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Abstract

This paper proves the NP-completeness of the reachability problem for the
class of flat counter machines with difference bounds and, more generally, octag-
onal relations, labeling the transitions on the loops. The proof is based on the fact
that the sequence of powers { R" };_o of such relations can be encoded as a peri-
odic sequence of matrices, and that both the prefix and the period of this sequence
are simply exponential in the size of the binary representation of a relation R. This
result allows to characterize the complexity of the reachability problem for one of
the most studied class of counter machines [6} [10], and has a potential impact on
other problems in program verification.

1 Introduction

Counter machines are powerful abstractions of programs, commonly used in software
verification. Due to their expressive power, counter machines can simulate Turing ma-
chines [29], thus their decision problems (reachability, termination) are undecidable.
This early negative result motivated researchers to define classes of systems with de-
cidable reachability problems, such as: vector addition systems [27, 122} 23], reversal-
bounded counter machines [20], Datalog programs with gap-order constraints [32],
and flat counter machines [4} 10, |6]. Despite the fact that the reachability problem is,
in principle, decidable for these classes, few of these results are actually supported by
tools, and used for real-life verification purposes. The main reason is that the complex-
ity of the reachability problems for these systems is, in general, prohibitive. As a prac-
tical consequence, most software verifiers rely on incomplete algorithms, which, due
to the loss of precision, may raise large numbers of false alarms. Improving the preci-
sion of these tools requires mixed techniques such as combinations of model checking,
static analysis and acceleration, that rely on identifying subproblems for which the set



of reachable states, or the transitive closure of the transition relation, can be computed
precisely [18}16], by cost-effective algorithms.

In this paper, we study the complexity of the reachability problems for a class of
flat counter machines, whose control structure forbids nested loops and the transitions
occurring inside loops are labeled with octagons, i.e. conjunctions of inequalities of
the form +x + y < ¢ where x,y denote the current or next values of the counters and
c is an integer constant. Our main result states that the reachability problem for this
class of counter machines is NP-complete. This result is a direct generalization of
the NP-completness of the reachability problem for the subclass of difference bounds
constraints, which are finite conjunctions of inequalities of the form = — y < ¢, with ¢
being an integer constant.

Due to the particular syntax of the octagonal constraints, in which the variables
are always multiplied by coefficients from the set {—1,0, 1}, such relations can be rep-
resented by square matrices of a fixed dimension, called difference bounds matrices
(DBM). The main idea of the NP-completness proof is that sequence of DBMs corre-
sponding to the sequence of relations { R” }:;0 is periodic, in the sense that the matrices
situated at equal distance in the sequence, beyond a certain prefix, differ by equal quan-
tities. If the prefix and the period of this sequence are known, one can build a quantifier-
free formula of Presburger arithmetic that characterizes this sequence, and reduce the
reachability problem to an instance of the satisfiability problem in the quantifier-free
fragment of Presburger arithmetic, known to be Np-complete [35].

The main technical difficulty is, given an octagonal constraint that defines a rela-
tion R, building such a Presburger formula in polynomial time. To this end, we show
that the prefix b and the period c of the sequence of DBMs representing {R”}:lo:o are
simply exponential in the size of the octagon defining R. Using this argument, one can
(i) guess the prefix b and the period c of the relation, (ii) compute the powers R’ and
R°, using exponentiation by squaring, (iii) verify the validity of the guess for b and c,
and (iv) build the needed Presburger constraint in polynomial time.

Proving the simply exponential bounds for the prefix and the period of an octagonal
relation uses insights from the theory of weighted graphs and tropical algebra [[15}33].
We use the classical representation of DBMs by weighted constraint graphs, such that
the n-th power of a difference bounds relation R is defined by the minimal weight
paths of a constraint graph of width n, called an unfolding graph [10]]. Then we define
a weighted automaton, called zigzag automaton, that recognizes the set of constraint
paths in the unfolding graph. The minimal weight paths, needed to define the n-times
composition of I? with itself, are given by the n-th power of the incidence matrix of
the transition table of the zigzag automaton, where matrix multiplication is defined in
the tropical semiring (Z, .., min, +, c0,0). Since the sequence of tropical powers of
any given matrix is periodic, we obtain that the sequence of DBMs representing the
relations {R"} - is periodic as well.

We first prove the existence of simply exponential bounds on the prefix and the
period of the sequence of DBMs that represent the sequence of relations {R"} .
where R is a relation defined by a difference bounds constraint. These bounds are then
generalized to octagonal relations. The most technical part is proving the bound on the
period of such sequences, which requires an insight on the particular structure of loops
in the zigzag automaton describing the powers (w.r.t. composition) of a difference



bounds relations. The crucial point is restricting the zigzag automaton to recognize
a subset of constraint paths, with a bounded number of direction changes, whose set
of weights is sufficient to define the relation R™. This idea originates in the work of
Comon and Jurski [[10] on defining transitive closures of difference bounds relations
by formulae of Presbuger arithmetic, in order to prove decidability of the reachability
problem for flat counter machines with difference bounds relations.

1.1 Related Work

The study of the computational complexity of the reachability problem (and other re-
lated problems, such as coverability and boundedness) for various classes of counter
machines has recently received much attention.

An important class of counter machines with decidable reachability problems are
Vector Addition Systems with States (VASS). This problem has been shown to be EX-
PSPACE-hard by Lipton [26] and currently no upper bound has been found. On the
other hand, the problems of coverability and boundedness for VASS are shown to be
EXPSPACE-complete [31]. Because the transition relation of VASS can be defined as a
finite disjunction of difference bounds constraints, these counter machines are, in prin-
ciple, not flat. However, when restricting the number of counters to two, Hopcroft and
Pansiot [19] have shown that the set of reachable configurations of a VASS is semi-
linear, thus definable in Presburger arithmetic. Along this line, Leroux and Sutre [24]]
showed that it is possible to build a flat counter machine, with the same transitions as
the original 2-counter VASS and same reachable set of configurations. A close anal-
ysis of their construction revealed that reachability of 2-counter VASS (mostly known
as 2-dimensional VASS) is a PSPACE-complete problem [3].

In their work, Ibarra and Gurari [17]] study the reachability problem for counter ma-
chines with increment, decrement and zero test, in the reversal-bounded case, where
the counters are allowed to switch between non-decreasing and non-increasing modes
a number of times, bounded by a constant. It is found that, when the number of coun-
ters and reversals are fixed constants (i.e. not part of the representation of the counter
machines) the emptiness problem is decidable in logarithmic space, and hence, in
polynomial time. Moreover, if the machines under consideration are all determinis-
tic, the emptiness problem is NLOGSPACE-complete. On the other hand, if the number
of counters and reversals are part of the input, the emptiness problem is in PSPACE.
Our model of computation is incomparable, since flat counter machines with non-
deterministic counter updates are not reversal-bounded, in general. For instance, if
the future value of a counter z is chosen to be x — 1 < z’ < x + 1 within a loop, the
counter can switch any number of times between increasing and decreasing modes.

The class of gap-order constraints, initially introduced by Revesz [32]], consists of
finite conjunctions of difference bounds constraints  — y < ¢, where c is a positive
constant. Counter machines with gap-order constraints have been studied by Bozzelli
and Pinchinat [9] who coined their reachability problem to PSPACE-complete. Our
result is incomparable to [9], as we show NP-completeness for flat counter machines
with strictly more generaﬂ octagonal relations on loops.

The generalization of gap-order to difference bound constraints suffices to show undecidability of non-



The results which are probably closest to ours are the ones in [12, [11], where flat
counter machines with linear affine guards and vector addition updates are considered.
In [12] it is shown that model-checking for Linear Temporal Logic is NP-complete for
these systems, matching thus our complexity for reachability with difference bounds
constraints, while model-checking first-order logic and linear p-calculus is PSPACE-
complete [11], matching the complexity of CTL* model checking for gap-order con-
straints [9]]. These results are again incomparable with ours, since (i) the linear affine
guards are more general, while (ii) the vector addition updates are more restrictive (e.g.
the direct transfer of values x} = x; for ¢ # j is not allowed).

The result of this paper is a refinement of earlier decidability proofs for the reach-
ability problem concerning flat counter machines with loops labeled by difference
bounds [10l [7] constraints. The first such result, due to Comon and Jurski [10] de-
fines the sequence of n-times compositions { R}, of a difference bounds relation R
by a formula in Presburger arithmetic. The essence of their proof is the definition, by a
formula of Presburger arithmetic, of a subset of paths, in the constraint graph represent-
ing R"™, that encompasses the set of paths of minimal weight, relevant for the definition
of the relation R"™. They show that only certain paths, that roughly go back and forth
from one extremity of the graph to the other, without changing direction in between,
are important in the definition of the closed form. The idea of considering only such
simple paths is instrumental in our work, for establishing a simply exponential upper
bound on the period of these relations.

By exploring further the structure of these simple paths, Konecny [21]] showed that
the sequence of the closed form of the power sequence of a difference bounds (re-
spectively, octagonal) relation can be defined by a quantifier-free Presburger formula
which, moreover, can be built in polynomial time by a deterministic algorithm. As a re-
sult, the reachability problem for flat counter machines can be proved to be in NPTIME
directly, by polynomial reduction to the satisfiability of quantifier-free Presburger arith-
metic. Unlike the proof given in this paper, Kone¢ny’s proof [21] does not use periodic
sequences, relying on an enumeration of polynomially many minimal weight paths.
Besides providing an alternative proof of NP-completness to the reachability problem,
the results in this paper define closed forms using only finite disjunctions of difference
bounds constraints (respectively, octagons) whose coefficients are parameterized by n.
This characterization of the closed forms is of particular interest for other problems,
such as, e.g. the complexity of the termination problem for periodic classes of relations
[8]], or extensions of the model of flat counter machines with recursive calls [14]).

2 Preliminaries

We denote by Z, N and N, the sets of integers, positive (including zero) and strictly
positive integers, respectively. We define Zo, = Z U {00} and Z oo = Zoo U {-00}. We
write [n] for the interval {0,...,n — 1}, abs(n) for the absolute value of the integer
n € Z,and ged(ny,...,ng), lem(ny, ..., ny) for the greatest common divisor and least
common multiple of the natural numbers n1, ..., ny € N, respectively. The cardinality
of a finite set .S is denoted by ||S]|.

flat counter machines, hence the restriction to flat control structures is crucial.



A weighted graph is a tuple G = (V, E, w), where V is a set of vertices, E ¢ V xV
is a set of edges, and w : £ — 7Z is a weight function. If G is clear from the context,
we write u — v for (u,v) € E and w(u,v) = . A pathin G is a sequence of the form

wy,

T 1 U —> U1 -+ U1 —> v. We denote by sre(m) = vy, dst(m) = vy its source and
destination vertices, by || = k and by w(r) = XX | w; its weight. The path 7 is said to
be (i) elementary if v; = v; only if i = 0 and j = k, (ii) a cycle if src(m) = dst(n), and
(iii) minimal if, for any path 7’ such that src(n") = src(w), dst(7') = dst(r), we have
w(r) < w(r’). We denote by 4(G) = max({abs(a) |u = v} u {1}) the maximum
between the absolute values of the weights of G and 1.

The set of n x n square matrices with coefficients in Z., (Z. ) is denoted as Z7."
(Z%52r). Each matrix M e Z3)"™ is the incidence matrix of a weighted graph G =
(V]u, EM, ’w]\4), where VM = {1, ey n}, EM = {(Z,j) | Mij < OO} and w(i,j) = Mij,
foralli,j € {1,...,n}. In this case, we also define (M) = pu(Gpr).

A term t over a set of variables x = {x1,..., 2} is a linear combination ag+a; 21 +
...ayxn, for some integer constants ag,ai,...,an € Z. An atomic proposition is a
predicate of the form ¢ < 0 or ¢t =. 0, where ¢ is a term, ¢ € N, is a constant, and
=, denotes equality modulo c. The boolean constants false and true are denoted by 1
and T, respectively. Quantifier-free Presburger Arithmetic (QFPA) is the set of boolean
combinations of atomic propositions of the above form. For a QFPA formula ¢, let
Atom(¢) denote the set of atomic propositions in ¢, and ¢[t/x] denote the formula
obtained by substituting the variable = with the term ¢ in ¢. We assume that all integers
are encoded in binary and denote by |¢| the size of the binary encoding of a formula ¢.

Let x denote a nonempty set of integer variables. A valuation of x is a function
v :x — Z. The set of valuations is denoted by Z*. If v € Z* is a valuation, we denote
by v & ¢ the fact that the formula obtained from ¢ by replacing each occurrence of
x € x with the integer v(x) is valid under the standard interpretation of the first-order
arithmetic. A formula ¢ is said to be consistent if and only if there exists a valuation
v, such that v = (. The consistency problem (also known as the satisfiability problem)
for QFPA is NP-complete [35, Lemma 5].

Let x’ denote the set {«' | © € x} of primed variables. A formula ¢(x,x’) is
evaluated with respect to two valuations v, € Z*, by replacing each occurrence of
x € x with v(z) and each occurrence of z’ € x” with /() in ¢. We write (v,v') E ¢
when the formula obtained from these replacements is valid. A formula ¢(x,x") is
said to define a relation R ¢ Z* x Z* whenever for all v,v’ € Z*, we have (v,v') € R
iff (v,") E ¢. The empty relation is denoted by @. The composition of two relations
Ry, Ry € Z* x Z* defined by formulae (4 (x,x’) and ¢3(x,x’), respectively, is the
relation Ry o Ry € Z* x Z*, defined by the formula Jy . p1(x,y) A pa(y,x’).

The identity on x is the relation I, € Z* x Z* defined by the formula A, " = 2.
For any relation R ¢ Z* x Z*, we define RY=1I,and R*' = R"o R=Ro R", forall
n € N. R" is called the n-th power of R in the sequel. The infinite sequence of relations
{R"}>, is called the power sequence of R. With these notations, R* = U5, R"
denotes the transitive closure of R, and R* = R* Ul denotes the reflexive and transitive
closure of R. A relation R is said to be *-consistent if and only if R" # @, for all
n € N,. If R is not *-consistent, there exists b > 0 such that R = &, for all n > b.

Definition 1 A class of relations R is the union of all monoids (Rx,o,1x), where



X X . . . . ..
Ry € 22727 s a set of relations over x closed under conjunction and composition,
containing the relations 1« and @.

In this paper we will define classes of relations by a fragments of QFPA. In fact, any
fragment of QFPA that contains equality and is closed under conjunction and quantifier
elimination defines a class of relations.

