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CONVERGENCE OF MARKOVIAN STOCHASTIC
APPROXIMATION WITH DISCONTINUOUS DYNAMICS

G. FORT *', E. MOULINES *, A. SCHRECK *, AND M. VIHOLA

Abstract. This paper is devoted to the convergence analysis of stochastic approximation al-
gorithms of the form 6,11 = 0n + Yni1Hp, (Xn41) where {0,,n € N} is a R-valued sequence,
{¥n,n € N} is a deterministic step-size sequence and {X,n € N} is a controlled Markov chain. We
study the convergence under weak assumptions on smoothness-in-6 of the function 6 — Hg(z). It
is usually assumed that this function is continuous for any z; in this work, we relax this condition.
Our results are illustrated by considering stochastic approximation algorithms for (adaptive) quantile
estimation and a penalized version of the vector quantization.

Key words. Stochastic approximation, discontinuous dynamics, state-dependent noise, con-
trolled Markov chain.

AMS subject classifications. 62120, secondary: 90C15, 65C40

1. Introduction. Stochastic Approximation (SA) methods have been intro-
duced by [35] as algorithms to find the roots of h : © — R? where © is an open
subset of R? (equipped with its Borel o-field B(©)) when only noisy measurements of
h are available. More precisely, let X be a space equipped with a countably generated
o-field X, { Py, 0 € ©} be a family of transition kernels on (X, X') and H : Xx© — R9,
(x,0) — Hy(x) be a measurable function. We consider

9n+1 - en + '-YnJrlHGn (XnJrl) (11)

where {v,,,n € N} is a sequence of deterministic nonnegative step sizes and {X,,, n € N}
is a controlled Markov chain, i.e., for any non-negative measurable function f,

Elf(Xpnt1)|Fn] = P, f(Xyn), P—as., F,=0((X¢00),0<n).

It is assumed that for each 6 € O, Py admits a unique stationary distribution my and
that h(0) = [y Ho(x)mg(dz) = m9(Hpe) (assuming that mg(|Hg|) < co). This setting
encompasses the cases {X,,,n € N} is a (non-controlled) Markov chain by choosing
Py = P for any 0; the Robbins-Monro case by choosing Py(z, ) = m(-) where 7 is a
distribution on X; the case when {X,,,n € N} is an i.i.d. sequence with distribution
7 by choosing Py(z,-) = =(-) for any =z, 6.

The goal of this paper is to provide almost sure convergence results of the sequence
{0,,n € N} under conditions on the regularity of the 6 — Hp(z) which does not
include continuity, which is usually assumed in the literature. When {X,,,n € N} is
a controlled Markov chain, [9] and [37, Theorem 4.1] establish a.s. convergence under
the assumption that for any =, 0 — Hy(z) is Holder-continuous. This assumption
traces back to [22, Eq. (4.2)] and the same assumption is imposed in [3, assumption
(DRI2) and Proposition 6.1.].

In order to prove convergence, a preliminary step is to establish that the sequence
{0,,,n € N} is P-a.s. in a compact set of ©, a property referred to as stability in [24].
It is common in applications that stability fails to hold or it cannot be theoretically
guaranteed. When the ‘unconstrained’ process as stated above can be shown to be
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2 G. FORT ET AL.

stable, the proof often requires problem specific arguments; see for instance [36, 4].
Different algorithmic modifications for ensuring stability have been suggested in the
literature. It is sometimes possible to modify H without modifying the stationary
points in order to ensure stability as suggested in [28] (see also [7] and [18] for ap-
plications of this approach). An alternative is to adapt the step sizes that control
the growth of the iterates ([19]). Another idea is to replace the single draw in (1.1)
by a Monte Carlo sum over many realizations of X,4+1 ([39]). Such modifications
usually require quite precise understanding of the properties of the system in order
to be implemented efficiently. The values of #,, may simply be constrained to take
values in a compact set K [23, 24]. The choice of the constraint set K requires prior
information about the stationary points of h, as ill-chosen constraint set K may even
lead to spurious convergence on the boundary of K. It is possible to modify the
projection approach by constraining 6, to take values in compact sets K,, which
eventually cover the whole parameter space U, K,, = © [1]. In the controlled Markov
chain setup, this approach requires relatively good control on the ergodic properties
of the related Markov kernels near the ‘boundary’ of © [5].

We focus on the self-stabilized stochastic approximation algorithm with controlled
Markov chains [3], which is based on truncations on random varying sets as suggested
n [13]. The main difference to the expanding projections approach of [1, 5] is the oc-
casional ‘restart’ of the process; see Section 2. The main advantages of this algorithm
include that it does not introduce spurious convergence as projections to fixed set, it
provides automatic calibration of the step size, but it does not require precise control
of the behavior of the system near the boundary of © like the expanding projections
and the averaging approaches. The convergence properties of the algorithm under the
controlled Markov chain setup is studied in [3] and in a different setup in [27]. This
algorithm has been used in various applications, including adaptive Monte Carlo [25]
and adaptive Markov chain Monte Carlo [2].

Theorem 2.1 provides sufficient conditions implying that the number of trunca-
tions is finite almost surely. Therefore, this stabilized algorithm follows the equation
(1.1) after some random (but almost surely finite) number of iterations. We then prove
the almost sure convergence of {f,,,n € N} to a connected component of a limiting
set which contains the roots of h. We also provide a new set of sufficient conditions
for the almost sure convergence of a SA sequence which weakens the conditions used
in earlier contributions (see Proposition 4.6). We illustrate our results for (adaptive)
quantile and multidimensional median approximation. We also analyze a penalized
version of the 0-neighbors Kohonen algorithm.

The paper is organized as follows: the stabilized stochastic approximation al-
gorithm, the main assumptions and the convergence result are given in Section 2.
Section 3 is devoted to applications. The proofs are postponed to Sections 4 and 5.

2. Main results. Let {IC;, ¢ € N} be a sequence of compact subsets of O such
that

Jki=6, and K;Cint(Kis1), >0, (2.1)
>0
where int(A4) denotes the interior of the set A. The stable algorithm, described in
Algorithm 2, proceeds as follows. We first run SA(«y, Ko, z, ) (see Algorithm 1) until

the first time instant for which 6,, & K. When it occurs, (i) the active set is replaced
with a larger one K1, (ii) the stepsize sequence ~ is shifted and replaced with the se-

quence v ! dof {vi+k,k € N} and (iii) SA(y*1, Ky, x,0) is run. The above procedure
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is repeated until convergence; see e.g. [3]).

Input: A positive sequence p = {p,,n € N} ;
A point (x,0) e X x O
A subset £ C ©

1 Initialization: (Xo,00) = (2,60), n =0
2 repeat

3 Draw X,,11 ~ Py, (Xn,) ;

4 9n+1 = 971 + pn+1H9n (XnJrl) ;

5 n<n+1

6 until 0,, ¢ K;

Algorithm 1: Stochastic Approximation algorithm SA(p, IC, x, 6)
Input : A positive sequence v = {v,,n € N} and a (z,0) € X x ©;
Output: The sequence {(X,,,0,,1,),n € N}

1 (X0a90710) = (117,9,0) )

2 n=0; /* n: number of iterations */
3 (=0; /* (: number of iterations in the current active set */
4 repeat

5 if , =0 then

6 | X1 =1, 012 =10;

7 else

8 | Xnt1/2 = Xn, Opp1/0 = On ;

9 end
10 Draw Xn_;,_l ~ P9n+1/2 (Xn+1/27 ) ,
11 971-!-1 = 9n+1/2 + ’7171+C71+1H9n+1/2(X71+1) ;
12 if 9n+1 S K:]n then
13 | In+1 =1,, Cn-i—l = Cn +1
14 else
15 | InJrl = In + 1, <n+1 =0
16 end
17 n+<n+1
18 until convergence of the sequence {0,,n € N};

Algorithm 2: A Stable Stochastic Approximation algorithm

Consider the following assumptions:

H1 The function (x,0) — Hy(z) from X x © to R? is measurable. There exists
a measurable function W : X — [1,00) such that for any compact set K C O,

def

supgex |[Holw < oo where | f|lw = supy | f|/W.

H2

(a) For any 0 in ©, the kernel Py has a unique invariant distribution my.
(b) For any compact K C ©, there exist constants C > 0 and X € (0,1) such that
foranyx € X, 1> 0, supgex | Pi(z,.)—mo|lw < CA'W (2) and supgee mo(W) <

def
oo, where [|pllw = supgs i, <1y [0()]-
(c) There exists p > 1 and for any compact set KK C O, there exist constants

0€(0,1) and b < 0o such that supgex PoW?P(x) < oWP(z) + .

