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Abstract

This article studies the solutions in H! of a steady transport equation with a
divergence-free driving velocity that is W, in a two-dimensional bounded polygon.
Since the velocity is assumed fully non-homogeneous on the boundary, existence and
uniqueness of the solution require a boundary condition on the open part I'™ where
the normal component of u is strictly negative. In a previous article, we studied the
solutions in L? of this steady transport equation. The methods, developed in this
article, can be extended to prove existence and uniqueness of a solution in H' with
Dirichlet boundary condition on I'” only in the case where the normal component of
u does not vanish at the boundary of I'". In the case where the normal component
of u vanishes at the boundary of I'”, under appropriate assumptions, we construct
local H! solutions in the neighborhood of the end-points of I'", which allow us to
establish existence and uniqueness of the solution in H! for the transport equation
with a Dirichlet boundary condition on I'".

Résumé

Cet article étudie les solutions dans H' d’une équation de transport stationnaire
avec une vitesse de régularité W1 > & divergence nulle, dans un polygone borné. La
vitesse étant supposée non nulle sur la frontiere, I’existence et 'unicité de la solution
requierent une condition sur la partie de la frontiere ou la composante normale de la
vitesse est strictement négative. Dans un précédent article, nous avons étudié les solu-
tions dans L? de cette équation de transport stationnaire. Les méthodes, développées
dans cet article, peuvent étre étendues pour prouver 'existence et 1'unicité d’une so-
lution dans H' avec une condition de Dirichlet sur I'" seulement dans le cas ol la
composante normale de u ne s’annulle pas a la frontiere de I'". Dans le cas ou la
composante normale de u s’annulle a la frontiere de I'", sous des hypotheses ap-
propriées, nous construisons des solutions locales au voisinage des points frontieres
de '™ de régularité H', qui nous permettent d’établir I'existence et I'unicité de la
solution dans H' de I’équation de transport avec une condition de Dirichlet sur I'~.
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0 Introduction.

Transport equations are studied in many frameworks. In [2,7,12] the stress z, i.e, the
transported quantity, is not assumed regular, while they impose strong conditions on the
fluid velocity u, which indicates the direction of the transport. Contrary to this, in [1,4],
the velocity has only bounded variation with its divergence integrable, but the stress is
assumed bounded or continuous. In fact, we have to choose the regularity of z and u for
the product u. Vz to be well defined in some distributional sense. Thus, in [7], V. Girault
and L.R. Scott, for defining u.Vz with the weaker assumptions, studied the transport
equation with the stress z in L?(2), the velocity u given in H'(Q)¢, with divu = 0, and
the right hand side given in L*(f2), where € is a Lipschitz-continuous domain. These Au-
thors established existence and uniqueness of the solution for the transport equation by
using the essential technique of Puel and Roptin [11] and the renormalizing argument of
DiPerna and Lions [5]. In a following article [8], they extended their results from L? to
H?' for the transport equation. By another technique, in particular a Yosida aproximation,
V. Girault anf L. Tartar [9] studied the solutions in LP, p > 2, of the transport equation,
when the right hand side is in L”.

However, all these approaches of transport equations assume that the normal compo-
nent of the fluid velocity u vanishes on the boundary of the domain. Indeed, in the contrary
case, the problem is no longer well-posed and the unicity requires a boundary condition.
However, it is not possible to define the trace on the boundary of the stress z when it is not
regular but only square-integrable. Nevertheless, such transport equation with u.n # 0,
where n denotes the unit exterior normal to the boundary, arises in the problem of fully
nonhomogeneous second grade fluid [7]: multiple solutions imply that additional boundary
conditions should be imposed.

In a previous article [3], we established existence and uniqueness of the solution, in the
space where z and u.Vz are L?, for the transport equation, with a boundary condition
on the open part of the boundary where the normal component of u is strictly negative,
where Q is a Lipschitz-continuous domain of IR?, u is given in H'(Q)¢ such that divu = 0,
the right hand side is given in L*(2), and W is a given real parameter different from 0.
We showed that it is possible to define the normal component of zu on the boundary and,
hence, to prove that the problem is well-posed by requiring a condition for the normal
component of zu on the part of the boundary where u.n < 0.

The present article studies the steady transport problem : find z € H'(Q) such that

{ z4+Wu.Vz=1 inQ,

z=0 on [~ ~’ <0'1)

where  is a bounded polygon of IR?, u is given in W>°(0)? such that divu = 0, '~ is the
open part of the boundary of  such that u.n < 0, [ is given in H*(2), and W is a given
real parameter different from 0. But, in a such framework, if we look for a solution in H?,
a difficulty arises when u.n vanishes at the boundary of I'", as we shall see in examples
given below. Indeed, the fact that the function u.n vanishes at a boundary point of I'~
leads to a discontinuity for the partial derivatives of the solution z at this point and the
solution z has not always the regularity H!, see examples 4, 5 and 7. As we will see in the
following examples, the regularity of the solution seems to depend on the multiplicity of
the root of the equation u.n = 0 at the boundary of I'” and on the sign of u.7_, where
7_ is the unit tangent vector to the boundary at the point m, directed towards '™ : in



these examples, the solution of the transport equation is H' if the multiplicity of the root
is 0 or 1 and if the sign of u.7_ is negative in m. On the contrary, the solution is not
H*' if the multiplicity of the root is strictly greater than 1 or if the sign of u.7_ in m is
positive, which is consistent with the assumptions (3.5) of the Theorem 3.1.

When u.n does not vanish at the boundary of I'", by using results and tools of [3], we
can prove existence and uniqueness of the solution H' for the steady transport equation
with the boundary condition on I'". In contrast, when u.n vanishes at the boundary of
I'~, the previous method does not work anymore. In this case, we split the right-hand side
of the transport equation, which gives us a set of localized problems, and the solution H*
of the transport problem is the sum of the solutions H' of the localized problems. For
solving the problems localized in the neighborhoods of the points where u . n vanishes such
as simple roots of the equation u.n = 0, in the case where u.7_ is negative at each of
these points, we use a change of variables, which allows us to explain the local solution H*
of the transport equation in integal form. Next, we extend this local solution to the whole
domain 2 and we obtain the H! solutions of the transport problems localized around these
roots. Instead, to solve the problems localized far enough of these roots, the methods of
3] yield the H! solutions.

After this introduction, this article is organized as follows. In section 1, we study
several examples of transport problems, which show the link between the regularity of the
solution (L? or H') and both the multiplicity of the roots of the equation u.n = 0 at the
end points of '~ and the sign of u.7_ at these points. Section 2 is devoted to the solution
in H' of the transport problem when the normal component of the velocity does not vanish
on I'". In section 3, we deal with the solutions in H! of the transport problem in the case
where the normal component of the velocity vanishes on I'—.

We end this introduction by recalling some basic results of [3] that we shall use through-
out this article. Let IV be an open part of the boundary 99 of class C%! and, for r > 2,
T!, the mapping v — v defined on W' (€2). We denote by W= () (see [10]) the

space T1, (W' (€2)) which is equipped with the norm:
lllwi-1/rr ey = mf{]Jollwrr @), v e W (Q) and v = ¢} (0.2)
For fixed u in H'(2)2, let us introduce the space
Xu(Q) ={z € L*(Q), u.Vz e L*(Q)}, (0.3)
which is a Hilbert space equipped with the norm
zlla = (12ll220) + u. V2l[f2)) 2 (0.4)
In the same way we define
Yo(Q) ={z € L*(Q), u.Vz € L'(Q)}.

We recall a theorem ( see [3]) concerning the normal component of boundary values of (zu)
where z belongs to Y, (Q2).

Theorem 0.1 Let Q be a Lipschitz-continuous domain of IR®, let u belong to H*(Q)® with
diva =0 in Q and let r > d be a real number. We denote by r' the real number defined



1 1 _
by: - + 5= 1. The mapping v, : z +— (zu).npq defined on D(Q)? can be extended

by continuity to a linear and continuous mapping, still denoted by 7., from Yy(Q2) into
W= (09)).

From this theorem and with a density argument, we derive the following Green’s for-
mula: let 7 > d be a real number and let u be in H(Q)? with divu =0 in Q,

Vz € Yu(Q), Yo € WH(Q), /Qz(u.Vga) dx —I—/ﬂgp(u.Vz) dx =< (zu).n,p >sq . (0.5)

Let I'y and I'y be two non empty open parts of 0€) that have a finite number of connected

components and verify I
rnrt =0, 0N =T'uT"

such that T9 N T has a finite number of connected components.
We introduce the space W=/ (Tg) = (Wag /™" (To))’, where

Woo /™" (To) = {viry, v € WW(Q), vr, = 0}, (0.6)

and we denote < ., . >p, the duality pairing between these two spaces. Note that if
z € Y,(Q), then (2u).np, € W/""(T'y) and, in the same way as previously, we have the
Green’s formula : Vz € Y,(Q), Vo € W' (Q), with ¢, =0, Vu € H*(Q)? with divu =0
in €2,
/Qz(u.Vgp) dx—i—/ﬂgp(u.Vz) dx =< (zu).n,p >r, . (0.7)
Then, we can define the following space :
Xu(ro) = {Z S Xu, (le) -, = 0} (08)
From now on, we suppose that d = 2 and © C IR?. Let us denote by I'~ and I'>* the
following open portions of 0f2
I'™ = U wi, (09)
iel
where the sequence (w;);es represents the set of the open sets w; of 92 such that Wu.n < 0
almost everywhere in w;. In the same way,

ot = (J o, (0.10)

jeJ

where the open sets w;» of 02 are such that Wu.n > 0 almost everywhere in w}. Let us
note that these definitions imply
r-nrot =g.

We assume that '™ and I'%* have a finite number of connected components and verify
oN=T-ul%t  T-NI% ={my,...,m,}, (0.11)

where my, 1 < k < ¢, denote points of the boundary 0f2.
Let us define the space U by

U={veH(Q)? divv =0}. (0.12)

Finally, we recall basic results of [3] that we apply in the particular case where d = 2.
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Proposition 0.2 Let Q be a Lipschitz-continuous domain of IR, let u be given in U,
defined by (0.12), and let T~ and T%T be defined by (0.9) and (0.10), verifying (0.11). Let
z belong to Xu(T'7) and w to Xo(T%") . Then, 2z and w verify the following inequalities

/(Wu.Vz) zdx > 0, /(Wu.Vw)wdx <0. (0.13)
Q Q

Considering the problem: for u in U, [ in L*(Q2) and W in IR, find 2z in L?(Q) such
that:

{erWu.Vz:l in €, (0.14)

(zu).n=10 on '™~
In [3], we prove the following result of existence and uniqueness in L?.
Theorem 0.3 Let ) be a lipschitz-continuous domain of IR* and let T~ and T'%F be defined

by (0.9) and (0.10), verifying (0.11). For all w in U, defined by (0.12), all 1 in L*(Q) and
all real numbers W in IR*, the transport problem (0.14) has a unique solution z in L*(£2).