3 The Reachability Problem for Flat Counter Machines

In this section we define counter machines, which are essentially a generalization of
Rabin-Scott finite nondeterministic automata, extended with a set of integer counters,
and transitions described by quantifier-free Presburger formulae. Formally, a counter
machine (CM) is a tuple M = (x, L, linit, £fin, A), Where:

* x is a set of variables (counters) ranging over Z,

e L is aset of control locations,

* linit, Uan € L are the initial and final control locations, respectively,

o A is a set of transition rules of the form ¢ 20D, ¢, where ¢, ¢’ € L are control
locations and ¢(x,x") is a QFPA formula defining both (i) the conditions on
the current values x that enable the transition, and (ii) the updates of the current
values x to the next values x’.

The size of the binary representation of a counter machine is defined as | M| = Ze I |6

)

i.e. the sum of the sizes of all formulae labeling the transition rules of M.

A configuration of M is a pair (¢,v), where £ € L is a control location, and
v € Z* is a valuation of the variables. A run of M is a sequence of configurations
(Yo,v0),- -, (bn,vyn), where £y = linit, £n = Ly and for each i = 0,...,n — 1, there
exists a transition rule ¢; 2, £;4+1 such that (v;,v;11) E ¢;. The reachability problem
asks, given a counter machine M, does M have a run?

Let us now define the flatness restriction on counter machines. The control flow
graph of M is the labeled graph whose vertices are the control locations £ and whose
edges are the transition rules in A. A cycle in this graph is elementary if it does not
contain another cycle. A counter machine M is flat if and only if every control location
belongs to at most one elementary cycle in its control flow graph.

For a set of relations R, we denote by REACHFLAT(R) the class of reachability
problems for all flat counter machines M where, for each transition rule ¢ (b(x—x% 4
belonging to a cycle in the control flow graph of M, the formula ¢(x,x") defines a
relation from R. The main result is that REACHFLAT(OCT) is NpP-complete, where
OCT is the set of relations defined below.

Definition 2 A formula ¢$(x) is an octagonal constraint if it is a finite conjunction of
atomic propositions of the form +x; < o; or +x; + x; < B,;, where oy, Bi; € Z, for all
1<4,5 < N. We denote by OCT the set of relations R € 7 x Z** defined by octagonal
constraints ¢(x,x’).

Example 1 Fig. shows a flat counter machine M = ({i,5,b}, {o, 01, 2,03}, 4o, 03, A).
The machine increments both counters i and j by executing the self-loop on state {1 a



number of times equal to the value of b, that was guessed on the transition {y — {1,
then it will move to {5 and will increment i, while decrementing j, until j = 0. Finally, it

. op . .. i=2b
moves to its final state if 1 = 2b. Observe that all transition rules, except for {5 =, L3,
D

are labeled with octagonal relations. |
0<i<b 7>0
, if=i+1 ) i'=i+1
0<b Jra i=b pra

i'=0 i =1

j’=0 Q i'=j Q i=2b
W— @ — & —

Figure 1: A flat counter machine

In the rest of this section we set the ground for the proof of the NP-completness
result by presenting necessary background notions concerning octagonal constraints,
starting with a simpler class of formulae, called difference bounds constraints. In par-
ticular, we show that the set of octagonal relations are closed under compositions, thus
OCT is a class of relations in the sense of Definition[]l

3.1 Difference Bounds Constraints

Letx = {x1, 22, ...,z } be aset of variables, for some N € N,. Without losing gener-
ality, we consider only formulae in which each atomic proposition involves exactly two
variables. Atomic propositions x; < oy, T; > «;, for a; € Z, are replaced by x; - ( < «,
¢ — z; < —ay, respectively, for an extra variable ¢, with the implicit assumption ¢ = 0.

Definition 3 A difference bounds constraint ¢(x) is a finite conjunction of atomic
propositions of the form x; — x; < ayj, 1 < 4,5 < N, where oy € Z. A relation
R ¢ Z* x Z* is a difference bounds relation if it is defined by a difference bounds
constraint ¢p(x,x").

If ¢(x) is a difference bounds constraint, the difference bounds matrix (DBM) rep-
resenting ¢ is the matrix My € ZX N, where (My)i; = aij if 7;-7; < ayj € Atom(),
and (My);; = oo, otherwise (see Fig. [2|(a) for an example). In particular, any incon-
sistent difference bounds constraint is represented by the N x N matrix [—oo ]y, whose
coefficients are all —co. Dually, a matrix M € ZY*¥ corresponds to the difference
bounds constraint ®(M) = Ans,, <0 Ti — x5 < M;j. M is consistent if (M) is a
consistent formula. The constraint graph G4 of a difference bounds constraint ¢ is the
weighted graph whose incidence matrix is M (see Fig. [Z] (b) for an example).

Definition 4 A consistent DBM M € ZX*N is said to be closed if and only if:
1. M;; =0, forall1<i< N, and
2. all triangle inequalities M, < M;; + My, hold, for all 1 < 4,7,k < N.
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Figure 2: Let ¢(x1, 20, 2], 25) =x1—2] < 1Az —2h < —1Amo—2) < —2A20-25 <2
be a difference bounds constraint. (a) shows the closed DBM of M dt and (b) shows the
constraint graph Gg.

Given a consistent DBM M, the unique closed DBM which is logically equivalent to
M is denoted by M*. If M is an inconsistent DBM, we denote M* = [-oo]y, by
convention. Observe that the closed DBM is a canonical (unique) representation of a
difference bounds constraint. Moreover, this canonical representation of a DBM can
be computed in cubic time, using the classical Floyd-Warshall shortest path algorithm.
It is known that quantifier elimination for difference bounds constraints takes cubic
time in the size of the binary representation of the constrainﬂ Then the set of relations
R ¢ Z* x Z* defined by difference bounds constraints ¢z (x,x") is closed under rela-
tional composition. Since the identity relation I is definable by a difference constraint
and the empty relation @ is definable by any inconsistent constraint the set of difference
bounds relations forms a class (Definition , denoted as DB in the following.
Because any difference bounds relation R € Z*xZ*, defined by a formula ¢(x, x’),
is uniquely represented by the difference bounds constraint ® (M, ;), we define the
size of its binary representation as |R| = |®( )|, independently of the choice of
¢. In principle, any algorithm that takes as input a difference bounds relation R can
be considered w.l.o.g. to work directly on its canonical representation, because the
time needed to compute the canonical representation of R is O(|R|*), thus any super-
polynomial bound derived with this assumption carry over to the general case.

3.2 Octagonal Constraints

Given a set of variables x = {z1,...,2n}, an octagonal constraint ¢(x) (Defini-
tion | is usually represented by a difference bounds constraints ¢(y), where y =
{y1,.--,Y2n}» Yy2i-1 stands for +x; and yo; stands for —x;, with the implicit require-
ment that yo;_1 = —y9;, for each 1 <4 < N. Observe that the latter condition cannot be
directly represented as a difference bounds constraint. Formally, we have:

(v;—xj<c)e Atom(¢) = (Y2i-1 — Yoj-1 <€), (Y25 — y2i < ) € Atom(9)
(—wi+xj<c) e Atom(9) < (Y2j-1—y2i-1 <€), (Y21 — y2; < ) € Atom(¢)
(—wi—xj <c) e Atom(¢) < (Y2i — Y2j-1 <€), (Y25 — Y2i-1 < ) € Atom(¢)
(vi+zj<c)eAtom(d) < (Y2i-1 —y2j <), (Y2j-1 — y2i < ¢) € Atom(9)

2To eliminate 3z.¢4(x), one computes the closed DBM M; in cubic time in the binary size of ¢ and
eliminates the row and column corresponding to = from it.



In order to handle the y variables in the following, we define 7 = ¢ — 1, if ¢ is even, and
7 =1+ 1if ¢ is odd. Obviously, we have 7 = ¢, foralli € Z, i > 1.

An octagonal constraint ¢(x) is represented by the matrix Mg €
responding to ¢(y). A matrix M e Z2N*2N is coherent if M;; = My for all 1 <
i,7 < 2N. This property is needed because an atomic proposition z; — ; < ¢ can be
represented as both y2;_1 — y2;-1 < ¢ and y2; — yo; < c. Dually, a coherent matrix
M e Z2N*2N corresponds to the following octagonal constraint:

Z2N*2N - cor-

Q(M) = /\ T;—x; < M2i—1,2j—1 A /\ T+ x5 < M2i—1,2j A /\ —Z;—x; < M2i,2j—1

1<i,j<N 1<i,j<N 1<i,j<N

A coherent DBM M is said to be octagonal-consistent if Q(M) is consistent.

Definition 5 An octagonal-consistent coherent DBM M € Z2N*2N s said to be tightly

closed if and only if it is closed and M; < | x| + | *02|, forall1<i,j < N.

The last condition from Definition [5] ensures that the knowledge induced by the
implicit conditions y; + y; = 0, which cannot be represented as difference constraints,
has been propagated through the DBM. Since 2y; = y; — y; < Myz and -2y, = y; - y; <
M;;, we have y; < |2 and —y; < [MQ” |, which implies y; — y; < |24z ] + [%J
thus M;; <[22 ]+ [hgj | must hold, if M is supposed to be the most precise DBM
representation of an octagonal constraint. If 5 = 7 in the previous, we obtain M;; <
2| ]Vé” |, implying that M;; is necessarily even, if M is tightly closed.

The following theorem [2] provides an effective way of testing octagonal-consistency
and computing the tight closure of a coherent DBM. Moreover, it shows that the tight
closure of a given DBM is unique and can also be computed within the same cubic

time upper bound, as the DBM closure:

Theorem 1 Let M € Z2N*2N be a coherent DBM. Then M is octagonal-consistent

iff M is consistent and [MQ%J + [%;‘J >0, forall 1 <i < 2N. Moreover, if M is

octagonal-consistent, the tight closure of M is the DBM M* € Z2N*2N defined as:

* MZ.
ij = min{Mi?> [M”J + l”J}
2 2

forall1<i,j < 2N, where M* € Z2N*2N s the closure of M.

Proof: |12, Theorems 2 and 3]. O

The tight closure of DBMs is needed for checking entailment between octagonal
constraints and for quantifier elimination, as shown by the following proposition.

Proposition 1 Let ¢(x) and 1(x) be two consistent octagonal constraints. Then, the
following hold:

1. ¢ = 1 ifand only y‘(M%) < (M%)H,for all1<i,j <2N.
ij i
2. Jzg.d(x) < Q(M'), where M’ is the DBM obtained by eliminating the lines
and columns 2k and 2k + 1 from M%



YioY2 Y3 Y4 i Ys Y3 Vi
y1 {0 o0 o0 5 o0 o0 o0 2
yg J oo 0 o0 o0 o0 -2 o0 -1
ys oo 5 0 oo oo 3 oo 4
Yg | oo o0 o0 0 o0 o0 o0 -3
Y |-2 o0 0o 3 0 o0 oo 0
yp | 0 o0 o0 o0 oo 0 oo 1
yil-1 2 -3 4 1 0 0 O
Yy \oco o0 o0 o0 o0 o0 o0 0
t
Gs Mg

Figure 3: Graph and matrix representation of the difference bounds representation
¢(y,y’) of an octagonal relation defined by ¢(x,x’) = 21 + 22 <5 A 2] — 27 <
2 Axhy-xa<-3 A ay—ah <L

Proof: Point (I) is by [28, Theorem 4.4.1] and point (2) is by [5, Theorem 2]. O

Since octagonal constraints have quantifier elimination, by Proposition [T] (), the
set OCT of octagonal relations forms a class, in the sense of Definition |I| Moreover,
since a tightly closed DBM is a canonical representation of an octagonal relation, we
can define w.L.o.g. the size of the binary representation of a relation R € OCT as |R| =
|Q(M£)|, where ¢ is any octagonal constraint that defines /2. Again, this definition
has no impact on the computational complexity of the decision problems involving
octagonal relations, because the canonical representation of any R € OCT can be
computed in time O(|R[?).

Example 2 Consider the octagonal relation defined by ¢(x1,x2, 21, 25) = 21 + 22 <
S5Ax) -2 € -2Ax5 -9 < -3Axh—x) < 1. Its difference bounds representation
sy, y') & y1-Ya S5AYs Y2 SH5AY —y1 < -2AY2 — Y5 < 2 Ay —y3 <
=3Ays-yy < -3Ays—yi <1Ayy—yy <1, wherey = {y1,...,ys}. Figure[3(a) shows
the graph representation G=. Note that the implicit constraint y§ — yj < 1, represented
by a dashed edge in Figure[3[a), is not tight. The tightening step replaces the bound 1,
crossed in Figure[3(a), with 0. Figure[3b) shows the tightly closed DBM representation
of R, denoted M% [ |

3.3 Periodic Relations

As shown in the previous, both difference bounds and octagonal relations are closed
under compositions and have canonical matrix representations. When studying the
complexity of the reachability problem REACHFLAT(OCT), a crucial point concerns
the behavior of the power sequence {Rk}:’:o, for a relation R € OCT. A first ob-
servation is that, for any k& > 0, we have that R* € OCT. If we denote by o(R) the
canonical DBM representation of R, we show that the sequence of DBMs {o(R")}%2,
is periodic, in a sense that we define next. This fact is important for the definition of a
nondeterministic algorithm that solves the above reachability problem.
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We consider infinite sequences {sy} 5. in Z.co, With the following extension of
addition: (i) for all € Zq,,  + 00 = 00+ = oo, and (ii) for all z € Z, oo, x + (—00) =
—00 + x = —oo. A sequence {sy},., is an arithmetic progression if there exists a
constant \ € Z, ., called rate, such that sg.1 = si + A, for all £ > 0. A generalization
of this notion are periodic sequences, defined below.

Definition 6 An infinite sequence {sk}:;o, where 5y, € Loy oo, for all k > 0, is said to be
periodic if and only if there exist integer constants b >0, c>0and Ao, ..., Ae-1 € Zroo
such that Sy (k+1yeri = Sbakeri + Ao, for all k > 0 and all i € [c]. The smallest b, c and
;i are called the prefix, period and rates of the sequence.

Note that an arithmetic progression is a periodic sequence with prefix 0 and period 1.

In the following, we consider sequences of square matrices and say that an infinite
sequence { My}, of matrices M}, € Z"2" is periodic if every sequence {(Mjy), iTheo
is periodic, for all i, j € [n]. The next lemma provides a characterization of periodicity
for a sequence of matrices, with an estimation of its prefix and period.

