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A simple and accurate coupled HLL-type
approximate Riemann solver for the two-fluid
two-pressure model of compressible flows

C. Chalons*

Abstract

This paper is concerned with the design of a very simple and efficient
Godunov-type method for the so-called two-fluid two-pressure compress-
ible model for two-phase flows. It is a contribution to the proceedings of a
workshop organized by the EDF R&D French utility company and devoted
to the verification of numerical schemes for two-phase flows. The present
study focuses on the convective part of the two-fluid two-pressure model
and is a short form of a longer paper [1] where the numerical strategy
also takes into account additional terms associated with sources, pressure
relaxation and drag forces. Numerical simulations and comparisons with
other strategies are proposed in the last section.

1 Introduction

This paper is concerned with the numerical approximation of the solutions of
the so-called two-fluid two-pressure model which was first proposed by Baer &
Nunziato [7] for granular energetic combustible materials embedded in gaseous
combustion products. Here, our basic motivation is the computation of com-
pressible and subsonic two-phase flows involved in the nuclear industry. We will
focus on the numerical approximation of the convective part of this model and
we will neglect here the pressure relaxation and drag force terms, the dissipation
terms due to laminar or turbulent viscosity, the heat conduction and the exter-
nal forces. Actually, the method proposed in the present paper is nothing but
a simplification of the Godunov-type method introduced in [1] where the full
model is treated and a particular attention is paid to the asymptotic properties
of the solutions when the source terms are stiff. Here, all these terms are set
to be zero. Said differently, the content of the present paper is not new but
already contained in [1] in a more complicated way since additional terms are
taken into account.

Mathematical and numerical studies of the model under consideration or
related ones are abundant in the literature and can be found in many papers
like (without any attempt to be exhaustive) Embid & Baer [23], Stewart &
Wendroff [54], Abgrall & Saurel [50], [51], Kapila et al. [39], Glimm et al. [31],
Abgrall & Saurel [50], Gavrilyuk & Saurel [30], Gallouét, Hérard & Seguin [29],
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Coquel, Gallouét, Hérard & Seguin [14], and more recently Ambroso, Chalons,
Coquel & Galié [2], Tokareva & Toro [56], Ambroso et al. [1], Coquel et al. [15],
[16], [17], [18], see also the references therein.

One of the main features of the two-fluid two-pressure model is to consider
two velocities u; and us and two pressures p; and po which are associated
with the two phases and are not necessarily equal. Unlike the so-called two-
fluid one-pressure models where the two pressures are equal, namely p = p; =
p2 in the closure relations, this feature makes real (instead of complex) the
characteristic speeds of the model. Moreover, the model is always hyperbolic
in the subsonic regime of interest here. From a mathematical viewpoint, this
flow regime expresses that some of the eigenvalues do not coincide and that the
so-called resonance phenomenon does not occur, which turns out to be relevant
in the nuclear energy industry framework which motivates this work.

From a numerical point of view, the size of the model, its nonlinearities
and the presence of nonconservative products make pretty difficult the design of
cheap and efficient numerical schemes for approximating its solutions. Again,
the literature is large on this topic as briefly reported below, but let us observe
from now on that most of the proposed schemes are based on nonlinear exact or
approximate Riemann solvers and/or consider a specific choice for the interfacial
velocity u; involved in the governing equations. Here, our first objective is to
present a Godunov-type method based on an approximate Riemann solver which
is explicitly defined and able to consider a continuous set of interfacial velocities.
The simplicity and accuracy of the method make it well-adapted to the nuclear
industry.

Let us now briefly review some of the existing schemes for the two-fluid
two-pressure model. A first group of works is due to Saurel and collabora-
tors. Let us first mention that Saurel & Abgrall [50] and Andrianov, Saurel &
Warnecke [5] for instance (see also Saurel & Lemetayer [52] for a multidimen-
sional framework) take into account the nonconservative terms by means of a
free streaming physical condition associated with uniform velocity and pressure
profiles. The discretization technique of [50] is improved by the same authors in
[51]. Then, in Andrianov & Warnecke [6] and Schwendeman, Wahle & Kapila
[53], the common objective is to get exact solutions for the Riemann problem of
the model. The approach is inverse in [6] in the sense that the initial left and
right states are obtained as function of the intermediate states of the solution.
On the contrary, a direct iterative approach is used in [53] leading to exact so-
lutions of the Riemann problem for any initial left and right states. See also
the work of Deledicque & Papalexandris [22]. Another direct approach to con-
struct theoretical solutions is proposed in Castro & Toro [10]. In this work the
authors propose to solve the Riemann problem approximately assuming that all
the nonlinear characteristic fields are associated with rarefaction waves. More
recently, Tokareva & Toro propose in [56] a HLLC-type approximate Riemann
solver which takes into account all the seven waves that are naturally present
in the model, and that can be seen as a similar but faster approach in com-
parison to the exact solver proposed in [53]. Finally, all these (approximate or
exact) solutions are used to develop a Godunov-type method. At last, other
finite volumes methods have been used. For instance in Gallouét et al. [29] (see
also Guillemaud [34]), the approximation of the convective terms of the system
is based on the Rusanov scheme (Rusanov [49]) and the so-called VFRoe-ncv
scheme (Buffard et al. [9]), these strategies being adapted to the nonconser-



