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1. Introduction

The theory of equations of evolution plays an important role in various areas of pure
and applied mathematics, physics and other natural sciences, [4,10,12]. We focus on a
non-autonomous linear Cauchy problem of the form

u(t) = —(A+ B(t))u(t), u(s)=use X, 0<s<t<T, (1.1)

where {A+ B(t), dom(A) Ndom(B(t)) }+ez is a family of closed linear operators on the sepa-
rable Banach space X, Z = [0,7] C R. Let Zy = (0,7T]. The solution operator {U(t, s)}oez,
ie. u(t) = U(t, s)us solves (1.1) in some sense, can be obtained using the Howland-Evans
approach. The main idea of this approach is to reformulate the non-autonomous problem
(1.1) on X to an autonomous Cauchy problem on the Banach space LP(Z, X) of p-summable
functions on Z with values in X. The solution of the autonomous and the non-autonomous
Cauchy Problem correspond to each other, and therefore it is equivalent to solve the one or
the other equation. Once, the solution is obtained, the problem of a good approximation
appears. The Trotter product formula [13] or [2, Theorem 3.5.8] provides an approximation
in the strong-topology. In practice, a convergence in the operator-norm is more useful, espe-
cially, if the convergence can be estimated. Then, for example, in spite of the initial values,
the smallness of the steps can be calculated such that the error rate of the approximation is
lower than a given accuracy.
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Going to analyze a linear non-autonomous Cauchy problem of the form (1.1) the
aim is to find the so-called "solution operator” or propagator {U(t,s)}usen, A = {(t,s) €
ToxZy:0<s<t< T}, Zy = (0, 7], of the Cauchy problem (1.1), which has the property
that u(t) = U(t, s)us for (¢,s) € A is a “solution” of the initial Cauchy problem (1.1) for an
appropriate set of initial data u,. By definition, a propagator {U(t,s)}u,sea is a strongly
continuous operator-valued function U(-,-) : A — B(X) satisfying

Ut,t)=1 for teIy U(t,r)U(r,s)=U(t,s) for t,r,se€Zy with s<r<t,

|Ullsxy == sup [|U(t,s)|lx) < oo,
(t,s)eA

Our goal is to find an approximation {U,(t,s)}sea, n € N, of the solution operator
{U(t, s)}t.s)ea in the operator norm with an explicit convergence rate estimate. Such con-
vergence rate estimates were already found by Ichinose and Tamura for positive self-adjoint
operators [3]. Recently, in [6] an error estimate was proved, where the underlying space is a
Banach space. In [6] the main technical tool to get such an approximation was the Trotter
product formula. It was verified in [6] that under the assumptions made there the Trotter
product formula converges not only in the strong topology but actually in the operator norm.
In a second step this result was carried over to the solution operator.

Following the ideas of [6] we improve the convergence rate estimate of [6] under
assumptions on the involved operators A and B(t) which are straightforward generalizations
of those of [3] to the Banach space. Despite this straightforward generalization we were
unable to reproduce the strong convergence rate of [3] for the Banach space. However, with
respect to the Trotter product formula we get a slightly stronger convergence rate estimate
than in [1].

2. Preliminaries and Assumptions
2.1. Preliminaries

Throughout the paper we are dealing with a separable Banach space (X || - || x). For
an linear operator A : dom(A) C X — X, we define the resolvent by R(\, A) := (A—\)"':
X — dom(A). A family {T'(t)};>0 of bounded linear operators on a Banach space X is called
a strongly continuous (one-parameter) semigroup if it satisfies the functional equation

TO)=1, T(t+s)=T(t)T(s), t,s =0,

and the orbit maps [0,00) 3 ¢t — T'(t)z are continuous for every x € X. In the following we
simply call them semigroups. For a given semigroup we define its generator by

1
Az = }lLl{rcl) E(J} —T(h)x)

with domain
.1 :
dom(A) :={zx € X : }lll{‘% E(I — T'(h)x) exists}.

Note that the definition differs from the standard one by the sign minus. It is well-known
that the generator of a semigroup is a closed and densely defined linear operator which
uniquely determines the semigroup (see e.g. [2, Theorem 1.1.4]). For a given generator A we
will write T(7) = e~ ™, 7 > 0.

For any semigroup {7'(t)};>o there are constants M4, v, such that it holds ||T'(¢)|| <
M et for all t > 0. Such semigroups are called of class G(My,v4) and we write A €
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G(Ma,va). Il ya <0, {T(t)}+>0 is called a bounded semigroup. If ||7'(¢)|| < 1, the semigroup
is called contractive.
For any semigroup we can construct a bounded semigroup by adding some constant
v > 74 to its generator: The operator A := A + v generates a semigroup {7'(t)};5o with
|T(t)|] < M. It is known that for a generator A € G(My,v4), the open half plane {z €
C : Re(z) < ya} is contained in the resolvent set o(A) of A and the estimate || R(\, A)| <
M

ReO)x holds. If A = A+, then the open half-plane {z € C : Re(z) < 74 — v} is contained

in the resolvent set of A.

