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HOLOMORPHIC MOTIONS AND
COMPLEX GEOMETRY

HERVE GAUSSIER AND HARISH SESHADRI

ABSTRACT. We show that the graph of a holomorphic motion of the unit disc cannot be biholo-
morphic to a strongly pseudoconvex domain in C".

1. INTRODUCTION AND MAIN RESULT

Let B be a connected complex (n — 1)-manifold with a basepoint zy € B. A holomorphic
motion of the unit disc A C C parametrized by B is a continuous map f : B x A — CP! =
C U {00} satisfying the following conditions:

(1) f(z0,w) =w for all w € A,

(2) the map f(z,.) : A — CP! is injective for each z € B,

(3) the map f(.,w) : B — CP! is holomorphic for each w € A.

Holomorphic motions were introduced by R. Mane, P. Sad and D. Sullivan [11] and have
been intensively studied since then (see, for instance, [13, 4, 5, 1]). In this note we study the
complex-analytic structure of the graph D of f:

D ={(z, f(z,w)), z € B,w € A} C B x CP".,
Our main result is the following

Theorem 1.1. The graph D of a holomorphic motion of the unit disc cannot be biholomorphic
to a strongly pseudoconver domain in C™.

Denoting the unit ball in C™ by B", Theorem 1.1 will be a consequence of the following

Theorem 1.2. Let S C C be a bounded domain. If A(C™) denotes the set of complex affine
(n — 1)-dimensional subspaces of C", then there does not exist a map f: S — A(C") satisfying
the following conditions:

(1) Fort € S, if Wy = f(t) NB", then B" = UycgW,.
(2) Either WyNWs = ¢ or Wy =Wy for s,t € S.

(8) There is a holomorphic map m : B® — B"~! such that m : Wy — B"~! is bijective for all
tes.

To derive Theorem 1.1 from Theorem 1.2, we use a rescaling argument based on a recent
result of K. T. Kim and L. Zhang [8].

To put these results in context, we recall the following result of K. Liu [10] and V. Koziarz-N.

Mok [9] :

Theorem 1.3. ([10], [9]) Let n > m > 1 and let I'y C SU(n,1), T's C SU(m, 1) be torsion-free
cocompact lattices. Then there does not exist a holomorphic submersion from B™ /Ty to B™/I's.
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This was proved for n = 2,m = 1 by K. Liu [10] and for all n > m > 1 by V. Koziarz and
N. Mok [9]. This result is natural from various points of view. In particular, it is related to the
following well-known question in the study of negatively curved Riemannian manifolds:

Let f: M™ — N™ be a smooth fibre bundle where M and N are smooth compact manifolds of
dimensions n > m > 2. Can M admit a Riemannian metric with negative sectional curvature ?

If the bundle above is trivial then Preissman’s theorem implies that the answer to the above
question is in the negative. Also, it is essential that m > 2: a theorem of W. Thurston states
that certain 3-manifolds fibering over a circle admit hyperbolic metrics.

Theorem 1.2 implies the Liu-Koziarz-Mok result when n = m + 1 by the Bers-Griffiths uni-
formization theorem as explained later in the paper. The compactness of the manifolds is essen-
tial in the question above and the result of Liu-Koziarz-Mok. In other words, cocompact group
actions on universal covers are needed. Our point of view is that given the Bers-Griffiths theo-
rem, the cocompact actions are not necessary. The proof we present involves some elementary
facts about the Kobayashi metric and Riemannian geometric techniques.

Note that an equivalent formulation of Theorem 1.2 is that the graph of a holomorphic motion
cannot admit a complete Kahler metric with constant negative holomorphic sectional curvature.
Hence the following question is natural:

Can the graph of a holomorphic motion of the unit disc admit a complete Kdahler metric with
variable negative sectional curvature?

