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Some results on Sobolev spaces with respect to a measure and
applications to a new transport problem

Jean Louet*

February 19, 2013

Abstract

We recall some known and present several new results about Sobolev spaces defined with respect
to a measure p, in particular a precise pointwise description of the tangent space to p in dimension 1.
This allows to obtain an interesting, original compactness result which stays open in R%, d > 1, and
can be applied to a new transport problem, with gradient penalization.

Introduction

Let us consider variational problems, consisting in the minimization of

J u»—)/ﬂL(x,u(x),Vu(x)) du(z)

where the usual Lebesgue measure is replaced by a generic Borel measure p, under possible p-a.e. or
boundary constraints. In calculus of variations, the direct method consists in extracting a converging
subsequence (in a suitable sense) from a minimizing sequence, thanks to a compactness result on the set
of admissible functions, and to conclude by semi-continuity of the functional J. For our functional, two
problems appear:

e which functional space should we consider in order to give a sense to the gradient Vu? More
precisely, if p is the Lebesgue measure or has a density f bounded from above and below, we can
work in the classical Sobolev space H* () (which is exactly the set of functions u € Li having weak
derivatives in Li), but it is not so clear if this assumption on f does not hold or if ;1 has a singular
part.

e does there exist a compactness result which allows to extract from a minimizing sequence a sub-
sequence converging, in a suitable sense, to an admissible function? For instance, in the classical
Sobolev space H!(€2), the Rellich theorem allows to extract from any bounded sequence a strongly-
convergent subsequence in L?(Q2) which is a.e. convergent on €.

Let us fix more precisely the notations. Let Q be a bounded open set of R? and f a measurable and
a.e. positive function on Q. If we assume f to be bounded from below and above, it is obvious that the
set

2 . . . . . . 2 d
{u € L,(©2) : Vu exists in the weak sense and belongs to L7, (£2)“}

is exactly the classical Sobolev space H! (), since the Li—norm is equivalent to the usual L?-norm on €.
If £ is only assumed to be positive, for u € L?(f2), the Cauchy-Schwarz inequality gives

/Q|u(:v)|d:c=/g(\u(:c)|\/m> \/% < </Q Iu(x)zf(x)dx>l/2 (/Q %)1/2
thus, under the assumption
1/f e LYQ) (1)
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we have the continuous embedding
Lfc(ﬂ) = {u : /Q lu(z)|? f(z) dz < +oo} — LY().

In this case, any function f € L?(Q) has a gradient Vu in the weak sense, since it is locally integrable
on €, and we can define the weighted Sobolev space with respect to f

Hi(Q)={ueL}(Q) : VueL}(Q)}.
More generally, if p €1, +oo[, the assumption
(1/NHYPD € L, (9)

is a well-known sufficient condition to define the weighted Sobolev space WP(Q) with respect to f
(see [10] for more details). For our problem, if the Lagrangian functional is quadratic with respect to the
gradient, for instance

I = [ 176 d
Q

it means that the set of admissible functions is well-defined if p has a density f such that 1/f is integrable:
it is the set of the elements of the weighted Sobolev space H } satisfying the constraints.

If 1 is absolutely continuous with density f, the weighted Lebesgue space with respect to f is exactly
the space LI, so that the space H}c can be seen as a Sobolev space with respect to the measure p. A
natural generalization consists in defining the Sobolev space with respect to the measure u, without
condition on its density or when g is not anymore assumed to be absolutely continuous with respect
to £4. There exists some general definitions of the Sobolev space in a generic metric measure space
(X,d, p) (see [8]), but we will not enter to the details of this notions in this paper and we prefer to focus
on the case of an open set of R¢.

We begin this paper by an overview of the definitions and already known results about this Sobolev
spaces [2, 5, 6, 12, 15, 16], and present several new results: in particular, we give a precise description of
the tangent space to any measure p on the real line. As a corollary of this result, we show a compactness
result in H, ,1u which states precisely that any bounded sequence admits a pointwise p-a.e. convergent
subsequence on the set of points where the tangent space is not null (this result is already known in any
dimension under strong conditions on the measure u, when the compact embedding of the Sobolev space
Wﬁ’p with respect to p into the Lebesgue space L%, still holds; see [3, 9]).

This is applied to a variational problem coming from optimal transportation: we consider the mini-
mization of the functional

I1) = [ L@ (@), D) du(o)

among all the maps T : Q — R? which admit a Jacobian matrix D, T with respect to p and under
a constraint on the image measure Ty (it corresponds to the classical Monge-Kantorovich optimal
transportation problem [14] if L does not depend on its third variable, and is linked to minimization
problems under volume-preservation or area-preservation constraints [1]). In the one-dimensional case,
we get the existence of a solution for any measure p (the optimal map is known if p is assumed to be
the uniform measure on the interval, see [11]| for details). However, we are not able to give a precise
description of the tangent space and to obtain the existence of solution to this transport problem in the
most general case in any dimension.

