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Abstract — This presentation briefly focuses on some recent trends and development in the
past years on computational homogenization techniques and its applications. Within this context,
several topics are addressed: (1) first-order computational homogenization: historical overview;
(2) second-order computational homogenization: how to incorporate the size of the underlying

microstructure; (3) continuous-discontinuous multi-scale approach for localization problems; (4)

multi-physics and coupled problems: heat conduction & thermo-mechanically coupled problems;

(5) thin structures, shells and beams with a complex through-thickness architecture; (6) computa-
tional homogenization towards cohesive zones.

Keywords — homogenization, multi-scale, coarse graining, strain gradients, localization, shells,
heat conduction

1 Introduction

In the past decades, considerable progress had been made imditidgimechanics of materials
to other disciplines, e.g. downscaling to the field of materials science or upscaling to the field of
structural engineering. This is mainly due to a fruitful combination of micromechanics and mathe-
matical approaches, with a steadily increasing multi-disciplinary character. Several improved mi-
cromechanical theories and associated numerical models have been proposed and implemented,
where a lot of interaction with materials science is involved. The developed understanding of sin-
gle phases and complex interfaces in materials is optimally used in multi-scale homogenization
techniques, where it is aimed to predict the collective multi-phase response of materials. Large
deformations, damage and cracking, phase transformations, etc. can thereby be taken into account.
There are various ways to classify multi-scale methods in a general setting [1]. In this paper
however, attention is restricted to a particular method that falls in the category of homogenization



methods based on integration over short length scales [1]. This category of methods is also called
‘coarse graining’ in the physics community [2]. Among the various homogenization techniques
proposed, acomputational homogenizaticstheme is probably one of the most accurate tech-
niques in upscaling the nonlinear behaviour of a well-characterized microstructure. This method
is essentially based on the construction of a micro-scale boundary value problem, that is used to
determine the local governing behaviour at the macro scale. In case the macro scale boundary
value problem is solved simultaneously, a fully nested solution of two boundary value problems
is obtained, one at each scale. Though computationally expensive, the procedures developed al-
low to assess the macroscopic influence of microstructural parameters in a rather straightforward
manner. The first-order technique is by now well-established and widely used in the scientific and
engineering community.

This paper briefly focuses on some recent trends and development in the past years on com-
putational homaogenization techniques and applications. Within this context, several topics are
addressed: (1) first-order computational homogenization: historical overview and key princi-
ples; (2) second-order computational homogenization: to resolve some intrinsic shortcomings
of the first-order scheme, incorporating the size of the underlying microstructure; (3) continuous-
discontinuous multi-scale approach for damage: the coarse scale is modelled discretely or with
a discrete band (weak discontinuity), whereas the fine scale is modelled with a continuum; (4)
computational homogenization of multi-physics problems, focusing on the homogenization of the
thermal (heat conduction) problem, and its coupling to a mechanical homogenization scheme;
(5) computational homogenization of substructured thin sheets and shells: application of second-
order homogenization principles to through-thickness representative volume elements, enabling
its application to shell-type continua; (6) computational homogenization of interfacial mechan-
ics and separation problems. The most important issues are commented for each of the topics
addressed, with a particular emphasis on the applicability, and possible limitations of each. The
paper concludes with some general remarks on the added value of computational homogeniza-
tion techniques as stand-alone tools or in development of alternative multi-scale methods. Finally,
some concluding comments on open issues and challenges are given.

2 First-order computational homogenization

About 20 years ago, Renard [3] established the basic ingreditthts first-order computation ho-
mogenization method, even though some elements on coupling constitutive equations across the
scales were already in place earlier [4]. The major developments that have led to the completion
of this method took place about 10 years later, through a number of contributions [5, 6, 7, 8, 9, 10,
11,12, 13, 14, 15, 16]. Whereas some of the published work was initially restricted to small defor-
mations and/or linear material behaviour, the method is fully general and has been elaborated over
time for large deformations with arbitrary nonlinear material behaviour at the fine scale. The basic
principle of the method is highlighted in figure 1, where the scale transitions between two scales
are indicated. The governing macroscopic kinematical quantities (the deformation gradient tensor
Fm in this case) are transferred to the micro scale, in order to defomuadary value problem
(BVP) on a representative volume element (RVE). The micro scale boundary value problem can be
solved in a standard manner, leading to a deformed RVE with boundary displacements and surface
tractions. Using standard mathematical averaging equations, the macroscopic stresByiensor
can be extracted. In case a macroscopic BVP is to be solved ingdatafigents can be obtained
directly from the RVE stiffness matrix through a static condensation process. In case the finite
element method is used at both scales to solve the entire problem as a nested BVP, & true FE
method results, a name which is also quite often used to denotputational homogenization
methods [12].