Lemma 1 A a sequence of Z'32" matrices { My}, is periodic iff there exist integers

b >0, ¢ >0 and matrices Ay, . .., Aoy € Z13 such that:
Vk>0Vie[c]. Mb+(k+1)c+i = Mpigeri +Ni .

If, moreover, b;; and c;j are the prefix and period of the sequence {(My), j}Z":O, then
b=maxi<; jen(bij), ¢ =lemig; jen(cij) are the smallest such integers.

Proof:  “=" Suppose that the sequence {Mj};-, is periodic. Then, for each i,; €

n], the sequence {(My,);;}5°  is periodic, and let A, ... A\ __ be the rates of this
q 3 k=018 P 0 cij-1

sequence. For all £ € [c] and all 4, j € [n], define (A¢),; = i . ()‘g—b,;ﬁé) modc“).
The check My, (k41)cre = Mysrere + Mg, for all k > 0 and £ € [c] is straightforward.
“«<” For each 4, j € [n], the sequence {(Mk)ij}]:o:o is periodic: (MbJr(,ﬁl)chg)
(Mb+kc+g)ij + (Ag)ij, forall k> 0and ¢ € [c].

For the last point, suppose first, by contradiction, that there exists b’ < maxi¢; j<n (bi;)
such that My, (j11)cre = Myikere + Mg, forall k > 0 and £ € [c]. Let 1 < s,t < n be
such that by = maxi<; j<n(b;;). Then the sequence {(Mk)st}:;o is periodic with
prefix b’ < by, contradiction. Second, suppose by contradiction, that there exists
c < 1cm15i,j3n(cij) such that Mb+(k+1)c’+£ = Mpigerve + Mg, forall k >0and £ € [C,].
Then there exists 1 < s,t < n such that c,; does not divide ¢’, which contradicts the fact
that the sequence {(My),, } ., is periodic with period c¢. |

ij

Let us focus now on sequences of matrices that represent the power sequences
{R*}s2,, where R € OCT. Given a set of variables x = {x1,...,7x}, we denote
by OCTx the class of octagonal relations R € Z* x Z*. Formally, let o0 : OCTx —
ZAN*AN y {[~oo]4n} be the bijection that maps each consistent relation R into its
canonical DBM o (R) € Z4V*4N and the inconsistent relation into o(@) = [~oo]4n.
Then R is said to be periodic if the matrix sequence {o(R*)}52, is periodic. If every
relation in a certain class is periodic, we call that class periodic as well.

11



Example 3 Consider the octagonal relation R ¢ YASEANYACE ) defined by the formula
' =y+1ay =x, where forall £ € N:

~

|z y 2y | =y = Y
z | 0 00 00 l T 0 oo —£-1 00
o(R*1)= yloo 0 -1 oo o(R*?)= y| 0 o0 -1
' | oo £+1 0 ) [ l+1 o0 0 )
y | -¢ oo ) 0 y | o £+1 o 0
The sequence {o(R*)}32, is periodic with prefix b = 1 and period c = 2, where:
0 0 0 1 0 0 -1 0
0 0 -1 0 0 0 0 -1
do=lg 1 0 0 M= 00 o
-1 0 0 O 01 0 O
|

One of the results in this paper is that the class OCT is periodic. The proof of this
fact relies essentially on the fact that the class DB is periodic, and uses (a variant of)
Theorem [I] to generalize this result from difference bounds to octagonal relations. In
the next section we give a generic nondeterministic decision procedure for the problem
REACHFLAT(R), where R is a periodic class of relations. Moreover, we identify
certain conditions under which each branch of the procedure terminates in polynomial
time, which provides an NP upper bound for the REACHFLAT(R) problem.

4 An Algorithm for the Reachability Problem

In general, the decision procedures for the reachability problem for flat counter ma-
chines rely on acceleration [4,[13]], which is defining the transitive closure of the rela-
tions that occur on the cycles of these machines by formulae from the quantifier-free
fragment of Presburger arithmetic. To show that these reachability problems belong to
the class NP, it is essential to build these QFPA formulae in polynomial time.

For the sake of simplicity, we explain the idea of a nondeterministic algorithm
(Algorithm [T) for the reachability problem on the flat counter machine below:

$(x,x")
Q
I(x) F(x)
Zinit — { — fﬁn (1)

where I(x) and F(x) are QFPA formulae and ¢(x,x’) is an octagonal constraint
defining a relation R € OCTy, for a given set of variables x = {z1,...,2y}.

Let us assume for now that this relation is periodic. The algorithm guesses candi-
date values for the prefix b > 0 and period ¢ > 0 of R (line [2), computes a candidate
rate A (line , and checks if b, ¢ and A satisfy the following condition (line E]):

IND(B,C,A): ¥n>0.0(c7 (B+n-A)oo " (C))=B+(n+1)-A (2)

12



Algorithm 1 nondeterministic algorithm for the reachability problem
input: M = (x, {linit, £, £ain } Linis, Lsin, A) of the form , where x = {z1,...,TN}
output: YES if and only if M has a run from ¢;;; to fg,

let R be the relation defined by ¢(x,x")

choseb>0andc>0

let A € Z4V*4N be a matrix such that o(R?) + A = o(RY*®)

if IND(0(R),0(R®),A) then

chose i € [b]

¢ < I(x) AQ(o(RY)) A F(X')

chose j € [c]

¢ < k>0AI(x)Ac(o(R™) +k-A) A F(x)
if <0 v " is satisfiable then

10: return YES

11: fail

R A A ol

where B,C and A are square matrices of equal dimension, in our case B = O’(Rb),
C = o(R°) and A is such that o(R%) + A = o(R"*¢). Intuitively, this means that b,
c and A are valid choices for the prefix, period and rate of the sequence of matrices
{U(Rk)}::o, in the sense of Lemma

In case the reachability problem for M has a positive answer, i.e. there exists a run
from fini¢ to fgy, two cases are possible. Either the number of iterations of the loop
is (i) strictly smaller than b, or (ii) between b + nc and b + (n + 1)c¢, for some n > 0.
The first case is captured by the QFPA formula ¢<* (line @), where Q(o(R?)) is the
canonical octagonal constraint representing the relation R’.

The second case is encoded by the QFPA formula ¢=° (line . Here k ¢ x is a
parameter variable and by Z[k]. we denote the set of univariate linear terms of the
form a- k +b, with a,b € Z,. Also Z[k]2*™ denotes the set of m x m square matrices
of such terms. With these notations, ¢ is a mapping of matrices M[k] € Z[k]2N*4N
into parametric octagonal constraints consisting of atomic propositions of the form
tx +y < a-k+b, defined in the same way as the octagonal constraint (M) is defined
for a matrix M e ZXV*4N Moreover, ¢ satisfies the following condition:

VM e Z[k2V N vyn e N . ¢(M)(n) = o~ (M[n/k]) 3)

The final step is checking the satisfiability of the disjunction ¢<* v ¢>* (line E]) It
the formula produced by a nondeterministic branch of the algorithm is satisfiable, the
reachability question has a positive answer. Otherwise, if no branch produces a satisfi-
able formula, the reachability question has a negative answer.

To prove that the class of reachability problems REACHFLAT(OCT) is in NP, it
is enough to show that, for any machine M of the form (I), each branch of Algorithm
[1]terminates in PTIME(|M]). For this, the matrices o'(R°), o(R') and o(R"*/) must
be computable in PTIME(|R]), forall i = 0,...,band j = 0,...,c and, moreover, the
condition IND(o(R®),o(R), A) (2) must be decidable in NPTIME(|R|). Under these
conditions, the QFPA formulae ¢<° and qﬁzb are of polynomial size in [M|, and the
satisfiability of their disjunction is decidable in NPTIME(|M]).
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The following theorem generalizes this argument to arbitrary flat counter machines
by giving sufficient conditions under which the class REACHFLAT(OCT) is NpP-complete.

Theorem 2 REACHFLAT(OCT) is NP-complete if there exists a constant d, such that
the following hold, for each relation R € OCT:

1. |R"| = O((|R]| -logn)?), for all n > 0,

2. R is periodic with prefix and period of the order 0f20(|R‘d).

Before giving the proof of Theorem [2} we show that the condition IND(B, C, A)
is decidable in nondeterministic polynomial time, by reduction to the satisfiability of a
QFPA formula. The proof relies on a symbolic tight closure algorithm (Algorithm 2)),
which builds such a formula using a cubic number of steps.

Algorithm 2 Symbolic Tight Closure algorithm

mxm

input: a matrix M € Z[k] of univariate linear terms

output: a matrix T" € Z,[k]™" of univariate terms over min, +, and | 3 |
1: function SYMBFW (M)

2 fori=1,...,mdo

3 forj=1,...,mdo

4 Pij <« Mij

5: fork=1,...,mdo

6 for:=1,...,mdo

7 for j=1,...,mdo

8 Pij <—min(Pij,Pik +ij)
9 return P

1: T <« SYMBFW (M)

2: fori=1,...,mdo

3: forj=1,...,mdo
4

5

7,y < min(Ti;, | 5]+ 1 5))

: return 1’

Lemma 2 Given N > 0 and matrices B,C, A € ZN*4N  the condition IND(B, C, A)
is decidable in nondeterministic polynomial time.

Proof: The condition IND(B, C, A) checks the validity of the equivalence:

Vk>0.0(c Y (B+k-A) oo (C))=B+(k+1)-A .

For a matrix M € Zo,[k]*¥*4N of univariate linear terms in k, we define the labeled

graph Hpr = (yuy’,—), wherey = {y1,...,yan } are the variables used in the differ-

ence bounds encoding of an octagonal relation with variables {1, ..., zy }, and whose
M;, 5 M; j+2N ; Mivan,j ;, MiteN,j+2N
labeled edges are y; — y;, y; Yis Y Yjs Vi y;, for all

1<, < 2N. The left-hand side of the equivalence IND(B, C, A) corresponds to the
graph Hj,s with vertices y(o) U y(l) U y(2), such that:

14



* Hinslyuy(1) is the graph # g, 1.2, in which the vertices y(© and y* replace
y and y’, and
. thsiya)uy(z) is the constraint graph G representing the difference bounds
constraint ®(C'), in which y(*) and y® replace the vertices y and y’ of Gc,
respectively.
The right-hand side of the equivalence IND(B, C, A) is represented, in a similar way,
by the graph H,ys, which equals the graph Hp, (k11).4, With vertices y(*) and y(*)
replacing y and y’, respectively.

Since both graphs denote (parametric) octagonal constraints, by Proposition
we need to prove that, for all £ > 0 the path labels corresponding to the minimal paths
within the tight closures of the incidence matrices of Hjys and H,ys are equal, for all
k > 0. These tight closures can be expressed by univariate terms with variable k, built
in time O(N?), from constants ¢ € Z and the functions min, + and | 3 |, by Algorithm
which implements the result of Theorem|[I] Notice that the size of each such term is
bounded by the time needed to build it, i.e. O(N 3). Finally, each term can be encoded
in QFPA, because all constituent functions, i.e. min, + and [§J are QFPA-definable. As
a direct consequence, the condition IND(B, C, A) is decidable in NPTIME. O

Proof of Theorem[2] NP-hardness is by reduction from the satisfiability problem for
QFPA, and the fact that any transition rule of a flat CM, that is not part of a cycle,
can be labeled by an arbitrary QFPA formula. Given an instance ¢(x) of the QFPA
satisfiability problem, we consider the CM ¥yt 2 lgn. The reachability problem has
a positive answer iff ¢ has a satisfying assignment.

To prove that REACHFLAT(OCT) is contained in NP, let M = (x, L, {1, £, A) be
a flat CM, where £ = {{1,...,¥{,}. First, we reduce the control flow graph (£, A) of
M to a dag and several self-loops, by replacing each non-trivial cycle:

Ph-1

Elo ﬁ) £i1 i) €i2 Eik—2 E) gik I £
where k£ > 1, with the following sequence:
AoGex)  ALGex) A1 ()
Gy 2 6 &?_1 SN N )
where \;(x,x’) = 3x1,...,X;41 - ¢j(x7 Xjr1) A A Qo1 (Xpo1, X)) A o (XK, X1) A
LA Q- 1(xj 1,x'), &, ;... t; _ are fresh control locations not in £, and for each

rule /;, 2 £y of M, where m # i(j41) mod k» We add a rule E’ 2 £y, for each
J = O .,k — 1. This step doubles at most the number of control locations in L.
W.l.o.g., we can consider henceforth that each control location ¢; belongs to at most
one self loop labeled by a formula ¢;, fori =1,...,2n.
For each cycle ¢; AN £;, where ¢; defines a relation R; € OCTy, for each ¢ =
1,...,2n, the nondeterministic algorithm performs the steps of Algorithm[I]} namely:
1. Guess values b; > 0 and ¢; > 0, of the order of 20(|R’?‘d) , compute the powers Ri.” s
RS and RY* and find A; such that o (RY**“") = o( R )+A,;. By the hypotheses
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and (2)) this computation is possible in PTIME(| R;|), using exponentiation by
squaring.
2. Check the validity of the condition IND(U(Rfi ),o(R;"),A;) in NPTIME(|R;|),
which is possible by Lemma 2]
3. Build a QFPA formula ¢; (k,x,x") = ¢5 (x,x") vz’ (k, x,x") in PTIME(| R;).
The second step uses a breadth-first dag traversal to label each control location in ¢,
fori=1,...,2n, with a QFPA formula 6;(x,x") that captures the summary (effect) of
the set of executions of M from the initial state ¢; to ¢;. We assume w.l.0.g. that (i) for
every location ¢;, © = 2,...,2n, there exists a path in M from ¢; to ¢;, and (ii) there
is no self-loop involving ¢; in M. We consider the sets of variables k = {k1, ..., kap}
andx! = {z!,[€=1,..., N}, wherei=1,...,2nandt € {in, out}. We define f; =T,
andforall j =2,...,2n:

0 (X1 onsXTW 00) =V 0i(XT o X 00 ) Ai (X, X ) A (R 7, x5

R;;
J
i =4

where ¢;; is the formula defining Rz;;. It is not difficult to prove that, for all ¢ =
1,....2nand v,v' € Z*: (v,v') E0; < M hasarun ({1,v),...,(4;,v") .

Since for every location ¢;, i = 2,...,2n, there exists a control path from ¢; to
it, the breadth-first traversal guarantees that each predecessor ¢; of a location ¢; is
labeled with the summary ¢; before ¢; is visited by the algorithm, ensuring that the
definition above is correct. Moreover, the dag structure (excepting the self-loops) of
the CM guarantees that it is sufficient to visit each locations only once in order to label
it with a summary. Thus, the labeling takes polynomial time and, consequently, |0;] is
polynomially bounded by |M|, for each ¢ = 1,...,2n. Since the size of the sumary
labeling the final location is polynomial in M|, and the satisfiability problem is in
NPTIME(|M|), it follows that REACHFLAT(OCT) is contained in NP. O

In the next section we prove the point (I)) from Theorem 2] The rest of the paper is
dedicated to proving point (2), which requires a more complex technical argument.