When Py = P for any 6, sufficient conditions for H2-(b) are given in [29, Chapters
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10 and 15]: they are mainly implied by the drift condition H2-(c) assuming the level
sets {W < M} are petite [16, Lemma 2.3].

We also introduce an assumption on the smoothness-in-6 of the transition kernels
{Py,0 € ©}. Let (-,-) denote the usual scalar product in R? and |-| denote the
associated norm. Denote

def ||Po(,-) = Por(x, ) [w

Dw(0,0") = ilég Tae) : (2.2)

H3 There exists v € (0,1] such that for any compact K C ©,

Dw(6,0")
sup ————= < 00.
o.0cc |00
In [3, Section 6] it is assumed that there exists o € (0, 1] such that for any compact set
K, supg, g,ex 161 — 02| |Hp, — Ho,|w < co. We consider here a weaker condition.
H4 Let o € (0,1]. For any compact set I C O, there exists a constant C > 0 such
that for all 6 > 0,

sup/we(dx) sup |Ho/ (x) — Ho(z)| < C 5.
oek {6€K,|6"—0]<5}
Denote by h the mean field
h(9) < / mo(dz) Hp(z). (2.3)

The following assumption is classical in stochastic approximation theory (see for ex-
ample [9, Part II, Section 1.6], or [10, Section 3.3], [26]).
H5 There exists a continuously differentiable function w: © — [0,00) such that

(a) For any M > 0, the level set {0 € ©O,w(0) < M} is a compact set of O.

(b) The set L of stationary points, defined by

£ 10 €0, (Vw®),h0) =0}, (2.4)

18 compact.
(c) For any 0 € ©\ L, (Vw(0),h(h)) < 0.
Note that under H2, H3 and H4, h is Holder-continuous on © (see Lemma 4.9 below).
We finally provide conditions on the stepsize sequence v = {7,,n € N}.
H6 v = {y/(n+1)% n e N} with vy >0 and

1L 1+ (anv)/p
56(‘Vm71 !

where v and « are respectively defined in H3 and H/.
We denote by @%971' (resp. Ew)gﬂ‘) the canonical probability (resp. the canonical
expectation) associated to the process {(X,,,0,,I,),n € N} defined by Algorithm 2
when (Xo, 6o, Iy) = (z,60,7). The main results of this contribution is summarized in
the following theorem which shows that

(i) the number of updates of the active set is finite almost surely;

(ii) the process converges to the set of stationary points.
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Theorem 2.1 Let {K,,n € N} be a compact sequence satisfying (2.1) and (z4,0,) €
X x Ko. Assume H1 to H6. The sequence {(X,,0,),n € N} given by Algorithm 2
started from (x4, 0y) is stable:

Peoooo|J[Ore Ki} | =1. (2.5)

i>0 k>0

If in addition, one of the following assumptions holds
(i) w(L) has an empty interior,
(i) VYw is locally Lipschitz on ©, H2-(c) is satisfied with p > 2, and HG6 is
strengthened with the condition 8 > 1/2,
then the sequence {0k, k > 0} converges to a connected component of L:

]P’m*)@*)o (kli)lf{)lo d(@k, ﬁ) = 07111?1 |6‘;§+1 — 9k| = 0) = 1, (2.6)

where d(z, A) denotes the distance from x to the set A.
Proof. The proof is postponed to Section 4. O

3. Examples. For any 2 € R? and any r» > 0, we define B(z,7) def {y €
Rdv |y - CL‘| < 7’}.

3.1. Quantile estimation. Let P be a Markov kernel on X C R? having a
stationary distribution 7. Let ¢ : X — R be a measurable function. We want to
compute the quantile ¢ € (0,1) under 7 of the random variable ¢(X). Quantile
estimation has been considered in [14, Chapter 1]; more refined algorithms can also
be found in [7, 15]. We consider the stochastic approximation procedure 6,11 =
0 + Yn+1Ho, (X511) where

def
Hop(x) = q— l{g(z)<0}s (3.1)

and {Xg,k > 0} is a Markov chain with Markov kernel P. In this example, the
Markov kernel is kept fixed i.e. Pp = P and mp = 7 for all 6 € R

Proposition 3.1 Assume that the push-forward measure of m by ¢ has a density
w.r.t. the Lebesque measure on R, bounded on R and [ |p(y)| 7(y)dy < oo. Assume
also that H2 is satisfied with Py = P and mg = w for any 0. Then H1, H} and H5
are satisfied with o =1 and w, L given by

w®) =5 [ 1= owlxm v+ (5-a)o (3.2

L={0eR:P(gly) < 0) =g} (3.3)

Furthermore, w(L) has an empty interior.

Proof. The proof is postponed to Section 5.1. O

Therefore, by Theorem 2.1, Algorithm 2 applied with a sequence {y,,n > 0}
satisfying H6, provides a sequence {0,,,n > 0} converging almost-surely to the quantile
of order ¢ of ¢(X) when X ~ 7.

3.2. Stochastic Approximation Cross-Entropy (SACE) algorithm. Let
€ (0,1), X € R? and p be a density on X w.r.t. the Lebesgue measure. The goal
is to find the g-th quantile 6 of ¢(X), i.e. 6 such that [1liyu)>ep(x)de =1 —q.
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We are particularly interested in extreme quantiles, i.e. ¢ &~ 1 for which plain Monte
Carlo methods are not efficient. We consider an approach combining MCMC and
the cross-entropy method (see e.g. [21, Chapter 13]). Let P = {g,,v € V C R"} be
a parametric family of distributions w.r.t. the Lebesgue measure on X C R%. The
importance sampling estimator amounts to compute, for a given value of 6,

0t sz zeywn(Zi), (3.4)
i=1

where {Z;,i € N} is an i.i.d. sequence distributed under the instrumental distribution
gy and w, (2) = p(z)/g,(2) is the importance weight function. The choice of the pa-
rameter v is of course critical to reduce the variance of the estimator. The optimal
importance sampling distribution, also called the zero-variance importance distribu-
tion, is proportional to 114(.)>¢3p(2). Note that the optimal sampling distribution is
known up to a normalizing constant, which is the tail probability of interest.

The cross-entropy method amounts to choose the parameter v by minimizing
the Kullback-Leibler divergence of g, from the optimal importance distribution, or
equivalently choose v = ¥ with

i = argumax,cy [ 1089, (0)1 ot 201000 (3.5)

This integral is not directly available but can be approximated by Markov Chain
Monte Carlo,

1 m
U = argmax,,cy . Z log g, (Y3) (3.6)
i=1

where {Y;, i € N} is a Markov chain with transition kernel @y where Qy has stationary
density po(z) o 1{s(2)>0}P(2).

In the sequel, it is assumed that P is a canonical exponential family, i.e. there
exist measurable functions S : X — R”, A : R? — R*, B : R’ — R such that, for all
v €V and for all x € X,

gv(z) = A(@) exp (B(v) + (v, S(2)) ).

In such a case, solving the optimization problem (3.6) amounts to estimate the
sufficient statistics S, = m~1Y."" S(Y;) and then to compute the maximum of
v B(v) + (v, Sy,). We assume that for any s € R?, the function v — B(v) + (v, s)
admits a unique maximum on V denoted by ©(s). When estimating the quantile, the
value of 6 is not known a priori, and the above process should be used several times
for different values of 6, which may be cumbersome.

In the Stochastic Approximation version of the Cross Entropy (SACE algorithm),
we replace the Monte Carlo approximations (3.4) and (3.6) by stochastic approxima-
tions. Given a sequence of step-sizes {v,,n > 0} and a family of MCMC kernels
{Qp,0 € R} such that Qg admits p(x)1{4()>4} as unique invariant distribution, the
SACE algorithm proceeds as follows

This algorithm can be casted into the stochastic approximation form 9,1, =

I + Ynt1Hy, (Xnt1), by setting

[0, [y, g = Lgg()<0y P(2)/90(0)(2)
J |: :| X, = |:Zn:| H(@,o’) (yvz) - S(y) -0 :
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Input : Initial values: € X, 1y € V, g¢ € S(X)
Output: The sequence {6,,,n € N}
1n=0; /* n: number of iterations */
2 Vg = ﬁ(Uo) ,
3 XQ =X,
4 repeat
5 Conditionally to the past, draw independently Y,,11 ~ Qg (Y5, ) and
ZnJrl ~ Gu,
6 | Ont1 =00+ Y41 (0= Lo(z0s1)<0,3P(Zns1)/Gun (Zni1)) 5
7 Onpn+1 = (1 - ’Yn-l-l)an + ’Yn-l-ls(yn-i—l) 3
8 Vny1 = D(0n41);
9 n<n+1
10 until convergence of {0,,n € N};

Algorithm 3: SACE algorithm

It is easily seen from Algorithm 3 that {X,,,n € N} is a controlled Markov chain: the
conditional distribution of X,, 11 given the past is Py, (X, ) where

Po.oy((y,2),d(y', ") = Qa(y, dY') go(o) (z')d2;

this kernel possesses a unique invariant distribution with density
T(0,0) (yu Z) = Do (y) 9o (o) (Z) .
Therefore, the mean field function A is given by (up to a transpose)
(6,0) — </1{¢<z>>e}p(2)dz -4, /S(y)pe(y)dy —U) -

We establish that SACE satisfies H4 in the case P and 7 satisfy the following assump-
tions

E1l 1. There exists a € (0,1] and for any compact set K of S(X), there exists a
constant C' such that |B(0(0)) — B(0(a"))| + |0(0) — (") < C'|lo — o'|* for
any 0,0’ € K.

