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A uniform cube-free morphism is k-power-free for all integers k > 4

Francis Wlazinski *

December 15, 2016

Abstract

The fact that the image of a word by a morphism contains a cube implies some relations. Under some
assumptions, we show that these relations lead to more precise results. This allows us to establish that a
cube-free uniform morphism is a k-power-free morphism for all integers k > 4.

1 Introduction

For all integers k > 2, a k-power is a repetition of k consecutive and identical sequences. A square and a cube
respectively correspond to the special cases of k = 2 and k = 3. An overlap is a word of the form xuzux where x
is a letter and v is a word. An infinite word without squares over a three-symbol alphabet and an infinite word
without overlaps over a two-symbol alphabet were given by Thue [16, 17] (see also the translation of Berstel [3]).
These words are obtained by iterating morphisms.

To find morphisms that generate k-power-free words, a method is to consider k-power-free morphisms. By
definition, a k-power-free morphism maps a k-power-free word to a k-power-free word. Starting with a letter
(so k-power-free), the word generated by the iteration of a k-power-free morphism is thus k-power-free. But
non-k-power-free morphisms can generate k-power-free words. For instance, the Fibonacci morphism ¢ : {a, b} —
{a,b};a — ab;b — a generates the word abaababaabaababaababa..., which is 4-power-free [7]. But ¢ is not
4-power-free since p(b2a) = a’b.

Even if we know different ways to verify whether a morphism generates a k-power-free word [2, 6, 7, 14] but
also whether a morphism is k-power-free [5, 9, 8, 15, 18], a simple question remains unanswered; is a k-power-free
morphism also a (k + 1)-power-free morphism?

In [1], Bean, Ehrenfeucht, and McNulty gave a partial result; the morphism h defined by h(a) = abacbab,
h(b) = edabcabd, h(c) = cdacabebd and h(d) = cdacbcacbd is square-free but not cube-free. Another partial result
exists for the Thue-Morse morphism p : {a,b} — {a,b};a — ab;b — ba. It is k-power-free for every integer
k> 2 [4].

When k£ > 4, we proved in [19] that a k-power-free uniform morphism is (k + 1)-power-free. But one of
the properties required to prove this result (Lemma 3.1 in [19]) does not hold for £k = 3. We give a new one
(Lemma 3.4) that allows us to conclude for cube-free uniform morphisms (Theorem 4.1 and Proposition 4.2).

2 Preliminaries

We assume the reader is familiar (if not, see for instance [12, 13]) with basic notions on words and morphisms.
We use notations that largely come from [19].
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2.1 Words

Let w be a non-empty word and let i, 7 be two integers such that 0 < i —1 < j < |w|. We denote by wli..j] the
factor of w such that |w[i..j]| = j — i+ 1 and w = pwli..j]s for two words s and p verifying |p| =i — 1. When
i = j, we also denote by w[i] the factor w[i..i], which is the i*! letter of w. In particular, w[1] and w(|w|] are
respectively the first and the last letter of w. We denote Fcts (w) the set of all factors of the word w.

Powers of a word u are defined inductively by u® = ¢ and u” = uu™! for all integers n > 1. Given an integer
k > 2, since the case €F is of little interest, we called a k-power any word u* with u # . Given an integer k > 2,
a word is k-power-free if it does not contain any k-power as factor. A primitive word is a word that is not a
k-power of an another word whatever the integer £ > 2. A (non-empty) k-power v* is called pure if any proper
factor of v¥ is k-power-free.

The following proposition gives the well-known solutions (see [11]) to an elementary equation in words and
will be widely used in the following sections:

Proposition 2.1 Let A be an alphabet and u,v,w three words over A.

1. If vu = uw and v # € then there exist two words r and s over A, and an integer n such that u = r(sr)",
v=rs and w = sr.

2. If vu = uv, then there exist a word w over A and two integers n and p such that u = w™ and v = wP.
We also need a property on words that is an immediate consequence of Proposition 2.1(2).

Lemma 2.2 [8, 10] If a non-empty word v is an internal factor of vv, i.e., if there exist two non-empty words =
and y such that vv = xzvy then there exist a non-empty word t and two integers i,j > 1 such that x =1, y =17,
and v = 7,

We also use the following result which is a corollary of a result of Fine and Wilf [11, 12].

Corollary 2.3 (Kerédnen) [8] Let x and y be two words. If a power of x and a power of y have a common factor
of length at least equal to |z|+ |y| — gcd(|z],|y|) then there exist two words t; and ty such that x is a power of tita
and y is a power of tat; with tity and taty primitive words. Furthermore, if |x| > |y| then x is not primitive.

2.2 Morphisms

Let A and B be two alphabets. A morphism f from A* to B* is a mapping from A* to B* such that f(uv) =
f(u)f(v) for all words u,v over A.

Let k& > 2 be an integer. A morphism f on A is k-power-free if and only if f(w) is k-power-free for all
k-power-free words w over A.

