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Diffusion approximation for random parabolic
operators with oscillating coefficients

Marina Kleptsyna! Andrey Piatnitski ¥ and Alexandre Popier?
November 30, 2017

Abstract

We consider Cauchy problem for a divergence form second order
parabolic operator with rapidly oscillating coefficients that are peri-
odic in spatial variables and random stationary ergodic in time. As
was proved in [31] and [15] in this case the homogenized operator is
deterministic. The paper focuses on the diffusion approximation of
solutions in the case of non-diffusive scaling, when the oscillation in
spatial variables is faster than that in temporal variable. Our goal is to
study the asymptotic behaviour of the normalized difference between
solutions of the original and the homogenized problems.

1 Introduction

In this work we consider the asymptotic behaviour of solutions to the
following Cauchy problem

m g = ou(5g)ve]  mExon

u(z,0) = ¢(x).
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Here ¢ is a small positive parameter that tends to zero, a satisfies the in-
equality 0 < o < 2, a(z,s) is a positive definite matrix whose entries are
periodic in z variable and random stationary ergodic in s.

It is known (see [31, 15]) that this problem admits homogenization and
that the homogenized operator is deterministic and has constant coefficients.
The homogenized Cauchy problem takes the form

2uo = div(a*"Vu?)

(2) ot
u®(z,0) = ().

The formula for the effective matrix T is given in (6) in Section 2 (see also
15)).

The goal of this paper is to study the limit behaviour of the difference
ut —u’, as e = 0.

In the existing literature there is a number of works devoted to homog-
enization of random parabolic problems. The results obtained in [18] and
[25] for random divergence form elliptic operators also apply to the parabolic
case. In the presence of large lower order terms the limit dynamics might
remain random and show diffusive or even more complicated behaviour. The
papers [6], [26], [17] focus on the case of time dependent parabolic operators
with periodic in spatial variables and random in time coefficients. The fully
random case has been studied in [27], [3], [4], [11].

One of the important aspects of homogenization theory is estimating the
rate of convergence. For random operators the first estimates have been
obtained in [13]. Further important progress in this direction was achieved
in the recent works [10], [9].

Problem (1) in the case of diffusive scaling v = 2 was studied in our
previous work [16]. It was shown that, under proper mixing conditions, the
difference u® —u? is of order ¢, and that the normalized difference e~ (u® —u°)
after subtracting an appropriate corrector, converges in law to a solution of
some limit SPDE.

In the present paper we consider the case 0 < a < 2. In other words,
bearing in mind the diffusive scaling, we assume that the oscillation in spatial
variables is faster than that in time. In this case the principal part of the
asymptotics of u® —u® consists of a finite number of correctors, the oscillating
part of each of them being a solution of an elliptic PDE with periodic in spa-
tial variable coefficients. The number of correctors increases as o approaches



2. After subtracting these correctors, the resulting expression divided by £%/2

converges in law to a solution of the limit SPDE.

In contrast with the diffusive scaling, for o < 2 the interplay between the
scalings in spatial variables and time and the necessity to construct higher
order correctors results in additional regularity assumptions on the coeffi-
cients. Indeed, each corrector is introduced as a solution of some elliptic
equation in which time is a parameter, thus this corrector has the same regu-
larity in time as the coefficients of the equation. When we construct the next
term of the expansion, this corrector is differentiated in time. This reduces
the regularity. The result mentioned in the previous paragraph holds if the
coefficients a%(z, s) in (1) are smooth enough functions.

We also consider in the paper the special case of diffusive dependence
on time. Namely, we assume in this case that a(z,s) = a(z,&;), where &
is a stationary diffusion process in R™ and a(z,y) is a periodic in z smooth
deterministic function. It should be emphasized that in the said diffusive
case Theorem 1 does not apply because the coefficients a* do not possess the
required regularity in time. That is why in the diffusive case we have to use a
different approach and provide another proof of convergence which relies on
the It6 and Malliavin calculus and estimates based on anticipating stochastic
integration as well as on a number of estimates of the fundamental solution of
divergence form second order parabolic equations. The latter estimates are of
independent interest. We consider the generic divergence form second order
parabolic equation with coefficients that are regular in the spatial variables
and measurable in time, and show that the derivatives of its fundamental
solution admit upper bounds that only depend on the ellipticity constants
and the L> norm of the gradient of the coefficients in spatial variables (see
Lemma 3). To our best knowledge, these estimates are new.

The case o > 2 will be considered elsewhere.

The paper is organized as follows. In Section 2 we introduce the studied
problem and provide all the assumptions. Then we formulate the main results
of the paper.

In Section 3 we outline the scheme of the proof, consider a number of
auxiliary problems and define the higher order terms of the asymptotics of
solution.

Section 4 focuses on the proof of Theorem 1.

In Section 5 we consider the special case of diffusive dependence on time.

In Section 6 we obtain an estimate for a solution of parabolic equation
with a diffusion on the right-hand side. Here we use anticipating calculus and



the properties of the fundamental solution of a stochastic parabolic equation
with random coefficients.

Finally, in the Appendix a number of estimates for the fundamental so-
lutions of the studied parabolic equations are proved.

2 Problem setup and main results

In this section we provide all the assumptions on the data of problem (1),
introduce some notations and formulate the main results.

For the studied Cauchy problem (1), where ¢ is a small positive parameter,
we assume that the following conditions hold true:

al. the matrix a(z,s) = {a¥(z, )}’

il is symmetric and satisfies uniform
ellipticity conditions

ACP < alz,s)C- ¢ < ATHCR, CeRY A>0;

a2. ¢ € Cg°(R?). In fact, this condition can be essentially relaxed, see
Remark 2.

In this paper we consider two different settings. In the first setting it

is assumed that the coefficients of matrix a are smooth functions that have
good mixing properties in time variable. The smoothness is important be-
cause our approach relies on auxiliary elliptic equations that depend on time
as a parameter, and we have to differentiate these equations w.r.t. time.
In the second setting it is assumed that the coefficients of matrix a are dif-
fusion processes in time. In this case even for smooth functions a(z,y) the
coefficients of matrix a(z, &) are just Holder continuous in and not differen-
tiable in time, and the method used in the smooth case fails to work. Here
we use the approach based on the Ito6 and Malliavin calculus and Aronson
type estimates for the fundamental solution of parabolic operators. In partic-
ular, we show that the spatial and Malliavin derivatives of the fundamental
solution admit upper bounds that do not depend on the regularity of the
coefficients with respect to time.

In the case of smooth coefficients our assumptions read

h1. The coefficients a%(z,s) are periodic in z with the period [0, 1]¢ and
random stationary ergodic in s. Given a probability space (2, F,P)
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with an ergodic dynamical system 7,, we assume that a”(z,s,w) =
. . d . . o
a"(z, Tsw), where {a“(z,cu)}l.j:1 is a collection of random periodic in

z functions that satisfy the above uniform ellipticity conditions.

h2. The realizations a"(z, s) are smooth. For any N > 1 and k > 1 there
exist Cyj such that

E ||ainIé’N(11‘d><[0,T}) < Cni;

here and in what follows we identify periodic functions with functions
on the torus T?, E stands for the expectation.

h3. Mixing condition. The strong mixing coefficient (r) of a(z, -) satisfies
the inequality

/Ooo(fy(r))l/2dr < 0.

For the reader’s convenience we recall here the definition of strong mixing
coefficient. Let F<; and Fs; be the o-algebras generated by {a(z,t) : z €
T ¢t < s} and {a(z,t) : z € T? ¢t > s}, respectively. We set

)

v(r) = sup |P(AN B) — P(A)P(B)

where the supremum is taken over all A € F<y and B € F>,.

In our second setting we assume that the matrix a(z, s) has the form

(3) a(z,s) = a(z, &),
where & is a stationary diffusion process in R" with a generator
1
£ =5 Trlg(y)D? + b(y).V

(V stands for the gradient, D? for the Hessian matrix). We still assume that
Conditions al and a2 hold. Moreover we suppose that the matrix-functions
a(z,v), q(y) and vector-function b(y) possess the following properties:

cl. a = a(z,y) is periodic in z and smooth in both variables z and y.
Moreover, for each N > 0 there exists C'y > 0 such that

lallen (rexrny < Chy.

b}



c2. The matrix ¢ = ¢(y) satisfies the uniform ellipticity conditions: there
exist A > 0 such that

AP < a(y)C- ¢S APy, CER™
Moreover there exists a matrix o = o(y) such that q(y) = o*(y)o(y).

c3. The matrix function ¢ and vector-function b are smooth, for each N > 0
there exists C'y > 0 such that

HJHCN(R") < CN7 ||bHCN(Rn) < CN

c4. The following inequality holds for some R > 0 and Cy > 0 and p > —1:

b(y) -y < —Coly|P forally € {y e R" : |y| > R}.