The semigroup {T'(t)};>0 on X is called a bounded holomorphic semigroup if its
generator A satisfies ran(7'(t)) C dom(A) for all £ > 0 and sup,. |[tAT(t)| < oco. It is well-
known, that in this case the semigroup {7'(t) }+>0 can be extended holomorphically to a sector
{z € C:larg(z)| <d}U{0} C C of angle § > 0. For generators A of bounded holomorphic
semigroups with 0 € p(A) one can define fractional powers A*. Then, for a € (0, 1), it holds
dom(A) C dom(A%) C dom(A°) = X. In the following we need the well-known estimate for
generators of a bounded holomorphic semigroup:

sup [[t* AT (t)|| = M2 < . (2.1)
>0

2.2. Assumptions

Below we made the following assumptions with respect to the operator A and the
family {B(t)}ea-

Assumption 2.1.

(A1) The operator A is a generator of a bounded holomorphic semigroup of class G(My, 0)
and 0 € o(A). Let {B(t)her be a family of generators on X belonging to the same class
G(Mg,B). The function T >t (B(t) + &) 'x € X is strongly measurable for any v € X
and any & > 3.

(A2) There is an o € (,1) such that for a.e. t € T it holds that dom(A*) C dom(B(t))
and dom((A%)*) C dom(B(t)*). Moreover, it holds

Co :=esssup | B(t)A™||gx) < 00 and C} :=esssup||B(t)"(A™")"||px+ < o0, (2.2)
tez tez

where A* and B(t)* denote the adjoint operators of A and B(t), respectively.
(A3) There is a constant L > 0 such that estimate

[A=*(B(t) — B(s))A™[|sx) < Llt — s},
holds for a.e. t,s € T.

Remark 2.2.

(a) In [6] the assumptions are slightly weaker. It is assumed that the domains satisfy
dom(A*) C dom(B(t)*).

(b) The assumption 0 € p(A) is just for simplicity. Otherwise, the generator A can be
shifted by a constant n > 0. One can prove that the domain of the fractional power of A
does not change either.

(c) In [3] both operators A and B(t) are assumed to be positive selfadjoint operators on a
separable Hilbert space. The assumptions made in [3] yield that Assumption 2.1 is valid.
(d) The assumptions above imply that for a.e. t € Z the operator B(t) is infinitesimally
small with respect to A. Indeed, fix ¢t € Z and assuming (A1), (A2) we conclude

dom(A + n) = dom(A) C dom(A%) C dom(B(t))
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for n > 0 and hence
C.Co

l1—a °

I1B)(A+n) s < IBEA™ 5 - [A*(A+n) s <

Therefore for any x € dom(A) C dom(B(t)), we get

11—«

C.C (1
IB(t)x|x < p = [(A+ )z x < CaCon (EHAwHXﬂL HxHx>-

The relative bound can be chosen arbitrarily small by shifting n > 0. In particular, using
standard perturbation results ( [5, Corollary 1X.2.5]), we conclude that A + B(t) is the
generator of a holomorphic semigroup, i.e. problem (1.1) is a parabolic evolution equation.

3. Solving strategy

Let us describe briefly our solving strategy. Details can be found in [6]. The approach
to finding the solution operator {U(t, s)}s)ca of (1.1) leads to a perturbation or extension
problem for linear operators. It can be used in very general settings and is quite flexible.
The usual idea can be described as follows: The non-autonomous Cauchy problem in X
can be reformulated as an autonomous Cauchy problem in a new Banach space LP(Z, X),
p € [1,00), of p-summable functions on the interval Z with values in the Banach space X.
An operator family {C() }1ez on X induces an multiplication operator C on LP(Z, X') defined
by

(CH(E) = C@)f@),

dom(C) := {f € IMT,X) : f(t) € dom(C(t)) for a.e. t € I} '

I>5t—C(t)f(t) e LP(Z,X)

Theorem 3.1 ( [6, Theorem 2.8]). Let {C(t) ez be a family of generators on X such that
for almost allt € T it holds that C(t) € G(M, 8) for some M > 1 and B € R. If the function
It (Ct)+ & o € X is strongly measurable for € > B, v € X, then the induced
multiplication operator C is a generator in LP(J,X) and its semigroup is given by

(e 7 hHt) = TVf(t),  f e L6P(T,X),

for a.et € Z. In particular, for the operator-norms we get

—7C(t

le™™ Nl s(zrz.x)) = esssup [l W||(x).
teZl

So the generators C(t) and C belong to the same class.

