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Abstract— This paper discusses the problem of kernel se- experimental conditions mean that the user is often forced
lection in Reproducing Kernel Hilbert Spaces (RKHS) for to accept a compromise between the desired flexibility and
nonlinear system identification and the use of a derivative arm the robustness of the model to disturbances. Inspired by

regularization, in place of the traditional functional nor m reg- - S
ularization. However in the proposed formulation, an optimal RKHS-schemes using derivatives [7], [12], [19] and the

representer for the estimated function cannot be defined. He, analagous spline-smoothing problem [24], a method diyectl
this problem is investigated and a representer for the deriative  constraining the smoothness of the estimated function was

regularization approach is proposed. Additionally, we sh@/  proposed as a way of removing the dependency between
how this permits a fully a priori choice of kernel function, smoothness and kernel choice [4]. So far, it has only been

determined completely independently of the data distributon . .
and noise level. The advantage of the proposed method is shown that the proposed approach could compete with tradi-

illustrated using two simulation examples, each presentp tional approaches from the literature, whilst determirtimg
a scenario where the kernel selection is otherwise highly kernel function solely based on the input data distribution
problematic: non-uniformly distributed data and function s of Unfortunately in the analysis of [4], am priori choice of
varying smoothness over the input space. _ kernel was limited by the suboptimality of the representer
Keywords: Nonlinear system identification; nonparametric . . . .
modeling; RKHS; regularization; derivatives; gradient requ- [10], [20] in this formulation. In order to overcome this
larization. limitation, this paper proposes axtended representeas
an alternative to the traditional representer. It will bewh
that using this extended representer in conjunction with a
In system identification, the increasing need for accuraayerivative-norm regularizer allows the definition of aniarb
in complex systems has led to a requirement for modetsarily flexible model class for estimation, with signifidhn
capable of representing the nonlinear structure of manly reeduced sensitivity to the excitation signal and the noise
systems [6], [14]. However, nonlinear system identificai® level.
a challenging field, to which many different solutions exist The advantage of the proposed approach with respect
[5], [21], of which almost all benefit from some intuition to other approaches from the literature will be demon-
about the system of interest. strated through two examples. Firstly an example using
Understandably, such intuition is often scarce. In responsion-uniformly distributed input data will emphasize how
to this problem, nonparametric modelling has begun tgaditional kernel optimization can be restrictive under-c
emerge as a methodology allowing a very flexible repraain conditions. Then, it will be shown how the proposed
sentation of a system. Nonetheless, for such approachgsproach can facilitate the detection of nonlinear stmasut
the definition of the estimation model class remains a This paper is structured as follows. After a brief expositio
challenging problem. IrReproducing Kernel Hilbert Space of the identification problem and the RKHS framework in
(RKHS) based approaches [2], [10], this can be interpretegection I, the method of [4] is briefly recalled in Sectioh Il
as the kernel selection problem, with the kernel functiomnalysis of the representer is presented in Section 1V, with
explicitly defining the model class. In alternative kernelhow this leads to aa priori choice of model structure being
based framworks, such &aussian Processgd 7], Krig-  shown in Section V. Simulations evaluating the performance
ing [11] or Least-Squares Support Vector Machi@®2], of the method are given in Sections VI and VII, with a

the kernel selection is interpreted in different ways - busummary of the principal conclusions in Section VIII.
rests nonetheless problematic. Typically, hyperparanogte

timization techniques such as cross-validation are used to Il. PROBLEM DESCRIPTION

determine a suitable configuration - but this can often mean

the model selection process is heavily influenced by theenoié- The Data-Generating System

level and input data characteristics. AssumeN observations of a data-generating syst&m
Uncertainty concerning the nature of the true systergre measured and recorded:

should encourage the user to choose a flexible, unrestrictiv

model class. However in [4] it was shown that imperfect Dy = {(u1,11), (u2,92), ..., (un,yn)}, 1)

|. INTRODUCTION



where (ux, yi) denotes the input and output of the system This solution will likely be familiar to the reader, as it is
at time k. We assume, has an NARX structure such that: widely used in inverse problems. Determining the optimal
parametersyy of (7) requires the selection of a suitable

