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Diffusion approximation for random parabolic
operators with oscillating coefficients

Marina Kleptsynat! Andrey Piatnitski ® and Alexandre Popier?
December 20, 2016

Abstract

We consider Cauchy problem for a divergence form second order
parabolic operator with rapidly oscillating coefficients that are peri-
odic in spatial variables and random stationary ergodic in time. As
was proved in [24] and [12] in this case the homogenized operator is
deterministic. The paper focuses on non-diffusive scaling, when the
oscillation in spatial variables is faster than that in temporal variable.
Our goal is to study the asymptotic behaviour of the normalized differ-
ence between solutions of the original and the homogenized problems.

1 Introduction

In this work we consider the asymptotic behaviour of solutions to the
following Cauchy problem

(1) %ue = div [a(f, i)Vue]
uf(z,0) = p(x).
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Here ¢ is a small positive parameter that tends to zero, a satisfies the in-
equality 0 < a < 2, a(z,s) is a positive definite matrix whose entries are
periodic in z variable and random stationary ergodic in s.

It is known (see [24, 12]) that this problem admits homogenization and
that the homogenized operator is deterministic and has constant coefficients.
The homogenized Cauchy problem takes the form

a 0 __ 73: eff 0
) 5l = div(a® Vu”)
u’(x,0) = p(x).

The formula for the effective matrix a°® can be found in [12].

The goal of this paper is to study the limit behaviour of the difference
u —u’, as e — 0.

In the existing literature there is a number of works devoted to homog-
enization of random parabolic problems. The results obtained in [15] and
[19] for random divergence form elliptic operators also apply to the parabolic
case. In the presence of large lower order terms the limit dynamics might
remain random and show diffusion or even more complicated behaviour. The
papers [5], [20], [14] focus on the case of time dependent parabolic operators
with periodic in spatial variables and random in time coefficients. The fully
random case has been studied in [21], [3], [4], [10].

One of the important aspects of homogenization theory is estimating the
rate of convergence. For random operators the first estimates have been
obtained in [22]. Further important progress in this direction was achieved
in the recent works [9], [8].

Problem (1) in the case of diffusive scaling @ = 2 was studied in our
previous work [13]. It was shown that, under proper mixing conditions, the
difference u® —u? is of order ¢, and that the normalized difference e~ (uf —u?)
after subtracting an appropriate corrector, converges in law to a solution of
some limit SPDE.

In the present paper we consider the case 0 < a < 2. In other words,
bearing in mind the diffusive scaling, we assume that the oscillation in spatial
variables is faster than that in time. In this case the principal part of the
asymptotics of u¢ —u’ consists of a finite number of correctors, the oscillating
part of each of them being a solution of an elliptic PDE with periodic in spa-
tial variable coefficients. The number of correctors increases as o approaches
2. After subtracting these correctors, the resulting expression divided by £%/2
converges in law to a solution of the limit SPDE.



The case o > 2 will be considered elsewhere.

The paper is organized as follows. In Section 2 we introduce the studied
problem and provide all the assumptions. Then we formulate the main results
of the paper.

In Section 3 we consider a number of auxiliary problems and define the
higher order terms of the asymptotics of solution.

Section 4 focuses on the proof of Theorem 1.

In Section 5 we consider the special case of diffusive dependence on time.
Namely, we assume that a(z,s) = a(z,&s) where ¢ is a stationary diffusion
process in R™ and a(z,y) is a periodic in z smooth deterministic function. It
should be emphasized that in the said diffusive case Theorem 1 does not apply
because the coefficients a” do not possess the required regularity in time.
That is why in the diffusive case we provide another proof of convergence
which is based on the Ito calculus and an estimate based on anticipating
stochastic integral.

In Section 6 we justify this estimate using anticipating calculus and the
properties of the fundamental solution of a stochastic parabolic equation
with random coefficients. The construction and the required properties of
the fundamental solution are postponed in the Appendix.

2 Problem setup and main results

In this section we provide all the assumptions on the data of problem (1),
introduce some notations and formulate the main results.
The studied Cauchy problem reads

(3) %ue = div [a(g, %)Vua} in RY x (0, 7]

u(z,0) = ¢(z);

here ¢ is a small positive parameter. Our aim is to study the behaviour of a
solution u® as ¢ — 0.
We assume that the following conditions hold true:

cl. the matrix a(z,s) = {a%(z, 5)}d. is symmetric and satisfies uniform

2,7=1
ellipticity conditions

AP <alz,8)¢-¢< AP, ¢(eRY A>0;



c2. the coefficients a¥/(z, s) are periodic in z with the period [0,1]¢ and
random stationary ergodic in s. Given a probability space (92, F,P)
with an ergodic dynamical system 7,, we assume that a”(z,s,w) =

ail(z, Tw), where {a”(z,w)}? . is a collection of random periodic in

ij=1
z functions that satisfy the above uniform ellipticity conditions.

c3. The realizations a*(z, s) are smooth. For any N > 1 and k > 2 there
exist Cyy such that

E ”ainlé*N(de[o,l}) < Cns

here and in what follows we identify periodic functions with functions
on the torus T?, E stands for the expectation.

cd. o € C(RY). In fact, this condition can be essentially relaxed, see
Remark 1.

c5. Mixing condition. The strong mixing coefficient v(r) of a(z, -) satisfies
the inequality

| e ar < o

For the reader’s convenience we recall here the definition of strong mixing
coefficient. Let F<; and Fs4 be the o-algebras generated by {a(z,t) : z €
T t < s} and {a(z,t) : 2 € T% t > s}, respectively. We set

7(r) = sup [P(AN B) — P(A)P(B)],

where the supremum is taken over all A € F<y and B € F>,.