In particular in our case, the operator family { B(t) };ez induces the generator B and A
induces trivially the generator A on LP(Z, X). Assuming (A1) and (A2) it turns out that the
operators BA™® and A~B are bounded on L?(Z, X') and it holds that || BA™%||gzez,x)) < Ca
and || A=2B||prz,x)) < Cp.

Let us introduce the operator Dy := 0; on LP(Z, X) defined by

D[)f(t) = atf(t)’ dom(DO) = {f € Wl’p([()?T]vX) : f(O) = 0}

Then, Dy is a generator of class G(1,0) of the right-shift semigroup {S(7)},>0 that has the
form

(P f)(t) = (SO = flt Dzt 7). | € IXL.X), ac. teT.
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We note that the generator Dy has empty spectrum since the semigroup {S(7)},>0 is
nilpotent and therefore the integral fooo e~ "AS(1) fdr exists for any A € C and for any
feLlr(Z,X).

Let us look at the operator sum Dy and A. Since A is time-independent, the operators
A and Dy commute, and, hence, also their semigroups commute. So, the operator family
{e=™e D0}y defines a semigroup on LP(Z,X). Its generator is denoted by Ko. It is
closure of the operator sum Dy + A, i.e. Ky = Dy + A. We note that all the generators K,
A, A belong to the same class.

Remark 3.2. By assumption (A1) the operator A generates a holomorphic semigroup. Note
that the operator Ky is not a generator of a holomorphic semigroup. Indeed, if we have

(e f)(t) = (e e AN (t) = e T f(t = T)xz(t —7), f€ LT, X).

Since the right-hand side is zero for 7 > ¢, the semigroup can not be extended to the complex
plane.

Now, look at the operator sum
K = Do+ A+ B, dom(K) = dom(Dy) N dom(A) N dom(B). (3.1)
In [6], the following theorem is proved.

Theorem 3.3 ( [6, Theorems 4.3 and 4.4]). Assume (A1) and (A2). Then, the operator
closure K =: K is a generator on LP(Z, X), and it holds

K=Ko+B, dom(K)=dom(Ky)Ndom(B). (3.2)

Moreover, it is an evolution generator, i.e. its semigroup defines the unique solution operator
U(t,s) of problem (1.1) by

(™) =UT)HE) =UEtt —1)xz(t —7)f(t—7), 7>0, t €L

We note that for the proof it is not necessary that the operators B(t) are generators. After
proving the existence of a unique solution, we want to approximate the solution operator
U(t,s). This will be done by proving an operator-norm convergence for the Trotter product
formula for I = Iy + B.

4. Stability

Proving the Trotter product formula, it is important to establish stability conditions.
Notice that stability is satisfied if the contractivity of the involved semigroups is assumed
which might be too strong in applications. There are many stability conditions known for
evolution equations. In particular, the Kato-stability is of interest, cf. [7, Definition 4.1],
which is equivalent to a renormalizability conditions of the underlying Banach space, cf. [7].
We note that our following stability condition is weaker than Kato-stability.

Definition 4.1. Let A be a generator and let { B(t) };c7 be a family of generators in X. The
family {B(t) }1ez is called A-stable if there is a constant M > 0 such that

née
HGj(t, s;m)

J=1

ess sup <M

(t,8)eA

B(X)

t—s

holds for any n € N where G;(t, s;n) = e~ W BT em A = 0,1,2,...,n, and the
product is ordered increasingly in j from the right to the left.
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Let us introduce the notion
T(r)=eT"Be ™0 7>0.

Lemma 4.2 ( [6, Lemma 5.8]). If the operator family {B(t) ez is A-stable, then
T m
T <ﬁ> \|Brz,x) < M
foranym e N, n e N and 7 > 0. In particular, we have

|T(7)™ | Bez,x)) < M

for anym € N and 7 > 0.

5. Convergence in the operator-norm topology

Theorem 3.3 leads to the problem, how the semigroup of K can be approximated in
terms of the semigroups generated by Dy, A and B. The classical Trotter product formula
gives an approximation in the strong topology. In this section, we establish an approximation
in the operator-norm topology on LP(Z, X'). This is done in several steps. This approximation
in LP(Z, X) can be used to prove an convergence rate estimate in X for the propagators.

5.1. Technical Lemmata

In this section, we state and prove all technical lemmas that we used to prove the
convergence and estimate of the Trotter product formula in the operator-norm in LP(Z, X).
For simplicity in notation, we set T'(7) := e~ B¢~ 0 7 > (. Note that T'(7) = 0 for 7 > T.
Similarly, e=™ =0 for 7 > T.