Remark 1 We would like to emphasize that even for a smooth matriz-
function a(z,y) the coefficients of the matriz a(z,&s) are just Holder con-
tinuous and need not be differentiable in s.

We say that
e Condition (H) holds if al, a2 and h1l — h3 are fulfilled.

e Condition (C) holds if al, a2 and c1 — c4 are satisfied. This case is
called the diffusive case.

According to [15], under (H) or (C), the sequence u° converges in prob-
ability, as e — 0, to a solution u° of problem (2). For the reader convenience
we provide here the definition of the effective matrix . If (H) holds, we
solve the following auxiliary problem

(4) div(a(z, s,w)VX°(z, s,w)) = —diva(z, s,w), z€ T

here s and w are parameters, and " is an unknown vector function: y° =
(x>, ..., x%%). In what follows we usually do not indicate explicitly the de-
pendence of w. Due to ellipticity of the matrix a equation (4) has a unique, up

to an additive constant vector, periodic solution, x° € (L>(T%) N H 1(’]1"d))d.
This constant vector is chosen in such a way that

(5) / ’(z,5)dz =0 for all s and w.
Td

6



Then we define the effective matrix a*® by

(6) a" =E /Td (I+a(z,s) VX' (2, s) dz,

where I stands for the unit matrix, and {Vx°(z, s)}7 = ;Zx%. If (C) holds,
X’ = x%(z,y) is a periodic solution of the equation

(7) div, (a(z,y)VZXO(z,y)) = —div,a(z,y);

here y € R” is a parameter. We choose an additive constant in such a way
that [, x°(z,y) dz = 0. Let us emphasize that it follows from (4) and (7) that
the zero order correctors x° coincide in both settings: x%(z,s) = x°(z,&,).
The effective matrix is again given by (6):

at = E/ (I+a(z,&))Vax"(2, &) da.
Td

It is known that the matrix a°? is positive definite (see, for instance, [15]).
Therefore, problem (2) is well posed, and function u" is uniquely defined.
Under assumption a2 the function u° is smooth and satisfies the estimates

Kk, 0
O*u’(x,t) < Cns

8 1+ |z|)
®) U D ppawh . oaie|

for all N > 0 and all multi index k = (ko, k1, ..., kq), k; > 0.

2.1 The case of smooth coefficients with good mixing
properties. Main result

Here we assume that condition (H) holds. In order to formulate the
main results we need a number of auxiliary functions and quantities. For
j = 1,2,...,J% with J° = LQ(Q;’LOOJ + 1, the higher order correctors are
introduced as periodic solutions to the equations

9) div(a(z, s)VX/(z,8)) = 0sx' (2, 8),

where |-] stands for the integer part. Due to (5) for j = 1 this equation is
solvable in the space of periodic in z functions. A solution y! is uniquely



defined up to an additive constant vector. Choosing the constant vector in
a proper way yields

/ x'(z,5)dz=0 for all s and w
Td

and thus the solvability of the equation for y2. Iterating this procedure, we
define all ¥/, j =1,2,...,J°.

Next, we introduce the functions u/ = u/(z,t), j = 1,...,J° They solve
the following problems:

0 d *
I B eff J keff zmi j—k
(10) 5 = div(a™ V) —l—;{a oo
w(2,0) =
with
(11) atet = E/ a(z, 8)Vx"(z,5) dz;
Td

here and later on we assume summation from 1 to d over repeated indices.
To characterize the diffusive term in the limit equation we introduce the
matrix

=(s) = /T [(az,5) + (. 9) 3z, 5) ~ B{atz.5) + atz, 595"z, )} =

By construction the matrix function = is stationary and its entries satisfy
condition h3 (mixing condition). Denote

A= % /OOO E(E(s) ®E(0) +2(0) ® E(s)) ds, A= {ATM},

where (Z(s) ® Z(0))¥* = Z%(s)=*(0). Under condition h3 the integral on
the right-hand side converges.
The first main result of this paper is

Theorem 1 Let Condition (H) be fulfilled, and assume that o < 2. Then

the functions
Jo

e — oo/ (ua 0 — Z Ej(2—a)uj>

=1



converge in law, as € — 0, in L*(R? x (0,T)) to the unique solution of the
following SPDE

2
dv® = div(a®" Vo) dt + (Al/z)ijklia u® dWHF

v0(z,0) = 0;

where W. = {W¥} is the standard d*-dimensional Brownian motion.

Remark 2 The regularity assumption on ¢ given in condition a2 can be
weakened. Namely, the statement of Theorem 1 holds if ¢ is J° + 1 times
continuously differentiable and the corresponding partial derivatives decay
at infinity sufficiently fast.

2.2 Diffusive case

In this part we formulate our result under the assumption that condi-
tion (C) is fulfilled. As before we introduce several correctors and auxiliary
quantities.

First let us recall that according to [27] under conditions ¢2 and c4 a
diffusion process & with the generator £ has an invariant measure in R” that
has a smooth density p = p(y). For any N > 0 it holds

(L+[y)Vp(y) < Cn

with some constant C'y. The function p is the unique up to a multiplicative
constant bounded solution of the equation L£L*p = 0; here % denotes the
formally adjoint operator. We assume that the process &; is stationary and
distributed with the density p. The effective matrix can be written here as
follows:

o= [ [ () + 2l 0)Tn(0)) o) ey
n JT
Higher order correctors are defined as periodic solutions of the equations

(13)  div.(a(z,y)V.X/ (2,9) = LX) ' (zy), j=1,2,....J%

Notice that [p, x’"!(z,y)dz = 0 for all j =1, 2,...,J°, thus the compati-
bility condition is satisfied and the equations are solvable.

9



Remark 3 We have already mentioned that according to (4) and (7) the zero
order correctors coincide in both studied cases. It is interesting to compare
the correctors defined in (13) with the ones given by (9) and to observe that
the higher order correctors need not coincide.

We introduce the matrices
/n/w 2y) VX" (2 9)+ Ve (alz, X (2 9) | ply) dzdy,  k=1,2,...
and matrix valued functions
a'(z,y) = a(z,y) + alz, ) Vax'(2,9) + Va(alz, y)X (2, v)),
A (z,y) = a(z,y) VX" (z,9) + V. (alz, )X (2,9), k=1,2,...,

@) = [ @)= )i
(a)*(y) = /Td (@"(z,y) —d"Ndz, k=1,2,...

The functions w/ = u/(x,t) are defined as solutions of problems

3} g »*
—Zad = eff J k,eff zmi j—k

(14) 8tu div(a®™ V') + g{a 8xi8xmu
w! (2,0) =

Since for each 7 = 1,2,... problem (14) has a unique solution, the functions
w’ are uniquely defined. Finally, we consider the equation

(15) LQ(y) = (a)°(v).

According to [28], Theorems 1 and 2, this equation has a unique up to an
additive constant solution of at most polynomial growth. Denote

(16) AzmmﬂzRJ%ﬁwwm]mwﬂ (@) p(w) dy.

Yy,

The matrix A is non-negative. Consequently its square root A2 is well
defined.

10



Now we introduce one more assumption on the process &. In order to
formulate it we define the functions

(17) big(s) = (0,0)(&),  FL4(5) = (90,00 (&),

which appear when computing the Malliavin derivative of £ (see Lemma 6.1).
The notation S%! stands for the unit sphere in R<.

(S). There exist p > 2 and ¢ > 0 such that a.s. for any ¢ > 0 and any

0 e St )
P
+52.00 ¢
where
1 d d
~l
(18)  Q(t.0) = ) + 52 00,5 (1)) — > (G

=1 =1

This assumption plays an important role in obtaining upper bounds for
the Malliavin derivative of £ (see Lemma 6.3 and the discussion after it). It
is not clear to us if it can be relaxed. As an example, let us consider the
multidimensional Ornstein-Uhlenbeck process:

d¢, = U&dt + XdB,,

where U and X are two d x d matrices. Here b(t) = U and &'(t) = 0.

Therefore, condition (S) is reduced to (U6,0) < —c. Since 6 remains in the

sphere which is compact, it is sufficient to assume that (U6, ) < 0 for any 6.
In the diffusive case the following result holds:

Theorem 2 Under Conditions (C) and (S), the normalized functions

Jo

Us =22 <u€ —u’ — Zej(2_°‘)uj>

=1

converge in law, as € — 0, in L*(RY x (0,T)) to the unique solution of (12)
with the standard d*-dimensional Brownian motion W. and A defined in (16)

Note that Remark 2 on ¢ still applies in this case.

