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Higher order homogenization for random
non-autonomous parabolic operators

Marina Kleptsyna! Andrey Piatnitski 3 and Alexandre Popier?
December 2, 2022

Abstract

We consider Cauchy problem for a divergence form second order
parabolic operator with rapidly oscillating coefficients that are peri-
odic in spatial variables and random stationary ergodic in time. As
was proved in [21] and [11] in this case the homogenized operator is
deterministic. The paper focuses on the diffusion approximation of
solutions in the case of non-diffusive scaling, when the oscillation in
spatial variables is faster than that in temporal variable. Our goal is to
study the asymptotic behaviour of the normalized difference between
solutions of the original and the homogenized problems.

1 Introduction

In this work we consider the asymptotic behaviour of solutions to the
following Cauchy problem

0 g = oa(5 )] mExon

us(z,0) = p(z).
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Here ¢ is a small positive parameter that tends to zero, a satisfies the in-
equality 0 < a < 2, a(z,s) is a positive definite matrix whose entries are
periodic in z variable and random stationary ergodic in s.

It is known (see [21, 11]) that this problem admits homogenization and
that the homogenized operator is deterministic and has constant coefficients.
The homogenized Cauchy problem takes the form

2uo = div(a®TVu")

@) ot
u®(z,0) = ().

ff is given in (5) in Section 2 (see also

The formula for the effective matrix a°
[11]).

The goal of this paper is to study the limit behaviour of the difference
ut —u’, as e = 0.

In the existing literature there is a number of works devoted to homog-
enization of random parabolic problems. The results obtained in [15] and
[17] for random divergence form elliptic operators also apply to the parabolic
case. In the presence of large lower order terms the limit dynamics might
remain random and show diffusive or even more complicated behaviour. The
papers [4], [18], [14] focus on the case of time dependent parabolic operators
with periodic in spatial variables and random in time coefficients. The fully
random case has been studied in [19], [2], [3], [8].

One of the important aspects of homogenization theory is estimating the
rate of convergence. For random operators the first estimates have been
obtained in [10]. Further important progress in this direction was achieved
in the recent works [7], [6].

Problem (1) in the case of diffusive scaling a = 2 was studied in our
previous work [12]. Tt was shown that, under proper mixing conditions, the
difference u® —u° is of order ¢, and that the normalized difference ¢~ (u® —u?)
after subtracting an appropriate corrector, converges in law to a solution of
some limit SPDE.

In the present paper we consider the case 0 < a < 2. In other words,
bearing in mind the diffusive scaling, we assume that the oscillation in spa-
tial variables is faster than that in time. In this case the principal part
of the asymptotics of u® — u° consists of a finite number of correctors, the
oscillating part of each of them being a solution of an elliptic PDE with pe-
riodic in spatial variable coefficients. The number of correctors increases as



a approaches 2. After subtracting these correctors, the resulting expression
divided by £%/2 converges in law to a solution of the limit SPDE.

In contrast with the diffusive scaling, for o < 2 the interplay between the
scalings in spatial variables and time and the necessity to construct higher or-
der correctors results in additional regularity assumptions on the coefficients.
Indeed, each corrector is introduced as a solution of some elliptic equation
in which time is a parameter, thus this corrector has the same regularity in
time as the coefficients of the equation. When we construct the next term
of the expansion, this corrector is differentiated in time. This differentiation
reduces the regularity. The result mentioned in the previous paragraph holds
if the coefficients a*(z, s) in (1) are smooth enough functions.

We also consider in the paper the special case of diffusive dependence
on time. Namely, we assume in this case that a(z,s) = a(z,&;), where &
is a stationary diffusion process in R™ and a(z,y) is a periodic in z smooth
deterministic function. It should be emphasized that in the said diffusive
case Theorem 1 does not apply because the coefficients a” do not possess
the required regularity in time. This lack of regularity leads to additional
difficulties in treating the diffusive case. As was shown in our previous work
[13], the statement of Theorem 1 remains valid if & < 1. Also, for 1 < a < 2
in dimension one the issues can be addressed using the equation satisfied
by the potential of the discrepancy. This technic fails to work in dimension
higher than 1. Here we treat the case a = 1 in any dimension.

The paper is organized as follows.

e In Section 2 we introduce the studied problem and provide all the
assumptions. Then we formulate the main result (Theorem 1) of the
paper concerning the smooth case for a < 2.

Section 2.3 focuses on the proof of Theorem 1. At the beginning we
consider a number of auxiliary problems and define the higher order
terms of the asymptotics of solution.

e In Section 3 we consider the special case of diffusive dependence on
time for @ < 1. We extend to the dimension d the result of [13] in
Theorem 2.



2 The smooth case

In this section we provide all the assumptions on the data of problem (1),
introduce some notations and formulate the main result.

For the studied Cauchy problem (1), where ¢ is a small positive parameter,
we assume that the following conditions hold true:

al. the matrix a(z,s) = {a¥(z,s)}?  is symmetric and satisfies uniform

7,7=1
ellipticity conditions

AP <alz,8)¢- ¢ <A, ¢eRY A>0;

a2. p € C°(R?Y). In fact, this condition can be essentially relaxed, see
Remark 1.