Lemma 5.1. Let the assumptions (A1) and (A2) be satisfied.
(i) Then dom(Ky) C dom(A®*) and there is a constant A, > 0 such that

—r A,
| A%e K“B(LP(I,X)) < — (5.1)

T

holds for 7 > 0.
(i) If {B(t)}iez is A-stable, then there is a constant I, > 0 such that the estimates

(T(1) — e ™) A seE,x)) < ot (5.2)
JA(T(1) — e ™)) < ot (5.3)

are valid for T > 0.
(iii) If {B(t)}iez is A-stable, then there is a constant Y, > 0 such that the estimate

TN e 1

[T (T)* A ||s(rrz,x)) < Ya (71_20‘ + W) , 7>0, keN. (5.4)
holds for T > 0.
Proof. (i)-(ii) The assertions dom(Ky) C dom(A%) as well as (5.1) and (5.2) follow from

Lemma 7.3, Lemma 7.4 and Lemma 7.6 of [6]. To prove (5.3) one has slightly to modify the
second part of the proof of Lemma 7.6 of [6].
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(iii) For k7 > T we have T'(7)* = 0. Hence, one has to prove the estimate (5.4) only
for k7 < T. In fact, using Lemma 4.2, we get ||T(7)*|| < M, 7 € [0,00). Hence,

IT() A f < (T (7)* — e 0) A | + [le™ 0 A [ |

k-1
<D T (e = Den U A f|| 4 [le o A f|
=0

k=1 r
<M Z/ dolle™BBA™|| || A2 e GO ™o f|| 4 |le7F Ko g2 1|,
j=0"0

where we have used I — e ™ = [" Be “Pdo. Moreover, from (2.1) we get

ek < Mg and Aset ) < Moy g
IS Gy e AT el
for 7 > 0. Hence, using o > %, we get
MMEMAC, T &2 1 MA
T kAa < B 2a- o a
1T (r)" A ]| o z; (j+1)2a||f|| + (kT)aHfH
MMEMZ C.C(20) MA
< 171l + ) I1£1]

for 7 € I, where ((8) = > 72, j%g, B > 1, is the Riemann (-function and we have set
ME := sup, 7 |le”™8||. Using that T(1)* = 0 for 7k > T we find

o MMEIMAC.C(2a) MA
IT(r)P A Il « —F =2 I+ ==z 171, f € dom(A),
T (kT)
for 7 > 0. Taking the supremum over the unit ball in dom(.A) we prove (5.4). O

Lemma 5.2. Let the assumptions (A1), (A2) and (A3) be satisfied. Then there is a constant
Zo > 0 such that

AT (1) — e ™)Asrx) < Za't, T 20. (5.5)
Proof. Let f € dom(Ky) = dom(K). We have

d d
%T(U)e—(T—J)Kf — %e—aBe—oKoe—(T—o)Kf

— e—JBBe—O'IC()e—(T—O')ICf . e—UBe—JICOICOG—(T—U)ICf + e—aBe—JICOKe—(T—U)ICf
— e—GBBG—U’COe—(T—O')’Cf + e—aﬁe—oKoge—(T—a)Kf

:efaB{efalCOBf . Befo'lCo}ef(Tfa)le,

which yields

T(T)f _ 6*T/Cf _ / %T(U)G(TU)deo' — / efaB{efalCoB _ BefalCo}ef(Tfa)ICfdJ.
0 0
(5.6)
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Now, we have the following identity
o—oB (e*”’COB _ BefolCo) e (T-0K 1
— (e77B — [){e "B — Be~oKoY (¢ (T=IK _ o=(r=o)Ko) £y

+ (e = Dfe "B — Be~MoYe oy

4 {e KB BemTK0} (e (=K _ o=(r=)Koy £ 4 [o=oKopg _ Be=oKo)~(r=0)Ko g
which yields for f = A %g

A8 (e‘”’COB — Be‘”’co) e" Tk gy =
= A (e B — I){e B — Be KoY (¢~ (T _ pm(rmo)Ko) gragy
+ A (B — [){em 0B — BemoKoy e (rm)Kag |

