity priors different from ours (the authors in the latter also assume
that D is invertible).

4.3.4 Anti-sparsity

Recall the derivations for the /o, norm example in Section 3.3.1. We have the following oracle inequalities
from Proposition 4.3.

Corollary 4.4. Let the data generated by (4.1) where & is a zero-mean sub-Gaussian random vector with
~EWA ~PEN
parameter o. Assume that X is such that max; j | X; ;| < 1/p. Consider the estimators 0,,  and 6,,

where F' satisfies Assumptions (H.1)-(H.2), and J is the anti-sparsity penalty (2.9). Suppose that A\, >
TO\/26 log(2)\/%, for some T > 1 and § > 1. Then, with probability at least 1 — 2e(1=9108(2)P tpe
following holds

~EWA . A2 (141)?
R.(6,"",00) < inf |R.(0,0 _ X , 4.9
( 0) IC{lﬂ...,p} < ( 0) * QTQVT({O : 91€Rsign(01)},m>2> T p 9

0: Iyt=1
and
~PEN . A2 (t+1)?
R,(0. " .0,)< inf [R,(0,0 _A . 4.10
n( mo 0) _IBC{;E...JJI} ( ( 0) * 2T21/T({0 : 91€Rsign(01)},:t%>2> ( )
. Zat:

The first remainder term scales as % which reflects that

4.3.5 Nuclear norm

We now turn to the nuclear norm case. Recall the notations of Section 2.5.5. For matrices @ € RP1*P2
a measurement map X takes the form of a linear operator whose i¢th component is given by the Frobenius
scalar product

X(0); =tr((X")"0) = (X", 0)p,

where X' is a matrix in RP**P2, We denote ||| the associated norm. From (2.12), it is immediate to see
that whenever 8 # 0,
-
T (eq) = [|lUV |0y = 1.

Moreover, P, (A) =UU " A + (Id,, — UUT)AVVT. Thus since
181, = M), < V7 IAB)ly = V7 (1]l ,

we deduce that
IP7, Mgy, < 2V
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To apply Proposition 4.1 and Proposition 4.2, we need to bound w(X (C)) (C is the nuclear ball), or equiva-
lently, to bound

E I X" (g)ll2-2] = Z X'g;
which is the expectation of the operator norm of a random series with matrix coefficients. Thus using [55,
Theorem 4.1.1(4.1.5)] to get this bound, and inserting it into Proposition 4.1 and Proposition 4.2, we get the
following oracle inequalities for the nuclear norm. Define

2—>2>

] . g~N(0,0%1d,),
2—2

n

Z(XZ)TXz

=1

)

2—2

v(X) = max <

Corollary 4.5. Let the data generated by (4.1) with a linear operator X : RP1*P2 — R"™. Assume that

~EWA ~PEN
v(X) < n. Consider the estimators 8,,  and 8,, , where F satisfies Assumptions (H.1)-(H.2), and J is
the nuclear norm (2.11).

(i) &€ is a zero-mean sub-Gaussian random vector with parameter o: suppose  that
A\, > 2700 \/10g(02/5)10g(p1+p2

for some T > 1 and 0 < § < min(ca, 1), where ¢1 and cy are
the positive absolute constants in Proposition 4.1. Then, with probability at least 1 — ¢, the following

holds
~EWA ,
R, (0, .60) < inf R (8,80) + —25TE0T ) iy, (4.11)
re{L,....min(p1 p2)} w2t (15, 251)”
0: rank O=r
and
~PEN . 222 (74+1)°r

R.(0, ,00) < inf R,(0,0) + —2alttr 4.12
0% oy (090 + 2)

(ii) & ~ N(0,0%1d,,): suppose that \, > (1 + &)T0/ %ﬁ_m), for some T > 1 and § > 0. Then,
with probability at least 1 — (p1 + pz)_52, (4.11) and (4.12) hold.

The set over which the infimum is taken just reminds us that the nuclear norm is partly smooth (see above)

relative to the constant rank manifold (which is a Riemannian submanifold of RP1*P2) [21, Theorem 3.19].

. r lo; .. . .
The first remainder term now scales as M In the iid Gaussian case, we recover the same rate as in

~PEN
[17, Theorem 3] for 9 and in [32, Theorem 2] for 0,

A Pre-requisites from convex analysis

We here collect some ingredients from convex analysis that are essential to our exposition.

25



Monotone conjugate

Lemma A.1. Let g be a non-decreasing function on R that vanishes at 0. Then the following hold:

(i)
(ii)
(iii)

Proof.

(ii)
(i)

g " is a proper closed convex and non-decreasing function on R, that vanishes at 0.
If g is also closed and convex, then g™ = g.