1 Sobolev spaces with respect to a measure

This section is devoted to an overview of the definitions and already known results about tangent spaces
to a generic Borel measure p and Sobolev spaces associated to this measure. First, let us recall that there
exist some notions of Sobolev spaces in arbitrary metric measure spaces (X, d, ), for instance in the
papers by Shanmugalingam [13], Hajlasz [7] or Hajlasz and Koskela [9] (see [8] for a global summary of
this notions). In our case, a usual method consists in defining the tangent space to p (which is a function
defined p-a.e. on RY and taking values in the set of linear subspaces of R?), and the gradient with respect
to p for a regular function u through

Vyuu(z) = pr, (2)(Vu(z)) for p-ae. z € RY,



where pr, () is the orthogonal projection on T, (z) in R?. Then we consider for the Sobolev space H }L
the closure of C*° (ﬁ) for the norm

ue C*(Q) = llulley +1Vuullzg

There exist several ways to define the tangent space of a generic measure u. Preiss [12] gives a method
based on the idea of blow-up: a k-dimensional subspace P, is said to be an approximate tangent space
of u at x if we have, for some 6 > 0, the following convergence in the vague topology of measure when
p goes to 0:

plx+p-) = 01" p,.

In order to examine variational problems, Bouchitté et al. [2] have introduced a dual-formulation of the
tangent space: it is the p-ess. union (see [4] or later) z — Q,(x) of the tangent fields, i.e. the vector
fields belonging to , , ,

XI = {p e (Lh)?: div(up) € L},
where the operator div(uw) is defined in the distributional sense. Fragala and Mantegazza [6] have noticed
that, with this notation, we have the inclusion Q,(z) C P,(z) for p-a.e. of R? (see the PhD. thesis [5]
for a complete overview and more details about these definitions).

We are interested in another way to define tangent and Sobolev spaces, introduced by Zhikov [15, 16].
Let Q be a bounded open set of R? and y a finite positive measure on 2 We will say that u € Li belongs
to the space H! if it can be approximated by a sequence of regular functions whose gradients have a limit
in the space Ly:

Up —> U

for the L?-norm.
Uy — U H

u€H, < I(up)n € C®(Q), v e (Li)d : {
The set of these limits v is denoted by I'(u), and its elements are called gradients of u. In general, u
can have many gradients (see below the example of a measure supported on a segment of R?), and it is
obvious that I'(u) is a closed affine subspace of (LZ)? with direction I'(0). The projection of 0 onto this
subspace (in the Hilbert space (Li)d) is thus the unique element of T'(u) with minimal L?-norm: we call
it tangential gradient of u with respect to pu.
Pointwise description of V,u and tangent space to p. We define the tangent space to u as follows:
the space I'(0) can be seen as the set of vector-valued functions which are pointwise orthogonal to the
measure . Let us denote by (eq,...,eq) the canonical basis of R<, and set

& = Pr(o) (ei)

where the projection is taken in the Hilbert space Li (here e; is seen as a constant function on ). For
z € ), we denote by

Tou(w) = (Vect(&1(2), ... £a())) ™

and call T),(z) (which is defined for p-a.e. x € ) the tangent space to p at . Then, the following
equivalence holds:
vel(0) <« forp-ae €, v(z)L T,(x).

This result, combined to the orthogonality property of V,u in L;Qw implies a pointwise description of the
tangential gradient:

Proposition 1.1. Let u € H),. Then, for v € I'(0), the function
z € Q= pr,(2)(v(2))
1s independent of the function v and only depends on u, and we have
Vu(r) = pr, (2 for p-a.e. x € Q.

Some natural examples. We can see that the words “tangential gradients” are quite natural in the
following cases:

e if 41 is the Lebesgue measure £' concentrated on the segment I = [0,1] x {0} x --- x {0}, then T},
is the line R x {0} x --- x {0} a.e. on I and

ou

Ju
1_ 2, 2 _ )
H”{UEL“'ﬁxl GLM} and V,u= <8x170,...70),



e more generally, if p is the uniform Hausdorff measure supported on a k-dimensional manifold M,
then T}, is the tangent space to M in the sense of the differential geometry.