11



3 Scheme of the proofs

In both cases the beginning of the proofs is the same. We write down the
following ansatz

V() = (e, t)—é £ (u (e, t)+§ke(j5“)xj (. gia)Vuk(x, H)}.

here and in what follows the symbol ¢ stands for 2 — a. In the diffusive case,

(rot T
X] <_7 _a) - X] <_7 5%)
g€ g’ F
Then we substitute V¢ for v in (1) and we obtain for V*©

e a PDE with random coefficients when (H) is in force;

e a SPDE in the diffusive case.

We prove that V¢ converges in law in the suitable functional space to the so-
lution of (12). In the case of smooth coefficients we combine the definition of
correctors, formula (10) and the Cental Limit Theorem for stationary mixing
processes. After some manipulations this yields the desired convergence (see
Section 4).

In the diffusive case in order to follow the same strategy as in the proof of
Theorem 1 we should obtain suitable uniform in € estimates for the solution
of auxiliary problems. To this end we express these solutions in the mild form
(Equation (50)) with the fundamental solution I'. Since I' is an anticipating
process, following [23] and [1], we use the Malliavin calculus in order to
obtain the mild form of the solution (see section 6.1). For a fixed £ > 0,
we use Aronson’s estimates for I' and its Malliavin derivative to obtain an
important intermediate estimate (Lemma 6.2). In estimate (61) of Lemma
6.2, the Malliavin derivative of the process £ on the interval [0, T'/£%] appears.
Thanks to hypothesis (S) we get a uniform in ¢ estimate on this Malliavin
derivative (see Lemma 6.3).

Auxiliary problems

We begin by considering problem (4). This equation has a unique up to
an additive constant vector periodic solution. Since x°(-, s) only depends on

12



a(-, s), the solution with zero average is stationary and the strong mixing
coefficient of the pair (a(-,s),x°(-,s)) coincides with that for a(-,s). The
same statement is valid for any finite collection (a(-, s), X°(-, s),, x'(-,8), .. .).
By the classical elliptic estimates, under our standing assumptions we have

(19) X e raxo,m < C, EHXOHgk(TdX[o,T]) < Ck,N-

Indeed, multiplying equation (4) by x°, using the Schwartz and Poincare
inequalities and considering (5), we conclude that [|x°(-, s)|| zr1(a) < C for all
s € R. The first estimate in (19) then follows from [8, Theorem 8.4]. The
second estimate follows from the Schauder estimates, see [8, Chapter 6]

By the similar arguments, the solutions x? of equations (9) are station-
ary, satisfy strong mixing condition with the same coefficient v(r), and the
following estimates hold: for any N > 1 and k > 0

(20) Bl ¢k gawpory < Crws 3 =0,1,.... .

The solutions x? defined by (13) satisfy the same estimate: for any N > 0
there exists C'y such that

X[l (paxcrny < Cn.

Solutions u° and u/ of problems (2), (10) and (14) are smooth functions.

Moreover, for any k = (ko, k1, ..., kq) and N > 0 there exists a constant Cy y
such that
(21) | DX/ | < Cyn(1+ |z|) 7Y,

8k0 8k1 akd

where D*f(z,t) = f(z,t).

Otko 8xlf1 o &Egd

4 Proof of Theorem 1

In this section we prove Theorem 1. For the sake of brevity we use the
following notational conventions

aZj 9 at - 9

0z;

(22)
0, )(2) =0, 1G] L ON(E) = 0SG)] y

13



Denote
@ (z,5) = a’(z,8) + a"™(2,5)0.,, X" (2,8) + 0., (a™ (2, 5)x" (2, ),

892, 5) = (2, 3))0 X (2,8) + By (a7 2K (2,9)), R=1,2,
and from (11)

akell = E/ [@*(2,8)|dz, k=1,2,...

Td

Substituting V¢ for u® in (1) yields
Jo
OV = div]a(2, £)VV] = —7F ¥ Mgt
k=0

JO—k
+ 30 U (97) (2, L) Vuk + Z G (2, L) O Vut]

]—0 Jj=

+e% Z ghé—1 [(dlva) (£, %)+ z:_: 2 (div(aVx?)) (£, 8%)] Vuk

(23) 7O Jo-

2
+e 2 kz:() jz:(] g(k‘f‘] CL] Zm(a’ E%) 8x?8xm uk

Jo Jgo—
. . 3
73 Z Z (F+1)0F1 (g sz],z)( t)axla?cmazl ut,

Ve(x,0) = Z 5“‘””)@(%,0) Vul(z,0)
i=0

Due to (4) and (9),

JO O—k
_ Z Eké Z E(j&—l—l—a) (8 Xy) (g’ e%)vuk
k=0 7=0
JO JO—k
+ 7 ekd 1[(dlva)(f, LY+ > °(div(aVx?)) (£, aia)]Vuk
k=0 j=0

Considering our choice of J° we have: (J°+1)d —1 > 1+ /2. Therefore,
with the help of (2) and (10) the first relation in (23) can be rearranged as

14



follows

QV* — div]a(z, £)VVe] =

gl e
O JO
(24) —¢ : ngéau e Z Z (a0 grim (2 L)afja; + R (2, 1)
Jo_s

JO — .
— e S (e ) — ] R,

where we identify %% with a°®, and R¢ is the sum of all the terms on the

right-hand side in (23) that are multiplied by a positive power of €. One can
easily check that

) o) =S (2 L)),

where 67(z, s) are periodic in z, stationary in s and satisfy the estimates
(26) E (107 lEraxiory) < Ck;

®’ are smooth functions such that

(27) |D¥®I| < Cin(1 + |2) ™

and Ny is a finite number; we do not specify these quantities explicitly be-
cause we do not need this. We represent V¢ as the sum V* = Vi + V5, where
Vi and Vy solve the following problems:

( 0,v—div [a(g ia)vvf]

(28) VRt S ] 0
\Vf(%O)ZO,

and

a,VE — div [a(g %)vv;] = R (x, 1),
Vi (z,0) = Ve(x,0).

(29)

15



Form (19) and (20) it follows that the initial condition in the latter problem
satisfies for any & > 0 the estimate E||V*(-,0) ||]Z‘(Rd) < Cye®2 . If we multiply

equation (29) by Vi and integrate the resulting relation over R? x (0, T'), then
integrating by parts and combining estimates (25), (26) and the estimates
for ®7, we obtain

(30) EHV;H%Z(]RdX(O,T)) < Ce.

Denote

(a)(s) = /’]Td (@(z,s) — aeﬁ)dz
(aY(s) = /T (@ (z5) — ") dz, k=1,2,...

It follows from the definition of @* that for any & > 0 and [ > 0 there is
a constant Cy such that E|[(@* — (a)*)[|%, (raxjoryy < Cng- Since for each

s € R the mean value of (a*(-,s) — (a)*(s)) is equal to zero, the problem

ACH™ (2, 8) = (@ (2,5) — (a)"(s))™

has for each 7 and m a unique up to an additive constant periodic solu-
tion. Letting ©%™(z, s) = V(*™(z,s), we obtain a stationary in s vector
functions ©%™ such that

div O (2, 5) = (@ (2, 5) — (a)*(s))™, EH@k’imHgk(qrdx[o,T}) < Onge

It is then straightforward to check that for the functions

/2 SES ks[5 (T 1 (NP
e =S Sz 1) - ()
JO JO—k o2

— gl 3 Z Z g(kﬂ)é{div [@j’im<§, 6%) 8%8me1€($7 t)}

05 ) (a0}

the following estimate is fulfilled:

(31) EHFEH%?(O,T;H*l(Rd)) S 056.

16



Therefore, a solution to the problem

&€ 3 z t &€ €
O Viy — div [a(; €—a> VVLQ} = F*(x,t),
‘/18,2 ([L’, O) =0.

(32)

admits the estimate
(33) E|Viol 320 rm @y < Ce.

Splitting Vi = V| + V5, we conclude that Vi, solves the following problem

o a3 ) V) -

(34) /2 L (k-+5)6 t gm0l
—Q +] ] . J— j?e
oS S () -] 2

. Vvle,l(l” 0) =0,

By construction the strong mixing coefficient of @* remains unchanged and
is equal to 7(+). Denote by Vl(?’f the solution of the following problem

O,V — div M{ ! )vaff] _ % [<a>0(

g’ ea

im 52,0
t ) B aeff} &igxm

(35) =

‘/1(?715(1,’ 0) =0,

Lemma 4.1 The solution of problem (35) converges in law, as € — 0, in
L*(R? x (0,T)) equipped with strong topology, to the solution of (12).

Proof. We consider an auxiliary problem

B A R IO R P
Vaux (2, 0) = 0,

and notice that this problem admits an explicit solution

Vi = 29 (L) 2 i ¢(s) - | T - aar

e/ Qxioxd

Due to [12, Lemma VIII.3.102], [12, Theorem VIII.3.97] and Assumption c5.
the invariance principle holds for the process £*/2¢¥ (L), that is e*/2¢% (%),
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converges in law, as ¢ — 0, in C([0,7]))* to a d>-dimensional Brownian
motion with the covariance matrix A. Since u° satisfies estimates (8), the
last convergence implies that V2 converges in law in C'((0,7T); L?(R%)) to
the solution of problem (12).