vative framework, at least for systems where nonconservative products are not
active in genuinely nonlinear fields. In Munkejord [46] and Karni et al. [40], the
authors use Roe-type schemes. For additional theoretical and numerical studies
devoted to the two-fluid two-pressure model, we also refer to the recent works
[32], [55], [19], [45], [15], [16], [17], [18], [48], [44], [20], [24].

The outline of the paper is classical and as follows. Section 2 presents the
model under consideration. Section 3 gives the Godunov-type strategy and the
underlying explicit approximate Riemann solver. At last, Section 4 is concerned
with numerical experiments.

2 The model under consideration

We consider the following non conservative system of partial differential equa-
tions in one space dimension

Orar, + urdgay, =0,

Or(akor) + Ox(akorur) = 0, (1)
O (cworur) + 0y (a(orui + pr)) — prozag =0,

Ot (o orer) + Oz (ar(orer + pr)ur) — prusdray =0,

where & = 1,2. In these equations, ag, ok, Uk, ex and pi denote the volume
fraction, density, velocity, specific total energy and pressure of the phase k, k =
1,2. We assume that the phases are unmixable, which writes here

a1 + o = 1, (2)
and obey an equation of state of the form
pr = pr(ok,ex), k=1,2, (3)

where e, = e, — u? /2 is the specific internal energy.

The nonconservative products pyd,ax and pru;0.ay, where p; and u; have
to be defined, can be understood as coupling terms between two classical gas
dynamics systems of partial differential equations associated with the phases
k =1,2. They will play an important role in what follows.

Let us introduce the following condensed form for (1), namely

8,U + 8,F(U) + B(U)3,U =0, (4)
where
(€3] QA Ok

U=| U |, Up=| arorur |, (5)

U, Q0K €k

0 QU O Uk
FU) = | Fi(Uy) |, Fe(Up)=| onlowug+pe) |, (6)
F,(Uy) ar(oker + pr)uk



k,l=1,2,1+#k, and

pr
prur

Before defining the interfacial velocity and pressure u; and py, let us first recall
the basic hyperbolicity properties of (1) (see for instance [29] for more details).
First of all, easy calculations show that the eigenvalues of the Jacobian matrix
F’(U)+B(U) are real and given by uz, ug, uptcg, k = 1,2, where ¢;, denotes the
sound speed of the phase k. However, the system (1) is only weakly hyperbolic
since hyperbolicity can be lost when resonance occurs, that is to say when
uy = uy, + ¢, for some k. Moreover and away from resonance, the characteristic
fields associated with up + c; are genuinely nonlinear and the characteristic
field associated with uy is linearly degenerate. At last, the characteristic field
associated with wy is linearly degenerate provided that

. X101
ur = Pui + (1 — Blusy  with = 8
1= Pur (1= Bluz a xa101 + (1= x)az02 ®

where x € [0, 1] is a constant. We will adopt this definition with y = 0,0.5,1 in
the numerical experiments but any different value could be considered as well.
The interfacial pressure p; will be defined by

pr=pp1+ (1 —p)pe with = p(U) € [0,1]. 9)
The following definition of p, namely

(1—p)Ts

w=b) = G T

(10)
where T}, is the temperature of the phase k, is motivated by entropy considera-
tions. More precisely, given a monotonically decreasing and convex C'* function
¢ = ¢(s), it can be proved that the couple (7, q) with

n=n(U0) = arord(sk), ¢=q(U) = arord(si)u (11)
k=1 k=1

defines a natural entropy-entropy flux pair in order to select the shock solutions
of (1). In other words, we impose the entropy inequality

o 9q

— ++-<0 12

ot Oz — (12)
in the distributional sense for a shock discontinuity to be admissible. As far as
discontinuities associated with linearly degenerate characteristic fields are con-
cerned, they are naturally parametrized thanks to a set of Riemann invariants.
We refer again to [29] for more details in the cases x = 0,0.5, 1.



3 The numerical method

In this section, we describe a Godunov-type method based on the design of a
relevant approximate Riemann solver for the nonconservative system (4). We
will pay a particular attention to the discretization of the coupling wave be-
tween the two phases, which means here to the correct approximation of the
nonconservative products of the model.

We first introduce a constant space step Az and a constant time step At, and
define the cell centers z; and the intermediate times t" by

x; =iAx,i € Z, t" =nAt,neN.

