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Parallel numerical modeling of
hybrid-dimensional compositional non-isothermal
Darcy flows in fractured porous media

F. Xing* R. Masson! S. Lopez?

December 20, 2016

Abstract

This paper introduces a new discrete fracture model accounting for
non-isothermal compositional multiphase Darcy flows and complex net-
works of fractures with intersecting, immersed and non immersed frac-
tures. The so called hybrid-dimensional model using a 2D model in the
fractures coupled with a 3D model in the matrix is first derived rigorously
starting from the equi-dimensional matrix fracture model. Then, it is dis-
cretized using a fully implicit time integration combined with the Vertex
Approximate Gradient (VAG) finite volume scheme which is adapted to
polyhedral meshes and anisotropic heterogeneous media. The fully cou-
pled systems are assembled and solved in parallel using the Single Pro-
gram Multiple Data (SPMD) paradigm with one layer of ghost cells. This
strategy allows for a local assembly of the discrete systems. An efficient
preconditioner is implemented to solve the linear systems at each time
step and each Newton type iteration of the simulation. The numerical ef-
ficiency of our approach is assessed on different meshes, fracture networks,
and physical settings in terms of parallel scalability, nonlinear convergence
and linear convergence.

Keywords: discrete fracture model, non-isothermal compositional mul-
tiphase hybrid-dimensional Darcy flow model, Vertex Approximate Gradient
scheme, polyhedral meshes, parallel algorithm, preconditioner

1 Introduction

Flow and transport in fractured porous media are of paramount importance
for many applications such as petroleum exploration and production, geological
storage of carbon dioxide, hydrogelogy, or geothermal energy. Two classes of
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models, dual continuum and discrete fracture models, are typically employed
and possibly coupled to simulate flow and transport in fractured porous media.
Dual continuum models assume that the fracture network is well connected and
can be homogeneized as a continuum coupled to the matrix continuum using
transfer functions. On the other hand, discrete fracture models (DFM), on
which this paper focuses, represent explicitly the fractures as codimension one
surfaces immersed in the surrounding matrix domain. The use of lower dimen-
sional rather than equi-dimensional entities to represent the fractures has been
introduced in [1], [2], [3], [4], [5] to facilitate the grid generation and to reduce
the number of degrees of freedom of the discretized model. The reduction of
dimension in the fracture network is obtained from the equi-dimensional model
by integration and averaging along the width of each fracture. The resulting
so called hybrid-dimensional model couple the 3D model in the matrix with a
2D model in the fracture network taking into account the jump of the normal
fluxes as well as additional transmission conditions at the matrix fracture in-
terfaces. These transmission conditions depend on the mathematical nature of
the equi-dimensional model and on additional physical assumptions. They are
typically derived for a single phase Darcy flow for which they specify either the
continuity of the pressure in the case of fractures acting as drains (see [1], [6])
or Robin type conditions in order to take into account the discontinuity of the
pressure for fractures acting as barriers (see [2], [5], [7], [8]). Different trans-
mission conditions are derived in [9] in the case of a linear hyperbolic equation,
and in [10], [11], [12], [13], [14] in the case of two phase immiscible Darcy flows.

The discretization of hybrid-dimensional Darcy flow models has been the
object of many works. In [4] a cell-centred Finite Volume scheme using a
Two Point Flux Approximation (TPFA) is proposed assuming the orthogonal-
ity of the mesh and isotropic permeability fields. Cell-centred Finite Volume
schemes can be extended to general meshes and anisotropic permeability fields
using MultiPoint Flux Approximations (MPFA) (see [15], [16], [17], [18], [19]).
MPFA schemes can lack robustness on distorted meshes and large anisotropies
due to the non symmetry of the discretization. They are also very expensive
compared with nodal discretizations on tetrahedral meshes. In [1], a Mixed
Finite Element (MFE) method is proposed for single phase Darcy flows. It
is extended to two-phase flows in [11] in an IMPES framework using a Mixed
Hybrid Finite Element (MHFE) discretization for the pressure equation and a
Discontinuous Galerkin discretization of the saturation equation. The Hybrid
Finite Volume and Mimetic finite difference schemes, belonging to the family
of Hybrid Mimetic Mixed Methods (HMM) [20], have been extended to hybrid-
dimensional models in [21], [22] as well as in [6], [8] in the more general Gradient
Discretization framework [23]. These approaches are adapted to general meshes
and anisotropy but require as many degrees of freedom as faces. Control Vol-
ume Finite Element Methods (CVFE) [3], [10], [24], [15] have the advantage to
use only nodal unknowns leading to much fewer degrees of freedom than MPFA
and HMM schemes on tetrahedral meshes. On the other hand, at the matrix
fracture interfaces, the control volumes have the drawback to be shared between
the matrix and the fractures. It results that a strong refinement of the mesh is
needed at these interfaces in the case of large contrasts between the matrix and
fracture permeabilities. This article focus on the Vertex Approximate Gradient
(VAG) scheme which has been introduced for the discretization of multiphase



Darcy flows in [25] and extended to hybrid-dimensional models in [13], [6], [8],
[9], [14]. The VAG scheme uses nodal and fracture face unknowns in addition
to the cell unknowns which can be eliminated without any fill-in. Thanks to
its essentially nodal feature, it leads to a sparse discretization on tetrahedral
or mainly tetrahedral meshes. It has the advantage, compared with the CVFE
methods of [3], [10], [24] or [26], to avoid the mixing of the control volumes
at the matrix fracture interfaces, which is a key feature for its coupling with a
transport model. As shown in [13] for two phase flow problems, this allows for
a coarser mesh size at the matrix fracture interface for a given accuracy. Let
us also mention that non-matching discretizations of the fracture and matrix
meshes are studied for single phase Darcy flows in [27], [28], [29] and [30].

The first objective of this paper is to extend the derivation of the hybrid-
dimensional model to the case of non-isothermal compositional multiphase Darcy
flows. To focus on compositional non-isothermal features and simplify the pre-
sentation, capillary pressures are not considered in this paper. They could be
included following recent ideas developped in [31]. All the underlying assump-
tions of our reduced model will be carefully stated. In particular, the fractures
are considered as pervious and are assumed not to act as barriers. It results,
as in [1], that the pressure can be considered as continuous at the matrix frac-
ture interfaces. The hybrid-dimensional model accounts for complex network
of fractures including intersecting, immersed and non immersed fractures. The
formulation of the compositional model is based on a Coats’ type formulation
[32], [33] extending the approach presented in [25] to non-isothermal flows. It
accounts for an arbitrary nonzero number of components in each phase allowing
to model immiscible, partially miscible or fully miscible flows.

The second objective of this paper is to extend the VAG discretization to
our model and to develop an efficient parallel algorithm implementing the dis-
crete model. Following [25], [13], the discretization is based on a finite volume
formulation of the component molar and energy conservation equations. The
definition of the control volumes is adapted to the heterogeneities of the porous
medium and avoids in particular the mixing of matrix and fracture rocktypes
for the degrees of freedom located at the matrix fracture interfaces. The fluxes
combine the VAG Darcy and Fourier fluxes with a phase based upwind approx-
imation of the mobilities. A fully implicit Euler time integration coupling the
conservation equations with the local closure laws including thermodynamical
equilibrium is used in order to avoid severe limitations on the time step due to
the high velocities and small control volumes in the fractures.

The discrete model is implemented in parallel based on the SPMD (Single
Program, Multiple Data) paradigm. It relies on a distribution of the mesh on
the processes with one layer of ghost cells in order to allow for a local assembly
of the discrete systems. The key ingredient for the efficiency of the parallel
algorithm is the solution at each time step and at each Newton type iteration of
the large sparse linear system coupling the physical unknowns and the spatial
degrees of freedom of the VAG scheme. Our strategy is first based on the elimi-
nation, without any fill-in, of both the local closure laws and the cell unknowns.
Then, the reduced linear system is solved using a parallel iterative solver pre-
conditioned by a CPR-AMG preconditioner introduced in [34] and [35]. This
state of the art preconditioner combines multiplicatively an Algebraic MultiGrid
(AMG) preconditioner for a proper pressure block of the linear system with a



local incomplete factorization preconditioner for the full system. The numerical
efficiency of the algorithm, in terms of parallel scalability, nonlinear convergence
and linear convergence, is investigated on several test cases. We consider dif-
ferent families of meshes and different complexity of fracture networks ranging
from a few fractures to say about 1000 fractures with highly contrasted matrix
fracture permeabilities. The test cases incorporate different physical models in-
cluding one isothermal immiscible two phase flow, one isothermal Black Oil two
phase flow model, as well as three non-isothermal water component liquid gas
flow models.