Let us remark that, if v is a tangent field as defined above, i.e. the operator div(pp) is continuous for
the Li—norm on D(Q), we have for any sequence (uy,), of smooth functions having 0 for limit in Li:

[ Vo] < Clunllag 0
Q

Then, if v € T'(0), we have v- ¢ in LfL for any element ¢ € Xﬁ. We deduce that, with the above notations,
the space @, (z) is pointwise orthogonal to F),(z): it means that, up to a p-negligible set, we have the
inclusion between tangent spaces

Qu(x) € Ty(w).

We are not able for the moment to prove the inverse inclusion, but the equality between this linear spaces
holds for all the examples that we have studied.

2 Precise description and compactness result in one dimension

2.1 The main results

Let us now give a precise pointwise description of the tangent space T),(x) when d = 1 and Q2 is a bounded
interval of R (which we denote by I). In this case, there are only two options for T),(z) which are of
course {0} and R, and the definitions of the tangent space give the following characterizations:

Fact. Let B C I be a Borel set with pu(B) > 0. We have the following implications:

1. if any v € T'(0) is p-a.e. null on B, then T, =R p-a.e. on B;
2. if, for any u € H}L, there exists a gradient of v which is p-a.e. null on B, then T, = 0 p-a.e. on B;
3. if there exists a gradient of 0 which is positive y-a.e. on B, then T, = 0 p-a.e. on B.

Notations. We denote by:

® /1= lig + is , Where p, and ps are respectively the absolutely continuous and the singular part of
1 with respect to the Lebesgue measure;

e A a Lebesgue-negligible set on which is concentrated ps;

e f the density of u,, and

M = xGI:V6>O,/ £:+oo
INB(z,e) f(t)

which is a closed set of I verifying 1/f € L}, (I \ M).

loc

Notice that if i is absolutely continuous with respect to £, the Sobolev space with respect to p (thus,
to f) is well-defined exactly “outside of the set M”. In our case, we find an analogous result:

Theorem 2.1. For p-a.e. x € I, the tangent space is given by

(x):{ {0} ifzeMUA

T R otherwise.

1

Let us give a short comment of this result. Saying that the tangent space is R on a set B means
exactly that, if u € H ,L]l: is given, all the gradients of u are equals on B. In our case, let us denote by
V =I\(MUA)and U =TI\ M. Notice that U is an open subset of I coinciding with V up to the £!-
negligible set A. Let us fix u € H, ﬁ We will prove that the distributional derivative of u|y is well-defined,
belongs to L? and that, if v € T'(u), v’ = v p-a.e. on V; therefore, u’|y is the only gradient of u on the
set V.

First, let us recall that if v is an element of Li, its restriction to U belongs to L?(U ), which is included
into L} (U) by definition of M. The weak derivative of u|y is thus well-defined. If ¢ is a test function

loc



with support in U and (uy,), a sequence of regular functions such that (un,u;) — (u,v) in L2, testing

v —u’ against ¢ gives
1/2
(¢)?
(1 = 0)¢'| <l =l ([
/1 AV

where the last inequality comes from the H6 lder inequality, and the last term is finite since ¢’ is bounded
and 1/f integrable on the support of ¢. This proves that u, — v in the sense of distributions on U.
Then v|y is the weak derivative of u on this set, and we know that v|y € L?(U).

Finally, any element u € H le gives by restriction an element of the weighted Sobolev space H}(U)

<v—u,p>p = lim
| ) P D(U),D(U)\ vt

and, on U, V,u and v’ are coinciding a.e. for the regular part f L of p. To summarize, we have just
proved the following:

Proposition 2.1. We denote by V. =1\ (M U A). Let us recall that A is Lebesgue-negligible and that
VU A is open; we still denote by H(V) the weighted Sobolev space H;(V U A). Then, a measurable

unction u belongs to the Sobolev space H(I) if and only if the two following conditions are satisfied:
“w
we L2(I) and uly € Hi(V)
and in this case, its pu-Sobolev norm is given by
HUH%I;(I) = Hu||%§(1) + ||U/||2L§,(V)
where u' is the weak derivative of uly .

Compactness result in H ; (I). In order to examine variational problems in this Sobolev spaces, the
following compactness result is useful (it is already known in the case of the Lebesgue measure, as a
consequence of the Rellich theorem):

Proposition 2.2. Let (un), be a bounded sequence of H\(I). Then there exists a subsequence (un, )k
which admits a pointwise limit u on p-a.e. every point on which T, is R.

Proof. We know that V is exactly (up to a p-negligible set) the set of points where T}, is R. We still
denote by U = I\ M. U is an open set and we have U = V U A. We will show that (u,), admits
a subsequence which is pointwise convergent on L£'-a.e. any point of U: it will be enough to conclude
that this subsequence is p-a.e. convergent on V', since ply is absolutely continuous with respect to the
Lebesgue measure.