A morphism f on A is called prefiz (resp. suffiz) if, for all letters a and b in A, the word f(a) is not a prefix
(resp. not a suffix) of f(b). A prefix (resp. suffix) morphism f is non-erasing that is f(a) # ¢ for all letters a. A
morphism is bifiz if it is prefix and suffix.

A morphism f from A* to B* is a ps-morphism if and only if the equalities f(a) = ps, f(b) = ps’, and
f(c) =p's with a,b,c € A (possibly ¢ =b) and p, s, p/, and s’ € B* imply b = a or ¢ = a.

Let us recall some definitions and properties that will be used in the sequel. Lemma 2.4 derives directly from
the definitions of a prefix or a suffix morphism. A detailed proof is left to the reader.

Lemma 2.4 Let f be a bifix morphism on an alphabet A and let u, v, w, and t be words over A.
The equality f(u) = f(v)p with p be a prefix of f(w) implies u = vw’ for a prefix w' of w such that f(w') = p.
And the equality f(u) = sf(v) with s a suffix of f(t) implies u =t'v for a suffiz t' of t such that f(t') = s.

Lemma 2.5 [8, 10] If f is not a ps-morphism then f is not a k-power-free morphism for all integers k > 2.



Lemma 2.6 [19] Let f be a ps-morphism from A* to B* and let u, v and w be words over A such that f(u) = 00,
fw) = aB, and f(w) = ay for some non-empty words «, B, v, and § over B. Then it implies v = viavs,
u = uibvy, and w = vicwy for some words vy, va, u1, and we, and some letters a, b, and c. Moreover, we have
either b=a or c = a.

Furthermore, if |6| < |f(u[l])| then uy = e and if |y| < |f(w[|w]])| then wy = €.

Assuming that f(w) = pu”s for a factor W of a word w and a non-empty word u, and assuming that @ contains
a factor wp such that |f(wo)| = |u|, Lemma 2.8 states that w necessarily contains a k-power w’* such that f(w’)
is a conjugate of u. We will say that f(w) contains a synchronised k-power u*. More precisely:

Definition 2.7 Let k > 2 be an integer. Let f be a morphism from A* to B*, w be a word over A, and u be a
non-empty word over B such that f(w) contains the k-power u*. Let W be a shortest factor of w whose image by
f contains u®, i.e., f(w) = pu®s with |p| < |f(@[1])| and |s| < |f(@[w]])|.

We say that f(w) and u* are synchronised if there exist three words wo, wi, and wy such that |f(wo)| = |ul
and W = wiwowe with p =¢ if wy =€, and s = ¢ if wy = €.

The three following results, which will be used in this paper, were proved in [19].

Lemma 2.8 Let k > 2 be an integer, let f be a ps-morphism, and let w be a word such that f(w) = pus with
Ip| < |f(w[1])| and |p| < |f(w[1])|. If f(w) contains a synchronised k-power then w starts or ends with a k-power
w§ such that f(wo) and u are conjugated.

Lemma 2.9 Let k > 3 be an integer and let k € {k;k + 1}. Let f be a morphism from A* to B* and let w be a
word over A such that f(w) = pU"S for some words p, S and U # ¢ over B such that |p| < |f(w[1])|. Moreover,
we assume that |S| < |f(w[|lw|])| when k =k + 1 and v3 is a chosen factor of a pure k-power v*.

When one of the four following situations holds, there exist a word @ such that f(@) = p/(U")*S" for some
words p', S’, and U’ # € over B satisfying |p'| < |f(@[1])], 0 < |U’'| < |U|, and f(&) and (U")* are synchronised
only if f(w) and U" are synchronised.

1. dy =1, |Dyf(v)? < |U|, and Lj,, U Rj, # 0 for every integer j € [2,k].

2. dy =1, Lj,UR;, # 0 for every integer j € [2,k—1|, and there exists a positive integer ¢ such that wny..|w]
starts with v®*% and sup {2|f(v)|; Dy f(v)?|} < |U| < |Dy f(v)? ]

8. dy =0, |Dyf(v)?| < |U|, and Lj, UR;, # 0 for every integer j € [1,k].
4. dy =0, |U| < |Dyf(v)?| < |DyU|, and Lj, U R, # 0 for every integer j € [1,r — 1].
Proposition 2.10 Let A and B be two alphabets and let k > 4 be an integer. A k-power-free uniform morphism

is a (k + 1)-power-free morphism.

3 About cube-free-morphisms

As mentioned in the introduction, Lemma 3.1 in [19] is no longer valid for £ = 3. Even if parts of its proof can be
extended to this case, some new problems appear. The following lemma is one of the situations we can obtain:

Lemma 3.1 Let f be a ps-morphism from A* to B*. Let us assume that there exist p, u, o, 3, and 6 words
over B and qi1, q2, and q words over A such that q # €, p = af is not the image of a word by f, 0 = pppuppi,
f(q) = pup, f(q1) ends with 50, f(q2) starts with Oc, and the words q1[2..]q1]] ¢ and q g2[1..|q2] — 1] are cube-free.
Then f is not cube-free.