This paper is organized as follows. In section 2, the hybrid-dimensional
non-isothermal compositional multiphase Darcy flow model is derived from the
equi-dimensional model. In Section 3, the VAG discretization is briefly recalled
and then extended to our model. The parallel algorithm is detailed in section
4. Section 5 is devoted to the test cases including the numerical investigation
of the parallel scalability of the algorithm.

2 Hybrid-dimensional compositional non-isothermal
Darcy flow model

This section deals with the modeling and the formulation of non-isothermal
compositional multiphase Darcy flows in fractured porous media. The fractures
are represented as surfaces of co-dimension one immersed in the surrounding
three dimensional matrix domain. The 2D Darcy flow in the fracture network
is coupled with the 3D Darcy flow in the matrix domain, hence the terminology
of hybrid-dimensional model. The reduction of dimension in the fracture is
obtained by extension to non-isothermal compositional flows of the methodology
introduced in [1], [2], [5] for single phase Darcy flows. Complex networks of
fractures are considered including immersed, non immersed and intersecting
planar fractures. The formulation of the compositional model is based on a
Coats’ type formulation [32] extending to non-isothermal flows the approach
presented in [25]. It accounts for an arbitrary nonzero number of components
in each phase allowing to model immiscible, partially miscible or fully miscible
flows. To fix ideas and to focus on the compositional and non-isothermal aspects,
we consider a Darcy flow model without capillary pressures. The capillary
pressures including different rocktypes at the matrix fracture interface can be
taken into account in the framework of the VAG scheme following [25]. A more
accurate approach is also proposed in [31] in order to capture the jump of the
saturations at the matrix fracture interface I' due to discontinuous capillary
pressure curves.

2.1 Extended Coats’ formulation of non-isothermal com-
positional models
Let us denote by P the set of phases and by C the set of components. Each

phase « € P is described by its non empty subset of components C* C C in the
sense that it contains the components ¢ € C*. It is assumed that, for any ¢ € C,



the set of phases containing the component i
Pi={aecPlicC"}.

is non empty. The thermodynamical properties of each phase o € P depend on
the pressure P, the temperature 7', and the molar fractions
c* = (Cia)iec"‘ :

For each phase a € P, we denote by (*(P, T, C%) the molar density, by p®(P,T,C%)
the mass density, by u®(P, T, C*) the dynamic viscosity, by f*(P,T,C%),i € C*
the fugacity coefficients, by e*(P,T,C®) the molar internal energy, and by
h*(P,T,C%) the molar enthalpy. The relative permeabilities are denoted for
each phase a € P by k%(S) where S = (5%)4ep is the vector of the phase vol-
ume fractions (saturations). Due to change of phase chemical reactions assumed
to be at equilibrium, phases can appear or disappear. Therefore, we denote by
Q C P, Q # 0 the unknown representing the set of present phases. For a given
set of present phases @, it may occur that a component 7 € C does not belong
to the subset (J,co C* of C. Hence, we define the subset of absent components
as a function of ) by

Co={ieC|QnNP; =0}

Following [32], [33], [25], the extended non-isothermal Coats’ formulation relies
on the the so-called natural variables and uses as set of unknowns

X = (P,T,S“,Ca,aGQ,ni,iEEQ,Q>,

and we implicitely set S = 0 for all absent phases a € P\ Q. Let us denote
by n;(X) the number of moles of the component 7 € C per unit pore volume
defined as the independent unknown n; for i € Cg and as

ni(X)= Y ¢(PT,C%) 5" Cp
aceQNP;

forieC\ @Q. The fluid energy per unit pore volume is denoted by
E(X) = 3 ¢*(P,T,C%)$% (P, T,C*),
acqQ

and the rock energy per unit rock volume is denoted by F,(P,T). For each
phase a € @, we denote by m$(X) the mobility of the component i € C* in
phase o € Q

k2 (S)
U= OYP.T. O —— T\ ")
mi(X) =GR P T C) oo ey
and by kE&(S)
mg(X) = h (BT, O DT, C) o Gy

the flowing enthalpy in phase a € ). The generalized Darcy velocity of the
phase a € @ is

k2 (S)

— 2 __V® with V¥ = - K(VP - p*(P,T,C*
u“(P,T,C’“)V with V (V (P, T,C )g)7



where g is the gravitational acceleration. The total molar flux of the component
i € C\ Cq is denoted by

acQNP;

and the energy flux is defined as

qe = »_ md(X)V® = AVT,
aeQ

where A is the thermal conductivity of the fluid and rock mixture.
The system of equations accounts for the molar conservation for each com-
ponent ¢ € C and the energy conservation

d)@tni + le(qz) = 0, 1€ C,

PO E + (1 — ¢)0, B, + div(qe) = 0, M

coupled to the following local closure laws including the thermodynamical equi-
librium for each component ¢ present in at least two phases among the set of
present phases )

> s =1,
acqQ
Y Cr=1,a€Q, (2)
1EC™
FEP,T,C™)C =fP (P, T,CP)CY, o # B, (e, B) € (QNP:)% i €C.

The system is closed with an additional equation for the discrete unknown @
which is typically obtained by a flash calculation or by simpler criteria depending
on the specific thermodynamical system. It provides the fixed point equation
denoted by

Q = Qflash(X)~

2.2 Discrete fracture network

Let © denote a bounded domain of R? assumed to be polyhedral. Following [1],
[2], [5], [6], [8] the fractures are represented as interfaces of codimension 1. Let
J be a finite set and let T = Ujejfj and its interior I' = T\ dT' denote the
network of fractures I'; C Q, j € J, such that each I'; is a planar polygonal
simply connected open domain included in an oriented plane of R3. The fracture
width is denoted by dy and is such that 0 < d; < dy(x) < dy for all x € T'. We
can define, for each fracture j € J, its two sides + and —. For scalar functions
on Q, possibly discontinuous at the interface I' (typically in H'(2\T), we denote
by 7% the trace operators on the side + of I'. Continuous scalar functions u at
the interface T' (typically in H'(Q)) are such that y*u = v~ u and we denote
by 7 the trace operator on I' for such functions. At almost every point of the
fracture network, we denote by n* the unit normal vector oriented outward
to the side & of I" such that n™ + n™ = 0. For vector fields on , possibly
discontinuous at the interface I' (typically in Hg;,, (€2\T), we denote by ;= the
normal trace operator on the side + of I" oriented outward to the side + of I'.
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Figure 1: Example of a 2D domain with 3 intersecting fractures I'y,I's, I's.

The gradient operator in the matrix domain Q2 \ T is denoted by V and the
tangential gradient operator on the fracture network is denoted by V. such that

V.u=Vu— (Vu-n")nt,

We also denote by div, the tangential divergence operator on the fracture net-
work, and by d7(x) the Lebesgue measure on T'.

We denote by ¥ the dimension 1 open set defined by the intersection of
the fractures excluding the boundary of the domain 2, i.e. the interior of
Utinersijzin 005 N O \ 98

For the matrix domain, Dirichlet (subscript D) and Neumann (subscript
N) boundary conditions are imposed on the two dimensional open sets 0Q2p
and Oy respectively where 0Qp NNy = 0, 9Q = 0Qp U 0Ny. Similarly
for the fracture network, the Dirichlet and Neumann boundary conditions are
imposed on the one dimensional open sets OI'p and OI'y respectively where
OpNoTy =0, 0T NON =0 UAL .

2.3 Hybrid-dimensional model for a two-phase flow exam-
ple

For the sake of clarity, in this subsection, we first extend the hybrid-dimensional
model proposed in [1], [2], [5] in the case of a single phase Darcy flow to the
case of a two phase Darcy flow.

Let us denote by ()r the averaging operator in the width of the fracture in the
normal direction, and let us set S¢ = (S%)r and Py = (P)r. In order to explain
our construction of the hybrid-dimensional model from the equi-dimensional
model, let us consider the following immiscible, incompressible isothermal two
phase flow model on the full domain 2 with 3D fractures

$0pS* +div(q¥) =0, a = 1,2,

with constant dynamic viscosities u®, a = 1,2 and the following Darcy two-
phase velocities
k.OL Sa
qa = _#“)K(VP - pag)v o = 1a2a
where S' 4 S? = 1. The permeability tensor K is assumed to be constant in the
width of the fractures and to have the normal vector n* as principal direction.
We denote by Ky the corresponding tangential permeability tensor and by £y,



the corresponding normal permeability, both defined as function of x € I". The
porosity is also assumed to be constant in the width of the fracture and denoted
by ¢ as a function defined on I'.