5.7
+ A a{ —U}COB Be—aK0}< (r—o)C _ —(T—U)KO)A—ag+ ( )
+ A= {(e=F0 — ¢m D) B — B(e7K0 — gmoP0) o= (TR0 goa gy
+ A—a(e—aDOB . BG_JDO)A_O[G_(T_U)KOQ.
In the following, we estimate the five terms separately.
At first we use the fact that A and Ky commute and conclude that
(ef(‘rfo)lC o ef(TfO')IC())Afag _ / ef(Tfafr)lCBAfaefrlCogd,r'
0
Thus, for the first term we get
Afa(efali ){erICOB BerICg}( (r—o)C _ e (’T*O’)KQ)A*OLQ
— / A= Be "Bdr [e="0, B]Aa/ Ave(TmomKB A= =K0 g g,
0 0
where
[e=%0 B]f := {7 B~ Be7*e}f, f € dom(Ky), T =0,
Using Lemma 5.1, we obtain the estimate
HA—a(e—JB . I){e—JICOB . Be—aKo}(e—(T—a)lC . e—(T—U)ICo)A—agH
T—0 1
20%C2 Ny ME M / —d
SO B*A (T—O’—T)a r ||g|| (58)
o 2C5C2 N, ME M
<ol - g)ime Setete B A )
-«
for 0 € [0,7] and 7 > 0. For the second term, we get the estimate
| A= (e7F — D){e=™B — Be" 0} A~ e~ =Koy < 0 20;,Co ME M| g]). (5.9)

for 0 € [0, 7] and 7 > 0. Since we have
e~ (Tmk _ gm(rma)kop, — / e~ =K BeRopdr, b € dom(Ky),
0

one obtains for the third term the estimate

A= {em M0 B — BemRo} (e — e AT || < (7 — o) 205Ca MEMK 9]l (5.10)
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for 0 € [0, 7] and 7 > 0. Moreover, using

ag
e~Fo _ gmoDop — —/ eRo gl Pop gy
0

we get for the fourth term
A—a{(e—UICO . e—oDo)B . B(G_JICO . e—aDo)}e—(T—U)ICOA—ag —
. / Al—ae—rlCoe—(U—r)DOdrBA—a + A—ozB/ B_TKOAl_ae_(J_r)DOdT> 6—(T—O‘)’Cog’
0

0

which yields the estimate
||A—a{(€—JIC0 . e—UDo)B . B(e—alco . e—aDo)}e—(T—o)lCOA—agH
71

dr [|g|l (5.11)

o 1 .
< CaMAMlA—a/ rlfa d’f‘ ||g|| + CaMA MlA—a
0

(Ca _'_ C:;) M-AMlAfa o
- - o*lgl

for 0 € [0, 7] and 7 > 0. To estimate the fifth term, we note that
("B —Be™™™) f = e~ B()f(-) = Bxz(- — o) f(- —0) =
=xz(- = 0)B(- = 0)f(- = 0) = B()xz(- = 0) f(- —0) =
=xz(- —o{B(- =) = B()} (- = o),

and therefore
A (eoPnB — Bem70)em R0 -
SMa||A™{e™ 7B — Be "} Ay || (5.12)
Sesssup [A™H{B(t — o) = B(t)}A™|lsx) llgll < Lollgll-

for 0 € [0,7] and 7 > 0. From (5.7) we find the estimate
HA—ae—aB (e—crICOB . Be—o—lco) 6—(T—U)ICA—ag||
< [lAT (e ){67‘7'603 Be Mo} (e ok — em (ko) Ameg|
+ [l AT (e = D{e™ B - Be_aKO}A (r=ag|
+ A= e 0B — Be="Ko} (e= (=K _ = (T=0)Ko) oy
+ A (6780 — e 70)B — B(em 0 — ¢~ Pr) (- g
F AT (7O — Ber o) Ao Ko

for 0 € [0, 7] and 7 > 0. Taking into account (5.8), (5.9), (5.10), (5.11) and (5.12) we find