According to [12] the sequence u® converges in probability, as e — 0, to
a solution u° of problem (2).

In order to formulate the main results we also need a number of auxiliary
functions and quantities. The first auxiliary problem reads

(4) div(a(z, s)Vx°(z,s)) = —=diva(z,s), z€T%

here s and w are parameters. It has a unique up to an additive constant
periodic solution. This constant is chosen in such a way that

(5) / X’(z,5)dz =0 for all s and w.
Td
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Then, for j =1,2,...,J° with J° = Lz(%a)J + 1, the higher order correctors

are introduced as periodic solutions to the equations
(6) div(a(z,5) VX! (2,5)) = 0.’ ' (2,5),

where |-| stands for the integer part. Due to (5) for 7 = 1 this equation is
solvable in the space of periodic in z functions. A solution y! is uniquely
defined up to an additive constant. Choosing the constant in a proper way
yields

/ Xl(z, s)dz =10 for all s and w
Td

and thus the solvability of the equation for x?. Iterating this procedure, we
define all ¥/, j =1,2,...,.J°.

Next, we introduce the functions u’/ = u/(x,t), 7 = 1,..., J° Recall that
u® has been defined in (2). Functions u/ solve the following problems:

9 : eff j z k,eft 62
—u = div(a Vuj)+Za o —
k=1

u =k

(7) ot — Ox?
u?(z,0) =0

with
atelt = E/ a(z, 8)Vx*(z,s) dz.
Td

To characterize the diffusive term in the limit equation we introduce the
matrix

=(s) = /Td [(a(z, s) +a(z,5)VX’(z,5)) — E(a(z,s) + a(z, s)Vx’(z, s))]dz.

By construction the function = is stationary and satisfies condition ¢5. De-

note
1

A3 /Ooo E(E(s) ® 2(0) + 2(0) ® E(s)) ds,

where (2(s) ® Z(0))%* = Z¥(s)=*(0). Under condition c5. the integral on
the right-hand side converges.
The first main result of this paper is



Theorem 1 Let conditions c1-c5 be fulfilled, and assume that o < 2. Then
the functions

Jo
e — o/ (us _d0 - Z gj(Qfa)uj>

=0
converge in law, as ¢ — 0, in L*(R% x (0,T)) to a solution of the following
SPDE

2

0
dv® = div(a®Vo®) dt + A=—=u’ dW,

(8) ox?

v%(z,0) = 0;

where W. is the standard d*-dimensional Brownian motion.

3 Auxiliary problems

We begin by considering problem (4). This equation has a unique up
to an additive constant periodic solution. Since x°(,s) only depends on
a(+, s), the solution with zero average is stationary, and the strong mixing
coefficient of the pair (a(-, s), x(+, s)) is the same as that for a(-,s). By the
classical elliptic estimates (see [7]), under our standing assumptions we have

(9) ||XO||L°°(']I‘d><(O,oo)) <C, E||XO||gk(qrdx[o71}) < Cka-

By the similar arguments, solutions x? of equations (6) are stationary, satisfy
strong mixing condition with the same coefficient ~(r), and the following
estimates hold:

(10) E[X |Gk raxio,py < Cro-

Solutions u° and u? of problems (2) and (7) are smooth functions. More-
over, for any k = (ko, k1,...,kq) and N > 0 there exists a constant Cy n
such that
(11) |D*u’| < Cion(1+ |2])77,

ko gk Okd

where D*f(x,t) = f(z,t).

Otko 81,1{31 T 81‘2‘1



Next, we write down the following ansatz

Jo JO—k
. . t
Ve(r.t) = —oz/2{ Sl t)— k5< kot (76+1) ]<E —> b t)}
(,t) = =23 uf(x, 1) kEZOje ut(z, >+j§:026 XN ooVt ) g,

here and in what follows the symbol § stands for 2 — a.

4 Proof of Theorem 1

In this section we prove Theorem 1. Denote
(2, 5) = alz5) + a2, 8)VX (2, 8) + V(a2 X2, 9)),

a"(z,5) = a(z, 5)Vx*(z,8) + V(a(z, )x"(z,5)), k=1,2,...,
and
akeft = E/ [&\k(z, s)}dz, k=12 ...
Td
Substituting V¢ for u° in (3) and taking into account (6), (2) and (7) yields

v —divfa(Z, ) vV = ngﬁ[ (£.5) o5
12 O‘”i%s(’”] [A"“( —) —a’“eﬂ] 82 ) 4+ R (),
(12) 22 ' o B
VE(,0) = ;AJMW (Z.0)vul(z,0)
with
(13) RE(2,) = e~ ]i gltidgi (g 5%)@ (1),

where 67(z, s) are periodic in z, stationary in s and satisfy the estimates

(14) E(Hej"lé(rdx[o,l])) < Ci;



®J are smooth functions such that
(15) |D¥®7| < Cien(1 + |2|) 77,

and Ny is a finite number; we do not specify these quantities explicitly be-
cause we do not need this. We represent V¢ as the sum V* = V7 + V5, where
VE and V5 solve the following problems:

( Jo

-2 o] 5 ) o) B
(16) JO J0—j ) e
a/2jzo ;g(kﬂ [ k(.:’gia) o ff] ;ﬁuj’
[ Vi(2,0) =0,
and
7 i —anfa(%, ) viE] =R,

Vi(z,0) = Ve(x,0).