Let f : t € R g(|t|) such that f is differentiable on R, where g is finite-valued, strictly convex and
strongly coercive. Then g™ is likewise finite-valued, strictly convex, strongly coercive, and f* = g*o|-|
is differentiable on R. In particular, both g and g™ are strictly increasing on R .

(i) By [3, Proposition 13.11], g™ is a closed convex function. We have inf;>( g(t) = —sup;~(t-
0—g(t) = —g*(0). Since g is non-decreasing and g(0) = 0, then g*(0) = — infs>q g(t) = —g(0) =
0. In addition, by (1.5), we have g*(a) > a -0 — g(0) = 0, Ya € R,. This shows that g* is
non-negative and dom(g™) # (), and in turn, it is also proper.

Let a, b in R, such that a < b. Then

g (a)—gT(b) = (igg ta—g(t))— (f}i% t'b—g(t") < igg(m —g(t)—tb+g(t)) = Sup t(a—b) = 0.

That is, g™ is non-decreasing on R, .
This follows from [44, Theorem 12.4].

By definition of f, f is a finite-valued function on R, strictly convex, differentiable and strognly co-
ercive. It then follows from [28, Corollary X.4.1.4] that f* enjoys the same properties. In turn, using
the fact that both f and f* are even, we have g is strongly coercive, and strict convexity of f (resp.
f*) is equivalent to that of g (resp. g™). Altogether, this shows the first claim. We now prove that g
vanishes only at 0 (and similary for g*). As g is non-decreasing and strictly convex, we have, for any
p €]0,1[ and a, b in R, such that a < b,

g(a) < g(pa+ (1= p)b) < pg(a) + (1 = p)g(b) < pg(b) + (1 — p)g(b) = g(b).

Support function The support function of C C RP is

oc(w) = sup(w, 6).
ocC

We recall the following properties whose proofs can be found in e.g. [44, 28].

Lemma A.2. Let C be a non-empty set.

(i)
(ii)
(iii)
(iv)

oc¢ is proper lsc and sublinear.
oc is finite-valued if and only if C is bounded.
If 0 € C, then o¢ is non-negative.

If C is convex and compact with 0 € int(C), then o¢ is finite-valued and coercive.
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Gauges and polars

Definition A.1 (Polar set). Let C be a nonempty convex set. The set C° given by
C°={nekR’: (n6) <1 VOecC}
is called the polar of C.

The set C° is closed convex and contains the origin. When C is also closed and contains the origin, then
it coincides with its bipolar, i.e. C°° = C.
Let C C RP be a non-empty closed convex set containing the origin. The gauge of C is the function 7¢
defined on R? by
(@) =inf {A >0 : 8 €)X}

As usual, y¢(0) = +oo if the infimum is not attained.

Lemma A.3 hereafter recaps the main properties of a gauge that we need. In particular, (ii) is a fundamental
result of convex analysis that states that there is a one-to-one correspondence between gauge functions and
closed convex sets containing the origin. This allows to identify sets from their gauges, and vice versa.

Lemma A.3.
(i) ~c is a non-negative, lsc and sublinear function.

(ii) C is the unique closed convex set containing the origin such that

C={0cR : (0) <1}

(iii) ~c is finite-valued if, and only if, 0 € int(C), in which case ~y¢ is Lipschitz continuous.
(iv) ~c is finite-valued and coercive if, and only if, C is compact and 0 € int(C).

See [57] for the proof.

Observe that thanks to sublinearity, local Lipschitz continuity valid for any finite-valued convex function
is streghthned to global Lipschitz continuity. Moreover, 7¢ is a norm, having C as its unit ball, if and only if
C is bounded with nonempty interior and symmetric.

We now define the polar gauge.

Definition A.2 (Polar Gauge). The polar of a gauge ~c is the function -y defined by
ve(w) =inf {u >0 : (0,w) < pc(6),v0}.
An immediate consequence is that gauges polar to each other have the property
(6,4) < 7c(0)73(w) ¥(8,u) € dom(ye) x dom(1g), (A1)

just as dual norms satisfy a duality inequality. In fact, polar pairs of gauges correspond to the best inequalities
of this type.

Lemma A.4. Let C C RP be a closed convex set containing the origin. Then,

(it) g is a gauge function and §° = ~c.
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(iii) ¢ = 7ce, or equivalently
C°={6ecR : 15(0) <1}.

(iv) The gauge of C and the support function of C are mutually polar, i.e.
Yo = oce and ygo = o¢ .

See [44, 28, 57] for the proof.

B Expectation of the inner product

We start with some definitions and notations that will be used in the proof. For a non-empty closed convex
set C € RP, we denote (C)O its minimal selection, i.e. the element of minimal norm in C. This element is of
course unique. For a proper Isc and convex function f and v > 0, its Moreau envelope (or Moreau-Yosida
regularization) is defined by

€] . 1 Y 2%
7£(6) =;nﬂ5 gue — 0|+ f(@).

