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INTERACTING BOSONS IN A DOUBLE-WELL POTENTIAL :
LOCALIZATION REGIME

NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

ABSTRACT. We study the ground state of a large bosonic system trapped in a symmetric double-
well potential, letting the distance between the two wells increase to infinity with the number
of particles. In this context, one should expect an interaction-driven transition between a
delocalized state (particles are independent and all live in both wells) and a localized state
(particles are correlated, half of them live in each well). We start from the full many-body
Schrodinger Hamiltonian in a large-filling situation where the on-site interaction and kinetic
energies are comparable. When tunneling is negligible against interaction energy, we prove
a localization estimate showing that the particle number fluctuations in each well are strongly
suppressed. The modes in which the particles condense are minimizers of nonlinear Schrédinger-
type functionals.
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1. INTRODUCTION

The Mott insulator /superfluid phase transition manifests itself by an interaction-driven drastic
change in transport properties of a quantum system. Under conditions where the non-interacting
system would be conducting, it is possible that repulsive interactions induce an insulating be-
havior. The signature of this transition has been observed experimentally in cold atomic gases
trapped in periodic lattice potentials at low filling (a few atoms per site) [3] [I3] [I1]). In this
paper we mathematically investigate the case of bosons confined in a double-well potential in a
large filling situation, i.e. when one has many particles per potential well. This situation cor-
responds to current experiments in cold atom physics, the trapped atoms forming an external
Bose-Josephson junction [9] 14, 27]. Like in the multiple-well case, one expects a transition be-
tween a delocalized and a localized regimes, the latter occurring when the interactions between
particles are stronger than the energy needed for a particle to tunnel from one well into another.

In theoretical studies of the Mott transition, it is customary to use a tight-binding approxi-
mation and work with a Hubbard model [10] 23]. This relies on assuming that only the ground
state of each potential well is occupied. At low filling, few particles per well, this is certainly
reasonable for the interaction energy within one well will usually be smaller than the gap above
the well’s ground state energy. The physics is then reduced to particles hopping/tunneling be-
tween wells and subject to on-site interactions. In a large filling situation, it is far from clear
that one can rely on such a simplified model: the interactions between particles on a given site
can (and will) change the mode in which particles condense. This situation does not seem to
have previously been studied from a mathematical standpoint.

We here start from the full many-body Schrédinger Hamiltonian

N

A

Hy =3 (=8 +We) + 5= > wiwi—y) (1.1)
j=1 1<i<j<N

for N interacting particles in R? (d = 1,2, 3) and consider the large N limit of its ground state in

the case where Vi is a symmetric double-well potential. As appropriate for bosons, we consider

the action of Hy on the symmetric tensor product space

N
o= R L*(RY) ~ L2, (R™)

sym
sym
and study its lowest eigenvalue and associated eigenfunction.

The first sum in the Hamiltonian (II)) describes the kinetic and potential energies of the
bosons in the presence of the external trapping potential Vi, with x; € R? and A; standing
for the position of the j-th particle and the corresponding Laplacian. The second sum in (L)
describes interactions among the particles, assumed to be repulsive. The fixed coupling constant
A > 0 is scaled by a factor of order 1/N, in such a way that interactions have a leading order
effect in the limit N — oo, while the ground state energy per particle remains bounded (mean-
field regime). We will not aim at a great generality for the interaction potential w. In what
follows, we denote by w its Fourier transform, ||w|lcc = sup,epd |w(x)| its sup norm and by
B(0, R) a ball of R? of radius R centered at the origin.

Assumption 1.1 (The interaction potential).
The interaction potential w is positive, of positive type, symmetric, and bounded with compact
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support:
w>0, w>0, w) =w(-z), ||w]w<oo, supp(w)C B(0,R,) (1.2)
for some Ry, > 0.

It is well-known (see [18] 29] 28] and references therein) that if the one-body potential Vy = V/
in (LI) does not depend on N and V(x) goes to infinity when |z| — oo, the lowest eigenvalue
E(N) of the Hamiltonian (L) is given in the large N limit by

lim %N) =en(N), (1.3)

where efp()) is the Hartree energy, i.e., the minimum of the functional
A
el = [ (VP +ViaP)ao+ 3 [ ju)Pute - plu)Pdey (19
R4 Rd x R4

under the constraint |[u[?, = [pa|u/?> = 1. The Hartree functional £}[u] is obtained from the
N-body energy per particle of the mean-field trial state u®" describing N independent particles

in the same state u. That is,
1

E)lu] = AN Hu®Y)
The rationale behind (3] is that the ground state ¥y € $V of the N-body Hamiltonian Hy
roughly behaves as

Uy ~ (u)®V (1.5)

N—oo

where uﬁ is the minimizer of the Hartree functional. Note that the latter is, under Assump-
tion [Tl unique modulo a constant phase and can be chosen to be positive.

The situation changes when the trapping potential Viy in the Hamiltonian (L)) is allowed
to depend on N, which is the case of interest in this work. We shall consider a model with a
symmetric double-well potential:

Vn(z) =min{V (z —zn),V (z+2zn)} , (1.6)

where V is a fixed radial potential and the two localization centers £z = £(Ly/2,0,--- ,0) are
along the first coordinate axis. Our methods allow to deal with rather general radial confining
potentials, but we shall for simplicity stick to the model case of a power-law potential:

V(z) = |z|®, s>2. (1.7)
To mimic a potential with two deep and well-separated wells, we let the inter-well distance
L N = 2|$ N| — OO

in the limit N — oco. This situation is equivalent to the one where the distance Ly stays fixed
but the potential barrier V(0) goes to infinity.

In the following, the coupling constant A is kept fixed and we will often omit it in the upper
index to simplify notation. We denote by Ex_[u] and En|u] the functionals (I4]) in which Vi
is replaced by the left and right potential wells, given respectively by

V(@) =V(z+an), Vi@ =V(r—ay).
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Obviously, the positive minimizers ug+ of 4 [u] are equal to the same fixed function uy modulo
a translation by +xy and the corresponding Hartree energies are equal,
gH:I: [uHi] = inf {5H:|:[u]} = €y -
llull L2=1
When the inter-well distance Ly is very large, upp— and upg4 become almost orthogonal to one
another since they are localized in far-apart potential wells.

In the case of a single particle with Hamiltonian H; = —A + V7, it is well-known that the
lowest energy state Wy is close in the limit L1 — oo to the symmetric superposition

0 0
Ug_ + Uy
U1 ~ Cio <T+> ; (1.8)

where u 4 is the ground state of —A + Vli and C}, . is a normalization factor. More precisely,
denoting by e the lowest eigenvalue of the Hamiltonian —A + V in a single well, it can be
shown [2, [7, [4], [T5] 16l 24] that the spectrum of Hj in an interval of length of order one centered
around e consists of exactly two eigenvalues, which converge to e as Ly — oo, and that the
eigenfunction ¥, associated to the lowest of these eigenvalues satisfies

0 0
U + U
p, - = - i
V2
as L1 — oo. This embodies the fact that a particle in the ground state of Hy has equal
probabilities of being in the left or right well, i.e., the ground state (L.8]) is delocalized over the

two wells.

When there is more than one particle, the situation may change completely due to the repulsive
interactions. If both IV and Ly are large, one should expect a transition between:

e A regime where a delocalized ground state akin to (L3)) is preferred, occurring when Ly is not
too large. Actually, if Ly is small enough so that tunneling dominates over interactions, a rea-
sonable approximation is to replace the Hartree minimizer in (L] by a symmetric superposition,
in analogy with (L8). This leads to the heuristic

Ug-— + UH+>®N (1.9)

\IIN ~ \IICHOC = Cé\{oc < \/5

with the normalization factor

—N/2

C(]i\lfoc - (1 + <uH—7uH+>) —1

when Ly — oo. In the N-body state Wy, all particles are independent and identically dis-
tributed in the same quantum state, delocalized over the two wells.

e A regime where a localized state emerges to minimize on-site interactions, occurring for larger
inter-well distances Ly. This corresponds to an ansatz of the form (hereafter we assume that
N is even)El

N, N,
Uy & Uioe = O it ™ @gpm ug 2 . (1.10)

1The definition of the symmetrized tensor product ®sym is recalled below, see (2.12).
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As above, the normalization factor CIJXC — 1 when Ly — oo, with small corrections of the order
of (up—,up4). The ansatz W), is a correlated state where half of the particles live in the left
well V' and the other half in the right well V]\J,r .
In this paper, we focus on the localization regime. We prove that for a fixed A, localization
occurs when N — oo and Ly — oo satisfy
Ly

log N < 2(1 — e)A<7> (1.11)

for some arbitrarily small fixed € > 0, where

Ar) = /07’ VV (r")dr! (1.12)

is the Agmon distance (at zero energy) from semiclassical analysis [I]. In the model case (L)
we have

-1
a0y = (142) e 119
Our localization estimate is formulated as follows. We denote by a*(u) and a(u) the bosonic
creation and annihilation operatord] in a mode u € L2(R?). Let
N_ =a*(up—)a(up—) and Ny = a™(un4)a(uny) (1.14)

be the number operators in the modes up— and up localized in the left and right wells, respec-
tively. We prove that, in the aforementioned limit (Z6]), the variance of N satisfies

(o (- 5)

with ¥y the ground state of the full many-body problem. Hence the fluctuations of N_ and
Ny are reduced with respect to the case of independent particles (L)), where they would be of
order N since

\I'N> <N (1.15)

<u®N ‘J\/'i ‘ u®N> - <u®N ‘J\/'i ‘ u®N>2 = N (up+,u)
for any u € L?(R?). The reduced fluctuations in (LI5) constitute a violation of the central limit
theorem and show the occurrence of strong correlations, akin to those of (LI0), in the ground
state of the system. We expect our condition ([LII]) for the localization regime to be almost
optimal, as discussed below.