In the first setting it is assumed that the coefficients of matrix a are
smooth functions that have good mixing properties in time variable. The
smoothness is important because our approach relies on auxiliary elliptic
equations that depend on time as a parameter, and we have to differentiate
these equations w.r.t. time.

In the case of smooth coefficients our assumptions read:

h1. The coefficients a(z,s) are periodic in z with the period [0, 1]¢ and
random stationary ergodic in s. Given a probability space (2, F,P)
with an ergodic dynamical system 7,, we assume that a”(z,s,w) =

ail(z, Tw), where {a”(z,w)}? s a collection of random periodic in

ij=1
z functions that satisfy the above uniform ellipticity conditions.

h2. The realizations a”/(z, s) are smooth. For any N > 1 and k > 1 there
exist Cy such that

E ”ain]é‘N(’ﬂ‘dx[O,T]) < Cni;

here and in what follows we identify periodic functions with functions
on the torus T?, E stands for the expectation.

h3. Mixing condition. The strong mixing coefficient v(r) of a(z, -) satisfies
the inequality

| e <o
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We say that Condition (H) holds if al, a2 and h1 — h3 are fulfilled.

For the reader’s convenience we recall here the definition of strong mixing
coefficient. Let F<, and F>4 be the o-algebras generated by {a(z,t) : z €
T ¢t < s} and {a(z,t) : z € T? t > s}, respectively. We set

v(r) = sup |P(AN B) — P(A)P(B)

9

where the supremum is taken over all A € F<y and B € F>,.

2.1 Homogenized problem and first corrector

According to [11], under (H), the sequence u® converges in probability,
as € — 0, to a solution u® of problem (2). For the reader convenience we
provide here the definition of the effective matrix a®®. We solve the following
auxiliary problem

(3) div(a(z, s,w)Vx°(2, s,w)) = —diva(z, s,w), z€T%
here s and w are parameters, and x° is an unknown vector function: y° =
(x%%, ..., x%). In what follows we usually do not indicate explicitly the de-

pendence of w. Due to ellipticity of the matrix a equation (3) has a unique, up

to an additive constant vector, periodic solution, x* € (L**(T?) N H' (Td))d.
This constant vector is chosen in such a way that

(4) / X’(z,8)dz =0 for all s and w.
Td
Then we define the effective matrix a*® by

(5) at = E/Td (I+a(z,s)Vx'(z,s)dz,

where I stands for the unit matrix, and {Vx°(z,s)}¥ = 8%)(04.

It is known that the matrix a°? is positive definite (see, for instance, [11]).
Therefore, problem (2) is well posed, and function u° is uniquely defined.
Under assumption a2 the function u° is smooth and satisfies the estimates

Ou®(x,t)
Atkodakr . Pk

for all N > 0 and all multi index k = (ko, k1, ..., kq), k; > 0.

(6) (1 + )" < COnik
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2.2 Main result for smooth coefficients with good mix-
ing properties

Here we assume that condition (H) holds. In order to formulate the
main results we need a number of auxiliary functions and quantities. For
j = 1,2,...,J% with J° = Lﬁj + 1, the higher order correctors are
introduced as periodic solutions to the equations

(7) div(a(z,s)VXj(z,s)) = 0"z, 5),

where [-] stands for the integer part. Due to (4) for j = 1 this equation is
solvable in the space of periodic in z functions. A solution x! is uniquely
defined up to an additive constant vector. Choosing the constant vector in
a proper way yields

/ Xl(z, s)dz =10 for all s and w
Td

and thus the solvability of the equation for x2. Iterating this procedure, we
define all x7, j =1,2,...,J°.

Next, we introduce the functions v’/ = v/(x,t), j = 1,...,J°. They solve
the following problems:

o . o d 2
a0 — eff J k.effyim i—k
(8) o div(a® Vu )—l—;{a } —&r;l-(%cmu
uw(2,0) =0
with
(9) aFeft = E/ a(z, 8)VX"(z,s) dz;
Td

here and later on we assume summation from 1 to d over repeated indices.
To characterize the diffusive term in the limit equation we introduce the
matrix

=(s) = /er [(a(z, s)+a(z,5)VX(z,5)) — E{a(z,s) + a(z,5)VX(z, s)}}dz.

By construction the matrix function = is stationary and its entries satisfy
condition h3 (mixing condition). Denote

A= % /OOO B(S(s) 9 2(0) + 2(0) 9 5(s)) ds. A= {AT),



where (Z(s) ® Z(0))¥* = Z%(5)=*(0). Under condition h3 the integral on
the right-hand side converges.
The first main result of this paper is

Theorem 1 Let Condition (H) be fulfilled. Then the functions

Jo
e — c—/2 <u5 YU Z 5j(2—a)uj>
j=1

converge in law, as € — 0, in L2(R? x (0,T)) to the unique solution of the
following SPDE

2
0 = div(a7e0) di + (AV2)R Lo gz

v%(z,0) = 0;
where W. = {W¥} is the standard d*-dimensional Brownian motion.

Remark 1 The regularity assumption on ¢ given in condition a2 can be
weakened. Namely, the statement of Theorem 1 holds if ¢ is J° + 1 times
continuously differentiable and the corresponding partial derivatives decay
at infinity sufficiently fast.