Next, we represent Vf’f as Vf’f(:c,t) = Z%(x,t) + Vi (z,t). Then 2°¢
solves the problem

02— avfa(2. )72 =an((o (2 ) - o)
Z5(z,0) = 0,

(37)

and our goal is to show that Z¢ goes to zero in probability in L2((0, T") x R%),
as € — 0. To this end we consider one more auxiliary problem that reads

8,)° — div[ (f i)vyﬂ - dw([ (“T i ) . aCH}E(I,t))

gl ex £ &%

Ye(z,0) = 0.

(38)

If the vector function = € L2((0,T) x R?), then this problem has a unique
solution, and, by the standard energy estimate,

Hy€||L2(0,T;H1(Rd)) + HatysHLQ(O,T;H*l(Rd)) < CHEHL?((O,T)de)-

According to [20, Lemma 1.5.2] the family {)¢} is locally compact in L?((0, T') x
R%). Combining this with Aronson’s estimate (see [2]) we conclude that the
family {)¢} is compact in L*((0,T) x R9).

Assume for a while that = is smooth and satisfies estimates (8). Multiplying
equation (38) by a test function of the form p(z, t) +ex° (%, &)V (z, t) with
0 € C5°((0,T) x R?Y) and integrating the resulting relation yields

—Jo Jua V(010 + 00X (2, ) Vi + X (2, )V (a, ) ) dad

T
#0007 (2, 1) [0+ (e X0) (2, ) Do + X% (2, 2) 00,0 0|t
Rd
7 2
= [ [ [a(2. &) =" =" 00+ (00x™) (2, 55) 00y 0+ XM (2 55) iy vl
]Rd

Since [14 X°(2, s)dz = 0, we have |[(9,x°)(x/e, t/e*)Vo| 120111 (rey) < Ce.
Therefore, fo Jra Vo (01X°) (£, L) Vipdadt tends to zero, as &€ — 0 Con-
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sidering (4) and (6) we obtain

T
[ [ 8, Y7a™ (%, %) [axigo + (95, x%7) (2, 8%)0503.(,0] dxdt

0 Rd

= [ V(2 ) [T+ (V) (2 )] g dad

0 Rd

[ [ [a(2,5) =] "= (00 + (9rX%9) (£ 55) e, 0 + X9 (£, 25) i | el

T .
= [[{a(Z 2)[I+ (VX°) (2, )] — aT}"=m0,, pdudt
0 Rd
_ff{aeﬁ"}zm m(axzx )( s a)axj@dllfdt
0 Rd
T .
+ [ [ a(2, &) =] " Emex 0 (£, L) e dadt — 0,
0 Rd

as ¢ — 0. Denoting by Y° the limit of }¢ for a subsequence, we conclude

that
T ..
[ [ (-
0o JRrd

Therefore, Y° = 0, and the whole family )¢ a.s. converges to 0 in L*((0,T) x
R?). By the density argument this convergence also holds for any = €
L*((0,T) x RY). Since Vg, converges in law in C((0,7); L*(RY)), the so-
lution of problem (37) converges to zero in probability in L2((0,7T) x R%),
and the statement of the lemma follows. O

From the last lemma it follows that the solution of problem (34) converges
in law, as ¢ — 0, in L2(R? x (0,T)) equipped with strong topology, to the
solution of (12). Combining this convergence with (30) and (33) we conclude
that V¢ converges in law in the same space to the solution of (12). This

completes the proof of Theorem 1.

P

825‘2' T

)d:cdt —0.
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5 Proof of Theorem 2

The beginning is the same as in Section 4. We consider the following
expression:

JO—k

Ve(:c,t)=€_a/2{u€(x,t)_iogk6< “+Z€’“1 (G ea) 7))

where x/(z,y) and u*(x,t) are defined in (13) and (14), respectively. We
substitute V¢ for u® in (1) using It6’s formula:

Jo
AV = div]a(2. 4 )YV Jdt = —e78 0 e B

+ Z Got1-0) (£,\7) (2, £ ) Vuk + Z (70+1) Xj(g,fs%)ﬁtVuk]dt

Jo Jgo—

+Z Z (1=t (k) )U(gs%)vaJ'(g,gs%)Vuk(x,t)dBt

k

JO—k
+e s zgw—l[(diva)(g,g%) + Y e (div(aVd) (5,64, ) |Vt
k=0 ) =0 )
JO JO—k

2
+e~ 2;0 Z (k+4)5 mm(ajg )ﬁukdt
Jo Jo— =

+e72 Z Z (k0% (a imxj’l)(gvgs%)amiaiinaxl“kdt'

(39)

Here the n x n matrix o(y) is such that o(y)o*(y) = 2¢(y), B. is a standard
n-dimensional Brownian motion. Due to (7) and (13)

JO JO_
-3 ko Z c(i6+1-a) (ﬁyxj)(%fs%)vuk
k:OJO J=0 Sk ‘
45 ki [(diva)(f,&gﬂ) + > e(div(aVx?)) (fjf%)]vuk

k=0 N

[en]

<.

JO
éj(Jo-i-l)é—l Z (EyXJO—k) (g’g )Vuk
k=0

Bl

€
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keff

Considering equations (14) and the definitions of a** and a*(z, y), we obtain

an expression similar to that in (24)

dVe (2, 1) — div [a(g gg%)vvﬂ dt

A b €T im aQuj
_ —a/2 (k+7)0 | ok [ = _keff
- (5 ZZE ’ [a (5’56%) ¢ ] 8:)3i0xm>dt
(40) =0 k=0
JO JO—k .
+ Z Z f—:(l_o‘“k“)‘s)a(f%)vyxj(—,§%>Vuk(z, t) dB;
k=0 j—0 : € -
+ RE(z,t)dt,
with a%f = ¢ and the initial condition
Jo Jo_
3 o V(2.6) V(@ 0)
k=0 j=0
and
NO
(41) R (2,1) = /2" 009 (L6 )0 (o)
=0 ¢ -

with periodic in z smooth functions 1/ = ¥/(z,y) of at most polynomial
growth in y, and @7 satisfying (27).

We represent V< as the sum V© = V¢ + Vi + V5 where V7 and Vi solve
problems equivalent to (28) and (29):

(0,Vi—div [a(g §7> va}
JO JO—k Cm A2k
(42) _ a2 kzo ]ZO SU+)5 [aj<": ;) B a],cﬁ] &igxm’
\ Vf(CL‘,O) = 0,
and
(43) oVs — dlv[ ( f%)VV;} = RE(a, 1),

Vs (2,0) = VE(x,0).
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The last term V5 satisfies the SPDE:
Vi (x,t) — div [a@,g%)vw] dt

(44) JO Jo_ N
= Z Z e (1—a+(k+j)0 (é" )va]<g>€E%)vuk(l’,t) dB,

k=0 j5=0

with initial condition Vi (z,0) = 0.
We have

BIR aeomy < O [ [ [ 0 b0+ o)) dyda
< Ce 1— a/2

Similarly, E[[VZ (-, 0)/72 ri) < Cel=2/2. Therefore, Vi still satisfies (30) and
thus does not contrlbute in the limit.

We turn to V7. The statement similar to that of Lemma 4.1 still holds.
Indeed the equivalent of F*

Jo JO—j

HE(ZL’,t) _ 5—01/22 Z E(k—i—j)é |:gk<§’€s%) B <a>k(€sta)}zmaf2au;

j=0 k=0

admits the estimate (31):

(45) E||H?|’ < Cer e

||L2(0,T;H*1(Rd))
We split Vi = Vi, + Vi, where

e V7, solves (32) with H° on the right-hand side instead of F*, it admits
estimate (33);

e V7, solves (34).
According to [28, Theorem 3] the processes

Ak(t) = / ((a)*(&) — d*T)ds

satisfy the functional central limit theorem (invariance principle), that is the
process

—Q

ATR(p) = &8 / M) — aFTYds
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converges in law in C([0, T]; R?) to a d>-dimensional Brownian motion with
covariance matrix

(h) = (a0 = [

Rn

0

o (@)™ ()| p(y) dy.

2 @]

Wy
with matrix-function Q° defined in (15) and Q* given by

(46) LQ*(y) = (a)*(y), k=1,....

By the same arguments as those in the proof of Theorem 1 (see also [16,
Lemma 5.1]), we obtain the same conclusions as in Lemma 4.1.

To finish the proof of Theorem 2, we need to control Vi, solution of
problem (44). The following crucial statement will be proved in the next
section, in this section it is taken for granted.