1 Examples of transport problems.

In this section, we study different examples of transport problems (0.1), obtained with
different choices of velocities u, functions [ as right hand side and domains  C IR |0, 4-o0].

First, we choose u(z,y) = (x,—y), that verifies div u = 0 everywhere, which cor-
responds to the following transport problem : find z € H'(Q) satisfying

z—l—x%— %— in Q
or Yoy ’ (1.1)
Z‘Iu:o

This problem was introduced in [3] in the particular case where © =|0,1[x]1,2[. In the
examples 1, 2 and 3, we study the problem (1.1) for different examples of functions [ and
domains 2. We can set
X =uxy
{ Y=y

Setting Q, = {(X,Y) € R?, (Xe,e¥) € Q}, I = {(X,Y) € R? (Xe¥,e¥)eTl}
and Z(X,Y) = z(z,y), we derlve the following equivalent problem : Find Z € H'(.)
satisfying

07
7 — 87 l<X€7Y7€Y> ‘
er: =0
Hence, if a € [ min (y), max (y)], we find the general solution of the first equation of (1.1):
(z,y)€Q (z,y)EN
z(z,y) = y/ l(zye™, ") dt + yC(ay), (1.2)

where C if any function in L?. Thus, we have an infinity of solutions. In order to obtain a
well-posed problem (see [3]), it is necessary to require a boundary condition on I'~, which
allows us to compute the function C'.



Second, another choice of velocity u is: u(x,y) = (zy* + y, —y?), as in the example
1
4 (or u(z,y) = (—zy* — y,9%), as in the example 5). Setting X = xy? +y, ¥ = — and
Y
Z(X,Y) = z(x,y), we have the equivalence

oz -
) =l 7+ ——=1
z+u.Vz +8Y ,

where [(X,Y)) = {(XY? — Y, &), which implies

1

1 y 1 _1
V(z,y) € Q, 2(z,y) =e v /1 e'l((zy® + y)t* —t, T)dt +e 1Oz + ),

3

where C'is any function in L?. With the choice of [ = 1, we obtain
2(z,y) =1-— 57V + e_%C(mgf +v). (1.3)
For a given velocity u, we introduce the following notations :
'Y is the interior of the set {x € 99, (u.n)(x) = 0}, (1.4)

['" is the interior of the set {x € 99, (u.n)(x) > 0}. (1.5)

In the first two examples, the function u.n does not vanish on I'~ and we verify that
the regularity H' of the solution z depends on the regularity H' of [.

1.1 Example 1 : Q =|0,1[x]1,2[, {(z,y) = 3, u(z,y) = (x, —y).

Let Q be the square |0, 1[x]1, 2[C IR? (see figure 1.1). y
We can verify that o | D I C
lim I (z,y) = +oo, but [ € H(Q).
z—0t
Q Iy

Moreover '™ = T's (in red), I'° = T’y (in green),
[t =T, UT; (in blue). From (1.2) and @ = 2, in view of

the boundary condition zp- = 0, we derive C' = 0 and LA 1 ‘B
5 ;
3 2 (e
V(z,y) € [0,1] x [1,2], z(x,y) = gx?s(l - 2—§) .
3
1 X
We can verify that » € H'(Q). Thus, we have taken
[ € H'(Q)) and we have obtained z € H'(Q) and the
problem (1.1) is well-posed. figure 1.1

1.2 Example 2 : Q =)0, 1[x]1,2[, l(z,y) = /x, u(z,y) = (z, —y).

Here, we have the same domain ) as previously, therefore the sets '™, I and I'* are
the same, but we have now a function [ that not belongs to H'(€2). As previously, from
(1.2) and a = 2, in view of the boundary condition zp- = 0, we derive C' = 0 and

W(o0) € 0.1) % [1,2), 2(r,9) = 24— 0 2p).
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We can verify that z € L?(Q2), but z ¢ H'(Q). Clearly, the reason why is that [ ¢ H' ()
and the problem (1.1) has no H' solution.

In the following three examples, the function u.n vanishes on I'~. In Example 3, the
two assumptions of (3.5) are verified and the solution z is H!, as expected by Theorem 3.1.
On the contrary, in Examples 4 and 5, one of the two assumptions of (3.5) is not verified
(the first in Example 4 and the second in Example 5) and the solution z is not H', thus
proving the necessity of the two hypotheses (3.5) in Theorem 3.1.

: 11 11 1 3
1.3 Example 3 : Q = triangle(A(—3, 3), B(5,5).C(5,3)),
l(z,y) =1, u(z,y) = (z, —y).
In this example, the set I'" is the line ]A,C| and the y
function u.np- vanishes at the endpoint A. 15 C

We can verify that T° = () and I'" =]A, B|U|B, C[. From
(1.2), a= 1% and [ = 1 we derive

rs ] q
V(z,y) € Q, z(z,y) =12y +yC(zy).

Considering the boundary condition, we have A Iy B
1 ; —
(ar-=0) <= (V(z,y) €7, Clay) =2— ). 05 0] 05 1 x
Setting X = zy, we have the following equivalence:
V(:c,y)eF—,{ 05<z<05 T - 9
e sEs —0.25 < X <0.75

Finally, we obtain the unique solution
2y
1+ 1+ 4dzy’

Indeed, z € L*(Q2) but we must verify that z € H'(Q). We have

V(it,y) S Q? Z(xay) =1-

42 1
(1+ 1T+ 4ay)?) /1 +4ay

Z(x,y) =

For computing | [ (z.)? dzdy, we make the substitution { X_: i

, the jacobian of which

1
is —. We obtain
)

1.5 1.5
’Qdd</13d/ — [ 4y’ (n(1 4 29) — 21n(2y — 1)) dy.
[ ey < [aot ([t dx) = [ an(+2y) - 2in(zy - 1) dy

5
This last integral converges because fO 2 In(2y — 1) dy is convergent in the neighbourhood
of 0.5. We can compute [ [,(z ) dxdy in the same way. Thus, we obtain that the solution
z belongs to H'(Q) and, therefore, the problem (1.1) is well-posed.

Note that, the fact that the function u.njpr- vanishes at the point A leads to a dis-
continuity for the partial derivatives of the solution z in A. However, the function u. njp-

has a simple root in A and, moreover, u.7_(A4) = —? < 0 in A, where 7_(A) is the
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unit tangent vector oriented towards I'~. Thus, the assumptions (3.5) of Theorem 3.1 are
verified, which explains that the solution z is still in H!.

In the two following examples, we change the function u. In the Example 4, the func-
tion u.n vanishes at the end point of I'~ with an order two and the solution z is not H?!,
which is consistent with the Theorem 3.1, since the assumption (3.5) is not verified. In
the Example 5, the function u.n vanishes at the end point A of I'" with an order one
(simple root), but the assumption (3.5) is no longer verified, since the function u.7_(A)
is positive in A, and again, but for another reason, the solution z is not H*!.

1.4 Example 4 : Q = triangle(A(—2,%),B(0, %),C(O, 1), l(z,y) =1,
u(z,y) = (2zy + 1, —y°).

In this example, we change the function C 1
u.  We shall see that I'" is the line ]A,C| -
and, as in the example 3, the function u.nr- va- A B
nishes at the endpoint A. However, contrary to the
example 3, the solution z does not belong to H'(2). r
The reason why is that, contrary to the previous -2 o x
example, the root in A is a double root, as we
will show below. We can verify that T° = () and figure 1.3
't =]A, B|U]B, C].

We consider the following transport problem : find z € H'(Q) satisfying

W=

{z—i—u.Vz-l in €, (1.6)

Z‘Ff =0

Since, for all (z,y) € [A,C], u.n = —(IJ%P, we obtain I'™ =]A,C[. As we saw

previously, the solution z is expressed by (1.3). Next, in view of X = xy? + y, we have the
following equivalence

Then we derive

V(z,y) e, z(z,y) =0<= C(X) =e3 —ev =e3 — ¢! 37)%%,
which allows us to compute the unique solution z of Problem (1.6) :
V(z,y) € Q, z(z,y)=1-— estew v, (1.7)
with the function « defined in 2 by

2y +y— g1

V(z,y) € Q, a(r,y) = ( 3 )3 +

Wl =



— _1
Since the domain €2 is below the segment[AC| and since the branch of hyperbola { i ; 0 z

is above the segment [AC], we derive that, for all (z,y) € Q, 0 < 2y+1 < 1. The function
(x,y) — xy + 1 is continuous on the compact €, therefore there exists mg > 0 such that
V(z,y) € Q, xy+ 1> my. Note that mg < (—2)3 + 1 = 3, which gives

1
V(z,y) € Q, mo<zy+1<1, with 0 <mg < 3
Hence, we obtain
mo 1 1

Let us show that 2/, does not belong to L?(2). Considering (1.7), we compute

aic(‘ray 1 1
V(CL’, y) E Q, Zé(l‘, y) = Wea(z,y) y7
with
/ y2
a(x,y) =
From (1.8), we derive
1 1

V(z,y) € Q, |z, (z,y)|

> .
— 3te? (fﬂy”y*é)%

Using this estimation yields

1 1 0 1
/ 2 dudy > /d / — T dr).
//Q<Z’”(x’y>> T = 55 e 1 Y 3(y—1) (iyzgy—é)% !

Making the substitution {

, the jacobian of which is -1, we obtain

1

1 3 % 1 1 3 1 23

/ 2
y))? dad >7/ dy / — x| > / dy — =~
//Q(Zm(‘r y)) ray =~ 3864 1 3(%7%)3+% (X—é)3 - 3564 1 3_Y 3564

3

31
Since / —— dY = 400, we obtain // (2L(z,y))* drdy = +oo.
1 3-Y Q

Finally, the solution z of the example 4, contrary to the previous example, does not belong
to H'(Q) and, therefore, the problem (1.6) is not well-posed.



1.5 Example 5 : Q = triangle(A(—é,ﬁ),B(—” 6,C(=5.3),
l(z,y) =1, u(z,y) = (—2zy — L,y*). v

1
2
I3
1
|2
: 1
D 3
5 1
""""" |6
1 _5 4 -1 .
~% 73 3 O x
figure 1.4

We can verify: (z,y) € (AB) & z—y+2=0and (z,y) € (BC) & 2z—3y+2 =0.