Form (9) and (10) it follows that the initial condition in the latter problem
satisfies for any k& > 0 the estimate E||Ve(-, )”C(Td < Cye™/2. Combining

this estimate with (13), (14) and the estimates for ®/, by means of the
standard parabolic estimates we obtain

(18> EH‘/ZEH%Q(RdX(O,T)) S 086.
Denote
(a)’(s) = / (@’(z,s) — aeﬁ)dz,
Td
(a)k(s) = / (Zik(z, s) — ak’eﬁ)dz, k=1,2...
Td

It follows from the definition of @* that for any & > 0 and [ > 0 there is a
constant Cj, such that E||(@" — (a)")]|%, (raxo)) < Ci- Since for each s € R

the mean value of (a*(-,s) — (a)*(s)) is equal to zero, the problem

As¢H(z,8) = (@ (2,5) — (a)"(s))



has a unique up to an additive constant periodic solution. Letting ©%(z,s) =
V(*(z, s), we obtain a stationary in s vector functions ©F such that

div O (z,s) = (@ (z,5) = (@"(s)),  El0"cu(paxoy) < C-
It is then straightforward to check that for the functions

(g f) — e/ LS () [~k (T 1 s( V]9 5
) =3 3L 3 (2 ) — 0 () | g )
the following estimate is fulfilled:
E”FEH%Q(O,T;H—l(Rd)) < Ce.

Therefore, a solution to the problem

oV, — div[a(2, %)vvlig} — F(x,1),

(19)
‘/16,2 (.T, O) =0.
admits the estimate
(20> EH‘/le,Q”%Q(O,T;Hl(Rd)) S 055.

Splitting Vi = Vi; + V5, we conclude that Vi, solves the following problem

o= o (£ ) v = et () ) 5
j=0

p

(21> JO IO t 92uI
—a/2 (k+j)5[ k(_) _ k,eff} uw
+ € Z Z € (a) " a Eol
7=0 k=1
\ V1€,1<x7 0) = 07

By construction the strong mixing coefficient of @* remains unchanged and
is equal to (+). In exactly the same way as in the proof of [13, Lemma 5.1]
one can show that the solution of problem (21) converges in law, as ¢ — 0, in
L*(R4x (0,T)) equipped with strong topology to a solution of (8). Combining
this convergence with (18) and (20) we conclude that V¢ converges in law in
the same space to a solution of (8). This completes the proof of Theorem 1.

Remark 1 The regularity assumption on ¢ given in condition c4. can be
weakened. Namely, the statement of Theorem 1 holds if ¢ is J° + 1 times
continuously differentiable and the corresponding partial derivatives decay
at infinity sufficiently fast.



5 Diffusive case

In this section we consider the special case of problem (3). Namely, we
assume that the matrix a(z, s) has the form

a(z,s) = a(z, &),
where & is a stationary diffusion process in R™ with a generator

0? 0
L= Q(y)a—yQ + b(y)a—y-

We still assume that Conditions c¢1 and c4 hold, that is:

cl. the matrix a(z,s) = {a%(z, s)}d

=1 is symmetric and satisfies uniform

ellipticity conditions
MNP <a(z,8)¢-¢ < AP, CeRY A>0;

cd. p € C°(R?) (with Remark 1).

Moreover we suppose that the matrix-functions a(z,y), ¢(y) and vector-
function b(y) possess the following properties:

al. a = a(z,y) is periodic in z and smooth in both variables z and y.
Moreover, for each N > 0 there exists Cy > 0 such that

||a||CN(deRn) < Cy.

a2. The matrix ¢ = ¢(y) satisfies the uniform ellipticity conditions: there
exist A > 0 such that

ATHCP < aly)C-C < AICP, g, CER™
Moreover there exists a matrix o = o(y) such that q(y) = o*(y)o(y).

a3. The matrix function o and vector-function b are smooth, for each N > 0
there exists C'y > 0 such that

lollovgny < Cny |Ibllov@ny < Cw.

10



a4. The following inequality holds for some R > 0 and Cy > 0 and p > —1:

b(y) -y < —Coly|P forally € {y e R" : |y| > R}.

According to [21] under conditions a2. and a4. a diffusion process £ with
the generator £ has an invariant measure in R" that has a smooth density
p = p(y). For any N > 0 it holds

(1+Jy)¥ply) < Cn

with some constant C'y. The function p is the unique up to a multiplicative
constant bounded solution of the equation L£*p = 0; here * denotes the
formally adjoint operator. We assume that the process &; is stationary and
distributed with the density p.