||A—o<€—(78 (e—aICOB . Be—UICo) —(T—U)ICA—ocg“
G202 C2A MEM

11—«

A o 20 C, ML M3+
(Co + CF) MaMP
= o LYllgl

«

< {O’(T — o)~

(1 — o) 205C, M3 My + o©



10 Hagen Neidhardt, Artur Stephan, Valentin A. Zagrebnov

for 0 € [0,7] and 7 > 0. Setting

20 C2 A\, MEM?>
7, =2 °{ B A Zy :=2CC,MEM? + L
—
C. + C*) MM
Zs = 2C%Cy M3 My, Zy ::< + Ca) MAMT,

«a
we obtain

||A—a6—08 (e—JICOB . Be—alCo) e—(T—U)ICA—agH

. (5.13)
<AZotr—0)"+ 20+ 25 (r o) + Zi 0"}l
From (5.6) we derive the representation
AT(T(1) = eT™) ATy
= / A 7B lemkog Be_UKO}e_(T_U)’CA_O‘g do.
0
which yields the estimate
AT (7) — ™) A
< / A=~ B{e=F0 B — Bem KoY~k =2y 4.
0
Inserting (5.13) into this estimate and using
T 1 (1 —
/ o(t — o) %o = 7'3a/ (1 — )%y = 7'3"‘—( a),
0 0 I'(2-a)
we find the estimate
_ _ _ —a) 4 Ly + Zs Zy
(T _ TK a <Z 3—a 2 1+«
AT =AY S Spg— gy 7t T T
for 7 > 0. We have
—a -7 —a I'l—a —2a Zy+ Z —a e
||A (T(T) — e ’C)A g|| < (erg2—_0[;7—2 2 + %7—1 + Z4) 7_1+
for 7 > 0. Since T(7) = 0 and e=™ = 0 for 7 > T we finally obtain
_ _ _ P(l — Oé) _ Z2 + Zg _
« T - K «@ < Z T2 2c Tl o Z 1+
AT - gl < (i 2B ) £
which proves the lemma. [
Lemma 5.3. Let o € [0,1). Then the estimates
n—1 n—1
1t 2
— nd < nt—2e (5.14)
“— ma = (n—m)*m* " 1-a

are valid for n = 2, 3,

Proof. The function f(z) = =%, x > 0, is decreasing. Hence

n—1 _ 1\l -«
L / 1 1. (n 1) o n
0

n—1

~
lm“ e 11—« 11—«
m=
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for n =2,3,... . Further, we have
n—1 n—1
1 1 1 1 nl~@ 2
- < 2_ _ g 2_ — 17201’
mzzl(n—m)o‘ma no‘mzzlma el-a 1—a"
and the claim follows. O

5.2. The Trotter product formula in operator-norm topology

Now, we are able to prove and estimate operator-norm convergence of the Trotter
product formula.

Theorem 5.4. Let the assumptions (A1), (A2) and (A3) be satisfied. If the family of
generators {B(t) }ez is A-stable, then there is a constant Coz > 0 (depending on o € (%, 1)
and on the compact interval Z) such that

1

H(e—TB/ne—TICO/n)n — e —a

M srex) < Cax (5.15)
fort>20andn=2,3,....

Proof. Let T(0) := e~“Be=%0 and U(c) := e~F, ¢ > 0. Then the following identity holds

T}~ Ulo)" = 3 T(e)* " (T(0) ~ U()U(o)"
(o) (o) - Ulo) + (Ti0) — VoD Uo)™ L4
3 Ty (T(0) ~ U)o
= T(Z;_IAQA_O‘(T(U) —U(0)) + (T(o) —U(0)) A AU (o) '+
+:§T(0)”_m_lAaA_a(T(a) —U(0))A AU (o)

which yields the estimate

1T ()" = Ulo)"|
HT(U)” TR IA™(T(o) = U(o))l| + [(T(0) = U (o) A AU (0)" |+

+ZHT o AHATH(T () = Ulo) A7 AU (o)™

From Lemma 5.1 we get the estimates

_ 1
T n—1 Ao|| <Y 1-2a - >

as well as
|A™(T(0) = U(0))|| < Uao and |[(T'(c) —U(0))A™| < 1lao
for o € (0,7]. Hence

1T (o) A LA(T(0) = U(o)]| < TaYao (01_“ + ﬁ)
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and
A,
(n—1)°

l—«

I(T(e) = U@) A AU (o)™ ] <
where we have used (5.1). Since
A (T(0) — e ™) A |srzx) < Za o', 7€[0,70),

by Lemma 5.2 we have

[T ()=t A [LAZ(T (0) = U(a)) A~ [ AU (o)™

1 1
< Ya 1—2a Za 1+a Aa
(" Tln—m- 1>o>a) 7 e lome
< YaZaAcx O_2—2ai 4 O_l—a 1
me (n—m — 1)@m=

Using Lemma 5.3 we get

n—2

D T (@)=L Ae|| LA (T (0) = U(o) A~ AT (o)™

n—2 n—2
1 1
< ZoNYo 02N — 4 Z A Y, 0
allata0 ;ma—i_ attatal mzzl(n—m—l)o‘mo‘
< ZaAaYa (nl—a0_272a + 2n172a0.1701) ]

11—«

Summing up we get the estimate

1 I, Aq _
IT(0)" = U(o)"|| <Iy Yoo' ™ <01‘0‘ + ) : R

(n—1)« n— 1)«
ZaAaYa nl—ao_2—2a + 2ZaAaYa nl—?ao_l—a.
l—-a l -«

Setting o := 7/n, we obtain
[ T(r/n)" = U(r/n)"||
My A, T?72¢ T, A, T ATV Z A Y1272 1 n 27, A Y, T 1
S (n—1)22  pn—1 (n—1) l—a  nl@ -« ne’

for 7> 0 and n = 2,3,.... Hence there is a constant C, 7 > 0 such that (5.15) holds. O

Remark 5.5. It is worth saying that the result only depends on the domains of the operators
A and B(t) and not on the concrete form of them.