The scale bridging in the first-order scheme naturally relies on the classical linearization of the



Solving B.V.P.

Figure 1: First-order computational homogenization of continua

maaoscopic nonlinear deformation map= ¢(X), applied to a material vecté in the deformed
state:

A% = Fy-AX +W 1)

with X andX associated position vectors in the deformed and reference state, respectively, and in
which Fy = (CowX)T. The local fine scale contribution that differs from the macroesciaifor-

mation is identified as the micro-fluctuation fieid Equation (1) is valid in every point at the fine
scale. The scale transitions are commonly complemented by two averaging equations: (1) vol-
ume averaging of the deformatidfy, or the stres®y; (2) the Hill-Mandel macro-homogeneity
condtion, which essentially reflects volume averaging of the virtual work. Using these averag-
ing equations allows to construct a boundary value problem that can be schematically expressed
through the prescribed displacemetitof some characteristic boundary points of the RVE.

o = f(X,Fw) 2)

This equation clearly highlights that the macroscopic deformation enters the micro scale BVP
through the boundary conditions at the RVE. Various types of boundary conditions can be derived,
all resulting from the micro-macro averaging relation adopted (e.g. volume averaging of the mi-
croscopic deformation gradiehRt, at the RVE scale resulting iRy at the macro scale). Among
these periodic boundary conditions have proven to be most versatile, both for periodic and non-
periodic underlying microstructures. They are therefore mostly used nowadays for RVE analyses,
for more details see [14, 17].

There is one key assumption that requires additional comments in terms of the adopted lin-
earization in equation (1), which is the principle of separation of scales. This principle is best
formulated as followsThe microscopic length scale is assumed to be much smaller than the char-
acteristic length over which the macroscopic loading varies in spaaafiost cases this implies
that the governing length scales are well separated, i.e.

Liiscrete << Lmicro << Limacro (3)

The poper interpretation of the principle of separation of scales for the first-order method re-
sults from (1). This equation implicitly assumes that the macroscopic deformation gregiest
congant over the spatial length scale associated to the RVE size.

Whereas the first-order method has now grown towards a standard tool in computational ho-
mogenization [18, 19, 20, 21, 22], it should be emphasized that the method has its limitations:



e The method complies with the principle of local action and the material point concept and
is therefore in a non-modified form limited to a standard continuum mechanics theory at the
macro-scale

e The aforementioned principle of separation of scales clearly sets limits for the first-order
case. As a consequence, large spatial gradients at the macro-scale cannot be resolved. The
method is therefore not suited for the analysis of localization problems.

e The principle of local action mathematically assigns an infinitely small size to the RVE,
which only satisfies the right inequality in equation (3). The real physical $izg e and
Cmicro) IS therefore not accounted for. Size effects affecting the mseale behaviour can
therefore not be properly studied.

Unfortunately, some of these limitations are sometimes ignored and the method has already been
applied in the literature beyond its limits of applicability.

3 Second-order computational homogenization

Inspired by the limitations that restricted the use of the firdeomethod, a full second-order
extension has been developed in the literature [23, 24, 25, 26, 27, 28]. Departing from a second-
order Taylor series expansion of the nonlinear deformation map, truncated after the second term,
the macroscopic kinematics becomes of the full gradient type.

DX = Fy-OX + 20X 3Gy -AX +W (4)

Using this Taylor series expansion, the macroscopic (coarse scale) kinematics is determined through
the deformation gradient tensBf, and its Lagrangian gradief®y = ﬁOM Fm. The key point in
the seond-order two-scale framework, resides in applying relation (4) to a representative part of
the microstructure, such that a classical boundary value problem is obtained at the micro scale (or
fine scale).