The scheme of the proof is the following. We write down the following
ansatz

€ —« 5 & ok ; rxt
Ve(z,t) =¢ /2{u (x,t)—kz:; ko <uk(m,t)+j2:; gl <g, ;)VU’“(x,t)) },

here and in what follows the symbol § stands for 2—a. Then we substitute V*
for u® in (1) and we obtain for V¢ a PDE with random coefficients when (H)
is in force. We prove that V¢ converges in law in the suitable functional space
to the solution of (10). We combine the definition of correctors, formula (8)
and the Cental Limit Theorem for stationary mixing processes. After some
manipulations this yields the desired convergence (see Section 2.3). The rest
of this section concerns the proof of this result.



2.3 Proof of Theorem 1

Auxiliary problems.

We begin by considering problem (3). This equation has a unique up to
an additive constant vector periodic solution. Since x°(-, s) only depends on
a(+, s), the solution with zero average is stationary and the strong mixing
coefficient of the pair (a(-,s),x"(,s)) coincides with that for a(-,s). The
same statement is valid for any finite collection (a(-,s), x°(-, s),, x*(-, 8), . . .).
By the classical elliptic estimates, under our standing assumptions we have

(11) HXOHLOO(Wx[o,T}) <C, EHXOHgk(TdX[o,T}) < Ch,N-

Indeed, multiplying equation (3) by x°, using the Schwartz and Poincaré
inequalities and considering (4), we conclude that [|X°(-, s)|| zr1(e)y < C for all
s € R. The first estimate in (11) then follows from [5, Theorem 8.4]. The
second estimate follows from the Schauder estimates, see [5, Chapter 6]

By the similar arguments, the solutions x? of equations (7) are station-
ary, satisfy strong mixing condition with the same coefficient v(r), and the
following estimates hold: for any N > 1 and k£ >0

(12) Elx ok paxpory < Cravs 3=0,1,....Jo.

The solutions x? defined by (33) satisfy the same estimate: for any N > 0
there exists Cy such that

X len (raxgny < Ci.

Solutions u® and u’ of problems (2), (8) and (36) are smooth functions.

Moreover, for any k = (ko, k1, ..., kq) and N > 0 there exists a constant Cy y
such that
(13) \Dkuj| S Ck,N(l + |x|)_N,

akzo akl akd

where DX f(z,t) = f(zx,t).

Otho gt " Pk

The proof of Theorem 1.
For the sake of brevity we use the following notational conventions

0., =2, =2

=25 9=

(14)
0:,1)(2) =0, )]y (S)() = DS (5)] Ly
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Denote
a*(z,s) = a(z,8) + a"(z,8)0., X" (2, 5) + 0z, (a™

" (z,8) = a"(2,8)) 0., X" (2, 8) + 0., (a™
and from (9)

akell = E/ [&\k(z,s)}dz, k=1,2,...

Td
Substituting V¢ for «° in (1) yields

o\VeE — le[ (E %)VV‘E} —

+ E g0dH1=a) (G d) (£, L) Vuk + Z

j=0 Jj=

k=0 §=0

(15)

<
(=}

J

[N]1)

+e~ ) oo

0

07
k

w\s:

||M‘°Tr

o (k+5)6+1 (a im

Ve(x,0) = Z E(jHl)Xj(f,O) Vul(z,
7=0

Jo 0
kgogkz(s ]2_30 S(io+1-a) (8 X]) (f, L)Vuk

Considering our choice of J° we have: (J° +

"z, )X (2, 5)),

]5+1)Xj<§

(k+7)0 —g,im t fod
8 a” ( ) 8xlammu

(z,5)x™ (2, 9)),

JO
e ST M [atuk;
k=0

, E%)@Vuk}

+e72 Zsk5 1[ diva) (f L)+ Z e (div(aVx’)) (£ ,Ea)}Vu

k

il t o3 uk
XJ ) ( ) 8z18xm8$l ’

0)

8(1

i)]Vuk

1)0 —1 > 1+ «/2. Therefore,
with the help of (2) and (8) the first relation in (15) can be rearranged as

k=1,2,..

*



follows

o Ve — le[ ( )VV‘E} =

JO Jo_
(16) —e7 2 Zs“@u +e7 % Z E (k+3)3 Garim (2 i)afja; + R (z, 1)

||
M\Q
T M%

i el H3 [ (2 L) _aj,eff}imﬂ + R (2, ),

e’ O0x;0Tm,

(L}

where we identify a®°® with a*, and R¢ is the sum of all the terms on the

right-hand side in (15) that are multiplied by a positive power of €. One can
easily check that

(17) RE(w, t) = =0/ Z glﬂéef( )qﬂ (2,1),

where 67(z, s) are periodic in z, stationary in s and satisfy the estimates
(18) E(||9j||l(€)(1rdx[o,ﬂ)) < Cy;

®J are smooth functions such that

(19) |DX®| < Gy (1 + [a]) ™

and N is a finite number; we do not specify these quantities explicitly be-
cause we do not need this. We represent V¢ as the sum V* = Vi + V5, where
Vi and V5 solve the following problems:

(rt-an (5. L)

0 Jo_k )

(20) _ /2 d (k)5 [~ (T T je | 0 k
)IDIE [ (E’Za)‘a } Bz, 01
k=0 75=0

L Vf(l’ao) =0,

and
€ : z t € g

(21) 0,Vy —div [a(g,g—a>vv2] =R (z, 1),

Vi (z,0) = Ve(x,0).