Proof of Lemma 3.1 is simply done using iteratively Lemma 3.2. By induction, if f was not cube-free, we
could find an infinite sequence (x;)i>0 of non-empty words starting with xo = ¢ such that |f(x;)| > |f(xi+1)] > 0;
it is impossible.

Lemma 3.2 Let f be a ps-morphism from A* to B*. Let us assume that there exist p, u, o, 5, and 6 words
over B and q1, q2, and q words over A such that q # €, p = af is not the image of a word by f, 0 = uppuppu,
f(q) = pup, f(q1) ends with 50, f(q2) starts with c, and the words q1[2..]q1]] g and q g2[1..|q2] — 1] are cube-free.
Then either f is not cube-free or there exist p', ', o', B, and §' words over B and ¢}, ¢b, and ¢ words over
A such that ¢ # €, p' = &/’ is not the image of a word by f, ' = o'’/ o' 1, f(¢") = p'p', f(q)) ends with
B'6, f(qy) starts with 6'c’, and the words ¢}[2..|q}|] ¢ and ¢' ¢4[1..|¢| — 1] are cube-free.
And more particularly, we have |f(q')| < |f(q)].

Proof.

Let us first remark that the condition g # € is simply a consequence that p is not the image of a word by
f. Indeed, it implies p # f(¢) = e. Therefore, f(q) = pup # € and so q¢ # €. Moreover, the fact that f is a
ps-morphism implies that f is bifix and non-erasing.

We can write f(q1) = m 860 and f(g2) = Oaos for two words m; and oy over B. Let us denote ¢ = up and
Y =ppsot=pf(q).

Let ()1 be the smallest suffix of g; whose image by f ends with 1 and ()2 be the smallest prefix of ¢go whose
image by f starts with . Since p # ¢, it implies that ()1 and ()2 are not empty. There exist two words II; and
Yg such that f(Q1) =1ILiv, f(Q2) = ¥Xa, (| <[f(Q1[1])] and |Ea| < |f(Q2[|Q2]])].

We have Q19Q> factor of g1gga and f(Q19Q2) = Th) f(q) X = T (pp)? pXa.

If Q1qQ> is cube-free, it ends the proof; f is not cube-free. Hence, Q1¢gQ2 contains a shortest cube ¢’3; any

proper factor of ¢/ is cube-free, i.e., ¢’ is a pure cube. So we can write Q1¢Q2 = ¢}¢"q, for some words ¢} and

0.

Let us remark that Q1q is necessarily cube-free. Indeed, if Q1 # ¢ then Q1q is a suffix of ¢;[2..]¢1|]¢ which
is cube-free by assumption. If Q; = g1, by definition of @1, it means that ¢ is not a suffix of f(q1[2..|q1]]) and
so |f(qu[2--lq1[])] < [pp]. It implies that |f(Q:i[1])] = [f(a[1])] > |mBef(a)| = |f(@1[2-]allg)]- In particular,
it means that the first letter of qi, i.e., ¢1[1] = Q1[1] is not a letter of ¢1[2..|q1|]g. Since no cube appears in
q1[2..|q1]]g, it follows that ¢1¢ = Q1q is cube-free.

In the same way, we obtain that g@Q2 is cube-free.

So ¢’ is neither a factor of Q1q nor a factor of ¢Qo. It follows that |¢}¢"3| > |Q1q| and |¢"3¢}| > |¢Q2]| that is
|g3] < Q2 and |q;| < |Q1]-

Let ¢ be the greatest prefix of ¢ = up such that f(Q1q)¢’ is a prefix of f(g]q®). Let 1’ be the greatest suffix

of 1 = pu such that 1’ f(¢Q2) is a suffix of f(q'3¢}).

By these definitions, the word v/ f(q)¢’ = 1’ pupy’ is a common factor (not necessarily the greatest) of f(q')?

and (pp)*.

Note that the inequality [/ f(q)¢'| = [f(¢')] + |ppl is equivalent to | f(¢")] < |[¢'[ + || + [pl:
Case 1: |f({)| < |¥'| + |¢'| + |pl-

By Corollary 2.3, there exist two words ¢; and t2, and two integers ¢ and j such that f(q¢') = (t1t2)" and
Y = pp = (tat1)? with t1ts and tot1 primitive words. If j > 2, f(Q1q) ends with ¢ f(q) = (pu)?p = (t2t1)* p where
25 > 3. If i > 2, f(¢"*) = (t1t2)* with ¢ a proper prefix of ¢"* and 2i > 3. In this two cases, the image by f of a
cube-free word contains a cube; f is not cube-free. So i =j = 1.

We have f(Q1qQ2) = Ii(t2t1)*pXe = f(q1¢%¢) = f(q))(t1t2)2f(dh). Since tity is not an internal factor
of (t1t9)? (otherwise, by Lemma 2.2, tit2 would not be primitive), |f(¢})| < |£(Q1)] = |Mitat1| and |f(gh)| <
|f(Q2)| = [tat132], we have either 1Ty = f(q})t1 and f(gh) = t1pXe, or Ilite = f(q}) and taf(gh) = pXo.