Although the localized and delocalized states Wi, and Wgpoc in (L) and (LI0) have very
different physical properties, distinguishing them in the large N limit is not as easy as one
might think. Actually, as we shall see in Section 2] the difference between the interaction
energies per particle in the states Wi, and Wqjo. is of order 1/N. This is of the same order as
the next-to-leading order term in the large N expansion of the ground state energy in a single
well, due to Bogoliubov fluctuations [5], B0l 12, 20, 8 26]. Indeed, if the potential Viy = V
in (LJ)) is independent of N, one can go beyond (3] and prove that

E(N)

N
where e () is the ground state energy of the Bogoliubov Hamiltonian obtained from Hy by a
suitable expansion around the condensed state UEN (see Section M below for more detail). We

= en(\) + Nleg(\) + o(N 71, (1.16)

2The definition is recalled below, see ([@3).
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will prove that Bogoliubov fluctuations, even though they must be taken into account in the
analysis of the problem, do not play an important role in deciding which of the localized and
delocalized states has the smallest energy.

Acknowledgments. Warm thanks to Phan Thanh Nam for many detailed discussions on
Bogoliubov’s theory. We were financially supported by the French ANR project ANR-13-JS01-
0005-01.

2. MAIN RESULTS

2.1. Heuristics. The order of magnitude (as a function of N) of the inter-well distance Ly at
which the transition from delocalization to localization occurs can be derived from well-known
heuristic arguments that we now briefly recall. Let us consider the tunneling energy

Tn = (un—|(=A + Vy)|uny)

_ <UH\‘;§UH+ (A + Vi) UH\%/-;H+>
— S| A 4 Vi) — 3 (o [~ Vi) (21)
Recall the variational equations satisfied by up+:
[—A -+ Vﬁ 4+ Aw * ]uHi\Q] UH+ = JUH+ (2.2)
with * denoting convolution and p the chemical potential (Lagrange multiplier),
p=ents [ [ s @)Pule = )l () Pdady (2.3)
Inserting (2.2]) in (2I)) we obtain
Ty = /Rd uH_Y/t+uH+ = /Rd up4 Vy uH- , (2.4)

where Vti are the tunneling potentials
VE =Vy — Vi = dw* jugs> + p . (2.5)

From (24]) one can derive that Ty < 0 for large enough inter-well distance Ly (see Propo-
sition below). Going back to (ZI]), this is equivalent to the symmetric delocalized state
(upy + ug_)/V/2 having a lower one-body energy than the states up_ and ug, localized in the
left and right wells.

We now argue that the localization and delocalization regimes occur when (recall that A is
fixed)

Localization regime: N — oo, , N71> |Ty] (2.6)
Delocalization regime: N — oo , N7! < |Ty]|. (2.7)

To this end, let us compare the energies of the delocalized and localized states Wy and Wi
in (C3) and (LI0). We recall that the energy of N bosons in a state ¥ € $V is given by

(U|Hy| W) = EJeet) | gt (2.8)
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where the energy components are

kin—+po in A
ELmY) — e [(—A+ V] EgQ::5@V:75quygq (2.9)
and the k-body density matrices Wfpk) are defined by
k N!
1 = Gy Tk ()] (2.10)

or, equivalently [I7, Section 1],

<v1 Rsym ** Osym Vk» Wfpk)ul ®sym - * - Dsym uk> =k (U|a*(uq) - - a” (ug)a(vy) - - - a(vg) | ¥)

(2.11)
forany k=1,--- N and uy,v1,--- ,ug, vx € 9. Hereafter, the symmetric tensor product ®gsym
is defined by

v v = L
1 Qsym Yo (21,...,2N) := NGV
Z \I/l(.%'o(l), e ,mU(Nl))\Ilg(mU(Nl+1), ce ,xU(N)) (212)

o permutation of {1,...,N}

for any ¥; € HM and ¥y € HN2 with N = Ny + No.
A simple calculation shows that the 1-body density matrix W(EBC and v
and localized states W40 and W), are given by

o N

(1)

loe D1 the delocalized

Taioe = 5 (fwr—) (um—| + [ur ) (ur+ [ + fus—) (u | + |um ) (un-|) (2.13)
o o X Q) (] + s e ) (214)

up to small corrections of order N(up_|ugy) ~ NTy. These can be neglected in the limit
Ly — o0. One then infers from (28)), (2.13), and (2.14]) that

plkintpot) _ plkintpot) _ np o (2.15)

dloc loc
As a result of tunneling between the two wells, Wqio. has a lower one-body energy than Wi,..
On the other hand, W), has a lower interaction energy than ¥gp... Indeed, the corresponding
2-body density matrices are found to be given, up to terms of order N?{uy_, ug), by

N(N —1
1D~ T (g2 1) VBl @ ) ) (521 + 0652+ VB ©up )
9 N(N —2 N?
o T () |+ g2 ) + S e @ ) By vt

For energetic considerations, one may retain only the terms \u%_@(u%i\, corresponding to on-
site interactions. All other terms give small contributions to the interaction energy in the
limit Ly — oo, because up— and up4 are well-separated in space and w is short-ranged (see
Remark [34] below). Using the translation invariance and parity of w, the interaction energies
of the delocalized and localized states are given by

(int) 1 (int) _ AN 9 B 9
B = (14 55 B =25 [ [ jwPe)ute — pluPo)dedy . (216)
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The localized state thus favors the interaction energy, but only by a small amount, O(N~!) in
the energy per particle. From this discussion, we expect that the localized state is favored in
the limit (2.6)) while the delocalized state is favored in the limit (27]).

As we shall see below, due to the presence of the non-linearity we are not able to evaluate
exactly the order of magnitude of [T, but we get in Proposition a rather precise estimate:
for any € > 0,

Ce eXPp (-2(1 n s)A<L7N>> < |Tw| < Ceexp (-2(1 - s)A(%V)) , (2.17)

where A(r) is the Agmon distance (LI2]) associated with V' and ¢, and C; are positive constants
depending only on €. We thus expect that, for any € > 0 and fixed )\, localization occurs when

L
Localization: N — oo, Ly — 00, logN <2(1—-¢)A <7N> (2.18)
and delocalization occurs when
L Ly
Delocalization: N — oo, Ly — 00, logN >2(1+¢)A - ) - (2.19)

Remark that, in view of (ZIT) and since A(Ly/2) — oo as Ly — oo, the condition (LTI
(respectively ([219)) implies (Z8) (respectively ([Z7))). Note the small gap between the two
regimes where we expect it to be difficult to prove a conclusive result. In the sequel, when we
will write that (LII)) or ([ZI8]) holds, this will always mean that it does so for some € > 0 that
one can choose arbitrarily small, independently of N.

2.2. Main result. One difficulty is apparent from the previous discussion: we are trying to
capture a transition governed by a correction of order N~! to the ground state energy per parti-
cle. On-site fluctuations are responsible for another correction of the same order of magnitude,
cf (LIG). The intuition discussed above is nevertheless correct and a localized state will be
preferred in the regime (LII]). A rigorous proof of this fact requires a detailed analysis taking
into account on-site Bogoliubov fluctuations.

To state our main result we recall that the single-well Hartree energy ep(\) at coupling
constant A is defined as the minimum of the energy functional (L4) with V' the single-well
potential (L7)). The Bogoliubov energy eg(A) is obtained as the lowest eigenvalue of the second
quantization of the Hessian of 5?1 around its minimum, see Section M for details.

Theorem 2.1 (Localized Regime).
Let A\ > 0 be a fized constant. In the limit (LIIl), we have

e (Energy asymptotics): the ground state energy E(N) of Hy satisfies

EY) _ eq (AN%> T (g) Fo(NY) (2.20)

where

1
Ay=1-—". 2.21
N N1 (2.21)
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e (Particle number fluctuations): the ground state Vy of Hy satisfies

o o )

where Ni are the particle number operators in the left and right wells, defined in (LI4).

\IJN> <N (2.22)

Remark 2.2 (Composition of the energy).