Proposition 5.1 For a solution of problem (44) the following estimate holds:
(47> E||%€’|%2(RdX(O,T)) S 054_2a‘ 10g€|.

Combining (30) and (47), together with Lemma 4.1, completes the proof
of Theorem 2. Let us again emphasize that the diffusive case cannot be
deduced from our first case because of the presence of V5.

6 Proof of Proposition 5.1
In order to prove Proposition 5.1 we consider first the following problem:
(48) dVE(z, 1) — div [a<§ gs%)vvg} dt
= 5(1_0‘)0(56%)Vyx0 (g, 5%) Vu(x,t)dB,
with initial condition V5(x,0) = 0. In fact we keep only the smallest power

of € on the right-hand side of (44) (since § = 2—« > 0). Our goal is to prove
the following estimate:

(49) EHVE||%2(R¢1X(O7T)) < O logel.

This inequality (49) implies the desired statement of Proposition 5.1 on Vi
because the other terms in (44) have larger powers of ¢ and thus Vj is the
largest term in Vi when € goes to zero.
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6.1 Construction of a mild solution

Our aim is to prove that the solution Vj of (48) is given by:

(50) Vi(z,t) = /Ot {/Rd I(z,t,y,s)G (g,fs%,y, s) dy] dBs,

where I'® is the fundamental solution of the following parabolic equation:

ous

(51) (1) = div [a<§,§€%>VU‘1

and
(52) G t) =G (Liegut) =0 VN (L6 ) Vu'ly.0)

Note that the latter function is bounded by £!~*K(. The stochastic integral

in (50) has to be defined properly since I'*(z,t,y, s) is measurable w.r.t. the

o-field Fij.o generated by the random variables B, with u < t/e®. The

correct definition can be found in [23] and is based on Malliavin’s calculus.
The stationary process £ satisfies the following SDE:

(53) & = b(&)dt + o(&)dB;.

It is well known that under the assumption c3, ¢ satisfies for any 7" > 0 and

any p > 1
E ( sup |§t|p> <(C
te[0,7

where C' is a positive constant depending on p, T', and the constants in
condition ¢3. Moreover from [6, Proposition 2.6], under (C), we have for

any n > 0 and p > 1:
p
>:0.

In what follows we borrow some notations from Nualart [22]. Recall that
B is a d-dimensional Brownian motion. Let f be in C2°(R%) (set of all
infinitely continuously differentiable functions such that the function and all
of its partial derivatives have polynomial growth) with

flo) = flag,. . a5 sam, o).

(&

€

(54) lim e"E ( sup

e—0 te[0,T]
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We define a smooth random variable F' by:

F=f(B(t),...,B(tn))

for 0 <t <ty < ...<t, <T. The class of smooth random variables is
denoted by §. Then the Malliavin derivative D,F' is given by

DI(F)=>" 8—f(3(t1), s B(tn)) 1 (1)

(see Definition 1.2.1 in [22]). D;(F') is the d-dimensional vector D;(F) =
(DI(F), j=1,...,d). Moreover, this derivative D,(F) is a random variable
with values in the Hilbert space L%([0, T]; R?). The space D*?, p > 1, is the
closure of the class of smooth random variables with respect to the norm

» 1/p
1Elhy = [EGF) + E (1DF I o zme) | -

For p = 2, D2 is a Hilbert space. Then by induction we can define D¥? the
space of k-times differentiable random variables where the k& derivatives are

in LP(Q2). Finally
]Dk,oo — m ]Dk,p’ D>® — ﬂ ]Dk,oo‘

p>1 keN

The next result can be found in [22], Theorems 2.2.1 and 2.2.2.

Lemma 6.1 Under ¢3, the coordinate & belongs to DY for any t € [0,T]
and i =1,...,d. Moreover for any 7 =1,...,d and any p > 1

(55) sup E ( sup \Dg’gﬂp) < +o00.

0<r<T  \r<t<T
The derivative DIE! satisfies the following linear equation:
Dig = o (&) + > / s)DI (& dB’+Z/ k() DI (€
1<k,i<d”"

forr <t a.e. and Di& =0 forr >t a.e., where o7 is the column number j
of the matriz o and where for 1 < i,j < d and 1 <1<d, b;;(s) and . ;(s)
are given by (17):

big(s) = (Dn,b)(&),  F1,(5) = (O, 000)(&)-
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The Malliavin derivative of G¢ defined by (52) can be computed by a
chain rule argument:

D,G* (y,s) = & "Vu'(y,5)Di&yeo
TV (264 ) + 06 VX (L.65)]-

€

Hence
ID.G" (y,s) || < &' *Kgl|Dp&yjen|| < e Katp*(r)
where
(56) Ye(r) = sup [|[D,&yeall = sup || Dp&-l
te[0,T T€|r,T/e%]

Equation (50) is well defined if we can control the Malliavin derivative
of the fundamental solution I'. In the rest of this paper, for two positive
constants ¢ and C, the function g.c(x,t) is defined as follows:

Cla/?
t

), t>0, zeR%

C
et~ o
t2

It is well known (see among other [7], Chapter 9, [2] or [29]) that there exist
two constants ¢ and w depending only on the constant A in Assumption al
and the dimension d, such that

(57> Fe(xu tvyv S) S g<,w(l’ - yut - S)’

This inequality is called the Aronson estimate (recall that I'® is non neg-
ative).

For the next result let us assume that the matrix a satisfies al and the
following regularity conditions:
(R) Forany 1 < j,k<d
2

0z;0yy,

V.a(z )|+ Vya(z )] + \ a(z,y>' < K,

Note that (R) is weaker than c1.
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Proposition 6.1 Under al and (R), the fundamental solution I'° of (51)
and its spatial derivatives belong to D> for every (t,s) € [0,T)?, s <t and
(z,y) € (R™)%. Moreover it satisfies the following inequalities: there exist
two constants o and w tShat only depend on the uniform ellipticity constant
A and on K,, such that

1
58 V. Iz, t,y,s)| < —— gou(x —y,t — 5),
(58) VoI (z, 1.y, 5)| N (r—y,t—s)
(59) |D, I (z,t,y,5)| <Y (r)gpm(x —y,t —s),
and

%gw(w —y,t—s).

The constants ¢ and w do not depend on €. The quantity 1° is defined by
(56).

(60) |D, V. I(2,t,y,s)| <

Just remark that Estimate (58) holds under the weaker assumption than
(R), namely it is sufficient to assume that |V.a(z,y)| < K,. The other
derivatives of a in (R) are used to control the Malliavin derivatives. The
proof of this result is quite involved and based on the construction of I'® by
the parametrix method. For the reader’s convenience we postpone it to the
Appendix.

As a consequence of [1, Theorem 5.10] and [1, Theorem 5.11] one can
easily deduce that the right-hand side of Equation (50) is well defined and is
the unique classical solution of (48).

6.2 Intermediate result

We begin this section by proving the following result.

Lemma 6.2 The following estimate holds: for any p > 1 and any n such
that 4 — 2ac — ) > 0, there exists a constant C', independent of €, such that

1+ [E /0 T(ws(r))%dr] 1/1 .

(61)  E[VEl 2@axor) < Ce " loge]
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Proof. We know that
t

Vi(x,t) = /Rd *(z,t,2', 8)G*(2', s)da'd B

/ I (z,t, 2, s)G* (2, s)dx'd B
e2 JRd

I
S— T—

t—e?
/ (x,t, 2!, s)G* (', s)da’d By
Rd
(62) = Ji(z,t)+ J5(x,1).

Denote t. = ¢t — 2. We first rearrange the term J5:

t
Jf(x,t):// *(z,t,2',8)G* (2, s)dx'd B
te JR4

t

_ -« € / . 0 £ . 0/ .

=c /tE/RdF (I,t,I,S)U(fs—a)VyX <€,§§)Vu (', s)dz'd By
t

= ¢l a/ §(z,t, 5)dBs.
te

Using isometric property of the anticipating Ito integral (see Eq. (3.5) in
[23]) we get

63)  B((Ji(x.1)?) = £ *E / (a1, ) 2ds

t t
+ & *E / / |D,j%(x,t, 5)|*dsdr.
te Jite

By the Aronson estimate (57), I'*(z,t,2,s) < ge.w(z — ', t — s). Moreover
for any k = (ko, k1, ..., kq) and N > 0 there exists a constant Cx y such that
(64) \8ku0| < Ck,N(l + ‘ZL’D_N,
oko gk oka
where 9%u°(x,t) = T T u’(x,t). The matrix ¢ is bounded and
Otk Og7 Oz
X is at most of polynomial growth w.r.t. y. This yields

/

Pt = | [ 1ot o () V0 (5.6 ) Vil sy

)5 (1 + |2'))~Nda!

