N
N

N

HAL

open science

Optimal non-outage probability maximizing the outage rate
in Rayleigh channel

Vincent Savaux, Isabelle Siaud, Rodolphe Legouable

» To cite this version:

Vincent Savaux, Isabelle Siaud, Rodolphe Legouable. Optimal non-outage probability maximizing the out-
age rate in Rayleigh channel. Electronics Letters, 2016, 52 (18), pp.1571-1572. {10.1049/€l.2016.0999). <hal-

01418637)

HAL Id: hal-01418637
https://hal.science/hal-01418637v1

Submitted on 16 Dec 2016

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-01418637v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

This paper is a postprint of a paper submitted to and accepted for publication in IET Electronics

Letters and is subject to Institution of Engineering and Technology Copyright. The copy of record
is available at IET Digital Library

DOI: 10.1049/el.2016.0999



Optimal non-outage probability maximizing
the outage rate in Rayleigh channel

Vincent Savaux, Isabelle Siaud, Rodolphe Legouable

In this paper, we derive an analytic closed-form of the optimon-
outage probability value which maximizes the outage rateRayleigh
channel. Furthermore, asymptotic approximations of bbehdptimal
non-outage probability and the maximum outage rate can Hecsel
from the proposed analysis.

Introduction: The outage capacity is defined as the maximum data rate
which is achieved for a specified outage probability [1, 2jus, the
outage capacity, unlike the ergodic capacity, takes intcoaat the
decoding errors due to the channel. From this definition efc#pacity,

the outage rate is expressed as

Co= ]PnoB 10g2(1 + 'Ymin): (1)
whereB is the bandwidth of the received signal, and
Pro= IP('Y > 'Y'rnin)v (2)

is the non-outage probabilityi.e. the probability that the transmitted
signal is properly decoded, whefeis the signal-to-noise ratio (SNR),
and~y,,.», is a fixed threshold. In [2], the maximization of the outage ra
in presence of Rayleigh channel is performed through sitiouis results
only.

In this paper, we extend the work in [2], since we provide aaiital
expression of the non-outage probabiliBy,, which maximizes the
outage rate in Rayleigh channel. Furthermore, we develgsgamptotic
expansion of the obtained solution, which reveals that fteral Py,
value is bounded by 1 an/e. Next Section is devoted to the proposed
analysis.

Optimal Non-Outage Probability: In this paper, the SNR, which is
measured at a distaneefrom the transmit antenna, is defined by the
log-distance path loss model as
T\—«a
— , 3
do) 3
where~y is the SNR measured at distanggefrom the transmit antenna,
and obeys a given probability process according to the @amadels
is the path-loss exponent. In Rayleigh channgljs a random variable,
the probability density function (pdf) of which is given byetexponential
distribution:

¥="0(

Foo0) = 5 exp @
o
where 7y is the average SNR value. Other models as Nakagami (for
the multipath fading), log-normal (for the shadowing), andomposite
multipath/shadowing are provided in [3]. From (4) and (2)e thon-
outage probability,,, can be expressed as
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If a target non-outage probability, which is denotedy,, is set, then
the thresholdy,,;,, can be written as a function &, ,. Thus, we have:

(©)

exp (—

! Note that, in this paper, we use the non-outage probalftlity
instead of(1 — P,) in the definition (1), wheréP, is the outage
probability.
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The non-outage rate can be rewritten by substituting (6) (b):
—_ pt o= (T \—a t
Co =P _Blog, (1 2o0( ;)" In (P,w)) . @)

It can be noted thaC, is a strictly decreasing function with the
variable r, and a concave function with the variab®,  such that
Co(Pt,, =0)=C,(Pt,=1)=0. Furthermore, it is straightforwardly
shown in Appendix that, by solving the equatigdﬁL =0, the maximum
outage rate is achieved for "

1 —exp(W(X
! ®)

where X :2&0(%)*% and W is the Lambert W function, which is
defined as the solution of the equatier= ze® [4]. The substitution of
(8) into (7) leads to the maximum outage rate:

The asymptotic expansions & (X) in 0 and+co (corresponding
to cases where the SNRRis weak and large, respectively) leads to the
following limits (sea Appendix for more details):
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Jim Pt =1. (11)

Result in (11) reveals that a very largevalue (similarly X value)
leads to an optimal non-outage probability equal to 1, he.dignal can
be perfectly decoded when the SNR tends to infinity. On theraon
the asymptotic analysis in (10) reveals that the optimal-oatage
probability is not 0 but—! when the SNR tends to zero. This reflects the
fact that the ternP?, , B is dominating compared with theg,(.) in (7),
and therefore a non-zei®,, value is mandatory in order to maximize
the outage rat€’,.

Numerical Results: In all the presented simulations results, the following
parameters have been chosé&y= 20 MHz, dg =5 m, 49 = 30 dB, and

a = 2. Fig. 1 depicts the outage rate as a functio®pf, considering a
Rayleigh channel, and for= 40 m andr = 100 m. It can be seen that,
as expected, the outage rate is a concave function, whichesaD at
Pt =0andP, =1. In the latter case when the non-outage probability
tends to 1, only low rate signals (robust) can be transmitieatder to

be properly decoded. Furthermore, one can observe thabwest the
distancer (namely the highei), the largest the optimét?,, value.
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Fig. 1 Outage rate versus the non-outage probability P,., in Rayleigh

channels.
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(b) OptimalP,,, value versusX.

Fig. 2 Maximum outage rate and optimal P, value versus X, in Rayleigh
channels.

Fig. 2-(a) shows the maximum outage rate (9) and Fig. 2-(b) th

optimalP? _ value (8) versus. The lowestX values correspond to cases
whereyg is weak orr is large, whereas the largestvalues correspond to
the opposite cases. From the asymptotic expansion givepperdix, we

1-X/1In(X)
X

can deduce tha®t, ~ exp andCo ~ £ In(X) when

In(2)
X tends to infinity. Furthermore, once again, it can be notited the
optimalP%,, is lower-bounded by /e.

Conclusion: In this letter, we have proposed an analysis of the maximum

achievable outage rate. To this end, we have derived thesdlos
form expression of the corresponding optimal non-outagebatility.
Asymptotic expansions allow us to approximate these egjmes in
limit cases. The provided theoretical results have beestithted through
simulations.

Appendix:

Derivation of Cy

The derivative ofCy with respect tdP%,, can be written as:

9Co
oPt

BX
1—XIn(P,)’

=BlIn(1 — X In(P%,)) — (12)

whereX = 2y(z-)~ . By settingy’ =1 — X In(P¢,,), we deduce that

the equality 252 = 0 leads to the following equation:

In(Y)Y = X. (13)

Therefore, the solution of (13) maximizes the outage ratgesCy
is a concave function. The above equation (13) can be rewritds

In(Y)e™(Y) = X, and one can recognize the Lambert's transcendental

equation, which is solved by = exp(W (X)). SinceP?,, = exp(13X),
this proves the expression Bf,, given in (8).
Asymptotic expansion of Py,

The series expansion of W Lambert function in 0 ando are,
respectively:

W(z)= — 2", (24)
and
W (z) =In(z) — In(In(z)) + o(In(In(x))). (15)

The substitution of (14) into the exponential function, ahé series
expansion of the exponential lead to:
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with R,, ;. is the rest containing all the terms iK?, wherep > 1.
Therefore, the limit of?,,, in zero can be expressed as

= 1+X+ Ry,

1-(1+X+R
lim Ppo, = lim exp(u) =e"l. (17)
X —0 X =0 X

The limit of P,,, in +o00 can be expressed by using (15) as

. ) 1- em;n(ln(X) — ln(ln(X)))
lim Pp, = lim exp
X —+4o0 X —+oco X
= lim exp (71 — X/ ln(X)) =1, (18)
X —+oco X

which concludes the proof of (11).
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