Now we introduce the last condition which looks a little bit peculiar.
Indeed this assumption will not directly appear in our next Theorem. We
define

(22) big(s) = (Dn,b)(&),  15(5) = (02,000)(E0)-

These coefficients will be implied in the dynamic of the Malliavin derivative
of ¢ (see Lemma 6.1). The notation S*! stands for the unit sphere of R<.

ab. For some p > 2, a.s. for any ¢t > 0 and any § € S?!

Qt,0)+5 > (' (1)6,0)* <0
where
N 1 d d
Q(t,0) = (b(t)6,0) + 3 Z(&l(t)e, al(t)h) — Z(&l(t)e, 6)>.
=1 =1

This hypothesis is used to obtain upper bounds for the Malliavin derivative
of £ (see Lemma 6.2).

We introduce a number of corrector. The first one x° = x%(z,y) is a
periodic solution of the equation

(23) div, (a(z,y)VZXO(z,y)) = —div,a(z,y);

11



here y € R" is a parameter. We choose an additive constant in such a
way that de X°(z,y) dz = 0. Higher order correctors are defined as periodic
solutions of the equations

(24)  div.(a(z,9)VoX/(2,9) = LX) (zy), j=1,2,....J%

Notice that de Yz, y)dz = 0 for all j =1,2,...,J° thus the compati-
bility condition is satisfied and the equations are solvable. Moreover, by the
classical Schauder estimates, for any N > 0 there exists Cy such that

”XjHCN(deRn) < C.

Remark 2 It is interesting to compare the correctors defined in (23) and
(24) with the correctors used in the proof of Theorem 1. It follows from (4)
and (23) that the zero order correctors coincide. Observe however that the
higher order correctors need not coincide.

The effective matrix is given by

al = / ) /T ) (a=v) +a(z,y)%xo(z,y)>p(y) dzdy.
We also introduce the matrices
o = [ ) Vo o)+ (ol (o) o) ded, k=12,
and matrix valued functions
a%(z,y) = a(z,y) + alz,y) Vax (2, y) + Va(alz 9)x (2. 9)),
a"(z,y) = a(2, Y Vax (2, y) + V. (alz, y)xF(2,y), k=1,2,...,

@) = [ @) - s

(a)k(y) = /Td (@ (z,y) —a"M)dz, k=1,2,...

The functions u?/ = u?(z,t) are defined as solutions of problems

o R 52
— = div(a®" V) + Z akefl —_qi=k
(25) ot — Ox?

W (z,0) =0

12



Since for each 7 = 1,2,... problem (7) has a unique solution, the functions
w’ are uniquely defined.
Finally, we consider the equations

(26) L (y) = (a)'(y), 7=0,1,....

According to [21], for each j this equation has a unique up to an additive
constant solution of at most polynomial growth. Denote

@
w =y = [ [

e Q%" (y)} g (y) [—

The matrix A? is non-negative. Consequently its square root A is well defined.
In the diffusive case the following result holds:

Theorem 2 Under conditions cl., c4. and al. — a5. the normalized func-

tions
Jo

e — g—/2 <u5 YU Z Ej(Q—a)uj>

=0
converge in law, as ¢ — 0, in L>(R? x (0,T)) to a solution of (8) with the
standard d*-dimensional Brownian motion W. and A defined in (27)

Proof. Consider the following expression:

€

JO JO—k
Ve(x,t) = E_Q/Q{us(x, t)—kz% ko (uk(x, t)+ jZO glotD)y g (g, E%)Vuk(x, t)) },

where x(z,y) and u*(x, t) are defined in (24) and (25), respectively. Consider-
ing equations (23)—(25) and the definitions of a*f and a*(z, y), and applying

13



Ito’s formula to V¢, after straightforward rearrangements we obtain

dV© (z,1) — div [a(g gs%)vvﬂ dt

L x 0*
= 870[/2 < jzo 8j5 [ao(g7 fs%) - aeﬁi| ?U]) dt

JO JO__] )
28 —a o [~k (T o het] 97
S G 2 P e S ok
JO JO
T Z Z gltmatEHi (5 )Vyxj(g,f%)Vu (x,t) dB;
k=0 j5=0
+ RE(x,t)dt,

with the initial condition

JO Jo—

ZZ&?J5H a/?) ( fO)Vu (x,0);

k=0 j=0

here the n x n matrix o(y) is such that o(y)o*(y) = 2¢(y), B. is a standard
n-dimensional Brownian motion, and

NO
(29) RE(x,1) = /2 iy (f, g%) O (2, 1)
j=0 °
with periodic in z smooth functions 9/ = ¥/(z,y) of at most polynomial
growth in y, and @7 satisfying (15).
We have

T
BIR ooy < O [ [ [ ()™ (1 fal) (o) dyac

S Cgl—a/Z.

Similarly, E[[V(-,0)/7, & < Cel=2/2_ Therefore, the function R® on the
right-hand side of (28) and the initial condition do not contribute to the
limit equation.

14



In order to estimate the contribution of the stochastic term on the right-
hand side of (28), let V£ be a solution of

dVE(z, 1) — div [a(g,gﬁ)vvﬂ dt

(30) Jo JO_fk A .
=> Y emot ) (¢ )T ,x7 (E,SE%)Vu’“(x,t) dB,

k=0 j=0

with initial condition Vi(z,0) = 0. The following crucial statement is ad-
mitted for the moment and will be proved in the next section.

