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Abstract—A new method to design punctured Turbo Codes
(TCs) with improved performance in both the waterfall and
error floor regions is introduced. First, the puncturing pattern
is selected by analyzing the constituent code distance spec-
trum and the TC extrinsic information exchange using uniform
interleavers. Then, the interleaver function is defined via a
graph-based approach including different design criteria such
as minimum span, correlation girth, and puncturing constraints
during the design process. An application example is elaborated
and compared with the Long Term Evolution (LTE) standard: a
significant gain in error rate performance can be observed. An
additional benefit of the proposed technique is a significant reduc-
tion of the search space for the different interleaver parameters.

I. INTRODUCTION

In recent years, nomadic users got interested in a larger
diversity of applications and services, such as TV or mul-
timedia contents on demand. Accordingly, the future 5"
generation of mobile networks (5G) [1] calls for increased
data rates and capacity, with an enhanced Quality of Service
for different receiver scenarios and applications. To meet such
requirements, error-correcting codes able to guarantee very
low error rates (down to 10~% of Frame Error Rate (FER))
are required. A current communication system such as Long
Term Evolution (LTE) [2] cannot guarantee such error rates.
First of all, due to the HARQ retransmission mechanism, the
targeted error rate in LTE is 10~2 of FER. In addition, the
rate matching mechanism in LTE can cause bad interactions
between the code interleaver and the puncturing mechanism,
resulting in bad error rate performance at low error rates [3].

The LTE standard adopted a Turbo Code (TC) as channel
code [2]. Provided that they would be able to guarantee
lower error rates when punctured, TCs could remain promising
channel coding candidates for 5G. As introduced by Berrou
et al. [4], the minimum Hamming distance (d,i,) of a TC
is not only defined by its constituent encoders but also fixed
through the TC interleaver. In this study, we investigate the
joint design of interleavers and puncturing patterns for TCs
in order to guarantee low error floors and good convergence
thresholds. As a result, a new puncturing constraint related to
parity puncturing is proposed for the design of TC interleavers.
This work focuses on the Almost Regular Permutation (ARP)
interleaver model [5], adopted in standards like IEEE 802.16
WiMAX [6]. A significant reduction of the search space for
the different interleaver parameters was achieved with an
important improvement in TC error rate performance.

The rest of the paper is organized as follows. In Section II, a
description of the considered interleaver model and interleaver
design criteria is given. Section III introduces the proposed

graph-based design method for TC interleavers. In Section IV,
a puncturing pattern selection strategy is proposed, followed
by the description of the constraints on the interleaver imposed
by the puncturing patterns. Then, in Section V, the proposed
method is applied to design TC interleavers and puncturing
patterns for a set of frame parameters included in LTE. Section
VI shows the simulated error rate performance of the proposed
code and its comparison with the original LTE code. Finally,
Section VII concludes the paper.

II. INTERLEAVER MODEL AND DESIGN CRITERIA

In this study, TC interleaving is defined as follows: the
interleaver reads the symbols from an input vector d and writes
them to an output vector d’ of size K corresponding to the
information frame length. A symbol read out from address
II(4) in d is written to address 4 in d’, II denoting the in-
terleaver function. When using Circular Recursive Systematic
Convolutional (CRSC) codes [7] as constituent codes of the
TC, d and d’ can be represented by circles.

Three of the most popular interleaver families for TCs
are the QPP interleavers [8] adopted in LTE [2], the DRP
interleavers [9], and the ARP interleavers [5]. As shown in
[10], the ARP is a sufficient permutation model to design
TCs since it guarantees d,,;, values at least as high as the
DRP and the QPP interleavers. Thus, our study only focuses
on the ARP family but can also be generalized to the other
families. The ARP interleaver structure is derived from the
Regular Interleaver (RI):

I1(7) = (P-i) mod K (1)

where P is the RI period that must be relatively prime to K. A
degree of disorder is introduced into the permutation through
a vector of shifts S, leading to the ARP:

II(i) = (P-i + S(imod Q)) mod K. (2)

S has length ) and to guarantee the bijectivity of the ARP
interleaver function, () must be a divisor of K.

Two main criteria have to be considered for the design of a
TC interleaver: the Hamming distance spectrum of the TC and
the correlation between the channel information and extrinsic
data at the input of each component decoder. Two measurable
parameters related to these criteria have been considered:
minimum span and correlation girth.