The macro-micro scale transition essentially translates the macroscopic kinematics towards
proper boundary conditions on an RVE, i.e.

o = f(X,Fm,%Gwm) (5)

The second-order method is schematically represented in figure 2, where the averaging leads to
the macroscopic stress tend®y; and the higher-order stress tens@. The boundary value

MACRO

Higher-order
continuum

3
P,,

Tangents

Figure 2: Second-order computational homogenization of continua



problem at the micro-scale remains a classical (first-order) one (though alternative approaches are
possible here as well), and can be solved with a standard solution technique. The micro-macro
scale transition relies on extended averaging relations, departing from a second-order extension
of the Hill-Mandel macro-homogeneity condition. The resulting equilibrium at the macro scale is
of Mindlin’s type (full second gradient), along with its typical higher-order boundary conditions.
Like for the first-order problem, a homogenized consistent tangent operator can be easily retrieved
through static condensation of the underlying micro-scale stiffness matrix (of the discretized FE-
problem). The main change with respect to the first-order method, is the incorporation of a length
scale, which is essentially defined by the size of the RVE. The latter raised a number of questions
on the exact role of the RVE size, along with its physical significance and its impact on the solu-
tion [26]. The classical concept of the first-order representative element does not apply anymore.
The proper size of the second-order RVE is fully governed by two bounds:

e The upper bound: the separation of scales for the extended homogenization scheme allows
for linear variations of the macroscopic strain fields over the size of the RVE (or quadratic
in the displacements), see equation (4). The size of the RVE may not be larger than the
macroscopic spatial length scale characterizing these linear variations at the macro-scale.

e The lower bound: this bound is identical to the first-order case and is dictated by the statis-
tical representativeness of the RVE (along with its boundary conditions).

The optimal size is the smallest RVE that is still statistically representative (within the desired
limits of accuracy) and still complies with the assumed scale separation.
The key characteristics that make the second-order approach superior to the first-order one are:

e It allows for a proper assessment of second-order constitutive equations emanating from
a lower scale. Even for the linear case, all Mindlin’s stiffness tensors can be rigorously
reconstructed. For the nonlinear case, this would be completely out of reach with other,
analytically based methods.

e It accounts for a micro-scale length scale, even though care must be taken in transporting
this length scale across the scales (through the RVE size, see above).

¢ It naturally passes deformation gradients to an RVE, which allows for the study of gradient-
sensitive materials at the micro scale (e.g. geometrically necessary dislocations in metallic
crystals). Without this second-order approach, macroscopic deformation gradients (e.g. in
bending) are not passed to the RVE boundaries, and hence not resolved.

e It resolves the ill-posedness of the macroscopic problem in the presence of moderate local-
ization, along with the characteristic mesh dependency on that scale. A full parallelism with
conventional higher-order constitutive equations used as localization limiters exists in this
sense.

In spite of these positive characteristics, the principle of separation of scales also dictates a limit
here. The method cannot properly resolve macroscopic localization bands beyond a quadratic
nature in the displacements. Sharper localization regions will naturally violate this condition. The
method can therefore not be used for a complete softening analysis at the macro-scale. In spite
of this concern, the second-order generalization well tackles moderate localization bands and the
second-order macro-micro kinematics turned out to be particulary useful for its application to
shells and beams, see section 5.



4 Continuous-discontinuous computational homogenization

At present, alot of research efforts are concentrated on thepmogg-scale handling of problems
involving damage and fracture, i.e. intense localization. As advocated in the sections 2 and 3,
the continuous homogenization schemes are not applicable to this limit case. Inspired by the
success of different types of embedded localization band models used in constitutive modeling
of engineering materials, attention is focusing on the development of a continuous-discontinuous
homogenization scheme.

The first approach in this category was developed in the context of masonry cracking, but the
methodology is far more generic [29, 30]. It essentially relies on the proper incorporation of a
localization band at the macro-scale, along with a two-fold first-order homogenization scheme
to resolve the response in the damagiﬁ@1 ,(PRA) and unloading materidfg,,Py;), see figure 3
for a sketch of principles. In herel,:f\’,I and PEA are the deformation gradient tensor and the first
Piola-Kirchhoff stress tensor in the localization band respectively. Likewi§eandPy, are the
same gantities in the adjacent unloading volume surrounding the localization band. This has to
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Figure 3: Continuous-discontinuous computational homogenization for localizing continua

be mmplemented by a proper numerical scheme to couple the length scales between the micro
and macro-domain. Nevertheless, it remains a true homogenization scheme whereby only small
parts of the physical domain are resolved to extract the full structural response. Several technical
issues come into play: detecting the onset of localization, handling the macro-volume with the
embedded localization band (compatibility and traction continuity), snap-back at the level of finite
size macro-domain, path following within the RVE, etc. A solution scheme with a fixed size of
the localization band has been developed on this basis, which is adequate for many cases. Alterna-
tive approaches aimed to establish a rigorous coupling between a macroscopic finite element size
and the damaging RVE [31]. However, this solution essentially steps off from the key ideas and
benefits of homogenization and much more resembles a domain decomposition approach with an
embedded scale refinement.