The energy expansion ([2.20)) is a first signature of a transition to a localized state. The correct
energy can be obtained using as ansatz a refinement of (LI0), taking into account on-site
Bogoliubov fluctuations. One in fact has, by scaling (see Appendix [B]),

A 1
eH <AN§> = 2en <§,AN>\> ;

where the latter expression is twice the single-well Hartree energy at mass 1/2 and coupling
constant Ay A. The interpretation is that half of the particles lives in each well, and sees a
reduced coupling constant Ay because of suppressed particle number fluctuations.

In the regime (LI1]) one can easily see that the delocalized ansatz (L9, supplemented by the
appropriate Bogoliubov fluctuations, has a larger energy per particle, by an amount O(N~1).
Indeed, the first term in (Z20) then becomes ey (%) while the second one is unchanged at leading
order and the tunneling contribution is negligible. o

Remark 2.3 (A correlation effect).
To appreciate that (Z22]) is indeed a signature of correlations, the following considerations are
helpful. First note that N_ and Ny should be seen as random variables, and that, roughly

speaking,
N
No=>"X;
j=1

where X is a random variable which takes the value 1 if particle j is in the — well and 0 if it is
in the 4+ well. Each X; has mean 1/2 so that one should certainly expect

N

(UN[V-[ON) ~ =

Now, if correlations between particles could be neglected, the X;’s would be independent random
variables. Using the central limit theorem, one would expect the variance squared

(s~ 5o

to scale like N when N — oco. Our result (222]) rules this out, and thus the X;’s cannot be
independent.

We further note that it is unlikely that a result much stronger than ([2.22)) could hold, unless
one restricts further the parameter regime of interest. Indeed, one can compute that states a
little less localized than (LI0O) should give a better energy by allowing a little tunneling effect.
All such states must however stay localized and contain correlations enforcing ([2.22]). o

Remark 2.4 (More general single-well potentials V).
As mentioned in the Introduction, the results of Theorem [Z1] and the estimate (2I7]) on the



10 N. ROUGERIE AND D. SPEHNER

tunneling energy Ty are in fact valid for more general single-well potentials V' (z), not necessarily
given by power laws. For instance, one can easily generalize all the estimates of Section B and
the proof in the subsequent sections to radial potentials V' (r) satisfy the following assumptions:

(a) V(r) > 0 and V(r) is increasing on (79, 00) for some fixed ¢ > 0;
d
(b) lim —+/V(r) exists and belongs to (0, oo];

r—oo dr
(c) V'(r)/V"(r) — oo, V(r)/V'(r) = oo and A(r)/+/V(r) = oo when r — oo, with A(r)
the Agmon distance ([L.I2]) associated to V;
rV'(r)
1
@ 5% Vo

= s exists and belongs to [2, c0].

The rest of the paper is organized as follows:

e Section [ contains useful estimates on the Hartree minimizers to be used throughout the
paper, in particular sharp decay estimates.

e Section Ml recalls those elements of Bogoliubov’s theory we shall need in the proofs of our
main results, following mainly [12, 20].

e Section [l is concerned with the construction of a trial state having energy (2.20]), thus
providing the desired upper bound on the ground state energy.

e In Section [l we present the core of the proof of our main theorem, namely the energy
lower bound and the estimates on particle number fluctuations that follow from it.

e Appendix[Alcontains, for the convenience of the reader, elements of proofs for the results
on Bogoliubov’s theory we use in the paper. We make no claim of originality here and
refer to [12] 20} B0] for full details.

e Finally, we present in Appendix [Bl the proof of a lemma used in Section [ about the
optimal way of distributing particles between the two wells.

3. BOUNDS ON THE MINIMIZERS OF THE MEAN-FIELD FUNCTIONALS

3.1. Hartree minimizer in a single well. The Hartree functional that we shall study is
A
ulul = [ (IVaP + VI + Sluu s [P (3.1)
R4

where V() is the single well potential (7). We shall denote the minimizer of Ex[u] by uy. We
will later apply the results of this section to uyg_ and w4, that are just translates of uy.

Given Assumption [[Tlon the interaction w, the existence and uniqueness of the minimizer of
the Hartree functional (B]) under the unit mass constraint is an easy exercise. In fact, since w
is assumed to be of positive type, the functional ([BI)) is strictly convex in |u|?. Tt follows from
the identity |Vu|? = (V|u|)? + [u|?(Ve)? with u = |ulel® that Egfu] > Ex[|ul], with equality if
and only if ¢ is constant. Thus the minimizer uj is unique up to a constant phase factor, which
can be chosen such that ug > 0. One can also show that wug is radial (see e.g. [22] for details
on these claims). By exploiting the elliptic character of the variational equation satisfied by g
(see ([22))), one shows in the usual way that uy is a smooth function.
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Proposition 3.1 (Decay estimates on the Hartree minimizer).
Let V(x) = |x|® with s > 2, A(r) be the Agmon distance (L12)), and

2d—2+s .
S e if s> 2
— {2d 4; . (3.2)
Lo ifs=2,
with p the chemical potential in ([22]).
For any 0 < e < 1, and any |x| > Ry large enough, uy satisfies the pointwise estimates
e~ A=) e—A(lz])
C&-W S ’U,H(I') § CEW s (33)
where c. > 0 and Cz > 0 are two constants depending only on €.
In the special case of a harmonic trap V(z) = |z|?, this shows that ug(z) decays like a
Gaussian when |z| — oo:
1
upg(z) ~ Cexp <—§\xl2> (3.4)
up to some power-law corrections.
Proof. We set, for some number 5 € R,
-1
) = exp (Ao V) e = oxp (= (145) b2 L @
Then, setting r = |z|,
Af(z) = [rs + (25 - % —d+ 1) /271 4 (82 4 23 — d) r—ﬂ fla) . (3.6)

Since |ug|? decays at infinity and w has compact support, w * |ug|? also decays at infinity. We
deduce that, for r large enough,

(“Af+V + 2w |up|* —p) f >0 (respectively < 0) (3.7)

if one picks = sa — € (respectively f = sa + ¢). The result is obtained by using the above
functions as super/sub-solutions for the variational equation (46]) and a maximum principle
argument.

Pick first 8 = sa — ¢, define R_ to be some radius large enough for [B.7) and

75 > — Aw * [ug|?(z) (3.8)

to hold whenever r > R_. Let f_ be equal to f outside B(0, R_) and smoothly extended to a
function bounded away from 0 inside B(0, R_). Further set

AV A

and
g-=ung —C.f-.

The latter being a smooth function, decaying at infinity, it must reach a global maximum. We
have the following alternative:
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(1) Either g_ reaches its maximum at a point xy inside B(0, R_), then by construction
un(z) — Cef—(2) < un(zo) — Cef-(20) <0
for all x.
(2) Or g_ reaches its maximum at some point z outside B(0, R_). Then, according to (3.1
and the variational equation (Z2), we have
(A +V +dw = un|® — p) g—(w0) = —C: (A +V + Aw * |ug|> — 1) f—(z0) <0
But Ag_(zp) < 0 because z is a maximum of g_, thus
(lzol® + Aw * Jun|*(x0) — p) g (x0) < 0
and this implies g_(xp) < 0 upon inserting (3.8]). Hence
up(z) — Cef—(2) < un(zo) — Ce f-(20) <0
for all = again.

In both cases one has g_(x) < g(xg) < 0 for all 2 € R?, which yields the upper bound in (B3]
because f_(z) = f(x) for |z| large enough.
The lower bound in (B3]) is proven similarly, picking now 8 = sa + ¢, defining f similarly

as before and setting
) up (z
Ce = 1N { ( )}, g+ = uH — Ce [+

wj<iy | f+(7)
The latter function, being smooth and decaying at infinity, must reach a global minimum or else
be everywhere positive. In the latter case there is nothing to prove, while in the former one can
argue exactly as above, switching some signs where appropriate. O

The pointwise estimates ([B3]) yield a simple but useful corollary, namely a control of the
mean-field potential generated by |uy|? via w,

hmf =W ok ]uH]2 (39)

Lemma 3.2 (Local control of the mean-field potential).
For any n > 0, there is a constant C;, > 0 such that

Bt < Cyylup|*™". (3.10)

Note that if w was a contact potential w = é¢, (BI0) would be an equality with n =0, C,, = 1.
What the lemma says is that the decay of the mean-field potential is not much worse than in
the case of purely local interactions.

Proof. Since w is bounded with a compact support included in the ball B(0, R,,), one has
e (2) = / w(y)un(z = y)|*dy < wlloo|B(0, Ry)|  sup  |un(z —y)[* .
R yEB(0,Rw)
Let € € (0,1) be such that

We can use the following estimate on the Hartree minimizer, which is less precise than (3.3)):

c.exp (—(1+2)A(2]) < un(@) < Coexp (—(1 =) Aal) xR, (311)
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where ¢. > 0 and C. > 0 are two constants depending on e. Therefore, we have for any z € R?,
‘.%" > Ry,

up(r —
sp LC WL o sup exp (= (1= 2)A(w —yl) + (1 + ) (1 - D) A(la]))
YyEB(0,Rw) g ()| yEB(0,Rw) 2
< Clexp (= (1-)(Alal - Ry) = (1 - 2)A(la]))) (3.12)
for some C. > 0. It is easy to check that the exponential in the second line of ([BI2) is bounded
in x, which yields the desired result. O

A further consequence of Proposition B.lis the estimate on the tunneling energy announced
in @I7). Let up—(z) = ug(z + 2n) and w4 (x — xnx) be the Hartree minimizers corresponding
to the left and right trapping potentials V, and VJ , respectively.