The reduction of dimension in the fractures is based on the assumption
that dy <« diam(€2). It is obtained by integration of the conservation equations
along the width of the fractures in the normal direction using the approximation
k(S¢) of k(S) in the definition of the tangential flux in the fractures

dfr0iSF + divo(qF) —vdm, — Y dp, =0, a = 1,2,

o RS L Lo
q - ) = ) )

T (3)
V? = _def(VTPf —pgr), a=1,2,

1 2 __
Sh4s2=1,

with g- = g — (g - n")n*. This conservation equation on T is coupled to the
conservation equation in the matrix domain Q\ "

¢matsg1 + dlv(q?n) = 07 a = 1, 27

qm k (S )Vfr(’:m a = 1727

e (4)
V K ( _pag)7a:172a
S}n +52 1,

where we use the subscript m to denote the properties and unknowns of the
reduced model defined in the matrix domain.

This hybrid-dimensional model (3)-(4) is closed with transmissions condi-
tions at the matrix fracture interface I'. They are based on the following two-
point flux approximation of the normal fluxes at both sides + of the fractures.
As opposed to the model proposed in [12], we take into account the gravity term
which cannot be neglected.

2k
« :I: N «
3 dJ; (Y P, — Pp) + kpup®g -0t a=1,2. (5)

n [12], the definition of the normal fluxes v¥q2, is obtained with the mobility

ke (8 =L ) using the mean saturation in the width of the fracture. This choice leads
to a wrong approximation as soon as the phase « enters from the matrix into
the fracture. Actually, this mobility must be upwinded with respect to the sign
of Vf'ff. For any a € R let us set a™ = max(a,0) and a~ = min(a,0). The
normal fluxes are obtained using the following upwind approximations of the
mobilities with respect to the sign of the phase normal velocities

S O
Vg, = T,f(vf,h )

ke (vESm) +

Tuiam(vﬁ;l )Foa=1,2 (6)
This phase based upwinding of the mobilities is known to lead to a two point
monotone flux for the saturation equation. It also provides a flux consistency
error of the order of the ratio between the width of the fracture and the size of
the matrix domain, which is assumed to be small.



Note also that the use of the mean saturation S%¢ in the mobilities (6) for
output fluxes from the fracture to the matrix basically assumes that the sat-
uration in the fracture is well approximated by a constant along the width.
This holds true for fractures with a high conductivity d;K; compared with the
conductivity of the matrix diam(2)K,,. This condition will be assumed in the
following.

kfin L .
Moreover, when ~£% >> ﬁﬂfﬂ)’ the transmission condition (5) can be fur-

df
ther approximated by the pressure continuity condition at the matrix fracture
interface I"

'YJer:'YiPm:'VPm:va (7)

recovering the condition introduced in [1] for single phase Darcy flows. In this
case, the definition of the normal fluxes (6) is modified as follows using the
normal trace v,V of V& rather than Vfo";li:
B (S9) ROty
v = L e vay T+ I ey a—1a

In the following, we will assume that this approximation holds which means
that we consider the case of fractures acting as drains and exclude the case of
fracture acting as barriers.

Finally, closure conditions are set at the immersed boundary of the fracture
network OI'\ 002 (fracture tips) as well as at the intersection ¥ between fractures.
Let vp,. (resp. Ynor, » j € J) denote the normal trace operator at the fracture
network boundary (resp. fracture I'; boundary) oriented outward to I' (resp.
T';). At fracture tips, it is classical to assume homogeneous Neumann boundary
conditions in the sense that

o} =0, on I\ 90, a = 1,2,

meaning that the flow at the tip of a fracture can be neglected compared with
the flow along the sides of the fracture. At the fracture intersection ¥, we
introduce the additional unknowns Py, S§, a = 1,2 and we impose the normal
flux conservation equations

Z('Ynapj qf)ls =0, a=1,2,
jE€J

meaning that the volume at the intersection between fractures is neglected. The
saturations S¢, a = 1,2 are such that Sy + S% = 1 and play the role of the
input saturations at the fracture intersection. In addition, we also impose the
continuity of the pressure Py = Px at 3. This amounts to assume a high ratio
between the permeability at the intersection and the fracture width compared
with the ratio between the tangential permeability of each fracture and its lengh.

2.4 Hybrid-dimensional non-isothermal compositional model

The hybrid-dimensional non-isothermal compositional model is obtained fol-
lowing the above strategy for the dimension reduction. The set of unknowns is



defined by X,, in the matrix domain 2\ T, by X in the fracture network T,
and by Xy at the fracture intersection . The set of equations couple the molar

and energy conservation equations in the matrix

GmOni(Xp) + div(qim) =0, i € C,
d)matE(Xm) + (1 - ¢m)8tE7'(Pm7Tm) + diV(qe,m) =0,

in the fracture network

dyr0imi(Xs)+dive(aif) — % Qijm — ¥y im = 0, 0 € C,
drprO E(Xy)+ds(1 — ¢p)0Er(Py, Ty)
+diVT(CIe,f) - ’yrtqem@ - 7»;qe,m = 07

and at the fracture intersection

> Onor, @ip)ls =0, i €C,
JjeJ

Z('Vnarj Qe,f)|z =0,

jeJ
as well as the Darcy and Fourier laws providing the fluxes in the matrix

Qm = Y mHXp)VE,
a€QmNP;

Qe,m = Z mg(Xm)Vgl - )\mvaa
a€Qm

and in the fracture network

Q= Y myXsVY,
acQ NP

A= Y, me(Xp)VG —deAfV, Ty,
a€Qy

where
V?‘n = _Km (vpm - pa(Pm, Tm7 C’ﬁﬂg),

V¢ = —d;K; (VTPf - Pa<Pfan’C?)gT>’

(9)

(10)

and finally the local closure laws including the thermodynamical equilibrium

> sy =1,

acQ,

Yo, =1, acQy,

ieCe

fo(P, T, COCE, =fL (P, T,,CHCY,, a# B, (a,B) € (Q,NP;)2. i €C,

i,

Qu :Qflash (Xu)a

10

(14)



for v = m, f,3. The system (9)-(10)-(11)-(12)-(13)-(14) is closed with the
transmission conditions at the matrix fracture interface I'. These conditions
state as above the continuity of the pressure complemented for non-isothermal
models with the continuity of the temperature. It is combined with a phase
based upwind approximation of the mobilities in the matrix fracture normal
fluxes. This corresponds to the usual finite volume two point upwind scheme
for the mobilities (see e.g. [36]) applied for our reduced model in the normal
direction between the center of the fracture and each side of the fracture.
’Y+Pm:'77Pm:’YPm:va
’7+Tm = V_Tm = ’YTm = Tf»
+ . Y +yro\— a/t +yra\+
Tn Ai,m = My (Xf)(r)/n Vm) + m; (7 Xm)(’}/n Vm) ’

VEQem = mE(Xp)(vEVE) ™ +m(vEXn) (EVE) T + 75 (A V).

(15)

Note also that the pressure Py (resp. the temperature ') is assumed continuous
and equal to Py, (resp. Tx) at the fracture intersection X, and that homogeneous
Neumann boundary conditions are applied for each component molar q; y and
energy qe,s fluxes at the fracture tips oI' \ Q.

Regarding the boundary conditions, to fix ideas, we restrict ourselves to ei-
ther Dirichlet or homogeneous Neumann boundary conditions. At the Dirichlet
matrix boundary 0Qp (resp. Dirichlet fracture boundary OI'p) the pressure
P, p (resp. Ps p), temperature T, p (resp. Tt p), are specified, as well as the
set of input phases @, p (resp. Q p), their volume fractions Sp.ps @ € Qm.p
(resp. S¢p,a € Qy,p) and their molar fractions Co.ps @ € Qm,p (resp. C¢ps
a € Qg p) assumed to satisfy the local closure laws. Then, we set for v =m, f

P, =P, p,
T, =T, p,
Sy =Sy p forae@,pif V) -n, <0,
cy :CS,D fora € Q,p if Vy -n, <0,

(16)

where n,, is the output unit normal vector at the boundary 9Qp for v = m,
and at the boundary 0T'p for v = f.