_ _ _ 25 _
The set I'~ is composed of two parts : 'y { ff < yyiQ 0 and s { 20 = 3y+ 3 =0 .
3

The set ['T is composed of two parts : I'} { f vt 1 0 and 'y { f

For all m = (z,y) € I', u.n(m) = (3z 4+ 5)(x + 1) and for all m = (z,y) € I';,
u.n(m) = -9y + %y — 2. Therefore, the function u.n vanishes at the unique point

9



D(—2,%), with an order one with respect to the parameter of the line (AB). Thus, we

have 5
u.np(D) =0, aTu n(D) £0and (u.7_)p(D) >0, (1.9)
where 7:(?, ?) is unit tangent vector, oriented towards I'~.
X = —ay? —
Setting { y 1 Wy , by technics analogous to the previous examples, we obtain

the solutions of theyequation z+u.Vz=1
Z(X,Y) =1+ (C(X) — 1) & 2(z,y) = 1 + e (C(—ay® —y) — 1),

where C' is a function to be determined by the boundary conditions.
Setting a(y) = X(y — 2,y) = —y> + 2y? — y, we can verify

Sonp = 0= Wy e];, g[, Claly)) = 1— e = ¥X e]—247, —227[, C(X) = 1— o 10,
In the same way, setting 5(y) = X(%y — %, y) = —%gf’ + %yQ — 1y, we can verify

11 L 1 25 1

z.np- =0<=Vy 6]6, 5[, C(B(y)) =1—ev <= VX E]_é’ —%[, C(X)=1—esT,

Taking into account these boundary conditions, setting y; = 5*1(—%) and using a

function «aq, which is a restriction of the function «, and functions o, and as, which are
restrictions of the function 3, we express the solution z by splitting the domain €2 into
three sub domains §2;, 1 =1,2,3 :

1
vy -1
zo,=1-¢' @ (-2y?—y) (1.10)

where (), is defined by

9

1 4
Ql:{(l'vy)EQv Yy >z, _$y2_y>—277} with Qaq
y — 27—y

3

where ()5 is defined by

1 4 '
Y ={(r,y) €Q, y< 5, —zy’—y> —2*7} with ax:  [§,0] — f[—%,—%]

3
y — =+ By -y
and where €23 is defined by

40
Qs ={(r,y) €Q —ay’ —y <~y with as: [pr3] = -1, —4]

y — ¥+ hy -y
Note that the domains 2; and {23 are adjacent and are separated by the curve v; and

the domains 25 and €3 are adjacent and are separated by the curve v, (see the figure 1.5),
where v, and -, are defined by

4

2 _ 4 2
Yt —y=—5 {—:Iry —y=—5
T » V2 1
{§<y<3+8\/5 y<y<i

10



Considering the expressions of the solution given by (1.10), we obtain

1 3++3 _1 a1
gaT[v (Z|Q1 _Z|Q3)|’V1(y> = (6 —e€ 3)€y7

Vy €]
which implies that the solution z is discontinuous on the curve ;. Computing the gradient
of the solution z yields - - -

Vz=Vzq, +Vzq, + Vzq, — 0y,

where the wide tildes denote the extensions by zero and where the distribution 6., is defined
by
Y € (D)), <., >:/7 (%0, — Z0,)@ 1y ds,
1

where n; is the unit exterior normal vector to the boundary of the domain ;. Finally,
since the distribution d,, does not belongs to L*(Q2), we obtain that the solution z of the
example 5 does not belong to H'(2) and, therefore, the problem (1.6) is not well-posed.

For explaining further in details, in view of (1.9), the function u.n vanishes at the
boundary point D of I'] with an order one with respect to the parameter of the line
(AB), but, since we have (u.7_)r(D) > 0, the solution z in the neighborhood of D on
the €2y side depends of the boundary condition on I';, which is far from D. This means
that we cannot localize the transport problem in a neighborhood of the boundary point
D and, therefore, we cannot apply the technics of the proof of Theorem 3.1. Thus, the
assumption u(m).7_(m) < 0 of Theorem 3.1 is not only a technical assumption, but a

basic assumption as well as the other assumption 52 (m).n_(m) # 0 of (3.5).

2 Transport equations in H' when u.n does not
vanish on '~

Let us recall the following problem studied in [3]. Let © be a bounded domain of IR
and T'~ be defined by (0.9), verifying (0.11): for u in H*(Q)?, with diva = 0, [ in L*(Q)
and W in IR*, find z in L*(Q2) such that

z+Wu.Vz =1 in Q
{ (zu).n=0 on I~. (2.1)

The main result is given by Theorem 3.3 in [3], which gives the existence and the
uniqueness of solution in L?*(2) in the case where € is a Lipschitz-continuous domain of
IRY. Now, we are interested by H' solutions in the two dimensions case. In order to find H*
solutions, we assume that € is a bounded polygon, we suppose that u belongs to W1 (£2)?
and we shall impose another boundary condition.

Thus, we are led to study the following problem: let 2 be a bounded polygon, for u
in UNWH(Q)?, where U is defined by (0.12), [ in H'(2) and W in IR*, find 2 in H*(Q)
such that

{z—l—Wu.Vz:l n Q (2.2)

z=0 on

Let €2 be a bounded polygon. We begin to establish a result of existence and uniqueness
in the particular where [ vanishes on I'".
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Theorem 2.1 Let Q) be a bounded polygon, I'~ be defined by (0.9), verifying (0.11) and U
be defined by (0.12). For all u in U NWH(Q)? such that

IVal[z o) <

1
— 2.3

all L in H'(Q) such that lip- = 0 and all real number W in IR*, the transport problem (2.2)
has a unique solution z in H'(Q).

Proof. Formally, Vz satisfies
Vz+Wu.V(Vz) =VI-WVu.Vz.

Let us define a sequence (F,,) of functions F,, € X,(I'")?, n € IN, by recurrence, where
Xu(T'7) is defined by (0.8). We set Fy = 0 and assume that the function F,, € X,(I'")?
is given for n € IN. Then, applying Theorem 0.3, we define each component F},.;; and
F,i12 of Fy, 1 as the unique solution of a transport equation from the type (2.1), of such
so that we define F,, ;1 € X,(I'")? as the unique solution of the transport equation

{ F,.1+Wu.VF, ;=VI-WVu.F, in Q (2.4)

(Fryiu).n=0 on [I'.

Since F,,;1 belongs to X,(I'")?2, the basic result of Proposition (0.2) implies
/(Wu . VFn+1,i)Fn+1,i dx Z O, for i = 1, 2.
Q

Then, taking the scalar product of both sides of the first equation of (2.4) with F,,,; yields
||Fn+1|’%2(n) < (VL Fpi1) =W (Vu. Fy, Fru).
Hence, we derive
IEniallz@) < VU2 @) + WVl e @) [Fall 2 (@)

In view of the bound (2.3), we obtain

1
1Fniillz2@) < IV 2 + §||Fn|\L2(Q)a

which implies, by a recurrence argument, that F,, is uniformly bounded in L?*(f2) and
Vn € IN,
1Fnll2) < 2|V 2. (2.5)

Owing to (2.5), u.VF, is also uniformly bounded in L?*(Q2). Therefore we can pass to
the limit in the first equation of (2.4) and there exists a function F € L?(Q)? such that

F+W(u.VF +Vu.F)=VL (2.6)
Let us set z = — Wu.F. From the previous equation, we derive F = Vz and we obtain

z =1 —Wu.Vz, which gives that z is solution of the first equation of (2.2).

12



Next, from Green’s formula (0.7) and (F,iju).np- = 0, we derive Vo € W (Q)?,
with o+ = 0,

(Froi1u, Vo) + (ou, VF, 1) =< (F,u).n, ¢ >p-= 0.
Using the above convergence, we can pass to the limit and we obtain
Vo € W (Q)?, with gro+ =0, (Fu, Vi) + (pu, VF) =0,

which implies, with again the Green’s formula (0.7), < (Fu).n,¢ >p-= 0. Thus, we
obtain (Fu).njp- = 0, that is to say,

(Vzu).np- =0. (2.7)

Hence, we can use a density result of [3](Corollary 2.11, page 1012): since, for i = 1,2
0z
391:1- o
win € D(2,T'7) and

belongs to X, (I'7), there exist two sequences (¢1,) et (p2,) such that, for i = 1,2,

lim ¢;, = —
n——+00 Yin axl

strongly in X, (I'7),

where X, (I'") is defined in (0.8). Setting ¢,, = < zl’" ), from the above convergence and
2,n
the regularity of u we derive

lim u.p, =u.Vz stronglyin  L*(Q).

n—-+o0o
Noting that
0 0
T Vit V( © )
V(u.Vz)=| 9 0z
M v.ruv(Zy )
—.Vz
8x2 81’2
the convergences in X,(I'") give, for i = 1,2,
lim (. Vi) = u. V(L) stongly in L)
n_lgloo u.vVy;,)=u. 0z, strongly 1n ,
, Ou Ou , 9
nl—lgloo(axi P, = oz, .Vz  strongly in  L*(Q).

These convergences imply
lim V(u.¢,)=V(u.Vz).

n—-+0o

Thus, we obtain that

lim (u.¢,)=u.Vz strongly in  H(Q).

n—-4o00

In view of ¢, r- = 0, we obtain
(u.Vz)r- =0.

13



Considering that z +Wu.Vz = [ and [p- = 0, we obtain
Z|F7 = 0.

Thus, we have proven the existence of solution for the transport problem (2.2).
Concerning the uniqueness, let us consider z € H*(£2) solution of the problem

{z—irWu.Vz:O in Q

z=0 on I'—. (2:8)

For proving the uniqueness of solution of Problem (2.2), we must show that necessarily
z = 0. Taking the scalar product in L?*(Q) of the previous equation by z yields

2]l 22() + W(u.Vz,2) =0.
Since z belongs to X,,(I'"), Proposition (0.2) implies W(u.Vz, z) > 0 and we derive
120l 20y < 0.
This gives z = 0, which gives the uniqueness of solution of Problem (2.2). O

Now, we do not assume that [ vanishes on I'". If m belongs to I'~ and does not belong
to ['t:0, we denote by

n_(m) the unit exterior normal vector to I'~ in m (2.9)

(one or other of the two unit exterior normal vectors if m is a vertex of the polygon). If m
belongs to I'- N I'+0 then m is the common endpoint of two adjacent straight segments
v+ and v_ such that v, C I'*0 and y_ = [m,m_| C '~ with m # m_. We denote by

n_(m) the unit exterior normal vector to v_, (2.10)

and by

7_(m) the unit tangent vector m_. (2.11)

m
[mm_|

First, we assume that the normal component of the velocity does not vanish on I'~.
Since u.n is continuous on the sides of the polygon 2, this implies that the end points of
'~ are vertices of the polygon. The following theorem gives assumptions implying existence
and uniqueness for problem (2.2).