A related question, mentioned to the authors by Benoit Claudon and Pierre Py, is:

Can the graph of a holomorphic motion of the unit disc be Gromov hyperbolic with respect to
the Kobayashi metric ¢

The method in this paper appears to hold some promise for tackling these questions. In this
connection, it is important to point out that metrics with weaker negative curvature conditions
can exist on such domains: a result of S. K. Yeung [15] asserts that the universal cover of a
Kodaira fibration, which is necessarily the graph of a holomorphic motion by the Bers-Griffiths
theorem, admits complete Kéhler metrics with negative holomorphic bisectional curvature.

2. PROOF OF THEOREM 1.2

2.1. The Kobayashi metric on D. Let
e B be a connected complex (n — 1)-manifold with a basepoint zy € B,
e f: B x A — CP! a holomorphic motion,
o D={(zf(z,w)) : z€ Bjwe A} C BxA,
e F': Bx A — D be defined by F(z,w) = (z, f(z,w)),
e m: D — B denote the first projection,
e for pe D, let S, = 7~ (n(p)),
o for w € A, let

Fy,:B— D be F,(z2) = f(z,w) and X, =F,(B).

Note that 771(z) = F({z} x A) for every z € B.

Lemma 2.1. For every w € A, the map F : B x {w} — D is a holomorphic embedding which
1s totally geodesic for the Kobayashi metrics on B and D.

Proof: Since
dg(zl, 29) > dg(F(zl,w), F(z9,w)) > dlA((ﬂ' o F(z1,w),mo F(z,w)) = dg(zl, 29)
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by the distance decreasing property of the Kobayashi metric the result follows.

2.2. Proof of Theorem 1.2. Let S C C be a bounded domain and f : S — A(C™) be a map,
where A(C") is the set of complex affine (n — 1)-dimensional subspaces of C". Suppose that we
have

(1) a partition B" = UesW; where Wy = f(¢) N B™ and
(2) a holomorphic map 7 : B® — B"~! such that «|y, : W; — B"~! is bijective.
Before stating the next lemma, we recall that the Kobayashi metric on B" coincides with the

Bergman metric and is, in particular, a C? Riemannian metric.

Lemma 2.2. (1) For everyt € S and z € B* 1, Wy Nn~1(2) consists of a single point and the
intersection is orthogonal.

(2) The fibers of T are equidistant, i.e., for any z1,z2 € B" ™' and p € 771 (21) we have

s (p, 7 () = dp(x7 (1), 7 (22))

Proof: Let ¢t € S and z; € B"!. It is clear that W; N7~ 1(z) is a singleton since 7|, :
W; — B! is bijective. Fix p € 771(21). Since B® = UiesW;, p € W, for some t € S. Let
7 :10,1] = D be a unit-speed geodesic with v(0) = p and ~/(0) € T,,W;. By Lemma 2.1 we can
assume that v([0,1]) C W;. Let y(1) = ¢ € 71 (2) N W,.

We claim that ~ is the shortest geodesic between 7~ 1(21) and 7~1(z). This is because

A8 (p,q)) > di._1 (20,2) = 1(7) > d (p,q)

for any wy,wy € A. The equality above comes from the assumption that 7|y, : W; — B! s
bijective and hence an isometry. Since k is a Riemannian metric, the first variation for arc-length
implies that v meets 771(21) and 7~ !(2) orthogonally. Hence 7/(0) is orthogonal to T,m~1(z1).
O

In what follows we use the following notation: for any p € D
S, =71 (n(p)).
Corollary 2.3. Let v :[0,L] — D be a geodesic with 4(0) = p, v'(0) € (T,Sp)*. If Ps denotes
the parallel transport of T,,S, along v, then
Py = Ty(5)55(s)-

Proof: Let {e1,e2,...,e2,} be an orthonormal basis of T,,D with e;, ez € T),S, and let E;(s)
be the parallel translate of e;, i = 1,...,2n, along 7. By Lemma 2.1 for ¢ > 2, v lies in W; for
some t € S. By Lemma (1) of 2.2, e; € T,W; for 3 < i < 2n. Since W; is totally geodesic, E;(s)
is tangent to W; for all s € [0, L] and 3 < i < 2n. Hence Ey(s), Ea(s) € (T We)™ = Ty (5)Sy(s)-
.