< C’N/ Jew(w —a/ st —5)(1+ |5
Rd

< On(1+ €5 ) (1 J2)™
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for all ¢, s such that 0 < s <t < T and for all N > 0. Therefore from (54)

)2Kd8

t t
52_2QE/ 175 (z,t,8)?ds < CN52_2°‘_’7/ (1+ |z)*Ne"E(1 + ‘55%
te

te
< COnet™27(1 4 |z])2,

The Malliavin derivative of j¢ is obtained by a chain rule argument, and the
estimates (57) and (59) lead to

D (ast,s)] < /
Rd

+ / *(z,t, 2 s)
Rd
< U / Geo(t — 't = 5)0 (—5_) V' (@', s)| do’
Rd :

l,/
D, (x,t, 1, s)a({s%)vyxo (—, §%>Vu0(x', s)| dz’

D, {0(5 )V, (m H}vu o, )| da

with
0(z,y) = ’U(y)vyxo (z,y)‘ + ‘Vya(y)vyxo (z,y) + U(y)@ixo (z,y) ’ )

Hence

Doty s)| < Cue(r) /R Gl — o't —5)(1+ |E5

< OY () (L |es ) @+ 2N

Thereby for any p > 1, denoting by ¢ the Hélder conjugate of p and using
Holder’s inequality for the expectation and Jensen’s inequality for the time
integrals, we get

//|Drj (z,t,5)|*drds

<CZE// (V2 (r

<ct[p(f wo Qdfﬂ”pl ([ 0™ o
C’Q(t—tg)[ QPdT)]l/p{ ( 0t e )2qu8)]1/q

B[
<o e [wya] @

B+ )N

r )2K(1 + |z]) "N dsdr

(1 [a])2¥

29



the last inequality here is a consequence of (54). Coming back to (63) we
obtain

(1+ |~

B((Ji(r.0)") < C o |1 e [ tw&(r))?pdr} "

and finally

T 1/p
6 B(Uiln) <02 |1+ [B [ el ] .
0

Recalling (52), since the mean value of V,x%(z,y) in z is equal to zero,
there exists a periodic in z function X° = X(z,y) such that div,X%(z,y) =
o(y)V,X°(z,y). Moreover, X° is smooth and has at most polynomial growth
in y.

For estimating J5, we use an integration by parts formula:

te /
Js(x,t) = 51_0‘/ / Fa(z,t,a:',s)a(f%)vyxo<£,§%>Vuo(x’,s)da:'dBS
Rd e ¢

2

- / /drexm sX0< o )882 0(2/, s)dz'dB,
+ & / VvV, (x,t, 2 S)XO< f;)VuO(z',s)d:z'st
0 JRd
te te
= 52_0‘/ wi(z,t,s)dB +52_°‘/ ws(z,t, s)d B
0 0
(66) = I{(z,t)+ I5(x,t).

Using again isometric property of the anticipating Ito integral we have
forj=1or 2

te te te
e\2\ _ A2« 3 2 4—2«c £ 2
E((5)7) =¢ E/o w5 (w,t,5)]°ds + € E/O /0 | Dyw5(,t, s)|"dsdr.

Using (57), (59) and (64), by the same arguments as in the proof of (65) we

have
T 1/p
67)  BIE R < O3 1+(E / <w€<r>>2pdr) ]
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In order to obtain an upper bound for I5 we use Aronson’s estimate for the
derivative of I'*:

/
|wE(I’t’ S)| - VI/FE x7I,at>S XO £>€i VUO ZZ'/,S d[lﬁ'/
’ Rd e ey
! 't XO 2’ \V/ 0/ .1 da!
o T st (r =t =) X £ )Vl (e 5) o
C « i
S [ o S lr a8 (1 e )" (0 )N
C K B
oo (L [ea])™ @t laD™.
Hence

te
E/ |ws(z, t, s)[2ds < C|log(e)|e (1 + |z])~*".
0

For the Malliavin derivative we proceed as before with (60):

5 € 1 ZL'/ 0
\D,wi(z,t,s)| < w(r)/Rd mg<,w(x—x/,t—s)9<;,§€%> V(e 5)| do’

with
o0 = e+ (o)

te  pte
E/ / | D, ws(x, t, s)|? drds
o Jo

<ol [ E [0+l

|t = s

Again

)| dsar

< O faly e [ [ [ (o)) s

T
< Cllog(e)|e (1 + o) [ B[ ()] dr
0
From the last two inequalities we deduce that

T
e Coa— 5 1
B 5]|Ze@axory < Ce7* | log(e)] [1 +/0 E (v ()] dr| .

The last estimate combined with (65) and (67) yields the desired inequality
(61). This completes the proof. O
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6.3 Uniform estimates of the Malliavin derivative

Now to obtain the estimate (49), from Lemma 6.2, we only need to control

¢°(r) = sup [[Dr&yea| = sup D&

te[0,7 T€[r,T/e¥]

and show that under our standing conditions it admits uniform in € estimates.
Let us also emphasize that Condition (S) has not been used until now.

Lemma 6.3 Under Conditions c2, ¢3 and (S), there exists a constant C,
such that for any T and € > 0

E (|5 (r)]") < G,
Proof. Recall that Z(t) = D,&; is the matrix-valued process defined by:

Z(t) = ol&)+ / W(s)Z(s)ds + > / ' (s)Z(s)dB'

and o is bounded as specified in condition ¢2. Each column Z7 of Z satisfies
the linear d-dimensional SDE

7] = o;(&) + / $)Z9(s ds+Z/~l )Z7(s)d B
1<i<d

where 0 is the j-th column of 0. We apply the results contained in Appendix
B (see also Section 6.7) of [14], more precisely Equation (B.11). The process
X, = | Z]| satisfies the scalar linear equation:

d
Z )0,,0 )Xtdt
=1

(c'(t)©,,0,)dB

dXt = < t @t +

N —

+
IIM&

- (b( )dt + s(t)dB;)

where Q is defined by (18) and ©; = Z;/|Z;| belongs to S, b is the one
dimensional process

1
b(t) = Q(t,0,) + 52 ()B4, 0y)°



and s is the d-dimensional process
s(t) = ((64(1)0.,0,), 1 <1< d).

From condition ¢3, the process s is bounded: there exists a constant C'; such
that ||s(u)|* < (C’l) Hence

(X; /p w)du + s(u)dB,)
+’°(’° —1) / ()P [ls(w) e

/ hx ( p;1”5(u)”2) du + M,

where M is the martingale:

Condition (S) leads to

In particular from condition c2 for any 7' > r

T
sup E[(X,)P] + cpE/ (X )Pdu < E(X,)F < %.

te[0,7
Now coming back to (68) we have

(69) sup (X;)P < (X,)? + sup M,.

telr,T) te[r,T)

From Davis inequality (see [21], Chapter 1, Theorem 6), together with c2,
we obtain

E | sup (X;) )\— sup \MA]
telr,T] telr,T]
1/2
+f-sz </ 2 ls(w) |du) ]
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with x, = 10(p(p — 1))?. By Young’s inequality

(/ T<Xu>2n||5<u>||2du) 1/2]
(;33 ]<Xt>") N ([ xortsiia) W}
v ([ aplstoran)]

E

<E

< lE

X,)P
= 2, Sup( t)

te|r,T]

Therefore

1
-E

up <Xt>"] < %J“;VE[ [T<Xu>n||5<u>||2du]

te|r,T]

L1 O],

IN

AP

This achieves the proof. O
Note that in dimension one (d = 1), Condition (S) follows from the
inequality

(70) ou0(e) + 2L (0.0(6)) < ¢

Indeed, since (; = D,&; satisfies the linear one-dimensional SDE:

an explicit formula for |(;|" reads
6P = loe)re | [ vootesan, — g [ vy
exp {p / (ch(fu) + %(@ca(gu))?) du] .
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Under (70) we have

1 ! 1
|Ct|p < ﬁe_m(t_?) exXp |:/ pama(gu)dBu - 5/ p2(8m0'<£u))2du}

and taking the expectation, we get

1
sup E|¢)P < —.
tzg |Ct‘ — )\p
This last inequality holds even if ¢ is equal to zero. However, if ¢ > 0, we can
change the order of the expectation and the supremum.

Appendix: construction and properties of the
fundamental solution

Here we prove Proposition 6.1. In other words we want to prove that the
fundamental solution I'® of a parabolic equation

o2

is in DM? (Malliavin differentiability) and that the Aronson estimates for the
Malliavin derivative (Inequalities (59) and (60)) hold.

One construction of the fundamental solution I'* can be found in [19],
Chapter IV, sections 11 to 13 or [7], Chapter I. It is based on the property
that for some h € (0,1), there exists a non negative random variable x(w)
such that a.s.