A. Interleaver Design Criteria

The increase of the minimum value of span (Spi,) as-
sociated to the interleaver was shown to yield larger dpin



values for the resulting TC [11]. Thus, this value needs to be
maximized. When using tail-biting termination, it was shown
in [12] that the maximum achievable value for S.,;, has the
following theoretical upper bound:

Sin < | V2K | 3)

A correlation graph can be defined for the design of TC
interleavers [13]. The correlation graph for TCs is a regular
graph of degree r =4, since each data has two neighbors in
d and d’, with a number of vertices x = K. The interleaver
should be then designed to maximize the correlation girth g
on this graph.

A theoretical upper bound on the girth value g of a regular
graph of degree r is derived from the Moore bound [14]. Let
z(r, g) be the lowest number of vertices in a r-regular graph
with girth g. g can be at most proportional to the logarithm
of z(r, g):

g <2log,_(z(r,g)) + O(1) “4)

where O(1) is the error term of the approximation. For the
block size considered in this paper, K = 1504, the theoretical
upper bound on the correlation girth obtained from (4) is 13.

III. GRAPH-BASED CONSTRUCTION OF ARP

In order to simplify the interleaver parameters selection,
the interleaver structure is divided into different groups of
addresses or layers that are progressively placed to complete
the interleaver structure. From (2), it can be shown that:

II(7 + Q)mod Q = II(i)mod Q. 5)

Therefore, () groups of permutation addresses are identified
in the whole interleaver size K, each one corresponding to
a given modulo ) value. Thus, the interleaver parameters
can be selected by dividing the permutation addresses into
@ groups or layers with index [ = 0,...,Q — 1. In Fig. 1 the
interleaver structure is divided into its () corresponding layers
and represented in a circle with the addresses of d and d’
in its inner and outer parts, respectively. Note that the initial
permutation addresses (i.e., non-shifted) are fixed by P.

The final permutation addresses of each layer [ are defined
by choosing its corresponding shift value S(I). The layer
number [ to which address ¢ in d’ belongs is determined as:

[l =imod Q. (6)
For each layer [, we propose to express the shift value as:
S() =T+ AQ (7

where 7; = 0,...,Q—1and A; =0, ..., (K/Q)—1 correspond
to the inter and intra-layer shifts for layer [, respectively. The
inter-layer shift 7; defines the position that a given layer takes
among the @) different layers as shown in Fig. 2(a), whilst
the intra-layer shift A; defines the rotation that a given layer
performs inside the considered layer as shown in Fig. 2(b).
Thus, the value of S(I) can be obtained first by selecting
the value of inter-layer shift 7; and then selecting the value
of intra-layer shift A;. Note that the proposed shift selection

TN —Interleaved =0
addresses

Fig. 1. Possible representation of the ARP interleaver structure, with
S(0),...,S(Q—1) =0 and K = 4Q, when using CRSC constituent codes.

Fig. 2.
Possible intra-layer shifts for layer { =0, with Tp =0 and K =4Q).

(a) Different inter-layer shifts for layer [ = 0, with K = 4Q. (b)

allows all possible positions for each layer to be considered.
This graph-based construction of ARP interleavers simplifies
the validation of minimum span and correlation girth criteria
in the interleaver design, since these criteria are verified each
time a new layer is placed.

Considering the above introduced shift selection method, for
a given set of design parameters (S, and g targets - chosen
a few points below the upper bounds given by (3) and (4), K,
R, polynomial generators, and puncturing mask), the proposed
interleaver design strategy involves the following steps:

1) Select the candidate values for P: The set of admissible
values for P is the group of integers from 1 to K —1
relatively prime to K. Only the C' candidate values for P
ensuring a minimum span value greater than or equal to
Smin target, considering a RI structure (1), are selected.

2) Select the Q shift values for each candidate for P: For
each candidate for P, layer [ is placed by computing a value
for S(l) from (7), fulfilling puncturing constraints if any (cf.
Section IV). For this value, the Sy,;, and g are evaluated.
If they are equal to or higher than Sy, and g targets, one
can move on to layer [+ 1. Otherwise, another value for
S(1) has to be evaluated. This process is performed until
the whole group of @ shift values are determined.

3) Select the best ARP interleaver candidate: The best
candidate for TC interleaver is selected from the group
of candidates previously generated by comparing their
Hamming distance spectra. The ARP interleaver candidate
with the best TC Hamming distance spectrum is chosen.



IV. INTERLEAVING WITH PUNCTURING CONSTRAINTS

As shown in [15], the puncturing of well-chosen systematic
bits can increase d,;, and reduce the convergence threshold
of TCs. The selection of the systematic bits to be punctured
must be performed carefully, in order to prevent the constituent
codes of the TC from being affected by a catastrophic punc-
turing mask [3].