Case 1.1: II; = f(¢})t1.

i



Since [II1| < [f(Q1[1])] = |f((¢1¢)[1])| and f bifix, it means that ¢} = ¢, IT; = ¢1, and f(Q1) = 1y = titat; =
f(q)t1 with t; a prefix of f(¢’). Since f is a ps-morphism so a bifix morphism, by Lemma 2.4, we obtain that
there exists a prefix  (possibly empty) of ¢’ such that f(x) = t1. From f(¢') = tite = f(x)t2 with to a prefix of
f(q) and f bifix, we obtain that there exists a prefix y of ¢ such that f(y) = ts.

From f(q) = pup = f(yz)p and f bifix, we obtain that p is the image of a word; a contradiction with the
definition of p in the hypotheses of this lemma.

Case 1.2: Ity = f(q)).

This case is solved in the same way as Case 1.1,

From f(Q1) = Ilitat; = f(q})t1, we obtain that ¢; is the image of a word. From f(¢') = t1t2, we obtain that
to is the image of a word. It follows that p is the image of a word; a contradiction with the definition of p.

Case 2: |f({)| > [¥'| + |¢'| + |pl-

If ¢ = ¢, ie., Q1gQ2 = ¢3¢, then, by definition of ¢’, it means that ¢/ = 1 = pu. It follows that
@) > 18]+ 161 + ol = If(@)] + ¢/]. Furthermore, [£(¢)*] > [ + 2/(a)| + 20| = Ml + |f(a)] +
o+ 21¢/] = |£(@ia)| + lol + 21| Since [p| £ 0, we have |o] +2l'| > |¢/]. IF g #  then |f(g})] > |Zal
and, by definition of ¢', we obtain |f(¢')?| = |f(Q1q)¢|; this is impossible. Hence, ¢4 = € and ¢’ = ¢ =
pp. It follows that |f(¢)’| = |f(Q1aQ2)| — |f(¢)| = Mipuf(@)ppSe| — [f(d)] < [MipuSs|. If [¢'| > 2 then
F@OF@)] > T+ [F@)] > TS| + 6] + ol + |pl = Ths| + [pppup| with |p| # 0; this conflicts with
previous inequality. Consequently, we have |¢/| = 1 and ¢"* = Q1¢Q2 with Q1, ¢, and Q2 non-empty words.
Therefore, Q1 = q = Q2 = ¢’ with pup = f(q) = f(Q1) = Uypp, i.e., up = pp. By Proposition 2.1(2), there exist
a non-empty word w over A and two integers n, and p such that p = w™ and u = wP. Since p # ¢, we obtain that
n > 1. It follows that f(Q1q) contains w3 2P with Q1q cube-free and 3n + 2p > 3; f is not cube-free.

In the same way, we obtain that ¢} # e.

Since Q14Qs = 43, we have | (g, [1])| = (@ [1])] > || and | F(g3llabl])| = |£(@aQal)| > 53], Hence,
|9/ < |[¢] and |¢'| < |p|. By definition of ' and ¢’, it implies that f(¢')% = ¢’ f(q)¢'.

We have [¢/] + 21p] + ] + ¢/] = [0/ 1 (@)@'] = 1/(@)?] > 30| + /] + |pl) that s ] > 20| + 20| + |pl. Tt
means that p starts with ¢’ and ends with /.

The word f(q¢’) starts with ¢)'p and ends with pp’. There exist two words X and Y such that f(¢') = ¢/pX =
Ypy¢'. Since |f(¢')] > || + |¢| + |p|, we have |X| > |¢/| and |Y| > |¢/|. Therefore, there exist two non-empty
words X’ and Y’ such that X = X'¢/, Y =¢'Y’, and f(¢') = ¢'pX'¢' = 'Y py’. Tt follows that pX' = Y'p. By
proposition 2.1(1), there exist two words r and s and an integer i such that p = r(sr)!, X’ = sr, and Y’ = rs.
Let us also note that p ends with Y’ and starts with X’.

If i > 1 then f(Q1q) contains upp that itself contains Y'pX’ = (rs)?*ir with Q1q cube-free and 2 +i > 3; f
is not cube-free.

Let us now consider the case i = 0. We have p = r, Y/ = ps, X' = sp, and f(¢) = ¢'pspy’. From
F(@)2 =" f(q)¢" = ' pupy’, we also obtain that u = spy’ f(q' )y ps. Let us remark that p starts and ends with
s. But the word p also starts with ¢’ and also ends with 1.

In particular, the word f(Q1q) contains u(p)u that itself contains ¥’ ps(p)spy’.

If |s| < |¢'| then s is a prefix of ¢’ and 1/ ps p spy’ contains the cube (ps)3. If |s| < [¢'| then s is a suffix of v/
and ' ps p spy’ contains the cube (sp)3. If |s| > '], |s| > [¢'|, and |s| < || + [¢'| then there exist three words
a, b, and ¢ such that s = abe, ¢’ = ab, and 1’ = be. It follows that 1/’ ps p spe’ contains the cube (bcpa)3. In these
three cases, f(Q1q) contains a cube with @)1q cube-free; f is not cube-free.