Sot Yo = fo(Xic) + o (2 regularization hyperparametgy and kernelK. Whilst the
where the variablex, € R"= is the regressor vectqr choice of A is widely discussed in the literature [15], [17],
composed of the past inputs and ouputsSef the question of how to choose the kernel function is more
open but equally important.
Xk = [Yho1 - Yhon, Uk - Up—ny] (3) For example, in case of the well-studied [16] and widely-

) ) used Gaussian radial-basis function (RBF):
at each instant € [1 ... N]. Here, f, : R"™» — R is an

. . . . ) . TP
u_nknown nonlinear function ang, is a white Gaussian noise (K} = expd - Ix; — x| ’ ®)
disturbance at the output. - o2

B. Identification in the RKHS the smaller the kernel width, the more flexible the model

In the RKHS framework, defining a model class is equiv/ass- In essence, selecting an excessively largefines a
alent to defining a Hilbert spack of functions such that Model class possibly incapable of fully reconstructfyda].

any f € H must have a nornif|l% > 0 (for f # 0),
and an inner-produdtf, f)z [1], [9]. IIl. REGULARIZATION USING DERIVATIVES OF

The theory of reproducing kernels states thats asso- FUNCTIONS

ciated with a unique kernel functiok” : X x X — R, A. Enforcing Smoothness Through Regularization
spanning the spacH [2]. In other words, the choice of the
kernel fully definesH, and hence the model class. From th(?u
Moore-Aronszajn Theorelf2], this permits the definition of
areproducing propertywheref is expressed in terms of the
kernel function:

The theory of reproducing kernels implies that kernel
nction explicitly defines the model class for estimation.
However in a practical identification context, the effeetiv

ness ofV; of (5) is undermined if experimental conditions
lead to an improper choice of kernel. In [4] the following

FX) = (f, kg = ia-k (x) @) cost-function was proposed as a solution to this problem:
=t Vo : V(f) =y = ()3 + AIDfI%, 9)
where{«;}52, € R>™ are weights against the kernel slices
ky, [20]. whereDf is the differential operator defining the gradient
' of f:
C. The Representer Theorem T
pf [0 () (10)

It can be seen in (4) thaf is defined in terms of an
infinite sum of kernel slices spannidg. However for certain
cost-functions, a finite-dimensional representerfafan be Here, 52-{-} denotes the partial derivative operator with
defined, minimizing|| f||%. For example, consider: respect to the.™® dimension ofx.

In this optimization scheme, the smoothness foftan

Vi s V) = lly = SOOI + 9(1F 150 ) be controlled through the regularization. As a result, the
wherey = [y; ---yn] . The termg(|| f||+) is theregulariza- kernel hyperparameter can be removed from the optimization
tion term and must be anonotonica”y increasingunction problem, and a flexible kernel function used. This is more
on the norm off [10], [20]. A popular choice of regularizer likely to ensure that{, C H (where?, is the Hilbert space
is g(||fll%) = M| f]|3,, which ensures the well-posedness ofPanned byf).
the solution [23] and will be considered here. In this case, For a given representefi(x) = 31, aikx,(x), [|Df]|3,
it is proven that the optimal representer ptan be defined can be expressed in terms of the derivatives of the kernel

0x1 a 0xn,

as a finite sum around the observations: [25] as:
N P P
i=1 i=1 j=1

with {a;}Y, € RY [10], [20]. ne pe

Consequently, a closed-form solution can be obtained fevhereDK (p, q) = Z ——{K(p,q) }.
ary € RY, the optimal model parameter vector ¥f of (5), — Opu0q,
using F; of (6): Under these conditions, the optimal model parameters of

Vp of (9), ap € RY, are defined as:
= a;=K+MD) 'y (7) »

, , o = ap=(K'K+MDK) K'y (12)
K is equivalent to theV x N Gram Matrix with {K}; ; =
K (xi,%;). whereDK; ; = DK (x;,x;) in a similar fashion to (7).