Theorem 2.2 Let Q) be a bounded polygon, I'~ be defined by (0.9), verifying (0.11) and U
be defined by (0.12). For all u in U N W1>°(Q)? such that

1
o(0) < —— 2.12
||vu||L Q) = 2|W’ ( )
and such that
Vm e T'~, u(m).n_(m) # 0, (2.13)

where n_(m) is defined by (2.9) or by (2.10), alll in H () and all real number W in IR,
the transport problem (2.2) has a unique solution z in H*(2).

14



Proof. Since the end points of I'~ are vertices, we have
=T (2.14)
jed
where the sets I'; are sides of the polygon 2. Since u is continuous on 02, for all j € J,
we denote 7, = Hélgl(\u(m) .n;|). From (2.13), we derive that, for all j € J, n; > 0, which
mer;

)ir; belongs to Hz(T;). So, there exists zo in H2(Q) verifying, for all

implies that (

u.n;
7€) 0z l
0
(Gn s = (Wu.nj)'rﬂ' (2.15)
Zo|pj =0.
Hence, we derive that
(ZO +Wu. VZO)‘Ff = l‘r‘f . (216)

Next, applying Theorem 2.1, let 2* € H(2) be the unique solution of the problem
{z*+Wu.Vz*:l—Zo—Wu.Vzo in Q

2* =0 on I'”
Then, z = 2* + z verifies 2 + Wu.Vz = [ and zp- = 0. Thus, we have proven the
existence of solution for the transport problem (2.2). We prove the uniqueness in the same
way as in the previous theorem. O

3 Transport equations in ' when u.n vanishes on I~

We assume that €2 is a bounded convex polygon, but the fact that the normal compo-
nent of the velocity can vanish on the boundary introduces a singularity at the end points
of '™ and we will be forced to make assumptions at the end points of I'", as we could
expect from the examples of the Section 2. We denote by

S the set of the vertices of the polygon (2 (3.1)
and let the set F be defined by
E={mel NIt9 u(m).n_(m) = 0}, (3.2)

where n_(m) is defined by (2.10). Note that, in view of the assumption (0.11), the set £
is finite. In addition, we make the assumption that the velocity u is such that

{meTl, u(m).n_(m)=0} CE, (3.3)

which means that u.n does not vanish in a point located in the interior of I'~.

The next theorem, which is the main result of the paper, gives assumptions implying
existence and uniqueness for problem (2.2), in the case where the normal component of the
velocity vanishes on the boundary. Note that, the first assumption of (3.5) means that the
function u.n must have only simple roots at the end points of I'~, which seems consistent
with the previously studied examples. At first glance, the second assumption of (3.5)
seems to be a technical assumption, related to the method used in the proof of Theoren
3.1. Indeed, we need this assumption, in the proof of the theorem, probably because, in

15



the case where u(m).7_(m) > 0, it does not seem possible to localize the problem around
the points of the set E : on either side of the point where u.n vanishes, the expressions
of the solution z are determined by boundary conditions located in two different places of
the boundary, which leads to a discontinuity of the solution z, see Example 5. In fact, as

it appears in Example 5, this second assumption seems necessary to obtain a solution z in
H.

Theorem 3.1 Let Q) be a bounded convex polygon, I'~ be defined by (0.9), verifying (0.11)
and U be defined by (0.12). For all u in U NWH>(Q)?2, verifying (3.3), such that

1
o0 < < 3:4
H‘7UHL Q) = 2|VV| ( )
and such that
ou
Vm € E, ?(m) .n_(m) # 0 and u(m).7_(m) <0, (3.5)

where n_(m) (respectively T_(m), E) is defined by (2.10) (respectively (2.11), (3.2)), alll
in HY(Q) and all real number W in IR*, the transport equation (2.2) has a unique solution
z in HY(Q).

Proof. Let us split up '~ into straight segments as

q

j=1
YiNw=0oryNyeSitke{j-1,j+1}, 1<j<q 0<k<qg+1 (3.6)

with the convention v,4; = for [ = 0,1, and let pio > 0 be defined by

po = min d(vy;, V), (3.7)
v N YE=0
1<5,k<q

where d(.,.) is the euclidian distance in IR?>. Then, for 0 < p < %ug, in order to localize
around the sets 7;, let us define the functions (6;,)1<j<, € D(IR?) by

2 ) — Lif d(X,ﬁg)fS %M
Vx € IR%, 0, ,(x) = { 0 if d(x. ;) > . (3.8)
and, ¥x € IR?, 0,41 ,(x) = 0. Setting, for 1 < j <gand 0 < p < %,uo,
L = 05,,(1 = 051,)1 (3.9)
and
b= (1— Zej,u(l = Oj11.))l; (3.10)
j=1
where [ is the right hand side of the transport equation, we obtain
q
=1+ L, (3.11)



and we can verify that

vxel™, l,(x)=0. (3.12)
From the development of [ given by (3.11), we derive ¢ + 1 problems, constructed from
(2.2) by substituting 1,,, l;,, 1 < j < ¢, to l. First, the problem (P,) : find z in H*(Q)
such that

z24+Wu.Vz=1[, in €
(P,) { =0 on  T- (3.13)
and, second, the problems (P}, )1<j<, : find z in H'(2) such that
24+Wu.Vz =1, in
(Pjn) { 2~ 0 on I (3.14)

Note that, because of the linearity, the solution of the problem (2.2) will be the sum of the
solution of the problem (P,) and the solutions of problems (P} ,)i<j<q.
In view of (3.12), applying Theorem 2.1, we derive that

the problem (P,) has a unique solution z, € H'(Q). (3.15)

Next, we have to solve the problems (P;,)i<j<,. We denote by nj the exterior unit

normal vector of the side of the polygon which contains «; and, for ¢ = 1, by Si the
end points of 7;, with the convention that, if Vi N Vi # (0 fori = —1ori=1, then
v 0N Yy = {S} Note that, for each point S1 i=—-1,1,1<j < gq, we have four
possibilities : Sl € Yjtir S} & 7j+i with S} ¢ E, Sl ¢ v+ with S} € (ENS), S} ¢ 74
with S§ € (EN SC), where SC is the complementary set of S in IR?. We shall not consider
all the cases, because there are similar cases, but we shall study some cases, which will be
models for the other cases. Note that , for i = 1,2, if SJi- is not a vertex of the polygon,
then u.n;(S}) = 0, that is to say S} € E
1) First case: S} € 7,4, 1= —1,1.
Note that, in view of (3.6) and (3.3), S} € S and u(S}) . njy; 7é 0, u(S}).n; # 0, for
i = —1,1. Moreover, l;, = 0 on 7, for k ¢ {j —1,j}. Since u(S; ") .nj_y 7é 0, there exist
a real number p; > 0 such that, for all x verifying d(Sj_l, x) < 1, we have u(x) . n;_q1 # 0.
Then, with the notation

Yic11 = {x € vjo1, d(S;1,x) <}, Y12 = {x €y, d(Sj’l,x) > i1},

taking
!
0<p< mrn(iuo,ul), (3.16)

in the same way as in the proof of Theorem 2.2, there exists zg;,, in H*(Q2) verifying,

020y, liu
( on )hj N <Wu.nj)‘7j ,
20,j,uly; = 0
(320,j,u) Gyt on e
on i1 0 on vyj-12 > (317)

ZOJ»N|’YJ’—1 - O
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82’07 3
ZO:juu'I’Yk: = 0

Next, applying Theorem 2.1, let 2} , € H 1(Q2) be the unique solution of the problem
{ 2L AWV, =1, — 20, — Wu. Vg, in  Q

z:, =0 on [I'7,
Then, z;, = 2], + 20, verifies z; , + Wu.Vz;, =1;, and z; ,r- = 0. Thus, in this first
case, we have proven that
zj, € H'(Q) is the solution of Problem (P;,). (3.18)

2) Second case: S;' ¢ v;_1, S;1 ¢ E, S} € ;41
We can construct a lifting 2, as in the first case. Since [;, = 0 on v, for 1 < k < g,
k # j, there exists zg;, in H?(2) verifying,
0% ; l;
o = (e
20,5l = 0
and, for 1 <k <q, k#

(3Z0,j,u)| _0
on Tk .
20,4y = 0
1 ] f— * . ] . . f— .
Then, in the same way as in the first case, z;, = 2}, + 20, verifies z;, + Wu.Vz;, = l;,
and z; ,p- = 0. Thus, in this second case, we have proven that

zj, € H' () is the solution of the problem (P;,). (3.19)

The cases where, for i = —1,1, S} € ~;4; or S} ¢ ~;,; with S} ¢ E can be studied in the
same way as in the first two cases.
3) Third case: S;* ¢ v,_1, S;' € (ENS), S} € vj41.

Here, [Sj_l,Sjl] is a side of the polygon 2, Sj_l is an end point of I'” such that
u(Sj_l) .n; = 0 and S§ is located inside I'". First, let us make the change of variables
such that the point SJT1 is the origin, the x-axis has the direction of n;, oriented towards
inside the domain (2, that is to say as the vector —nj;, and with the segment 7; included
in the positive y-axis, which is oriented by the tangent vector T_(Sj_l)(see the figure 3.6

below, where w; is the inner angle associated to the vertex Sj_l).

-1 ~ x—» 1 —1 A T—» 1

Sim v i S 5 m 1S
— B — B

wj = q-1 ; Wi = -1 i,
J T—(Sj ) J+V o0t J T—(Sj ) ]H/(

o Vi+1 ™ Vi+1

x Case w; < § x Case wj > %

figure 3.6
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With these new variables, since Sj_l € E, we have

S:' = (0,0), u(S;").n; = —u;,(0,0) =0

J J

and the assumption (3.5) yields

ou ou
u(S; ). 7_(S;*) = u2(0,0) < 0 and aT_(sj—l) n_(S;h) = ‘aT,l(O’O) £0.
Considering that ~; \ {S;*} € I'~, we have u;(0,y) > 0 for y > 0 small enough. Thus, we
derive the following properties of u in a neighborhood of Sj_1 =(0,0) :

9,
u1(0,0) = 0, u1(0,7) > 0, us(0,0) < 0 and ;;(0,0) >0, (3.20)
for (0,y) € v; \ {S; '}, that is to say for y > 0 small enough.