Proposition 3.3 (Bounds on tunneling terms).
For any € > 0, one can find some positive constants c., C., and L. > 0 such that for any
Ly > L.,

. exp (-2(1 + E)A(LTN» < /Rd wit_uns < Cooxp (-2(1 - @A(%N)) . (3.13)

Moreover, the tunneling energy defined in (210) is negative for N large enough and satisfies

¢ exp (—2(1 + a)A(%V)) < |Tw| < Ceexp (—2(1 - @A(%V)) . (3.14)

In fact, since we know the rate of decay of the Hartree minimizer down to polynomial correc-
tions, we could reach a similar precision in the estimates [BI3]) and ([BI4]). We do not state this
explicitly for conciseness. We will, however, need this information to prove that T < 0 and get
the lower bound on |Ty| in (BI4).

Proof. We use the bounds ([B.3]), suitably translated by +zy. For the first estimate, the polyno-
mial correction to the rate of decay obtained in ([B.3)) is not relevant and one can just calculate
integrals of the form

I, = / efa|mf:vN|1+S/27a|m+:vN|1+s/2dx (3‘15)
Rd
with a = ((1 +5/2)71 £ e), the +& being used to absorb any additional polynomial term.

On the one hand, for |z| > C'Ly with a large enough constant C' > 0 we have, by the triangle
inequality
1\ 1+s/2
‘.%' o 1‘]\[‘1+s/2 + ’1‘ + 1‘]\[’1+s/2 > 2‘.%,’1+s/2 <1 N %> )
Thus, provided C' is chosen large enough we obtain

s s 1+s/2 s
/ emale—an 1T 2 alatan |2 g o / e20(1-55) " TlaMT2 4,
{lz[>CLy} {|z|>CLy}

1+4s/2 1+s/2 1+s/2
< eo(1-3¢) CHS/QLNJrS// ¢~o(1-35) ||t +s/2

{lz|>CLn}

- 6—3(1—5)A(LTN>

dx
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which is much smaller than the precision we aim at in the desired result.
There remains to estimate the part of the integral located where |z| < CLy. We write

x = (x1,...,xq4) and note that the function
: 1/2+s/4
N
a4+ lxdl2>

L
ry— —/—
9 1/2+s/4
2 2
+< + |22 +...+yxd\>

2
is even and convex in x7. It thus takes its absolute minimum at x; = 0 and we have

4yxdy2>1/2+5/4
Ly

|$—$N|1+s/2 + |$+$N|1+s/2 _ (

Ly
T

L 1+5/2 4 2
|$—$N|1+S/z+|ﬂ?+xz\/|1+s/z22<7N> (1‘1‘%‘1'---—}'
N

L 1+s/2
22<7> +2<|x2|1+s/2+.”+|xd|1+s/2)
and it follows that

L
—2(1 Al 22X
/ e=alz—an [P —alatan |2 ) o CLye () ( ’ ) )

where we separate the integrals in xs, ..., x4, which are all convergent. The prefactor L comes
from the integral in x; and can be absorbed in the exponential, changing slightly the value of
g, to obtain the upper bound in (B.I3]). For the lower bound we simply note that

/ o alz—an | T P —ajeran T2 g >/ e—ale—an T P —ajeran T2 g
R4 {lzl<L}}

for any . In particular, taking v < 1, we have by a Taylor expansion

I 1+s/2 i I3 14s/2
e e = () ro (1) <2 (1) )

on the relevant integration domain, thus

L
/ e—ale—an |2 malatan |2 g0 6_2(1_8)A<TN>L?\?
Rd
and we can again absorb the last factor L}i\? in the exponential, changing slightly e.
For the second estimate ([B.I4]), we use the expression (2.4]):

TN = / uH_‘/'t+uH+ = / UH— (VN - V];}_) UH+ +/ UH— (,u — Aw * ]uH+\2) UH+-
R¢ R R¢
To get the bounds ([BI4]) one can estimate exactly as above, absorbing any polynomial growth
coming from Vi — VJ into exponential factors. To prove that Ty < 0, a little more care is
needed, and we use the full information contained in (B.3]), namely that we know the rate of
decay up to polynomial corrections.
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Estimating as previously, keeping track of polynomial factors, we obtain, for any & > 0,

L L
etk e (24( 7)) | [ G dwe P | < Coaly e (247
R

(3.16)
where « is defined in ([32). On the other hand, since Viy — V,f is negative by definition we have
for any

/ UH-— (VN - V&’—) UH+ S / UH-— (VN — V&’—) UH+-
Rd {lzl<Ly}
Taking v < 1 we have, on the latter integration domain,

Ly

s/2—1
VN - V]i[*— = 45]]_{ml<0}$1 <7> (1 + 0(1)))

using a Taylor expansion. Putting this together with (83]) and arguing as above we deduce that

/ UH— (VN — VAJ,F) upgy < —C'f_;L}VJFS/%%H€ exp (—QA(LTN)> .
Rd

Comparing with (BI6) we see that Ty < 0 for N large enough as we claimed and one deduces
the lower bound on |Ty|. O

Remark 3.4 (Bounds on the off-site interaction energies).
One can show in a similar way that the off-site terms appearing in the interaction energy of the
localized and delocalized states in Sec. 211

(UH— @ UH4, W U— @ U4 , (u?ﬁ,wu%i) , (uﬁi,wuH, ® UH4)

are of the order of exp(—2(1 —¢)A(Ly/2)) in the limit Ly — oo (this follows immediately from
BI3) and ||w|sw < oo for the last two terms, and comes from the fact that w has compact
support for the first term). o

3.2. Hartree energy and minimizer in a perturbed well. In the sequel, we shall be lead to
consider a perturbation of the previous Hartree functional. This comes about when estimating
tunneling effects in energy lower bounds. Essentially, we perturb the functional by a relatively
small potential in a region far away form the bottom of the well, and we prove that this does
not change much the Hartree energy and minimizer.

Consider )
Enon ] = / (19l + Vo @l + SlufPo + [uf?) (3.17)
Rd 2
where the perturbed potential is of the form
Voy(2) =V(z)(1 —dn(z)) , [|on(2)] < 511’$1,LTN’SZ(90) (3.18)

for some constant § > 0 independent of N. Here, z! is the first coordinate of z, and we thus
perturb the original potential in a strip of width ¢ centered at a distance Ly /2 from the origin.
The choice of ¢ will be discussed later, the point being that if / < Ly we do not perturb the
problem much.

We denote by uy s, and eg 5, respectively the unique positive minimizer and the minimum of
the above functional. They satisfy properties very similar to those of the unperturbed analogues.
In particular, one has the same estimates on uy s, as in (BII) in terms of the Agmon distance
associated to the unperturbed potential V (r):



16 N. ROUGERIE AND D. SPEHNER

Lemma 3.5 (Pointwise estimates for the perturbed minimizer).
For any 0 < ¢ < 1, one can find some constant C., c-, and L. > 0 such that for all Ly > L.
and x € R,

cexp (—(1+e)A(|2])) < umsy () < Coexp (=(1 - €)A(|z])) (3.19)

Proof. One only needs minor modifications to the arguments in the proof of Proposition 381l [

We next prove that the difference between the trapping energies in the perturbed and unper-
turbed potentials V' and Vs,
/ VN unl?
Rd

is of the order of the tunneling energy to some power arbitrary close to one.

Lemma 3.6 (Difference in the trapping energies).
For any 0 <n <1, one can find some constant C,), ¢,, and L, > 0 such that for all Ly > L,

L vionlan < ClTa= L [ Visalhungy < Gy (3.20)

Proof. Using BI8)), bounding V (1) by e=A(") for large r and using the pointwise estimates (33,
we have for large enough Ly

[ visidi<a [ viePsci [ ew (=202 )ds
R4 {lz' ==K |<e} {lz' ==K |<e}

(L /20 +[e+2)"?
< 2C§6€6_2(1_5)A(LN/2_€)/ exp [ —2(1 —6)/L V(r)dr | dzt .
d—1

N
R N _g

Arguing similarly as in the proof of Proposition [3:3] the last integral can be bounded from above
by a polynomial function of LTN — 1 and thus by e#4N/2) for large enough Ly. We also have

A(L_N) _A<L_N _g) </ V<L_N> < < A<L_N> ]
2 2 2 2(1—¢) 2
Collecting the above bounds and using the lower bound on the tunneling energy in ([B.I4]), we

get the desired result. One proceeds similarly for the proof of the second inequality in (B.20]),
by relying on Lemma O

We can now prove the announced result that wuy s, is close to uy for large Ly. We could
probably prove stronger estimates, but we refrain from doing so for shortness.