IV. AN EXTENDED REPRESENTER representation of (x) in (4) can be approximated (see Fig.

In this section, the suboptimality of the representer (G}b)-
for solving (9) will be discussed. An extended represerger i Hence, we propose aextendedrepresenter off(x) for
proposed to cope with this issue, leading to an unconstlaing> Of (9), based on the true observations and the additional
kernel hyperparameter, independently of both the data di§ernels:
tribution and the noise. The one-dimensional Gaussian RBF N P
kernel defined in (8) will be used as an example throughout.  Fp : f(x) = Z aikx, (x) + Za;kx; (%), (13)
Note that in this case, extension to the multi-dimensional i=1 j=1
case is straightforward, by taking the product of the monod; here x:*
mensional kernels [17]. For the Gaussian RBF kernel, thé:“panniné)(.
flexibility is defined through the kernel standard deviation
Although other choices of kernel function will have diffate
hyperparameters, by identifying the hyperparameter adlat

€ R"™ ¢ € [1...P] are points uniformly

In this formulation, it is possible to enforce smoothness
over X - through the regularisation - whilst using small

. . kernels.
to the model flexbility the same arguments can be applied.
A. The Suboptimality of; for Vp V. DEFINING A MAXIMALLY FLEXIBLE MODEL
: STRUCTURE
15 15
—e Observations —e Observations 15 1 1
—Obs kernel —Obs kernel —f — f — f
I1fll2 - Added kemnels —kap kg .
1D fll2
1 1 ) 1 . 1 i
05" 05 ; ’ Lo
| Input (x/o) i * Inpu?(x/n)z i oA Vélnp;?;x/n)z‘ e
\ - % (a) Pk = 0.7 (b) Pk = 0.5 (C) Pk = 0.3
06 4 -2 0 2 4 6 O—G - - - - 6 . . . A
Input (7) Input (x2) Fig. 2: The effect of the kernel density it on f(x)
(@ Vs, F): N =2 (b) Vp, Fp): (N, P) = (2,8)

Now that the value of is unconstrained, the objective is
to choose the smallest permissible value, such that the most
flexible model structure possible is defined. The only lingti
factor is the number of kernels to be added7?n of (13)
which is restricted by available computational resourees.
is linked to P through the kernel densityy:

Fig. 1: Reapproaching optimality using added kernels

As pointed out previously, determining> of (12) depends
upon choosing a finite representer fitx). However, the
representer (6) is suboptimal here singBf||+ is not a
monotically increasingunction on the norm off. It means
here that, in theory, the reproducing property of (4) cannot a Thax ~ Tmin

.. . = y A x =
be truncated to a finite sum over the observations for the cost Pk A v P

function (9). , _ _ However, even though the extended representer is only an
To study this problem, we consider the one-dimensiongl, ., imation of the infinite representation ffz) in (4),

example_ of Fig. 1, wheret C R and only N = 2 j'ig how possible to quantify its suboptimality.

observations of the system are available at= —z, = —50 Fig. 2 illustrates the dependency gﬂfon pr. to ensure

and_f(ﬁl) :.f(ml) = L. From Fig. 1?’ itis clede(l; thalff Ofl smoothness inY, it is required to maintain a sufficiently
(6) is the minima re_presenterpff of (5) as adding kernels high kernel density. Hence for a particulé and pz, a
along X' would only increasg| | minimum value ofs can be determined. To determipg,

However, in the case obp of (9), 7 is not optimal. et s introduce the smoothness-tolerance paranaeter
It cannot reproduce the optimal solution ®f in H (in

this case given by the constant functiga(z) = 1 over £l
given by ga(a) (- 100 x {1_ ||f|cmf} o