Lemma 5.1 For a solution of problem (30) the following estimate holds:
(31) E”VPEH%Q(Rdx(O,T)) < Ce* | logel.

It is straightforward to check that the function

JO

£ —« 1 X e 62 .
Hw ) = [0 ) - = @00(es)| 5
J=0 c
S S , x 0? .
a2 Z Z (k+5)s [ak <g’56%) _ ket _ <a>k(§s%)] @u]
=0 k=1
admits the estimate
(32) E| He| < e

L2(0,T;H~1(R))

Therefore, it is sufficient to characterize the limit behaviour of a solution of
the following equation

O Vs (x,t) — div [a(f, §8%>VV3€}

=0
» g A 8
P 2 A ) g

15



with initial condition Vi (z,0) = 0.
According to [21] the processes

AK(t) = / (a)*(E)ds

satisfy the functional central limit theorem (invariance principle), that is the
process

-«

A7) = €3 / (@M E)ds

converges in law in (C[0,7])¢ to a d-dimensional Brownian motion with
covariance matrix

(0 = (= [

Rn

9
oy

2 @]

5 (@)™ ®)]ply) dy.

with matrix-function Q* defined in (26). It was proven in [13, Lemma 5.1]
that, given the fact that A®*(.) satisfies the invariance principle, a solution
Vi of problem (33) converges in law in L?(R? x (0,7T')) towards a solution of
problem (8) with A = A defined in (27). Combining this convergence results
with estimate (32) and the statement of Lemma 5.1 completes the proof of
Theorem 2. 0J

6 Proof of Lemma 5.1

In order to prove Lemma 5.1 we consider first the following problem:
(34) dVE(z, 1) — div [a<§ g%) vvg} dt
— g (£, )V, (g g%) Vil (x, 1) dB,

with initial condition V§(x,0) = 0. In fact we keep only the smallest power
of  in the right-hand side of (30) (since 6 = 2 —a > 0). Our goal is to prove
the following estimate:

(35) E||VEl 2@axomr) < Ce'**|loge].

Then the statement of Lemma 5.1 can be proven in exactly the same way as
the previous estimate.

16



The stationary process ¢ satisfies the following SDE:
(36) d§e = b(&)dt + o(&)dB.

It is well known that under the assumption a3, £ satisfies for any 7' > 0 and

any p > 2
E ( sup |£t|p> <C
t€[0,T]

where C' is a positive constant depending on p, T', Kj .

For the Malliavin calculus we borrow some notations from Nualart [18]
(see the details inside). D is the Malliavin derivative defined on smooth
random variables F' (see Definition 1.2.1 in [18]). Since B is a d-dimensional
Brownian motion, DJ(F), t € [0,T], j = 1,...,d, is the derivative of a
random variable F' as an element of L%([0,T] x Q;R%). Hence D;(F) is a
d-dimensional vector. The space D'?, p > 1, is the closure of the class of
smooth random variables with respect to the norm

|Flhy = [E(FPP) + E (| DF|Z,)] 7.

For p = 2, D'2 is a Hilbert space. Then by induction we can define D*? the
space of k-times differentiable random variables where the k& derivatives are
in LP(Q2). Finally

Dk,oo — m Dk,p’ D>® — ﬂ ]D)k,oo.

p>1 keN

The next result can be found in [18], Theorems 2.2.1 and 2.2.2.

Lemma 6.1 Under a3, the coordinate & belongs to D> for any t € [0,T]
and 1 =1,...,d. Moreover

(37) sup E ( sup \Dﬁfﬂp) < +o0.

0<r<T r<t<T

The derivative DIE! satisfies the following linear equation:

Di&l = o01;(&)+ Z/ s)Di(¢ dBl+Z/ ik (8)D2(EN)ds

1<k,l1<d

17



forr <t a.e and Di& =0 forr >t a.e., where o7 is the Eolumn number j
of the matriz o and where for 1 <i,j <d and 1 <1 <d, b;;(s) and Efé,j(s)
are given by (22):

bij(s) = (0u;0:)(&s),  Ti(5) = (0uy000) ()

In the rest of this section for two positive constants ¢ and C', the function
ge.c(x,t) is defined for ¢t > 0 and = € R? as follows:

c Clx|?
Gec(,t) = —exp | — )
t2 t

We also define

(38) V(r) = sup || D,&ee|
1]

S
telo,

and
(39) Ga (yv t) = G (ga gs%aya t) = gl—ao_(gt/ea)vxo (ga 5%) Vuo(y, t)

Note that the latter function is bounded by e!=* K. The Malliavin derivative
of G® can be computed by a chain rule argument:

DG (y,s) = & *Vu'(y,s)Dyyjen
TV (L6 ) +0(6e) VTN (L6 )] -

Hence
DG (y, s) || < &' Kgl|Dpésjea|| < €' Katp™(r).

6.1 Uniform estimates of the Malliavin derivative

In this section we consider the quantity

Ve(r) = Sup}llDr&/aaH: sup | D& |

telo, T TE[r,T /e

and show that under our standing conditions it admits uniform in ¢ estimates.