Proposition 3.7 (Difference between perturbed and unperturbed minimizers).
For any n > 0, one can find constants Cy,, ¢,, and L, > 0 such that if Ly > L), then

len — eroy| < CplTn|' ™" (3.21)

and
lun — un syl p2ga) < Cyl T V270, (3.22)
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Proof. We proceed in several steps:

Step 1. We clearly have

ersy = Euoy (Ui sy | = Eu Uy ] + /d Von|umsy|® > en — /Rd VI[6n|umsy |

R

and similarly
€H > €H sy —/ Von||lum|? .
R4

The bound (B:21]) follows from these inequalities and from Lemma Thus ey 5, — em when
Ly — 0. Let ey 5 be the minimum of the energy functional (3I7) in which the potential Vs,
is replaced by a perturbed potential Vs, + nW, where W ¢ L>(R%) is a bounded potential.
By the same argument as above, 6%’61\] converges to ey when (L]_Vl,n) — (0,0). But 6%’61\] is
a concave function of 1 (as infimum of an affine functional), so we deduce that its derivative
with respect to n converges to the corresponding derivative for 5y = 0 when Ly — oo. These
derivatives are given by

dell 9e"
— N = Wlue, 2 = SR = [ Wln?.
0 o 0
”7 77:(] R4 77 77:(] R4
This being so for any W € L>®(R?), we deduce that
ur sy |* = un* Ly — o0

in the L™ weak-x topology. In particular, since by Assumption [[.T] the interaction potential w
is bounded,
w x |ug 5y |2 (@) — w  Jup [*(z) (3.23)

for almost all z € R%. Furthermore, by the dominated convergence theorem,

/ |uH,5N|2w*‘uH75N‘2:/ w(k)‘/ eikx|uH,5N|2
R4 Rd R4

As a result, the chemical potentials y5, and p associated to up s, and up, respectively, satisfy

(see (23))

2
R / 2w Jun? . (3.24)
R4

fsy —> i when Ly — 00. (3.25)

Step 2. The Hartree minimizer uy is an eigenfunction with zero eigenvalue of the mean-field
Hamiltonian
Hmf:—A+V+)\w*|uH|2—,u.

Since it is positive, uppy must be in fact the ground state of this Hamiltonian, which is non
degenerate. Similarly, uy s, is the non-degenerate ground state of the perturbed Hamiltonian

Hut sy = =D+ Vs + dw * [up sy | — oy -
By using Lemma and ([B.24]), we have
fisy = (unsy, (Hmt,sy + foy )i sy ) = (Unsy, (Hmt + p)umsy ) + o(1)
and since H,,s has a non-degenerate ground state we deduce

12234 >+ CHPJ_UHJSNHQ + 0(1) )
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where ¢ > 0 is the spectral gap of Hys and P+ the orthogonal projector onto uy. One concludes
from this inequality and from (B.25]) that

|lusy — uHHLQ(Rd) —0 when Ly — 0. (3.26)
Step 3. It follows from Assumption [T on w that the Hessian of &y at uy is non degenerate

(see the related discussions in |20, Section 2]). Since we already know ([B.26l), for Ly sufficiently
large so that |lun — um,sy||L2(rey is small enough, one has

Eulunsy] > Eulun] + a llun — wrsy |72 e

for some fixed constant a > 0. Hence
EH oy — /d Von|umsy|® = Enlursy] > Ensy[un) — /d Vonlunl* + allun — wn sy |72 g0
R R

2 CHy — /d Vi |unl® + a|lun uH#;NH%Q(Rd) :
R
Hence, one infers from Lemma [B.6] that for any 0 < n < 1 and Ly large enough,
2 —1 2 2 ~1 1-2
ot = w3z < a0 [V (ul® = fung ) < 207G,

which is the desired result. O

4. ELEMENTS OF BOGOLIUBOV THEORY

Here we recall elements of Bogoliubov’s theory that are needed in the rest of the paper,
following mainly [20, 25]. See also [5l [8, B0, 12| [32] for other recent discussions.

4.1. Bogoliubov Hamiltonian. For clarity we first recall how the Bogoliubov Hamiltonian is
constructed.

Second quantized formalism. Bogoliubov’s approximation for the spectrum of a large bosonic
system is usually described in a grand-canonical setting where the particle number is not fixed.
This means that the Hamiltonian (L)) is extended to the Fock space

F=F®)=Conenao..ah a... (4.1)
in the usual way
H=00H ¢H&®.. CHND ... (4.2)
with (note the value of the coupling constant)
Hy = Z A+ V(xy)) + A Z w(x; —xj) .

N1 &
1<i<j<M

It is convenient to express this Hamiltonian by using standard bosonic annihilation and creation
operators. We denote by u;, i = 0, 1..., the vectors of an orthonormal basis of $ = L?(R?) with
ug = up the Hartree ground state corresponding to Hy, i.e. the minimizer of the functional (L4)).
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Let af = a*(u;) and a; = a;(u;) be respectively the annihilation and creation operators in the
mode u;, defined by

(@ W) (@1, warg1) = (45 Qg ©) (@1, - 2nr41) € HYH
(a; ) (z1,...,xpm—1) = VM y T (2)V(z, 21, ...,z 1)de € HM T (4.3)
for any ¥ € $™, where the symmetrized tensor product is defined in (ZI2). Then we have
o0 o )\ o
H — % Z a;‘ai = Z (hij — 5iju)afaj + m Z Wijkl a;‘a;akal (4.4)
i=0 ,5=0 1,5,k,1=0

with 0;; = 1 if i = j and 0 otherwise and
hij = (ui| = A+ Vuy)

Wik = (U @ ujlwlug @ u) = Wi, = Wkij -

Bogoliubov’s Hamiltonian. Bogoliubov’s approximation consists in replacing aj and ag by VN
in the expression in the right-hand side of (£4]) and then dropping all terms that are more
than quadratic in the operators a}, a;, i = 1,2,... As explained in [20], this amounts to second-
quantizing the Hessian at uy of the Hartree functional (L4]). Non-degeneracy of this Hessian is
required and the assumption w > 0 is a convenient way of ensuring this.

Removing a constant (coming from terms involving only ag, ag) one ends up with the quadratic
Hamiltonian

o o
* A — kK *
HB .= Z (hij — poij) aja; + 5 Z (womjaiaj + Wooija;a; + 2(woin; + woijo)a; aj> . (4.5)
i,j=1 i,j=1

Here, we have used the variational equation satisfied by wup,
(=A 4+ V)ug + Mw * Jug|*)ug = puy | (4.6)

to discard the linear terms in a} and a; and we have neglected terms of the order of 1/v/N.
The above Hamiltonian acts on the Fock space of elementary excitations, namely the Fock
space
Fi=F®)=Cas a..o0m)Na...

associated to the Hilbert space

91 = {un}" . (4.7)
We denote by ep the lowest eigenvalue of HP and write the associated eigenstate as
PB=gPaole.. . a¢la... (4.8)

with qﬁE € (H1)". Tt is well-known that ®B is a quasi-free state, i.e., is entirely characterized
via Wick’s theorem in terms of its generalized one-body density matrix. Given a state I" on Y)j\_f ,
the latter is an operator combining the usual one-body density matrix

<u,'yl(11)v> = Tr[a™(v)a(u)T]
with the pairing density matrix defined by
(u, arJv)y = Tr[a(v)a(u)I] ,
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where J is the complex conjugation and wu,v are arbitrary vectors in $). Note that '71(11) is a
(self-adjoint) non-negative operator on £);, whereas ar should be interpreted as an operator
from J$ | to $ satisfying of = JarJ.

Remark 4.1 (Bogoliubov’s energy at small coupling).
One can show that

— 0N <ep<0 (4.9)
for some A-independent constant C' > 0. The upper bound follows by simply taking the vacuum
as a trial state. A sketch of the proof of the lower bound is given in Appendix [Al Hence the

Bogoliubov energy ep goes rapidly to 0 when A — 0 and may be safely dropped when X is small.
o

4.2. Useful results. The proofs of our main results rely heavily on recent results of [12] 20 B30)]
on the Bogoliubov fluctuations in the case of a single well potential Vy = V. We summarize
them here, and give for completeness some elements of proof in Appendix [Al

In this paper, the main application of Bogoliubov’s theory will be to provide a control of
quantum fluctuations out of the condensate. As in [20], we write any N-body wave function
Uy € 9V as

N
Uy = Z uﬁ(ij) ®sym Pj (4.10)
=0

with ¢; € (9 1)’. The convention here is that ¢ is simply a number. Then one can define the
unitary map

Unv:Un—=po&b... BpN (4.11)

which sends $HV to the truncated Fock space ]—"EN. Let Hy be the N-body Hamiltonian (LI)
with a potential Vy = V independent of N. We denote by

Hy :=Un (Hy — Neu (V) Uy (4.12)

the corresponding Hamiltonian on ]—"EN after subtraction of the mean field contribution. The
following results show that Hy is closely related to the Bogoliubov Hamiltonian (43 in the
limit N — oo. We denote by dT'(h') the second quantization of the one-body Hamiltonian
ht = PX(—A + V)P acting on $,, where P is the orthogonal projector onto {up}*. Let

Nt =N —a*(un)a(ug)
be the particle number operator in $) |, with A the total particle number operator.