The sequence (uy,) is bounded in H\(I), thus the sequence (un|v), is bounded in the weighted
Sobolev space H} But since U is exactly the set of points around which 1/f is integrable, we know
that L7(U) < Ly,.(U); this implies that the sequence of the weak derivatives of u,, (which are functions

of L3(U)) is bounded in Lj,.(U). Then (u,), is bounded in the Sobolev space Wh(U), and admits a
subsequence which is strongly convergent in L*(K), for any compact subset K of I. We can again extract

a subsequence which is pointwise convergent on p-a.e. point of I; the proof is complete. O

2.2 First part of the proof: the regular part, outside of the critical set

First, let us prove that T, = R outside of M U A. Using the first characterization of the tangent space,
we take an element g of I'(0) and we want to show that g = 0 p-a.e. outside of M U A; by definition
of A, it is enough to show that g = 0 £L'-a.e. on U. As in the above remark, taking a sequence of regular
functions u, — 0 with v}, — g and a test function ¢ such that 1/f is integrable on the support of ¢,

we obtain . i
el == Ll 7] (L) (L)

which goes to 0 as n — 4-00. The same computation gives fU uh o — fU gp. We deduce that g = 0 L'-a.e.

2.3 Second part: the singular part of the measure

Second, we prove that T, = {0} for the singular part of p. We use the third characterization of the
tangent space and build a sequence of C'* functions (u,,), such that

up, =0 and wu, — 1a inLi.



where 14 is the characteristic function of the set A; this will prove that 14 € I'(0) and imply the result.
For n € N, let Q,, be an open set such that A C Q,, and u(Q,, \ A) +£(2,) < 1/n. By Lusin theorem,
there exists a continuous function v,, with 0 <wv,, <1 on I and

(1 + L) ({x € 1 va(2) £ Lo, (@)}) < 1/n
Let us consider u(z) = [ v,(x) dz, where a is the lower bound of I. Then we have:

e for any z € I,

fun ()] < / (o — T, [(£) + L, (£)) dt < £} ({v # 1, }) + £1Q0) < 2/n

thus (un), goes to 0 uniformly, and also in the space Li;

e on the other hand, since u/, = v,, coincides with 1 4 outside of a set E,, such that u(E,) < 1/n,
we have

/Il%(x) = La(x)|* dp(z) < |l — Lall3 u(Bn) < 4/n
thus u;, — 14 in L2(1).

We obtain that 14 € I'(0), which guarantees that T, = 0 on A.

2.4 Third part: the critical set

This part is more difficult. Given a function u € C* (7), we build a sequence (uy,),, of regular functions
(say, C') such that u,, — uw and ], — v for the L2-norm, with v = 0 on M. The strategy is the following:

e given a set 2, which is “almost” M, we start from a function u,, which coincides with u outside of
), and is piecewise constant on 2, (so that its derivative is null on M);

e then, using the fact that the discontinuity points of u,, belong to M, we regularize u,, around this
points so that its derivative stays small for the L?-norm.

First, we build our set €2,:

Lemma 2.1. Let us denote by (x,,)n a sequence containing all the atoms of p. For n € N, there exists
a set €, such that:

Pn
o O, = U Jag, b, with b; < a;y1 for each i, and la;, b;[NM # (;

=1

o Oy DM\ {z1,...,20};

o 1@\ (M {ar,..,m,}) < 1/n.

Proof. Let U, be an open set such that M C Q, and p(U, \ M) < 1/n (such a set exists since p is
regular from above); U,, is a union of open intervals, and since M is compact we can assume this union
to be finite. We denote by Q,, = U, \ {x1,...,2,}. It is still a finite union of open intervals, containing
M\ A{z1,...,z,} and with p(Q, \ (M \ {z1,...,2,})) < 1/n. Moreover, we may assume that all these
intervals contain an element of M: it is enough to remove from §2,, the intervals which do not contain any
element of M (if after that we obtain €, = 0, it means that M C A and we already know that T}, = {0}
on A, so there is nothing to prove). O

Let us thus take a sequence (g5, ), of piecewise constant functions such that g, — u in Li (it is possible
since u is continuous, thus can be approximated uniformly on I by a sequence of piecewise functions) and
[|gn]lce < C, where C only depends on u; we replace g, by u outside of the set §2,, (the new function will
still be called g,,), so that we have now

o g, —uin L2
e g, coincides with u outside of 1,,;

e g, coincides on (1, with a piecewise constant function.