We also set A = (Ax, At) and denote by U}' the approximate value of U(z;,t,,)
and we set U) = Ug(z;) for all i where Uy denotes the initial condition. Then,

starting from U" = (U}');ez, it is a matter of defining the approximate solution
U™t at time ¢+,

Following Gallice [26], [27] and [28], we then briefly recall the notion of con-
sistency of a simple Riemann solver of the form

U1:UL, SC/t<O’1,
Wa(z/t; U, Ug) = U, o1 <aft<or, k=2,.,m, (13)
Uyi1 =Ug, 2/t > om.

Generically, such a solver is made of m waves with speeds o, = 04, (Up, Ug),1 <
k < m, and m — 1 intermediate states U, 2 < k < m such that

lim WA(QE/t,UL,UR) =U. (14)
UL,UR —-U
A—=0

Under the CFL condition

At
max o]

= < Z 15
1<k<m Ax — 2’ (15)

the Riemann solver (13) is said to be consistent with (4) if the following relation
holds true,

AF+BA(UL,UR)AU: Uk(Uk—i-l —Uk), (16)

NE

=
Il

1
where AU = UR - UL, AF = F(UR) — F(UL) and BA(UL,UR) is a pXp

matrix with
lim Ba(U.,Ug) =B(U). (17)
U,,Uzg—>U
A—0

Note that (16) allows to recover the usual definition of consistency for systems
of conservation laws when B = BAo = O.



Once such an approximate Riemann solver is designed, the Godunov-type method
is defined by

n+1 0 xz
AacUi = WA(—'

Az
n n 2 i n n
e AtyUz-,UiH)dx—i—/O WA(At,UFl’Ui)d% (18)

which equivalently writes

Uttt =ul - —(G", -G,

Ap i+l “5)_—2Ax B (U} - U )+

T3

At At
{ (19)
B, (UL, - UD) )

where

G (UL Un) = 5 (F(UL) + F(UR) — Y el — Up)) - (20)
k=1

and for all i

G?Jr% = GA(UglvU?-l-l)v B;lJr% = BA(U;rlvU;n—i-l)

(21)

The proposed approximate Riemann solver. In order to design the ap-
proximate Riemann solver Wa, we suggest the following form

Q1A
Wa=| Wia | (z/t;UL,Ug) (22)
WA
with
Uk,L, x/t<ak71,
Up ., ok1<z/t <o,
) _ ks . 2
Wk’A(ZC/t’UL’UR) k,R> o2 < ZL'/t < 0k,3, ( 3)
Uir, z/t> o3,
and /
agr, x/t<oog,
ak,a(z/t;Ur, Ur) = { ak.r, T/t> 03 (24)

where the wave speed estimates are taken to be

k1 = Uk, — Ch 1/ 0k Ls
Ok = 09 = uj, (25)
ok3 = Uk,R + Crk,r/0k,R-

Here, 01,1 and oy, 3 are linearizations of the acoustic waves associated with each
phase (the constants Cj 1, and Cj r play the role of Lagrangian sound speeds)
and uj is an approximation of the speed of propagation of the coupling wave.
Such an approximate solver can be understood as two coupled HLL solvers (see
[35]) for each phase. Note that throughout the paper, we will consider subsonic
flows leading to the following a priori given wave configuration,

Ok,1 < u? < Of,3.



In order to define uj and the intermediate states, let us first observe that the
consistency relation (16) can be written as follows,

0
AFy — Pr Aqy, = Uk,1(U;27L — Uk,L)-f—
pruy (26)

+ui(Uy g — Ug 1) + 0x,3(Ug,r — Uy g).

where py is a consistent approximation of the interfacial pressure. Note that
(26) implicitly defines in passing the matrix Ba. These relations must be valid
for the sake of consistency, but are not sufficient to single out the intermediates
states. With this in mind, we first impose the Rankine-Hugoniot jump relations
for the mass conservation equation at each wave with speed o,;,1 <1 < 3:

0k,1(0F. 1 — Ok,L) = O Uk 1, — Ok, LUK, L)
02(0%,1%92,3 - O‘kyLQZ,L) = Uk, RO gUk, R — Yk, LOJ U, L (27)
01,3(0k,R — O r) = Ok,RUK,R — 0% RUL R-

Note that summing these equations gives the first component of the consistency
condition (26). Note also that (27) yields

Ok,1 = Uk, I — Ck,L/Qk,L = UZ,L - Ck,L/QZ,La (28)
0k3 = urR + Crr/0kR = U g + Ck R/ 0k R
and der
. € * *
Jk = ak,LQZ,L(UZ,L —up) = O‘k,RQk,R(uZ,R —uj). (29)

The momentum and energy equations will be treated in a slightly different way
since they contain the nonconservative products. We suggest to take these
nonconservative products into account across the coupling wave associated with
o2 = uj. More precisely, we impose the Rankine-Hugoniot jump relations for
the homogeneous momentum conservation equation across the acoustic waves
ok,1 and oy 3,

2 2
o100k, 1 (0% LUE L — Ok, LUk L) = i, n(0f pukr — ok,uy ) + 15 o — g 1,
5 5
k300, R(0k, RUK,R — 0% RUE R) = O, R(0k,RUE g — OF, g} R) + Tk,r — 1T}, .