5.3. Norm convergence for propagators

Let us investigate the consequences of Theorem 5.4 for the approximation of the
solution operator {U(t, s)},sca. We have

({(e7 e a0y —e Ty g) (1) = {Un(t,t = 7) = U(t:t = 7)}xz(t — 7)g(s — 7).
for (t,t —7) € A and g € L?(Z, X) where

—n

U,(t,s) ::szl e~ W BN~ A (1 g) e A
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Let us introduce the left-shift semigroup on LP(Z, X)
(L)) == xz(t+ 1) f(t+7), [eL(L,X)

Theorem 5.6. Let the assumptions (A1), (A2) and (AS3) be satisfied. If the family of
generators { B(t) }ez is A-stable, then there is a constant Coz > 0

< Ca,Z

= nl—o ’

€SS sup HUn(t7 S) - U(t7 S)HB(X)
(t,s)eA

n=223,..., (5.16)

where the constant Cy 1 coincides with that one of Theorem 5.4.
Proof. We set
Sn(t,s) :=Uy(t,s) = Ul(t,s), (t,s) €A, neN,
and
S, (1) := L(r){(e”#Be=nkoyn — g=m(BHRY - [P(T X) — LP(T, X).
for 7> 0and n=2,3,.... We have
(Sn(1)g)(t) = St + 7, t)xz(t +7)g(t), te€Zy,, geLP(Z,X).

Hence, for any 7 € Z and n € N, the operator S,,(7) is a multiplication operator on L?(Z, X)
induced by the family {S, (- + 7, -)xz(- + 7) }rez of bounded operators. Applying [6, Lemma
7], we conclude for 7 > 0

[(e™mBemmho)® — e B g oz xy) 2 V(1) {(ewPemw o) — e TEROY 1501 x))

= [|Su(T)l8(Lr(z,x)) = ess sup 19 (t + 7, 8)xz(t + 7)|l3x) =
telo

= esssup {Un(t +7,5) = Ut +7,8) Ixz(t + 7)|sx) =
telo

= esssup ||Up(t +7,5) = Ut +7,5)|Bx)
te(0,7—7]

Taking into account Theorem 5.4 we find

Ca
esssup ||Un(t +7,t) = U(t+ 7,1)|5x) < 1—_’1, 720, ne23, ...,
te(0,7—7] ne
which yields (5.16). O
Remark 5.7.

(i) Ichinose and Tamura proved in [3] a convergence rate of O(ln (")) assuming that the

operators A and B(t) are positive and self-adjoint. In [6], the authors proved the convergence
rate of O(n=¥=%)) for any 3 € (a,1) assuming dom(A*) C dom(B(t)*).

(ii) Moreover, we note that indeed, the estimates (5.15) and (5.16) are equivalent.

(iii) We note that a priori the operator family {U,(t,s)}usea do not define a propagator
since the co-cycle equation is in general not satisfied. But one can check that

Ut s) = Un s <t,s + %(t - s)) U, (s + %(t _s), s) |

is satisfied for 0 < s <t < 7T, n € Nand any k € {0,1,...,n}.
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6. Example: Diffusion equation perturbed by a time-dependent potential

We investigate the diffusion equation perturbed by a time-dependent potential. On
the Banach space X = L4(Q), where Q C R? is a bounded domain with C?-boundary (d > 2)
and ¢ € (1,00), the equation reads

u(t) = Au(t) — B(t)u(t), u(s) =us € LY(), t,s € L. (6.1)
A denotes the Laplace operator on L%(£2) with Dirichlet boundary conditions defined on
Az dom(A) = H2(Q) N HL(Q) — LY(Q).

It turns out that —A is the generator of a holomorphic contraction semigroup on L4(2) (cf. [9,
Theorem 7.3.5/6]). B(t) denotes a time-dependent scalar-valued multiplication operator
given by

(B(6)f)(x) = V(t,2)f(x), dom(B(t)) = {f € L1 (Q) : V(t,2)f(x) € LU (Q)},
where
V:IxQ—C, V(t-)e L(Q).
For a € (0, 1), the fractional power of —A are defined on the domain
(—A)* : H*(Q) — LY(Q).

Note, that for 2a < ¢, it holds that qu(Q) = H;*(Q). The adjoint operator of A is
denoted by A* and it is defined on the domain dom(A*) = HZ(€2) N H;(Q) C LY(Q), where

% + i = 1. It is well-known that also the operator (—A*) generates a bounded holomorphic

semigroup. The operators B(t) are scalar-valued and hence B(t)* = B(t) : dom(B(t)) C
L7(Q) — L7(Q). Moreover, one can show that Ko = Dy + A, i.e. the operator sum Dy + A
is already closed.