Proposition 4.2 (Control of fluctuations out of the condensate).

Let eg < 0 be the lowest eigenvalue of HB. For N large enough, there is a constant C > 0 such

that, as operators on .FEN,

Hy > C (dr(hi) - C) (4.13)

and
Hy >ep+ N LN —ON"25. (4.14)

A lower bound on the first eigenvalue Eyn of Hy follows easily from ([@I2) and (£I4). A

matching upper bound can be obtained by using a trial state:
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Proposition 4.3 (Upper bound for the single-well many-body energy).
Let En be the ground state energy of (L) with Vy =V and consider the N -body wave function

M
N
\I/N = CM Zuﬁ( 2 ®sym (ﬁ? ’
7=0

where gb? is the component in (9 ) of the ground state of H® (cf. @X)), car a normalization
constant, and M « NY® when N — co. Then for any € > 0, there is a constant C- > 0 such
that

En < <\I/N‘HN‘\I/N> SN6H+6B+CEN_2/5+6 . (415)

We conclude this section with a mild decay estimate for the Bogoliubov ground state.

Lemma 4.4 (Decay of the Bogoliubov ground state).

Let ®B be the ground state of H® on F|. Then 7((;@ is trace-class and ags is Hilbert-Schmidt.
(1)

Let pgr(x) = vgr (z,2) be the one-body density of ®B. Then there is a constant C' > 0 such that

/Rd Vs < C. (4.16)

Note that, according to the first statement, the mean number of particles which are not
condensed,

T[] = [ pwsladde = 35168
j=1

is finite in the limit N — oc.
A sketch of the proofs of the last three results, following mostly [20], is provided in Appendix[A]
for the convenience of the reader.

5. ENERGY UPPER BOUND

To prove the energy upper bound in the localized regime we use a trial state where exactly
half of the particles is localized in each well:

Ve =0 @0, | OV, enN?, (5.1)

where the states U’ and ¥/_ describe Bose condensates with N’ = N/2 particles localized in the
Vy and VJ wells, respectively, together with their Bogoliubov fluctuations. We define them as
follows: let

N/

A/
Hy = Z (=A; +V(xj)) + N1 Z w(x; — x5)
=1 1<i<j<N'

be the Hamiltonian associated to N’ = N/2 particles in the single-well potential V' with a
renormalized N-dependent coupling constant A’ such that
N
N -1 N-1

and let

/

/ A
&l = [, (1Vul? + VIal? + Flufws juP)
R4
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be the corresponding energy functional. We denote by uﬁ/ the minimizer of Eﬁ/ [u] with unit

L2-norm and by
PN =BV e ¢}3’X ®...e F{uy )

the ground state of the Bogoliubov Hamiltonian obtained from Hpy/ by the procedure described
in the previous section. We then define, as in Proposition [£3] the normalized wave-function

M
U = e Z(u%ll)@(N,_j) ®sym (b?,)\ c ,V)N' (5.2)
=0

with M o« N5 and ¢y+ a normalization factor. Then, let
U_o=9(—zy) , ¥, =V(+an) (5.3)

where the translation by +xy is understood to act on each of the coordinate vectors x;, j =
1,...,N’, in the argument of the function. Similarly, we denote by B and @E’A the translates

of the Bogoliubov ground state PBAN,
We shall prove the following, which gives the desired energy upper bound on the ground state
energy E(N) of the N-body Hamiltonian (I.T]) in the double well:

Proposition 5.1 (Energy of the localized state).
Let Wy be the trial state defined in (B1)). In the localized regime (LII]) we have
E(N)

B A 2 A _
N < NN W Hy | Poe) < en <AN§> + B <§> +o(|Twn|) + o(N 71 (5.4)

where Ay and Ty are given by (2Z21)) and (21]).

Proof. Note that (5.I)) is not fully symmetric under particle exchange, only ¥’ and ¥/, are. We
thus start with:

Step 1: (B.]) is an admissible trial state. It is well-known (see e.g. [2I Section 3.2]) that
the ground state energy of the N-body Hamiltonian (II]) acting on the unsymmetrized Hilbert
space H®V coincides with the bosonic ground state energy E(N). Note that Wy, is normalized
since U’ and ¥/, are. Hence (&.I)) is an admissible trial state for computing an upper bound on
E(N) and the first inequality holds. There remains to evaluate the energy of Wy,..

Step 2: main terms. To compute the energy we recall that (2.8)-(29]) hold with a non-
symmetrized state ¥ € H®V provided we take as definitions (compare with (ZI0))

N
v =3 T ey, P = > Teggp e,

j=1 1<j<k<N
where Tr; (respectively Trm) stands for the partial trace with respect to all particles but the j-
th (respectively all particles but the j-th and the k-th). Another advantage of the unsymmetrized
trial state (B.), apart from the fact that it is normalized when W/, are normalized, is that one
can easily compute its one- and two-body density matrices using these definitions: we easily find

1) 1 1 2) 2) 2) 1) 1
f)/\(ploc - fy\(I/l, + 7\(111 ? ’Y\(Illoc - ’Y\(I/l, + fy\(Ijq, + ’Y\(Ijl, ® 7\(111 :
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We insert this in (Z38) and use Viy < Vi& to obtain

(Wioe| HN|Wioc) < Tr {(—A +Vy )7\(1,1,)} P [w'y\f)]

+ Tr {( A+ Vi)y (1)] + A Tr [ww\(ﬁﬂ

2(N —1)
A (1) (1)
The first two lines are identical and are estimated as follows
Ly (1 > A @7 _ (1) N )
[( AtV fonop ™ [“%’J - [( At V)W’} v —1) [“%’}

= (V'[Hy/ V')
< N’eH ()\/) +eB ()\/) + 0(1) ,
where the last inequality follows from Proposition 3l The last expression gives the desired
upper bound in (54]), because
A/ = — =
2
and the discrepancy between eg()\) and eg()\/2) can be easily included in the o(1) term (it is
in fact of order N~!, as follows from considerations similar to those discussed in Appendix [A]).

Hence there only remains to estimate the error term on the third line of (5.1)), which describes
interactions between the particles in the left well with those in the right well.

A
NA % +ONTY

Step 3: bound on the interactions between particles in different wells. Let
Pl = |ufie) (ufyy] and QL =1— P

be the orthogonal projectors onto the span of ui‘f L= uﬁ/( Fxy) and its orthogonal, respectively.
It follows from the definition of ¥’ that

N
P \(1/1’)P/ B <5 - [VSQN}>P/ QL 7\1/' Q- _7 BA/ :

Note that, strictly speaking, we only get in the one- and two-body density matrices of W_ the

contribution from <1>B’>‘l living on j-particle sectors with 57 < M. Using Wick’s theorem, one can

easily see that ||gz§B X |2 decays very rapidly with 7, and the contribution from the rest thus yields
a very small remamder, that we ignore (see similar considerations in Equation (A.3]) below). It

is in fact sufficient at this stage to notice that

PAG) P <CONP. | QA Q < C’y(l) (5.6)

B)J

(1)

for some constant C' > 0. Since Yy is a positive self-adjoint operator we have that, as operators,

AW QA QAN P <P P QA Q. (5.7)

Similar formulas holds for 7\(1/) . Writing

Ir [w’& ®’Y$i] = [ (PL+ Qg (PL+Q1) @ (P, +Q+m/ (PL+Q)|
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expanding, inserting (B.0) and (B.7), we thus get the bound

1 1
W/ ®s r)/\p/

- +

Tr [wy } <AC?N?Tr [w P. ® P,] +8C?N Tr [w P oyt ]

B,)
(I)+

1 1

+ 402 Tr |:'LU 'YéE)“/\/ & ’7;13),’/\/:| ) (58)

- +

where we use that objects in the V; well are the images of those in the V]QF well under the mirror

symmetry (z!,22,--- 2™) — (—2',22,--- ,2") to group some terms. Since w is bounded and
(1) (1)

Vgr> VB AT€ trace-class, the last term is of order one. Recalling that this must be divided

by N — 1 to get the contribution to the energy, this is much smaller than the level of precision
we aim at.