Recent developments that are obviously related to the proposed continuous-discontinuous ho-
mogenization scheme can be found in [32, 33], where advantage is taken of a X-FEM approach to
incorporate the discontinuity at the macro scale. The more general case, were localization bands
can steadily evolve in width, is still open and several research groups are currently working on this
difficult challenge.



5 Computational homogenization for shells and beams

The scond-order computational homogenization methodology #hdnathematical principles
particularly paid off in the homogenization of 3D volume elements towards shells [34] (or beams
in a simplified version, partially addressed in earlier work see [35, 36]). The computational ho-
mogenization of shells is mainly useful if complex substructures exist, which cannot be captured
in a layered-wise composite shell approach. Many such practical examples exist, complemented
by an in-plane periodic nature of the substructure: flexible electronics, sandwich panels, ship
hull core structures, etc. The shell homogenization problem is sketched in figure 4. Like for

Figure 4: Two-scale homogenization of shells with a throdgickness RVE

the other computational homogenization schemes, macroscopical kinematical quantities (in-plane
membrane straing y, curvaturex ,, and transverse shegy are passed to the micro scale to
constuct the boundary value problem.

U*: F(XaZM)KM’yM) (6)

Theformulation developed in literature, relies on a through-thickness representative volume ele-
ment where the top and bottom surface of the shell are physically incorporated at the RVE level.
A particular loading case has been investigated, excluding external tractions acting on the top and
bottom face of the shell. The resulting homogenization scheme directly combines a planar ho-
mogenization (in the reference plane of the shell) with a full integration through the thickness.
The shell kinematics is second-order and naturally transferred to a 3D RVE on the basis of the
kinematics developed in [24]. The macroscopic generalized stress resultants, i.e. margents
trans\erse forcesy, and shear force®y follow from the homogenization process. Like for

all other cases, a fully consistent tangent operator can be extracted through static condensation
of the RVE stiffness matrix. The macroscopic shell formulation does not need an additional lay-
ered integration scheme, since the thickness is entirely resolved. At this stage, the Kirchhoff-Love
and Mindlin-Reisner cases were treated. Intrinsic well-known shortcomings of the shell theory
in passing from a 3D continuum to a shell have to be resolved in setting up the scale transition.
Extensions to more general shell theories (e.g. solid-like shells) and other loading conditions
(non-zero tractions on the top or bottom face) are open.

6 Computational homogenization of multi-physics problems

A computational homogenization enables the coupling of two bayndlue problems in a nested
numerical setting, which justified the frequently used té&E?. Beyond mechanical problems,



several other physical phenomena may be dealt with through this method. Not too many attempts
hawe been made in this direction at this stage. In this section, emphasis is put on some develop-
ments in thermo-mechanics.

6.1 Heat conduction in solids

Many problems are characterized by severe temperature vasidtiahmay affect structural and

material performance at different scales. Engineering examples of such thermal loading conditions
include thermal coatings, refractories in furnaces, microelectronics components and engines. The
computational homogenization of the heat conduction problem that couples the thermal problem
at two scales has been addressed in [37, 38], and is schematically shown in figure 5. A transient
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Figure 5: Two-scale homogenization of heat conduction

hea conduction problem is considered at the macro scale, for which the heajflard conduc-

tivity Ky are not formulated explicitly, but determined through the comanal homogenization
procedure. The macroscopic temperatByeand temperature gradienty 6y are transferred to

the micro scale and used to define the boundary conditions on the thermal RVE. The micro scale
heat conduction boundary value problem is solved, after which the macroscopic hét fbuxb-

tained by volume averaging the resulting heat flux field over the RVE. The macroscopic (tangent)
conductivityK y is extracted from the (discretized) microstructural condustimatrix. Although

the development of the computational homogenization framework for the heat conduction prob-
lems follows the same philosophy as its mechanical counterpart, some fundamental differences
have to be tackled [37]. These differences mainly reside in the physics of the equations to be
homogenized and the fact that an average temperature has to be resolved in the scale transitions
as well. The principle of separation of scales allows to couple a transient macro scale problem
to a steady-state micro scale problem. Extensions towards a transient analysis at both scales are
possible here as well [39].