Now, we are going to verify the assumptions (A1) - (A3) in order to approximate the
solution of (6.1). This means, we determine the required regularity of V(¢,-) € L¢(2) to
ensure dom((—A)%) C dom(B(t)) and dom((—A*)*) C dom(B(t)*), i.e

H2(Q), H2X() C dom(B(t)). (6.2)

Using Sobolev embeddings, one obtains the general embedding

g% . d
V2 S [’717 #71]7 if Y1 € (1, g)

(6.3)
V2 € [’71700)7 if "€ [%700)

H: () € L7 (Q) for {
For our case (6.2), we obtain H;*(Q) C L"(Q) and H}(€2) C L°(2), for some constants

r,p € (1,00]. Hence, it suffices to ensure L"(Q2), L¢(2) C dom(B(t)). The parameters 7, p
define 7, p via

1 1
-+ =
ror

1 1 1 1
PR R (6.4
and since the operator B(t) is a multiplication operator defined by V' (¢, ), the regularity of
V (t,-) has to be at least g := max{7, p}.

Moreover, let

F(t) == (—=A)"“B(t)(=A)™ : LYQ) — H>*(Q) C LY(Q).
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We have to ensure Lipschitz-continuity for the operator-valued function ¢ — F (t). So, let
f € L1Q) and g € LT(Q). Define f = A™f € HX(Q) C L"(Q) and §j = (A™)*g =
(A*)2g € H?*(Q) € LP(Q). Then, we have for t € T

(F()f,9) = (=A)*B(t)(=2)f.g9) = ((=A)™*f, B(t)" (=A%) "*g) = ([, B(t)"9)-

The boundedness of (f, B(t)*§) can be ensured by V(t,-) € L™(Q), where 7 € (1,00) is
defined via
1 1 1

Sho4-=1 (6.5)
roT p

For fixedd > 2 and o € (%, 1), the following table turns out for the parameters 7, p, 7:

H g (l,5) | gelf o)
q €(1,5%) fe[%,oo],dﬁe[%,oo], fE(q,oo],ge[%,oo],
TG[E,OO] Te[m,OO]
¢ €l 00)|Felk o0 pe(d,20,00], | 7€ (g,00]p € (¢, 0],
Te[ﬁdq,,m] TE(LOO]

We remark that since we have r > ¢, it holds that 7 < p and hence, 7 < p =
max{7, p}. To guarantee, that the operators B(t) are generators, we assume that the poten-
tial V (¢, x) is positive, i.e.

Re(V(t,x)) > 0, for a.e. (t,x) € Z x Q
Then, for any t € Z the operator V (¢, z) is a generator of a contraction semigroup on

X = L9(Q) (cf. [2, Theorem 1.4.11-12]). In particular, the operator family B(t) is A-stable.

Theorem 6.1. Let Q C R? be a bounded domain with C*-boundary, let ¢ € (1,00) and let
a € (%, 1). Let B(t)f =V(t,-)f define a scalar valued multiplication operator on L9(SY) with

V e L®(Z,L(Q)) N CHP(T, L7(Q)),

where o = max{7, p} and T, p, T is chosen from the above table. Moreover, let Re(V (t,x)) > 0
fort €L and for a.e. x € ).

Then, the evolution problem (6.1) has a unique solution operator U(t,s) which can
be approximated in operator-norm by

sup geallUn(t, s) = Ut s)l|a) = O(n=(1=)),

where
—n

Un(ts) =] eV Emmmimenea, (6.6)
J:

Proof. Using relations (6.4), (6.5) and Sobolev embeddings (6.3), it is easy to see that the
required inclusions hold. The claim follows, using Theorem 3.3 and Theorem 5.6. The
“esssup” becomes a “sup”, since the solution operator and the approximating operator are
continuous. 0

Remark 6.2.

(i) In [11], the existence of a solution operator for equation (6.1) is shown assuming weaker
regularity in space and time for the potential. We assumed uniform boundedness of the
function t — || B(t)(=A)%||s(x), which is indeed too strong but important for the consider-
ations.
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(i) We focused on domains, which are bounded and have C?-boundaries. Our considerations
can be extended to other domains, too.

(iii) Although the approximating propagator {U,(t,s)}useca defined in (6.6) looks elabo-
rate, it has a simple structure. The semigroup of the Laplace operator on L?(R%) is given
by the Gauss-Weierstrass semigroup (see for example [2, Chapter 2.13]) defined via

_lz—y|?

(%) (z) = (T(t)u)(z) = (4rt) /2 / e u(y)dy.

Rd

TV (t;)

The terms e~ are scalar valued and can be easily computed.
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