2.3. Distance between complex submanifolds. Fix zg,z; € B" L. Let py € ﬂfl(zo),pl S
771(21) be points satisfying

3 (po, p1) = dis (w7 (z0), 7 ' (21))-

Let v : [0,L] — D be the unit speed geodesic with v(0) = pg, v(L) = p1 which realizes
the distance between 7-!(2) and 7~ 1(21). Since 4/(0) is orthogonal to T,7!(29), Lemma 2.1
implies that +/(0) € T,W; and ~([0, c0)) C W} for some t € S.
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By considering the normal exponential map to 7~ 1(2g), we can find a unit normal vector field
X to 7 1(2) in a neighbourhood U (in m~!(zp)) of po such that the holds: for any q € U,
the geodesic 7, : [0, L] = D with 7,(0) = ¢,7,(0) = X, satisfies 4(L) € m'(21). Note that
Xpo = 7'(0).

Let u € Tp,m Y(20) and o : [~a,a] — 7 (29) C D a curve with o(0) = py and o’(0) = w.
Define a geodesic variation H : [0, L] X [—a,a] — D of v by
(21) H(Sat) = Expg(t) (SXO'(t))'

Let Y (s,t) = (

t) be the variation vector field and, for each ¢t € [—a,al, let  be the

H(s,t). Let T(s,t) = ~v,(s) = 8H(s t).

geodesic given by %(s) Bs

Lemma 2.4. For any (s,t) € [0, L] x [—a,a] we have

(1) Y (5,1) € T, (5)Sy(s)-
(i1) Y'(s,t) := VrY(s,t) € T%(S)S%(S).

Proof: (i) This follows if we can show that for each s € [0, L] the curve t — H(s,t) lies in a
fiber of 7r. To see this consider the curves, for t1,t2 € (—a,a), s — (moy, )(s) and s — (moy )(s).
These curves are unit-speed geodesics in B"~! connecting 7(z0) and 7(z1) by Lemma 2.1. Since
B"~! has negative curvature, uniqueness of geodesics forces 7(H(s,tg)) = m(H(s,t1)).

(ii) We show this for ¢ = 0 for notational simplicity. Let {e;, e2} be an orthonormal basis of
TpoSp,- Let Ei(s), Es(s) be the parallel vector fields along v with E;(0) = e;. We then have,
by (i

) and Corollary 2.3,
Y(s,0) = fi(s)Er(s) + fa(s)Ea(s)
for some functions fi, f2 : [0, L] — R. Hence

Y'(s5,0) = fi(s)Ev(s) + fo(s)Ea(s) € Ty(5)Sys)- O

We continue to denote p = F'(zp, wp) in what follows. We recall the notation and constructions
above:

e X denotes a local unit normal vector field on S, such that the geodesics starting in the
direction X pass through the same fibers subsequently,

v :10,00) — D is a geodesic with (0) = p,~'(0) = X,,,

o for u € T, Sy, Hy(s,t) = v{(s) denotes a geodesic variation of v such that

(a) 2 (0,t) = Xprop)

(b) the variation vector field Yy (s,t) = agt“ (s,t) satisfies Y,(0,0) = u,

o T,(s,t) = 851;“ (s,t) denotes the tangent vector (7;*)'(s) to the variation geodesic v;*(s). Note
that T,(s,0) = +'(s) for all s and T5,(0,1) = Xp, (0,1 for all ¢.

Lemma 2.5. For any u € T),S, and s € [0,00), we have

(i) (Vy,Yu(5,0),9(s)) = =5 (|Yul*)'(s.0).
(1)) Vo X € T,5,.