We begin by regularizing g,, around the endpoints of the intervals forming ,,. Let ¢, > 0 be small
enough so that:

o a; + &, < b — ey, for each i (we will set a} = a; + &, and b, = b; — &,,);
e Jal,bl[ contains at least an element of M, for each ;
e on |a;, b;[, g, has not any discontinuity point outside |a}, b;[;

e if we denote by ) the union of the intervals |a},b}[, we have u(Q, \ Q) <1/n.

17 71

Lemma 2.2. There exists a function w, coinciding with g, outside of Qn \ ., and such that, on each

interval la;, al[ and b, b,
e w, and w) are bounded by constants depending only on u and u’;
o wy(a;) =wula;), wh(a;) =u'(a;) and w), =0 on a (small) open interval having a; for upper bound;
o w, (b)) =wu(b;), wl,(b;) = (b;) and w), =0 on a (small) open interval having b, for lower bound.
Proof. Tt is enough to replace g, on the interval ]a;,a; + &,[ by the function  — Q(a; + x) where

Q) = 7%63%2 +u/ (a;)t + u(ay)

(so that Q(0) = u(a;), Q' (0) = Q'(a;) and Q’'(e,,) = 0), to scale the new function on the interval |a;,a}]|
by replacing it by

wp(a; +2(x —a;)) ifa; <z<a;+e,/2

T V- .

wp(al™) otherwise

and to make a similar construction on the interval |b; — e, b;[. O
Since g, and w,, are bounded uniformly in n and coincide outside of the set Q,, \ €, whose measure

is at most 1/n, the sequence (wy, ), still converges to u in LZ; moreover, we have

lwpllez @00 < (2/n)]1u]|oo

and for any discontinuity point y of w,, w, is piecewise constant on a (small) neighborhood of y. We
now have to regularize w, around its discontinuity points, which belong to 2/ ; this is possible with a
small cost only if these points belong to the set M. For this reason we are interested by the following
“displacement” procedure of the discontinuity points:

Lemma 2.3. For any n, there exists a function v, such that
e v, = w, outside of QU ;
e v, is still piecewise constant on U ;
e any discontinuity point of v, belongs to M ;
® v, »uin L.

Proof. We have to modify w,, only on each interval ]a},b;[. On this interval, the number of discontinuity

points of w,, is finite; we denote these points by a} < x; < -+ < x, = b,. We make the following
construction:

e Let m = inf([a,b]] N M). We define v,, on the interval [a}, m[ (if it is nonempty) by setting
vy = wp(aih).

e Then we reiterate the construction starting from m:

— if Jm, b;[NM = (), we set v, = w, (b, ) on this interval, and we are done;

— otherwise, let m’ = inf()m,b;[NM). We have naturally m’ > m. If m > xz,, then we set
U = wy (b, ) on |m/,bi[ ,w, on [m,m'[ and we are done;

— if m =m’ < x,, then we denote by j the smallest index such that z; > m, we set v, = w,, on
[m, ;[ and we reiterate this construction starting from z;;



— finally, if m < m’ < z,,, we set v,, = w,, on [m,m’[ and we reiterate this construction starting
from m’.

With this construction, w,, —v,, 7# 0 only on £/, and outside of the set M. Since u(Q,\ M) < 1/n and
Wn, vy, are uniformly bounded, we get ||v, —wy[z2 < C/n, and we thus still have v,, — u. Moreover, by
construction, vy, is still piecewise constant on the set Q! and all its discontinuity points belong to M. O

To finish, we have to modify v,, around each discontinuity point, so that the new function u,, is regular
and admits a derivative which is small for the Li—norm. This is possible thanks to the following result
about embeddings between functional spaces:

Lemma 2.4. Let J a bounded interval of R, and p a finite measure on J with density f > 0. The
following assertions are equivalent:

1. The function 1/ f belongs to L*(J)
2. The space L2,(J) is continuously embedded into L'(.J)

Proof. The direct implication is obvious and comes directly from the Cauchy-Schwarz inequality. For the
converse one, let us assume that f ;1/f = 400 and set

1 1
= —< — =r! .
E, {t eJ T ft) < } and [, =L (E,)

n

We know that > [, < +oo (it is the length of J) and

1 1
> nl = Z/J”ﬂ{nflél/fﬁn} 2 Z/J? Tin1<1/p<ny 2 /J} = +o00

thus > nl, = +0o. We will build a function U which is constant on each set E,,, belongs to Li and does

not belong to L'. If we denote by u, the value of U on E,, it is equivalent to find a sequence (u,),
verifying

Zui (nl,) < o0 and Z [t |l = 400

To summarize, we want to prove the following statement: for any sequence (l,), of positive numbers

such that > nl, = 400 and > 1, < 400, there exists a sequence (uy,), of positive numbers such that
n n