For the other two terms we use Lemma for any trace-class operator v on $) and any
0 <n <1, we have

TfwP o] = [[ @l - ym)dady

<C, /Rd lufy_ (y)[* "y (y, y)dy

where we identify v and its kernel. In particular, for the first term of the right-hand side of (5.8)),
we obtain

TfwP @ P <Cy [l @F " (o)
Then we recall that uy . =ujy (. Fan). Using the decay estimate (3) we have
ul (@i (2) < C2exp (=201 = &) (A(le — o)) + Al + )
By the same argument as in the proof of ([BI3]) and by using (ILII]), we conclude that
N*Tr [w PL @ P| < CIN?e74179)AN/2) «
as desired. Finally, for the second term in the right-hand side of (5.8]) we write

T fur 5| <0 [ i @F g s
R4 +

B,
&Y

N o |2—n
u
= Cn/ S (1+ Vy)pgo
+

R 1+ Vi
luﬁ’_lz—"/
< C sup ———— 1+V+ /.
B anp 1+V];}_ Rd( N)pqﬁ’)‘

Then, using the decay estimate ([B3]) again and the fact that V(r) — oo as r — oo, we easily
see that ,
Jugy_[*"

sup — 0 when N — oo

Rd 1 —|— VJ
whereas Lemma [.4] ensures that

[0+ Vi <©
R +
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uniformly in N. We thus have
NTr[w Pl @qp)| < N

#?
in the limit N — oo, which concludes the proof since this term gets divided by N — 1 in the
energy expansion (B.3]). O

6. ENERGY LOWER BOUND AND LOCALIZATION ESTIMATE

In this section, we prove the lower bound corresponding to (5.3 by a suitable localization
procedure. The fluctuations of the number of particles in each well will be estimated in the course
of the proof. We first split in Sec. the many-body Hamiltonian into two parts corresponding
to the left and right wells. For the state of the system we follow the procedure of localization
in Fock space presented in [I7] (see also [29, Section 5]) to obtain a lower bound in Sec. in
terms of all the possible ways of distributing the particles in the two wells.

6.1. Geometric localization procedure. Let us first introduce two smooth localization func-
tions, x— and x4, such that

Xp+x2 =1

and
supp(x—) C {x eRY|zt < E}
supp(x+) C {x eRY|z! > —6} ,

where ¢ is a localization length satisfying 1 < ¢ < Ly. Clearly, one can assume that

X+(1’1,1‘2,...7.%'d) :X_(—x1,1'2,...7.%'d) ) ‘VX—’—FIVX-F‘ chil ]1{|J:1|§€}
for any (x!,...,2%) € R% Next, we define some cut-off functions 74 along the z'-direction
satisfying
0 for ' <0 0 for ' >0
n_(x)=41 for0 <! </ , ma(z) =<1 for —¢ <! <0
0 for z! > 2¢. 0 for xt < —2¢

and we consider the two modified potentials
Vi =V + (Ve = Vi) e = [V = [Vxs
Vi =V + (Ve = Vy)n- = IVx-I? = Vx4 2. (6.1)

Modulo a small perturbation in the strip {z € R — 2/ < 2! < 2¢}, these two potentials mimic
the left and right potentials V]\j[:. More precisely,

Vi -V

< 1165 ool _ap<at<ar (6.2)

and it is easy to show that 0% [lec — 0 as Ly — oo when V(z) = |z|°. We have the simple
lemma
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Lemma 6.1 (Localizing the Hamiltonian).
Let HE be the one-body Hamiltonian with the modified potential (G.1),

HE A4V
For any ¥ € .V)N, one has
~ o 1 A 2
(U[Hy[W) > (Tffa [H1 Xs’Y\(p)Xs] t oy — 1) K2 w Xy ’Y\(p)XQmD : (6.3)
s== ( o )
Proof. We split the one-body Hamiltonian using the IMS formula [6, Theorem 3.2]
A =X (A X (A — [V = [V
Using also Xi +x% =1and
V(@) = Vi (@) + (Vi = Vi) (@)ns(2) if @ € supp(x+) ,
this yields
—A+Vy =x-Hy x— +x+Hi x+ - (6.4)

As for the two-body part we note that since w > 0 we have, for all ¥ € §2,

(W, wl) = / / (3 (@) 32 @) (3 W) + X2 (1) wiz — y)[ Tz, y)Pdrdy

> [[2¢ @ Wt - piePasdy+ [[E @0t - o) Py

and thus, as an operator on the two-body space,

w > xP2wx®? + xPPux . (6.5)

Inserting this into the expressions (2.9) of the energies and using the cyclicity of the trace, we

get ([63]). O
(2)

Now we want to see the localized density matrices szfy\y X:t as the reduced density matrices
of two states living on the Fock spaces F(x+$). This is a well-known procedure, recalled in [17,
Section 3] and [28 29 Chapter 5] It is used repeatedly in [I8 19]. To any N-body state
I’ = |U)(¥| (this applies to mixed states also) we associate some localized states G~ and G in
the Fock space F(H) =C o H D H2 D ---, of the form

GE=G;aGfo 0GHo0® -, (6.6)

with the crucial property that their reduced density matrices satisfy (here we use the convention

Trpt1n [G ] Gi)

N
oo . k!
X%n%(p g = (Gi)( = Z (k—n)! Ty [GE] (6.7)
k=n ’

where for any 1 < n < N, 'y\(pn) is the n-body reduced density matrix of ¥ € $ normalized as
1n(|ﬂ]]|)and7\1, =¥ =1.



INTERACTING BOSONS IN DOUBLE WELLS 27

The relations (6.7) determine the localized states G* uniquely and they ensure that G~ and
G are (mixed) states on the Fock spaces F(x_$) and F(x45), respectively:

N N
S G =) TG =1 (6.8)
k=0 k=0

An important property is that
Trer[Gy ] = Tron-—#[GA_,] forall k=0,...,N, (6.9)

that is, the probability of having k particles x_-localized is equal to the probability of having
N — k particles x-localized.

Let us now anticipate a little bit on the forthcoming energy lower bounds. Using the previous
constructions, they will be expressed in terms of all the possible ways of distributing n particles
in one well and N — n particles in the other well. The energy of such a configuration will be
bounded from below by applying the expansion of Proposition B3], leading to an approximate
value in terms of R(n) and R(N — n) where

R(n) == nex (A%) tep <A]’;‘[__11> (6.10)

is (to subleading order) the energy of n particles in one well. The key estimate allowing to
conclude the proof is contained in Proposition [B.I] see Appendix [B, which confirms that it is
more favorable to distribute the particles evenly between the two wells.

6.2. Lower bound and corollaries. We now complete the proof of the energy estimate in The-

orem [2.T¢
Step 1: splitting the energy. Let us define the n-body Hamiltonians

n

~ . A
E = 3 (-8 V) + v Y wlwi—ay)
j=1 1<i<j<n
- A
Hy = D (-8 + Vi) + = D wlwi—2). (6.11)
j=1 1<i<j<n

Combining (€3] and (6.7) we obtain the lower bound
N
(W HN[W) > 3 Trgn [ﬁ;a; + FI;G;] . (6.12)
n=1

The rationale in the following is to apply a mean-field approximation in each term of the sum in
the right-hand side of (612 and to approximate the Hartree energies for the perturbed Hamil-
tonians HF by those of the unperturbed ones HF, relying on the considerations of Section

Step 2: mean-field approximation and a-priori bound. We first perform a mean-field

approximation in each term of the sum in the right-hand side of (6.12]). We regard the operators

H as n-body Hamiltonians in mean-field scaling with effective n-dependent coupling constant
n—1

)\":)\N—l'
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Let ﬁﬁ’;ﬁ be the (unique) minimizer with unit L?-norm of the energy functionals E?I’i [u] obtained
by replacing V' by the perturbed potentials f/i and A by A\, in (L4), and let éx(\,) be the
corresponding Hartree energy (recall that these energies are the same for the left and right
potentials wells because VN and VN are related to each other by the mirror symmetry (z!, 21) —
(—az',zt)). For n =1, A, = 0 and @Y, and ég(0) = inf{spec(h+)} denote respectively the
ground state and lowest eigenvalue of the one-body Hamiltonian hy = —A + f/]\? Applying

Proposition to the functionals gﬁl [u] and recalling ([@I2]), we may bound from below each
term in the sum of (612 by

(nén (\,) — C?)(Tx[GH] + Tx[G,]) + C <dr(ﬁ¢)>Gz +C <d1‘(ﬁ£)> ,

n
where

<dF(Bi)>G% = Ten [d0(h3) G|
df(ﬁi) being the second quantized operator corresponding to the one-body Hamiltonian
= P (—A+VF) Pt

with P the orthogonal proje~ctor onto {&i‘ﬂt}L In view of (62]), one can apply Proposition B.7]
to the perturbed potentials Vﬁ to conclude that ép(A,) is very close to the Hartree energies
enn(\,) for the unperturbed potentials Vi&, with errors of the order of [Ty|'~". Hence, using

also ([6.8]) and (6.9]), we obtain from (G.12])

(WHND) > 3 (nen () + (N = n)ers (v -n) ) TH{G]
n=0

+ CZ <<dF (hh) > ot <dr(ﬁL)>G;> —C? 4 O(N|Tn|'™) (6.13)

for any 0 < n < 1. By Proposition B3, |Tw|'™" < C’,%fne_Q(l_Q")A(LN/Z), so that N|Ty|~t"
converges to zero in the limit (LII). Thus the term O(N|Ty|'™") can be absorbed in the
constant C2.