Homogeneous Neumann boundary conditions are applied at the boundaries
0Qn and OT'y in the sense that q;, -n, =0 for i € CU {e}, v = m, f, where
n, is the output unit normal vector at the boundary 0Qy for v = m, and at
the boundary OI'yy for v = f.

3 Discretization and algorithm

3.1 VAG discretization

The VAG discretization of hybrid-dimensional two-phase Darcy flows introduced
in [13] considers generalised polyhedral meshes of Q in the spirit of [37]. Let
M be the set of cells that are disjoint open polyhedral subsets of €2 such that
Ukem K = Q, for all K € M, xx denotes the so-called “centre” of the cell
K under the assumption that K is star-shaped with respect to xx. The set of
faces of the mesh is denoted by F and Fy is the set of faces of the cell K € M.
The set of edges of the mesh is denoted by £ and &, is the set of edges of the

11



face o € F. The set of vertices of the mesh is denoted by V and V, is the set of
vertices of the face o. For each K € M we define Vg = UaeFK V.

The faces are not necessarily planar. It is just assumed that for each face
o € F, there exists a so-called “centre” of the face x, € o\ U.c¢, € such
that x, = Zsevg Bos Xs, with Zsevg Bss =1, and B, > 0 for all s € V,;
moreover the face o is assumed to be defined by the union of the triangles T} .
defined by the face centre x, and each edge e € £,. The mesh is also supposed
to be conforming w.r.t. the fracture network I' in the sense that for all j € J

there exist the subsets F, of F such that

T, = U .

O'E]:l"j

We will denote by Fr the set of fracture faces

Fr = 7,

jeJ

and by

Vr = U Vo’v

o€Fr

the set of fracture nodes. This geometrical discretization of €2 and I" is denoted
in the following by D.
In addition, the following notations will be used

Mg={KeMl|seVg}, M,={KeMl|oec Fg},

and
JT'.F,s:{O'G.FF|SEVg}.

The VAG discretization is introduced in [37] for diffusive problems on het-
erogeneous anisotropic media. Its extension to the hybrid-dimensional Darcy
flow model is proposed in [13] based upon the following vector space of degrees
of freedom:

Vp = {vk,vs,v, ER,K € M;s €V, 0 € Fr}.

The degrees of freedom are exhibited in Figure 2 for a given cell K with one
fracture face ¢ in bold.

The matrix degrees of freedom are defined by the set of cells M and by the
set of nodes V \ Vr excluding the nodes at the matrix fracture interface I'. The
fracture faces Fr and the fracture nodes Vr are shared between the matrix and
the fractures but the control volumes associated with these degrees of freedom
will belong to the fracture network (see Figure 3). The degrees of freedom at
the fracture intersection . are defined by the set of nodes Vs, C Vr located on
3.

The set of nodes at the Dirichlet boundaries 9Qp and O p is denoted by
Vp.

The VAG scheme is a control volume scheme in the sense that it results, for
each non Dirichlet degree of freedom in a mass balance equation. The matrix
diffusion tensor is assumed to be cellwise constant and the tangential diffusion
tensor in the fracture network is assumed to be facewise constant. The two
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main ingredients are therefore the conservative fluxes and the control volumes.
The VAG matrix and fracture fluxes are exhibited in Figure 2. For up € Vp,
the matrix fluxes F ,(up) connect the cell K € M to the degrees of freedom
located at the boundary of K, namely v € Ex = Vi U (Fx NFr). The fracture
fluxes Fi, s(up) connect each fracture face ¢ € Fr to its nodes s € V,. The
expression of the matrix (resp. the fracture) fluxes is linear and local to the cell
(resp. fracture face). More precisely, the matrix fluxes are given by

FK,V(UD) = Z TIV(’V,(UK —’u,,j/)7

VEEK

with a symmetric positive definite transmissibility matrix Tx = (T’ I”g”/)(l,’,,/)eg KXEx
depending only on the cell K geometry (including the choices of xx and of
X,,0 € Fk) and on the cell matrix diffusion tensor. The fracture fluxes are
given by
FO',S(U/D) = Z Tg&s/ (UU - US'),
s€EV,

with a symmetric positive definite transmissibility matrix T,, = (Tj’sl)(s,sl)eva Vs
depending only on the fracture face o geometry (including the choice of x,) and

on the fracture face width and tangential diffusion tensor. Let us refer to [13]

for a more detailed presentation and for the definition of Tk and T, .

ug Us

Figure 2: For a cell K and a fracture face o (in bold), examples of VAG degrees
of freedom ug, us, Uy, us and VAG fluxes Fik o, Fi s, Fxs', Fos.

The construction of the control volumes at each degree of freedom is based on
partitions of the cells and of the fracture faces. These partitions are respectively
denoted, for all K € M, by

?ZEKU U WKs |

SGVK\VD

and, for all o € Fr, by

Ql
|
M|

q

(-

(-
M|

q

SEVU\VD
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It is important to notice that in the usual case of cellwise constant rocktypes
in the matrix and facewise constant rocktypes in the fracture network, the im-
plementation of the scheme does not require to build explicitly the geometry
of these partitions. In that case, it is sufficient to define the matrix volume
fractions

[ dx

WK,s

= e

constrained to satisfy ak, > 0, and ZSGVK\(VDUVF) ags <1, as well as the
fracture volume fractions

. fEa,s dy(x)dr(x)
7 [ di(x)dr(x)

constrained to satisfy a,s > 0, and ZSEVU\VD 055 < 1, where we denote by
dr(x) the 2 dimensional Lebesgue measure on I'. Let us also set

,SGVK\(VDUVF),KEM,

,SEVU\VD7J€]:F,

¢ = (1 — Z aK’S)/K@n(x)dx for K € M,

SEVK\(VDUVF)

and

bo=(1= > o) / bf(x)ds(x)dr(x) for o € Fr,

sEV,\Vp 7

as well as

s = Z aK’S/ Odm(x)dx  fors e V\ (VpUVr),
KeM, K
and

Os = Z Qos /U ¢5(x)ds(x)dr(x) forseVr\Vp,

oc€Fr,s

which correspond to the porous volume distributed to the degrees of freedom
excluding the Dirichlet nodes. The rock complementary volumes in each control
volume v € MU Fr U (V\ Vp) are denoted by ¢,.

As shown in [13], the flexibility in the choice of the control volumes is a cru-
cial asset, compared with usual CVFE approaches and allows to significantly
improve the accuracy of the scheme when the permeability field is highly het-
erogeneous. As exhibited in Figure 3, as opposed to usual CVFE approaches,
this flexibility allows to define the control volumes in the fractures with no con-
tribution from the matrix in order to avoid to enlarge artificially the flow path
in the fractures.
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q

Figure 3: Example of control volumes at cells, fracture face, and nodes, in the
case of two cells K and L splitted by one fracture face o (the width of the
fracture is enlarged in this figure). The control volumes are chosen to avoid to
mix the fracture and matrix rocktypes.

In the following, we will keep the notation Fg s, Fx o, Fo s for the VAG
Darcy fluxes defined with the cellwise constant matrix permeability K,, and
the facewise constant fracture width d; and tangential permeability K;. Since
the rock properties are fixed, the VAG Darcy fluxes transmissibility matrices
Tk and T, are computed only once.

The VAG Fourier fluxes are denoted in the following by Gx s, Gk, Gos-
They are obtained with the isotropic matrix and fracture thermal conductivities
averaged in each cell and in each fracture face using the previous time step
fluid properties. Hence VAG Fourier fluxes transmissibility matrices need to be
recomputed at each time step.

3.2 VAG discretization of the hybrid-dimensional non-isothermal
compositional model

The time integration is based on a fully implicit Euler scheme to avoid severe
restrictions on the time steps due to the small volumes and high velocities in the
fractures. A phase based upwind scheme is used for the approximation of the
mobilities in the Darcy fluxes, that is to say the same scheme that is already used
in the definition of the transmission conditions (15) of the hybrid-dimensional
model. At the matrix fracture interfaces, we avoid the mixing of the matrix and
fracture rocktypes in our choice of the control volumes for ¢ € Fr and s € Vr
(see Figure 3). To avoid too small control volumes at the nodes s € Vs; located
at the fracture intersection, the volume is distributed to such a node s from
all the fracture faces containing the node s. It results that the volumes of the
control volumes s € Vy at the fracture intersection is not smaller than at any
other matrix fracture degrees of freedom. This solves the problems reported
in [4] and [17] related to the small volumes at the fracture intersections and
avoid the Star-Delta transformation used in [4] which is not valid in the case of
multiphase flows.