The Moreau envelope enjoys several important properties that we collect in the following lemma.
Lemma B.1. Let f be a finite-valued and convex function. Then
(i) (7f(0)), is a decreasing net, and V0 € RP, 7 f(0) , f(0) as v 0.
(ii) 7f € CY(RP) with v~ -Lipschitz continuous gradient.
(iii) VY0 € RP, V7 (6) — (8£(8))" and |V £ (8)|, /| (2£(8))°]], as ¥ \ 0.

Proof. (i) [3, Proposition 12.32]. (ii) [3, Proposition 12.29]. (iii) By assumption, f is subdifferentiable
everywhere and its subdifferential is a maximal monotone operator with domain R?, and the result follows
from [3, Corollary 23.46(i)]. ]

We are now equipped to prove the following important result®.
Proposition B.1. Let the density (i, in (1.2), where
(a) F satisfies Assumptions (H.1)-(H.2);

(b) Jisa ﬁni(t)e-valued lower-bounded convex function, and 3R > 0 and p > 0, such that V0 € RP,
[(07(8))"||, < Rl®

p.
2
(¢) and V,, is coercive.

Then, VO € R?,
E,, [((avn(e))o,é - 9>} — _pB.

8The result will be proved using Moreau-Yosida regularization. Yet another alternative proof could be based on mollifiers for
approximating subdifferentials.
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This result covers of course the situation where J fulfills (H.3). In this case, since 9J(6) C C° by
Theorem 2.1(i), we have p = 0 and R = diam(C°), the diameter of the convex compact set C° containing
the origin. It can be shown that, when F'(-,y) is strongly coercive, the coercivity assumption (c) can be
equivalently stated as J,(60) > 0,V0 € ker(X) \ {0}, where J is the recession/asymptotic function of .J;
see e.g. [45].

Proof. Let V;)(0) £ LF(X0,y) + )\, (8) and define 17,(8) = exp (—V;)(0)/83)/Z, where 0 < Z <
400 is the normalizing constant of the density p,. Assumption (H.1) and Lemma B.1(ii)-(iii) tell us that
Vil € CY(RP) and V'V, (8) — (9V;,(6))" as v — 0. Thus

By [(0V1(0)".0-0)] = [ T ((6)VV;1(6).6 - 0)as.

We now check that {1, (6)VV;)(0),0 — 6) is dominated by an integrable function. From the definition of
the Moreau envelope, we have

V() = min LP(X0,y) + 1 (J(0 - 8) + 5”6\\2).

From coercivity of V,,, the objective in the min is also coercive in (8, 8) by [45, Exercise 3.29(b)]. It then
follows from [45, Theorem 3.31] that V,; is also coercive. In turn, [45, Theorem 11.8(c) and 3.26(a)] allow
to assert that for some a €]0, +o00[, 3b €] — 0o, +-00[ such that for all v > 0 and 6 € R?

pr(0) < exp(—al|@l, —b)/Z. (B.1)
Lemma B.1-(iii) and assumption (b) on J entail that for any 8 € RP?,
[vr@)l, <[[(270))°], < RIIE
Altogether, we have
(12(0)VV;1(8),8 — 6)| < 1i3(0)(|(X T LVF(X0,9),8 — )] + X[V I(0)],[0 - ] ,)

< 07 exp (—F(X6,3)/(n8))[(LVF(X0, ), X (8 - 0))
+ (Zexpb) "\, Rexp (—a 1611,)]|6]|5]/0 — 0],

where the constant C' > 0 reflects the lower-boudedness of J. It is easy to see that the function in this upper-
bound is integrable, where we also use (H.2). Hence, we can apply the dominated convergence theorem to
get

E,, [<(avn(9))°,§ - a>] =l | (L(0)VV(0),8 — 6)d6.

Now, by simple differential calculus (chain and product rules), we have

(17 (0)VV,)(8),0 — 0) = (V17 (6),0 — 6)

p
=B - (0)B: — 0)) ~ pBu(6).
i=1 "
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Integrating the first term, we get by Fubini theorem and the Newton-Leibniz formula

0 _
/ 1 ( / g (17(0)(@; - Gi))d9i>d01 - d0; 1d6isr - d6,
RP— R i
= /]R . [#71(0)(61' - Oi)]Rdal -dB; 1d0;yy---dO, =0,
.

where we used coercivity of V;/ (see (B.1)) to conclude that lim,g, |,  » 1 (0)(8; —6;) = 0. For the second
term, we have from Lemma B.1(i) that p;, — p,, as v — 0. Thus, arguing again as in (B.1), we can apply
the dominated convergence theorem to conclude that

lim [ p(6)do = / 1n(0)d0 = 1.

=0 Jro RP

This concludes the proof. O
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