4.1 The First Ingredients of the Proof

In order to apply Theorem[2]we start by proving that the first assumption from its state-
ment holds for each octagonal relation R € OCT, namely that the size of the binary
representation of the n-th power R" is bounded by a polynomial function with argu-
ments |R| and log n. In this case, the binary size of an exponentially large power R™,
where n = 22081 and d is a constant, is bounded by a polynomial in |R|. Moreover,
such powers can be computed in a polynomial number of steps, using exponentiation
by squaring. This is essential in proving that each branch of the nondeterministic Algo-
rithm [T] terminates in polynomial time, and also in the generalization of this reasoning
to arbitrary flat CM with cycles labeled by octagonal constraints (Theorem [2).

As in most proofs in the rest of this paper, it is useful to prove the statement first
for the simpler class of difference bounds relations, and use Theorem |1| (or a variant
thereof) to relate difference bounds with octagonal relations. Since difference bounds
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relations can be represented by weighted graphs (see Fig. [2] (b) for an example), we
use a weighted graph to represent the n-th power of a relation R € DB.

We write G for the weighted graph G, (g), in which each vertex 1 < 7 < N is
replaced by the variable x;, and each vertex NV < i < 2N is replaced by ;. For a matrix
M e 72N*2N | we denote its top-left, top-right, bottom-left and bottom-rigth N x N
corners as "M, M™, .M, and M,, respectively (see Fig. [2](a) for an example).

Definition 7 Let R € DBy be a relation and n € N, a constant. Let G = (Uj_o x™*, —, w)
be a weighted graph, where x* = {xik) [1<i< N} and for all k € [n]:

(RN
K3

.  2® 5

ez xgk) if and only if x; = x; is an edge of G,

x;-k”) if and only if x; = x; is an edge of Gg,

o x§k+1) N

c o . B c .
o D S x;"“) if and only if 2} — x'; is an edge of Gr.

a:;k) if and only if ¥ = x; is an edge of G,

The constraint graph G7% is said to be an unfolding of the constraint graph Gr. The key
observation relating the power R™ of R and the unfolding graph G7% is the following:
each difference constraint defining R™ is given by a minimal path between the extremal
vertices (from the set x© ux) in G. Formally, for all ¢, j € {1,..., N'}, the power
R™ is defined by the conjunction of the following constraints:

-z < ("o(R"));; =minwgn (282, x;o))

zi-xf < (o(R™*),; = minwgn (zi”,2;") s
zi-x; < (a0(R"));; =minwgr (xg"),x;o)) ©)
ri-x < (U(R")_)ij = mint;é(xE"), a:;"))

where minwgz (27, x;")) = mingey {minvvglg (7, x;")7 0) }, and minwgr (87, x;(’), )

is the minimal weight among all paths of length ¢ between azg” ) and :z:;‘” in G, or oo, if
(»)

)

no such path exists. When the length is not important, we denote a path between x

(a) (») *, ()
and x" as x; z

o “ KO 1) @ (B @) 6 46

T ; Z/Z . 1 21 “ « « «
T3 ’ x4 [ ) o o o o
:o xr3
o ! If; T 0 : 0 : 0 : 0 : 0 : 0 :
(a) G — the constraint graph of R (b) GY — the 6-times unfolding of Gr
Figure 4: Constraint graphs for the DB relation R = x5 -2} < —-1Az3—-25 < 0Az—25 <

Onzh—zg <OAZE—24 <0.

Example 4 Consider the difference bounds relation R defined by the formula ¢ =
Ty -} <-1Axg -5 <OAmy —ah <OATy —24 <OATs—24 <O0. Fig. H(a) shows
the constraint graph Gg and Fig. (b) depicts the unfolding GS, of Gg. [ ]
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We are now ready to prove that the first condition of Theorem [2] holds for any
difference bounds relation.

Lemma 3 There exists a constant d > 0 such that, for every relation R € DB, we have
|R"| = O((|R| -logn)?), for all n > .

Proof: We assume w.l.o.g. that R" is consistent, otherwise R"* = & for all m > n and
|R™| = |R"|. Then the unfolding G}, does not contain cycles of negative weight, thus
any minimal path in G}, does not contain a cycle. Since G} has (n + 1) - N nodes, any
minimal path has weight at most - (n + 1) - N, where p is the maximal value among
the labels of Ggr. Since there are at most 4N 2 such paths in the definition of R" ,
we compute:
|R™| 4N?log(p-(n+1)-N)

4|R]*(2log|R| +logn + 1)

AR log(|R|- (n + 1) - |R])
16|R)? -logn < 16(|R|-logn)?® . O

ININ
IAN N

In order to establish a similar result for the more general class OCT, we must first
relate the powers of an octagonal relation R € OCT, defined by a constraint ¢(x,x")
with the powers of the difference bounds relation R € DB, defined by the constraint
(y,y"), obtained from ¢ by doubling the number of variables. The following lemma
establishes the needed correspondence between R™ and R". We recall that a relation
is said to be *-consistent if each of its powers is consistent.

Lemma 4 For any -consistent relation R € OCT, the following holds, for any n > 0:

o(R")ij = min (U(Rn)ij, lU(R )”J + [U(R )jjJ) _

2 2
Proof: [I8, Lemma 4.30]. O

The following lemma proves the validity of the first condition of Theorem [2] for
every octagonal relation.

Lemma 5 There exists a constant d > 0 such that, for every relation R € OCT, we
have |R™| = O((|R| -logn)?), for all n > 0.

Proof: We assume w.l.o.g. that R is *-consistent, otherwise there exists n > 0 such
that R™ = @, thus |R™| = |R"|, for all m > n. By Lemma we infer, for any n > 0:

4N 4N n .
[R" = 3 log(a(R™);; < . log(a(R")) =[R"| .

i,j=1 i,j=1 v

By Lemma we have |En| = O((|R|logn)?) for a constant d > 0, not depending on
R. Observe that |R| < 2|R|, since every constraint of R is encoded by two constraints
of R. We obtain thus |R"| = O((|R|logn)%), for any n > 0. ]
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5 The Periodicity of Octagonal Relations

In this section we prove that the class of octagonal relations is periodic, that is, for each
relation R € OCT, the sequence of matrices {o(R¥)}° is periodic. Moreover, we

show that the prefix and the period of this sequence are of the order of 20(‘R|d), for a
constant d > 0 that does not depend on the choice of R. By Theorem[2] a consequence
is that the class of problems REACHFLAT(OCT) is NpP-complete.

The core of the proof is showing periodicity of difference bounds relations and
establishing the upper bounds for the prefix and period of sequence {o( R¥ ) 2o, where
R e DB. The main idea is that the coefficients of any matrix o (R*) can be derived from
the k-th power of a larger matrix M g, where the matrix product is defined using min as
addition and + as multiplication. Intuitively, a sequence {M%}° gives the minimal
weights of the paths of length k£ = 0,1, ... in a weighted graph Ag, whose incidence
matrix is Mp. To obtain the simply exponential bounds on the period and prefix of
a sequence {o(R*)}52,, we develop this periodicity result further, by exploiting the
structure of the strongly connected components of Ag.

In a nutshell, the set of paths from an unfolding Qﬁ of the constraint graph Gr
that represents the relation R € DB (Definition[7) is the language, consisting of words
of length &, recognized by a weighted automaton Ap, (called zigzag automaton in the
following). We use an idea of Comon and Jurski [10]] that show that the set of minimal
weights of these paths can be captured by a subset of paths, in which only a bounded
number of direction changes may occur. Based on this fact, we define Ag to recognize
only these simple paths from gﬁ, by considering a saturated relation Rg,;, with the
same periodic behavior as R. The simply exponential upper bound on the period of the
sequence {J(Rk)}’,jzo follows by a proof of the fact that, in each strongly connected
component of Ap, there is an elementary cycle of minimal weight/length ratio, whose
length is of the order of 2°(™) where N is the number of variables from R.

5.1 Saturation of Difference Bounds Relations

We start by proving that the periodic behavior of a sequence of powers {Rk}Z"zo of a
relation R € DB can be analyzed by considering a saturated version of R, denoted as
Ry, First we show that such a relation exists for each R € DB and that all powers of R,
beyond a certain threshold, can be computed by a function taking as arguments powers
of Rt instead. As a consequence, R is periodic if Ry is periodic and the period of R
is bounded by the period of Ry,;. The salient property of a saturated difference bounds
relation is that, every power R” , is defined by the weights of the minimal paths in the
unfolding G J’f{ of the constraint graph defining R, with a bounded number of direction
changes. This detail is instrumental in providing an accurate upper bound on the period
of difference bounds relations.

Let x = {x1,...,zn} be a set of variables. We recall first the notion of folded
graph introduced by Comon and Jurski [[10]. Given a relation R € DBy, we consider
the weighted graph gj; = (x,—y,wy) which has an edge z; i>f x; for each edge
T — T, T 5 :c;-, x> xj, or T 5 x; in Gg. In other words, the folded graph g}; is
obtained from the weighted graph G by merging all vertices z; and x, respectively.
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Example 5 For example, Fig.[5|(b) shows the folded graph for the relation defined by
the formula x5 -2 < -1 A x3-25 <0Az1 —25 <0AT) 24 <OATE —24 <0, whose
constraint graph is given in Fig.[5(a). ]

T ) 1 <0 (1) (2 LG L4 5)
“1
. 0
T2 o ah @ z1 -1 -1
0 0 0

)
0
Rz ()
(! xr3 0
N 4 0 ” 0 /

(a) (b) (©

Figure 5: (a) Constraint graph G, (b) folded graph G 1’; and (c) zigzag paths in the G%
unfolding of the difference bounds relation R, defined by x5 —x] < -1 A x3 —x5 <
Onzy -5 <0Anay —24 <0Ah —24 <0.

The folded graph induces the following equivalence relation on indices of variables:
t ~g j iff z; and x; belong to the same strongly connected component of g{%. For
example, the equivalence classes of the ~g relation, induced by the folded graph in
Fig.[5(b), are {1,2,3} and {4}.

The following corner inequalities are generalized triangle inequalities that occur in
an unfolding of size two of the constraint graph G of a relation R € DB (see Fig. [6).

J

NNy \\

Cily S Cij ik

(a) (b)

Figure 6: Corner inequalities

Definition 8 A relation R € DBy is saturated if, for all 1 < i,j,k < N, such that
i ~r j ~r k, the following hold:

(@(R)") < (a(R)"),; + ("o (R)),
@o(R)y < Go(R))y;+(0(R)),,

The first inequality is depicted in Fig. [6] (a) and the second case in Fig. [6] (b). The
importance of the above definition lies in the fact that the powers R" of a saturated
relation R € DB can be defined using only a subset of the minimal paths between the

IN N
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(extremal) vertices in the unfolding G% of the constraint graph of R (see the constraints
@) for a definition of R" using the minimal paths of G}3). Essentially, these are the
minimal paths that, moreover, do not change direction while traversing variables from
the same equivalence class of the ~p relation.

Definition 9 Let G}, be the n-th unfolding of the constraint graph Ggr of a relation
R € DB. An edge z” — 2" of G} is forward (backward) if g =p+1 (g =p-1). A
path is forward (backward) if it consists only of forward (backward) edges. A path T is
saturated if for each forward (backward) subpath p : xép) 5 x;-” of , of length |p| > 1,
we have i ~p j.

We show that the n-th power of a saturated relation can be defined by considering only
the saturated minimal paths in the n-th unfolding of its constraint graph. For instance,
the path in Fig. [5](c) is saturated.

Lemma 6 Given a saturated relation R € DB, for each minimal path v : z{"’ . :E;q) in

the unfolding G%, of its constraint graph G, there exists a saturated path T,y : xgp) N

x;‘” such that w(m) = w(Tgat)-

Proof: We define a sequence 7, 71, . . . of paths such that my = 7 and for each ¢ > 0,
m¢41 1S obtained from 7, as follows. Because R is saturated:

2, .
« for every two adJacent edges 7" = 27" — (""" on m;, where i ~p £, there
exists an edge x ;"* ), where y < a+ g, and
B
* for every two adjacent edges x("“) — z;p) — x ), where i ~p £, there exists an

(p+1) 7 (p)

edge x; , Where v < ar + 3.

® p+1) B (1) o ® Y, .(p+1)
m+1 1s obtained by replacmg all palrs x;" 5 T — z,;77 with ;7 — x

. . «@ , B P
and all pairs (""" = z{” = 2{”, where i ~g {, with the edges z{” = z{"" and

x? 2 [ . respectively. Clearly, w1 is a path in G} and, moreover, we have that

|7rt+1| < |m¢| and w(ms1) < w(m). The sequence is finite, because |m;| decreases at
each step, and the last path in the sequence is saturated. If, moreover, 7 is minimal, all
paths in the sequence are minimal as well. O

In the rest of this section, we prove that for each difference bounds relation R it is
possible to find a saturated relation Rg,¢ with the same periodic behavior as R. The
problem of periodicity and the evaluation of the upper bounds for the prefix and period
of R is carried out considering Rg,; instead. This step is instrumental in proving a
simply exponential upper bound on the period of R.

At this point, it is useful to distinguish between relations that are *-consistent (R* #
@ for all £ > 0) and the ones that are not. In the latter case, the period of the power
sequence { R* }ooo is 1 and the prefix is bounded by the cut-off result below.

Lemma 7 For any relation R € DBy, the following hold:
1. R is *-consistent only iffor every n € Ny and 1 <1< j <N, suchthati ~g j,
for any paths m; : xi ) 5 m > and T; x(k) — xj in G with 0 < k <n, we have

w(m;) +w(mj) > 0.
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2. R is not x-consistent only if R" = @, for alln > 6N" - 1(GR).

Proof: In the following, the travel of a path 7 : z{"" — ... — x{"*’ in the unfolding

G% (Definition [7) of the constraint graph G is defined by 7(7) = max}_, {n;} -
min?z_l1 {n;}.