2. The push-forward distribution of p by ¢ possesses a bounded density w.r.t.
the Lebesgue measure on R. In addition, there exists 6 > 0 such that

/(1 +1S@)]) exp (146 |S()]) pla)dz < .

Proposition 3.2 Assume E1. Then H/ holds with o given by E1.

Proof. The proof is postponed to Section 5.2. O

Consider a bridge network: the network is composed with nodes and d edges
{e1, -+ ,eq} with length {U,, ¢ < d}. Fix two nodes Ny, Na in the graph; we are
interested in the length of the shortest path from N; to N2 defined by

¢(U,--- ,Uq) = mine Z a Uy

ls.t.e eC

where C denotes a path from Ny to N2 (C is a set of edges) and ay > 0 (see Figure 1).
It is assumed that the lengths {Uy, ¢ < d} are i.i.d. and uniformly distributed on [0, 1].
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Fic. 1. A bridge network, in the case d =5

We are interested in computing a threshold 6, such that the probability ¢(Uy, - -+ ,Uy)
exceeds 0, is 1 — ¢ in the case ¢ is close to one. In this example,

d
X=[0,1"  plur,ua) =[] Loy (we)-
=1

The importance sampling distribution g, is a product of Beta(ry, 1) distributions:

d
V=@ NN, gulur,ua) = [[ e (we)” T Loy (ue).
=1

gv is from a canonical exponential family with S(ui,---,uq) = (Inug); -, and
B(vy, - ,vq) = 23:1 In (v). Furthermore, for any 1 < ¢ < d, (0(s1, -+ ,54)), =
(=s0) "

In this example, ©® = R x H?:l (—00,0). The assumptions E1 are easily ver-
ified with o = 1 (details are omitted). For the MCMC samplers {Qp,0 € R}, we
use a Gibbs sampler: note that for any ¢ € {1,---,d} and any {u;,j # (}, ug —
d(uy,- - ,uq) is increasing. Hence, the conditional distribution of the ¢-th variable
conditionally to the others when the joint distribution is proportional to p(z)1{4(z)>0}
is a uniform distribution on [( — ¢(u*)) 4, 1] where u* = (uy, -+, ue—1,0,Upg1,- -, Uq).

We illustrate the convergence of SACE for the bridge network displayed on Fig-
ure 1 in the case [a1, -+ ,a4] = [1,2,3,1,2]. On Figure 2[left], we show a path of
{0,,,n > 0} for different runs of the algorithm corresponding to the different quantiles
g. On Figure 2[right], we show the path of the d components of (o,,) in the case
g = 0.001. Not surprisingly, the largest values of the parameters ©(o,)¢ at conver-
gence are reached with ¢ = 1,4; they correspond to the shortest range of path length
(a1 = a4 =1).

3.3. Median in multi-dimensional spaces. In a multivariate setting different
extensions of the median have been proposed in the literature (see for instance [11]
and [12] and the references therein). We focus here on the spatial median, also named
geometric median which is probably the most frequently used. The median 6 of a
random vector X taking values in R? with d > 2 is

0 = argminE[| X — m|]
meRd

The median 6 is uniquely defined unless the support of the distribution of X is concen-
trated on a one dimensional subspace of R%. Note also that it is translation invariant.
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60

0.5 1 15 2 25 3 35 4 45

FIG. 2. [left] Paths of 0, for different values of ¢ (¢ = 1073,10™% and 107°) - the first 1000
iterations are discarded. [Right] Path of the d components of ¥(oyn), when g = 0.001

Following [11], we consider the stochastic approximation procedure with

def T —0

and the following assumptions

E2 the condition H2 is satisfied with w9 = m for any 6. The density 7 is bounded on
R? and [ |z 7(z)dz < oco.

Proposition 3.3 Assume E2. Let 0, be the unique solution of [ Hg(z)m(x)dz = 0.
Then H1, H} and H5 are satisfied with w and L given by

w(f) = / | — 0] (x)dx, L=1{6.},

and with o« = d /(14 d).

Proof. The proof is postponed to Section 5.3. O

Here again, w(£) has an empty interior; and Theorem 2.1 provides sufficient
conditions on the kernels { Py, 0 € ©} and on the sequence {~,,n > 0} implying that
{0,,n > 0} converges almost-surely to 6,.

3.4. Vector quantization. Vector quantization consists of approximating a

random vector X in R¢ by a random vector taking at most N values in R?. In
this section, we assume that
E3 the distribution of X is absolutely continuous with respect to the Lebesgue measure
on R? with density m having a bounded support: w(x) = 0 for any |x| > A for some
A > 0.
Vector quantization plays a crucial role in source coding [38], numerical integration
[31, 33] and nonlinear filtering [32, 34]. Several stochastic approximations proce-
dure have been proposed to approximate the optimal quantizer; see [20, 8]. For
6 = (0, 02 . 0Ny ¢ (RHN | and for any 1 < i < N, define the Voronoi cells
associated to the dictionary 6 by

c(p) & {u € R, ’u — 6

= min u—G(j)’}.
1<j<N
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These cells allow to approximate a random vector X by 6() in the cell C(¥)(#). Denote
by w the mean squared quantization error (or distortion) given by

N
i=1

The Kohonen algorithm (with 0 neighbors) is a stochastic approximation algorithm
with field H : (R)N x R — (RY)N given by

Hp(u) < —2 ((9(i) - “ﬂ{cm(e)}(u))

The convergence of the Kohonen algorithm has been established in dimension d =1
for i.i.d. observations {X,,n € N} [31]. The case d > 2 is still an open question:
one of the main difficulty arises from the non-coercivity of the distortion w and the
non-smoothness property of the field Hy(z). The goal here is to go a step further
in the study of the multidimensional case, including a generalization to the case the
observations { X}, k > 1} are Markovian (see e.g. [33, 34]):

E4 {Py,0 € O} is a family of kernels satisfying H2 for some p > 2, H3 and such
that mg = m for any 0 € O.

We define

0= {9 = (0W,...0M)y e RNHN N (B0, A)N, 00 £ 00) for all i £ j} :

1<i<N

and run Algorithm 2 with Hy € R defined by

) _ g(d)

Ho(w) = How) =2 | > o=

J#i

(3.8)
1<i<N

for some X > 0 with the sequence of compact sets g = {6 € © : min;»; ’9(i) - O(j)’ >
1/q}. Set

A - N
— 2 @ _ gl
w(h) = @(0) + 73 \9 g (3.9)
i#]
Under E3, from [31, Proposition 9 and Lemma 29], w is continuously differentiable
on © and Vw(d) = — [ Hy(z)m(z) dz. Furthermore, for any compact set Ky, there

exists a constant C such that for any 0 € Ky, 6 € Ky,
Hence, Vw is locally Lipschitz on ©.

Lemma 3.4 Assume E3 and Ej. Then H1, Hj and H5 are satisfied with w defined

by (3.9) and £ < {0 € © : Vw(h) = 0}.

Proof. The proof is postponed in Section 5.4. O
Theorem 2.1 shows that under E3, E4, the penalized 0-neighbors Kohonen algo-
rithm converges a.s. to a connected component of L.

Vw(f) — Vw(d)| < C 6 —4|.