Lemma 6.2 Under Condition ab., there exists a constant C,, such that for
any T and e > 0
E ([¢5(r)") < Cp.

18



Proof. Recall that if Z(t) = D,& is the matrix-valued process defined by:

20 = o6)+ / Sds+ 3 / 5)dB!

1<i<d

and o is bounded as specified in Condition a2. Each column Z7 of Z satisfies
the linear d-dimensional SDE

a;j(&) + / $)Z7(s)ds + Y / s)dB!

1<i<d

where 0 is the j-th column of 0. We apply the results contained in Appendix
B (see also Section 6.7) of [11], more precisely Equation (B.11). For any
p' < p, the process X; = \ZJ |p satisfies the scalar linear equation:

/2d

X, = <th@t 5 Z £)0, ©;) )Xtdt

=1

d
+ X)) (6'(t)0,0,)dB,

=1

where ©; = Z;/|Z;| belongs to S¢~1. Hence

X = lon(e)lex [ / (p'@<s,@> ”’QQ > >@s,@s>2> s

+p/ 5)0,,0,)dB. — p

(5l(5)@s, 0,)%ds

From our assumption abs., X; < M; where M is the martingale:

M, =\~ exp[ / $)0,,0,)dB. — /Z(&l(s)@s,@s)st
T T =1

Since 7'(s) is bounded (condition a2.), M is a true martingale. By Doob’s
inequality,

) D »'/p
E <sup \Z(t)|p) =E <sup(Xt)p/(p)) < < ) = C).
t>r t>r p— p/

19




This achieves the proof. (]
Note that in dimension one (d = 1), Condition a5. becomes

0.0(6) + Lo~ (a0l <.

This assumption can be easily deduced since (; = D,&; satisfies the linear
SDE:

G =o()+ / 0,0(6)Cud By + / Ob(E4)Cutls

which can be solved explicitly. Hence

6P = Jo(E)Pexp { / tpamo—@u)dBu—% / tp2<axa<gu))2du]

o o [ (006 + 25 0ol ).

The condition ab. is here also necessary.
As an example, let us consider the multidimensional Ornstein-Uhlenbeck

process:
dé-t — Bgtdt + ZdBt,

where B and X are two d x d matrices. Here b(t) = B and &'(t) = 0.
Therefore, condition a5. is reduced to (B6,0) < 0.

6.2 Construction of a mild solution

Our aim is to prove that the solution V3 of (34) is given by:

t
@) Vit = [ [ ety (L) duds.,
0 Rd £ c

where I'¢ is the fundamental solution of the PDE:

(41) 88125 (x,t) = div [a<§,§5%>Vu€]

The stochastic integral in (40) has to be defined properly since I'*(x, t,y, s)
is measurable w.r.t. the o-field F;/.« generated by the random variables B,
with u < t/e“.

20



It is well known (see among other [6], Chapter 9, [2] or [23]) that there

exist two constants ¢ and w such that if 20 + 7 < 2 and ¢ > s then
o 1
(42) 0,001 (2,8, 8)| < ———7 Yem(® — Wt = 8).
(t—s)>

These inequalities are called Aronson’s estimates. These constants ¢ and
w depend in fact only on the constant A of c1. The key result of the Malliavin
derivative of I'® is the following.

Proposition 6.1 The fundamental solution T of (41) and its spatial deriva-
tives belong to DV for every (t,s) € [0,T)?, s < t and (z,y) € (R")%
Moreover it satisfies the following inequalities:

(4?)) |D7’F€<x7t7y7 S)| S w€<r>g<,w<x_yut_ 3)7
(44) DO t,0.5) £ S it = 5,
and

(45) DAt < (Dl == 5),

Here the constants ¢ and w just depend on the uniform ellipticity constant A

and ¢ depends only on & and is defined by (38).

The proof of this result is quite long and is based on the construction of I'.
For a more pleasant reading, we postpone it in the Appendix.

As a consequence of [1, Theorem 5.10] and [1, Theorem 5.11] one can
easily deduce that the right-hand side of Equation (40) is well defined and is
the unique classical solution of (34).

6.3 Proof of Lemma 5.1

Recalling (39), since the mean value of V,x"(z,y) in z is equal to zero,
there exists a periodic in z function X = X%(2,y) such that div,X°(z,y) =
o(y)V,x°(z,y). Moreover, X° is smooth and has at most polynomial growth
in y.

The statement of Lemma 5.1 is now an immediate consequence of Lemma
6.2 (with p > 2) and the next result.
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Lemma 6.3 The following estimate holds: for any p > 1

1+ {E /0 T(wa(r))der] 1/,,] .

(46)  E[V57amaxm) < C='*|loge|

Proof. We know that
¢
Vi(z,t) = // I (x,t,2', $)G*(2', s)daz'd By
R

¢
= / / (x, t, 7', 8)G* (', s)dx’d By
t R4
2

t—e
+ I (x,t,2', $)G*(2', s)da'd By
0 R4
(47) = Ji(z,t)+ J5(z,t).