For Ny € N*, let us consider the time discretization t° = 0 < ¢! < --- <
th=l < ... < tNT = T of the time interval [0,T]. We denote the time steps
by At" =t* —t"Lforalln=1,---,Np.

Let be given, for each degree of freedom v € M U Fr UV, the set of physical
unknowns of the Coats’ formulation

X, = (PuaTuasgaC;laa € Quani,uai S zQanu)~
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We denote by Xp, the full set of unknowns

X'D:{XV,I/EMU]'—FUV}.

We will use the notation Qp = (Qu, ve MUJFruU V), and, for a given @Q,, we
denote by
XQV = (Puv Tua 537 Cgv o€ Qua ni,uvi S éQy>v

the set of physical unknowns excluding the set of present phases @),,. Similarly,
for a given Qp, we set

Xogp, ={Xqg,, v e MUFr UV}

We can clearly identify X, and (Xg,,Q,) as well as Xp and (X¢,,@p)-
The Darcy fluxes taking into account the gravity term are defined by

{ VE,(Xp) = Fk.(Pp)+p% , Fxu(Gp), v €EK, K €M,

17
VO (Xp) = Fon(Pp) + 02+ Fra(Gp), 5 € Voy0 € Fr, (17)

where Gp denotes the vector (g - X, )vemurruy, and the phase mass density is
defined by the weighted average

W SEp(PAT,C9) + 55 (P, T C)
pl/,u/ - Sya + SS/

The discretization of the mobilities is obtained using a usual phase based up-
winding (see e.g. [36]). For each Darcy flux, let us define the phase dependent

upwind control volume cvy , such that

o« _ | K if Vg (Xp)=0 _
ch’V—{ v if Ve (Xp) <0 for K € M,v € Ek,

for the matrix fluxes, and such that

N _{ o if V,(Xp)=0

Jag < if Vgofs(XD)<0 for o € Fr,s €V,

Ccv

for fracture fluxes. Using this upwind discretization, the component molar fluxes
are given by

G (Xp) = D mi(Xew Vi (Xp)

Q€Qcpa NPy
v

for i € C, and the energy fluxes by

qe,u,u’(XD) = Z me (XCUS,V/)VUO,[I//(XD) +Gou (Tp).

a€Q , nP;
v,

Next, in each control volume v, let us denote by

Ai,u(XV) - ¢uni(Xu)7 1€ C
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the component molar accumulation, and by
AGW(XD) = ¢VE(XV) + (EVET(PmTV)v

the energy accumulation.

We can now state the system of discrete equations at each time step n =
1,---, Ny which accounts for the component and energy conservation equations
i € CU{e} in each cell K € M

Ai(X) = A

X’I’L*l) " .
Atn —+ Z Gk s(XD)+ Z 4i,k,0(Xp) =0,

sEVk oc€FrNFK

RKJ(X%) =

(18)
in each fracture face o € Fr

Ai(X7) — Ai(

R, i(Xp) == N + Z Gios(Xp) + Z —qi,k,0(Xp) =0,
se€V, KeM,
(19)
and at each node s € V\ Vp
n Ai Xn) — Az Xn—l N "
Rsi(Xp) == (X NG (s )+ Z —Gi,os(Xp)+ Z —Gi,k,s(Xp) =0.
cE€Fr . KeM,
(20)
It is coupled with the local closure laws
Z Sua’n - 13
acQr
0=L(x"):={ > Ci—1 aeqy (21)
icce

FEPR T, ComMOT — fR(Pr, TR, CEm) e,

C¥7é57 (avﬁ) € (Q:/Lmtpz)z 1 S Cv

the flash computations Q7 = Q f14sn(X]}) for v € MU (V\ Vp) U Fr, and the
Dirichlet boundary conditions

Xs = XS,D7

for all s € Vp.

3.3 Newton-Raphson non-linear solver

Let us denote by R, (Xp) the vector (Ru,i, ieCU {e}), and let us rewrite the

conservation equations (18), (19), (20) and the closure laws (21) as well as the
boundary conditions in vector form defining the following non-linear system at
each time step n =1,2,..., Np

Ls(Xy)

0=R(Xp):= }Lzzgf)) ) o€ Fr, (22)
Rk (Xp)
L (Xy) ) feM



where the superscript n is dropped to simplify the notations and where the
Dirichlet boundary conditions have been included at each Dirichlet node s € Vp
in order to obtain a system size independent on the boundary conditions.

The non-linear system R(Xp) = 0 coupled to the flash fixed point equations
Qv = Qfiasn(Xy), v € MU Fr U (V\ Vp) is solved by a Newton-Raphson
algorithm at fixed Qp combined with a fixed point algorithm for the update of
@Qp. The algorithm is initialized with an initial guess X ,QD usually glven by

the previous time step solution and computes the initial residual R(X g?) , QD )

and its norm HR(XS);, g)))” for a given weighted norm |.||.
The Newton algorithm iterates on the following steps for » = 0,--- , until
convergence of the relative residual

HR(Xg;,Q(”)H
IR(XS), Q9]

> €newton

for a given stopping criteria €peqton Or until it reaches a maximum number of
Newton steps N%¢

newton*

1. Computation of the Jacobian matrix

10 = 52— (x6).08).

2. Solution of the linear system

Jm ngg ( (7’) QD) (23)

3. Update of the unknowns Xg; with a full Newton step ") = 1 or a
possible relaxation (") € (0,1).

(r+3) _ 5(r) r (r)
XQD = XQD + a dXQD'

4. Flash computations to update the sets of present phases Q(DTH). The flash
computations also provide the molar fractions of the new sets of present

1
phases. They are used together with Xg:rz) and Qgﬂ) to update the
new set of unknowns X (TH).

5. Computation of the new residual R(X (TDH), gﬂ)) and of its norm.

If the Newton algorithm reaches the predefined maximum number of iterations
before convergence, then we restart this time step with a reduced At.

In view of the non-linear system (22), the size of the linear system for the
computation of the Newton step can be considerably reduced without fill-in by

e Step 1: elimination of the local closure laws (21),

e Step 2: elimination of the cell unknowns.
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Step 2 is detailed in Section 4.2. The elimination of the local closure laws (Step
1) is achieved for each control volume v € MU Fr UV by splitting the un-
knowns X¢, into #C + 1 primary unknowns X¢ and N34 secondary unknowns
X! with
N =14 #Qu + Y #C +#Co, — #C.
a€Qy

For each control volume v € M U Fp UV, the secondary unknowns are chosen
in such a way that the square matrix

sd sd
% (X5, X5!.Qu) € RNV,
Qv
is non-singular. This choice can be done algebraically in the general case, or
defined once and for all for each set of present phases @, for specific physical
cases. Here we remark that the unknowns (nw)ieng are not involved in the
closure laws (21) and hence are always chosen as primary unknowns.

The ill conditioned linear system obtained from (23) after the two elimi-
nation steps is solved using an iterative solver such as GMRES or BiCGStab
combined with a preconditioner adapted to the elliptic or parabolic nature of
the pressure unknown and to the coupling with the remaining hyperbolic or de-
generate parabolic unknowns. One of the most efficient preconditioners for such
systems is the so-called CPR-AMG preconditioner introduced in [34] and [35].
It combines multiplicatively an algebraic multigrid preconditioner (AMG) for a
pressure block of the linear system [38] with a more local preconditioner for the
full system, such as an incomplete LU factorization. The choice of the pressure
block is important for the efficiency of the CPR-AMG preconditioner. In the
following experiments we simply define the pressure equation in each control
volume by the sum of the molar conservation equations in the control volume.
Let us refer to [34], [35], and [39] for a discussion on other possible choices.
Let us denote by Jx = b the linear system where J is the Jacobian matrix and
b the right hand side taking into account the elimination steps and the linear
combinations of the lines for the pressure block. The CPR-AMG preconditioner
Pepr—amg is defined for any vector v by Pepr—amgV = v! with

U1/2 =v+ R;Pamg(Jp)RP(b - JU)7
vt =0 4 Pituo (b — Jvl/2)7 (24)

where Pymg(sp) is the AMG preconditioner with Jp = RpJRITD, Piwo 18 the
ILU(0) preconditioner applied on the Jacobian J, Rp is the restriction matrix
to the pressure unknowns and R—IE is the transpose of Rp.