A. Puncturing Mask Selection

In this study, a periodic puncturing pattern with period M is
considered. The same CRSC code with coding rate 1/2 is used
for the two constituent codes of the TC. Thus, the puncturing
mask is composed of two vectors of length M, corresponding
to the puncturing positions in the data and parity vectors. The
puncturing mask is defined according to the target code rate
R of the TC and to the puncturing period M. For given R and
M, the data puncturing rate DPR can take M + 1 different
values: DPR= §;,m=0,..., M. However, the values of DPR
are restricted to those ensuring a CRSC code rate R. smaller
than 1, to be able to reconstruct d from the encoded sequence.

The puncturing mask design procedure proposed in this
work involves the following steps:

1) Find the best puncturing pattern for each DPR value:
The best puncturing mask for each DPR value is identified
as the one generating the best CRSC Hamming distance
spectrum (i.e., highest distance values in the first spectrum
terms and minimal number of codewords at these distances).

2) Carry out a mutual information exchange analysis to

select a restricted set of puncturing masks:
As pointed out in [15], conventional Extrinsic Information
Transfer (EXIT) charts [16] are not appropriate to predict
the convergence threshold of TCs with punctured data bits.
Thus, an analysis of the real exchange of extrinsic informa-
tion between the constituent Soft-In Soft-Out decoders, via
uniform interleaving [17] within actual turbo decoding iter-
ations, is carried out to select the best puncturing mask in
terms of TC convergence. A similar analysis has previously
been used to identify efficient precoding structures for TCs
[18]. Unlike conventional EXIT charts, the crossing point
of the curves in the modified EXIT charts is not the point of
perfect convergence (IA,IE) = (1,1). Therefore, the best
puncturing masks in terms of convergence performance are
selected as those providing a crossing point closer to (1, 1)
than the mask with DPR=0.

Then, using the chosen puncturing masks, the error rate
performance of the TC under uniform interleaving is analyzed.
The mask providing the best tradeoff between convergence
threshold and error floor performance is finally selected.

B. Determination of Data and Parity Puncturing Constraints

To avoid poor puncturing patterns in the second (inter-
leaved) constituent CRSC code of the TC, a Data Puncture-
Constrained (DPC) interleaver must guarantee the same data
puncturing pattern in both constituent CRSC codes [3].

During the turbo decoding process, extrinsic information
from a given constituent decoder is generated based on its

received parity sequence and is sent to the other constituent de-
coder via the interleaver/deinterleaver as a priori information
on data. The extrinsic information computed from unpunctured
parity positions is expected to be more reliable than the
one generated from punctured parity positions. Therefore,
a possible strategy for the interleaver construction involves
connecting data positions associated with the most reliable
extrinsic information from one constituent decoder to data
positions associated with the least reliable extrinsic informa-
tion in the other one. Under these conditions, the correction
capability of the TC is spread over the data positions and the
decoding of the less reliable positions should be improved.

For a given puncturing mask, the proposed connection
strategy is defined by the following steps:

1) Identify free parities in a puncturing period M:

Free parities are defined as unpunctured parities corre-
sponding to unpunctured data symbols.

2) Identify error-prone data positions in a puncturing
period M: To this end, additional data puncturing is intro-
duced at the remaining unpunctured data positions, and the
resulting CRSC distance spectrum is evaluated. The number
of additional punctured data positions corresponds to the
number of free parities. The additional punctured data
positions leading to the poorest CRSC distance spectrum
(i.e., the lower duyin and the higher number of codewords
at that distance or multiplicity) are then labeled as the most
error-prone. Note that additional data puncturing is only
introduced to identify error-prone data positions and is then
removed from the puncturing mask.

3) Apply the connection strategy: The proposed strategy
involves connecting free parities of a CRSC code to the
most error-prone data positions of the other one.

In the ARP model, puncturing constraints are included via
the 7T; values, to simplify their inclusion, @ is set as a multiple
of M (in this study, @@ = M). Since the layer order of the ARP
interleaver is )-periodic as shown by (5), the validation of
puncturing constraints in a puncturing period M is a sufficient
condition for their validation in the whole data sequence.

In the following sections, an interleaver including the
proposed parity puncturing constraint on top of the above-
mentioned data puncturing constraint is named Data and Parity
Puncture-Constrained (DPPC) interleaver.

V. APPLICATION EXAMPLES

The previous design guidelines were applied to coding rates
2/3 and 4/5, for K =1504 and constituent codes CRSC(1,
15/13)s. Error rate performance was simulated in the AWGN
channel with a BPSK modulation and a maximum of 16

decoding iterations with the maximum a posteriori probability
(MAP) algorithm. Only the design for R=2/3 is detailed.