Proof:
<VYuYU7'7/> = Yu<Yu7’)/> - <YU7qu7/>
- _<YU7v'y’Yu>
1
_ _ = Yu2l
L(v?)

where we have used (7,,,Y,) = 0 and Vy,T,, = V1,Y,. This proves (i). For (ii), [V, Tu] = 0
and (ii) of Lemma 2.4 imply that V, X = V)Y, € T,S,. O
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By (ii) above, the shape operator L : T,S, — T,S, of S, along the normal vector field X is
given by
L(v) = V,X.
As L is a symmetric operator we can find an orthonormal basis {e1,ea} of T},S, consisting
of eigenvectors of L. Since S, is a minimal submanifold (being a complex subvariety), the
corresponding eigenvalues are given by a, —« for some a > 0. As before we denote the parallel
transports of e, eg along v by Ei(s), Ea(s).

Next we observe that if Yi(s) := Y¢,(s,0), Ya(s) := Ye,(s,0) are Jacobi fields constructed as
earlier with Y7(0) = e1, Y2(0) = ez then
Y{(0) = Vo) Y1 = Ve, X = L(er) = aey.
Similarly
Y5(0) = —aes.
Hence if K; : [0, L] — R denotes the function

Ki(s) = R(E1(s),7(s),7'(s), Ex(s))
and f1: [0, L] — is the solution to

y'+Kiy=0, y0)=1, y(0)=a
then

Yy = f1Eq.

Similarly Y2 = foF> where fy satisfies v + Koy = 0, y(0) = 1, ¢/(0) = —a with Ky(s) =
R(Ex(s),7'(5),7'(s), Ea(s)).
2.4. The case of CH". In case D is biholomorphic to the unit ball in C”, the Kobayashi metric

on D has constant holomorphic sectional curvature —1 and the curvature tensor has the property

that

(R(X,Y)Y, X) = —i

whenever {X, Y} is an orthonormal pair spanning a totally real 2-plane, i.e., whenever (X,Y) =
(X,JY) =0. Hence f1 and fo satisfy

It follows that
fi(s) = cosh(%) + 2 sinh(g), fa(s) = COSh(%) — 2« Sinh(%).

Case 1: o # %
In this case, (i) of Lemma 2.5 implies that

(Vy.¥i,7')(s) = 5 () (s) < 0

for i = 1,2 and s large enough. On the other hand, Lemma 2.4 and the fact that S, is a

minimal submanifold implies that
2 2

0= (VuEi7)(s) =Y 7 (VviYi,7')(s).

i=1 i=1
This contradiction completes the proof.

Case 2: a = % for all p € D, all ¢ € S, and all Ty € (T,S,)*. In this case, one can check that
the second fundamental form of S, in every normal direction is parallel. O’Neill’s formula [12]
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(Page 465, 2. of Corollary 1) for the curvature of a Riemannian submersion then shows that the
sectional curvature of the 2-plane {u,v} is zero where u € T,,S, and v € (T,S,)*.

2.5. Holomorphic motions and Bers-Griffiths uniformization. The following fundamen-
tal theorem allows us to deduce (when n = m + 1) Theorem 1.3 from Theorem 1.2:

Theorem 2.6. (2], [6]) Let M and N be compact compler manifolds and ¢ : M — N a
holomorphic submersion. Suppose that dim(M) = dim(N) + 1 and the fibers of ¢ are compact
Riemann surfaces of genus > 2. Then the universal cover of M is biholomorphic to the graph
of a holomorphic motion over N.

For a detailed account of holomorphic motions and uniformization we refer the reader to [4].

3. PROOF OF THEOREM 1.1.

We assume, to get a contradiction, that the graph D of some holomorphic motion is biholo-
morphic to some bounded strictly pseudoconvex domain (2. We denote by ® a biholomorphism
from D to €.

For every v > 1, let F,, : B — D be the totally geodesic holomorphic embedding defined by
F,(z):=F(z,1-1).

For every v, the map ® o F,, is holomorphic from B to 2. Let 2y € B. We may assume, taking
a subsequence if necessary, that lim, _, 2 := ® o F,,(z9) = p € 09Q.