The remaining case is |s| > |¢'], [s| > [¢'], and |s| > |¢'| 4+ |¢'[; there exists a non-empty word p’ such that
s = ¢'1'y" and we have f(q') = ¢'pp’ 'y p.

Let us denote o = ¢/p, ' = ¢/, p = Y'pp = /B
p=spp' f(d)W'ps = 't p' f(d)p' " = o0y

Since f(Q1) = f(¢})y’ ends with p, we obtain that f(¢}) ends with ¢'6’ = 5'6’. And, since f(Q2) = ¢'f(d})
starts with pp, we obtain that f(g3) starts with 6’¢)’p = 6'a’. Moreover, by Lemma 2.4, it means that ¢’ and ¢’

/

;and 0 = p'o'p'y'p'p'i'. We have f(q') = p'i/'p’ and



are images of words by f.

Since f is bifix, if p/ = ¢/py’ is the image of a word by f, it is the same for p; a contradiction with the
hypotheses. So p’ is not the image of a word by f.

Since ¢} ¢’ is a prefix of Q1¢ and ¢'¢} is a suffix of ¢Q2, the words ¢}¢' and ¢'¢} are cube-free.

Finally, since 3|f(¢')| = [/ f(@)¢'| < [¥f(a)¢l < 3[f(q)l, we have | f(¢)] < [f(q)]-
0

Lemma 3.3 Let f be a ps-morphism from A* to B*. Let q1, q2, and q be non-empty words over A and let
w = q1q3qa. Let us assume that f(w) = m f(2)%02, |m| < |f(@[1])], loa] < |f(q2[le2])], and z is a non-empty
word over A such that 23 is a pure cube.

If lq| <2, if |z| > 2, or if 2|f(q)| > |f(z)| then f is not cube-free.

Otherwise, either f is not cube-free or there exist two words X and Y such that |Y| <1, 2|f(q)| < |f(X)| =
If(2)] < 3|f(q)], and 1¢3qa = X3Y with q1 a prefiv of X, q2 a suffix of XY, and |f(Y)| < |o2f(2)] or 1¢3q2 =
Y X3 with q1 a prefiz of YX, q2 a suffiz of X, and |f(Y)| < |mif(2)].

Proof.

Let us first remark that we can assume that the image by f of any proper factor of z3 is cube-free. Otherwise,
it ends the proof; f is not cube-free.

The hypotheses imply |f(z)| > |f(q)|. Furthermore, there exist a suffix o1 of f(q1) and a prefix w5 of f(g2)
such that f(q1) = w01 and f(g2) = ma09. It means that f(2)3 = o1f(q)>m2.

If lo1f(¢®)| < |f(2)2f(2[1..]z| — 1])| then f(2)2f(z[1..|z| — 1]) contains the cube f(q)® with 2%(z[1..|z| — 1])
a proper factor of z3 and so cube-free. It ends the proof; f is not cube-free. Identically, if |f(¢3)ma| <
|f(2[2-.]2]]) f(2)?] then f is not cube-free. Consequently, we obtain that || < |f(2[|2]])| and |o1| < |f(2[1])];
there exist two non-empty words a and 3 such that f(z) = o1 = Bma and f(q)® = af(2)B.

Let us note that o # ¢ or 3 # . Otherwise, f(2?) contains f(q)3. It ends the proof; f is not cube-free.

I 1£(q)] > |£(2)] then [al+|5] = | £(¢)|—|£(5)] > |£(q)| and the length of af(2)3 € Fets (f(2)?)Fets (f(q)?)
is at least |f(z)| + |f(¢g)|- Let us note that this situation particularly happens when |z| > 2 because in this case
lal + 18] > |f(z[2..1z]])] + | f(z[1..]z] = 1])| > |f(2)| > |f(g)|- By Corollary 2.3, there exist two words z; and zg,
and two integers i and j such that f(z) = (2122)" and f(q) = (2221)’. The inequality |f(2)| > |f(q)|(> 0) implies
i >j > 1. Tt follows that f(2)? = (2122)% with 2i > 3 that is f(2)? contains a cube; f is not cube-free.

From now on, z is a letter and |f(¢?)| < |f(2)|, i.e., 0 < |a| + |B] < |f(q)|. We obtain that f(q)* = af(2)8
starts and ends with af3, i.e., af is a prefix and a suffix of f(q). There exist two non-empty words ¢ and ¢ such
that f(q) = (af)y = ¥(af) and f(z) = Bef(q)a. By Proposition 2.1(1), there exist two words p and p, and
an integer j such that a8 = p(up)’, ¢ = up, and ¥ = pp.

Since f(2)? contains (1a)(By) = pup(up)? pp = p(up)?™2 and f(2)? cube-free, we necessarily have j = 0.