10



Form (11) and (12) it follows that the initial condition in the latter problem
satisfies for any k > 0 the estimate E||V*(-,0) H'&Rd) < CeM/2 Tf we multiply

equation (21) by Vi and integrate the resulting relation over R? x (0, T'), then
integrating by parts and combining estimates (17), (18) and the estimates
for ®7, we obtain

(22) E||‘/§E|‘%2(Rdx(o,:r)) < Ce.

Denote

(a)?(s) = /’]I‘d (@(z,s) — a*")dz
(a)k(s) = /Td (@ (z,8) —a"M)dz, k=1,2,...

It follows from the definition of @* that for any £ > 0 and [ > 0 there is
a constant Cyy, such that E|[(@* — (a)")||% (raxor) < Cng- Since for each

s € R the mean value of (@*(-,s) — (a)*(s)) is equal to zero, the problem

ACH™ (2, 8) = (@ (2, 5) — (a)"(s))™

has for each ¢ and m a unique up to an additive constant periodic solu-
tion. Letting ©%™(z,s) = V(*™(z,s), we obtain a stationary in s vector
functions ©%™ such that

div 057 (2, 5) = (@(2,5) = (@) ()™, BIO" oy < O
It is then straightforward to check that for the functions

JO JO—k

Py =SS (2 ) - ()] gt

k=0 j5=0

JO—k

 qa L (k)6 iim (Tt 0*
- kZ—O Z c {dw [@ (5 5a>8xiaxmu (m’tﬂ

=0
-0 (2 )V ()

the following estimate is fulfilled:

(23) E||Fa||%2(O7T;H—1(Rd)) S 056.

11



Therefore, a solution to the problem
) z 1
BV, — div [a(—, —) vvlz} = Fe(z,1),
I 5 ga ’
‘/18,2 (I, O) =0.

(24)

admits the estimate
(25) EH‘/E2||%2(O,T;H1(R‘1)) < C€5.

Splitting Vi = V°; + V5, we conclude that Vi, solves the following problem

( € : x t €
Vi divla(Z. ) 9V | =
JO Jo—k

(26) o : [t g™ OPuf
oS S o () - o

\ Vvle,l(x7 0) = 07

By construction the strong mixing coefficient of @* remains unchanged and
is equal to (+). Denote by Vl?’f the solution of the following problem

O,V — div [a(E ! )vvff] _ % [<a>0(

gl e

im 9240
t ) a aeﬁ} (‘3igxm

(27) e

‘/1(?716(1‘7 0) =0,

Lemma 2.1 The solution of problem (27) converges in law, as € — 0, in
L*(R? x (0,T)) equipped with strong topology, to the solution of (10).

Proof. We consider an auxiliary problem

R CIO R
Vaux(2,0) =0,

and notice that this problem admits an explicit solution

5(1

V;lx _ 6a/2cij (i) 8?;;; with C(S) = /Os [<a>0(r) - aeff} dr.

Due to [9, Lemma VIIL.3.102], [9, Theorem VII1.3.97] and Assumption c5.
the invariance principle holds for the process £*/2¢¥ (L), that is e*/2¢% (%),

12



converges in law, as ¢ — 0, in C([0,7))% to a d*-dimensional Brownian
motion with the covariance matrix A. Since u° satisfies estimates (6), the
last convergence implies that VE  converges in law in C'((0,7); L*(R?)) to
the solution of problem (10).

Next, we represent Vf’f as Vl?’f(x,t) = Z%(x,t) + V£,
solves the problem

02—l LYoz =an((o(2. ) -]V inn)
Z¢(2,0) =0,

(z,t). Then Z¢

(29)

and our goal is to show that Z¢ goes to zero in probability in L?((0,7) x R?),
as € — 0. To this end we consider one more auxiliary problem that reads

o a2 Lo (o2 ) - etnn)

(30) g’ e g’ e
Ye(z,0) = 0.

If the vector function = € L2((0,T) x R?), then this problem has a unique
solution, and, by the standard energy estimate,

||y5||L2(0,T;H1(Rd)) + |’atyEHL2(O,T;H*1(Rd)) < CHEHL?((O,T)de)-

According to [16, Lemma 1.5.2] the family {)¢} is locally compact in L?((0, T') x
R%). Combining this with Aronson’s estimate (see [1]) we conclude that the
family {)¢} is compact in L2((0,T) x R9).