Next, we are going to split the problem (P; ) into two new problems. In this aim, we
define a function \, € D(IR?) by

, Lif k(z,y) < p
vx € R?, \,(x) = (3.21)
0if k(z,y) > 24,

where k(z,y) = [us(0,0)| ] + 3] 5:(0,0)[y*.
Then, we set

ZJ}N = (1= A\l and [, = ALy, (3:22)
and we define the problem (15]-7“), which is associated to the right hand side ZNM,_ and the
problem (P; ), which is associated to the right hand side [; .. Since l;, = l;,, + 1, if we

denote by, respectively, 2, Z;, and Z;, the unique solutions of, respectively, (P;,.), (F;.)
and (P;,), we have
Zjw = Zip + Zjpe (3.23)

Thus, to prove that the problem (P;,) has its solution in H'(§2), we have only to prove
that the problems (P;,) and (P;,) have their solutions in H'(R2). Note that, extending
the function I € H'(Q2) to IR?, from now on, we will consider that the right hand sides I,
L 1;, and [, belong to H'(IR?)

First, we deal with the problem (IBM) Owing to the definition of the function A,

we can verify that Zj,u vanishes on v; on a neighborhood of the point Sj’l. So, we can
construct a lifting Z,;, in the same way as in the second case with [;, in place of [;,,

replacing (Wlfl‘“n.)m with 0 in a neighborhood of S;* on v; and %, = 2, + Zj, is the
. J _ I
solution of the problem (P;,) in H'(2). )
Solving the problem (P;,) is much more difficult because u(S;*).n; = 0 and [, does
not vanish in the neighborhood of Sj_l. From now on, we will use the following notation,

forr > 0:

Bj, ={xeR? d(S;',x) = \/a>+y*> <r}, B, =B, N{(x,y) e R* = >0} (3.24)

The proof will be built in several steps. In a first step, we define a local problem,
which is the problem (P} ) restricted to a neighborhhood Q2N B; x of Sj_l, and we express
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this local solution in integral form (see Lemma 3.2). In a second step, we show that,
if we chooze p small enough, this local solution vanishes in QN C’(Sj_l,rij,r;’j) where
C(Sj_l, 714575 ;) is a ring centered in Sj_1 and included in Bj k. In the third step, using
its integral expression, we prove that the local solution belongs to H'(Bj, M), which
implies, owing to the second step, that its extension by zero is the solution H Lof (PJ )

First step
In the following lemma, we give the expression of the local solution.

Lemma 3.2 Let Sj_1 belongs to E NS and the real K be defined by (3.40). We set
Qx=QNBjk and I'; . =T~ N Bj . The solution of the problem

{ z+Wu.Vz =1, in  Qx

z=0 on I'g

15 expressed by
ey =S [N N e, (325)
a N (X(z,y)) WU2(X(z,y)t)
where V, Uy and L;,, are defined in (3.54).

Proof. Owing to (3.20), the continuity of uy yields that there exists a strictly positive real
number ps < pig, such that

Vx = (2,y) € Bju, NQ, us(x) < 0. (3.26)

0
In the same way, again the continuity of us and the definition of %(O, 0) with u1(0,0) =0
)

imply that there exists a strictly positive real number p3 < min(puo, |v;|) such that

1
Vx € Bj,, NQ, 3uz(O 0) <uy(x) < §u2(0 0) <0 and
18’114 38“1
: < < —— . .2
7y €10, sl 5757(0,0)y < (0, ) 2&”me (3.27)

For 0 < ry < ro, let us define the sets

ETl,T2 = {(xay) € IR27 r1 S k(l‘,y) S TQ} and C(Sj_larlar2) - {(xay) € RZ? & S \V x? +y2 S 7"2},

(3.28)
where k(z,y) is defined in (3.21). Considering that, for r > 0,
(%(an))Z r T|%(Oa0)’
k(z,y) =1 <= 2* +y* = % 14 21—~ )P
oy S T ) R T 0 [ N 0
2 0,0
and that > < RN ! we can verify, for 0 < r < (gil( )’ the following inclusions :
|5 (0,0)]" |5-(0,0)]
j’m C EO,’I‘ C Bj,Q ‘6;;7"(070)‘ (329)
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and if (ry, ry) verifies

0,0))?
0<n<n< e
. o pen oSt L 2 e g L (3.30
OO S o .o © e G0
kAL
11a(0.0)

Let us consider the transport equation z + Wu.Vz = [, of the problem (P;,) and
the following change of variables : we set for all (z,y) € Q

{ X(z,y) = —/; us(t, y) dt+/0yU1(0=t> dt (3.31)

Y(v,y) =y

T
Note that it is more convenient, especially in the case where w; > 5 (w; is the inner

angle of the polygon Q associated to the vertex SJTI), to define X (z,y) for y < 0 and
x > 0 small enough. So, we will replace us with an extension of us, defined for example by
symmetries, in (3.31), this extension of wuy, still denoted usy, verifying (3.26), respectively
(3.27), in Bj,,, respectively By, . Then, we define an extension of uy, for y < 0 and z > 0
small enough, by

T Qu
ul(x7y> = _/0 67;<t7y) dtu

such that diva = 0 and u;(0,y) = 0, for y < 0 small enough. We can verify, in view of
divu = 0, that
X, = —up and X = u; in Q. (3.32)

Let us show that the mapping

¥ BJ+M2 —>90(B+2)

(z) — (X i}‘) is one — to — one, (3.33)

where g is defined in (3.26). Let us assume that
X(z,y) = X(2',y) and Y (z,y) = Y(2',y') with (z,y) € B;-fm) and (2',y') € Bf

k2"

Then, the second equation gives directly y = ¢ and we obtain X (x,y) = X (z/,y). Since
X (z,y) = —ua(z,y) > 0 for (z,y) EB]M,We derive x = .

Since ¢ is of class C! in B*W and since the jacobian of the mapplng p is —ug, which
is strictly positive in B

we can define an inverse function ¢! of class C' in ¢(B; ).

Then, in view of the defli%’ltlon of pg in (3.27), we define the functions Z, Us, Ej# ariéQV
on gp(Bjm) by
_ _ Y 1
Z=z200  Uy=upop, L, =1, andV:(X,Y)»—>/O winoe & 339

Let us show that for x = (x,y) in a neighborhood of (0,0) and 0 < |¢| < |Y| with

tY >0, then (X(x,y),t) belongs to ¢(Bj,,). First, for (z,y) € B;T& and 0<t<Y =y
)
0

ory =Y <t <0 (case where w; > ), owing to (3.27), in view of u;(0,y) = 0 for y
we have

IN

X(0,1) < X(z,y) < ‘;’k(a; ) and X (221 > 221 (0,0)].
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Then,

k(z,y <

(1’7 y) € BJF!LB;
)

we have X (0,t) < X(z,y) < X(5,t) and there exists a real number z, € [0, £}] such that
X(x¢,t) = X(x,y)) and, therefore, (X (z,y),t) belongs to ¢(Bj,,). Finally, we set

p3|uz(0,0)]
6

V(z,y) € IR? such that { (3.35)

w2(0.00] B; = B*

12 0.0) - in( ) 2 (3.36)

Ha =

p3lua(0,0)| (u2(0,0))*

6 7 1%2(0,0)]
x = (x,y) € B, verifies (3.35) and, consequently, (X (z,),t) belongs to ¢(B;,,)- Then,
with the new functions defined in (3.34), in view of divu = 0, we have the following

equivalence :

Since B; = Bf_, N Q with r = min(

I Tug(0,0)]

), in view of (3.29), all

0z - ~

24+ Wu.Vz=1;, ae in B; < Z+WU28Y L;, a.e.in ¢(B;).

Solving this last equation yields

V(X,t)

V(X,Y) € ¢(By), Z(X.Y) = eV(X,n(/OY ¢

L (X t)dt X
WXl in(X,t)dt + O(X)) <=

Y V(X (z,y),t)

0 WU (X(2,y),

>[_,j,H(X(a;, y),t)dt + C(X(z,y))),

where C' is a function of L?. We have to compute the function C' so that the solution Z
verifies the boundary condition on I'".
Let us define the real number y,; > 0 by

yu = suply, m(0,y) € B;N;}

and the function « on the set [0, yas] by
Vy € [0, yum], aly) = X(0,y). (3.37)

Note that
s M4, |’VJ|) (338)

s
Yy = min(=—

6
Considering that, Yy €]0, yasl,
o (y) = u1(0,y) > 0,

the mapping « from [0, yps] to [0, «(yas)] is one-to-one and we can define the inverse function
a~! from [0, a(yar)] to [0,yar]. Moreover, a™! is strictly positive on |0, a(yas)]. Then, the
continuity of the functions X and Y yields that there exist a real number p; > 0 such that

V(x,y) € Bf,., X(z,y) € [0, a(ywm)]- (3.39)

Finally, we set
3
K = 1’11111( 6 s M4, s, ”yj |> (340)
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where the constants p3, p4 and us are defined, respectively, by (3.27), (3.36) and (3.39).
Then, the boundary condition z,, = 0 allows us to compute the function C. Indeed,
setting s = X(0,y) = a(y) & y = a~'(s), we have

G =06y, 0<y <K, 2(0.y) = 0& Vs, 0< s < a(K), Z(s,a”'(s) =0

Vs, 0 a(K), C(s) = eVt L d

&V, 0<s< : = —/ — L (s, t)dt

S >8> ( ) (S) 0 W(TQ(S, t) J:M(s )

and we obtain that the solution z is expressed in Q;  as (3.25). &

Second step
Let us show that, for g small enough and x far enough from Sj_l, then z(z,y) = 0.
More precisely, let us prove the following lemma.

Lemma 3.3 Let ry; and ry; be defined by (3.44), let 1 > 0 such that p < =+ and let the
local solution z of the problem (P;,) be expressed by (3.25). Then,

-1 Y] 2, 0
S, 2 BEY) = 0. 3.41

Proof. Let us note that, if (z,y) € B}y, then y < a™'(X(z,y)). Indeed, if y < 0,
then y < 0 < o }(X(z,y)) and if y > 0, then a(yy) > X(x,y) > X(0,y) = ay) > 0,
which implies y < a (X (x,vy)), since a~! is strictly increasing on [0, a(yas)]. Thus, we
distinguish two cases :

a) First case : (z,y) € B;% and 0 <y <t <a'(X(z,y)).

Note that, since % < ps, then o' (X (2,y)) < yas, which implies ¢ < 2. On the one hand,

we have
a(t) = X(0,t) < X(z,y).