We will denote by . the time ¢t — ¢ and we begin with J¢

t

Ji(x,t) :/ /Rd (z,t,2', 8)G (2, s)da'd By
te

/

t
e [ r 906Vt (56 ) Vel s)da'd,
te JR4 : € -
. t

= O‘/je(x,t,s)dBS.
le

Using isometric property of the anticipating Ito integral (see Eq. (3.5) in
[17]) we get

t
49 EU@P) = S [ |t
te
t t
+ 52_20‘E/ / |D,j*(x,t,5)|*dsdr.
te Jite

By the Aronson estimate (42), I'*(z,¢,2/,s) < ge.w(z — 2',t — s). Moreover
for any k = (ko, k1, ..., kq) and N > 0 there exists a constant C y such that

(49) |0"u’| < Cren(1+[a]) 7,
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8ko 8k1 8kd
0 ok Dk
x° is at most of polynomial growth w.r.t. y. This yields

where 0%u’(z,t) = u’(z,t). The matrix o is bounded and

/

(@t s)| = | /R Tt s)o (65 Vi (T 64 ) Vulle!, s)da!

scN/ Gl — o' 1 —5)(1+ |E
Rd

< COn(1 +‘§

) (14 |2') Nda'

) (1 + Ja) ™

for all ¢, s such that 0 < s <t < T and for all N > 0. Therefore,

t t
52_20‘E/ 155 (e, t, 8)|*ds < C’N»SQ_QO‘/ (1+ |x|)_2NE(1 + }55% )2K
te

le

< COne* (1 + |z))72Y

The Malliavin derivative of j¢ is given by a chain rule argument and the
estimates (42) and (43) leads to

D (e t,5)] < /
Rd
/

+ / *(z,t,2,s)
Rd
x

< f(r) /Rd Jem(x — 2’ t —5)0 (z,fg%) ‘Vuo(x', s)‘ dx’

/

D, (x,t, 2, s)cr(fs%)vyxo (i, f%)Vuo(x', s)| dx’

D, {a(f )V (:” H}vu 7, s)|do!

with
0(zy) = )O(y)VyX°<z,y)‘+‘Vy0(y)vy><°(z,y)+0(y)8§><°<z,y>)-

Hence

D (e ts) < Cue(r) / Gz — 't — ) (14 |64 )< (1 + )N
Rd

< CYE(r)(1+ |6

) (14 Je) ™
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Thereby for any p > 1 and for ¢ the Holder conjugate of p

E/t/t\Drjs(x,t,s)Fdrds
<C2E// (5 () (1 + [
< {E / (W(r))*’dr] " {E / t (1+ ¢

< C% [E / t<w€<r>>2pdr} RETERMIEY

(1 + |o|) "N dsdr

20K l/q
K ds} (14 [2) 2

Coming back to (48) we obtain

E((Jf(l',t))Q) S 053720{ (1 + |l,|)f2N

e+ {E /t t(@/)e(r))%dr] "
1+ {E /0 T(z/ze('r))der] 1/1 .

For J5, we use an integration by parts:

and finally

(50) B (I xmuory ) < =4

te /
Js(x,t) = 51a/ / Fs(a:,t,a:’,s)a(g%)vyx(](%,&%)Vuo(:c’,s)da:’st
Ra
= / /Faa:ta: SXO<£ ) (2, s)da'd B,
d 9
+ & / VvV, (x,t, 2 s)XO< s ) 02, 5)da'd B,
0o JRd

te
= 52‘1/ wé(z,t,5)dBs + e~ a/ w5 (z,t, s)dB,
0
(51) = Ij(z,t)+ I5(z,1).

o

Using again isometric property of the anticipating Ito integral we have
for j=1or 2

te te te
E((15)%) :s42aE/O w5 (x,t, s)|2ds+842°‘E/0 /o | Dyws (. t, 5)|dsdr.
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Using (42), (43) and (49), by the same arguments as in the proof of (50) we

have
1+ (E /0 T(wa(r))%m«) 1/1 .

In order to obtain an upper bound for I5 we use Aronson’s estimate for the
derivative of ['*:

(52) EHIfH%Q(Rdx(o,T)) < Cel2

/
lws(z,t,8)| = ‘/ fore(x,x/,t,S)X0(£,£%>Vu0(:c',s)d:c'
Rd £ 5
; /t XO i’ V 0 / d /
o Tt (=) X2 6 VO 5)

C X« )

< T [ el ) (U e ) 0 N
C K _

< e (e o la) ™.

Hence .
E / w5 (@, 1, 5)[2ds < C)log(e)| (1 + [a]) Y.
0

For the Malliavin derivative we proceed as before with (44):

Dot < 00 [ e -t - 99( 5.6 ) [T )] do
with

0(z,y) = ‘Xo(z,y)‘—l—‘VyXO(z,y)‘.
Again

te pte
E/ / |D,ws(x, t, s)|* drds
o Jo

gc<1+|x\)2N/0tE/otE ! E[(W(’r’))?(lﬂi%

|t — 5]

)QK] dsdr

<o+ |a;|)—2N/OE/OE |ti$|E [ (r))2#] " dsdr
< Cllog(e)|(1 + [z]) > / E [(4°(r)>]"" dr.
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From the last two inequalities we deduce that

T
€ —zQ € 1/
Bl oy < O 1og(@)l |1+ [ B[] ar].