6.2 Coupled thermo-mechanics

Combining the thermal problem with the mechanical problem allmasonstruct a fully coupled
two-field and two-scale homogenization scheme. From a practical point of view, this can be solved
in different ways, among which an operator-split routine is most convenient [40]. Anisotropy,
nonlinearity and temperature dependence of both mechanical and thermal material characteristics
can be introduced at the micro scale with various morphologies enabling an effective structure-
property analysis. Dealing with these coupled nonlinearities in other homogenization techniques
is an almost infeasible task.



7 Computational homogenization of interfacial separation

A recent extension that is gaining interest, is the computatitwehogenization of interfacial
volumes towards cohesive zones [41]. Unlike the standard first-order technique, this scheme can
properly handle localization at the macroscopic scale. An interfacial macroscopic model (traction-
openingty (Z) for a cohesive zone) is coupled to an interfacial RVE of finite dimensions (i.e. a
finite volume with a small thickness that models the interface domain as a continuum with all its
geometrical details, phases, defects and bonds). The macro scale kinematics (interfacial opening
vectorEM) is used to construct the boundary conditions at the level of tieefatial RVE (which

has a finite physically motivated initial thickness).

o = f(X,Au) (7)

The RVE boundary value problem is solved and the resulting RVE tractions are averaged to iden-
tify the macroscopic interfacial traction vectigy. Complex mixed-mode interfacial loading con-
ditions can be easily investigated. Again, tangents can be extracted in a straightforward manner.

8 Concluding comments

Bridging scales from materials science to mechanics of matearalsfurther to structural me-
chanics, takes a lot of benefit from what computational homogenization has to offer as a refer-
ence solution. It is a powerful technique that has demonstrated its potential in a number of cases
throughout the literature. It is, however, a computationally expensive technique that naturally calls
for an adaptive and parallelized solution strategy. It may not be considered as a tool that replaces
other homogenization techniques in general. Whenever a closed-form macroscopic equation can
be derived, this should remain the first choice. However, when this is not possible or when the
validity of a macroscopic constitutive equation needs to be assessed, then computational homog-
enization provides a natural reference solution to compare with. This is, without any doubt, one
of the main applications of the method. Note that the quality of the solution obtained through a
computational homogenization method entirely depends on the quality of the description of mate-
rials, phases and interfaces at the micro scale. The scale transition is properly dealt with, but this
cannot remedy any shortcomings that may be present in the micro scale description. Nevertheless,
adequately characterizing single phases and interfaces seems a lot more realistic and feasible than
characterizing the complexity in multi-phase systems.

Undoubtedly, considerable progress has been made since the introduction of the early concepts
of computational homogenization about 20 years ago. Nevertheless, many open issues are yet to
be resolved in the coming years:

e computational homogenization of emerging and evolving localization bands, coupled to
enriched finite element descriptions on the macro scale

e extended shell formulations

e more complex loading conditions for shells and beams

e extended interfacial descriptions

e optimal use of different BVP solution strategies at both scales (e.g. [42])

e other multi-physics and coupled field problems (electro-mechanical, thermo-electrical, fluid-
structure interaction, magneto-electro-elasticity, acoustics, etc.)

e elaborate handling of spatial-temporal and kinetics aspects in upscaling



e dynamic problems, including inertia effects and/or propagating waves

e problems related to nonconvexity and micro-structure evolution emanating from the micro
scale

e integration of phase field models across the scales

References

[1] W. E, B. Engquist, X. T. Li, WQ. Ren, and E. Vanden-Eijnden. He¢eneous multiscale
methods: A reviewCommun. Comp. Phys., 2(3):367—-450, 2007.

[2] S. Ahuja, V. Yakhot, and I. G. Kevrekidis. Computational coarse graining of a randomly
forced one-dimensional burgers equati®mysics of Fluids, 20(3), 2008. article 035111.

[3] J. Renard and M.-F. Marmonier. Etude de ISinitiation de ISendommagement dans la ma-
trice dSun matériau composite par une méthode dShomogénéisiiogpace Science and
Technology, pages 37-51, 1987.