4 Parallel implementation

Parallel implementation is achieved using the Message Passing Interface (MPI).
Let us denote by NN, the number of MPI processes.

4.1 Mesh decomposition

The set of cells M is partitioned into NN, subsets M?,p = 1, ..., N,, using the
library METIS [40]. The partitioning of the set of nodes V and of the set of
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fracture faces Fr is defined as follows: assuming we have defined a global index
of the cells K € M let us denote by K(s),s € V (resp. K(0), o € Fr) the cell
with the smallest global index among those of Mg (resp. M, ). Then we set

VP ={seV|K(s)e M},
and
FR={c € Fr|K(c) e MP}.

The overlapping decomposition of M into the sets
M, p=1,..,Np,

is chosen in such a way that any compact finite volume scheme such as the
VAG scheme can be assembled locally on each process. Hence, as exhibited in
Figure 4, M" is defined as the set of cells sharing a node with a cell of MP.
The overlapping decompositions of the set of nodes and of the set of fracture
faces follow from this definition:

VI): U VKvp:]-v"'7Np7
KeM”

and B
P U FenFe o=l N,
KeM”

M! M2

SN SNANAN
NN N AN

“—

V

Figure 4: Example of mesh decomposition.

The partitioning of the mesh is performed by the master process (process
1), and then, each local mesh is distributed to its process. Therefore, each MPI
process contains the local mesh (ﬂp, Vp, ?fﬂ), p=1,2,..., N, which is splitted
into two parts:

own mesh: (MP, VP FR),
ghost mesh: (mp\Mpvvp\Vpaf‘;\}—f:)

We now turn to the parallel implementation of the Jacobian system.
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4.2 Parallelization of the Jacobian system

On each process p = 1, ..., N, the local Jacobian system is defined by the set
of unknowns X, v € YU 7{: U Mp, the closure equations on control volume
v eV UFr UM and the conservation equations of all own nodes s € VP, all
own fracture faces o € FF and all own and ghost cells k € M.

The local Jacobian system is firstly reduced by eliminating the local closure
laws on each control volume v € V* U.T? UM’ using the procedure presented in
Section 3.3. The local reduced Jacobian system can be written as the following
rectangular linear system

7D
D P 7 7P| _
T o T | \Up | = | %
J(Iz)s ch J(z:jc UC bzcj
where U" € R#V'x(#C+1) U} e R#FrX(#CH1) and TF € R#M X #CH) denote
the vector of own and ghost primary unknowns X g, at the nodes v € Vp, at
the fracture faces v € ?? and at the cells v € M" respectively on the process
p. The above matrices have the following sizes

JP € R(#Vpx(#CJrl)) X (#V”x(#c+1))

T2 € R(#f{jx(#cH)) x (#FLx (#C+1))

gp e R#FM xer) x (#37 x (#C+1))
and by € R#V'XG#CHD pl ¢ RFFEXHCHD and b € R#M X#CHD) denote the
corresponding right hand side vectors. The matrix JZ, is a non singular diagonal

matrix and the cell unknowns can be easily eliminated without fill-in leading to
the following Schur complement system

TP
J? (gz;c) — (25)
with
N AN AN
JP = J;’: J?J;) - (J}’C> (J(I:)c) ! (Jgs Jff) )
w\ [
v () - () e
v5)  \Jfe
and

The linear system (25) is built locally on each process p and transfered to the
parallel linear solver library PETSc [41]. The parallel matrix and the parallel
vector in PETSc are stored in a distributed manner, i.e. each process stores its
own rows. We construct the following parallel global linear system

JU = b, (27)
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with

JIR! process 1
J?R? process 2
J = ,
JNe RN» } process IV,
and
Uy
U} process 1
U2 bt % process 1
s 2
2 process 2 b process 2
v | Us b=
U;{vp bNe } process IV,
N process IV,
f

where RP,p =1,2,..., N, is a restriction matrix satisfying

)

and the vector P are stored in process p.

7P
RPU = <U§
Uy
%

Uy
The linear system (27) is solved using the GMRES algorithm preconditioned

by CPR-AMG preconditioner as discussed in the previous section. The solution
Uy
7)o
own node and fracture-face unknowns. Then, the ghost node unknowns U?, v €
(V’\V?) and the ghost fracture face unknowns U?, v € (Fp\FE) are recovered
by a synchronization step with MPI communications. This synchronization is

efficiently implemented using a PETSc matrix vector product

The matrix JP RP, the vector

of the linear system provides on each process p the solution vector

U=SU (28)

where

=

is the vector of own and ghost node and fracture-face unknowns on all processes.
The matrix S, containing only 0 and 1 entries, is assembled once and for all at
the beginning of the simulation.

Finally, thanks to (26), the vector of own and ghost cell unknowns U’C) is
computed locally on each process p.

5 Numerical results

The numerical tests are implemented in the framework of the code ComPASS on
the cluster “cicada” hosted by University Nice Sophia-Antipolis consisting of 72
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nodes (16 cores/node, Intel Sandy Bridge E5-2670, 64GB/node). We always fix
1 core per process and 16 processes per node. The communications are handled
by OpenMPI 1.8.2 (GCC 4.9).

Five test cases are considered in the following subsections. They include
a two phase immiscible isothermal Darcy flow model, a two phase isothermal
Black Oil model and a non-isothermal liquid gas flow model. Different types
of meshes namely hexahedral, tetrahedral, prismatic and Cartesian meshes are
used in these simulations.

The settings of the nonlinear Newton and linear GMRES solvers are defined
by their maximum number of iterations denoted by N7, and Ngiii - and by
their stopping criteria on the relative residuals denoted by €pewion and €gmres-

The time stepping is defined by an initial time step At(®) and by a maximum
time step At(®) on each time interval [t(), t(+1)) k=0, ... , ky—1 with t@ =0
and ) = t¢, where t; is the final simulation time. The successive time
steps are computed using the following rules. If the Newton algorithm reaches
convergence in less than N7 iterations at time step n with t” € [t(k), t(k+1)),

newton
then the next time step At"*! is set to

At = min(cAt™, At®), ¢ =1.2. (29)

If the Newton algorithm does not converge in N;*%%  iterations or if the linear

solver does not reach convergence in NgW"  iterations, then the time step is
chopped by a factor two and restarted.

In all the following numerical experiments, the relative permeabilities are
given by the Corey laws k2(S) = (5%)? for both phases o € P and both in the

matrix domain and in the fracture network.

5.1 Two phase immiscible isothermal flow

In this subsection, we consider an immiscible isothermal two phase Darcy flow
with P = {water,oil} the set of phases and C = {H>O, HC'} the set of com-
ponents. The model prescribes the mass conservation and we set pWete"™ =
1000 kg/m?® and p°! = 700 kg/m>®. The phase viscosities are set to p*e*r =
1073 Pa-s and p° = 5.0 x 107 Pa-s.

The reservoir domain is defined by Q = (0, 100) x (0, 100) x (0, 100) in meter.
We consider a topologically Cartesian mesh of size n, X n, x n, of the domain
Q) exhibited in Figure 5 for n, = 16. The mesh is exponentially refined at
the interface between the matrix domain and the fracture network as shown
in Figure 5. The width of the fractures is fixed to dy = 0.01 meter. The
permeabilities are isotropic and set to A,, = 107! m? in the matrix domain
and to Ay = 107 m? in the fracture network. The porosities in the matrix
domain and in the fractures are ¢,, = 0.1 and ¢ = 0.5 respectively.

The reservoir is initially saturated with water and oil is injected at the
bottom boundaries of the matrix domain and of the fracture network. The oil
phase rises by gravity in the matrix and in the fracture network. The lateral
boundaries are considered impervious. The initial pressure is hydrostatic with
P =2 MPa at the bottom boundaries and P = 1 MPa at the top boundaries.

The linear and nonlinear solver parameters are fixed to N5 . = 35,
N;’j,?ﬁes = 150, €gmres = 1074, enewton = 107°, and the time stepping pa-
rameters are fixed to ¢ty = 10000 days, At =5 days, At() =5 days, At®) =
15 days, t™) = 100 days, k; = 2.
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Figure 6 exhibits the saturation of oil at times ¢ = 2500, 5000, 7500 days and
at the final time ¢y = 10000 days, obtained with the mesh size n, = 128.
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Figure 5: Example of hexahedral mesh of the matrix domain (left) conforming
to the fracture network (right) where n, = 16.
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Figure 6: Saturation of oil in the fractures and in the matrix domain at different
times (in days) for the hexahedral mesh with n, = 128. A threshold of 0.2 is
used for the saturation in the matrix domain.