Assume for a while that = is smooth and satisfies estimates (6). Multiplying
equation (30) by a test function of the form p(x, ) +ex° (%, &) Ve(x,t) with
0 € C5°((0,T) x R?Y) and integrating the resulting relation yields

—Jy JuaY <8t%0+€1 *(0X°) (%, L) Ve +ex®(£, - )8tho(:c,t))dxdt

+ffaxmy€ Zm(e’aa)[axlgp_'_(amzx )(E,Ea)a%@—i-&“x ( ’aa)axlaxj ]d%dt

0 Rd

B 0 f [CL(%, aiﬂ) - aeff}imEm [a”cl(‘p + (axZX )(a’ a“)azjgo + gx (5’ ac")é)x Ox; }dl’dt
R4

Since [14 X°(2,5)dz = 0, we have [[(9,x°)(x/e,t/e*)V | 120111 ey < Ce.
Therefore, fo Jra Vo (01X°) (£, &) Vipdadt tends to zero, as € — 0. Con-

13



sidering (3) and (5) we obtain

T
[ J 00, Y70 (2, ) Do+ (00X) (2, )00

0 Rd

= [ a(E L) T+ (V) (2 )]} 5L duds

0 Rd

JJ [a(2, &) = a2 000 + (90X (£, &) Ouyp + X% (£, &) 5o | dadt

= [ [ {a(2, £) [T+ (VX0) (2, £)] — 2T} "=, pdadt
O R4
_ff{aeff}zm (00, X™) (£, %) 0, pdadt
O R4
+ff[ (2, L) — acf] "Zmey 0 (2, £) P8 dudt — 0,
0 Rd J

as ¢ — 0. Denoting by Y° the limit of }¢ for a subsequence, we conclude

that . )
0 Y
of _ (effyig —
/0 Rd y ( atQO ((1 ) 8.%1(9.1'3 > dudt 0.

Therefore, Y° = 0, and the whole family )¢ a.s. converges to 0 in L*((0,T) x
R%). By the density argument this convergence also holds for any = €
L*((0,T) x R%). Since V£ converges in law in C((0,T); L?(R%)), the so-
lution of problem (29) converges to zero in probability in L?((0,T) x R%),
and the statement of the lemma follows. 0J

From the last lemma it follows that the solution of problem (26) converges
in law, as € — 0, in L?*(R? x (0,7T)) equipped with strong topology, to the
solution of (10). Combining this convergence with (22) and (25) we conclude
that V¢ converges in law in the same space to the solution of (10). This

completes the proof of Theorem 1.

3 Diffusion case

In this second setting we assume that the matrix a(z, s) has the form
(31) a(z,s) = a(z, &),

14



where & is a stationary diffusion process in R™ with a generator

£ = STHlaly) D)+ b(y). ¥

(V stands for the gradient, D? for the Hessian matrix). In this case even
for smooth functions a(z, y) the coefficients of matrix a(z, ;) are just Holder
continuous in and not differentiable in time, and the method used in the
smooth case fails to work.

We still assume that Conditions al and a2 hold. Moreover we suppose
that the matrix-functions a(z,y), ¢(y) and vector-function b(y) possess the
following properties:

cl. a = a(z,y) is periodic in z and smooth in both variables z and y.
Moreover, for each N > 0 there exists Cy > 0 such that

lallen (raxrny < Chn.

c2. The matrix ¢ = ¢(y) satisfies the uniform ellipticity conditions: there
exist A > 0 such that

ATHCP < aly)C-C <MKy, CER™
Moreover there exists a matrix o = o(y) such that ¢(y) = o*(y)o(y).

c3. The matrix function o and vector-function b are smooth, for each N > 0
there exists C'y > 0 such that

lolley@ny < C, 6]l cen ey < Ch.

c4. The following inequality holds for some R > 0 and Cy > 0 and p > —1:

b(y) -y < —Coly|P forally € {y e R" : |y| > R}.

We say that Condition (C) holds if al, a2 and c¢1 — c4 are satisfied. This
case is called the diffusive case.

15



3.1 Existing results

Again according to [11], under (C), the sequence u® converges in proba-
bility, as € — 0, to a solution u° of problem (2). Corrector x° = x%(z,y) is a
periodic solution of the equation

(32) div, (a(z,y)vzxo(z,y)) = —div,a(z,y);

here y € R" is a parameter. We choose an additive constant in such a
way that [, x°(z,y)dz = 0. Let us emphasize that it follows from (3) and
(32) that the zero order correctors x° coincide in both settings: x°(z,s) =
X°(z,&). The effective matrix is again given by (5):

o = E/ (I+a(z,&))VaX"(2, &) de.
Td

Let us recall that according to [19] under conditions ¢2 and c4 a diffusion
process & with the generator £ has an invariant measure in R” that has a
smooth density p = p(y). For any N > 0 it holds

(1+[y)¥p(y) < Cn

with some constant C'y. The function p is the unique up to a multiplicative
constant bounded solution of the equation L£L*p = 0; here x denotes the
formally adjoint operator. We assume that the process &; is stationary and
distributed with the density p. The effective matrix can be written here as
follows:

at = / ) /T ) (a(z,y) + a(z,y)szo(zuy))p(y) dzdy.

In [13], under the condition that d = 1, a result similar to Theorem 1 is
proved. We formulate this result under the assumption that condition (C) is
fulfilled. As before we introduce several correctors and auxiliary quantities.