(30)
and the generalized Rankine-Hugoniot relation
u?(ak,RQZ,RUZ,R - O‘k,LQZ,LuZ,L) = ak,RQZ,R“Z?R - O‘k,LQZ,LUZ?L* (31)
—pr(arr — o) + 10 5 =10

across 2. Again, (30) and (31) imply the validity of the second component of
the consistency relation (26), namely

2 ~
A(agoruy + i) — prAag = oxak,L(0f, LUk 1, — Ok, LUK,L)+
+up(on,ROL RUL R — Ok,LO LUk 1) + Ok30kR(Ok,RUKR — Of, RUF R)-

Note that (30) involves some pressure linearization terms II} ; and II} , which
are unknown at this stage and have to be defined.



Let us now define the approximate interfacial velocity uj. The definition (8) of
uy leads us to set

*
XCQ1,L01. 1

xoa,Leoy  + (1= x)az,Los

up = Bruip+ (=B, Br=

or equivalently

X1,ROT R
xXo1,r0 g + (1= x)a2,r05

up = Brui g+ (1 - Br)us g, Br=

This amounts to set
xJj1+ (1 =x)j2 = 0. (32)

Caleulation of (o7, ;. 0} p)s (ufp.ufp)s (I} 1,11} ) for k = 1.2, and uj.
By simple but tedious calculations, the previous set of linear relations allow to
obtain the following formulas :

(Cr,. — 0k,0Uk, 1)k + Ok, .Cl, L0k, LU}

’LL* = . i
ot 0k, 2.(k, 1. O, — Ji)
(33)
« _ (Crr+ ok,rUk.R)Jk + Ok, ROk, ROk, RUT
uk,R - . )
ok, rR(ak,RCr,R + Jk)
1 ! {( )j1 + ( )j2+
Ur = ag — 0 (o2 — O
I 2((04101)(1 T (OZQCQ)G) 1,1 1,3)J]1 2,1 2,3)]2
(34)
+2((1Cru1)q + (@2C2u2).) — Ap},
11 Up , — Uk,L
Ok OkL Ck,L
1 1  upp—UkR
Ohr  OkR Ck,r
and
i ;= e — o, . Ok, (uy, , — uk,1), (35)
HZ,R =1l R+ ak7RCk7R(u,’;7R — Uk,R)-

In these formulas and in all the sequel, ¢, = %((p L + ¢r) will denote the arith-
metic average of any pair of quantities (¢r,, ¢R).

Calculation of (e} ;,e; p) for k = 1,2, First of all, the third component
of the consistency relation (26), which must be valid, reads

A((akoker + g)uy) — prujAok = ox1ak,L(0 1€k 1, — Ok,L€kL)+

36
+u?(ak,RQZ,Re;§,R - O‘k,LQZ,Lez,L) + ok,30, R(0k, REK,R — QZ,RGZ,R% (36)

or equivalently

A(Mgug) —prujAay = (jx — ak,1Ck,r)ey 1, — (k. + ar, RCk,r)ef g +2(akCrek)a,

(37)
which gives one equation for each phase. A second equation is needed for each
phase and we proceed as follows. Like the momentum equation we are tempted



to write the Rankine-Hugoniot jump relations for the homogeneous energy con-
servation equation at the acoustic waves. This is excluded since one would
obtain three conditions for two unknowns of each phase. Let us nevertheless
write these jump relations where we have replaced e ; and ey by € and ég,r
respectively; we find

Ok, 10k,L (0% 1€k, L — Ok,LEKL) =

o, L(0F, 18k LUg 1, — Ok Lk, LUk, L) + U} pup ; — g pug
and
0%,30% R(Ok,REK,R — OF RCK.R) =
ok, r(0k,R€k, RUKR — OF rCk,RUE r) + Ik Uk R — I} puj R
Using again (28), the above relations become

1
(Mg, puk,, — Uy, pug 1),

Ao
L L
Lk (38)

€rr = € R + (I, ruk, r — M, ruk,R)-

o, rRCrL.R
In order to determine e} ; and e} p, we suggest to solve an optimization problem.
Since the consistency relation (37) is of the form

* *
aep  —azep p=>b

with a1 = ji — ag,.Ck,1, a2 = jk + ok, rCk r and b = A(Mguy) — pruflAoy —
2(aCrek)q, we minimize the quadratic functional

J(z,y) = (x — )’ + (y — err)’

under the linear constraint
a1x — asy = by.