Table 1 clearly shows that both the total numbers of Newton iterations
and of linear solver iterations are almost independent on the number of MPI
processes. The Newton solver requires an average of 2.6 iterations per time step
and the GMRES linear solver converges in an average of 40 iterations. These
results are very good given the mesh size combined with the large constrast of
permeabilities and of space and time scales between the fracture network and
the matrix.

Figure 7 presents the total computation times in hours for different number
of MPI processes N, = 16, 32,64, 128. The scalability behaves as expected for
fully implicit time integration and AMG type preconditioners. It is well known
that the AMG preconditioner requires a sufficient number of unknowns per MPI
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Table 1: Number of time steps (Niimestep), total number of Newton iterations
(Npewton) and total number of linear solver iterations (Ngmres) vs. number
of MPI processes for the two phase immiscible isothermal flow test case with
hexahedral mesh where n, = 128.

N, 16 32 64 128

Niimestep 683 683 683 683
Nnewton 1743 | 1742 | 1745 | 1741
Nymres 68779 | 69015 | 68927 | 69070

Nnewton/Ntimestep 2.6 2.6 2.6 2.5
Nymres/Nnewton 39.5 39.6 39.5 39.7

process, say 100000 as classical order of magnitude, to achieve a linear strong
scaling. For this mesh size, leading to roughly 2.10% unknowns for the pressure
block, the scalability is still not far from linear on up to 64 processes and then
degrades more rapidly for N, = 128.

2% 10!

e—e Total time
+ Linear speedup

1x 10!

Time (hours)

0
110 16 32 64 128

Number of MPI processes

Figure 7: Total computation time vs. number of MPI processes for the two phase
immiscible isothermal flow test case with hexahedral mesh where n, = 128.

5.2 Black Oil model

This test case considers a Black Oil model with two components C = { H,O, HC'}
and two phases P = {water, oil}. The HC component can dissolve in the water
phase defined as a mixture of HC' and H»O while the oil phase contains only
the HC' component. The viscosities of the water and oil phases are the same as
in the previous test case. The mass densities are defined by

P =990 x (14 CHE") kg/m®, p”' = 700 kg/m®.

The fugacity coeflicients f&~(P,T,C?),a € P are defined by

water __ 1
HC - 5

u P-P_  P-P_
C2,

HC = p—p T p

with P, =1 MPa, P, =2 MPa, and ¢; =5 X 10_3, Co = 10~2.
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The reservoir is the cubic domain = (0,100)? in meter and the width of the
fractures is fixed to dy = 0.01 meter. We consider a tetrahedral mesh conforming
to the fracture network as exhibited in Figure 8 for a coarse mesh. The mesh
used in this subsection contains about 6.2x 108 cells, 9.7 x 10° nodes and 7.1 x 10%
fracture faces. The permeabilities are isotropic and fixed to A,, = 1075 m?
in the matrix domain and to Ay = 10~ m? in the fracture network. The
porosities in the matrix domain and in the fractures are ¢,, = 0.1 and ¢y = 0.5
respectively.

As in the previous test case, the reservoir is initially saturated with pure
water and oil is injected at the bottom boundaries of the matrix domain and
of the fracture network. The initial pressure is hydrostatic with P = 2 MPa at
the bottom boundaries and P = 1 MPa at the top boundaries.

The linear and nonlinear solver parameters are fixed to N%% —~— = 35,
Ngmires = 200, €gmres = 1074, €newton = 1075, and the time stepping pa-

rameters are fixed to ¢y = 10000 days, At® = 0.5 days, AtV = 2 days,
At =50 days, At®) =100 days, t() = 180 days, t(?) = 2000 days, k; = 3.

Figure 9 and Figure 10 present the oil saturation and the molar fraction of
the HC component in the water phase both in the fractures and in the matrix
domain at times ¢t = 2500, 5000, 7500, 10000 days.

Figure 8: Example of tetrahedral mesh of the matrix domain (left) conforming
to the fracture network (right).

As in the previous test case, table 2 exhibits that both the total numbers
of Newton iterations and of linear solver iterations are almost independent on
the number of MPI processes. The average number of Newton iteration is 8.8
per time step. This is a significant increase compared with the previous test
case which is due to the phase appearance and disappearance in the Black oil
model combined with large contrasts of permeabilities and space and time scales
between the matrix and the fractures. On the other hand, the average of linear
solver iterations is roughly 30 per Newton step which is even better than in the
previous test case.

Figure 11 exhibits the total simulation times as a function of the number
of MPI processes. The results are similar than in the previous test case. The
scalability is very good up to 32 MPI processes and degrades for IV, = 64 and
128 as expected for a number of unknowns in the pressure block roughly equal
to 108.
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Figure 9: Oil saturation in the fractures and in the matrix domain at different

times (in days) for the tetrahedral mesh. A threshold of 0.2 is used for the
saturation in the matrix domain.
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Figure 10: Molar fraction of the HC' component in the water phase in the frac-
tures and in the matrix domain at different times (in days) for the tetrahedral
mesh. A threshold of 0.001 is used for the saturation in the matrix domain.
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Table 2: Number of time steps (Niimestep), total number of Newton iterations
(Npewton) and total number of linear solver iterations (Ngmres) vs. number of
MPI processes for the block oil model test case with tetrahedral mesh.

N, 8 16 32 64 128
Niimestep 249 248 239 246 243
Nyewton 2182 | 2178 | 2115 2151 2135
Nymres 64340 | 64567 | 64649 | 64039 | 63277
Nuewton/Ntimestep 8.8 8.8 8.8 8.7 8.8
Nymres/Nnewton 29.5 29.6 30.6 29.8 29.6

2% 10!

e— Total time
--- Linear speedup

1x 10t

Time (hours)

0
1x10 16 32 64 128

Number of MPI processes

Figure 11: Total computation time vs. number of MPI processes for the black
oil model test case with tetrahedral mesh.

5.3 Non-isothermal liquid-gas simulation with a large dis-
crete fault network

We consider in this subsection a single H,O component liquid-gas non-isothermal
model with P = {water, gas} and C = {H>0}. The thermodynamical laws pro-
viding the phase molar densities, viscosities, internal energies, and enthalpies
as well as the saturation vapor pressure are obtained from [42]. The thermal
conductivity is fixed to A = 2 W.m~ ' K~! and the rock volumetric internal
energy is defined by E,.(T) = ¢;T with ¢}, = 16.10° J.m™2.K~'. The gravity is
not considered in this test case which means that the solution is 2 dimensional.

The fault network is provided by M. Karimi-Fard and A. Lapéne from
Stanford University and TOTAL as well as the prismatic mesh of the domain
Q = (0,5888) x (0,3157) x (0,200) (meters) which contains about 1.3 x 105 pris-
matic cells, 3.4 x 10% nodes and 7.1 x 10° fault faces. The 3D mesh is defined
by the tensor product of a triangular 2D mesh with a uniform vertical 1D mesh
with 10 intervals. The fault network contains 581 connected components. The
fault width is set to dy = 1 m and the permeabilities are isotropic and fixed
to A,, = 10715 m? in the matrix domain and to Ay = 102 m?2 in the fault
network. The porosities in the matrix domain and in the faults are ¢,, = 0.1
and ¢¢ = 0.1 respectively.

Let us set Toypur = {(x,y,2) € Q | =0} and Tippur = {(z,y,2) € Q |z =
5888}. The simulation domain is initially in liquid phase with P =1 MPa and
T = 450 K. Dirichlet boundary conditions are imposed at I'oypus with P =1
MPa and T' = 450 K (liquid phase) and at I';;,p with P = 2 MPa and T = 550
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Figure 12: 2D view of prismatic mesh of the matrix domain (left) conforming
to the fault network (right).

K (gas phase). The remaining boundaries are considered impervious to mass

and energy.
The linear and nonlinear solver parameters are fixed to N%% —~— = 50,

N%ﬁes = 300, €gmres = 10_4, €newton — 10_6, and the time stepping pa-
rameters are fixed to t; = 280000 days, At(®) = 1000 days, At(") = 10000 days,

ke
55006402 e
S
[45nn<+n2 EAsunnnz

) t = 70000 (b) t = 140000

Ea So0e-+02

500402
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Figure 13: Temperature in the matrix domain for the non-isothermal test case
on the prismatic mesh.