(14)

the finite intervalz € [—50,50]). Furthermore, by adding (15)
kernels alongY, || Df|+ can be reduced.
Thus, F; of (6) is suboptimalfor Vp of (9). e is a user-defined tolerance, quantifying the maximum
relative difference betweeji and fc(x) = c, Vo € X and
c € R**. In practice, the choice of will depend on the
An infinite amount of kernels would need to be addedpplication. To illustrate how this can be used, considgr Fi
along X' to minimize ||Df|\H. Therefore, an optimal repre- 3 which approximates for different values of,. Here,x;*
senter forVp of (9) cannot be defined. However, the infiniteare evenly distributed alond = [—1, 1].

B. An Extended Representer



Step 1: Define P,,.«. Clearly, increasing? will allow C. Results
a smallero. Hence, P should be chosen a®,.., the
maximum practical value given computational restrictions
(note the requirement for the inversion(@¥ + P) x (N + P) 30 —=—
matrices). Here, we chooge = 103. 25 Ve

Step 2: Chooser. A suitably smalle should be chosen o - Valdaton ot
such that deviations are negligible, but note that this will
enfore a largerp,. As an example, we choosg,.x ~
10719%, giving py,.,, ~ 1.7.

Step 3: Determine op,;,. From (14), computer,i,. In
this example g, ~ 0.003.

This can be considered a very conservative estimate.for 4 L Leron e
For many practical examples, it is sufficient to get= 1, B s 08 02 02 0 02 04 06 08
which ensures ~ 1%. nput

(a) Simulation 1.z € [—1,1]

Output

0
—e(p) —True F
o Chosen ¢ 25)--M1
M2
0 20| ~ Estimation Input

107 n o Validation Input

._.
o
(9]
|
Output
o

20 «x xxxomx T

Smoothness Tolerance (e %)

-08 -06 -04 -02 0 0.2 0.4 0.6 0.8

1025 ‘_2 ‘»1 | 5 Input
10 Kerne:ll%ensity ®) 10 (b) Simulation 2:z € [—1, 1]
Fig. 3: Selecting an appropriate kernel using Fig. 4: Estimation of (16) using\{1 and M2
VI. SIMULATION EXAMPLE The locations of the identification and validation inputadat
A. The Data-Generating System pointsz are indicated in each figure of Fig. 4. Interestingly,

r(iiespite the low noise on the data, the optimized kernel of
M1 highly depends on the realization: was optimized to
0.08 in the first simulation while it was optimized t0.2

in the second simulation. In simulation 1 (Fig. 4a), both
methods can be considered equivalent in terms of model
flexibility (even though the behaviour is naturally diffate

in poorly excited regions). However in simulation 2 (Fig 4b)
M1 is forced to take an excessively restrictive model class
due to an overly large optimized kernel. By contrast? is
much better able to cope with the sharpnesg.ah the well
Lxcited region (close ta = 0), due to thea priori choice

To illustrate how much the usual kernel optimisation ca
lead to restrictive model class, the following data genegat
systems, is considered (2):

5
So: fola) =151l 420 " e20l=01 _ 10, (16)
=0
with z € R. Two identification/validation dataset are pre-
sented withV = 50 points distributed randomly withz{ ~
U(-0.25,0.25), i = 1,...,N/2 andz; ~ U(1,1), i =
N/2+1,...,N ). The data is corrupted by a white Gaussia
noise at the output with SNR= 20 dB, where SNR= .
20log(oy,/o.). These experimental conditions represen?f a small kernel width.

scenarios where the number of available data is low, an(#t St_hOlljld be_nolteci Fhal; t?he fits Of bo”; apHproachesmwere
unevenly distributed along’. effectively equivalent in both experiments. However, thes

results were deemed uninteresting as in this case theydaovi

B. Identification Procedure little insight into the performance of each model on the
The identification methods compared in this example angystem.
presented in Figure 4 are: Despite its apparent simplicity, this example well illus-
o M1: The regular schem&; using F; of (6) with ¢ trates a case where the input data distribution prevents a
optimized by cross validation. suitable estimation of the kernel through cross validation

o M2: The proposed schemgp of (9) using the ex- In such situations, larger RBF kernels will lead to a poor
tended representéfp of (13) andP,.x = 10° leading  estimation in densely distributed regionsf Hence, using
t0 0 = omin = 0.003. Vp of (9) andFp of (13), it is possible to defina priori a
In both cases) is determined using cross-validation againsflexible model class, without any consideration of the input
the noisy validation dataset, as would be done in practicedistribution or output noise-level.