In this case, if we denote 6 = ¢f(q)y), we have a8 = p, f(q) = pup, f(2) = Bupf(a)ppa. 0 = pppuppp,
f(2) = BOa, f(q1) = m B0 and f(q2) = Oaos.

Since f is a ps-morphism so is non-erasing and since ¢ # &, we have pu # €. Since f(z) is cube-free, we
necessarily have p # ¢ and p # . Otherwise, the factor 6 = pppuppu of f(z) would be equal to p* or 3.

We also necessarily have g1[2..|q1|] ¢ and g ¢2[1..]g2| — 1] cube-free. Otherwise, f(q1[2..|q1|] ¢) or f(qq2[1..|g2] — 1])
both factors of f(2)? would contain a cube.

By Lemma 3.1, if p is not the image of a word by f then f is not cube-free; it ends the proof.

Let us now assume that p is the image of a word and let ¢ be the non-empty word such that f(4) = p = afB(# ).
Since f is bifix, f(q) = pup and pu # €, there exist a non-empty word g such that f(g) = p. It follows that ¢ = ¢gq
and necessarily |¢| > 3. In particular, |f(gqdq)| = |f(2)| and ¢qqq is an internal factor of w; f(w) and f(z)? are
synchronised.

Furthermore, if we denote x = G4qqq, we obtain that f(z) =0, f(q1) = m8f(z), and f(g2) = f(x)aos. Since
f is bifix and by Lemma 2.4, it follows that ¢; = Wiz for a non-empty word W verifying f(W7) = m18(# ¢) and
g2 = xWs for a non-empty word Wy verifying f(Ws) = aoa(# €).



Since £(d) = p = B, |m1| < |f(@[1)] = [FW[D], and Joa] < [f(asllazl)] = |F(Wa[[Wal})l, by Lemma 2.6,
we obtain that ¢ = a, W1 = b, Wy = ¢ for some letters a, b, c. Moreover, we have b = a or ¢ = a. It means that
01¢°q2 = bx(§qq)3wc = braxaze.

If b =a, let X = ax. It follows that ¢1¢3¢a = X3¢ with |f(X)| = |f(az)| = |f(dz)| = |Bf(x)a| = |f(2)| =
31£(a)| — |pl and |£(c)| — o] = la] < |£()| < |F(2)].

In the same way, if ¢ = a, let X = xa. We have q1¢3q2 = bX?> with | f(za)| = | f(2)| and |f(b)| < [T f(2)]. O

Lemma 3.4 Let f be a ps-morphism from A* to B*. Let v and T be non-empty words over A such that v® is a
pure cube. Let us assume that f(T) = w1 f(v)30q with |m1| < |f(T[1])|, |oa| < |F(T[|T|))|, m1 a suffiz of the image
by f of a shortest word v1 and oy a prefixz of the image by f of a shortest word vs.

Then one of the following holds:

e (P.1): There exist a cube x3, a word y over A, and a word Z over B such that
(P1.1): T =23y, ly| <1, f(y) = mo2, flx) =mZ, and f(v) = Zm
(P1.2): or T =ya?, |yl =1, f(y) = M09, f(x) = Zoa, and f(v) = 02Z.
o (P.2): There exist a pure cube x> and a non-empty word y over A such that
(P.2.1): T = 23y with |f(2?)| < |71 f(v)]
(P.2.2): or T = yax3 with |f(2?)| < |f(v)oal.
o (P3): T=1¢ |v] >3, |t| =1 (ie, t is a letter), 2|f(v)| < |f(t)] < 3|f(v)|, and there exist two words x # €
and y such that |f(z)| = |f(t)| and
(P.3.1): v1v3ve = 3y with v a prefir of z, vo a suffiz of xy, and |f(y)| < |f(t)oh)]
(P.3.2): or viv3vg = yx3 with v a prefiv of yz, vo a suffiz of x, and |f(y)| < |77 f(t)|
where 7} and ol are the words such that f(vi[1]) = w71 and f(ve[lv2]]) = o20%.
e (PA4): f is not cube-free.

Proof.

If T is cube-free, it ends the proof; f is not cube-free.

So T contains at least one cube. Among the cubes of T', we choose one whose image by f is a shortest; we
can write T' = t,t3t5 where |f(¢)| = min{|f(¢')| where ¢® € Fets (T)}. By this definition, since f is bifix (as any
ps-morphism) and so non-erasing, 3 is a pure cube.

If t; # ¢ and t9 # ¢ then, by Lemma 3.3, T' verify (P.1) or (P4).

As in the proof of Lemma 3.1 done in [19], if a power of f(¢) and a power of f(v) have a common factor of
length at least | f(¢)| 4+ | f(v)|, we obtain that T verify (P.1).

From now, let us assume the converse holds, i.e., any common factor of f(#)2 and f(v)? is of length at most
|f()| + |f(v)|. Tt means that |f(¢)3| — |o2| < |f(t)] + |f(v)| when t; # ¢ and to = ¢, and that |f(¢)3| — |71| <
|f(t)] + |f(v)] when t; =€ and t3 # e. That is T verify (P.2) with z = ¢.