Figures 13 and 14 exhibit the temperature and the gas saturation at different
times. Table 3 shows the total number of Newton iterations and the total
number of linear solver iterations which are, as for the previous test cases,
almost independent on the number of MPI processes N, = 32, 64,128,256. The
average number of Newton iterations per time step is 20. This is a high value
but typical for such non-isothermal flows combining high non linearities in the
thermodynamical laws and highly contrasted matrix and fault properties and
scales. On the other hand, the number of linear solver iterations, roughly 60
per Newton step, remains very good. Simarly as in the previous test cases,
the scalability of the total simulation time with respect to the number of MPI
processes presented in Figure 15 is very good from 32 to 64 processes and then
degrades for N, = 128 and 256 due to a too small number of unknowns in the
pressure block per MPI process.
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Figure 14: Gas saturation in the matrix domain for the non-isothermal test case

on the prismatic mesh.

Table 3: Number of time steps (Niimestep), total number of Newton iterations
(Npewton) and total number of linear solver iterations (Ngnres) vs. number of
MPI processes for the non-isothermal test case on the prismatic mesh.

N, 32 64 128 256
Ntimestep 300 318 303 289
Npewton 5890 6012 5946 5885

Nymres 372671 | 370954 | 383523 | 391250
Nrewton/Ntimestep 19.6 18.9 19.6 20.4
Nymres/Nnewton 63.3 61.7 64.5 66.5

e—e Total time
+ Linear speedup
10t
2
p=3
1]
<
]
£
=
0
1o 32 64 128 256

Number of MPI processes

Figure 15: Total computation time vs. number of MPI processes for the non-
isothermal test case on the prismatic mesh.
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5.4 Thermal convection test case with Cartesian mesh

This test case considers the same physical two phase non-isothermal model as in
the previous subsection but including gravity. The mesh is a 3D uniform Carte-
sian mesh which contains 240 cells. The simulation domain is Q = (0,3000)3
in meters. The fault network is defined by

I'={(z,y,2) € Q| x =1500 or y = 1500 and 500 < z < 2500},

with fault width fixed to dy = 1 meter. The permeabilities are isotropic and
set to A, = 10715 m? in the matrix domain and to Ay = 10712 m? in the fault
network. The porosities in the matrix domain and in the faults are ¢,, = 0.1
and ¢y = 0.5 respectively.

The domain is initially in liquid phase with a fixed temperature 293 K and
an hydrostatic pressure defined by its value P = 1 bar at the top boundary. The
temperature is fixed to 623 K (liquid phase) at the bottom boundary which is
impervious to mass. At the top boundary, the pressure is set to 1 bar and the
temperature to 293 K (liquid phase). A zero flux for both mass and temperature
is imposed at the lateral boundaries of the domain.

The linear and nonlinear solver parameters are fixed to N%% —~— = 25,
N;%’lﬁes = 300, €gmres = 1074, €newton — 1075, and the time stepping pa-

rameters are fixed to t; = 2 x 107 days, At = 5 x 10° days, At() =
5 x 10° days, At(?) = 10° days, At(®) = 5 x 10% days, t() = 2.5 x 10° days,
t?) = 1.7 x 107 days, k; = 3.

Figure 16 shows the temperature in the faults and in the matrix domain at
times t = 1 x 107 and ¢t = t;. In addition, we present in Figure 17 the gas
saturation at final time.

In this test case, the thermal convection leads to convective instabilities
which are triggered by the numerical round-off errors. Hence it is not appro-
priate to make scalability tests since the solution will depend on the number
of MPI processes. Therefore, we only exhibit in Table 4 the results obtained
for N, = 256. This simulation lasts 40.57 hours. The convective instabilities
and strong nonlinearities require a small time step in order to obtain Newton’s
convergence, especially at the end of the simulation when the gas phase appears.

Table 4: Number of time steps (Niimestep), total number of Newton iterations
(Npewton) and total number of linear solver iterations (Ngmyres) for the thermal
convection test case on the Cartesian mesh where N, = 256.

Ntimestep 3117
Nnewton 6712
Nymres 238600
Nnewton/Ntimestep 2.2
Ngmres/Nnewton 35.5

5.5 Thermal convection test case with tetrahedral mesh

This last test case considers the same physical two phase non-isothermal model
as in the previous subsection, but with the tetrahedral mesh shown in Figure

31



—

Tem
= Y = s @ = = o @
e R ATATIe eeIvtevseTs [ TR

(a) t =1 x 107 days

= w = w0 @

(b) t =2 x 107 days

Figure 16: Temperature in the faults and in the matrix domain at different
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Figure 17: Saturation of gas in the matrix domain at the final time ¢t; = 2 x 107
days.
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8 and rescaled to a larger domain 2 = (0,3000)% in meters. The fault width is
fixed to dy = 1 meter. The permeabilities are isotropic and set to A,, = 10714
m? in the matrix domain and to Ay = 1072 m? in the fault network. The
porosity in the matrix domain is set to ¢,, = 0.25, and to ¢ = 0.35 in the fault
network.

At the intersection {z = 0} NT' of the bottom boundary with the fault
network, the temperature is fixed to 623 K and a mass flow rate of 100 kg/s
is uniformly prescribed. At the matrix bottom boundary, the temperature is
set as 473 K and the mass flow rate is set to zero. At the top boundary, the
pressure is set to 105 Pa and the temperature to 293 K (liquid phase). A zero
flux for both mass and temperature is imposed at the lateral boundaries of the
domain. The simulation domain is initially in liquid phase with an hydrostatic
pressure defined by the pressure boundary condition at the top boundary and
with a linear temperature between 293K at the top boundary and 473K at the
bottom boundary.

We set the linear and nonlinear solver parameters to N5, = 30, Ngite o =
150, €gmres = 107°, €pewton = 1079, and the time stepping parameters are fixed
to t; = 2 x 10° days, At = 50 days, At(Y) = 1000 days, At(?) = 50 days,
t1) = 5.8 x 10* days, k; = 2.

Figure 18 exhibits the temperature in the faults (left) and the gas saturation
in the faults and in the matrix domain (right) at times t = 7 x 10* days and
t=t;.

Table 5 shows the total number of Newton iterations and the total number
of linear solver iterations. We present the total computation time in hours
for different number of MPI processes N, = 16,32,64,128 in Figure 19. The
scalability is similar to the one obtained with the black oil model test case using
the same tetrahedral mesh as shown in Figure 11.

Table 5: Number of time steps (Niimestep), total number of Newton iterations
(Nnewton) and total number of linear solver iterations (Ngmres) vs. number of
MPI processes for the thermal convection test case with tetrahedral mesh.

N, 16 32 64 128
Niimestep 2939 2946 2950 2946
Nrewton 10043 10259 10352 10074
Ngmres 151993 | 155925 | 158124 | 153836
Nnewton/Ntimestep 3.4 3.5 3.5 3.4
Nsolver/Nnewton 15.1 15.2 15.3 15.3

6 Conclusion

In this paper, a discrete fracture model accounting for non-isothermal composi-
tional multiphase Darcy flows was introduced. The geometry takes into account
complex networks of intersecting, immersed or non immersed planar fractures.
The physical model accounts for an arbitrary nonzero number of components
in each phase allowing to model immiscible, partially miscible or fully miscible
flows. The discretization is based on the VAG finite volume scheme adapted to
unstructured polyhedral meshes and to anisotropic heterogeneous media. The
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Figure 18: Left: temperature in the faults at different times (days). Right:
saturation of gas in the faults and in the matrix domain at different times
(days) where a threshold of 0.0001 is used on the matrix domain.

4 %10
e— Total time
--- Linear speedup
a
3
o
<
Q 1
£ 1x10
£
4 x10°
10 16 32 64 128

Number of MPI processes

Figure 19: Total computation time vs. number of MPI processes for the thermal
convection test with tetrahedral mesh.
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time integration is fully implicit in order to avoid strong restrictions on the time
step due to the high velocities and small volumes in the fractures. The discrete
model is implemented in parallel based on the SPMD paradigm and using one
layer of ghost cells in order to assemble the systems locally on each processor.
The CPR-AMG preconditioner was investigated to deal with non-isothermal
models.

The numerical results exhibit the ability of our discrete model to combine
complex physics including non-isothermal flows, thermodynamical equilibrium
and buoyancy forces with fracture networks including highly contrasted matrix
fracture permeabilities. The parallel scalability requires, as expected for fully
implicit discretizations when using AMG type preconditioners, that the number
of degrees of freedom per processor is kept high enough.
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