Higher order correctors are defined as periodic solutions of the equations

(33)  div.(a(z,y)V.X(2,9) = LX) (zy), j=1,2,....J%

Notice that [p, x’"'(z,y)dz = 0 for all j = 1, 2,...,J°, thus the compati-
bility condition is satisfied and the equations are solvable.
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Remark 2 We have already mentioned that according to (3) and (32) the
zero order correctors coincide in both studied cases. It is interesting to com-
pare the correctors defined in (33) with the ones given by (7) and to observe
that the higher order correctors need not coincide.

We introduce the matrices
= [ ) Vo )+ oo o) ) e,k =1,2..
and matrix valued functions
(34)  @zy) = alz,y) +alzy)Vax'(2,9) + Ve (alz, )X (2,9)),

a¥(z,y) = alz,y)Vax"(z,y) + V., (a(z,y)xk(z, y)), k=1,2,...,
(39) @) = [ @)= )i

(a)*(y) = /’[Fd (@ (z,y) —d"Ndz, k=1,2,...

The functions u/ = w/(z,t) are defined as solutions of problems

o - 52
a0 — A eff j k,effyim ji—k
(36) 8tu div(a®™ V') + ;{a } —8xi(‘3xmu

u! (z,0) =0

Since for each j = 1,2, ... problem (36) has a unique solution, the functions
w’ are uniquely defined. Finally, we consider the equation

(37) LQ(y) = (a)°(v).

According to [20, Theorems 1 and 2|, this equation has a unique up to an
additive constant solution of at most polynomial growth. Denote

o 0

P o (@)™ () | p(y) dy.

(38) A=Ay = [ @) )]

The matrix A is non-negative. Consequently its square root A2 is well

defined.
In the diffusive case the following result holds:
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Theorem 2 Under Condition (C), if d = 1 or if a < 1, the normalized
functions

Jo
e = 6—04/2 <u£ _ UO _ Z Ej(2—o¢)uj>
j=1
converge in law, as € — 0, in L2(RY x (0,T)) to the unique solution of (10)

with the standard d*-dimensional Brownian motion W and A defined in (38).

Note that Remark 1 on ¢ still applies in this case. Let us again emphasize
that the case d = 1 is proved in [13]. Hence only the case a < 1 is addressed
here.

3.2 Proof of Theorem 2 for o« <1

The beginning is the same as in Section 2.3 and is developed in [13,
Section 3.1]. We consider the following expression:

JO JO—k
VE(x,t) = 5_0‘/2{u5(x, t)—kz:% ko <uk($, t)—l—jz:; gld+1)yd <§,€€%>Vuk(x,t)> },

where x7(z,y) and u*(z,t) are defined in (33) and (36), respectively. We
substitute V¢ for u® in (1) using It6’s formula:
av* —div[a(Z.&, ) YV dt
JO JO—k "
=—c2) &M [(‘Zuk + ) eI (L) (g,é

k=0 J=0

L)Vuk

e

JO—k
+ Z 5(j5+1)xj(£,£%)8tVuk} dt
=0 °
JO Jo—k

+> N 6(1‘““’““)5)0(55%)va]'(;%)VU’“ B,

k=0 j=0

18



Jo JO—k
+e78 Y 97 (diva) (g, £ )+ Y & (div(aVy)) (g, &) vt
k=0 Jj=0
JO JO—k 2
—a (k+4)6 ~jim (T 0 k
+ée 2225 a (gvge%)azzazmu dt
k=0 j5=0
JO JO—k T 93
_a (k+5)64+1 ¢ im. gy (L k
+e 2225 (a"x >(57€5%>8mi8$mal’lu dt.

k=0 j=0

Here the n x n matrix o(y) is such that o(y)o*(y) = 2¢(y), B. is a standard
n-dimensional Brownian motion. Due to (32) and (33)

Jo JO—
- DR (L) (218 ) T
k=0 j=0 c
JO—k

i JZ cko—1 [(diva)(f,&e%) + ZO 7 (div(aVy?)) (%f%)]vuk

k=0 j= N

_ _5(J0+1)571 JZO (‘nyjofk) (g gL)Vuk‘
k=0 =

e’

k.eff

Considering equations (36) and the definitions of a*° and a*(z, y), we obtain

an expression similar to that in (16)
(39)  dVE(z,t) — div [a(g g%)vvﬂ dt

JO Jofj

. im 82Uj
_ (—as2 (k+4)5 [Ak (f . ) _ k,eff] )dt
(8 jgo ch:O c P\ 57‘)‘ a4 0x,;07,,
JO JO—k .
i Z Z E(1-a+(k+j)6)0(§€%)vyxj <_7 58%>Vuk(:p, t) dB,
k=0 j=0 €
+ R (z,t) dt,
with a%¢f = ¢ and the initial condition
JO JO_k -
VE<;U, 0) = 61*&/2 Z Z gj(sXJ <_7 50) vuk<x, 0)
k=0 j=0 €
and
JO
(40) R(w,t) = e iy (f gL) O (x, 1)
g’ 7
j=0
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with periodic in z smooth functions ¥/ = 1/(z,y) of at most polynomial
growth in y, and @7 satisfying (19).

We represent V¢ as the sum V¢ = Vi + Vi + Vi where Vi and V5 solve
problems equivalent to (20) and (21):

(0,Vi—div [a@ g;a)vv;}

Jo Jgo— .