(0)

By contradiction, suppose that I? is *-consistent and let 7; : x; *

= 2 and 7; :
'l 5 2 in G, such that i ~ j and w(m;) +w(m;) < 0. Because i ~ j, there exist
paths ¢ : 2(” > ... > 2™ and £ : (¥ > ... > x;d“’) in G, for some -N <p,g< N
and d > max(abs(p),abs(q)). For any m € N we build the following path:

¢t = ,r;.d) .o s s g m;.’“”q“"k) .
For m > [@], we have p+ g +mk > 0, i.e. the above path has a positive travel. Let
us now repeat this path k times, and concatenate it with the path

§>+q+km . I;k(d+p+q+mk)) S .’E;d) )

We obtain the cycle (¢.x;".£)" 7% *atkm starting and ending in . Observe that the
unfolding G% has to be sufficiently large to accomodate this cycle. Since n can be taken
arbitrarily large, this is not a restriction. The weight of this cycle is:

k- (w(C) +w(&) +m-w(m)) + (p+q+km)-w(m;) =
km - (w(mi) +w(m;)) + k- (w(C) +w(&)) + (p+q) - wlm) -

For a sufficiently large m > [%], the weight of this cycle is negative, which con-
tradicts with the assumption that R is =-consistent. It follows that w(m;) + w(m;) > 0.

(IZ]) If R is not *-consistent, there exists n € N, such that R™ = @&, thus there exists a

cycle v of negative weight in Gf. Let 7y : xi’l”) > ... > xg:fl’l) - xi’l’” be a negative
2

cycle of minimal travel in G%. If 7(y) < N?, the cycle is present also in gg . Hence

R" = @, for every n > N2. We consider thus that 7(y) > N2. By the pigeonhole

principle, there exist a pair of variables x;,2; such that the pairs of vertices 2", 2"

and xig),x;fz) occur on the cycle, for some 0 < k < £ < n. Thus there exist paths
mira? - s xf and 7 s 2l - .. - 28, Observe that we can always chose
the pairs 2{", 25" and z{", 2" such that £ — k < N?. Clearly, we have i ~ j, since z;

and x; occur on the cycle y. Suppose now that w(m;) +w(m;) > 0. Since £ -k > 0, we
obtain a cycle of smaller travel, by eliminating 7; and 7; from -, and concatenating the
path " — ... » 2" with 2{™ — ... 2" But then we obtain a cycle 7" of weight
w(v’) < w(v) <0 and travel 7(y") < 7(~y). This would contradict the assumption that
7(7y) is the minimal travel of all negative weight cycles in G}. Hence it must be the
case that w(m;) +w(m;) <0.

Given m; and 7; such that ¢ ~ j and w(m;) + w(m;) < 0, we apply the construction

of point (1) to obtain a cycle ((.wg”.g)e‘k.ﬂfwﬂl*k)m of weight:

m-(€=k) - (w(m) + w(m;)) + (€=F) - (w(C) +w(§)) + (p+q) - w(m))
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where ¢, &, p and ¢ are the ones from point (I). To obtain a negative cycle, it is thus
sufficient to chose m = (£ - k) - (w({) + w(§)) + (p + q) - w(m;). Since ¢ and 7 are
elementary paths, we have w({) +w(§) < 2N -u(Gr) and p+q < 2N. Moreover, since
(—k < N2, wehave w(m;) < N?-(Gr). Thenitis sufficient to take m = 4N3-11(Gg).
The travel of the cycle thus constructed is at most:

(U-k)-(p+q+(L-k)-m) N2.(2N + N2-4N?. 1(GR))

<
< 4ANT-u(Gr) +2N3 <6N" - u(Gr) .

The last inequality is obtained from the following observation: since w(m;) + w(7m;) <
0, there must exist at least an edge of non-zero weight in Gg, hence (Gg) > 0. O

In the light of the previous lemma, we consider, from now on, that R € DBy is a
*-consistent relation. We are now ready to define a saturated relation Rg,¢, which is
periodic if and only if R is periodic, in which case the prefix and the period of Rgat
bound the prefix and the period of R, respectively.

Let ¢(x,x") be any difference bounds constraint (Deﬁnition that defines R and ¢
be the conjunction of all atomic propositions from Atom(¢) involving ~pg-equivalent
variables. We define the following sequence of formulae:

boly.xxz) = By.x)Ad(xx) AB(K,2) )
Unaa(y,x,x",2) = 3y'32" . o(y,y') Ava(y' %, X, 2') A (2, 2), forallneN
where y = {y1,...,yn}, 2 = {z1,...,2n}. The following lemma shows that the se-

quence {3y 3z . ¢, } 52, converges in at most N2 steps and its limit defines a saturated
difference bounds relation.

Lemma 8 Foreveryn > N2, we have 3y3z . ¢¥n.1(y,x,x',2) < Iy3z. ¢, (y,x,x, 2)
and the formula 3y3z . 2 (y,x,X’,2) A ¢ defines a saturated relation Rg,y.

Proof: “=" We have, for all n > 0:

¢7l+1(Y7X7 X,7 Z) ~ Ely,Elz, N a(Yay,) A wn(y,axv Xl? Z,) A $(ZI7Z)
= 3y3z. ¢a(y,x.X,2) .

“«<"Foreachn >0, 3y3z . v, is equivalent to a difference bounds constraint, obtained
by eliminating the existential quantifiers and let M,, be the DBM of canonical the
quantifier-free difference bounds constraint that is equivalent to 3y 3z . v,,. Suppose,
by contradiction, that there exists n > N 2 such that Jdy3z . ¢, # Jy3z . ¥p41. Then
there exist k,¢ € {1,...,2N} such that (M}),, > (M), There are four cases,
namely k < N, k> N and ¢ < N, £ > N. We prove the case k,¢ < N, the other three
cases being symmetric.

Because (M}, ),, < oo, there exists a path 7 : 2" — ... — z{" of weight
w(m) = (M},1),, in the unfolding graph gg("”)“. But the only paths in giﬂ”“)“

are among ~ p-equivalent variables, by the definition of ;5, thus it must be the case that
k ~g €. Moreover, 7 is not a path in g(%"*l, or else we would have w(m) > (M),

hence (M;,1),, > (M), which contradicts our assumption. Since n +1 > N? and
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there are at most N2 pairs of variables in x, by the pigeonhole principle there exists a
pair 4, j and two positions 0 < ny < ns < 2(n + 1) + 1 such that 7 can be factorized as:

xgc") - ... > xﬁ"l) - ... > xi"”
}
13
!
xé") — e x;"l) — e a:;”)
—_———
¢

Let 7’ denote the path obtained from by replacing the segment € : (" — ... - 2"

i
with the segment  : "2 - ... - x;””

i , in which each position is shifted by ny —ng >
0. Hence 7' is a path between z{" and z{" in G7"*', thus w(n") > (M}}),, > w(w).
Since w(m) = w(n’) + w(€) + w(¢), we obtain that w(&) + w(¢) < 0, and because
k ~g ¢, we have that i ~p j as well. By Lemma , this contradicts the assumption
that R is *-consistent. ,

For the second point, 3y 3z . wgz(y,x7 x',2) A ¢r = ¢r, hence Rqo; € R. Now
suppose, by contradiction, that R® is not saturated. Then there exist three indices
i ~r j ~r k that violate one of the corner inequalities from Def. [§| Assume w.1.0.g that
(0(R)*);. > (0(R)"),; + ("o (R)),), the other case being symmetric. Then we obtain

that Jy3z . Ny ’ = Jydz . Pl 2“, contradicting the first point of the Lemma. O

Below we relate the powers of R with those of the relation Rg,¢, defined in the
statement of Lemma [§] in the sense that a proof of periodicity for Rga¢ constitutes a
proof for the periodicity of R. Moreover, the prefix and period of Rg,; are used to
bound the prefix and period of R, respectively. We recall that, for a difference bounds
relation R € DB, o(R) is the closed DBM that defines R and p(o (R)) is the maximum
between the absolute values of the coefficients of o(R) and 1.

Lemma 9 Given a *-consistent relation R € DBy, where x = {x1,...,x N}, for every
n > 2N?, we have R" = RN o Rga’sz o RN Moreover, R is periodic with prefix b
and period c if Ryt is periodic with prefix bsay and period csay, where:

o b =gy + O(2N18N) max (u(cr(RN2)),maxogkcsat u(a(Rss""”))) and

at
o cdivides Cgyt.

Proof: Since Rua; € R, by Lemmalg] we obtain that R" 2 RY” o R"2¥" o RN, for
each n > 2N?2. The dual inclusion follows by noticing that, for any difference bounds
constraint ¢ that defines R, we have ¢(x,x’) = ¢(x,x’), because ¢ is obtained by
dropping several atomic propositions from ¢. Also, since R is *-consistent, it must be
the case that Ry, is *-consistent as well.

Assume that Ry, is periodic with prefix bs,y and period cg,y, thus the sequence of
matrices {o(RE, }5, is periodic. By Lemma 1] there exist matrices A; € Z2V*2N,
such that g (RUsetFesatty = (Rbsart?y 4 o A forall k > 0 and i € [cear]. Since
Rbsart2N?+0 _ pN? o pbeat+l o RN for all ¢ > 0, it is sufficient to show that the
sequence {o( RUsethesati#2N Y100 i neriodic, for each i € [ce]. To this end, let us
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observe that, for each i € s ], the matrix o( RVt hcsactiv2N?y ¢ 7 [[]2NX2N i the
incidence matrix of the labeled graph G* = (U?:o x| 57 '), defined as follows:
o Gl 0ux 1S G2 With x(9 apnd x(1) replacing x and x’, respectively.
* G'leux® is Gy withx®) and x®) replacing x and x', respectively.
* G'lmux@ is defined by the following edges labeled by univariate linear terms
with variable k, foreach s,t=1,..., V:

o(Rbsat i) 4 4 k(M)

o(RPsat ) N b B (AN
(1) (1) (2) s+N, s+N,t
T T, Ty

)
Ly

o(RPsat T N+ k(A e o(RPsat ™) LN N+ B(AD o N e N

) 2 @ 2
In other words, the middle graph G|, (1) (2 corresponds to the matrix o ( R%=t*%) + k-
A € Zioo [E]?NV*2N | whereas the extremities G|, (o) 1) and G|, 1y x(2) are constraint
graphs defining the relation R . Clearly, for each i € [cgat] and k > 0, the coefficients
of the matrix o (Rt +kesar+i+2N") gre oiven by the weights of the minimal paths from
and to the vertices in the set x*” Ux® in G*. Since R is *-consistent, no cycle of
negative weight can be found in G*, for any k > 0 and i € [ ¢gat |. Thus the minimal paths
in G are necessarily elementary, thus of length at most 4V, which is the number of
vertices in G¢. Consequently, there exist at most (4N)" = O(2V1°¢ V) such paths, and
(U(Rbsa”kCSa”“QN?))st = min(w’ (k), ..., w5 (k)), for all s,¢ € {1,...,2N},
where wi;fl(k;), ...,w" " (k) are the univariate linear terms labeling the elementary
paths from G* of the form:

o xgo) —* xEO) if1<s,t<N,

e 2D 5 2B if1<s < Nand N <t <2N,

e 2 S 2 Oif N <s<2Nand 1<t < N,

o 2 o 2@ N <t < 2N,
and Ly = O(?N log NV ) is the number of such paths. Moreover, because each term
w/ (k) denotes a path of length at most 4N in G*, we have that:

abs(w’7(0)) <4N - max(p(o(RY)), [nax p(o(RE))) (6)

sat

The upper bound on the period of {(R"*)}52, can be found by the following ar-

gument. Observe that {(o( Rl Fes=+) 1o "is an arithmetic progression, for all
1 < s,t < 2N, thus each sequence {w’,(k)}5, is an arithmetic progression. By
Lemma|19| the sequence {min(w’,(k),... : wsL;; (k))}32 has period 1 and by Lemma
the sequence of matrices {o(RPsatFesatti+2ZNTY1 00 'hag period 1, for each i € [cgat |-
The period of the sequence {o(R*)}?2, is thus a divisor of cs,y. Considering that

Ly = O(2N1°8 ) the upper bound on the prefix of R is obtained as follows:

b < bgas +(2N)? -max Y Eetabs(w’/ (0)) by Lemmal|l9]

O<i<cgat J=1

A

1<5,t<2N

beat + O(2V 105N )  max(pu(o (RN”)), maxogice,,, (o (R%2+))) by (@)

sat

O
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We have reduced the problem of proving the periodicity of an arbitrary difference
bounds relation R to proving the periodicity of a saturated difference bounds relation
Rsat. In the next two sections, we show that any saturated relation R is periodic
and, moreover, that the prefix and the period of the sequence {o(R*)}:, are of the
order of 20 (1% . The previous lemma generalizes these bounds to arbitrary differ-
ence bounds relations. Finally, section@]extends these bounds to octagonal relations,
concluding the proof of NP-completness for the class of problems REACHFLATOCT.

5.2 Zigzag Automata

In this section we define zigzag automata, which are an important tool for reasoning
about the powers of difference bounds relations. Consider an unfolding G of the
constraint graph Gp, for some n > 0. We recall the constraints @ which define the
power R", using the minimal paths in G}, between the vertices in the set x® u x™.
Each such path can be seen as a word over the finite alphabet of subgraphs of Gg, and
the set of paths between two distinguished vertices is the language of a finite (weighted)
automaton, called zigzag automatonl|]]. Intuitively, a zigzag automaton reads at step 4,
all edges between x and x“*V simultaneously. The weight of a transition fired by the
zigzag automaton is the sum of the weights of these edges. Each run of length n in a
zigzag automaton recognizes a word consisting of a single path between two extremal
vertices in G7, from the set x” U x. Since we are interested in the minimal paths
that occur in the constraints (3)), we aim at computing the minimal weight among all
runs of length n, as a function of n.

Formally, a weighted automato [34] is a tuple A = (X, w,Q, I, F,A), where ¥
is a finite alphabet, w : ¥ — Z is a function associating integer weights to alphabet
symbols, @, I, F are the set of states, initial and final states, respectively, and A ¢
@ x X x @ is a transition relation. The weight of a non-empty word w = 0y ..., € X*
is defined as w(w) = Y-, w(o;) and the weight of the empty word is w(e) = 0. When
A is clear from the context, we denote by ¢ — ¢’ the fact that (¢,0,q¢") € A. A run
of A is a sequence qq Dog S BN qn, denoted qo SN qn. A state
q € Q is reachable if there exists a run from an initial state to it, and co-reachable if
there exists a run from it to a final state. A word w € X* is accepted by A if there
exists a run gy — ¢, such that gy € I and ¢, € F. We denote by £(A) the set
of words accepted by A, i.e. the language of A. Moreover, we define the function
minw 4(n) = min{w(w) | w e L(A), |w| =n} yielding, for each n € N, the minimal
weight among all words of length n recognized by A, or oo if no such word exists.