, h/2

(£166) a(Zo65)] < et

€

t—t

ga

(see for example [5] for details). Hence the existence of I'* is guaranteed. But
the constants in (57) or (58) may depend on ¢ if we follow this construction.

For the Malliavin differentiability property of I'*, we use the approach
developed in Alos et al. [1]. For a fixed ¢ the solution Vj defined by (48) is
well defined and satisfies all required properties. But £ > 0 is a parameter of
the equation and thus it may appear in (59) and (60) on I'*, and therefore
on Vi or v°. Indeed, following the proof in [1] we might have extra negative
powers of € in the estimates of the Malliavin derivative of I'*. In other words
for the initial homogenization problem, we need more accurate estimates on
['* as in Proposition 6.1.
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Preliminary remarks

Let T be a fixed positive constant. The time variable belongs to the
interval [0, 7. Recall that we have defined ¢ by (56):

V5(r) = sup ||Dy&eel| = sup [|Dy& |-
te[0,7) TE[r,T/e%]
We denote by &° the process §f =« , and for any r € [0, T /€% we have
sup [ D,&f[| = sup || Dp&f| = ¢F(r).
te[0,7/2] T€[0,T /=]

Now if I is the fundamental solution for:

Ju , .
(71) E(m,t) = div [a(x,§t>Vu(x,t)],
then:

- I~ (o t y s
(72) I(z,t,y,s) = QF (ga 2 5—2> .

Note that if I'* is defined for 0 < s <t < T, then ' should be defined on
0 < s <t <T/e® Remark that if T° satisfies Estimates (57)-(60), with
some constants ¢, w and p, uniformly w.r.t to €, then I'® verifies the same
inequalities with the same constants.

From now on and in the rest of the appendix, we denote by a®(x,t) the

matrix:
a(x,t) = a(m, f) = a(m,£ t )

e —2

and we consider only I the fundamental solution of (71). Moreover the
uniform ellipticity condition al and the regularity condition (R) hold.

Let us emphasize again that the pathwise existence of Ie is justified in
[19], Chapter IV. Hence we concentrate ourselves mainly on the uniform
estimates. Note that the Aronson inequality (57) holds for I'* with constants
independent of € (see [2] and [29]). Our goal is to derive estimates (58), (59)
and (60) for I'*, that is to show that for any (z,y) € (R%)? and any 0 < s < ¢
we have

VI (2, t,y,5)| <

1

— ol —y,t —5),
/—t_sgg, ( Y )
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|Drf€(xat7y7 $)| S ¢E(r)gg,w(x - yat - S)a

and
1

N=r Jow(T —y, 1 — 5).

Let us emphasize that these estimates hold for any s < ¢ in (0, +00). In order
to obtain this result, we use and adapt the construction of the fundamental
solution developed in [7], Chapter 9 (see also [30] for the parametrix). The
scheme is the following: consider first the case where a° just depends on the
time variable and derive the desired estimates; then extend the result to the
general case by the parametrix method. Here only the space variable is frozen
in the first stage. Thus we avoid the problem due to the lack of regularity
w.r.t. ¢.

|D,V,T%(x, 1, y, 8)] < ¢°(r)

Parametrix method and the estimate on the gradient

First assume that a® just depends on ¢, that is a = a(y). In this case the
fundamental solution I'* is denoted by Z° and is given by the formula: for
any s < t and (z,y) € (R?)?

(73) 2 —yot,s) = W /R IVt 5,
where V¢ is the following function:
Ve(t,5,¢) = exp (-(/: o (u)du g,g)) |
From Condition al, a° verifies a.s. the estimates
A= 9lel < ([ e ¢, < A - )P

From the above expression for Z¢ we deduce that forany £ > land 1 < j, < d
with 1 </ <k

k e _ (Z)k il (x— €
8gcj1...mij (LL’ =yt 3) - (27T)d/2 /Rd ey (t, S5 C) (le e CJk)dC
As in [7], Chapter 9, Theorem 1, we obtain that:

(74) 10y, 25 (@ =y, 8)| <

Tjy-Tjy, - m gg’w(x o y7t o 8)'
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In particular the Aronson estimates (57) and (58) can be derived.
Now we define the parametrix, also denoted by Z¢, as the fundamental
solution of (71) for a(3,t) where 3 € RY is a fixed parameter:

ou

(@) = div]a* (5. ) V(e ).

We have again the representation

1 .
< 7 — - = iC(z—y)1/e
(75) Vs < t, (l’ y,t,s,;)) (27T)d/2 /Rd € 4 (t> S>Ca3)d<>

with

Vit G = e ([ o €.0)).

The above arguments give Estimates (57) to (60). The next result is equiv-
alent to Lemma 5 in [7], Chapter 9, Section 3.

Lemma 1 Suppose that f is a measurable function on R? x [0, +00) and
satisfies
|f(2,t)] < kexp(alz]?)

for some constants k and a < w/T. Then the integral

Fat) = | t ( | 7= 0 s)dc) s

is well defined for 0 < t < T and the derivative V,F exists for 0 <t < T
and

V,F(x,t) = /0 ( [ V.2 s O s)dg) ds.

Proof. We skip the proof because of the fact that the arguments are the

same as the proof of Lemma IX.5 in [7] (see also [7], Chapter 1, Section 3 for

more details). Since we consider only the gradient, we only need regularity

of the function f (see Theorem 1.2 in [7]). O
The parametrix method suggests to construct I in the form

Pa(l’,t,y,s) = Ze(x_y>ta8ay)

(76) + / /Rd Za(z - C,t,’l", C)¢€(C’r>y> S)dCd’l"
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If the function ®° is measurable with suitable growth condition, we can apply
Lemma 1 and thus I'® is the fundamental solution if and only if

¢
O (z,t,y,8) = K (x,t,9, s) +/ K (z,t, C,m)P(C, r,y, s)dCdr
s JR4
where

Ke(z,t,y,s) = div [(a€ (x,t) —af (y,t)) V.25 (x —y,t, s,y)} )

Notice that in the expression a® (m, t) —af (y, t), the matrix is evaluated two
times at the same point &. Hence formally the function ®° is the sum of
iterated kernels

(77) (x,t,y,s ZICE (x,t,y,s
where K7, is the kernel:

t
IC(x,t,y,s) = / K (z,t, ), 1(C,ryy, s)dCdr.
s JR4

Let us follow the scheme of [7] to obtain (58), (59) and (60).
We first estimate the space derivative (58). From Condition al and (R),
the matrix a® satisfies the following properties.

pl. af is uniformly elliptic: for any (t,z,¢) € Ry x R% x R?
ATHCP < af(z, )¢ ¢ < AICP

p2. a° is continuous on RY x R and satisfies the Lipschitz condition w.r.t.
x, uniformly w.r.t. ¢

(78) (2, 1) — a*(2',t)| < Ka|v — 2]
for some constant K, independent of € and t.

Remark that continuity of a® w.r.t. ¢ is not used after. We will use the
following notations: a; is the i-th column of a, v is the vector-function defined
by:

8aﬂ

() = divlan(p) = 30 52 ow)

j=1
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and v*(z,t) = v(x,&). The kernel K¢ satisfies:

£ - £ £ 82Z€
K (xata Y, S) = iEj:1(aij($’ t) - aij(ya t))al'lal’] (ZIZ' - yata S, y)
- 0z¢
79 (2, t) = (2 — y, 1, 5,7).
(79) + ;:1 (@) 5 (@ =yt s, y)
Lemma 2 In (77), the series converge and the sum ®° is measurable and
verifies:
(50) 90,40, 9)] < ——goslt — 0 — 9
T, 0Y,S) > o\ — Y, Tt —S).
y \/mggy y

The constants o and w do not depend on €, but on \ and d, whereas o also
depends on the Lispchitz constant K, of a w.r.t. z.

Proof. Hence from the previous estimate (74) on the derivatives of Z¢ and
the Lipschitz property of a, we obtain

1
|’C€([L’, t>y> $)| S Ka|z - y|§g§,w(x - yat - S)

1
+ Ky——go oz —y,t—s
\/mgg( y )
1

< — g, =y, t—s).
— \/mgg,( y )

Again ¢, w or p may differ from line to line but they never depend on e.
Thus K¢ satisfies exactly Inequality (4.6) of [7], Chapter 9, Section 4. Then
the convergence of the series in (77) can be proved by the same arguments.
Indeed for any 0 <n < 1

t
Kiteton ) < [ [ Kt G K] dcan

€T — <>t - r)gg,w(g -y, r— S)dCd’l"

¢ 1
= / N T T R

M) 1 (_w(l ) \fct— y‘z) dr

< ex
LV s (t—sE T
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using Lemma IX.7 in [7]. M(n,w) is a constant depending on 7 and w (and
also on d). And by direct computations (see Lemma 1.2 in [7])

t 1

Thereby we get two constants ¢ and w such that

‘IC;(I, 6y, S>| < gg,w(x -y, — 8).
Iterating this computation we obtain by induction for m > 2:

Mm

() < .