A. Puncturing Mask Selection

Puncturing mask design was carried out for puncturing
period M equal to 8. Table I lists the distance spectrum of the
CRSC constituent code for the best masks at each DPR value.
Only DPR values with even values of m were considered,
leading to symmetric puncturing masks. The analysis of the



distance spectra shows that DPR values higher or equal to
6/8 should be avoided. Indeed, the puncturing mask becomes
catastrophic for the CRSC code.

Then, the convergence behavior with the different punc-
turing masks is analyzed in the TC structure. Fig. 3 shows
the modified EXIT chart of the TC evaluated at the Signal-
to-Noise Ratio (SNR) decoding threshold of the code with
puncturing mask DPR = 0. The puncturing mask providing
better convergence than the DPR-0 mask, due to its (IA, IE)
crossing point closer to (1,1), corresponds to DPR value 2/8.
In this example, since only one puncturing mask candidate
remains, there is no need to plot the TC error rate performance
under uniform interleaving to decide between them.

B. Identification of Parity Puncturing Constraints

In the selected puncturing mask, only the parity at position
1 is a free parity for M = 8 (see Table I, data and parity
positions range from 0 to 7). Table II lists the different
distance spectra obtained including an additional punctured
data symbol from positions 1 to 6 in the data puncturing mask
01111110. According to these results, 4 is the most error-prone
data position in the puncturing period. Therefore, the DPPC
interleaver must ensure that data symbols at positions 1 and 4
in d are interleaved to positions 4 and 1 in d’, respectively.

C. Puncture-Constrained Interleaver Design

For K =1504, Snin has a theoretical upper bound of 54 as
defined in (3). A Shin target of 80% of the Sy, theoretical
upper bound and a g target of 8 were selected. Afterwards,
the interleaver candidates are generated:

1) Selection of the candidate values for P: The maximum
achievable value of Sp;, for K = 1504 considering a RI
structure is 52. Thus, the best candidates for P are those
allowing a Sp,;, value between 45 and 52.

2) Selection of the Q shift values for each candidate
for P: The parameters for the ARP interleaver candidates
are determined via the construction method presented in
Section III. Three different design configurations have been
studied. In the first one, the puncturing mask with Non
Data-Punctured (NDP) (DPR = 0) is considered. In the
other two, DPC, and DPPC ARP interleavers are considered
for the DPR-2/8 mask. In order to compare the efficiency
of the different configurations in finding large d,;, values,
64000 ARP candidates are generated by each configuration.
The most efficient configuration is the one with the highest
number of generated candidates meeting all the design
constraints (girth, span and dy;y)-

3) Selection of the best ARP interleaver candidate: Table
IIT lists the best ARP interleavers generated for each design
configuration. For all candidates .Sy, =45 and g=38. Their
respective distance spectrum is estimated and given in Table
IV. It is observed that the use of data puncturing allows
to reach a larger d,,;, value. Furthermore, the proposed
DPPC ARP interleaver allows a reduced d,;, multiplicity
compared to the DPC ARP interleaver.

Finally, Table V provides statistics on the search efficiency
in finding parameter sets yielding large d,;, values, for the

TABLE I
BEST CRSC DISTANCE SPECTRUM FOR EACH DPR, CORRESPONDING
CODEWORD MULTIPLICITIES AT DISTANCE d, a(d), AND PUNCTURING
MASKS (0 = PUNCTURED, 1 = UNPUNCTURED). R=2/3, M =8.

DPR | Re [ a(0) [ o) [ @) | o) [ a@a) | Roe
11111111
0 0.8 0 0 0 15 89 il
01111110
28 | 088 | 0 0 3 62 566 L1110
11110000
4/8 1 0 8 64 482 3616 | 11110000
01000100
6/8 | 114 | 1 36 | 670 | 12122 | 219196 | 91000100
0.8 —6:73 |
] >
074072 > ; - W
064 071 o Eﬁ/g
1 o
070
::'0‘5 ] 7070 071 072 0 ?;n’feu%
=04 g
;’ ] 0”1
03 Tip
().2;7 /Eoy i
1 /57 DPR:0, Uniform
014 DQ/ DPR:2/8, DPC uniform | |
00 ¥ o |0— DPR:4/8, DPC uniform

T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
. o . 1A1, IE2 .
Fig. 3. Extrinsic information exchange between constituent codes of the TC

at Ep/No = 1.6 dB with 16 TC iterations, K = 1504, and R = 2/3 under
uniform or DPC uniform interleaving over the AWGN channel.