4. Proofs. In Section 4.1, we start with preliminary results on the stability
and the convergence of stochastic approximation schemes. We provide a new set of
sufficient conditions for the convergence of stable SA algorithms (see Proposition 4.6).
In Section 4.2, some properties of the Poisson equations associated to the transition
kernels {Py,0 € ©} are discussed. In Section 4.3, we first state a control of the
perturbations Hy_ (X,+1) — h(6,,) (see Proposition 4.11) which is the key ingredient
for the proof of Theorem 2.1; we then conclude Section 4.3 by giving the proof of
Theorem 2.1. The proof of Proposition 4.11 is given in Section 4.4.
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4.1. Stability and Convergence of Stochastic Approximation algorithms.
Let {¢,,,n > 0} be defined, for all 9y € © and n > 1 by:

VI =0p_1 + pnh(ﬁnfl) + pngna (41)

where {p,,n € N} is a sequence of positive numbers and {&,,n € N} is a sequence of
R%vectors. For any L > 0, the sequence {19L k, k > 0} is defined by 19L o = 9, and
for k> 1,

O =01 k-1+ prirh(@pir-1)- (4.2)

Lemma 4.1 Assume H5. Let My be such that {9} UL C {9 : w(¥) < My}. There
exist 0, > 0 and Ay > 0 such that for any non-increasing sequence {p,,n € N} of
positive numbers and any R%-valued sequence {&,,n € N}

po < A and sup ijgj < | = (supw(ﬁk) < My + 1) .
k=155 k>1

Proof. See [3, Theorem 2.2]. O
Lemma 4.2 Let g : © — R be a continuous function. For any compact set K C ©
and § > 0, there exists n > 0 such that for all ¥ € K and 9" € © satisfying |9 —19'| <,
l9(9) = g(¥')] < 6.
Lemma 4.3 Assume H5-(c) and h is continuous. For any compact set K of © such
that KN L =0 and any 6 € (0,infx | (Vw, h)|), there exist X\ > 0,5 > 0 such that for
allY €K, p <X and €] < B, w (9 + ph(9) + p€) < w(I) — pd.

Proof. See [3, Lemma 2.1(i)]. O

Lemma 4.4 Assume H¥5, h is continuous, lim,, p, = 0, limy thl pi&; exists and

there exists M > 0 such that for anyn >0, 9, € K ef {0 € ©:w(0) < M}. Then

(i) for any L >0 and k >0, 0141 — 19L7;€+1 = ZJL:L]C Pi41&j+1-
(it) limsup,,_, o [In41 — p] = 0.

(iii) for any M > M, there exists L such that for any L > L, {Op,k >0} C

K& {0co:wb) <M.

(i) limy o0 SUp;>q [w(Vr,1) — w(Ip41)] = 0.

Proof. ~ ~

(1) (42) implies that 19L,k+1 —Opqkt1 = 19L,k —0p4k — PL+k+1€L+k+1 from which
the proof follows.

(ii) Under H5-(a) and the continuity of 2 on ©, supy |h| < +oco. Since ¥ € K
for any k, we get [Jp p+1 — I, k| < pLikt1supg |h| Let € > 0. Under the stated
assumptions, we may choose K. such that forany k > K. and L > 0, |91, —Vp 1] <
€ and L. such that for any L > L., sup;> | Efjﬁ pi+1&i+1l9,ex| < €. By (i), for any
k> K, and L = L,

[Vr+k+1 — Vntk] < |Pr k41 — ﬁL,k‘ + ‘19L+k+1 - 19L,k+1‘ + ‘19L,k — V| < 3e

(iii) K is compact by H5-(a). By Lemma 4.2, there exists 1 > 0 such that for all
D ek, ¥ e, [0—9|<n, lw¥) —w@)| < M—M. There exists L such that for any
L>1, Sup;>1 |Z]L+£ pi+1&i+11o,ex] < m. By (i), supps 7 supg>g 0k = Ir4k] < n-
Since ¥; € K for any j > 0, this implies that for any L > L and k > 0, w(lp1) < M
and 19L Kk € K.
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(iv) The proof is on the same lines as the proof of (iii).
g
Lemma 4.5 Let {v,,n > 0} and {xn,n > 0} be non-negative sequences and {n,,n >
0} be a sequence such that Y, ny, exists. If for any n >0, vpp1 < Uy — Xn + 0p then
Y on Xn < 00 and limy, v, exists.

Proof. Set wy, = vp+Y_,~,, Me+M with M def _ inf,, Y, <, K so that inf,, w, > 0.
Then - -

0 < Wng1 < Vn = Xn + 00 + Z Mk + M < wp — Xn.
k>n+1

Hence, the sequence {w,,n > 0} is non-negative and non-increasing; therefore it
converges. Furthermore, 0 < >} xx < wp so that Y., xn, < oo. Therefore, the
convergence of {w,,,n > 0} also implies the convergence of {v,,,n > 0}. This concludes
the proof. O
Proposition 4.6 Assume H5. Let {p,,n € N} be a non-increasing sequence of
positive numbers and {&,,n € N} be a sequence of R%-vectors. Assume
(C-i) h:0O — R? is continuous.
(C-ii) {9,k e N} C K {00 :w®) <M}
(C-iit) Y, pr = 400 and limy py, = 0.
(C-iv) limg_y00 Z?:l p;&; exists.
(C-v) one of the following conditions
(A) w(L) has an empty interior
(B) Vw s locally Lipschitz on O, and the series Y p;j (Vw(9,),&;) and
Ej p? |§j|2 converge.
Then {¥,,n > 0} converges to a connected component of L.

Proof. Assume first that lim,, . w(9,,) exists.

» Step 1. For a >0, let £, def {0 € ©:d(0, L) < a} be the a-neighborhood of

L. Let € > 0. We prove that there exist L. and d; > 0 such that for any L > L.,
(a) supg>q [V — Vr4k| < € and supysq (w0 x) —w(@r4x)| < e
(b) for any k >0, it holds: 971 ¢ Lo = w(Ir p41) — w(@Op1) < —prirs161.
(c) the sequence {Vp i, k > 0} is infinitely often in L,.
Let M > M and set K & {# € © : w®) < M}. Note that by H5-(a), K C ©
is compact and since L, is open, Ko K \ L, is compact and Kenc = 0. By
Lemma 4.3, there exist §; > 0, Ay > 0, $1 > 0 such that
(9 € R2p < M, I8 < Br) = w (@ + ph(9) + p€) Sw(@) = psi.  (43)
By Lemma 4.2, there exists ds € (0, ¢) such that
(W ek, e, —19|<b)= (h¥) —h()| < b1, [w@W) —w@) <e). (4.4)

By Lemma 4.4-(iii), (C-iii) and (C-iv), there exists L such that for any L > L,

{Op.4,k >0} C K and

L+1

SUp pr4+r < A, sup Z piv1&i1ly,ex| < 02. (4.5)
k>0 >1 =
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(a) follows from Lemma 4.4-(i) and (4.5).
(b) Let L > L, k>0 and 9 & Lo. The proof follows from (4.3) and

Opgr1 =0k + privsrh (1§L,k) + PLk+1 (h (Vr4x) —h (1§L,k)) ;

using (4.4) and (4.5).

(¢) The proof is by contradiction. Let L > L, k > 0 and assume that for any
J20,9Lk4+; € K% By (b), for any j, k > 0, w (19L,k+j+1) S w(IL k+5) = PLAk+j+101
which implies under (C-iii) that lim; o, w(97 44 ;) = —co. Since w is continuous and
nonnegative and K compact, infg w > 0. This is a contradiction.

» Step 2. Let a > 0 and ¢ > 0. By Step 1 and Lemma 4.4-(iv), there exists L.

such that for any L > L. and k > 0, o4 def inf{j > O,@L,kﬂ € L,} is finite,
SUpg>o [VL.k — 19L+k‘ <€, sup;s ‘w(&L,k) - ’LU(’l9L+k)‘ < eand
oLk ~ B
5 Z prikre S w(0rL k) — WL ktoy )

(=1

Hence, for any k& > 0, using |1§L7g — 1§L7g_1| < pr4esupg |hl,

d(Op4r, Lo) < ’19L+k — 1§L,k+aw€ < ‘19L+k — 1§L,k’ + ‘1§L,k — 1§L,k+om

oLk oLk
<e+ Z ’/(9[/)]{;-‘,-@ - 19L,k+€—1’ < e+sup|h| Z PL+k+0
K
=1 =1

< e+ 6y sup k| sup |w(r k) — w(éL,qul)’ ;
K 0

< e+ 2¢d; " sup |h| + 8y sup || sup [w(Or4r) — w(@rtrre)] -
K K >0

This proves that lim,, d(1¥,,, £) = 0 since lim,, w(d,,) exists. Finally, since by Lemma 4.4-
(i), limy, |9, — 9p—1| = 0, the sequence {9,,,n > 0} converges to a connected compo-
nent of L.