Let us now treat the case where t; = to = ¢. In this case, f(v)3 is factor of f(t3) = f(T). Hence, 2|f(v)| < |f(t)|
and |m| + |oa| = 3|f(#)| — 3|f(v)| > 3|f(v)]. If m; = & then f(t?) contains the cube f(v)3 with t? cube-free; f
is not cube-free. In the same way, if 09 = € then f is not cube-free. It follows that v; # € and ve # €; there
exist a prefix ) of f(v1[1]) and a suffix o of f(v2[lva]]) such that f(vivdve) = 7w f(v)3020h = 7} f(t)30,. By
Lemma 3.3 with ¢ = v, we obtain that either f is not cube-free (for instance if |v| < 2 or if |t| > 2) or T verify
(P3).

By Lemma 2.8, we immediately obtain:

Corollary 3.5 With hypotheses and notations of Lemma 3.4, if f(T) and f(v)? are synchronised then either f
is not cube-free or T verifies (P.1).



4  Special case of uniform morphisms

As a consequence of Lemma 3.4 and using Lemma 2.9, we can reduce a word whose image by a uniform morphism
contains a cube. We can now state our main result.

Theorem 4.1 Let A and B be two alphabets. A cube-free uniform morphism is k-power-free for all integers
k> 4.

It is a consequence of Proposition 2.10 and Proposition 4.2:

Proposition 4.2 Let A and B be two alphabets. A cube-free uniform morphism is 4-power-free.

Proof.

We follow the approach of the proof of Lemma 4.1 in [19]. We have to verify that all the steps are checked
for k = 3.

Let f be uniform morphism from A* to B*. We assume that f is not 4-power-free and we want to show that
f is not cube-free. The morphism f must be a ps-morphism. Otherwise, by Lemma 2.5, f is not cube-free; it
ends the proof.

Let w a shortest 4-power-free word whose image by f contains a 4-power. That is f(w) = pu*s for a non-empty
word u and two words p and s over B. If f(w) and u?* are synchronised, by Lemma 2.8, w contains a 4-power; a
contradiction with the definition of w.

Now, let us assume that f is a ps-morphism and that f(w) and u* are not synchronised. In particular, it
implies that f is bifix and injective.

The central point of this proof is that, starting with w and u, we use iteratively reduction of Lemma 2.6 in [19]
on the word whose image contains a 4-power in such a way that there is no reduction left. That is, no situation
of the hypotheses of this lemma can be founded after this procedure; we obtain new words W et U such that
f(W) = pU*s with p a proper prefix of W[1], s a proper suffix of W[|W|], and f(W) and U* are not synchronised.

We will show that either f is not cube-free, or f(W) and U can again be reduced using Lemma 2.6 in [19]; a
contradiction with their definitions.

Step 1: For any pure cube v® of W, the words U# and f(v)3 do not have any common factor of length at
least |U| + | f(v)].

By contradiction, let us assume that U* and f(v)® have a common factor of length at least |U| + |f(v)|. By
Corollary 2.3, there exist two words ¢; and ¢2, and two integers r and ¢ such that f(v) = (t1t2)” and U = (tot1)?
with t1to and tot; primitive words.

If 7 > 2 then f(v?) = (t1t2)?" with 2r > 3 that is f(v?) contains a cube with v? cube-free by definition of v;
f is not cube-free.

If » = 1 then it implies ¢ > 2. Otherwise, v? would be an internal factor of v? that is of W with |f(v)?| = |U];
f(W) and U? would be synchronised. Consequently, if W = vjv3vy for some words vy and vy then f(W) =
f(v1)(tit2)? f(v2) = pU*ts = p(tat1)*%s with ¢ > 2.

Let = be the greatest integer such that p(tot1)® is a prefix of f(viv) and let y be the greatest integer such
that (f2t1)Ys is a suffix of f(vvg). There exist four words ¢, t7, ti, and ¢ such that tot; = tt;) = tty,
flu1v) = p(tatr)*t,, f(vve) = t](tat1)Vs, and f(v) =ty (tat1)*~" "Y1,

If z = 0 then | f(v1)| < p. It implies that v; = e. Therefore, we obtain that f(viv?) = pt] f(v) = (t1t2)? starts
with a prefix of p(tat1)?. Since tot; is not a primitive word, by Lemma 2.2, (t2t1) is not an internal factor of
(tat1)?. It implies that p = ¢; and t, = ta. In the same way, if y = 0, we obtain that s =ty and t§ = t;.

Since f(v1v) ends with t1ta, since f(vvg) starts with tito, if x > 1 and t; # tg, or if y > 1 and t? # t; then
(tat1) is an internal factor of (tot1)%. By Lemma 2.2, we obtain that t5¢; is not a primitive word; a contradiction
with the definition of ¢9t;.