Given a difference bounds relation R € DBy, where x = {x1,...,zn} is a set of
variables, let Gr = (x Ux’, —, w) be the constraint graph that defines R. The alphabet
YR is the set of all subgraphs of Gg such that (i) the in-degree and out-degree of each
node are at most 1, and (ii) the difference between the number of edges from x to
x’ and the number of edges number of edges from x’ to x is either —1, 0 or 1. The
weight of a graph symbol G € X os the sum of the weights that occur on its edges

w(g) = Zz;y c.

3We adopt a simplified version of the classical definition [34] that is sufficient for our purposes.
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(¢) A run of A;ﬁ on the word G3.(G1.G2.G3)?.G, € ¥, encoding an even forward path.

Figure 7: Zigzag automaton for the relation R defined by zo —2] < -1 Az3 -z} <
Onzy -z <0Az) —24 <OATE —24 <O,

Example 6 Fig. [/ (a) shows a subset of the zigzag alphabet Y for the difference
bounds relation R <> x5 -2 < -1 Ax3—25 <0Axy—2f <0Az)—24 <OAZh—24 <0
from Ex. The weights of the symbols in the word are w(G1) =w(G2) =w(Gs) =0,
w(Gs) =-1. Fig.l{4|(c) shows a path x° — ... — x° from the unfolding graph G%,
encoded by the word G3.(G1.G2.G3)?.G4. u

The set of states of the zigzag automaton is Q = {¢,r, fr,re, l}N, i.e. the set of
N-tuples of symbols ¢, 7, ¢r,r¢ and 1. Intuitively, these symbols capture the direction
of the incoming and outgoing edges of the alphabet symbols: ¢ for a path traversing
from right to left, » for a path traversing from left to right, ¢r for a right incoming and
right outgoing path, r/ for a left incoming and left outgoing path, and 1L when there are
no incoming nor outgoing edges from that node. As a remark, the number of states of a
zigzag automaton is bounded by 5. For example, Figure (c) shows the use of states
in a zigzag automaton.

The transition relation A € Q x X g x @ is defined as follows. For all q,q’ € ) and
G € X g, we have q s, q’, if and only if, forall 1 <4 < N:

e q; = ¢ iff G has one edge to z; and no other edge involving x;,

* ¢, = (iff G has one edge from 2} and no other edge involving 7,

e q; = r iff G has one edge from x; and no other edge involving x;,

* q'; = r iff G has one edge to x; and no other edge involving z},

* q; = ¢r iff G has exactly two edges involving z;, :c;') —>x; = x;f') and j R k,

Q)

* q'; = 7L iff G has exactly two edges involving =}, z° — x} — x” and j {r k,
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* q'; € {fr, 1} iff G has no edge involving z},

e q; € {r¢, 1} iff G has no edge involving z;.

Observe that the variables that occur on any path which traverses a vertex labeled ¢r or
r¢ may not belong to the same SCC of the folded graph G }f%. As a consequence, every
path recognized by a zigzag automaton is saturated. For example, the path recognized
by the run in Figured](c) goes forward while crossing the variables x1, 2, 3 and, after
changing direction, goes backward while crossing only x4.

We distinguish four types of paths in Gi. A path z{” = 2" is said to be odd
forward if k = 0 and ¢ = n, even forward if k = £ = 0, odd backward if k = n and ¢ = 0,
and even backward if k = ¢ = n. The symbols needed to represent an odd path have an
odd number of edges, while those encoding even paths have even numbers of edges.

The zigzag automaton for R is a union of four types of automata. Formally, for each
i,7 €{1,...,N} and t € {of,0b, ef,eb} (we use the abbreviations of=odd forward,
ob—odd backward, ef=even forward and eb=even backward), the weighted automaton

(Q,w,]fj, ”,A) recognizes the saturated paths :v(p) 5 xé‘” of type t, with
D, q € {0,n}. More precisely, we define the initial and final states as follows:

Iof = {q|qg;=randqye{fr,L},Vhe{l,... N}~ {i}}

FY = {qla;=randqy e {rf,1}, Vhe{l,... N}~ {j}}

f"b = {q|qi=fandqy e {lr 1}, Vhe{l,..., N}« {i}}

FOb = {qlqj=Cfandqpe{rl,1},Vhe{l,...,N} ~{j}}

ref [ flaldi=roai=t ane{r 1), Vhe{l,... N}~ {ij}) ifij
' {alai="0r, qne{lr,1}, Vhe{l,..., N}~ {i}} ifi=j
o

Fij = {re,1}N

Iiejb = {Er’l}N

pev _ [ lalai=tai=r que{lr1}, Vhe{l,... N}~ {ig}} ifizj
“ {a|qi=7l, qne{lr,1}, Yhe{l,.... N}~ {i}} ifi=j

Example 7 Figure E] (b) shows the zigzag automaton .A;ﬁ of the difference bounds
relation R <> xo -2} < -1 Anxg—xh <0Az —25 <0Az) —24 <OAZE —24 <0 from
Ex. Hand Ex. |8 Note that the states that are not both reachable and co-reachable are
not shown in this ﬁgure hence the alphabet symbols Ge and Gz are not used. Fig.[/|(c)
shows a run of.A o on the word v = G3.(G1.G2.G3)?.G4, encoding an ef -path. [

The following theorem wraps up the above definition, by relating the language of
a zigzag automaton with the weights of the minimal paths in the unfolding G7 of the
constraint graph defining a difference bounds relation R.

Theorem 3 Let R € DBy be a *-consistent saturated difference bounds relation, for
x={x1,...,xn}. Then, for eachn >0andall1<i4,5 <N, thefollowing hold:

(0)

1. eachword w € E(.A ) of length n encodes a saturated path ©{” — ; ) and the

weight of a minimal such path is minw 4o (n),
1]

2. each word w € E(Afjb of length n encodes a saturated path " - asg.o) and the
weight of a minimal such path is minw 40, (n),
1]
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3. each word w ¢ L(Aff ) of length n encodes a saturated path z\” = x;o) and the
weight of a minimal such path is minw 4 (n),
ij

4. each word w € E(Af}’) of length n encodes a saturated path =" - x;-") and
the weight of a minimal such path is minw 4e (n).
ij

Proof: We prove that each word w ¢ /.I(A)ﬁj, for t € {of,0b,ef, eb} encodes a sat-
urated path by contradiction. Suppose that 7 is a path in w = o, ..., which is not
saturated. Then there exists two adjacent edges (¥ — 2! — z{™ on 7 belonging to
the same alphabet symbol o; € X, for some 1 <i <n, s ~g u and either (i) £ =k + 1
and m € {k,k+1}, or (ii) £ = k-1 and m € {k-1,k}. Since w € L(A};), there

exists a run qop —> qi ... — g in Aﬁj. In the first case, we have (q;); = 7¢ and in
the second case (q;-1): = ¢r. In both cases, however, we must have s /g u, by the
definition of the transition relation of Aﬁj, contradiction.

For the characterization of the weights of minimal paths, the proofs of the points
(. @), @) and @) are based on [[7, Lemmas 4.6, 4.7, 4.3 and 4.4], respectively. O

5.3 Weighted Graphs and Periodic Powers of Matrices

This section recalls several results from the theory of weighted graphs, needed to prove
the periodicity of the minimal weight functions minw 4 of weighted automata. Based
on these facts, we characterize the prefixes and periods of a sequence of powers of a
matrix, which sets the ground for the analysis of the periodicity of difference bounds
relations (Section[5.4).

Let G = (V, E,w) be a weighted graph for the rest of this section. A path 7 is of
minimal weight for its length if , for any path 7’ such that src(n’) = sre(w), dst(n') =
dst(m) and |7’| = ||, we have w(7) < w(n"). Two paths 7 and 7’ in G are equivalent
if sre(m) = sre(n’), dst(w) = dst(n'), |n| = |7'| and w(w) = w(x"). The average
w\SrT) A cycle is said to be critical if it has minimal
average weight among all cycles of G. The critical graph G consists of those vertices
and edges of G that belong to a critical cycle. The following theorem states a classical
result [1, Theorem 3.96]:

weight of a path 7 is w(w) =

Theorem 4 For any weighted graph G, every cycle of the critical graph G€ is critical.

If C'is a strongly connected component (SCC) of G¢, we define its cyclicity as the
greatest common divisor of the lengths of all its elementary cycles. The cyclicity of
G°¢ is the least common multiple of the cyclicities of its SCCs, and the cyclicity of G,
denoted ¢(G), is the cyclicity of G€.

Weighted graphs are intimately related with the powers of their incidence matrices,
defined as follows. For two matrices A, B € Z>", let (AR B);; = mini¢g<pn (Aix +
Byj) and 1, be the matrix (1,);; = 0, forall 1 < ¢ < n and (1,);; = oo, for all
1 < 4,7 < n, where i # j. The powers of a matrix M are defined as M° = 1, and
M*1 = M & M¥, for all k > 0. If M is the incidence matrix of a weighted graph G,
the coefficient (M*),; is the weight of a minimal path of length k between the vertices
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i and j in G. In this case, we also write ¢(M ) for ¢(G). The following theorem provides
a basic tool for proving periodicity of a sequence of relations, in the following.

Theorem 5 For a matrix M € Z7™, the sequence { M k}Zo:o is periodic and its period
divides c(M).

Proof: See 33| Theorem 3.3]. O

Despite our best efforts, no estimation of the prefix of a power sequence of a matrix
could be found in the literature, so far. This gap is filled by the next theorem. We recall
that, for a matrix M, p(M) stands for the maximum between the absolute values of its
coefficients and one.

Theorem 6 Given a matrix M € 7™, the prefix of the periodic sequence { M k o
is at most 4pu(M) - n°.

Proof: See Appendix[A] O

Observe that the prefix of a sequence of matrix powers { M k};":o depends linearly on
the maximal coefficient(s) and polynomially on the dimension of M. On the other
hand, its period (Theorem 3 depends (exponentially) only on the dimension of M.
Finally, we state the results of Theorems [5] and [6] in terms of weighted automata,
instead of weighted graphs. Given a weighted automaton A = (X, w,Q, I, F, A), its
underlying weighted graph is defined as G(A) = (Q,d,w), where for all ¢,q" € Q:
(1) (g,q") € & iff there exists o € X such that (¢,0,q9") € A, and (i) w(q,q’) =
min{w(o)|3IoceX . (q,0,q") € A}. Wewrite ¢(A) and p(A) for ¢(G(A)) and u(G(A)),
respectively.

Corollary 1 For a weighted automaton A = (X, w,Q, 1, F,A), the infinite sequence
{minw 4 (n)}, is periodic, with prefix b = O(u(A) - c(A)- |Q||'°) and period c that
divides c(A).

Proof: LetI ={¢;,,...,qi, }» F ={qj,,--.,q;,} be the sets of initial and final states of
A. Clearly we have k, £ <||Q||. By denoting m.;(n) = min {w(w) | ¢, = qj,, |w|=n},
we have:

min {w(w) |w e L(A),|w|=n} = m_i{lr{l_ilnmst(n) .

By Theorem [5| each sequence {m:(n)},., is periodic, with prefix bs; and period
cs¢ that divides ¢(A). By Lemma[19] the sequence min {w(w) | w € L(A), |w| =n} is
periodic, with period c that divides lcmf:1 lem;_; cq¢. Since each ¢, divides ¢(A), we
have that ¢ divides ¢(A) as well. For an upper bound on the prefix b of this sequence,
let byax = max”®_, max!_, by,. By Lemma we obtain:

bunax + k- - max$H(SF_, S8 abs(m i (bmax + 1))
brax + k2 02 (bpax + ¢ — 1) - u(A)

b
b

IN A

By Thm. @ we have by, < 4u(A)- || Q|%, hence we obtain, after simplifications
b<d-p(A)-c(A) 1o o
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5.4 The Periodicity of Difference Bounds Relations

We are now ready to prove that the sequence of matrices {o(R™)}oo, is periodic,
where R € DBy is any difference bounds relation and x = {x1,...,zx} is a set of
variables. The coefficients of o(R™) are the weights of the minimal paths between
extremal vertices from the set x” ux‘ in the unfolding G}, of the constraint graph
Gr — see the constraints (5). By Theorem[3] these weights are given by the functions
minw 4 (n), where A, = (Q,w, I};, F};, A) are the zigzag automata for the relation
R. Since these functions are periodic, it follows that the sequence {o(R™)}:, is pe-
riodic (Corollary[I). Moreover, the prefix of this sequence is polynomially bounded by
the common cyclicity of zigzag automata and ||@|| and its period divides this cyclicity.
Since ||Q]|= 20(N) by the construction of zigzag automata, we are essentially left with
bounding the cyclicity of zigzag automata.

Let us start by proving a structural property of cycles in a zigzag automaton. A
cycle ¢ = q in the underlying weighted graph G(A};) of A%, is critical if it is a
critical cycle of G (Afj) and, moreover, q is both reachable and co-reachable in .Aﬁ I

Lemma 10 Let A be a zigzag automaton for a saturated relation R € DB, where
x = {z1,..., N5} and q = q be one of its a critical cycles, for |y| > 0. Then v is a
set of saturated paths {&j; : x;:’“) — x;“k)}keK, either forward or backward, such that
k~glonlyifk="{ forallk,l € K, where K ¢ {1,...,N}.

Proof: We give the proof for the odd-forward case, the other three cases being similar.
Since q is a reachable and co-reachable state of A;’jf , there existsaword w = p-v-v e
E(Afjf) andarunqp = q - q — qy in Aff for some qq € Ij; and q5 € Fj;. By
Theorem , w encodes a saturated path 7 : x;(’) N x;‘“"). We recall that q is a
N-tuple of elements from the set {¢, r, {r,r¢, 1} and we denote by qy, the k-th element
of q, for 1 < k < N. Let us consider first the case qi = r (the case q; = £ is symmetric).
Then either:

e 7 has a subpath ¢ : :z:;c“") . xg“””'). Since  is saturated and all variables that
occur on ¢ are from the same equivalence class of ~g, all edges in £ must have
the same direction, forward or backward. But since ¢ has strictly positive travel,
i.e. 7(£) > 0, at least one edge on & is forward, thus & is forward.

* 7 has a subpath ¢ : z{""" 5 20 and all edges of £ must have the same
direction, either forward or backward. Since 7(£) < 0, at least one edge on ¢
must be backward, thus £ is backward. But since gy, = 7, the only outgoing edge
from z{“" must be either forward or vertical, contradiction.