» Step 3. We now prove that lim,, w(d,) exists. Under (C-v)-(A), the proof
follows from [3, Theorem 2.3]. We prove that this limit exists under (C-v)-(B).

By H5-(a), (C-ii) and Lemma 4.4-(ii), there exist N and a compact set K of ©
such that K C K and for any n > N and t € [0,1], ¥y, + t(9p11 — ) € K. By (C-v)-
(B), there exists a constant C' such that for 9,9’ € K, |Vw(9) — Vw ()| < C|9 — |
showing that, for n > N,

wW(W0hi1) < wW00) + (Vw (W), np1 — In) + C/2 |[nsq — Onl?.
Using (4.1), we obtain
(Vw(n), Int1 = In) = put1 (Vw(n), h(95)) + prt1 (Vw(n), Ent1)

2
[Ont1 — Inl® < 202 4 {(Sl;ép |h|) + |§n+1|2} .
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This yields for any n > N,

W(Un11) < w(0n) = pot1 (Vw(@n), MO )| + prg1 (Vw(n), Entr)

2
+Cpoiy <<S%p|h|) + |€n+1|2> :

2. Regularity in 0 of the solution to the Poisson equation. Under the
assumptions H1 and H2, for any 6 € ©, there exists a function g solving the Poisson
equation

Lemma 4.5 concludes the proof. O

gl—>H9—7T9H9 :g—ng. (46)

This solution, denoted by gg, is unique up to an additive constant and given by

go(x) def > >0 15 Ho(x) — moHp}. Finally, for any compact set K of ©,

sup Pz, ) —mollw
SUP|QG|W<sup|H9|W S sup pex |1P5 (x,-) — |

x W) < 0. (4.7)
>0x€

Lemma 4.7 Assume H2-(b). For any compact set I C ©, there exists a constant C
such that for any 0,0 € K

15! (z,.) — Py, )llw ,
sup su < CDw(6,0),
Wi < Chw(6,5)

where Dyy is defined by (2.2).
Proof. For any measurable function f such that |f|w < 1, it holds

n—1

Py f(x) = Py f(x) = > P(Py = Po) (B} 777" fl@) = o))

j=0
Forany 0 <j<n—1,

P} (Py = Py) (B 777 f (@) = mo() | < BW (@) |(Bo = Po) (B = mo()|

< Dw(6,6) PW ()| P75 — mo(1)|

w

By H2-(b), there exist C'> 0 and A € (0, 1) such that for any 6,0’ € K,
PAW (@) | By 97 = mo(f)|, < C(0W () +mg (W) N9,

This concludes the proof. O
Lemma 4.8 Assume H2-(a),(b). For any compact set K C ©, there exists C > 0
such that for any 0,0 € KC, ||mg — mor[lw < CDw (6,6).

Proof. For any x € X,n € N,

76 — 7o llw < ||me — B3 () ||y + | B3 (2, ) = P, )|y + 1P (25 -) — 7o [y -

Let IC be a compact subset of ©. By H2-(b), there exist constants C' > 0 and A € (0,1)
such that for any n € N and z € X supgei |0 — P (z, )HW < CA"W (z). Moreover,
using Lemma 4.7, there exists a constant C’ > 0 such that for any 6,6’ € K and any
x € X, sup, > || Py (z,-) — Py (x ||W < C'Dw(0,0")W (z). The proof follows, upon
noting that z is fixed and arbltrarlly chosen. 0
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Lemma 4.9 Assume H1, H2-(a),(b) and H4. For any compact set I C O, there
exists C' > 0 such that for any 0,0 € K,

1(8) — h(6")] < C (Dw(8,6') +10 - 6'[%),

where Dy and « are given by (2.2) and H4.
Proof. Let K be a compact subset of © and 4, ¢’ in K. By definition of h, it holds

|h(9) — h(@’)| = |7T9H9 — 7T9/H9/| S o |H9 — H9/| + |(7T9 — 7T9/)H9/|.

Condition H4 implies that there exists a constant C' > 0 such that for any 6,6’ € K,
7o |Hg — Hyr| < C'|0 — 0'|". By Lemma 4.8 and H1, there exist C' > 0 such that for
any 0,0 € K, |(mg — mo:)Hg:| < CDw (0,60"). The proof follows. O

For any ¥ € ©, x € X and L > 0, set

Ho.1(z) Sup \Hy(z) — Hy(z)]. (4.8)
{0eK:lo—v|<L}

Proposition 4.10 Assume H1, H2-(a),(b), and H4. Let go be the solution of (4.6).
For any compact set IC C O, there exist constants C > 0 and \ € (0,1) such that for
any 6,0/ e K,z € X, n>1, L >0, and any ¥ € K such that |6 —9I| < L,

[Poga() = Pogor(@)| < C{X"W (@) +2 Y Pyt (@)
=1

+1 10— 0" +nDw(0,0) +n Dy (0,9)W () +n Dy (@, 19)W(:z:)}.
Proof. For any 0,0’ € © and any n > 1, we write

Pogo(x) — Porgo () = Y _{FPyHo(x) = h(0)} = > {PjHy(x) = h(¢')} + ¢ (h(6') — h(6))

I>n I>n
+ > {PjHy(x) — Pj Hy (z)}.
=1

We first prove that

Poge(x) — Pyrgor(x) — Y _{PjHo(x) — Péfﬂel(iv)}‘
=1

<C(A\"W(z)+nDw(0,0)+n|0—01"). (4.9)
By H1 and H2-(b), for any compact set &, there exist constants C' > 0 and A € (0, 1)

such that for any x,n

> {PiHy(x) — h(0)}

I>n

sup
oK

< CX"*Usup |Hy|lw W (2).
ek

(4.9) follows from this inequality and Lemma 4.9. We now establish an upper bound
for |/ {PiHy(x) — P}, Hy: (2)}|; we first write

> |PiHy(x) — Py Ho ()] <> | PiHy(x) — PyHy(x)|+ Y | PyHy(x) — Py Hy(x)| .
=1 =1 =1
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For any [ > 1 and ¥ € K such that |0 — 9| < L, we have
|PjHy(x) — PyHy(z)| < P} |Hg — Hy| () + | (P} — P)) Ho(2)]
< Pé’Hﬁ,L(:E) + ’(Pel — P,ng) H@(x)‘ )

By Lemma 4.7, the second term is upper bounded by C'Dy, (0,9)W () for a constant
C' depending upon K (and independent of L and ). This concludes the proof. O

4.3. Proof of Theorem 2.1. Define the shifted sequence

7Tl = {'7q+nu ne N}; (4.10)
and for any measurable set IC of ©, define the exit-time from C
oK) =inf{n > 1,6, ¢ K}, (4.11)

with the convention that inf ) = +oo. If Iy = In_1 + 1 = i i.e. the i-th update of
the active set occurs at iteration N then

XNy1~ Py, (w4,-), On+1 =0 +7f "Ho, (Xni1), (4.12)
and for any ¢ > 1, while Ony4¢ € Ky,

Xnicrr ~ Poyy (Xnaer)  Onicrn = Onge + 7 Hoy  (Xngcrn)-

This iterative scheme can be seen as a perturbation of the algorithm 7n¢41 = T4 ¢+
Y5 M7 4¢) and we will show that the sequence {,,n > 0} converges as soon as
the perturbations {Hy, (Xk+1) — h(01),k € N} are small enough in some sense. We
therefore preface the proof of Theorem 2.1 by preliminary results on the control of

l

def
Sk (P K) = <oty D piAs . {Ho, (X;) = h(8;-1)},
Jj=k

for I > k > 1, a stepsize sequence p = {p,,n € N}, a compact subset K of ©, and
o(K) defined by (4.11). Let 6 — Ap, 6 € O, be a measurable d’ x d matrix function,
where d’ > 1; we will apply the result to Ag = Igxq where Iyyxq is the d x d identity
matrix and Ag = Vw(6)'.