Therefore, t;, =ty = t, ty = t1 = t3, f(viv) = ptaf(v)*, f(vvz) = f(v)¥t1s, and x +y + 1 = 4¢ — 1. Since f

s? 'p
is bifix, it follows that f(viv) ends with f(v)® and f(vvy) starts with f(v)¥. Consequently, we obtain that v#4~1



is an internal factor W with 4¢ — 1 > ¢. It implies that v? is an internal factor W with |f(v)?| = |U], i.e., f(W)
and u3 are synchronised; a contradiction with the hypotheses.

Step 2: W[2..|W| — 1] contains a cube and so a pure-cube.

By contradiction, let us assume that W[2..|W| — 1] is cube-free. It implies that W starts or ends with
a pure cube. Let s; and ps be the words such that f(W[1]) = ps; and f(W[[W]]) = pss that is U* =
sUF W2 W] — 1)ps.

If |s1] < |U?| then there exists a word U, such that s1U. is the prefix of U = s f(W[2..|W| — 1])ps of length
|s1U|. Trivially, the word U, is a conjugated of U (and |U.| = |U]).

If |s1] + |ps| < |U|, we naturally have |s;| < |U®|. Moreover |s1| + |U2| + |ps| < |U%|. It means that
F(W[2..|W| — 1]) starts with U2. Since W[2..|W| — 1] is a cube-free word, it ends the proof; f is not cube-free.

Let us now study the case where |s1] + [ps| > |U].

Let us recall that, since we assume that W[2..|W| — 1] is cube-free, any pure cube of W = WIL..|W]|] is
necessarily a prefix or a suffix of it.

If W starts with a pure cube v3, let W, be the greatest prefix of s1 f(v[2..|v]]) f(v?) that is factor of U* so
a common factor of a power of f(v) and a power of U. Let us remark that, if W = v3 then Weo, = U* else
Weom = 51/ (0[2-J0l]) £ ().

By Step 1, we have |Weom| < |U| + |f(v)]. By definition of Wep, if W = v3 then Wey, = U? =
s1f(v[2..v]])f () f(v[1..]v| — 1])ps would be a common factor of f(v)? and U3 with |Weem| > |s1]+ |f(v)] + |ps| >
|f(v)|+ |U|; a contradiction. Hence, W # v® and |Weom| = | £(v)| + |s1.f(v[2..|v]]) f(v)| > |f(v)] +2|s1]|. Tt implies
that [si| < |U]/2.

In the case where W ends with a cube v'3, we similarly obtain that |ps| < |U]|/2.

If W starts with a cube then |s;| < |U]|/2. Since |s1|+ |ps| > |U|, we obtain that |ps| > |U|/2. It implies that
W[2..|W]] is cube-free. But f(W[L..|W]]) starts with ps;U2, i.e., f(W][2..[W]|]) contains the cube U3; f is not
cube-free.

In the same way, if W ends with a cube, we also obtain either a contradiction with the assumptions or that
f is not cube-free.

Step 3: For any pure cube v € Fects (W][2..|W| —1]), the word f(v)? is an internal factor of U? and
7)< U],

For any pure cube v € Fcts (W[2..|W|—1]), the word f(v)? is an internal factor of U%. So |f(v)?| <
Ul + |f(v)], ie., |f(v)?| < |U| and |f(v)3] < 3|U|. That is f(v)? is an internal factor of U. It implies that
cy = 1,2 or 3.

Let us recall that, for all integers j € [1;5 — ¢y, f(v)? is an internal factor of p;U%s;.,. Consequently, if
v, is the shortest factor of W{ij..ij4. ] such that f(v;) contains f(v)? then, by Corollary 3.5, v; verifies Property
(P.1) for all integers j € [1;5 — ¢y].

We are going to see that it implies that W can be reduced; a final contradiction.

Case 3.1: ¢, = 3

We necessarily have dy = 1 and |Dy f(v)|(< | f(v?)]|) < |U| < |Dy f(v?)|. For all integers j € [1;2], if ¥; verifies
(P.1.1) then x;3 € Lj+1,. And if U verifies (P.1.2) then ;3 € Rj41,,. In other words, we have Lj1,URj+1, # 0
with 7 + 1 € [2;3]; by Lemma 2.9(2), we can reduce W.

Case 3.2: ¢y #3 and d, =1

We necessarily have ¢, = 2, i.e, 5 — ¢y, = 3. For all integers j € [1;3], if ¥; verifies (P.1.1) then 2;3 € Lji1.,.
And if v; verifies (P.1.2) then z;® € Rj41,. That is L, U R, # 0 for all integers j € [2;4]; by Lemma 2.9(1), a
reduction can be done.

Case 3.3: ¢, #3 and d, =0

If ¢, = 1 then |Dy f(v)?| < |U| and Lj, U R;, # 0 for all integers j € [1;4]. By Lemma 2.9(3), a reduction
can be done.

If ¢, = 2 then |U| < |Dyf(v)?| and Lj, U R;, # 0 for all integers j € [1;3]; by Lemma 2.9(4), a reduction can
be done.

O
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