Clearly, this optimization problem has a unique solution (x = €rn:Y = €, )

given by
e*[*ekLJFil (b —aiér,r + a2éy,r)
k, ) % % ) s ’

_ a2 _ _
ef pn=¢€rpr — —-—=(b—aieyr +aerr).
kR = €k.R Q%Jra%( 16k,L + 2k, R)
The Riemann solver is therefore completely defined provided that we give py.

We simply set
pr=fi(pr)a+ (1 = 1)(p2)a  with = (1 = x)(a2p2T2)a- (39)

We have thus explicitly defined a simple approximate Riemann solver which
is able to deal with any interfacial velocity u; (x € [0,1]) and which imposes
the validity of classical as well as generalized Rankine-Hugoniot relations across
the extreme and the coupling waves. These relations amount to impose the
continuity of some Riemann invariants across the discontinuities and will permit
in the next section to compute exactly some isolated coupling waves when the
pressure and velocity profiles are constant.

To conclude this section, let us mention that a key point for the efficiency
and stability of the scheme is that of the choice of the parameters Cj ; and
Cr.r- We refer the reader to [1] for more details but notice that for the sake of
simplicity, we have chosen in practice Cy = Cpr, k=1,2.



4 Numerical results

We consider three Riemann problems and compare the numerical solutions pro-
vided by our scheme with the exact solutions and the approximate solutions
given by the HLL-type method by Saurel & Abgrall [50], the strategy presented
in Andrianov, Saurel & Warnecke [5], the VFRoe scheme derived by Gallouét,
Hérard & Seguin [29], and the exact Godunov scheme of Schwendeman, Wahle
& Kapila [53]. The computational domain is [0, 1] and the equations of state are
pr = (Ve — 1)prer, k=1,2 with v = = 72 = 1.4. The initial discontinuity is
located at point x = 0.5 and the left and right states Uy, and Up are defined
using the primitive variables oy, pi, ur and pg, k= 1,2.

Test 1 : isolated coupling wave. We consider in this paragraph two isolated
coupling waves propagating with velocity u;. The first one (Test 1a) is taken
from [29] with x = 0.5, which gives

Q1p1u1 + Q2p2Ua
a1p1 + ops

ur =

and

aq. 1, = 097 (plvulvpl)L = (17 1005 105) (pQ, u?aPQ)L = (15 1007 105)
a1 R = 0.5, (pl, ul,pl)R = (0.125, 100, 105) (pg, ’U,g,pg)R = (0.125, 100, 105).

Solutions are given on Fig. 1 and compared with the VFRoe scheme [29].
Observe that the constant velocity and pressure profiles are strictly preserved
(by construction), while the void fraction and density profiles present exactly
the same numerical diffusion for both schemes. Fig. 2 shows the solutions with
finer meshes.

Test 1b takes x = 1 so that u;y = uy. Initial conditions are taken from [6] and
given by

aq. 1, = 087 (plvulvpl)L = (27 037 5) (p25 Ug,pQ)L = (15 27 1)
a1 R = 0.3, (pl,ul,pl)R = (2, 0.3, 12.8567) (pg, u2,p2)R = (0.1941, 2.8011, 0.1).

Observe that the pressures and velocity us are not equal anymore. Solutions
are presented on Fig. 3. The results agree with the exact solutions and the
numerical solutions given in [6]. The small amplitude oscillations on p1 and u;
are due to the initial pressures and velocity us desequilibrium.

Test 2 : a general Riemann problem. We consider

ar, =08, (p1,u,p1)r = (1,

1,0,1)  (p2,uz,p2)r = (0.2,0,0.3)
ar,r =03, (p1,u1,p1)r = (1,0

1
’1) (p25u23p2)R = (1,0,1)

so that the exact solution contains shock, contact discontinuity and rarefaction
waves, in addition to the coupling wave u; = wu;. This test case is taken from [53]
and the final time is ¢t = 0.2. Fig. 4 gives the results with 200, 400 and 800 cells.
We observe that the phase 2 presents a good agreement with the exact solution
while the phase 1 suffers from overshoots and undershoots at the extreme waves.
Fig. 5 details our results, while 6 enables to compare our solutions with the
solutions given by the schemes proposed in Saurel and Abgrall [50] (referred to

10
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Figure 1: Comparison between exact and numerical solutions of Test la at time
t = 3 and for a 1000-point mesh. From the top left to the bottom right : x

versus oy, p1, P2, U1, U2, P1, P2
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Figure 2: Comparison between exact and numerical solutions of Test 1la at time
t = 3 and for several mesh sizes. From the top left to the bottom right : x
versus v, p1, P2

as Grrr), Andrianov et al. [5] (referred to as Gasw) and Schwendeman et al.
[53] (referred to as G1). Recall that the latter is based on the exact resolution
of the Riemann problem. The intermediate states are thus perfectly captured
with this method. We also observe that the G, method is the most diffusive
on this test case. The G 45w method is less diffusive but the constant states of
the u; coupling wave are not properly captured. On the contrary, our scheme
behaves very well near the coupling wave and the left and right states are better
evaluated.