(t—s)"* g, oz —y,t —s)

where M is a constant depending on ¢ and @ and (-)! stands for the gamma

function (see the proof of Theorem IX.2 in [7] for the details). The conver-

gence of the series and the estimate (80) can be then deduced. O
Using Lemma 1, we deduce that I is well-defined and the property (58)

is obtained with the formula

&ije(x,t,y,s) = 0., 2°(x —y,t,5,y)

(81) + // 0y, Z%(x — ¢, t,7, Q) (¢, 7,9, s)d(dr,

together with estimate (74) on Z¢ and (80) on ®°. We underline that only
the properties p1 and p2 of a® are required to obtain (58). Let us formulate
precisely our result.

Lemma 3 Let a = a(x,t) be a measurable matriz function defined on RY x
R, and assume that the uniform ellipticity condition al. holds. Assume
moreover that there exists K, > 0 such that |a(x,t) — a(2/,t)] < K,|z — 2|
for almost all t € R™. Then the fundamental solution of

% = div [a (1’, t) Vu} ,

satisfies estimate (58) where the constant w only depends on the uniform
ellipticity constant X\ and the dimension d, and the constant o only depends
on A, d and K,.
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The Malliavin derivative of I

Now we turn to the estimates (59) and (60) for I'*. Recall that we assume
Conditions al and (R) to hold. Let us summarize some properties of the
matrix a°.

Lemma 4 The matrixz a® satisfies the following properties.

p3. For each (t,x) € Ry X R, a°(x,t) is Fyjca-2-measurable.

p4. For each (t,z) the random variable a(x,t) belongs to D2,

p5. For every (t,x), (t',2") and r, such that t, t' and r are in [0,T/&?]

| Dra(x,1)] < Kap™(r)
| Dr(a® () — a*(2', 1))] < Kot (r)]x — 2'].

Proof. The assertion p3 follows immediately from the definition of a® and
&, Since ¢ € DY?) and since a is smooth (at least of class C'), a° also
belongs to D2 (classical chain rule, see Proposition 1.2.3 in [24]). Hence p4
is proved.

Now we want to obtain suitable estimates on the Malliavin derivative of
a®. Once again & € DY? and a is smooth. Thus for any fixed x, we have for
any k=1,...,d

d

fojxt Z

(=

z,&)DEE).

Thus D,af(x,t) =0 if r > t/e*2 and for r < t/e*" %

8al j

(82) |DFag (x,t)] <

r2]

|1 Dr(&5)] < Katp™(r).

The same computation shows that
k
Dy (ag;(x,t) — ag;(a',1))

v g) - 2

S| DHE

I
FMs
I

@
SE
=~ o,
/-\
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Hence
| D (a5, (z,t) — a5, (2, 1))] < Kb (r)|z — 2.

This completes the proof. B O

Let us remark that the above construction of I'* has been made pathwise,
w by w. We want to prove now that I'® is also Malliavin differentiable.
A straightforward consequence of the previous definitions is that for any
s < t, the random variables Z¢(x — y,t,5), ®*(z,t,y,s) and I'* are Fjca—2-
measurable.

Let us first consider the Malliavin derivative of Z¢. From the representa-
tion (73), this derivative can be computed explicitly: for j =1,...,d

. 1 N
DIZ(x —y,t,5) = W/Rd e“TVIDIVE(L, 5, C)dC

- ﬁ /R IV, O [ Dl (G

Thus
t
DI Z%(x —y,t,s) = Trace [(/ Dﬁaa(u)du) AL TR s)} :
Thereby

. 1
D] Z%(x — y,t,s)[ < T em(®—ut—s).

t Da -
(DI k,ed
| s-teopigheu

Since we assume that the derivative of a is bounded (Condition (R)), we
obtain:

|DTZE($ -y, t, S)| < Kawa(r)gg,w(z —y,l— S)'
Therefore we deduce (59). Similar computations give:

1

Dral‘j Za(llj'—y’ t> S) = _ZW /Rd 6iC(x—y)vE(t’ S, <)</s Diaa(u)du <> C)deCa

and using the estimate on the third derivative of Z¢ w.r.t. x, we obtain (60):

1
(83) | D0y, Z5(x — y,t,8)| < Ka¢€(r)m Gew(x —y,t —5).

In other words if a® does not depend on z, that is if a does not depend on
z, the estimates (57), (58), (59) and (60) hold for Z¢. In (59) and (60), the
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implied constants depend also on the Lipschitz constant of the matrix a w.r.t.
the second variable y. Similar computations and arguments also show:

1
|D7‘aiij€(x - yvtv S)| < Kawe(mm g<,w(:€ - y,t - S)'

Lemma 5 (Malliavin differentiability of ®°) The function ®° belongs to
DY for every (t,s) € [0,T)?, s < t and (z,y) € (R?)2. Moreover there exists
two constants o > 0 and w > 0 such that

1

(84> |qu)€(l’,t,y, S)| < we( >\/t——8 gQw( —y,t—S).

Proof.
Recall that

vi(z,y) = div(a;(z,v)) Z a],

and v¢(z,t) = v(x,&). Note that from Condition R, the process ¢ belongs
also to Db, Indeed

M&

d d 0,
Dy (w 3y (€DK ZZ&Z &) DHE).

=1 (=1 j=1

From (79) the Malliavin derivative of K¢ is given by:

€ En € € >’z
DTIC (:z,t,y, S) = [Dra'ij(x>t) - Draij(?ﬁt)} Ox:O1 (ZL’ -yt s,y)
iU

i,j=1
+ Y Dl
=1

n . . 92 7¢
+ Z(aij(zﬁt) _aij(y>t))Draxiaxj (x—y,t,s,y)

0Z°
)8 (z—y,t,s,y)
£y

1,j=1

~ VA
+ nyz (l’,t)Drﬁ—x(iﬁ - yvtv S,:U)-
i=1 v
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From our previous assumptions and properties we deduce that

l’_
DK (.8, y,5)| < m%)L_ﬂmww—yx—ﬁ
1
ﬁ Gom(T —y,t —5)

+zgg‘ﬂ¢am%m@—%t—ﬁ

+ K (r)——

+ Ka*(r)

\/— gQﬂﬂ(x - yvt_ S)
\/— ggw(l’—y,t— 8)'

By induction (same technics as the proof of Lemma 2), we obtain for m > 2

IN

L e

Mm

€ < —_—
\DT/Cm(I,tayaSH = (1+m/2)‘

()t = 8)" P g =yt — 5)
for some constant M > 0 depending on p and w. Indeed for m = 2
t
D3ty < [ DKt ) (G ) der

+/s /Rd \Ke(x,t, ¢, 7)| | DK (C, T, y, 8)| dCdT

T — Cvt - T)gg7w(c - Y, T S)dCdT

<2 [ [ S e

and we conclude by classical arguments to have an estimate on the integral.
By the closability of the operator D we conclude that

(85) D, &% (x,t,y, s) ZDICE:cty,)

and that Estimate (84) holds. Since 1°(r) belongs to LP(Q2) for any p, ¢ €
DY°°. This achieves the proof of the Lemma. O

In the next lemma we prove that I'* € DY and that the same Gaussian
estimates hold for the Malliavin derivative.
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Lemma 6 (Malliavin differentiability of I') The fundamental solution I©
and its spatial derivative belong to DV for every (t,s) € [0,T]?, s <t and
(z,y) € (R")? and (59) and (60) hold:

|D,T=(,t,y,8)] < ¥°(r)gow(® —y,t — s),

0 ~. o
8LL’ZF (l',t,y, $)| S w (T)\/ﬁ gg,w(z_yat_s

Proof. From the definition of I (Equation (76)), and the two previous
lemmas, and the properties of the Malliavin derivative D we obtain that:

| Dr

D T(x,t,y,5) = D;Z°(x —y,t,s,9)
t
+ [ [ Dz - ctn oy s)dcds

s JRd
t

(56) + [ [ 2 can ety i
s JRd

Moreover the inequalities (83) and (84) imply that

D, T (2,t,y,5)| < 0% (r)gom(z — y,t — 5).

See Lemma [.4.3 in [7]. From Equation (81), we can compute the Malliavin

r (x,t,y,s) and we have:

825‘2'

_ a e
(v, t,y,8) = D, ( —y,t,5,y)

Taxi
+ / 0,2 (e~ ¢t 7, (¢ 7y, s)dCdr
R xz

+ / / 0L o — Cotm, YD, (¢, 7y, )dCdr.
Re O0x;

Again with Lemma 1.4.3 in [7], the estimates (83) and (84) imply (60). This
completes the proof. O
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