The last estimate combined with (50) and (52) yields the desired inequality
(46). This completes the proof. O

Appendix: construction and properties of the
fundamental solution

Here we develop the required arguments in order to prove Proposition
6.1. In other words we want to prove that the fundamental solution I'* of
the PDE (41)

881; (z,t) = div [a(? fga)VuE} :
is in DY? (Malliavin differentiability) and that the Aronson estimates for the
Malliavin derivative (Inequalities (43), (44) and (45)) hold.

To simplify the notations, we assume that ¢ = 1 and thus I" is the funda-
mental solution of the PDE:

% (x,t) = div [a (:1:, §t> Vu} .

(53)

Let T be a fixed positive constant. We assume that the time variables belong
to the interval [0, 7). For any r € [0, 7] we define

(54) W(r) = sup D&l

te|r, T
From Lemma 6.1 we have for any p > 2

sup E (¢(r)P) < 4o0.
rel0,7]

We denote by £ and a(x,t) the operator and the matrix:

L = div [a (:c, £t> V], a(z,t) = a(az, §t>.
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The fundamental solution can be defined by the parametrix method:

(55) D(x,t,y,s) = Z(z,t,y,s / / (z,t,¢,m)D(C,r,y, s)dCdr.

One construction of the fundamental solution I' can be found in [16], Chapter
IV, sections 11 to 13 (or [6], Chapter I). For the Malliavin differentiability
property of I', we use the approach developed in Alos et al. [1].

For a fixed ¢ the solution V} is well defined and satisfies all required prop-
erties. But ¢ > 0 is a parameter of the equation and thus it will appear in all
estimates (43),(44) and (45) on I'*, and therefore on v°. Indeed, following the
proof in [1] we might have extra negative powers of € in the estimates of the
Malliavin derivative of ['*. Even the constants ¢ and w may depend on ¢ and
may go to 0o as € goes to zero. In other words for the initial homogenization
problem, we need more accurate estimates on I'* as in Proposition 6.1.

In order to obtain this property and thus to prove Proposition 6.1 com-
pletely, another construction of the fundamental solution I'* can be done ([6],
Chapter 9, or [23]). We denote by a°(x,t) the matrix:

a®(z,t) = a(z,fs%)

3

First assume that a® just depends on ¢t. Hence the fundamental solution I'®
is given by the formula:

1 o
(56> e (SL’ t 'Y, S ) W/ ZC(:B y)v (tv C7 S>dC7

where V=(t,(, s) is the following function:

Vet G, 5) = exp (— / (e )G, <>du) -

From this expression of I'*; the Aronson estimates (42) can be derived (see
Theorem 1, Chapter 9 in [6] for the details). Hence the Malliavin derivative
of I'* is:

1 i (x— €

= — eTIVE(LC, 8) ( / <§—;‘k<§u/ea><, §><Drfﬁ/€a>du) d¢.
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Since we assume that the derivative of a is bounded (condition a2), we obtain:

1 )
|D7"1—‘(xa t) Y, $)| S Kawa(r)(t - S) (27T)d/2 /I;,d GZC(x_y)Vt?(t’ g) 5)|C|2dC

Once again using Theorem 1, Chapter 9 in [6] to control

[ v, 9l < ot ete =t 5

we deduce (43). The same inequalities (44) and (45) hold for the spatial
derivatives of I'.

For the general case, that is, if a depends also on z, let us begin by the
following remark. If a just depends on x, then the fundamental solution I'®
for a®(z) = a(z/¢e) satisfies:

1
(57) T, t,,5) = 7 0/, /% )2, 5/2%)
Therefore if I'! satisfies Estimate (42) with some constants ¢ and o, then I'®

satisfies the same inequality with the same constants. Similar property holds
for a®: if T'! (resp. T'°) is the fundamental solution for:

(58) %(w,t) = div [a(:p,fﬁ)VU].

(resp. for (41)), then (57) holds. Hence if we can have uniform estimates
w.r.t. e for I'', then the same estimates hold for I'*. Let us recall how to
construct the solution I'':

M(x,t,y,s) = Z(x,t,y,s / / (x,t,¢,r)®(C,r,y, s)dCdr.

where for a fixed y, Z is given by (56) with:

O S ]

The function ® is again the sum of iterated kernels
(z,t,y,s Z Koz, t,y, s
m=1
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where IC,,, is an iterated kernel:

Kntotes) = [ [ Kot oG, s
with S
Ko tys) = |a(v.¢ ) —a(v.6.0,)| 22 ty.s)
+ @a(:zc,fﬁ)VxZ(:p,t,y,s).

Notice that in the expression a(:p,f ¢ ) — a(y,§ ¢

ca—2 ca—2

uated two times at the same point {_«_. Then the properties of I, ® and

) the matrix a is eval-

thus T'' can be obtained similarly to [1]. The Malliavin derivatives of K,
® and thus I'! only involve the Malliavin derivative of &, Jea—2, the Aronson
estimates of Z, and the Lipschitz constant of @ w.r.t. x. In other words all
bounds (42), (43), (44) and (45) hold. The constants ¢ and w do not depend
on ¢, and the random variable ¥°(r) depends only on the Malliavin derivative

Of gt/ea .
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