TABLE II
CRSC DISTANCE SPECTRUM OF THE DPR-2/8 MASK WHEN ONE
ADDITIONAL DATA BIT IS PUNCTURED. «(d) IS THE MULTIPLICITY OF
CODEWORDS AT DISTANCE d. CONSIDERED PARITY PUNCTURING MASK =
11000001 (0 =PUNCTURED, 1 =UNPUNCTURED).

a®) Je Ja@ ] B | a@ | Data Punc. Mask
0 0 1880 | 1060320 | 465121494 00111110
0 0 4000 | 2003510 | 671273377 01011110
0 4 3015 | 1151175 | 294778989 01101110
0 8 140 2229 35176 01110110
0 2 2256 | 1275364 | 320347391 01111010
0 4 3019 | 1152688 | 148963135 01111100
TABLE III

BEST CANDIDATES FOR ARP INTERLEAVER WITH THE DIFFERENT
CONFIGURATIONS, Spin =45, g=8, S(0)=0, R=2/3 AND K =1504.

ARP | P [ S(D) [ S [ SG) [ S@ [SG) [ S6) [ S0

NDP | 399 792 630 829 1010 90 1471 658

DPC 227 495 998 280 1090 734 361 362

DPPC | 699 289 1452 | 1292 | 1349 391 417 874

TABLE IV
ESTIMATED DISTANCE SPECTRUM FOR THE BEST ARP INTERLEAVERS IN
AWGN CHANNEL WITH CORRESPONDING MULTIPLICITIES c(d) AND
CUMULATED INPUT WEIGHT AT dpin = do, Wq,.- R= 2/3 AND K =1504.

ARP [ wgy [ do [ di [ d2 [ a(do) [ a(di) [ a(d2)

NDP | 5640 | 15 | 16 | 17 1128 4512 7708
DPC | 4324 | 19 | 20 | 21 752 1880 5264
DPPC | 2444 | 19 | 20 | 21 376 2444 3572

NDP, DPC and DPPC configurations. The first line of the table
provides the number of candidates meeting the S, and g
targets that were obtained with each configuration. Note that
the more the constraints included into the interleaver, the larger
the number of candidates validating these criteria. Further-
more, the proposed DPPC interleaver structure increases the
percentage of candidate interleavers with large d.,;, values
and reduces the average time to find such interleavers. The



search becomes thus more efficient due to the different design
constraints. TABLE V

STATISTICS ON THE EFFICIENCY OF THE DIFFERENT ARP
CONFIGURATIONS FOR R:2/3, K =1504, AND 64000 CANDIDATES,
OBTAINED WITH CPU: INTEL CORE 15 3.3 GHZ AND RAM 8 Go.

ARP [ NDP [ DPC [ DPPC
Candidates found meeting Sy,in and g targets | 3873 6803 9710
Percentage of candidates with dyin > 18 (%) 0 1.95 3.09
Average time to find a candidate
with dpip > 18 (min) - | 1367 | 847
Number of candidates with dp;, =19 0 7 14

VI. SIMULATED PERFORMANCE RESULTS

Fig. 4 shows the FER performance in AWGN channel of
the 8-state CRSC(1,15/13)s TC for R = 2/3, R = 4/5,
and K = 1504, with the three sets of parameters listed in
Table IV. In addition, error rate simulation results for the
original LTE [2] TC are included for comparison. We observe
that DPC and DPPC interleavers achieve better asymptotic
performance than the conventional NDP interleaver, while
also displaying a convergence improvement. Compared to the
puncturing pattern and the interleaver adopted in LTE, the
proposed DPPC interleaver provides a gain of about 0.5 and
0.7 dB in convergence threshold for R =2/3 and R =4/5,
respectively and almost 4 decades in error floor.

VII. CONCLUSION

A new method to design Turbo Code (TC) interleavers is
proposed, which calls for a joint optimization of punctur-
ing patterns and interleaver function. Catastrophic puncturing
masks for the constituent codes of the TC are early identified
and ruled out in the selection process by evaluating their
respective distance spectrum. Then, a modified EXIT chart
analysis allows identifying suitable puncturing masks for the
data punctured TC in terms of convergence performance.

When combined with a graph-based ARP model, it was
shown that significant improvements in convergence threshold
and error floor can be achieved by including data and parity
puncturing constraints into the interleaver design. Furthermore,
it was observed that adding stronger constraints made the
interleaver parameter research process more efficient.

With the proposed method, turbo codes complying with the
5G requirements can now be easily designed.
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