On the other hand, since |z| < %, we derive
3 y 1 ¢ K
X(z,y) < 5]1@(0,0” || +/ u1(0,0) do < Z|u2(0,0)|K+/ u1(0,0) do < X(E’t)'
0 0

Therefore, if (z,y) € B;TK with y > 0, there exists z; € [0, £] such that
6

X(z,y) = X(x,t) with (z,,t) € Bf .. (3.42)
Then, the inequalities (3.27) yield
1 3 1
Ek(x,y) < X(z,y) = X(x4,t) < §k(xt,t) = gk(x,y) < k(). (3.43)
We set 2 (0 0) 2
 |uz(0,0)[ K 1%, (0, 0)1K Kus(0,0)|
r1,; = min( TR 4 588 ) and 7o = —% (3.44)
Choosing the real number g > 0 such that
< e bu <y, (3.45)
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s(0,0))? |%2(0,0)]73,

i and r; < 5
%(0,0)| ’ 4(u2(0,0))

we can verify that 0 < ry; < ry; < and, owing to

(3.30), we obtain,

_ 1,5 2,4 = .
v (St 2/ J J VN Q withy >0, r,; <k <ry..
(xvy) < ( i |%71;1(0’0)|7 |U2(0,0)|) with y 2 U, 715 = (l‘,y) = T2,

Hence, in view of (3.43), we derive

1,5 2,5 — .
v GCS , N Q with y > 0,
() € CO 2 T 0 O] a0, 0)])

1 1
k(x, t) > gk(x,y) > 37 > 2.

Finally, since L; (X (2,9),t) = L; (X (2,t),t) = I;,.(x4,t), considering (3.21), (3.22) and
(3.25), we obtain

1,5 72,5 B oo
V(x,y) € C(S;1 — L )NQ with y >0, 2(z,y) =0,
\/|81(0,0)| |u2(0, 0)]

where 7 j, o ; and p are given by (3.44) and (3.45).
b) Second case (w; > g) : (m,y) € B;TE, y<O0and y <t <a ' (X(z,9)).
6

Choosing first t € [0, a1 (X (z,y))] and second t € [y, 0], considering that u;(0,y) = 0
when y < 0, we process in the same way as previously and we obtain, as in the case where

y > 0, that there exists x; € [0, 5] such that
X(x,y) = X(xy,t) with (z4,t) € B;LMB (3.46)
—1 r N
and V(z,y) € C(S; ", 2 /‘Bull(o o |u2(00 ) NQ with y <0,
0 (X(z),t) I o(x N g X(z,y)t) I o(x p
R T t=0, / L (X(x,y),t)dt =0,
/a—l(X(x,y)) WUs (X (2,9),t) sl X (@), 1) WUs (X (2,9).t) (X (), 1)

which implies z(z,y) = 0. Finally, gathering the cases y > 0 and y < 0, we derive (3.41).$

Third step
Next, we will prove the following lemma that gives the regularity H L of the local
solution of the problem (F; ).

Lemma 3.4 Let z be defined by (3.25)and let r; be defined by

rLj |UQ O 0 K

e = m (3.47)
1222(0,0)] 31220, 0) af

where 11 and K are defined in (3.44) and (3.40). Then z belongs to HI(B]-,T; N§).
Proof. Let us prove first that z belongs to Lz(Bj,r; N Q). Using the change of variables
defined in (3.31) yields z(z,y) = Z(X,Y) with

V(X,0)

Y e _
2(X.Y) = —V<X7Y>/ I (X.t)dt 4
( ) ) € a_l(X) WUQ(X, t) Jvli( ) ) (3 8)
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Dy) — _ L and the inequality of Cauchy-Schwarz, we obtain

and, in view of the jacobian

D(X,Y) Us
2
dud :// 7dXdY 3.49
//Bj,,.mz o (#0500 * (U] (3.49)
e—2V(X1) ; a=1(X) P
= n(/ (X 1) dt)dxdy.
_/[p(Bj’Tan |U2| / 2(Uy(X,1))2 I v (Lju(X,1))" dt)
We have to estimate the terms of the previous integral. Since 7} < K %, in view of (3.27),
we derive X , ,

V(x,y) S Bj,r;f NnQ

TRV ()] Jua(0,0)]

Owing to (3.36) and (B;,: NQ) C By, for (X,Y) € ¢(Bj,: N Q) and || < |Y], we have
Uz (X, t) = ug(x,t) with z, € [0, £*] and, considering that |Y| < £ we obtain

V(X,Y)| = dt <

’/Y 1 K

0 Wug(xg,t)  — 3W||u(0,0)|

In the same way, for (X,Y) € ¢(Bj,: N1 Q) and Y < ¢ < o™ !(X), in view of (3.42) and
(3.46), we have Uy(X,t) = Uy(X (w4, t),t) = ug(xs,t) with (x4, t) € BF

gy Which implies

1 2
<
Ua(X, )] — |uz(0,0)]

and, for V(X,t) = / md& we prove that X = X(z¢,6) with (z¢,6) € Bj,,,
which gives, since —& <Y <t < a }X) < yy < 2, the following estimate
M3
VX )< —M
VOIS 50 u0,0)

Substituting these bounds in (3.49) yields that there exists a strictly positive constant C
such that

// mﬂz 2 dady < O// - / 71(X)([:j7u(X,t))2dt)dXdY. (3.50)

Since V(X,Y) € ¢(Bj,: N Q), we have —¢ <Y < & and X(0,Y) < X < X({,Y), we
obtain

K
6

/ / 22 drdy < C / °
Bj N9 K

5 0,Y)

<C/_KdY<//Dyi dth)

where Dy = {(X,t) € R?, X(0,Y) < X < X(£Y), Y <t < a'(X)}. Next, we

av ([L0 ax( [ @ onzan)

compute the integral on Dy by making the substitution , the jacobian of
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¢Y: Dy  —¢(Dy)

(X, t) — (z,1)
of class C* on Dy, as we proved previously by (3.42) and (3.46), with z € [0, %] and
t e [—%, f]. Thus, the jacobian is strictly positive and bounded by %|uQ(0, 0)|, and we
obtain

which is —uy(Z,t). Indeed, the mapping is one — to — one and

1 -
2 - -
dzdy < -CK|us(0,0 // Liu(2,t) dz dt < 400, 3.51
//meﬂz ray < 5 [u2(0,0)] 0.5 [ & 3] iu(Z,t) dT ( )

which proves that » belongs to L*(Bj,+ N ), since ;,, belongs to H'(IR?).
It remains to prove that Vz belongs to LQ(BN; N Q). Again, we use the change of
variables defined in (3.31). Computing the partial derivatives yields

0z 07 L 0: 07 07
or C0X oy 'oX oYy’

Then, the inequality 2|ab] < a® + b% implies |Vz|* < (1 + UZ + U3)|VZ|?, where | . |
represents the euclidian norm in IR%. Hence, we derive

2max(1 + u? + u3)
// IV2|? daedy < —22 // VZ]2dXdY.
B; ,+NQ |uz(0,0)] (B; +NQ)

0z 0z
Since Z—i—WUQa—Y = L; ,, owing to (3.27), we obtain that W belongs to L2(90(B]-,T; neQ)).
Next, we now come to the crucial point, which is to prove that the other partial

o4
derivative — belongs to LQ(go(Bj,r; N§)). From (3.48), computing this derivative yields

X
O (X¥) = = DX Z(X,Y) 4 e O (352
Y 5(755(?;),:)@#()(@) ! V(XaTl(X))
T — (X Li (X, a7 (X
([ o t = (@Y () Gy gy LK ()
and
V(X T _
a(WUQ(th)L]"u<X’ t)) :€V(X,t)%(X7 t)U2(X7 t) - %(X7 t)E (X t)—|— eV(X’t) 8[@7”( t)
0X (Ux(X,1))? LN I) G

Then, for (X,Y) € (Bj,; NQ) and [¢| < [Y]or Y < ¢ < a™'(X), we prove that (X,1)
belongs to ¢(B7, ). Considering that U, is strictly negative and of class C! on o(B7, ),

D13 D513
we derive that Us and V are of class C* on ¢(Bj,,), which implies that the functions 252

and g—; are bounded on go(ij#S). Hence, there exist strictly positive constants C7, Cy, C3
and C, such that

_1X

22
0X

)
XV SOIZEY)+C [ (X 0] dt

«a
Y

o« ALy, ~1y/ - -1
#Cs [ IO+ il ()| LK a7 () (353)
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In view of the equalities (X,a™'(X)) = (a(a™(X)),a " (X) = (X(0,a”(X)),a (X)),
we derive L; (X, (X)) = 1;,,(0,a"(X)). Next, owing to [a~1(X) — V| < 8K ysing
inequalities of Cauchy-Schwarz and setting Cs = C? + C3 + C2 + C? and Cy = “Bz{K Cs
yield

(B2 < CUZ0GY) + (07 ()P (0,07 (X))
won [T+ B a (354

There is only one term that is difficult to bound in L*(¢(B(S;*,75)N1)). Indeed, we have
just prove that Z belongs to L*(¢(B,+ NQ2)) and for

[V + Gl

we apply the previous method, which allowed us to bound the right hand side of the in-
X = X(Z,t)
t=1

1 0l
— 22 (7,t). It remains to bound the
uy(Z,t) OF

equality (3.50), using the same substitution { as previously, since Z_J . belongs

to H'(IR?) and since we have —2%(X 1) =

0X

basic term

[ (@Y (X)A(Ga0.07 (X)) dXaY.
QO(B]-’T;:HQ)
Let us recall that, in view of (3.37),(3.39), since (z,y) belongs to Bj- N Q, we have

X € [0,a(ya)] <= o™ (X) < yar =< min(Z . b))
Since o/ (a™1(X)) = u1(0,a7 (X)) > 0 and considering (3.27), on the one hand, we derive

_ 1 _ 1 _ 2
/(@ (X)) Jur (0,07 (X)) T [52(0,0)[la=1(X)]

(3.55)

On the other hand, owing again to (3.27), we have

3 8u1

X/ =l x) =] [ (0.0 db] < 7150

0,0)[ (e (X))*.
Substituting this inequality in (3.55) yields the following basic estimate of |(a™!)'(X)|

[ERe o |

<\ EeoTvE (3.56)

Next, we distinguish two cases : if the angle w; < 7, then

K K
QD(Bj»T; ﬂQ) C El = {(X7 Y) € IR27 Y € [07 E]v X € [X(07Y)7X(7

!

27



and, if the angle w; > 7, then

QO(BJ'J«; N Q) C EFyUE,,
where

E,={(X,Y)eR? Y ¢ [—[6(,0], X € [X((tanw,)Y, 0),X([6(,0)].

Therefore, in the both case, we have to compute, for Y > 0

L oty 00,07 0 ax

Considering that l;, belongs to H'(IR?), we derive that the function (0,y) + 1;,(0,7)
belongs to Hz (v ;) D L5(v;). Hence, in view of (3.56), using the Holder’s inequality yields

X(EY) —1y/ 2(7 -
Lo @ (0 0,07 (X)) d
X(0,Y)
X(Ey) 1 X (&,
< (T (T
55 (0,0)] Vxoy)  X>
Setting v = o™ (X)), with (3.27), we obtain

X(@ ) O{(yju) _ 3 aul
Jeans (0,07 COPAX < [T (00,0 s (0,0 do < Satuan) 5 0.0 Wlisc,)

which implies

XEY) - . 162 (yar) %HZ_#HLG(%)
Jeany (@ P (03(0,07 (X)X < = (0,0 (x(0.1)F

1 4
Hence, since X(0.7), < |%%(0,0)|Y2 (see (3.27)), we derive

XEY) e T 3 ) (6480t (yar)) 5 1L ul13 s,
Joon (@ Y0P [0, (X)) X < woops 6

In the case where w; > 7, we have to bound, for ¥ <0,

E;::)y,o)““‘l)’(?f )?(,u(0, 071 (X)))? dX.