[4] P. Suquet. Local and global aspects in the mathematical theory of plasticity. In A. Sawczuck
and G. Bianchi, editorglasticity Today: Modelling, Methods and Applications, pages 279—
310. Elsevier Applied Science Publishers, 1985.

[5] J.-M. Guedes and N. Kikuchi. Preprocessing and postprocessing for materials based on the
homogenisation method with adaptative finite element meth@dsip. Meth. Appl. Mech.
Engng., 83:143-198, 1990.

[6] S.Ghosh, K. Lee, and S. Moorthy. Multiple scale analysis of heterogeneous elastic structures
using homogenisation theory and voronoi cell finite element methatd.J. Solids Struct.,
32:27-62, 1995.

[7] R. J. M. Smit, W. A. M. Brekelmans, and H. E. H. Meijer. Prediction of the mechanical
behaviour of non-linear systems by multi-level finite element model@amp. Meth. Appl.
Mech. Engng., 155:181-192, 1998.

[8] H. Moulinec and P. Suquet. A numerical method for computing the overall response of non-
linear composites with complex microstructu@omp. Meth. Appl. Mech. Engng., 157:69—
94, 1998.

[9] C. Miehe, J. Schroder, and J. Schotte. Computational homogenization analysis in finite
plasticity. Simulation of texture development in polycrystalline mater@tsnp. Meth. Appl.
Mech. Engng., 171:387-418, 1999.

[10] C. Miehe, J. Schotte, and J. Schréder. Computational micro-macro transitions and overall
moduli in the analysis of polycrystals at large strair@omp. Mat. <ci., 16(1-4):372—-382,
1999.

[11] K. Terada, M. Hori, T. Kyoya, and N. Kikuchi. Simulation of the multi-scale convergence in
computational homogenization approachies. J. Solids Struct., 37(16):2285-2311, 2000.

[12] F. Feyel and J. L. Chaboche. ¥multiscale approach for modelling the elasto-viscoplastic
behaiour of long fibre SiC/Ti composite materialsComp. Meth. Appl. Mech. Engng.,
183:309-330, 2000.

10



[13] K. Terada and N. Kikuchi. A class of general algorithms for multi-scale analyses of hetero-
gereous media.Comp. Meth. Appl. Mech. Engng., 190(40-41):5247-5464, 2001.

[14] V. G. Kouznetsova, W. A. M. Brekelmans, and F. P. T. Baaijens. An approach to micro-macro
modeling of heterogeneous materialomp. Mech., 27(1):37-48, 2001.

[15] C. Miehe and A. Koch. Computational micro-to-macro transition of discretized microstruc-
tures undergoing small straisrch. Appl. Mech., 72:300-317, 2002.

[16] C. Miehe and C. G. Bayreuther. On multiscale FE analyses of heterogeneous structures:
From homogenization to multigrid solversnt. J. Num. Meth. Engng., 71(10):1135-1180,
2007.

[17] C. Miehe. Strain-driven homogenization of inelastic microstructures and composites based
on an incremental variational formulatiomt. J. Num. Meth. Engng., 55:1285-1322, 2002.

[18] K. Matsui, K. Terada, and K. Yuge. Two-scale finite element analysis of heterogeneous solids
with periodic microstructuresComp. Struc., 82(7-8):593-606, 2004.

[19] C. McVeigh, F. Vernerey, W. K. Liu, and L. C. Brinson. Multiresolution analysis for material
design.Comp. Meth. Appl. Mech. Engng., 195(37-40):5053-5076, 2006.

[20] I. Temizer and T. I. Zohdi. A numerical method for homogenization in non-linear elasticity.
Comp. Mech., 40(2):281-298, 2007.

[21] M. Hain and P. Wriggers. Computational homogenization of micro-structural damage due
to frost in hardened cement pasténite Elements in Analysis and Design, 44(5):233-244,
2008.

[22] Z. Yuan and J. Fish. Toward realization of computational homogenization in pralsitcé.
Num. Meth. Engng., 73(3):361-380, 2008.

[23] M. G.D. Geers, V. G. Kouznetsova, and W. A. M. Brekelmans. Gradient-enhanced computa-
tional homogenization for the micro-macro scale transititmh. de Phys. 1V, 11(5):145-152,
2001.