S uZ(nl,) < +oo and > nu, = +oo. By contraposition, it is equivalent to the following: for any

n

n
sequence (l,,), of positive numbers such that > I,, < 400, if the following implication holds:
n

(Z u? (nl,) < —l—oo) = (Z Inlun| < +oo>

then we have ) nl, < +oo. This result can be seen as a corollary of the Banach-Steinhaus theorem.

n
Denoting by ¢2, the space of sequences (uy), such that Y- u? (nl,) < +oco, the operator

n

N
Ty :ué€ Eiln — Zlnun

n=0
N 1/2
is linear continuous with norm (Z nln> and the assumption about (), is equivalent to
n=0

Vue 2, sup [Ty(u)| < +oo.
NeN

By Banach-Steinhaus theorem, we get sup ||Tn|| < +oo and > nl, < +00; the proof is complete. [
NeN neN



End of the proof of Theorem 2.1. Thanks to the two last lemmas, we are now able to transform the
function w,, into a C'! function w,,, which will provide us our approximation of u. Let us recall that v,
coincides with u outside Q,, is piecewise constant on €2, all its discontinuity points are located in M and
each of this points admits a neighborhood where v), is null. Denoting by y1 < --- < y, the discontinuity
points of v,,, we find €,, such that, for each j, v, is constant on |y; —e,,y;[ and |y;,y; +¢e,[. Moreover,

we have:
p

> u(ly; = ensyi +enl) < 2pen + Y nl{yi})-

Jj=1 Jj=1

We take €, small enough so that 2pe, < 1/n. On the other hand, since each y; does not belong to the
set {z1,...,z,} of the “big atoms” of y, we have

dou{yh) < p{aid).

j=1 k>n

Therefore,

n—-+o0o

p
pl Ul —enyj+enl | ——0.
j=1

On the interval Jy; —e,,%; + €n[, thanks to Lemma 2.4, L? is not embedded into L', thus we can find a
regular function g; such that

Yjt+en N B Yjt+en ) 1
/ g; =vn(y;) —vn(y;) and / gjdp < —.
v .

j—En

Then, we set
- N )
" (x): 'Un(yjign)+fyj7€" g] lfyjfgn ngyj+€n
' un () otherwise.

This functions u,, form our desired approximation of wu:

2

1» where

Proposition 2.3. This sequence (uy,), satisfies u, — u and u,, — v in the space L

(z) = u'(x) if x ¢ M oris an atom of p
“IE0 otherwise.

Consequently, T, = {0} p-a.e. on M.

Proof. We know that v, — u, thus w, — u in the space Li outside of the intervals |y; — ey, y; + €n[.
But since the total mass of these intervals goes to 0 and (uy, ), is uniformly bounded, we get u,, — u. For
the derivative, since u,, = u outside of ,,, we have

||y, — U||%g = Juy, — ’UHQLﬁ(Qn) = [Juy, — U||2L3(Qn\M) + [l = UHQL‘%(M\{;Q,..A,Q:”})

where the first term goes to 0 (since (u, ), is uniformly bounded and u(Q, \ M) goes to 0); for the second
one, we have v = 0 on M, thus it is enough to prove that u, goes to 0 for the Li—norm on M\{z1,...,2n};
this term is bounded by
P
2
122 @\ yr,nwp)) T >l (wi)u({u})-
j=1

Since (u),), is uniformly bounded, we know that the second term goes to 0, and since u,, is constant
outside of the intervals ]y; — &,,y; + en| the first one is equal to

p Yyj+en )
S [
j=1 Yj—En

which, by definition of g;, is smaller than 1/n. This completes the proof. O



3 Application to a transport problem with gradient penalization

3.1 Problem statement, and the easiest case

We investigate the following problem, which is somehow intermediate between optimal transportation
and elasticity theory:

inf{/Q(|T(x) — x>+ |VT(x)I2)du<w)} ;

where the infimum is taken among all maps T : Q — R? with prescribed image measure Typ = v
and admitting a Jacobian matrix VT in a suitable sense. Contrary to the Monge-Kantorovich optimal
transport problem, if ;4 has a density f bounded from above and below, then the existence of a solution
is obvious and comes from the direct method of the calculus of variations; more precisely:

Proposition 3.1. Let f : Q — R? a measurable function such that 0 < ¢ < f < C < +oo for some
constants ¢,C > 0. Let v € P(R?). We assume that there exists at least one Sobolev transport map
between dp = f - dL? and v. Then the problem

i —zf? )3 f(x) da ! =v
mf{/ﬂ(lT(w) "+ VT (@)[) f(z)dz : T € H (), Typ }

admits at least one solution.