Test 3 : a general Riemann problem with several values of y. We now
compare the solutions given by several values of x (with the same initial data
as in Test 2), namely x = 0, x = 0.5 and x = 1. Fig. 7 shows that unlike
with x = 1, the solutions obtained with y = 0 and xy = 0.5 do not exhibit
undershoots and overshoots near the acoustic waves. Interestingly, observe that
the three values of y give very different solutions which highlights the interest
in a scheme capable of dealing with different values of x.

5 Conclusion and perspectives
To conclude, this paper presents a Godunov-type method to approximate the

solutions of the two-fluid two-pressure diphasic model. We have considered only
the convective terms, while the original paper [1] also takes into account different
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Figure 3: Comparison between exact and numerical solutions of Test 1b at time
t = 0.1 and for several mesh sizes. From the top left to the bottom right : x
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15



Chiep —
ofpy =
0.8
0.7
0.6
0.5
0.4
0.3
02 0.2 0.4 0.6 0.8
1.2 1.2
el — i —
Chc'ﬁub:'g = Chc'ﬁub:'g =
1.15 1
11 0.8
1.05 0.6
1 0.4
0.95 0.2
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.15
RIS o — chi=|
Chéﬁ|=$ pr— Chéﬁlig
0
0.1
-0.2
0.05
-0.4
0
-0.6
-0.05
-0.8
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
12
[P — chi=|
gy =| 1 oy
1.15 1
0.9
1.1
0.8
1.05 0.7
0.6
1
0.5
0.95 0.4
0.3
0.9
0.2
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8
Figure 7: Comparison between numerical solutions of Test 3 at time ¢ = 0.2

and for several values of x. The mesh is made of 400 points. From the top left

to the bottom right : x versus a1, p1, p2, u1, U2, p1, P2

16




sources and the corresponding asymptotic properties. The results given by the
method are very satisfying but the capabilities of the scheme would be further
emphasized by convergence studies with respect to the mesh size, and by an
extension of the method on 2D configurations.

References

[1] A. Ambroso, C. Chalons, P.-A. Raviart. A Godunov-type method for the
seven-equation model of compressible two-phase flow. Comput. and Fluids,
vol 54, pp 67-91 51 (2012)

[2] A. Ambroso, C. Chalons, F. Coquel, T. Galié. Relaxation and numerical
approximation of a two fluid two pressure diphasic model. Mathematical
Modelling and Numerical Analysis (M2AN), vol 43, pp 1063-1097, (2009).

[3] A. Ambroso, C. Chalons, F. Coquel, T. Galié, E. Godlewski, P.-A. Raviart
and N. Seguin. The drift-flux asymptotic limit of barotropic two-phase two-
pressure models. Comm. Math. Sci., vol 6, pp 521-529, (2008).

[4] N. Andrianov, Analytical and numerical investigation of two-phase flows,
PhD thesis, Univ. Magdeburg (2003).

[5] N. Andrianov, R. Saurel and G. Warnecke. A simple method for compressible
multiphase mixtures and interfaces. Technical Report 4247, INRIA, (2001).

[6] N. Andrianov and G. Warnecke. The Riemann problem for the Baer-
Nunziato two-phase flow model. J. Comp. Phys., vol 195, pp 434-464 (2004).

[7] M.-R. Baer and J.-W. Nunziato, A two phase mixture theory for the defla-
gration to detonation (DDT) transition in reactive granular materials. Int.
J. Multiphase Flows, Vol. 12(6), (1986), pp. 861-889.

[8] F. Bouchut, Nonlinear stability of finite volume methods for hyperbolic con-
servation laws, and well-balanced schemes for source. Frontiers in Mathe-
matics Series, Birkhauser, 2004.

[9] T. Buffard, T. Gallouét and J.M. Hérard, A sequel to a rough Godunov
scheme. Application to real gas flows, Computers and Fluids, Vol. 29(7),
(2000), pp. 813-847.

[10] C.-E. Castro and E.-F. Toro, A Riemann solver and upwind methods for
a two-phase flow model in nonconservative form, International Journal of

Numerical Methods in Fluids, Vol. 50, (2006), pp. 275-307.

[11] C. Chalons, F. Coquel, E. Godlewski, P.-A. Raviart and N. Seguin,
Godunov-type schemes for hyperbolic systems with parameter dependent
source. The case of Euler system with friction, M3AS, Mathematical Models
and Methods in Applied Sciences, Vol. 20(11), (2010), pp. 2109-2166.

[12] C. Chalons and J.-F. Coulombel, Relaxation approximation of the Euler
equations. J. Math. Anal. Appl., vol 348, no. 2, pp 872-893 (2008)

17



[13] F. Coquel, K. El Amine, E. Godlewksi, B. Perthame and P. Rascle. A
numerical method using upwind schemes for the resolution of two-phase
flows. J. Comp. Phys., vol 136, pp 272-288 (1997).