For a sequence p = {p,,n € N}, denote by P ; (resp. Ef ;) the probability (resp.
the expectation) associated with the non-homogeneous Markov chain on X x © with
d(z,0) as initial distribution and with transition mechanism given by line 3 and line 4
of Algorithm 1:

Xn+1 ~ Pen (Xn7 ) 9n+1 =0, + pn-i—lHGn (Xn-i-l)'

Proposition 4.11 Assume H1, H2, H3 and H/. Let p be a non-increasing positive
sequence, ¥ = {tp,n € N} be a sequence such that 1 < 1, <n and K be a compact set
of ©. Let 6 — Ay, 0 € © be a (d' x d)-matriz valued function such that supgex |Ag| <

00 and supg grex |0 — 0'| "' |Ag — Ag/| < Cu. Then, there exists a constant C such
that for any § >0, r € (0,1] and any (x,0) € X x K,

P2, (g}g Sk (p.K)| > 5) <OTICY pitreptte + aTiew () Y ph

jzk i>k

+ 5 W @) pe+ Y (pjw + p;t;j¢§-’) +CACT W ()Y 2
j>k j=k
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Proof. The proof is postponed to Section 4.4. O
Corollary 4.12 Assume H1 to H6. Let K be a compact set of © and (x4,60,) € XX K.
For any 6 > 0 and any € € (0, 1), there exists iy such that for any i > i,

]P’;’j; <sup ]Slﬁn (v, IC)] > 5> <e.
o n>1
For any § > 0 and any i > 0,
Jim P g (ﬁgg [Ska (v K)| = 6) =0.

Proof. By H1, W(z,) < co. Let a, 8 be resp. given by H4 and H6. We apply
Proposition 4.11 with 7 € ((a Av)~1 (B~ —=1);1— (Bp) '), p=~""and ¢; ~ TInj
when j — oo for some 7 € ((8—1)/In A, 4+00). O

Proof of Theorem 2.1. Define the sequence of exit-times

To=0 Tmzinf{nsz_l—l—l,In:In_l+1},m21.
(i) Let My be such that LUKy C {0 € © : w(f) < My} and set W dof {€0:

w(f) < Mg+ 1}. Since ~ is decreasing, Lemma 4.1 shows that there exist d, > 0 and
i, > 0 large enough such for any i > i,,

Ty ,04

Py, (c(W) < o0) < ]P’Zj; (sup |S1n (v W) | > (5*> .

3V n>1
Corollary 4.12 shows that for any € € (0,1), there exists j, such that for any j > j,
2255, (supfsun (row)] > 6.) <

We can assume w.l.o.g. that j, = i, and we do so. On the other hand, since W is a
compact subset of ©, by (2.1), there exists m, such that for any m > m,, W C K,,.
Hereagain, we can assume that i, = m, and we do so. Hence, for any ¢ > i,

P, (0 (W) < oo> <e. (4.13)

This yields for all i > iy,

Pe. 0,0 (Tit1 < 00) = Eq, 6,0 [1{Ti<oo} ]P’Z:;* (o (Ki) < 00)}

P, 0,0 (T; < ) ]P’Z:;* (0 (W) < 00) < &7,

IN

where we used (4.13) and a trivial induction in the last inequality. Since € € (0, 1),
we have ), P., 0,0 (Tit1 < 00) < oo which yields P, g, o(limsup,{T; < oco}) = 0 by
the Borel-Cantelli lemma.

(ii) By Theorem 2.1(i), I def sup,, I, is finite P, g, o-a.s. and P, g, o(Vn > 1,0, €
Kr) = 1. Since [ is finite a.s., it is equivalent to prove that for any ¢ > 0, on the set
{I =i}, limg d(fk, £) = 0 a.s. Let i be fixed. We apply Proposition 4.6 with p = v,
Uk = 01,4, and &5 < Hy (Xj41) — h(0;).
h is Holder-continuous under H2, H3 and H4. Since Zk Y = 400 and limg v, = 0
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by assumptions, then ), pr = oo and limy p = 0. For any 6 > 0, by applying the
strong Markov property with the stopping-time T}, we have

l
Pe, 6.0 | limsupsup Z%+j+1z49n.ﬂ- {Ho, ., (X1, 1j41) —h(Or,45)}| = 0,1 =i
k 1>k |7
=R =k

l

< ]P’Z:, Hmksup sup > irjr1Aor, ., {Ho,(Xj41) = h(6))}| > 6,0(Ks) = +o00
= j=k

< ]sz; <lim sup sup ‘Skyl ('f_i, /Cl)| > 5>
o k 1>k

< limIP’zk; (sup | Sk (v K| > 5) :
k N>k

The RHS is zero by Corollary 4.12. Hence, by choosing Ay, = Igxa, the Proposi-
tion 4.6-(C-iv) holds; note also that with this choice of Ay, C4 = 0. Let us check
Proposition 4.6-(C-v). Under Theorem 2.1-(i), Proposition 4.6- (C-v)-(A) holds.
Assume now that Theorem 2.1-(ii) is satisfied; we prove that Proposition 4.6-(C-v)-
(B) holds. Along the same lines as above, and choosing Ay, equal to the trans-
pose of Vw(6;), we establish that limy Z;C:l p; (Vw(¥;),&;) exists. By H1 and since
supi |h| < oo, there exists a constant C' such that

l

. 2 .
]P)w*ﬂ*,o hmksup Sug E /71'2+j+1 ’HeTi+j (XTi"l‘j"Fl) —h (HTZ) >0,1=1i
>k =
j=k

1>

» k
<ImBY | sup i (W (X)) +1) = 6/C
>0 =
= j=k

The RHS tends to zero since sup; Ezj;* [(W2(X;)] < oo (we assumed p > 2 in H2-(c))
2 oy .

and >, 77 < oo (we assumed that 3 > 1/21. Hence, Proposition 4.6-(C-v)-(B) holds.

We then conclude by Proposition 4.6 that P, ¢, 0-a.s. on the set I = i, the sequence

{01,k > 0} converges to a connected component of L.

4.4. Proof of Proposition 4.11. Let p be a non-increasing positive sequence
and K be a compact subset of © such that £y C K. Throughout this section, p and
KC are fixed; we will therefore use the notations Si; and ¢ instead of Sy ;(p, ) and
o(K). Set

def
Cy = sup{|golw + [Pogelw } V sup |Ag], (4.14)
e oeckC

where gy is the solution to the Poisson equation (4.6). C, is finite by (4.7), H1 and
H2'(b) By (46)7 Hej—l('Xj) - h(ej—l) = gej—l(Xj) - P9j7199j71(Xj) for any j > 1.
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We then write Sg; = 1,3 i, Tp'] with

(1) def
]{;l) - ZPJA‘% 1 993 1( ) - P9j7199j71(Xj71)) 1{j§0}7

def
kzl) = ZPJHAG (Po,90,(X5) = Po; 190, (X)) Ljr1<0
=k
def o
3) de
T;E,l) = Z (Pj+140,1j41<0) — A0, Lij<oy) Po,_1 90, ,(X;),
=k

dci
T,ﬁ z) = prAo,_ Po,_ 190, (Xk—1) — prr140,Po,90,(X1)1141<01-

For any measurable set A, we can bound by Markov’s and Jensen’s inequality

3 4
T“+T,§}H

k<I<o

3 0P 1/p
P (sup|5k,l| > 6) < 3 Ef 4 [sup ‘Téﬁl) } +EL, [ sup
1>k 1>k
cot, | un [rt1ea] ) oo
k<Il<o

The terms on the right are bounded individually by the three lemmas below, conclud-
ing the proof of Proposition 4.11.

Lemma 4.13 Assume H1, H2 and supgey |Ag| < oo. There exists a constant C -
which does not depend on p - such that for any x € X, 0 € Ky and k > 1,

Ege[sup‘Tkl)} } < CWP(z pr
>k

Proof. Let k > 1 be fixed. Note that {T,Ell),l > k} is a Fj-martingale under the

probability P 0 which implies that for any p > 1, there exists a constant C' such that
(see e.g. [17, Theorems 2.2 and 2. 10])

E?, {sup ‘T,Sll)‘p} < lim EI 0 {Ege { sup ‘Tlgll) :
Lz T L—oo Tolk<i<k+L b 7

P
< lim B, [B2, (|10 .| |7]]

L—oo

<CWP@) | Y of

1>k

a
Lemma 4.14 Assume HI, H2, supycx |Ag| < 00 and supg grcxc [0 — 0'| " Ap — Ag/| <

Cy. There exists a constant C' - which does not depend on p - such that for any x € X,
0eky, k>1,

1)+ 18] < (W + a X iw)
>k
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Proof. By (4.14), we have | Py, go,

w L{ico} < Cx and supyex |4p| < Cy. Since p

is non-increasing, this yields E ;| supy<;<, T,g?” < 202 pW (). We write T,Ez? =

75 — 1Y with
) def !
3,a) de
Tlg l = Z p]+1A9j - ijej—l) P9j7199j71 (Xj)]-{jJrlSU}v
=k

l
3.b) def
TIS,[ = Z jA(’j—lpej—lgej—l(Xj)l{U:j}'
=k

Note that {j = o} N{l <o} =0 for any j < [. Hence
2, | s [157]] = 22, [ a1 Poc 0, 000 10| < G2 o),

where in the inequality we used that p is non-increasing. Finally, along the same
lines, we get

lpj+14s, — piAs, | |Po, g6, ,(X;)| Lijri<ay < (pj — pj1) CoW (X)) 1 (j<o
+pj‘A(-) AQJ 1‘CVV ) j<o