[24] V. G. Kouznetsova, M. G. D. Geers, and W. A. M. Brekelmans. Multi-scale constitutive
modeling of heterogeneous materials with a gradient-enhanced computational homogeniza-
tion schemelnt. J. Num. Meth. Engng., 54:1235-1260, 2002.

[25] M. G. D. Geers, V. G. Kouznetsova, and W. A. M. Brekelmans. Multi-scale second-order
computational homogenization of microstructures towards contimtial. Multiscale Comp.
Engng., 1(4):371-386, 2003.

[26] V. G. Kouznetsova, M. G. D. Geers, and W. A. M. Brekelmans. Size of a representative vol-
ume element in a second-order computational homogenization framewatrk.Multiscale
Comp. Engng., 2(4):575-598, 2004.

[27] V. G. Kouznetsova, M. G. D. Geers, and W. A. M. Brekelmans. Multi-scale second-order
computational homogenization of multi-phase materials: a nested finite element solution
strategy.Comp. Meth. Appl. Mech. Engng., 193:5525-5550, 2004.

[28] L. Kaczmarczyk, C.J. Pearce, and N. Bicanic. Scale transition and enforcement of RVE
boundary conditions in second-order computational homogenizatiah.J. Num. Meth.
Engng., 74(3):506-522, 2008.

1"



[29] T. J. Massart, R. H. J. Peerlings, and M. G. D. Geers. An enhanced multi-scale approach
for masonry wall computations with localization of damagent. J. Num. Meth. Engng.,
69(5):1022-1059, 2007.

[30] T.J.Massart, R. H. J. Peerlings, and M. G. D. Geers. Structural damage analysis of masonry
walls using computationa homogenizatidnt. J. Damage Mech., 16:199-226, 2007.

[31] I. M. Gitman, H. Askes, and L. J. Sluys. Coupled-volume multi-scale modelling of quasi-
brittle material.Eur. J. Mech. A Solids, 27(3):302-327, 2008.

[32] S.Loehnert and T. Belytschko. A multiscale projection method for macro/microcrack simu-
lations. Int. J. Num. Meth. Engng., 71(12):1466-1482, 2007.

[33] T.Belytschko, S. Loehnert, and J. H. Song. Multiscale aggregating discontinuities: A method
for circumventing loss of material stabilitnt. J. Num. Meth. Engng., 73(6):869-894, 2008.

[34] M. G. D. Geers, E. W. C. Coenen, and V. G. Kouznetsova. Multi-scale computational ho-
mogenization of structured thin sheekdod. Smul. Mat. Sci. Engng., 15:5393-S404, 2007.

[35] B. A. Schrefler and M. Lefik. Use of homogenization theory to build a beam element with
thermo-mechanical microscale properti@suctural Engineering and Mechanics, 4(6):613—
630, 1996.

[36] P. Cartraud and T. Messager. Computational homogenization of periodic beam-like struc-
tures.Int. J. Solids Sruct., 43(3-4):686—-696, 2006.

[37] 1. Ozdemir, W. A. M. Brekelmans, and M. G. D. Geers. Computational homogenization for
heat conduction in heterogeneous soliafg. J. Num. Meth. Engng., 73(2):185-204, 2008.

[38] E. Monteiro, J. Yvonnet, and Q. C. He. Computational homogenization for nonlinear con-
duction in heterogeneous materials using model reduc@omp. Mat. Sci., 42(4):704-712,
2008.

[39] H.W. Zhang, S. Zhang, J. Y. Bi, and B. A. Schrefler. Thermo-mechanical analysis of periodic
multiphase materials by a multiscale asymptotic homogenization apprdathJ. Num.
Meth. Engng., 69(1):87-113, 2007.

[40] 1. Ozdemir, W. A. M. Brekelmans, and M. G. D. Geers. 2R@®mputational homogeniza-
tion for the thermo-mechanical analysis of heterogeneous sdliasyp. Meth. Appl. Mech.
Engng., 2009. in review.

[41] K. Matous, M. G. Kulkarni, and P. H. Geubelle. Multiscale cohesive failure modeling of
heterogeneous adhesivesMech. Phys. Solids, 56(4):1511-1533, 2008.

[42] A. Abdulle and B. Engquist. Finite element heterogeneous multiscale methods with near
optimal computational complexityMultiscale Modelling & Smulation, 6(4):1059-1084,
2007.

12