According to [8, Theorem 4.1] it holds lim,_,, ocq(z) = 1, where oq is the squeezing function
of © (see Definition in [8]). This means that for every v > 1 there exists a biholomorphism
¢, from Q to some strongly pseudoconvex domain €, and there exists a sequence (r,), with
lim,_,o r, = 1 such that for every v > 1:

(3.1) v, (2”) =0 and B(0,7,) C Q, C B".

Here B(0,7,) denotes the ball in C™ centered at the origin with radius r,.
For every v > 1, let ¥, := {F,(2), z € B} and let Xf := (¢, 0 ®)(X,).

Lemma 3.1. For every v > 1, the set 26 s a totally geodesic complex submanifold of Q.

Proof of Lemma 3.1. This follows from Lemma 2.1 and the fact that biholomorphisms are
isometries for the Kobayashi metric. O
Moreover, we get:

Lemma 3.2. The sequence (ig)y converges, for the local Hausdorff convergence of sets, to some
totally geodesic complex submanifold of B™.

Proof of Lemma 3.2. Let, for every v > 1, ¥, := ¢, 0o ® o F;,. Then ¥, is a holomorphic
isometric embedding of (B,df;) into (Q,,df ) satisfying W, (z) = 0. Since for every v > 1
we have the inclusion Q, C B", the sequence (¥,), is normal and extracting a subsequence if
necessary, we may assume that (¥, ), converges, uniformly on compact subsets of B, to some
holomorphic map ¥, : B — B" satisfying W (29) = 0. Finally, let 0 € L CcC B". Since ¥, is
an isometry for the Kobayashi distances, there exists K CC B such that for every v > 1 we get:
LNYY C U, (K). Now the uniform cnvergence of (¥,), on K implies that the sets 34 converge
to ¥ for the Hausdorff convergence on L.

Let 33° := Woo(B) and let 2,2 € B. There exist q,,q, € XY, converging respectively to
U (z) and U (2') and we have by Lemma 3.1:

dggo(\lfoo(z),\lfoo(z’)) = limy%wdgg(\lf,,(z),\lf,,(z’)) = lim,,ﬁoodgy(\lf,,(z),\lf,,(z’))
= dif (Voo (2), Too(2)).
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0

In particular, since totally geodesic complex submanifolds of B", of complex dimension (n—1),
are intersections of B™ with complex affine subspaces of complex dimension (n — 1), we may
assume that $5° = B"~! x {0}.

Let ¢ € A and let ¢ := (0,{) € B". Then q € Q, for sufficiently large v and there exists
(bu,Cv) € B x A such that ¢ = ¢, 0@ o Iy, (b,). We set X := ¢, 0 ®o F, (B). We prove, exactly

as for 26 , that ig is a totally geodesic complex submanifold of €2,,.
Lemma 3.3. The sequence (b,), is relatively compact in B.

Proof of Lemma 3.3. Since D is complete hyperbolic by assumption, it follows from Lemma 2.1
that B is complete hyperbolic. Assume to get a contradiction that (b, ), is not relatively compact
in B. We recall that 7 : D — B is holomorphic. Hence we get for every sufficiently large v:

1
ds (F <z0, 1- ;> ,F(b,, gy)> > lim d%(z0,b,).

Consequently, extracting a subsequence if necessary, we may assume that:

lim d% (F <Z(), 1- %) ,F(bl,,C,,)> = 00.

V—00

Hence
1
(3.2) lim dgy (gp,, od (F <Z(), 1- —>> ,pp 0 B(F(by, C,,))) = 00.
v—00 v

However, since ¢, o ® (F (zo, 1-— %)) =0 and ¢, o ®(F(b,,(,)) = q for every v we get:

111’11 dgy (gp,, od (F <Z(], 1-— %)) , Py O q)(F(bl/’Cl/))> = dg"(OaQ) < o0.