Proof. Let (T},), be a minimizing sequence. We can extract from (7},), a sequence having, thanks to the
Rellich theorem, a strong limit 7 in L?, and we also can assume that T,, — T L'-a.e. on (2, thus p-a.e.
on Q. Then for any function ¢ € Cy(R?) we have

vneN [ T@)due) = [ o) dviy).
Thanks to the pointwise p-a.e. convergence of (T},),, we can pass to the limit in the left-hand-side of this
equality, which gives

Ve GRY)  [ oT@)ante) = [ ol vy

and T satisfies the constraint on the image measure. Moreover, the functional that we consider is of course
lower semicontinuous with respect to the weak convergence in H'((2), and T minimizes our problem. [

3.2 The general formulation, and the one-dimensional case

If 11 is a generic Borel measure, we replace the term with the jacobian matrix of 7" by VT, so that our
problem is now written

wt { [ (7(0) —af + [0, 1@ P dute) < T e @)} 2)

The existence of solutions is not clear in general. In the case of the classical Sobolev space H!(), we
have seen that the key point to prove the existence is the following: from any minimizing sequence (75,)y,
we can extract a sequence which converges £%a.e. on €2, and this is enough to obtain that the limit is
admissible. This is not possible in general, since we don’t have any equivalent of Rellich compactness
theorem for the Sobolev spaces with respect to a generic measure p.

In the one-dimensional case, if y is the Lebesgue measure, it is known that the monotone transport
map between £ and v is optimal for the problem (2) (see [11]). This result does not hold if we do not
make any assumption of y, but we can get an existence result thanks to the p-a.e. compactness result of
the second section:

Theorem 3.1. In dimension 1, the problem (2) admits at least one solution.

Proof. Let us begin by rewriting precisely the functional that we consider in this case: we know that
T, = {0} on MU A and R on V, so that we are now minimizing

J:U€eH\ ) — /V((U((E) —2)2 + U (z)?) f(z) dz + /MUA(U(QC) —2)?du(z).
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Let (Un)n be a minimizing sequence. On the set V', which is exactly the set where T}, is R, we can extract
from (Uy,), a p-a.e. (which means £1-a.e. wherever f # 0) pointwise convergent subsequence, whose limit
is denoted by U; let us remark that U is the weak limit of (U,,), (up to a subsequence) in the space H?},
and by semicontinuity, we have

/V((U(x) —2)? + U'(2)*)f(z) dz < liminf </V((Un(x) — )+ U (2)%) f(2) dx) :

Moreover, let us set, for n € N, v, = (Up,)»(p|amua) and U,, the optimal transport map for the Monge-
Kantorovich quadratic cost between the measures p|pua and vy,. It is well-known that Un is the unique
nondecreasing transport map between p|yrua and v,; because of compactness properties of nondecreasing
maps, we can assume that (Un)n admits, for the u-a.e. convergence, a limit U. For any n, thanks to the
optimality of U,,, we have

/MUA<Un<x> ) () < / (Un () — 2)? dpa(z)

MUA

and by semicontinuity

/MUA(U(JU) —z)?dp(z) < liminf (/MUA(Un(x) — ) d,u(m)) .
Thus, if we denote by

[ Unl(z) ifzxeV [ Ux) ifzeV
T"(“"”)_{Un(x) ifremua - ond T(x)_{ﬁ(x) ifoeMUA

we have T,, — T p-a.e. on I, and

J(T) < liminf (/V((Un(x) —2)2 + Ul (2)*) f(z) d) +lim inf (/M (Up(z) — x)? du(:c)) = liminf J(U,)

UA

where (U,,), is a minimizing sequence for J on the set of H }L transport maps between p and v. Thus,
it is enough to prove that T satisfies the constraint on image measure to conclude. But for each n, by
construction, (T},)4xp = v and the p-a.e. convergence allows to obtain the same for the limit T'; the proof
is complete. O

Remark. This result can be generalized to any functional J : U — [,(L1(z,U(x))+ L2 (V,U(x))) du(z),
where L; and Ly have one of the following forms:

e [, is a transport cost such that the nondecreasing map is optimal for the Monge-Kantorovich
problem: it is the case if Lq(x,u) = h(Jx — u|), where h is a convex function. Let us notice that in
particular the statement holds if we study the problem of minimization of the norm of the gradient
among all Sobolev transport maps (this corresponds to Ly = 0). Of course we need to assume that
the class

{U € H}L :Ugp =v and / Li(z,U(x))dp(z) < —1—00}

Q
is nonempty (to guarantee that J #Z 4oo on the set of admissible functions). Thanks to the
quadratic structure of H 11“ this is automatically the case if L; is the quadratic cost and there exists

a Sobolev transport map.