[14] F. Coquel, T. Gallouét, J.-M. Hérard and N. Seguin, Closure laws for a
two-phase two-pressure model, C. R. Acad. Sci. Paris, Vol. 334, (2002),
pp- 927-932.

[15] F. Coquel, K. Saleh, N. Seguin. A Robust and Entropy-Satisfying Numer-
ical Scheme for Fluid Flows in Discontinuous Nozzles. Math. Models. and
Meth. in App. Sci. (M3AS), 2014

[16] F. Coquel, J-M. Hérard, K. Saleh, N. Seguin. Two properties of two-velocity
two-pressure models for two-phase flows. Comm. in Math. Sci. (CMS), 12(3)
pp 593-600, 2014

[17] F. Coquel, J-M. Hérard, K. Saleh, N. Seguin. A robust entropy-satisfying
finite volume scheme for the isentropic Baer-Nunziato model. ESAIM: Math.
Model. and Numer. Analysis (M2AN), 48 pp 165-206, 2013

[18] F. Coquel, J-M. Hérard, K. Saleh. A splitting method for the isentropic
Baer-Nunziato two-phase flow model. ESAIM: Proc, 38 pp 241-256, 2012

[19] F. Crouzet, F. Daude, P. Galon, P. Helluy, J.-M. Hérard, Y. Liu, On the
Computation of the Baer-Nunziato Model, 42nd ATAA Fluid Dynamics Con-
ference and Exhibit, ATAA 2012-3355 (doi: 10.2514/6.2012-3355)

[20] F. Crouzet, F. Daude, P. Galon, J.-M. Hérard, O. Hurisse, Y. Liu, Some
Applications of a Two-Fluid Model, Finite Volumes for Complex Applica-
tions VII-Elliptic, Parabolic and Hyperbolic Problems, Volume 78 of the
series Springer Proceedings in Mathematics & Statistics pp 837-845

[21] S. Dellacherie. Relaxation schemes for the multicomponent Euler system.
Math. Model. and Num. Anal., vol 37(6), pp 909-936 (2003).

[22] V. Deledicque and M.-V. Papalexandris. An exact Riemann solver for com-
pressible two-phase flow models containing non-conservative products. J.
Comp. Phys., vol 222, pp 217-245 (2007).

[23] P. Embid and M. Baer, Mathematical analysis of a two-phase continuum
mixture theory, Contin. Mech. Thermodyn. Vol. 4, no. 4, (1992), pp. 279-
312.

[24] D. Furfaro, R. Saurel, A simple HLLC-type Riemann solver for compressible
non-equilibrium two-phase flows, Computers & Fluids, Volume 111, 2015,
Pages 159-178

[25] T. Galié. Couplage interfacial de modeles en dynamique des fluides. Appli-
cation aux écoulements diphasiques. PhD thesis, Université Pierre et Marie
Curie - Paris 6, France, (2009).

[26] G. Gallice. Solveurs simples positifs et entropiques pour les systémes hy-
perboliques avec terme source. (French) [Entropic Godunov-type schemes
for hyperbolic systems with source term.] C. R. Math. Acad. Sci. Paris, 334
(8), pp 713-716 (2002).

18



[27] G. Gallice. Schémas positifs et solveurs de Riemann simples entropiques
pour des systemes hyperboliques avec terme source : application a la dy-
namique des gaz avec gravité. Preprint MAB-LRC 02.05, Université Bor-
deaux 1, France.

[28] G. Gallice. Positive and entropy stable Godunov-type schemes for gas dy-
namics and MHD equations in Lagrangian or Eulerian coordinates. Numer.
Math., 94(4), pp 673-713 (2003).

[29] T. Gallouét, J.-M. Hérard and N. Seguin. Numerical modeling of two-phase
flows using the two-fluid two-pressure approach. Mathematical Models and
Methods in Applied Sciences (M3AS), vol 14(5), pp 663-700 (2004).

[30] S. Gavrilyuk and R. Saurel, Mathematical and numerical modeling of two-
phase compressible flows with micro-inertia., J. Comp. Phys., Vol. 175,
(2002), pp. 326-360.

[31] J. Glimm, D. Saltz and D.H. Sharp, Two phase flow modelling of a fluid
mixing layer. J. Fluid Mech., Vol. 378, (1999), pp. 119-143.

[32] J-M Hérard, O. Hurisse, A fractional step method to compute a class of
compressible gasliquid flows, Computers & Fluids Volume 55, 2012, Pages
5769

[33] H. Guillard and A. Murrone, A five equation reduced model for compress-
ible two phase flow problems, INRIA report, 4778, ISSN 0249-6399 (2003).