In the same way as previously, we obtain

X(E0) - » 1620(y) 1 Wiallise,)
/. ooy (@7 COPE(0,07 (X)) X < <(am(0 07 X ((tanwy)¥ O

2
ince | X ((tanw;)Y,0)| > lu2(0, 0] | tanw;| Y]’

we derive

X(¥.0) ~ _ ~ (3240(yar)) 3 15| 26, 1
/ 6 ((Oé 1)/(X))2(lj,u(0,0é 1(X)))2 dX < — DL (y5) . T
X ((tanw;)Y.0) (55 (0,0))?|uz(0,0)] | tanw;[)s [Y]3
(3.58)
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In the case where w; < 7, integrating with respect to Y on the interval [0, %] the both side
of (3.57) yields

W=

da(ynr) K):

_llX 2[7' 0 —1X 2dXdY<9( Z 2 < ‘
[ L,y (e P00 0.07 GO XY < 98 sl < 4o

In the case where w; > 7, in addition to the previous integral, we must integrate with

respect to Y on the interval [—%,0]] the both side of (3.58), which gives
[ (@ X0)P00,a7 (X)) dXay
©(B; vt Q)

(4a(yn)K)3
|2(0,0))]

(9a(yM)K2>%
((%1;1(0’()))2‘“2(0,0” \tanwﬂ)%

3
< (9 =
< -

)Hl_jvﬂniﬁ(yﬂ < +00.

0z
Finally, in view of (3.54), we have obtained that X belongs to LQ(QD(BN; N Q)), which

implies, as we saw previously, that Vz belongs to LZ(BW; N Q) and, therefore, with (3.51),
we derive that z belongs to H I(BM; N ), which ends the proof of the lemma. &

Considering that (3.41) implies that z vanishes in a neighborhood of the boundary of

Bij,« N2 (see the definition (3.47) of r}) , we can now construct the solution z;,, of the

problem (P; ), which belongs to H'(2), by

a~H(X(z,y)) WU2(X (2,y),t)
0 if (z,y) € Q\ By,
(3.59)
where the function X is defined by (3.31), the functions L;,, Uy and V are defined by
(3.34), the function « is defined by (3.37) and the real number 77 by (3.47), with a small
enough real number p verifying (3.45). Thus, thanks to (3.23), in this third case, we have
proven that

_ { e~V X@y)w)( [y s L (X (2,y), 1) dt) if (2,y) € Bjpe NQ
Zhp =

zj, € H' () is the solution of the problem (P;,). (3.60)
4) Fourth case: S;' ¢ ~;,_1, S;' € (ENS°), S} € 741

o+ Sj V; n; Sj

sy s Y

j
Vi+1

x
figure 3.7

The fourth case is not very different that the third case : SJTI is still the origin, the
x-axis and the y-axis are defined in the same way, but, for y < 0 small enough, the point
(0,y) belongs to I'* and, therefore, we have u;(0,y) < 0. We denote by T, the side of
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the polygon which contains 7; and we set n; = d(Sj_l, OT'k,), where d(.,.) is the euclidian
distance in IR?. According to the assumptions of the fourth case, n; > 0. Instead of (3.27)
which corresponds to the third case, we define p5 < min(ps,7;) such that

1
Vx € Bj N4, U2(O 0) < ug(x )§§u2(0 0) <0 and

1 ouy 3 0uy

Vy € [=pz ], 5 o ——(0,0)y < Juy(0,y)| < 237(070)9 (3.61)

Next, the proof of (3.35)-(3.36) is slightly different in the case where y =Y <t < 0. First,
we have

X(0,4) = /Ot i (0,0)d0 < X (7).

t
Second, in view of (3.61), since [u(0,6)d0 > 0, we still have
0

3 14 143

and (3.34), (3.35) and (3.36) are still verified with g in the place of u3. In the same way,
(3.37) and (3.39) run unchanged, while (3.25) is verified with K’ in the place of K where
K’ is defined by

!/

K = min(2, o, i, 1) (3.62)

Afterwards, the case where 0 < y <t < a™!(X(z,y)) remains unchanged and we still have
(3.41) for y > 0, with 7} ; and 75 ; in the place of r1 ; and 7y j, where 7| ; and 74 ; are defined
by
(0, 0)| K" |55 (0, 0)} K™ Ku(0,0)|
12 ’ 288 6 '
When y <t < o (X (z,y)), with y < 0, we consider first 0 < t < a (X (z,y)) and
second y <t < 0.
If0<t<a'(X(z,y)) and (z,y) € B;TL,, we have ¢t < %3 and
76

rf.; = min( ) and 1y ; = (3.63)

o(t) = X(0,) < X(r,y) < Sk(r.y).

!/

/ K
Applying (3.29) with r = |us(0,0)|5-, we obtain k(z,y) < |us(0, 0)|F Hence, we derive

! /

X(0,6) < X(a,) < (0,017 < X(-

).

: 2,] such that

X(x,y) = X(xy,t) with (z4,¢) € B;,rué,'

Then, there exists x; € [0

Next, as previously, we derive that V(z,y) € C(S; 12 = 1l(0 o |u:(/0 0)|) NQ with y <0,
01

V(X(z.y)t)

0 e _
— L (X(x,y),t)dt = 0.
/al(xmy)) WU (X (2,) 1) X (@:y), )
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Finally, for the case where y < ¢t < 0, we process in the same way as previously and we
obtain that (3.41) is verified for y < 0 with 7| ; and 75 ; in the place of 71 ; and ry ;.

The rest of the proof is the same as in the third case. Thus, in the fourth case, we
have proven that

zj, € H' () is the solution of the problem (P;,). (3.64)

By localization, all the other cases, where S;l € E and (or) Sj1 € E, can be solved as
in the third case or the fourth case. O

4 Appendix

In the two following examples, the domains €2 are no longer a bounded polygon, but
domains of class C1!. Even if in this article, we mainly deal with bounded polygons,
it seems to us interesting to show that the regularity of the solution z of the transport
problem in domains of class C'! seems still linked to the multiplicity of the roots of the
equation u.n = 0 at the end-points of '™, in the case where u.7_ is negative.

4.1 Example 6 : Q= C(1(0,1),0.5), l(z,y) =1, u(z,y) = (z,—y).

In this example, the boundary, which is the circle of center
1(0,1) and of radius R = 0.5, is very regular, but the function
u.n vanishes at the boundary points of I'~, which leads to a
discontinuity for the partial derivatives of the solution z in
these points. v,

T = —Cost
The equation of I" is 1 , t €] —m, 7| and
y=1+ 5 sint
the unit exterior normal is n = (cost,sint). Let us determine
the sets '™, 'Y and I'*. On T, we have

1
(u.n)(t) = —sin®t —sint + 2

05 O 05 1

>

that vanishes for ¢, = arcsin(%) and ¢, = m —arcsin(¥2-1),
and ['~ is the open arc of the circle I' defined by ¢ty < t < ¢4,

[tisT\T-, T°=0. figure 4.8

Note that, we can easily verify that (u.7_)(¢) is negative for t = ¢y and ¢t = ¢y, so that
assumptions analogous to the assumptions of (3.5) are verified at points where u.n va-
nishes in this example. As in the first three examples, we have

V(z,y) € Q, z(z,y) =1 -2y +yC(zy), Y(z,y) €T, Clay) =2 — ?1/ (4.1)

Setting X = xy, we must compute the function « such that y = «(X), for (z,y) € I'".

1) First case : to <t < Z, (z,y) e " NIR3.
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= 1 /1 (2y—2)? = 1,/(2y — 1)(3 — 2y), which imply X = %\/(Zy— (3 —2y). We
34v3 and X(tg) = 7V V3(3+V3)

4

compute y(tg) = . Considering the function

gy X = 2\/(2y—1)(3—2y), (4.2)

iy =2 =57
V(@Y —1)(3—2y)

which is defined on the set | Since we have, Vy €)1, 3, ¢'(y) = —

2’2]

1 3+v3 3
/y 2 1 )
g |40+ 0 - —oo ||
the statement of changes of g is X (to)
0
9

Since g is strictly decreasing from [y(to), 2] to [0, X (to)], therefore 9liy(to),2) has an inverse
function and we have

A0,X (t0)] = (9|[y(t0),g])_1- (4.3)
Finally, we obtain, for (z,y) € " NIR%, y = a(X) < y = g(X).
2) Second case : § <t <7 —1, (z,y) € " NIR_ x R,.
In the same way, we have X = —%\/(Qy —1)(3 — 2y) and we define o on [—X (¢g),0] by

=x(t0),0 = (=9 y(eo),21) - (4.4)
X [X(t) 0 +X (to)
o(X) | [[400  + 0 - —o0|
The statement of changes of the even function «/is : %
3+\/§/ T 3+/3
o 4 4
From (4.1), we derive the solution of the example 6
Y

Let us show that z belongs to H!(2). We compute

o) )
V(z,y) € Q\ {(£z(to), y(to))}, zu(w,y) = (a(zy))?’ y( ) (a(zy))?  alzy)’

z belongs to H'(Q) <= // )2 dady < +oo. (4.6)

and y(to) = %. Hence, we derive

Let us set Q. = QNIRY and note that [ (o (zy))? dedy = 2 [ Jo, (o (zy))? dady.
In order to show that the last integral converges, we split {2, in two subdomains:

34+v3 3 1 3+3
1 2]) [57 1 ).

0L =, N (Ry x [2 7)) and Q2 = Q, N (R, x
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I
=8
<z

I
<

1) We compute [ Jo1 (o/(xy))? dzdy by making the substitution { ;L B ;x(xy) — { v
- Y

/
the jacobian of which is 9w . Since Vu €]3+‘f, 3], o/(g(u)) = ——, we obtain

Y g'(u)
[, (/) dudy = st [

Considering that, Yu €]3+4‘/§, 1.5, ¢'(u) = ————4 4 ), we can verify

: 1 3—3
4

-1

2) For [ fQi (o/(zy))? dzdy, it is more complicated. Setting X = zy, we obtain

3+V3 9(y) 3+V3 1

Paedy= [ © dy([ " @)dey = [ Sy [ @07 ax).
).« J A /. |

2 0 3 Y

where the function g is defined by (4.2). Next, making the substitution X = g(u), for

ue[l 3+V/3

V3] we derive

34+V3 1

[ ey = [ du(f] (@) () )

2

However, the complication comes from the fact that, for 1 < u < 3+‘[ , a(g(u)) # u since

a(g(u)) > 253, Let us define the function § on the set [1 B+y3] by

vue 525V 5 = alg)).