V—00

This contradicts Condition (3.2). O

It follows now from Lemma 3.3 that we may extract from (b,),) a subsequence, still denoted
(by)y, that converges to some point b, € B. Hence, extracting a subsequence if necessary, we
may assume that the sequence (p, o ® o F¢, ), converges uniformly on compact subsets of B to a
holomorphic map V&, : B — B" satisfying W%, (bs) = ¢. This implies that f]‘q’ =@, 0PoF (B)
converges to f)go = W& (B) and igo is a totally geodesic complex submanifold of B™.

We finally prove

Proposition 3.4. For every g € B"N ({0} x A) there exists a totally geodesic complex subman-
ifold 33° of B" passing through q.

For every v, let 7, : D — X, be given by

¥(z,0) € Bx A, m,(F(z,()=F <z,1 B %>

and let

T o Q, — b4
z = p,oPom,od lop
Since ¢, o ®(F(20,1 — 1)) = 0 according to (3.1), we have 7,(0) = 0 for every v. Hence we
may extract from (7, ), a subsequence, still denoted (7, ),, that converges to a holomorphic map
oo : B — B! x {0}.
Moreover we have:
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Proposition 3.5. For every q € {0} x A, the restriction of o to igo 1s a biholomorphism
from i}go to B! x {0}.

Proof of Proposition 3.5. By the very definition of 7, the restriction of 7, to SZ is a
biholomorphism from SZ to B"! x {0} for every v. Moreover, ig converges to i,‘f’ for the

Hausdorff distance. Finally, we have for every v > 1:

1

14

Since lim, _,~ by = b € B and since the sequence (¢, 0®oF),), converges, uniformly on compact
subsets of B to Uy, (see the proof of Lemma 3.2) we obtain that:

Too(q) = lim @, 0@ om 0@ o, (q) = Woo(boo) € B x {0}

Hence if g, denotes the inverse of the restriction of 7, to igo then g, is defined on B" ! x {0} and

the sequence (g, ), converges, uniformly on compact subsets of B"~! x {0}, to some holomorphic

map goo : B" ! x {0} — 377 such that goo 0 oo = idgee and Too © goo = id|pn-1x{0}- O
q

Finally, let ¢ # ¢’ be two points in B". By construction, for every v > 1, the intersection
between the totally geodesics submanifolds 3¢ and EZ, is empty. Since (EZ )» converges to 32

and f];’, converges to i;?, it follows from the positivity of intersection that:
100 100
Y Nyy = 0.
Now Proposition 3.4 and Proposition 3.5 give a contradiction, according to Theorem 1.2. [J

We end the note by studying some metric properties of D. We assume that B is complete
hyperbolic and that B admits an exhaustion (By)ken: Br CC Byyp for every k and B =
supen Bk, such that By, is complete (Kobayashi) hyperbolic for every k.

Proposition 3.6. The domain D is complete (Kobayashi) hyperbolic.

Proof of Proposition 3.6. It is proved in [3] that for every k, Dy := F(Bj x A) is complete
hyperbolic.
Let Z° = (20, w0), Z¥ = (2,,w,) € B x A be such that lim, . d5 (20, 2,) = c0. Then:

(3.3) Vv > 1, dE(F(Z°), F(Z")) = d5 (20, 2,) — 1500 00.

Hence, to prove that D is complete hyperbolic, it is sufficient to prove that if (z,), CC By,
for some ko € N and |w,| —, 00 1, then d5 (F(Z°), F(Z")) —, 00 00. Assume, to get a con-
tradiction, that there exists ¢ > 0 such that d¥ (F(Z°), F(Z")) < c for every k € N (extracting a
subsequence if necessary). There exists k1 > ko such that the set {y € D/ d5(y, F(Z°)) < c+1}
is contained in Dy, according to (3.3). Moreover, it follows from Lamma 5.1 in [7] that:

dgkl (F(Z2°%),F(z")) < mdg(F(ZO),F(ZV)).

This contradicts the fact that Dy, is complete hyperbolic. ]
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