e [, is “quadratic”, so that the space where we study the problem is actually the Sobolev space
H,. The natural cases are Ly(V,U) = |V,U[* or |V, U — I4|?, where I; is the identity matrix (in
this last case, we can consider the functional U — ||U — id| g1, which is a Sobolev version of the
quadratic transport problem where we minimize ||U — id|| rz)-

3.3 Difficulties and partial results in any dimension

As we said in the second section of this paper, we don’t have a precise pointwise description of the u-
Sobolev space H i(Q) if Q is an open set of R%, which was the key point for the compactness result. More
precisely, the following results still hold in any dimension:

11



e Qutside of the set
M= xEQ:V€>O,/ ﬁz-ﬁ-oo
QNB(x,¢) f(x)

we have T, = R?, a.e. for the regular part of . The proof is identical to the one-dimensional case,
based on the Cauchy-Schwarz inequality and the embedding L3 (Q\ M) < L;

loc*

e Of course, we don’t have anymore T), = 0 for the singular part of u: for instance, if 44 is uniform and
supported on a segment, then y is singular, and we know that dim 7, = 1 on any point. However,
the tangent space on the atoms of p is known:

Proposition 3.2. If zy is an atom of u, then T, (xo) = {0}.

Proof. Let us prove it if 29 = 0. We want to build a sequence of functions (), such that

U, — 0 and Vu, — el
where e is an arbitrary unit vector (this shows that any unit vector belongs to the space TN(O)J—,
thus 7),(0) = {0}). For this goal, let us consider a smooth cutoff function x such that 0 < xy <1
and
Xn(z) =110 < |z] <1 and x,(z

) =
and we denote by x,(z) = x(nz). We then set u,(z) = (x
function that we are looking for. First, noting that w,(0) =
and that 0 < u,, <1 for any n, we have

unllzz = [lunllL2p@\ee) < #(B(0,2/n)) — n({0})
which goes to 0 as n — +o0; this gives us u,, — 0 in Li. Second, for any n, we have
Vun(z) = xn(z) e+ {e,z) Vxn(z) = xn(x) e + (e,2) nVx(nz).

Let us notice that Vu, (0) = e for any n, thus it is enough to prove that ||Vun ||z o\ (0}) — 0. But
Xn and Vi, are null outside of B(0,2/n) and if 0 < |z| < 2/n we have

[Vun ()] < lellx(nz)] + [(e, 2)[n[Vx(z)] < C(1 +nlz]) <3C

0if |z] > 2

z,e) xn(z) and show that (uy), is the
0, that w,, is null outside of B(0,2/n)

where C' is an upper bound of x and V. Thus, (Vuy,)y, is uniformly bounded by a positive constant,
and Vu, —e 1y is supported on the set B(0,2/n)\ {0} whose measure  goes to 0. This completes
the proof. O

e Finally, we can prove that there exists absolutely continuous measure p such that T}, is neither {0}
nor R™ on any point of Q. We provide an explicit example:

Proposition 3.3. Let be g :]0,1[—]0,+00[ such that [, g = +oc for any open interval J C]0,1[.
Let Q =10,1[2, f : (z,y) € Q> g(x), and pu the measure with density f. Then the tangent space is
the vertical line R - e3 on p-a.e. point of Q.

Proof. We first show that T, (z) is at most one-dimensional on p-a.e. x € Q. Let be u(z,y) = .
Since the tangent space of the measure g(z)-£! on ]0,1[ is {0}, we can find a sequence of functions
(wy,)n such that

/ |wp (z) — z*g(x)dz — 0 and / lw!, (z)|*g(x) dx — 0
0

and we denote by u, (x,y) = wy(x). It is clear that Vu, — 0 and u,, — w in L?. Then, Vu = (1,0)
but V,u = (0,0) p-a.e. on . This would impossible if 7}, was R? on a non—neghglble set of .

We now have to show that R - e is included to T),(x) for p-a.e. z. For this, we prove that any
element v = (vy,v9) of I'(0) satisfies vo = 0. Indeed, we have vy = lim dru,, with u,, — 0. For
any test function ¢, integrating by parts with respect to y (since the density of p depends only on
x) gives

/52Un50dM= —/ undap dp
Q Q

which goes to 0 since u,, — 0 in Li. This gives fQ vaedp = 0 for any ¢ € D(Q), thus vy = 0, and
the proof is complete. O
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This shows that we cannot hope to obtain a compactness result analogous to the one-dimensional
case, where any bounded sequence in H ,L]l: has a subsequence which converges on p-a.e. x such
that T, (xz) # {0}: it is enough to take a sequence of functions (u,), depending only on z and
non-compact for the a.e. convergence.
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