(41) a2 (k)5 [J(C t)_ j,eﬂ"" 0*u

- kz; ]z% © Y\o “ 0x;0%,,

\ ‘/ie(xao) = 07

and

8V€—d1v[ ( L)vvﬂ — R(x, 1),
(42) iVa § |V, (z,1)

Vs (x,0) = V=(x,0).
We have
BIR aomy < O [ [ [ 000 b0+ o) 200 dyda

< Cla/Q

Similarly, E[|VE(-,0)/, () < Cel=2/2. Therefore, V5 still satisfies (22) and
thus does not contrlbute in the limit.
The last term V5 satisfies the SPDE:

AV (z,) — div [a(g ge%)vv;f] dt
(43)

Jo_—

JO
Z 5(k+J Vyx? ( §ta>Vuk(x,t) dB;
k=0

7=0

with initial condition Vi (x,0) = 0. Let us again emphasize that the diffusive
case cannot be deduced from our first case because of the presence of V5.

We turn to V7. The statement similar to that of Lemma 2.1 still holds.
Indeed the equivalent of F*

JO Jo—j

He(2,8) = e/ Z Z S(k+3)s [ak<§’§s%> _ <a>k(§;)ym6fzg;

j=0 k=0

20



admits the estimate (23):
2 < et

(44) E||H€||L2(O7T;H*1(]Rd)) —
We split Vi = Vi; + Vi, where
e Vi, solves (24) with H< on the right-hand side instead of F*, it admits
estimate (25);
e V7, solves (26).

According to [20, Theorem 3] the processes

Ak(t) = / ((a)*(&,) — ah)ds

satisfy the functional central limit theorem (invariance principle), that is the
process

—a

ATR(t) = 3 / (@ (E) — aFTYds

converges in law in C([0, T]; R?") to a d*-dimensional Brownian motion with
covarlance matrix

0

() = {80 = [ [52@ )]0 [5,-@)" )] o

with matrix-function Q° defined in (37) and Q* given by
(45) Lo = () (). R=1....

By the same arguments as those in the proof of Theorem 1 (see also [12,
Lemma 5.1]), we obtain the same conclusions as in Lemma 2.1.

To finish the proof of Theorem 2, we need to control Vi, solution of
problem (43). Here we distinguish two cases: a < 1 and aw = 1. As remarked
in [13, Section 4.3], if a < 1, E[|supgc,<r V5 (1) [|72ge) < C'™ and thus
this term also does not contribute in the limit equation. Nonetheless for
a = 1, the leading term in V5 solves the SPDE

£ _ 3 f + € — 0 E + 0 t
(46)  dre(,t) d1v[a(6,£g)vr ] dt = V,x (E,£E>Vu (2,0)0(£:) dB,.
Lemma 3.1 7° converges to zero in probability in L*(0,T; L*(R?)).

Assume for a while that this claim holds. Then due to positive powers of
in the other terms of (43), we deduce that V5 also tends to zero in the same
space and the conclusion of Theorem 2 follows.
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3.3 Proof of Lemma 3.1
Let us define

it = [ o= e )l
R

and
@‘5(;55,‘%,1&) = Vyx()(g,f%)VuO(x,t)a(ﬁ%).

Note that vj = 0. Itd’s formula and an integration by part lead to: for any
0<t<T

vy + Q/t ; Vre(z, s) [a(§,§§>VTE(I,S)}d$d8

//Rd (z,5) fazs)da;dB
//IRd f:vs)H dx ds.

From Condition al, taking ¢ = T" and the expectation, there exists a constant
C independent of € such that

T
(47) E / 197, )| 2oy ds < C.

Moreover by Burkholder-Davis-Gundy, Cauchy-Schwarz and Young inequal-
ities we have

(48) E —E

sup vy
te[0,T]

sup [|7°(-, 1) |72 (ray | < C.

te€[0,7)
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Indeed

E =E | sup ||7”6('7t)||%2(Rd)

te[0,7)
T
/ r(z, s)O° (—, Es, o, s) dx
RA g €

< CE (/OT

sup vy
t€[0,T]

5 1/2
ds)

U /Rd g xs)H dxds]
%E ts[%pﬂvf [/ /Rd gg 2 S>H dxds]

5 x S)H dmds] .

e[l

Now we prove that the sequence 7 is tight in

V= L2(0,T; H'(R%) N C(0,T; L2 (R)).

Remenber that the index w means that the corresponding space is equipped
with the weak topology. We turn to estimating the modulus of continuity of
the inner product of ¢ with a test function ¢.