Since g(f(u)) = g(u), then, for % <u< 73+4\/§,

g'(u) = ¢'(B(u))B'(u) and o'(g(u)) = o'(9(B(u))) = =

Hence, we can write

3+v3
1 v (6'(w))?
(o)) dady = [ * = dy( ] du).
[ o dmdy = [y [ dw
Let us show that 4’ is bounded on the set |3, 2 4‘[[ and that we can extend £’ on |1, 3+‘[]

by continuity. Computing 5'(u) yields




Note that the right hand previous expression extends 5’ by continuity in % It remains to

compute the limit of 5" in \;*4\/? Applying to the function g the Taylor-Lagrange formula
343
4

in the neighborhood of , we obtain

o) = o) =2V s = o C R Lo -2

3
3+v3\2
with ¢ € [u, %] and d € [3%/5,5(11)], which implies lim — ;;J),g = 1 and
u4)3+\/7 ( )_ A )2
1. U*43+4\/§ 1 . U*3+4\/§ < O H d 1 6/( ) 1 d
im ——23i - = —1, since < 0. Hence, we derive  lim u) = —1 and,
aevsm A= Blu)— 250 e

therefore there exists a constant Ky > 0, such that, for u € 3, 3+\[] |5 (u)| < K. Then,
we have

//Q2 V2 dady < (V3 + 1)K2/3+4\/g dy(/lyldu) < (M)Q < 100

3+v3
§+Tf_u 2

and, with (4.6 and (4.7), we derive that the solution z belongs to H'(€2). Finally, although
u . n vanishes at the end points of I'", the problem (1.1) is well-posed, probably because
the function u.n has only simple roots at the end points of '™ with, in addition, u.7_
negative at these end points.

4.2 Example 7: Q= Qy, l(z,y) =1, u(z,y) = (z,—y).

The boundary of €27 is composed of two half semi-
circles, linked up by two segments (see the figure 4.9).
The boundary is of class C'*! but the arc of circle I'™ is
adjacent to the segment I'°, which leads to a disconti-
nuity for the partial derivatives of the solution z. But,
as in the example 4, this discontinuity is such that
the solution z does not belong to H'(Q2), as we

shall see further. The parametric equation of the up-

1 1
= — + —cost

per semicircle is 2 12 , t €0,7]. figure 4.9
y=1+ 3 sint

Let us determine the sets T~, T and I'*. Again, we have n = (cost,sint). On the
upper semicircle, we compute (u.n)(t) = cos(%)(cos(%) — 2sin(% )(smt +1)). In view of
cos(%) > 0 for 0 <t <, (u.n)(t) has the same sign that f(t) = cos( )—2sin(%)(sint+1).
1)F0rg§t§7r,f()—cos( )(1 4sin())—2sm()<0
2) For 0 <t <%, f(t) = cos®(§)(—2tan®(3) —3tan®*(L) —2tan(5) +1). Setting 6 = tan(%),
we must study the sign of the polynomlal g(0) = —293 302 —20+1,for 0 <0 <1. We
have ¢'(f) = —60* — 60 — 2 < 0, g(0) = 1, g(1) = —6. Then the continuity and the strict
decreasing of ¢ implies that there exists an unique number 6, €]0, 1], such that g(6y) = 0.
Finally, for 0 < ¢ <, (u.n)(t) vanishes for two values :

to = 2arctan(fy) ~ 0.614 and = (4.8)
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and

1 1
T = —+ —cost
'™ is the open arc of circle defined by 2 12 , t Elto, [,
y=1+ 3 sint

while the part of the previous semicircle, defined by ¢ € [0, to[, is included into T't. Next,

xr =
the part of I', defined by {
Scy<i

semicircle is included in I'*. Indeed, the parametric equations of the lower semicircle is

is I'’ and we are going to show that the lower

1 1
T = -+ -cost

% % , t € [-m,0]. Considering that, for t € [—, 0],
Yy = Z + 5 sint

1 3 1
(u.n)(t) = icost%— §COS215 — Zsint — gsinzt,

we distinguish two cases :
1)t €] -7 —2[U] - 7,0

(u.n)(t) = i(cost —sint)(1 + cost +sint) — s sint > 0.

2) t €[, 3]
scost — 3sin®t = —2 4 (cost + 3)? > —2 and jcos’t — 3sint = 22 — L(sint + 3)? > 3.

8 8 2 4 32
Therefore, (u.n)(t) >
. x =
Finally, { % <y<1
', see figure 4.9.
Again, it is easy to verify that (u.7_)(¢) is negative for t = ¢y and ¢ = 7. As in
example 6, we have

is included in I'", which ends the determining of the sets I'", I'Y and

V(z,y) € Q, 2(x,y) =1 -2y +yC(zy), Y(z,y) e T~, Clay) =2 — ; (4.9)

Setting X = xy, we must compute the function a such that y = «(X), for (z,y) € I'".
1) First case : (z,y) e I~ N ([0, 3] x IRy).

X = %(1 — \/(Qy —1)(3 —2y) ). Considering the function

g: yHX:%(l—\/(Qy—l)(Z%—Qy)). (4.10)

We have, for % <y< %,

8y — 12y 43+ /(2y - 1)(3 - 2y)
2,/(2y — 1)(3 — 2y)

1
For 3 <y<1,82—-12y+3 < —1, \/(Zy —1)(3 — 2y) < 1, therefore, ¢’'(y) < 0. Moreover,

g (1) =0.
3+V3

For 1

For1l<y< 3+T*/§, we note that ¢’(y) has the same sign that

h(y) = 8y* — 12y + 3+ /(2y — 1)(3 — 2y)

. (4.11)

9'(y)

3
<y<g 8y? — 12y + 3 > 0, therefore ¢'(y) > 0.
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4(y _ 1) . In view of 4(y _ 1) \/— \/_
V(2y = 1)(3—2y) V2 —1)(3 - 2y> 302

and (16y — 12) > 4, we derive h'(y) > 0. Since h(1) = 0, we obtain that h(y) > 0, that is
to say, ¢'(y) > 0.

and h'(y) = 16y — 12 — <1

<
[

/
Thus, we obtain the statement of changes of g : |9 (%)

N
8
|

o
+
_I_
8

oo |=—| toleo

/
|

9

Finally, the function g, defined by (4.10), is strictly increasing from [1, 2] to [0, 3], therefore
9)n,3) has an inverse function and we define a on the set [0,3] by

Xo,3] = (g|[1,g})717 (4.12)
that verifies y = a/(X) <:> X = g( ) for (z,y) e I~ N ([0, 3] x Ry).
2) Second case : (z,y) € ™ N ([3,1] X ]R+).
X = %(1 + \/(2y— 1)(3— 2y)), with y(to) < y < 2, where ; is defined by (4.8) and
y(to) ~ 1.288. Considering the function

J: yr—>X:%(1+\/(2y—1)(3—2y)).

—8y% +12y — 3+ /(2y — 1)(3 — 2)
2/(2y — 1)(3 - 2y)

vt € [0, g], (w.n)(t) =0 <= —8y° + 12y — 3+ /(2y — 1)(3 — 2y) = 0.

We compute §'(y) = . We can verify that

Hence, we derive that ¢’ vanishes at y(ty) and, since the numerator of ¢’ is a strictly decrea
sing function on [y(to), %], we obtain that §’ is strictly negative on |y(t), %[, which implies
that the function g is strictly decreasing from [y(to), 3] to [2, g(y(to))], with g(y(ty)) ~ 1.17.
Therefore gy, ) 3) has an inverse function and we define a on the set 12, 3(y(to))] by

— (5 L)1
3 wtto)) = Gy)31) (4.13)
that verifies y = a(X) <= X = j(y) for (z,y) e I~ N ([3,1] x Ry).
Finally, from (4.9), we derive the solution of example 7 :
v
a(ry)’

where the function « is defined on the interval [0, §(y(to))] by (4.12) and (4.13).
Let us show that 2 does not belongs to H'(Q2). We again compute

V(z,y) € Q, z(x,y) =1— (4.14)

2 1
y*o (zy)
V(z,y) € Q 0,1)}, 2(z,y) = F—-5.
() € QVLO.)), Z4ley) = 056
3
We integrate (z.(z,y))? on a domain Q* = {(z,y) € IR?, 2 <y<1l,0<z< —} which
1 3
is included in 2. Moreover, since in Q*, we have 0 < zy < 1 < 7 we use the expression
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of the fonction a defined by (4.12) from the function g, defined by (4.10). Clearly,

// (2, 1)) dxdy>// )2 didy.

Let us show that the integral [ [o. (2 (z,y))? dedy = +o0. First, we compute [ [, (2 (z,y))* dzdy

X

X 1

by making the substitution { Y yxy — { z yy , the jacobian of which is —. We
= = Y

1
1 (¢ (X))?
(z,y))? dedy = / y® dy) / ———dX).
/ / (a(X))*
Since the function, g defined by (4.10), is strictly increasing from [1, 3] to [0

o X =g(u) u=a(X) :
substitution, { | <u< a(i) <:>{ <x<! yields

// (2,9))2 dwdy = / P dy)( /la@) (Oé’(g(U)));g’(U) ).

1
g'(u)

oy 1 175 a(z) 1
)2 dedy = / Yy [ ) > Josoe i | -
// (x,y))” dedy = Yy’ dy) ) utg' (u) u) = 1024(@&))4 1 g'(u) ¢

In view of

obtain

3

, 1), making a

Since o/(g(u)) = and a(g(u)) = u, for 1 < u < a(3), we derive

Sl

1 J@u-1DEB-2u)(/2u—-1)(3-2u)—8u?+12u—3) 1

g'(u) 2(u — 1)(—16u? + 32u? — 17u + 3) b 2(u—1)’

a3 1
since /1 ) mdu = 400, we obtain //Q*(z;(yc,y))2 dxdy = +oo.

Finally, the solution z of the example 7 does not belong to H*(€2) and, therefore, the pro-
blem (1.1) is not well-posed. The reason why is probably that (u.n)(t), which vanishes
in ¢t = 7, is not equivalent to A(t — ), with A # 0, in the neighborhood of =, that is to
say it vanishes with an order greater than 1. On the contrary, the assumption (u.7_)(t)
negative is verified for ¢t =ty and t = 7.
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