[34] V. Guillemaud, Modélisation et simulation numérique des écoulements
diphasiques par une approche bifluide a deux pressions, Theése, Université
de Provence, Aix-Marseille 1, (2007).

[35] A. Harten, P.-D. Lax and B. Van Leer, On upstream differencing and
Godunov-type schemes for hyperbolic conservation laws, SIAM Rev., vol
25, pp 35-61 (1983).

[36] T. Hibiki and M. Ishii, One-dimensional drift-flux model and constitutive
equations for relative motion between phases in various two-phase flows
regime, Int. J. of Heat and Mass Transfer, Vol 46, 2003, pp. 4935-4948.

[37] M. Ishii and N. Zuber, Drag coefficient and relative velocity in bubbly,
droplet or particulate flows, AICRE J., Vol. 25, No. 5, 1979, pp. 843-855.

[38] M. Ishii, Thermo-Fluid Dynamic Theory of Two-Phase Flow, Eyrolles,
Paris, 1975.

[39] A.K. Kapila, S.F. Son, J.B. Bdzil, R. Menikoff and D.S. Stewart, Two
phase modeling of DDT: structure of the velocity-relaxation zone. Phys.
Fluids, Vol. 9(12), (1997), pp. 3885-3897.

[40] S. Karni, E. Kirr, A. Kurganov and G. Petrova, Compressible two-phase
flows by central and upwind schemes, ESAIM: Mathematical Modelling and
Numerical Analysis (M2AN), Vol. 38(3), (2004), pp. 477-493.

19



[41] A. Kumbaro and A. Chanoine. Numerical benchmarks computed with the
OVAP code. Technical Report DM2S/SFME/LETR/RT/05-049/A, CEA-
Saclay, (2005).

[42] P.G. LeFloch Entropy weak solutions to nonlinear hyperbolic systems in
nonconservative form, Comm. Part. Diff. Equa. Vol. 13, pp. 669-727 (1988).

[43] P.G. LeFloch Shock waves for nonlinear hyperbolic systems in nonconser-
vative form, Institute for Math. and its Appl., Minneapolis Preprint # 593,
(1989).

[44] S. Liang, W. Liu, L. Yuan, Solving seven-equation model for compressible
two-phase flow using multiple GPUs, Computers & Fluids, Volume 99, 22
July 2014, Pages 156-171

[45] Yujie Liu, Contribution & la vérification et & la validation d’un modele
diphasique bifluide instationnaire. Thesis, Aix-Marseille Universitée, 2013.
French. tel-00864567

[46] S.T. Munkejord, Comparison of Roe-type methods for solving the two-fluid
model with and without pressure relaxation, Computers and Fluids, Vol. 36,
(2007), pp. 1061-1080.

[47] V.-H. Ransom. Numerical benchmark tests. Multiphase Science and Tech-
nology, Hemisphere publishing corporation, G.F. Hewitt, J.M. Delhaye & N.
Zuber edition, (1987).

[48] M.G. Rodio, P.M. Congedo, R. Abgrall, Two-phase flow numerical simula-
tion with real-gas effects and occurrence of rarefaction shock waves, Euro-
pean Journal of Mechanics - B/Fluids, Volume 45, 2014, Pages 20-35

[49] V.V Rusanov, Calculation of interaction of non-steady shock waves with
obstacles, J. Comp. Math. Phys., USSR, Vol. 1, (1961), pp. 267-279.

[50] R. Saurel and R. Abgrall, A multiphase Godunov method for compressible
multifluid and multiphase flows, J. Comp. Phys., Vol. 150, (1999), pp. 425-
467.

[51] R. Saurel and R. Abgrall, Discrete equations for physical and numerical
compressible multiphase mixtures, J. Comp. Phys., Vol. 186, (2003), pp.
361-396.

[52] R. Saurel and O. Lemetayer, A multiphase model for compressible flows
with interfaces, shocks, detonation waves and cavitation, J. Fluid Mech.,
Vol. 431, (2001), pp. 239-271.

[53] D.-W. Schwendeman, C.-W. Wahle and A.-K. Kapila. The Riemann prob-
lem and a high-resolution Godunov method for a model of compressible
two-phase flow. J. Comp. Phys., vol 212, pp 490-526 (2006).

[54] B. Stewart and B. Wendroff, Two-phase flow : models and methods, J.
Comput. Phys., Vol. 56, (1984), pp. 363-409.

20



[55] M.-D. Thanh, D. Kroner, C. Chalons, A robust numerical method for
approximating solutions of a model of two-phase flows and its properties,
Applied Mathematics and Computation, Volume 219, Issue 1, 2012, Pages
320344

[56] S.-A. Tokareva and E.-F. Toro, HLLC-type Riemann solver for the Baer-
Nunziato equations of compressible two-phase flow, J. Comput. Phys., Vol.
229, (2010), pp. 3573-3604.

21