E

Since |Ag, — Ag, ,|1j<o < CaCip;W(X;), this yields E§79{supk<l<g T

C2 (peW (z) + CapiW?(z)). O
For any r € (0,1) and 0 < k — ¢, < n, set

of ; 0, —0
A (k) 0 {|9e—9“|m}—{ sup P =0l }

I=k—1y, k—p <l<n pl

Proposition 4.15 Assume H1, H2, H3, Hj and supycy |Ag| < o00.
(i) There exists a constant C < oo - which does not depend on p - such that for
anyr € (0,1),z€X,0€0 and k > 1,

PP (Ar(kva)) >1-C Z P]Z(lfr) WP(z). (4.15)

L2k—g

(i) There exists a constant C > 0 - which does not depend on p - such that
for any r € (0,1), x € X, 0 € ©, k > 1, and for any positive sequence
Y = {¢;,j € N} such that 1 <; < j,

CEZ, [ sup ’Téi)’ 1{Aq~<k,o>}}

< Zpl-i-rozd}l-l-a —|—W( )Z( A\Yi +p1+rvw3)

Jjzk Jjzk

Proof. Throughout this proof, C' denotes a constant which may change upon each
appearance and only depends on K.
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(i) By H1, there exists a constant C' such that P? ,-a.s. , on the set {k — ¢, <
<o}, 10— 0i-1] < CpsW(X,). Hence, by the Markov inequality

sup P TIWR(X)
k=i <t<o

1-pe, (Ar(k, U)) < CE?,

<o S AU we).

0> k—y
(11) We use Proposition 4.10 with 6 < 93‘, 0 Gj,l, ¥« Oj,i/,j, T < Xj, n < 1/)j

def . . . .
and L < L; = wjp;—wj—i-l' Since p is non-increasing, observe that

(105 = 0jmu; | V1051 = 05, |) Lea, iy < %5 -1
thus justifying that with the above definitions, we have |§ — ¥|V|§' — 9| < L. By using
Dy (0,0") < Dw (0,0")+Dw (0',0") and W > 1, we write supy.<;<,
C 2 29 with

2
Tzi,z)’ L, (kory =

= ES T piwiAe, {10 — 0,21 + 2Dw (0;,0;1)W(X;)

j>k
+2Dw (051,055, W (X))} Lj<or Lia, ey + 2 pide, AW (X)) <0y,
ji>k
(@ def P
—(2 e
SkT Z piAe; . Z Peljﬂpj Ho, ;.0 (X)L <o A, (kj-1)}-
i>k =1

—

Let us consider H,(Cl). By (4.14), H3 and the monotonicity of p, we have
=(1 e i rTv
520 [50] < € oo + W) Y ppA + OW (@) 3 w2l
i>k Jj=k Jjzk
Let us now consider El(f) Set By ; def EZ,G [Dw(el, 9]’7111]')W(Xl)]-{l-l-lga}]-{.AT(k,l)}] .
We write

E? [Péj,wj Ho, oy, .L; (Xj)l{jgo}l{mw,jfl)}}
= B2y [Po, Py, Moy 0,00 L) a1 |
<E%, [Péff,pj Ho, gy, (Xi- )1 <oy L ks3] + CByong,

where in the last inequality, we used that

1
‘P‘%—wj He]‘*%’Lﬂ'

1w, < 2sup |Hy sup sup | PLW
w Hmvs<or < 250 (Mo supoup [FoW ]y

which is finite by H1 and H2—(b) Since l{jSU}I{AT(k,j—l)} < l{j—lga}l{AT(k,j—2)}a
we have by a trivial induction

EY o {Péj,wj Ho, o1, (X)L <oy Lashg—ny | A +C Y By,
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def l ; .
where Ay ; = Ef, [Peffﬁfj He-fwj,Lj(Xj—wj)1{j—wj+1go}1{Ar<k,jfwj>}} - Finally, us-

ing again |Hy, 1| 1{vexy < 2supgex [Ho|w and H2-(b), we obtain
Alﬁj < C/\lerjW(I) -+ sup 7T9'H(-)7L]..
oek

By H4, the last term in the RHS is upper bounded by Lf. Combining the above
inequalities and using (4.14), we have

Pj—1
—(2 o .
EZ o [:z(q )} SCY oty D Bimig +Cu D ot L§ + CWog Y piA¥i.
>k i=1 >k >k

The result follows upon noting that B; ; < W(z)(l — j + wj)pgﬁwj.
O

5. Proofs of Section 3.

5.1. Proof of Proposition 3.1. Let © = R. From (3.1), supgee Sup,cp |Ho ()| <
1 so that H1 is satisfied with the constant function W = 1.

We have |Hg, () — Ho,(7)| = 119, rgo<¢(x)<6:v6,} and under the stated assump-
tions,

Sup/ sup |Hp(z) — Hy ()| w(dz) < SUP/ Lg—s<py)<o+eym(y)dy < C.
0eR J 6'eB(6,5) 0cR
Therefore, H4 is satisfied with o« = 1.

Since the weak derivative of 6 +— |0 — z| is sign(f — z) almost-everywhere, the
dominated convergence theorem implies that w is differentiable and its derivative is

w'(0) = % </ Lyyy<om(y)dy _/1¢(y)207T(y)dy) + <% - (J) = /1¢(y)ge7f(y)dy - q;
(5.1)

we also have w continuously differentiable. Since [ |¢(y)|7(y)dy < oo,

wo)z 5+ (5-0) 03 [1olntay — o

|6]— o0

since w is continuous, this implies that the level sets of w are compact, thus showing
H5-(a) holds. By definition of h (see (2.3)), we have h(0) = —w'(0). Therefore, the
set £ in H5-(b) is given by (3.3) and it is compact. In addition, H5-(c) is satisfied.
Finally, w(0) reaches its minimum at 6, € £ (see (5.1)). Since the Lyapunov function
w is defined up to an additive constant, we can assume with no loss of generality that
w is non-negative, which concludes the proof of H5.

Note that w is constant on £ since w'(f) = 0 for any § € £ and L is an interval.
Hence w(£) has an empty interior.

5.2. Proof of Proposition 3.2. Let K7 and Ky be resp. a compact of R and

V; set K def K1 x Ko. Let 7 > 0 be such that C7® < § where C,§ are given by
El. For any ¢ = (0,s) € K, ¢ = (¢',s') with |0 — ¢'| < 7 and |s —§'| < 7, and
x = (y,z) € X x X it holds

_ 9o (s) (Z)
9o(s") (2) }

{Lionor<o(z)<overy +¥(s,8',2) exp (U(s, 8", 2)) }

1(2)
9i(s) (2)
n(z)
9o (s) (2)

|Hy(x) — Hy ()| < |s — 5| +

+|

{\1{¢<z>ze} — Lig(2)200)

<7+
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where (s, s, 2) def |B(2(s)) — B(0(s)| + |2(s) — ©(s")|1S(2)]. By E1, there exists a
constant C' - depending only upon K - such that for any ¢ € K

/mg(dx) sup |Hy(z) — Hy (z)| < 7+ CT%.
[0—6'|<T

5.3. Proofs of Section 3.3.
Lemma 5.1 Under E2, for any 0 < k < d, supgega [ |z — 0] " w(z)dz < oco.
Proof. Let 0 < k < d.

+oo
/|x — 0| " m(z)dw :/ dt/ 7(z)dw
0 z:|lz—0]|"<1/t}

+oo
<1+ sup w(x) / dt sup / dz
z€R4 1 0cRe J{z:|z—0|<t—*}

+oo
<1+ C/ t= 4y,
1

for a finite constant C', which does not depend on 6. O
Proof. [Proposition 3.3] As |Hy(z)| = 1, HI is satisfied with the constant function
W = 1. By [6, Lemma 19-(ii)], there exists C' such that for any x, 6,t with © # 0, we

have
z—0 It|?
_ — | = <
|z — 0+t —|x 9|+<t,|x_9|>‘_c|x_0|

Since supgeg [ |z — 0] w(x)dx < oo (see Lemma 5.1 below), then this inequality im-
plies that w is differentiable and Vw(#) = — [(x —0)/ |z — 0] 7(x)dz. The dominated
convergence theorem implies that w is continuously differentiable. H5-(a) follows from
the lower bound w(8) > 0| — [ |z| 7(z)dz and the continuity of w. We have Vw = —h
from which H5-(c) tr1v1a11y follows. Fmally, by E2 and [30], £ contains a single point,
and H5-(b) is satisfied.