VII. L OCALLY OPTIMIZING THE SMOOTHNESS OFf The approaches oPp of (9) andV,, of (17) are used
It has been shown that using, of (9) can permit the defi- in the estimation. In each case, the kernel hyperparameter

nition of a flexible model class. So far however, the ability t Was determinea priori with o = 0.01 (px ~ 1). Ap was
characterise different behaviours within a function hasrbe détermined by cross-validation against a noisy validation
limited by a fixed constraint on the smoothness, determinétftaset. , _ s
by the regularization. However, as the smoothnesg i The results of a Monte-Carlo simulation fer,,. = 10
now entirely controlled by, which appears linearly in the 'UnNS aré presented in Table 2. The RMSE is calculated as
cost function,\ becomes a trade-off between the importancEMSE = If = foll2, with the mean calculated over,,.
of fitting the data at a given point and the smoothness of tgals.
function. 2 ‘

Hence, by introducing linear weightsy(x;) into the 15] :
loss-function, it is possible to locally tune the smootimes 1o} / .
at different points inX. The optimization scheme hence § 5F / }

becomes: L e e ]
-5 XX& Ko X8 e x ”&XXXXMXXXXX xxx B x& x X x| 2% x: X% . X X
Y > 2 S T R T BN B TR Y S
Vo V() =D (wr(yn — F(xx))” + AIDFI3, (A7) input
i=1 (8) S1: (19)

which yields the closed-form solution for the optimal model ”

parameters: e oo B 5 Doy
=== One-Shot === One-Shot
T —1 T 15 15
aw = (KJKy + ADK) Ky (18)

10 10

with y, (k) = wryr and K, (xx, x) = wi K (xg,x). Exam-
ples of similar approaches can be found in the literatug, e.
(3], [8], [13], [18].

Naturally, the choice of the weights; is open at this 0
point. Nonetheless, a solution to this problem is briefly
described here. We propose a direct computation of th
weights, based on the second-dprivativefof 10 —— - 10 —— -

Step 1: Estimate the functiorf using Vp of (9), which Input Input
corresponds to (17) witbv, = 1,Vk € [1... N].

Step 2: Compute the second derivati@?f(x) by de-
riving the kernels inFp of (13). At this stage it is clear that Fig- 5: Locally applying smoothness using a weighted loss-
regions with low values oD?f(z) indicate smooth regions function
and vice versa. Therefore, we can compute relative weights

Output
w1
Output
w1

(b) Vp : Fixed Smoothness (c) V., : Variable Smoothness

wi ~ D?f(xy). These weights should be normalised, such [ Method || Miean Bias | Mean Std| Mean RMSE |

thatw = 1. This ensures\ does not need to be reoptimized, Vo of Q) 0.094 014 501

hence)\, = \p. V., of (17) 0.003 0.11 10.66
Step 3: Iterate as long as the fitting score on the

validation data improves. TABLE I: SUMMARIZED RESULTS OFFIG. 5

A. A Simulation Example Table 1 and Fig. 5 show that using, of (17), it was

To illustrate the effectiveness ofrn-uniform smoothness possible to better estimatg, statistically both in terms of
approach, consider the example of Figure 5.=N1000 pjas and variance. Furthermore, examination of the median
measurements of a 1D nonlinear static functifn are single-run estimates (i.e. ths00™ best estimate in each
Corrupted with white-noise at the Output of magnitude 5dBéase) shows that by usin@d of (17) it is also possib|e to

. _ reach a better representation of the true underlying nature
Sui folw) =max{20(0.2 = z]), 0} =5 (19) A0 function f,, which could be useful as a preliminary
The excitation signal is a uniformly distributed randomstep towards an automated parameterization of nonlinear
variable,xy, ~ U(-1,1), k=1,..., N. functions.