For any function ¢ € C°(R?) we define

%= [ 1ot (660 + V0 (£,62)) do = 17 67 Doy

Again by It6’s formula for any 0 <t < T
o _/t & (x )div[ (“Z £ >Vr( ,s)}dxds
//Rd stgb)yx< S)dxds
/o /Rd “(x,$)0O ( NI s>da:dB

¢
tel/? /Ot/ 7’5(:5,s)qu(:c)VXO(g,gS)ddes

R
+ g1/2 /Ot /]Rd @8<§,f§,ZB7S>V¢($)VXO(§,§§>dQSdS.
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Evoke that a° is defined by (34). With an integration by parts we obtain

49) = /0 t /}R d rg(x,s)ﬁo(g,é‘g)V%(x)dxds
+/0t /Rd rg(m,S)qu(x)ﬁyx()(g,fg)dmds
+/0t y ¢(x,s)@5<§,§§,x,s>dxd38
+el/? /Ot /Rd 7’5(96,s)V¢(:U)VZX0<§,£§>da:dBS
tel/? /Ot /R @6(?55,1:, s)ng(x)VZXO(g,fg)dxds
+s/0t /R re(x,5)X0(§,§§>V3¢(I)a<§,£§>dxds
+s/0t RdVqﬁ(x,S)X(](g,fz)@a(g,ﬁz,x,s)ddes

since from the very definition of x°, the two terms of order e~!

el /0 t /R d(divza)(§,£§>v¢(x)rs(3¢, s)dads

! /Ot /Rd Vo(z)div, [a(%,§§>VZXO<§,§§>}T‘E($,s)dxds

are equal to zero.
Using BDG inequality and the estimate (48) we deduce that there exists
C > 0 such that forany 0 <t <7 <T

E SoN oy SN ELL)

sup v — vy
SE[t,T]

Hence the sequence 7% is tight in C(0, T; R), that is r€ is tight in C(0, T; L2 (R?)).
For any i = 1,...,n, since (£,x°) = ((V,x%)") = 0, we can define (%"
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such that div,(% = (V,x°)" and dinZO = L,Xx" and we have

/ | sser (%.¢:,2,5)dwaB,
0 E{d 19
:/ (;S(a:,S)Vyxo(f,&)Vuo(x,s)dxa({s)st
]Rd
_5/ oz S)leCO< & )Vuo(x,s)dxa(ﬁg)st
Rd

— _5/ CO V (¢(z,5)Vu'(z, s)) dro(€s) dB;
R

and

// (z, 8)Vo(a)L yx< ,§>dmd5

Rd

—5/ /Rd x,$)Vo(zr)dive (Z s )da:ds
- —5/0 y V(rs(x,s)Vé(w))@(%,%)dxds.

From (47), these two quantities converge to zero. Therefore every term in
(49), except for the first one, converges to zero.
For the first one, we have

/ /Rd z, 5)al 5 )vqu(x)dxds

= /O /R ) r¥(z, 8)a* V2 p(z)drds + /0 t /]R ) ré(z,5) ((a)°(&2) — ) V2o(x)dwds
v [ s (@(56) - @) Potards

where (a)? is defined by (35). Since

(@(Z.&) - @) =0,

€

the last part converges to zero. Moreover by definition of a*f, we also obtain
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the convergence to zero of the penultimate term. Hence (49) becomes:

- [ ) s 5 Tt )
/ / $)a V2 p(x)dxds
# [ s (@0t - ) Volwdads

+/0 /Rd rﬁ(x,s) 30 ?55) - <a>0(€g)> V2o(z)dwds + O(12).

Here O(g'/?) stands for functions whose L?(2; L=(0, 7)) norm is bounded by
a constant times £'/2. On the right-hand side, the last two integrals converge
to zero. Hence we have proved that the sequence r* converges in probability
in L2(0,7T; L2 (R%)) N L0, T; L2, .(RY)) to the unique solution 7° of the PDE
(2) with initial value zero. Hence r° = 0.

To finish the proof of Lemma 3.1, we now show that the convergence
holds in L2(0,T; L?*(R%)). Define a non-negative function 0 € C*(R9)
equal to zero on {|z| < R} and equal to one on {|x| > 3R} and such that
IVOg| < 1/R. For

Os(,1) = On(z) + =VOa()" (2.2
we have
d(re (z, )05 () — div [a(g gg)vwe;)] dt
= 05(2) VX" (2.6 ) Vil (. )o(&:) dB;
- 2a<§,§§)V7‘ (x,8)VOg(z)dt
—r°(z,8) [a+ aVx" + div(ax’)] (g, §§)V29R(x)dt
+ 15 (2, 5)VOr(2) Ly X" (g g) dt
+ &% (x, 8)VOR(2) V" (g, fg)dBt
+el2e8 (g,ﬁg,x, s> VOr(z)Vx° <§’£§>dt
—erf(z, s)a(%, &)XO(; §§>V393(x)dt.

£
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If we apply Itd’s formula to
vfi(t) = ||7"5(-,t)9§(-)||%2(m)

then
+2/O /Rdv (z, 5)05(x ))[a(g,gt)wr (2, 5)05( ))] dids
:2/0 /R (, 5)05 ()05 (x )vafJ(w ¢ )vu (z,8)0(¢2)dz dB
4/0 /Rdr z,s)0%(x (i,fg)V?"g(x,s)VQR(x)dxds

2/ /d z, )05 (2)rf(z, s) [a + aVx" + div(ax")] <§,§§>V26’R(x)dxds
+2/ /d z, $)0%(x)re(z, s)V@R(x)LyX()(g,ég)dxds
(5,5§)VU0($>3)0(§§)

Since u° is a Schwartz class function and ||[V65%|| < 1/R, the expectation of

2
drds + O('/?).

the right-hand side does not exceed C (}—% + \/5) It implies tightness in
L?(0,T; L*(RY)).
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