Let 0,0 € ©. For any = ¢ {0,0'},

z—0 0—0
T (e =0 =z -6
g ol =D+ =

Define Hg 5(x) dof SUpgrep(o,s) | Hor (v) — Ho(w)|. Let 0 < 8 < 1/d. Then

/F(fv)%e,é(w)dw =/ W(w)%e,é(w)der/ m(x)Ho,s(x)dx
2 EB(0,6+57) o ¢B(0,6+59)
9/
<2 sup mw(x) / dz + 2/ sup | |7T(:v)dx
o inRd w€B(6,6+69) ¢B(6,6+55) 0'cB(0,5) [T — 0|

< 0P 446175,

/_
_olo=0

|Ho () — Ho(a)| = —

for a constant C' which is finite by E2. Hence, and H4 is satisfied with o = (8d) A
(1 - B) < 1. This holds true with f = 1/(1 + d) for which fd =1— 4. O

5.4. Proofs of Section 3.4. We start with a preliminary lemma which gives a
control on the intersection of two Voronoi cells associated with 6,0 € (R%)V
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Lemma 5.2 For any compact set KC of ©, there exists dxc > 0 such that for any 0 € K
and any i % j:

()
U — 9@ pU) — (@)

1
sup sup 60) — 9 7,)‘ 06 — (0|

5<5x \/3 6eB(9,6)NNO

(i1) for any 6 < dx, there exists a measurable set R; ;(0,0) such that

~ Sup 1{Ci(9)mc(f)(§)mB(O,A)} < Lg ;0,001
0€B(6,6)NO

1
sup —= [ 1¢p. . z)dx < oo.
e \/5/ (Ri;(0,6)} ()

Proof. Let K be a compact set of ©. The function on (R?)™ given by 6
mingz; ’9“ — QU ’ is continuous. Since K is a compact subset of O, there exists
bx > 0 such that for any 6 € K, min;z; [0) — 09| > be. Choose dx € (0,bx/2 A 1).
Leti#j€{l,---,N} and € K be fixed. For any § < §x and 8 € B(0,6), it holds

’(5@ — g0 2 (52)

> ‘9(3’) _ g

_ ’g(j) _ 9<j>‘ _ ’g(i) —_9®

> ‘g(j) _ g

> b — 26 > 0.

Similarly,

’g(j) 0

< ’9(3’) _

+ 26, (5.3)
Define n = (00) — 0@)/ |06 — 09| and n’ = (39 — 407§ — §0)|.
(i) We have |n —n/|> = 2(1 — (n,n/)). In addition, for any § < éx and €
B(6,4),
- <9<j> _ 9<i>,n'>

- <‘g<j> — gD 4 0D — g 4 g g, n/>

_ |09 =60 2 4 W
“ 00 —6@] o) —6@] = [0 —g@| T b

(n,n’) ‘9 -9

:’93 Q)

where we used (5.2) in the last equation. Therefore

In—n/|” < 85/bx, (5.4)
(ii) Let z € C(0). We write z — ) = (z — 0%, n)n + m where (m,n) = 0.
Using ‘3: -0 ’2 = ’<:17 -0, n>’2—|—|m|2 and z—0U) = (x — 0% n) n—’G(i) — 00 ’ n+

m we get
L2 _ _ 12
‘:E—G(J)‘ :‘<x—9(1),n>—‘6‘(1)—9(J)H +[ml.

Since x € C(i)(H), |x — H(i)| < |x — H(j)‘ so that |<:1c — H(i),n>‘2 < ‘<x — H(i),n> — ‘H(i) — H(j)‘|2.
This implies that <x — H(i),n> < ‘H(j) — H(i)‘ /2. Therefore,

cW () c {:1: e RY, <x - 9<i>,n> % ’90) gt
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Let now x € C;(0) N B(0,A). Following the same lines as above and using (5.3)

<x _ g(j)7n/> > ‘g(a‘) g0 > _% ‘9(3’) o] _; (5.5)

1
2
Moreover

<:17 -0, n> = <:17 — 00— n’> + <:17 - é(j),n’> + <9_(j) — é(i),n’> + <9_(i) — G(i),n’>

<:C — 09— n’> + <:C - é(j),n/> + ‘9(j) — 69| + <§(i) — H(i),n’>.

Since x,0® € B(0,A), we have by (5.2), (5.4) and (5.5)

<x — H(i),n>

Y

“2A |n—n'|—%’6‘(j) — g0 256

— 46 — AA/2/bic V6.

54 ‘9(]’) _ 9

Y

1 . .
L1gG) _ o0
: }9 9

Therefore,
CU)(@) N B(0,A) C {x €RY, <:v - 9<i>,n> > %He(ﬂ‘) — || — 45 — 4A\/2/—b,<\/5} ,
Hence,
Cc(H)nCY(B) N B0, A)

c {x € B0, A), % ‘90) D] — 45 — 4A\/2]V5 < <:v - 9<i>,n> < % ‘90) — g0

b

Finally, since dx < 1, we have § < /3, and this concludes the proof, by noticing that
this last set is independent of 6.
a

Proof. [Proof of Lemma 3.4] For any compact set K C O, there exists C' such
that supgex [Ho(u)| < C(Ju| +1). Therefore, H1 is satisfied with W (u) = 1+ |u].
w is nonnegative and continuously differentiable on ©; since Vw = —h, H5-(c) is
satisfied.
We now prove H5-(b); the proofis by contradiction. Assume that £ is not included in a
level set of w: then there exists a sequence {0, ¢ > 1} of £ such that lim, w(6,) = +oo.

. =2
Since @ is bounded on (B(0, A))Y, then lim, Y-, ‘951“ - 951”‘ — 400 which implies
that there exist a subsequence (still denoted {6,4,¢ > 1}) and indices ¢ # j such that

lim,

9((;) — H,Sj)’ = 0. Since L is closed, we proved that there exists a point lim, 6, in

) |

L such that lim, Héi) = lim, 9((1j ). This is a contradiction since £ C ©.
Let us prove H4. Let K C © be a compact set. We write

9 — pQ) 9 — g(d)

4

[Ho(@) — Hyw)| < |Ho(@) — Hy(a)| + 23D (

i=1 j#i

06 — 9O [* 190 — §) |
Since K is a compact of O, there exists a constant C' such that

|Ho() — Hg(w)| < |Ho() — Hg(x)| +C0—9].
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For any 6,0 € K and any = € R?,

T — il 4= S~ 1, — o0
Ha(w) — Ho(w)| /4—2{91'—9 | Liew@nco@ @)
=1

2

. 2 S
+ ’9(1) - :Z?’ 1{01»(9)00(“((5)6}(33) + ’9(1) — ZE‘ l{c(i)(e)cmc(i)(e)}(x):| .

Therefore, for any = € B(0,A), any 6 € K, and any 6 € B(0, ),

N N N
—~ _ 12 i
Hg(:t) — Q(ZE)‘ /2 < Z ‘9(1) - 9(1)| + Z Z ’9( ) _ :E‘ l{c(i)(e)mc(j)(é)}(x)

pt i=1 j=1,j#i

N N .
n Z Z ‘9(1) — x‘ l{c(j)(e)ﬁc(i)(é)}(x)
i=1 j=1,j#i

<6+ 2AN? S};P Lict)9)nc) @)nB(0,a)} (T)-
i#j

By Lemma 5.2, there exists dx such that for any § < i, there exist a measurable set
R; ;(0,0) such that

_sup 1{C<i)(9)mc<ﬂ')(§)mB(0,A)}($) < g, ;0.0 (7).
0eB(0,6)

Therefore, |Hy(z) — 1‘79(90)‘ /2 < 6+2AN? sup 1g, ;(6,5)}(z). Under E3, 7 is bounded
on O. In addition, Lemma 5.2 shows that !
1
s e [ 1m0 (o) < o
Then, there exists C’ such that for any ¢ < dx,

sup/w(dx) sup Hy(z) — f_ﬂlvg(x)} < C'V3.
bek {0,|6-0|<s}

Moreover, as Supgeg SUPe5(0,A) ‘f{;(x)’ < o0, for any 6 > i,

E(I)’L

sup/ﬂ'(dx) sup ‘1%(:17) —E(:z:)’ <2 sup min(1,v/05)"

ek {0,]6—0|<s} © xsupp(r)

Therefore H4 is satisfied with o =1/2. 0
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