The cases qx, € {¢r,r¢} both lead to contradictions, using similar arguments. We have
established that ~ consists of saturated paths that do not change their direction.

For the second point, assume that there exist two indices k, ¢ € K, such that k ~ ¢
and k # £. Then 7 has a subpath ¢ : xg“‘) i x?“'), and since k ~p /£, it follows that all
variables occuring on ¢ must be equivalent. Since 7 is saturated, the same holds for &,
thus the edges on ¢ are either all forward or all backward. But this contradicts the fact
that the endpoints of £ are both on the same position ||. O
(a)

A path x}f’ . x,"” is essential if all variables occurring on it are pairwise distinct,
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except for the labels of its source and destination vertices. Clearly, the length of an
essential path is bounded by the number /N of variables occurring on this path. An
essential power is a path " obtained from the concatenation of an essential path &
with itself n > 0 times.

The following lemma shows that each critical cycle q — q in a zigzag automaton

A is necessarily connected to a critical cycle q > q, where )\ consists of a finite set of
essential powers. This allows us to bound the length of A by a simply exponential value,
which divides lem(1,..., N). It follows that the common cyclicity of these zigzag
automata is a divisor of lem(1,..., N'). We use the fact that lem(1,..., N) = 20V
[30]], which occurs as a consequence of the Prime Number Theorem, and bound the
cyclicity of zigzag automata by 20(V).

Lemma 11 Let A be a zigzag automaton for a saturated relation R € DB, where
x = {x1,...,xN} and q > q be one of its a critical cycles, for || > 0. Then there

exists a critical cycle q = q in A such that X is a set of essential powers {7 " Yher
and || = lemyeg {|7g|}, for some K € {1,... N}

Proof: By Lemma (10} v is a set {&x }xexc Of forward/backward paths, such that the
labels of & and &, lie in different equivalence classes of the ~ g relation, for all k& # £.

We shall build a word X as a set of essential powers {7, * }rex. Clearly, the paths

7" and 7, may not intersect (because they cannot share labels), for any k # ¢, thus

q 5 q is a valid cycle w.r.t. the definition of the transition table of A. Before giving
the definition of the set {7,"* } e, we prove the following fact:

Fact 1 For a path &, : " 4,0 z"™), let Gy, be the restriction ofg'}; to the

. @1 Am-—1 . ..
vertices and edges on &. Then (i, : x1, —> ... —— x, is a critical cycle of Gy.

Proof: Suppose, by contradiction, that there exists k € K such that (j, is not a critical
cycle of Gy, hence there exists a cycle 6 in Gy, such that w(#) < w({x). Since Gy, is
strongly connected, there exist paths i and v such that 1y = p.0°.v.(p.v)? is a path in
Gy, with source and destination xy, for all s,¢ > 0. It is sufficient to build a path 7

such that || is a multiple of |v|. In this case, there exist a cycle q 2, q, where ' is
the set consisting of 7, k|| ¢, for a sufficiently large K > 0, and powers of &, for all

¢ e K~ {k}, such that w(v") < w(~y), which contradicts the fact that q — q is a critical
cycle of A.

In order to find s and ¢ such that || is a multiple of ||, let ny = |u| + ||, n2 =10,
my = m and my = ﬁ. Clearly m; and msy are coprimes, and let
g(ni,n2) = ning — (n1 + ng) be their Frobenius number. We know that any integer
h > g(n1,m2) is a conical combination h = kymy + kamo, where k1, ke > 0. Let

ng = f1my + fames, for some £, fs > 0, be the smallest multiple of || that is greater

than g(nq,n2), and let u = ged(ng, ng) - ﬁ It is now easy to verify that |, ¢| =
s-ny+t-ng =u-|y|, where s = {1 - ged(nq,nz) and t = £y - ged(nq, ns). O

It follows that each graph G, is critical, i.e. G, = G}, and we can chose, in Gy, an
elementary cycle p;, with both source and destinatin labeled by x;. By Theorem[d] we
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have that py, is a critical cycle as well, and consequently w(pr) =w(Ck). Let mx be the
path in G% that corresponds to the path p;, in Gl - for each k € K. Since all edges of
pi; correspond to edges of G that are either all forward or all backward, we know that
such a path exists. The path 7, is essential, because py, is an elementary cycle of g;;
and, moreover, w(7y) = wW(pg) = W(¢x) = w(&k ). The word A consists of the essential

powers {m* }k > Where nj, = lcmf;i‘:llm for all k € K. We have |\| = lemge i |75 | by
the construction of . Moreover, q - q is a cycle in .4, and since w‘()\’l\) = um) , it is
also a critical cycle. O

The next theorem concludes the proof of periodicity for the class DB, providing
simply exponential upper bounds on the prefix and the period of a difference bounds
relation. The next section extends this result to the class OCT and finalizes the proof
of Theorem [2] which is the main result of this paper.

Theorem 7 There exists a constant d > O such that, for every relation R € DB, the
sequence {a(R")}52, is periodic, with prefix b = 20(RI) and period c = 20(RI),

Proof: Let R ¢ 7* x Z*, where x = {x1,...,2x} and assume w.l.o.g. that each
variable x; occurs in a formula ¢ that defines R. Then we have N < |R|. Let Gg be the
constraint graph of R. We also have that 1(Gg) < 20(%D .

We distinguish two cases. First, if R is not *-consistent, its erlod is ¢ = 1 and its
prefix is b < 6N7 - 1(Gr) = 6|R|® - 20UED = 20UED by Lemmal(7 . Second, if R is
*-consistent, there exists a saturated relation Rg,¢ S R such that R is periodic if Rg,y
is periodic, and

o b= beot + 02V N ) max(u(o(RNY)), maxogice,,, (o (Rl ™)),

e cdivides cgqat,
where bga; and cq,¢ are the prefix and period of R, (Lemma[9). By Theorem [3] the
sequence {o (R, )}%2, is periodic, and by Corollary [I| we have b, = O(u(A) -
c(A)- |Q1'?) and cgyy is a divisor of ¢(A), where A = (Xg,w,Q, I, F,A) is any
zigzag automaton for Rg,;. Since Xy is a set of subgraphs of Gr, we have u(A) <
1(Gr) = 290D Moreover, ||Q||= 2°U%D, by the definition of zigzag automata.

Observe that the choice of A does not influence ¢(.A), because all zigzag automata
share the same transition table. It remains to give a bound for the cyclicity of 4. By
Lemma |11]each critical cycle of G(.A) is connected to a critical cycle of length that
divides lem(1, ..., N). Thus the cyclicity of each SCC of A divides lem(1,...,N)
and the same holds for ¢(.A), which is the least common multiple of the cyclicities of
the SCCs of G(A). Since lem(1, ..., N) = 2°(N) [30], we obtain that ¢(A) = 20(N) =
20(ED | Summing up, we obtain bsat = 200RD and ¢,y = 2°UED By Lemmal 3| for all
0 <4 < Cgat, We have |Rb““*’ | = O((|R]sat - 10g(bsat + Csat))?), for a constant d > 0 that

sat
does not depend on the choice of Ry,;. Since |Rgat| < N?- sat

(Lemma , we can conclude that maxgjc.,, u(o(R%3+)) = 20URI) A similar
reasoning leads to y(o(RY")) = 20UR")  and thus b = 2C0RI) Since ¢ < canr, we
also have that ¢ = 20(‘R|d), which concludes the proof. O
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5.5 Finalizing the Proof of Theorem 2|

We have gathered all the elements necessary to prove the second point of Theorem

namely that the octagonal relations are periodic, with simply exponential prefixes and

periods. As a consequence, the class of problems REACHFLAT(OCT) is NP-complete.

The theorem below is a consequence of the similar result for difference bounds con-

straints and of the relation between the powers of octagonal relations and their en-

codings using difference bounds constraints (Lemmafd). We infer that the class OCT

is periodic, because for two periodic sequences {sy}4, and {t;};>,, with prefixes

bs, b, > 0 and periods c;, ¢; > 0, respectively, the following sequences are periodic:

- {sk + tx} oo With prefix at most max(bs,b;) and period which divides lem(cs, ¢t )
(Lemma [T6] Appendix [B)),

- {L%J}Zio with prefix by and period 2¢, (Lemma Appendix ,

- {min(sg,tx)} 3>, with prefix at most max(bs, by) + Zi.cj)l(c"’ct) (abs(s;) + abs(t;))
and period which divides lem(cg, ¢;) (Lemma Appendix .

Theorem 8 There exists a constant d > 0 such that, for every relation R € OCT, the
sequence {o(R")}%2, is periodic, with prefix b = 20(RI) and period c = 20(RI),

Proof: Let R € OCTy, where x = {x1,...,xx} and R € DBy, be the difference
bounds relation that encodes R, for y = {y1,...,yan }. We have that |R| < 2|R).

We consider first the case in which R is *-consistent. By Lemma [4] the matrix
o(R") is octagonal-consistent, for any k > 0. Then, by Theorem O’(Ek) is con-
sistent, for all k£ > 0, thus R is *-consistent. Moreover, by Theorem , the sequence
{U(Ek)};":o is periodic, with period b and prefix c of the order of 20UR") for a con-
stant d which does not depend on the choice of R. By Lemma (I} each of the se-
quences {U(Rk)ij}::o:o is periodic, with prsoﬁx bi; < band perigd ¢;; that divides c.
By Lemma the sequences {[U(RTk)“J} and {[%J} are periodic with

k=0 k=0
prefixes bz, by; and periods 2c;;, 2cy;, respectively. By Lemma the sequence

o (B")ir (BT . o .
{[ e R J} is periodic with prefix at most max(b;7,bz;) and period

which divides 21lem(c;z, ¢5), thus also 2c. Then {o(R¥);;}52,, is periodic with period
which divides 2¢ and prefix at most:

b+ ik (abs(a (B )ij) + abs(o(R ™ )ia) +abs(o (R "))

where by, = max(b;j, bz, b]—j). Since b;;, biz, by; and c are of the order of 20(‘R|d), for
all £ =0,...,2¢c- 1, the coefficients J(Ebmz)ij, U(EberZ)»ﬁ and J(Eme)J—j are of
the order of 20((R1og(bm+))*) for a constant e that does not depend on R (Lemma
, thus b is of the order of 20 (") Finally, by Lemma we obtain that the sequence
{o(RF)}2, is periodic, with prefix and period both of the order of 20(R™),

Second, if R is not *-consistent, we have two cases:

« if R is not %-consistent, then its period is 1 and its prefix is of the order of

O(|R|™ - 211, by Lemma and the same bounds apply to R.
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* otherwise, Ris *-consistent and there exists by > 0 and 1 < 7 < 2N such that
["(RQ iz | 4 [U(R2 )i | < 0 for all m > by (Theorem . Because {o(R )},

is periodic, with prefix b and period c of the order of 20(‘R|d), we obtain:

O’(Elﬂ?kc):f U(§b+2kc)ﬂ

—b
L?,J . [ U(R )zi Aiz i
2 2

ek (15 15)

where \;; and \y; are the rates of the sequences {o(R )i }%_o and {o(R" )i %o,

respectively. It must be the case that |2 | + |22 | < 0, otherwise we could
h J(E‘m)ii U(E‘m)zi O f 11 S b M U(§b+2kc)'ﬁ
not have | =5 | + | 5| < 0 for all m > byg. Moreover, | ==—5—*| +

(§b+2kc)w —b —b u
| Z==—"] <0forall k > abs(d(R )i) + abs(c(R )u) = 20URID) Tt is easy

to see that by < b + 2c(abs(a(§b)ﬁ) + abs(a(ﬁb)ﬂ)) = 200R") | which gives
the bound on the prefix of the sequence {o(R¥)}°, in this case.

O'(Eb )ﬁ
2

| =] I+1

O

Conclusions

We prove that the class of reachability problems for flat counter machines, with octag-
onal relations labeling the cycles, is NP-complete. This result is based on the analysis
of the periodic behavior of the matrices that encode the power sequences of relations.
These sequences of matrices have, moreover, simply exponential prefixes and the pe-
riods. The crux of the proof is the reduction from octagonal to a simpler class of
difference bounds constraints, who are proved to be periodic by the construction of a
weighted automaton. The prefix and period of difference bounds relations are shown
to be simply exponential by a detailed analysis of this weigthed automaton.
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A Proof of Theorem

For two paths 7 and 7', such that dst(7) = sre(n’), we denote by 7.7’ their con-
catenation. The empty path is denoted ¢ and if 7 is a cycle, we define 7° = &,
71 = 7. and 7 = {7%|k>0}. For two sets of paths S and S’ let S.5" =
{o.0"|o€S,o’" €S dst(c) =src(c’)}. If 0q,...,0,41 are paths and Ay, ..., Ny are
pairwise distinct elementary cycles, such that dst(c;) = src(oi+1) = sre(A;) = dst(N;),
foralli=1,...,k, theset 01.A].02...0k.A[.041 is called a path scheme.

First, we show that all paths in G = (V, E,w), that are minimal for their length,
are captured by path schemes in which the number of cycles is at most quadratic in the

number of vertices.

Proposition 2 For each minimal path p there exists an equivalent path p’ and a path
scheme 0 = 010} ... 0N} .01, such that k <||V||? and p' € 0.

Proof: A similar statement, using a slightly different terminology is proved in [25|
Lemma 7.3.2]. Namely, for each path p (not necessarily minimal) in G, there exists an
equivalent path p’ = 01.A]" ... 0% A F .04 Where 01, ..., 041 are paths, Aq, ..., A,

are elementary cycles, ny,...,nx > 0and |0y ... o] < (V] =1)% mi

A path scheme 01.)\].02...0%.A}.0k41 18 bi-quadratic if |01.05 . .. 0p11] <Vt
Next we show that, for every path in the graph, minimal for its length, there exists an
equivalent path which is captured by a bi-quadratic path scheme with one cycle:

Lemma 12 For each path p, minimal for its length, there exists an equivalent path p’
and a bi-quadratic path scheme o.\*.c”’, such that p' € o.\*.c".