Finally, as an extension to the approach)g$ of (9), [12] F.Lauer, V. Le, and G. Bloch. Learning smooth models @fismooth
this proposition still offers the benefits of flexibility iMeé functions via convex optimization. IHEEE International Workshop

. . on Machine Learning for Signal Processin8antander, Spain, 2012.
model class, with the added advantage of better modellifgs) 1 '\in 8. Horne, P. Tino, and C. Giles. Learning longrtedepen-

smooth behaviours and sharp changes without any kernel dencies in NARX recurrent neural networkéEEE Transactions on
size optimization. Automatic Contrgl 7:1329-1338, 1996.
[14] O. Nelles. Nonlinear System Identification: From Classical Ap-

proaches to Neural Networks and Fuzzy ModelSpringer-Verlag,
VIIl. CONCLUSIONS Berlin, 2001,

In this paper, after recalling the recently introduced -optilt5] G. Pillonetto, F. Dinuzzo, T. Chen, G. Nicolao, and Luhg. Ker-
o h derivati in the RKHS f K nel methods in system identification, machine learning amdttfon
mization scheme over derivatives In the ramework,  estimation: A surveyAutomatica 50(3):657-682, 2014.

an extended representer has been proposed which allows tte¢ G. Pillonetto, M. Quang, and A. Chiuso. A new kernel4zspproach

a priori definition of a maximally flexible model structure, for nonlinear system identificationEEE Transactions on Automatic
. ilabl tati | d desired . Control, 56(12):2825-2840, 2011.
given available computational resources an esire preﬁ?] C. Rasmussen and C. WilliamsGaussian Processes for Machine

sion. Learning The MIT Press, 2006.

In practice, this means an arbitrarily small kernel cait8l J- Roll. A. Nazin, and L. Ljung. Nonlinear system idéiustion via
. . direct weight optimization Automatica 41:475-490, 2005.
be used for the estimation of both smooth and nonsmooffy; [ rosasco, M. Santoro, S. Mosci, A. Verri, and S. VillA regu-

functions, irrespective of the input distribution and tteese- larization approach to nonlinear variable selecti@8th International

level. This greatly reduces the complexity of the hyper- Conference on Artificial Intelligence and Statisti€&653—660, 2010.
L bl hich b ial .AZO] B. Scholkopf, R. Herbrich, and A. Smola. A generalizegpresenter
parameter optimization problem, which may be crucial | theorem.Lecture Notes in Computer Scien@111:416-426, 2001.

higher dimensional problems. [21] J. Sjpberg, Q. Zhang, L. Ljung, A. Benveniste, B. Dely®. Gloren-

Two examples have been presented, illustrating the advan- e H. Hjalmarsson, and A. Juditsky. Nonlinear black-bodaiing
. . in system identification: A unified overvievdutomatica 31(12):1691—
tages of the proposed method in cases where experimental 1754 1995,
conditions otherwise pose undesired limitations on theéagho [22] J. Suykens, T. V. Gestel, J. D. Brabanter, B. D. Moor, dnd/an-
of kernel. dewalle. Least Squares Support Vector Machin&ingapore: World
. . Scientific, 2002.
The authors are currently extending this research to dys) A Tikhonov and V. Arsenin. Solutions of ll-Posed Problems
namical examples, to investigate the application of there Winston/Wiley, 1977.
i i At ink24] G. Wahba. Spline models for observational data. SIAM CBMS-
presented in more common system identification scenario& NSF Regional Conference Series in Applied Mathematiosime 59,
Philadelphia, Pennsylvania, USA, 1990.
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