Proof: By Prop. 2} for any path p there exists a path scheme 0 = 1. A\].02 ... 0k Af .0k

such that k& <||V||?, and an equivalent path p’ = 01.A\]'.02 ... 0. A" .0%41, for some

ni,...,n, > 0. Suppose that \; is a cycle with minimal average weight among all
cycles in the scheme, i.e. W(\;) = w‘f\’\‘) < w|5\)‘]‘) =w(\j), forall 1 < j < k. For each
i J

n; there exist p; > 0 and 0 < g; < |A;|, such that n; = p; - |\;| + ¢;. Let p” be the path:

AT SR N
01.)\(111.02 e 0'1',1)\? Y25 Py A E i Py ]‘.0241. e Ok.)\zk.UkJrl
It is easy to check that |p"| = |p’| and w(p"") = w(p"), since p’ is minimal for its length.
Clearly p" is captured by the path scheme p1.A}.p2, where p1 = 01.A]" .05 ... 0y_1 and

P2 = Oi41. - ..Uk.)\zk.UkJrl. Since o1, ...,0k,0k4+1 are acyclic elementary paths, by

//| _
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Prop. [2} |o;] <||V||. Also, since Aq,..., A\ are elementary cycles, we have |A;| <||V]].
Since ¢; < |A\;| <|[V], and k <||V'||?, by Prop. [2| we obtain:

lp1p2| < (k+ D (VI =1) + k- (IVID - VI =1)
< (VI +1)-gIIV|| -D+ V] ;L(IIVII) (VI =1)
= VIE = IVIE+ VI =1 <[V
Hence p;.A].p2 is a bi-quadratic path scheme. O

For any £ > 0 and vertices u, v € V, let biq(u, v, £) denote the set of all bi-quadratic
path schemes o.\*.o", for which there exists a path 0. \*.¢” of length £, between v and v
and minbiq(u, v, £) = {o.\*.0" € biq(u,v,£) | Vr.n*.7" € biq(u, v,£) . w(\) <w(n)}
be the subset of biq(u, v, £) consisting of bi-quadratic path schemes of the form o.\*.0”,
where )\ has minimal average weight. The following lemma shows that, for each suffi-
ciently long path that is minimal for its length, there exists an equivalent path following
a bi-quadratic path scheme of the form o.A*.c”, whose cycle )\ has minimal average
weight, among all path schemes of this form. We recall that ;1(G) is the maximum
between the absolute values of the weights of G and 1.

Lemma 13 For every path p that is minimal for its length |p| > 4p1(G)-|| V||, there
exists an equivalent path p' and a path scheme 0. \*.c’ € minbiq(src(p), dst(p),|p|),
such that p' € 0. \*.0’.

Proof: Let u = src(p) and v = dst(p). By Lemma[12] for every path p, minimal for
its length L > 0, there exists an equivalent path p’ which is captured by at least one
biquadratic path scheme from biq(u, v, L). We will show that if L > 4u(G)- ||V ||°,
the cycle in this path scheme must have minimal average weight among the cycles
of all path schemes in biq(u, v, L). Let 0;.A .0}, 0;.A7.07 € biq(u, v, L) be two path
schemes such that p; = ai./\fi .o;and p; =0 ./\;’.j .a;- are two paths of length L, between
the same vertices, for some b;, b; > 0. First, we compute:

_  L-oi.gf _ ’ L-|o;.0%]

b; = ] w(pi) = w(oi.o)) + =55 - w(i)
L-|oj.0%| L-|oj.0%|

bj = |)\;‘ 2 'U}(pj) = w(aj.0§)+ |)\;‘ 2 U.)()\J)

Assume w.l.o.g. that W(\;) < wW(\;). We compute:

Ul’(Pi)IS w(p;) <
L-|o;.0 L-|oj.0"
w(o;.ol) + IA I cw(N) < w(aj.a;-) + p\; Lw(N) e 7
AillAj [(w(os.0))~w(a;.05)) Al loj.0flw (X)) =[As oo lw(X) <[

w(X; ) Ail—w(Xi)-|A4] -
Since w(A;) - |Ai| = w(A;) - [Aj| > 0 and since w(A;), w(A;), |\, |Aj| € Z, we have
that w(X;) - |Xs| = w(A;) - [A;] 2 1. By Lemma(12} we have |o;.07, |o;.0%] <[[V]|*, and
moreover, for any path 7, w(m) <|7|- 1n(G). Since 1 < |\, |A;| <[|V]|, we compute:

il N [ (w(os.07)~w(o;.05)) Al oj. 05w (X)) =[Nz .ol w(N:)

SOl (a1 , ,
il - [Nj] - (w(oiop) —w(oj.0%)) + [Nl -|oj.05| - w(Ng) =[N - |oiof] - w(N)
4u(9)- IV)1°

ININ
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Combining this with equation (7), we infer that w();) < w(\;) and L > 4u(G)- |V
only if w(p;) < w(p;), or, dually, that w(p;) > w(p;) and L > 4u(G)- |V ||° only
if w(A;) > w(A;). Therefore, a path, minimal for its length, which is greater than
41(G) ||V ||® must belong to a biquadratic path scheme, whose cycle has minimal
average weight, among all path schemes, to which the path may belong. O

The following lemma shows that the minbiq sets are invariant for fixed vertices and
lengths that belong to certain arithmetic progressions.

Lemma 14 Given vertices u and v, for each arithmetic progression {Zk}:’zo of rate
lem(1, ..., V) and €y >||V||*, minbiq(u, v, ;) = minbiq(u,v,£;), for all i, j > 0.

Proof: LetC =lem(1,...,||V]). Itis sufficient to show biq(u, v, £) = big(u, v, lx+1),
forall k > 0. Let = o.\*.0' € biq(u,v,ly + kC) be a path scheme. Clearly,
lo +kC = |o.0'| + p-|)| for some p € N. Since 6 is bi-quadratic, then |o.o’| <||V||*.
Sincgcéo >||V |4, we obtain that £y > |o.0”|. As a consequence, p - || > kC. Thus,

p 2 751 and hence p=p- % > 0. Observe that p’ € Z because |\ € {1,...,|[V]} (A

is an elementary cycle) and |A| divides C. We can define a path p = 0. \? .o, such that:
ol = |o.o’| +p" - [N = |o.0"| + p- |\ - kC = 4o .

Thus, we have 6 € biq(u, v, {y) and since 6 € biq(u,v, £y + kC') was an arbitrary path,
we have biq(u, v, 4y + kC) € biq(u, v, £p), for all k € N. The other direction is trivial,
by taking k = 0. O

We denote by minwg (u,v, ) the minimal weight among the paths of length 2,
between vertices v and v in G, or oo is no such path exists. The next lemma proves that
the minimal weights corresponding to a certain arithmetic progression of lengths form
an arithmetic progression as well.

Lemma 15 Given two vertices u and v, for any £y > 4u(G)-| V ||® there exists an

. . . (o] . (o]
arithmetic progression {{1},_, such that the sequence {minwg(u,v,l;)},_, forms
an arithmetic progression.

Proof: 1t is sufficient to show that, there exists an integer ¢ > 0 such that, for any
lo > 4p(G)-|| V ||®, there exists 7 € Z such that minw(u,v,fy + (k + 1)c) = r +
minw (u, v, o + ke), for all k > 0. Let ¢ = lem(1,...,||V|). By Lemma[l4] we have
that that minbiq(w, v, £g) = minbiq(u, v, £y + kc), for all k > 0.

We distinguish two cases. First, minw (u, v, £y +kc) = oo, i.e. minbiq({+kc, u,v) =
minbiq(u, v, £g+ (k+1)c) = @, and therefore we obtain minw (u, v, £y + (k+1)c) = oo
as well. Second, suppose that minw(u, v,y + kc¢) < co. Then there exists a path
p between v and v, minimal for its length |p| = ¢o + k¢ > 4 - u(G) |V ||°. By
Lemma there exists an equivalent path p’ and a biquadratic path scheme o.\*.0” €
minbiq(u, v, {y + kc) such that p' = 0.\’.¢" for some b > 0. Let p” be the path
o A" .o’ We will show that p"" is minimal for its length. For, if this is the case, then
|0”| = |pl + cand w(p”) = w(p) + c-w(A), i.e. minw (u, v, &y + kc) = minw(u, v, by +
(k+1)e)+c-w(N). Since w(A) is the common average weight of all path schemes in

40



minbiq(u, v, lo + k¢) = minbiq(u, v, £ + k'c), for any k, k' > 0, the value of the rate
¢-w(\) does not depend on the value k.

To show that p” is indeed minimal for its length, suppose it is not, and let 7' be
a path of length |p”| = 4o + (k + 1)c > 4u(G)-| V ||° such that w(n"") < w(p”). By
Lemma [13] there exists an equivalent path 7’ and a biquadratic path scheme 7.n*.7" €
minbiq(u, v, €y + (k + 1)c) = minbiq(u, v, + kc) (by Lemma [14) such that ' =

7.7, for some d > 0. We define the path 7 = 7.7 7.7/, of length £ + kc. We have
the following relations:

N

oAb’ o = o AL w(p) < w(m) w(p”) > w(x")

p
R D s ol = o] = I

|

Since w(\) = w(n), we infer that

7 c — — c "
w(p”) —w(p) =w(A)- N w(A)-c=w(n)-c=w(n): o w(") —w(r) (8)
Also, w(p) < w(m) and w(n"") < w(p”) implies that w(p) + w(n") < w(w) + w(p")
which contradicts equation (8). O

Proof of Theorem@ By Lemma the prefix of the sequence {M*}%°  is maxi<; j<n bij
where b;; is the prefix of the sequence {M;;}72,. Thus it is sufficient to show that
bij < 4u(M) - n®, for each pair 1 < 4,5 < n. Let Gy = ({1,...,n}, E,w) be
the weighted graph whose incidence matrix is M and 4,5 € {1,...,n} be two ver-
tices of Gp;. By Lemma there exists an arithmetic progression {¢;}}_,, where
by = 4p(M) - n® + 1, such that {minwg,, (i, j, {x) }7>, is an arithmetic progression.
Then it must be the case that b;; < 4p(M) - nS. O

B Periodic Sequences of Sums, Minima and Half Terms

Lemma 16 Let {s;},., and {ty};., be two periodic sequences, with prefixes bs, by
and periods cs, ¢, respectively. Then the sequence {sy, + tk}zozo is periodic, and:

0,5 Aem1 VE20Vie[c]. Sba(k+1)eri T Tos(kel)eri = Ai + Sbike+i + Lorkeri
where ¢ = lem(cs, ¢ ) and b = max(bs, by).

Proof: Let A§,..., A% _; be the rates of {si},., and Aj,..., A _; be the rates of

cy Ney—

{tx }_o- respectively. For all i € [c], we define Ai = ZX7 o4 . + S AL pod o With
these definitions, the required equality is an easy check. O

Lemma 17 Let {Sn}:;() be a periodic sequence with prefix b > 0 and period ¢ > 0.
Then the sequence {[%”J}:’:O is periodic, and:

Mo, Aoes V>0 Vi [2] [M%J :Ai+{%J
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Proof: Let \§, ..., \5_; be the rates of the sequence {s,}.,. We define \; = \jsc =
A¢, for all ¢ € [¢]. Then, we compute:

Sba(k+1)2c+i J _ 2N +spakeacri | _ [5b+k~2c+'i J
[ = 2 =i+ [T
l5b+(k+1)2c+c+'i J _ 2A7+Sbik2ereri | _ A + lsb+k.2c+c+i J
2 2 ? 2

Lemma 18 Ler {s;.};2, and {ti};>, be two periodic sequences, with prefixes by, b,
and periods cs, ct, respectively. Then the sequence {min(s,ty)} ., is periodic, and:

Jb< bm&x + man’:& (abs(sbmaer(i mod cs)) + abs(tbmaer(i mod ct)))
ElAOw“;)\c—l VkE>0Vie [C] .

MIN(Spt (ka 1)ctis Lot (k+1)eri) = Ai + MIN(Sprkeriy thrkeri)

where ¢ = lem(cs, ¢t) and bypay = max(bs, by).

Proof: We prove first the following facts, for all

abs(sbmax+(i mod cb)) + aJbs(tbmax+(i mod ct)) -|

>

C
and each i € [c]:

t
1. if Afmod Qimodes )\”r;% then Sbmax+kcti S tbmax+k6+z’

t
2. if m;zdu > %dq then s, +keti 2 Copatkeris
3. if LmodL5 _ A:nlodrt then

Ct
Sbmaxtke+i ~ tbmax+kc+i = Sbpax+(d mod cs) tb]{,ax+(i mod ct)+

(Z_CS) i modcy Z+Ct)>\i mod ¢y

where + denotes integer division.
— c > . S 1 H
Observe that sy, +ketri = Sp+(imodes) + (ch, +0+ )N hoa ., and similar for
b,ax+ke+i- We have thus the following equivalences:

Sbaxthetri S Cbpagtketi .
c .
Sbmax+(i modeg) T (k* +i+ CS))\Z mode, S Ubpmax+(i modc,) + (kcj +1+ Ct)>\i mod ¢y
>‘1 modcg >‘7 mod c
ke Co - o L < tbqu-*—(i modcs) — sbmmx+(i modcs)+
(Z -~ Ct)Az modec, ( CS))‘Z mod cg

Under the assumption of this first point, we have:

ke> abs(sbmax+(i mod cs)) + a}f)S(tbmax-f-(i mod c,,)) = Sbaxtketi S Lbyaxtketi
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The second point is symmetric. We obtain the last point by a similar argument. The
statement of the lemma follows, with the definition below. For all ¢ € [c]:

s A8 A
i modcg s N modeg i mod cy
, Cs f Cs < . ct
Az‘ = C/\i mod ¢y lf )‘: mod cg > /\i mod ¢y
ct Cs ct
0 otherwise

Observe that, if b = byax +max{=] (abs(sp, .. +(imode,)) +abs(ty, . +(imode,)))s then

max;“:&(abs('sbmaer(imodus))+abs(tb[,]ax+(i11\odct)))‘| + k) C+Z‘ and a

b+kc+i:bmax+([ p

case split based on the above three facts can be applied. O

oo . . .
Lemma 19 Let {Sllf}k-:o’ R {SZ}ZZO be periodic sequences with prefixes by, ..., by,
periods cy, ..., c, and rates )\(IJ, . ,)\21,1, ey Ay -y A, _1, Tespectively. Letm}v, R mf;
be linear combinations of s},, . . . , st respectively. Then the sequence {min(mj,, ...,m%)}%2,
is periodic, with prefix at most b and period that divides c, where:
n c-1/v4 1 n
e b<maxil(b;) +n-maxiZy(X;_; abs(m;(s, -8y ;))) and
e c=lemi,(¢;).

Proof: Applying Lemma we obtain that, each sequence {m};}’io, fori=1,...,¢,
is periodic, with prefix at most max]-, (b;) and period which divides ¢. The upper
bound on the prefix and period of {min(m},...,m{)}:>, is obtained by applying n
times Lemma [I8] m]
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