The quantity inside the parenthesis in the first line of ([GI3]) gives for large n and (N —n) the
ground state energy when one distributes n particles in the left potential well V and (N —n)
particles in the right potential well V]\Jf , the two wells being infinitely far apart (so that particles
in different wells do not interact). It is shown in Appendix [Bl that it is more favorable to
distribute the particles evenly between the two wells: We have for any n =0,..., N,

nen(An) + (N —n)en(An—n) > Nen (A%> = Nen <AN%>

with Ay given by ([22]). Thus, using (6.8]) again,

(U|Hn|¥) > Nex ( ) +CZ <<dF (ht > ot <dr(hi)>cn> —c. (6.14)
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Choosing ¥ to be the ground state of Hy and combining with the energy upper bound of
Proposition B.1] we obtain the leading term of the large N expansion of Ey,

Ex = Negy (AN%> +O(1) s

together with the following a priori bound that will be used below in the estimate of the next-
to-leading order terms:

0< f: <dr(i¢)>6+ n f: <dF(B£)> <o, (6.15)
n=1 "

G
n=1 "

Step 3: error made by removing the tildes in the lower bound (6.12]). We now use the
a priori bound (6I5]) to show that one can replace H:f by HF in (6I2), making a small error.
We first notice that according to (6.7)) and (6.11]),

S (] = DG | = Trg [55v3(@H 0]
n=1

where 6]\7 is defined in ([6.2]). Projecting onto the subspace generated by a4 and its orthogonal,
the last trace can be expressed as a sum of three terms,

Trgy | PrOg Ve (G| 4 2Re Trg [ PuofViy PG + Trg [ PESLVE PEGHW)]
Since
1 1
0< (G =98 < T [y
and Tr 7\(1,1) = N, the first term is bounded for any 0 < n < 1 by

0 < Trg 15+5]+VV]¢15+(G+)(”} <N . |iigs 205V = O(N|T|'™")

by virtue of Lemma Thus this term converges to zero in the limit (LIT]). One deals with
the third term by using the identity

. - 5t
0 <6 VN =04 Vy with 6 = —F—.
1-6%
This gives
0 < Try [PLILVIPEGH D] < 5o T [PEV PG|
< 15 lloo Trs [B(GH)D]

- ||5fvuooi<dr<ﬁi>>6: ,

n=1

where we used —A > 0 in the second inequality. Since ||6};]lcc — O this term converges to
zero too, thanks to the a priori bound (G.I5]). Finally, the second term can be treated similarly
because the Cauchy-Schwarz inequality gives

Trg [P oV PG f < Trg | PV P ()| Ty | Pl v PE(6) Y]
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Hence

The proof for H, and H; is the same.

Step 4: mean-field approximation for the localized energies. Since we have shown that
we can discard the discrepancy between the original and perturbed functionals, the energy lower

bound (612) yields:

N
(O|Hy|T) > Y Trgn [HGY + H, G, | +o(1). (6.16)

n=1

We can now apply to each of the n-body Hamiltonians HF the bound (@I of Proposition B2,
which includes the corrections to the Hartree energies given by Bogoliubov’s theory. We denote

by
NE = N = a (i aluly ), NE = N = o (i aluyy ) (6.17)

An

H4» respectively, with

the operators counting the number of particles orthogonal to ui‘l’: and u
N the total particle number operator. Thus we get

(T|Hy|T) > f: (new () + e (An) = Cn™27) (TH{GF] + T(G] )

S <<(N_L>2>G; N <(N¢>2>Gg) +ot),

where ep(0) = inf{spec(—A + Vy)} and eg(0) = 0 in the term n = 1. We next use as before
the relation ([6.9]) to reduce this to

N
(WHN|®) > > (B = C (07 L gy + (N = )1 cny ) ) TG
n=0

é% <<(J\/L>2> N <(Ni>2>GI> +ot),

Gn
where
ELO’?V_” = ney ()\n) +ep ()\n) + (N — n)eH ()\an) +ep ()\an) (6.18)

is the ground state energy up to o(1) in the case of infinitely far apart wells with n particles in
the left well and (N — n) particles in the right well (here we set eg(Ay,) := 0 for n = 0). As
before, the energy is minimized by choosing the same number n = N/2 of particles in each well.
More precisely, one has (see Proposition [BIlin Appendix [B])

C N\?
B,z B+ g (n-3) (019
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so that by (6.8]),

2

+n§:1% <<(Nf>2>Gn + <<Ni>2>cx> +o(1) .

Going back to (6.I8) and using eg(Ay/2) = es(A/2) + o(1), we see that the term EY¢  yields
272

the desired first two terms in (220). To complete the energy lower bound, it thus suffices to

notice that, for N large enough and any n =0,..., N

N\? - - 1 N\?
<n o 5) — Nn 2/5]1{n>0} — N(N —n) 2/5]l{n<N} > B (n - 5) — cN3/5
for some ¢ > 0, so that

(W Hx|¥) > Nex (ANg) 2 (g) To(1)

+ %nil <n - g>2Tr[GI] +n§:1% <<<Ni)2>cn + <<N¢)2>G$> - (6.20)

The energy lower bound follows by discarding the terms on the last line, which are positive.
Choosing ¥ in ([6.20) to be the ground state of Hx and combining with the energy upper bound
proved in Proposition (.1l we get as by-products

N 2
C N
(U|Hy|W) > Elgcg + > ((n - —) — N0~ 2P1,m0 — N(N — n)_2/5]1{n<N}> Te[G]]
n=0

nil <n R g>2 TG < N (6.21)
and, since n < N,
i:l <<(NL>2>Gn + <(Ni_>2>Gj§> <N. (6.22)

These estimates provide the control of particle number fluctuations announced in Theorem 2.T],
as we discuss next.

6.3. Control of fluctuations. We now conclude the proof of ([2:22]), using the estimates (6.21)
and ([622]). The two terms in the right-hand side of (Z22]) are estimated similarly, let us discuss
only one of them. Let us set

N_ =a" (up-) a (up_)
Nyo =a" (x—un-)a(x-un-) .
From (2.I1]) and the definition (6.7)) of the localized state G~, we have
(0w ate-o)™) = )7 (o (G ) = (a*(w)"a(v)")

forany n=1,--- ,N and u,v € $, so that

<<NX- N %>2>w - <<N N g>2>g_ + (It [y = 1) <N*>Gf '

a-
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By (6.I7), the operator inequality (A + B)? <2A? +2B? and [ x%|up—|* <1, it follows that

(o)), =2{03)), 20y,

Recalling the decomposition ([6.6]) and using ([G.21) and ([6.22]) this gives

((-5)7), 2o (o) w0,

<N . (6.23)

To conclude the proof of ([2Z22]), there only remains to remove the cut-offs function y_. To this
end we prove the following simple lemma

Lemma 6.2 (Removing cut-offs functions).
For any N-body bosonic state I' 7, one can find a constant C' > 0 such that

[Ny = N e, | <OV [ 3P (6.24)
and

V2, - (V2)

gCNQ/ 2 um— | (6.25)
I'n R4

Proof. We denote
Oy = |un-) (un-| — [x—un-) (x—un-|
Oz = (Jun-) (wn-)** = ([x-um-) (x-un-)**.

Clearly it suffices to prove that

e [0 | < on /R Wl P |1 [on)]] < on? /R WP,

where 71(}13 and 71(313 are respectively the one- and two-body density matrices of I'y, see (2I1]).

But

Te [0} ]| < T [4)] 101 e

and

2 2 2
T [0 < T (] 1026 < 2T 1] IOt g
where G is the set of compact operators, equipped with the operator norm. Since 71&113 and

’y&)f have by definition traces N and N (N — 1), it suffices to prove that

1016w < C / ol
]Rd
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But, as a rank-two operator on span{ug_, x—up—}, O1 has matrix elements

2
(ua—, Orup-) =1 - (/ X—IUH—P)
Rd
i O = [l (1= [ )
R4 R4
2 2
(x—un—, O1X—un-) = </ X—\UH—!2> - </ Xz—\uH—’2>
R4 R4

and it is straightforward to see that these are all bounded in absolute value by C' f]Rd X?F|UH7|2-
Hence, so must be the absolute values of the eigenvalues of O and we deduce the result. U

The final result ([2.22]) follows from (6.23]) and the above lemma, recalling that in the regime
of our interest we have

[odhmfs [ jufe) = 0(Ty) < N (6.26)
Rd {(o1>Lx gy

as follows from the choice of the cut-off functions and the decay estimates established in Sec-
tion 3.1
APPENDIX A. FLUCTUATIONS OUT OF A BOSE-EINSTEIN CONDENSATE

Let us quickly explain how Proposition follows from the arguments of [20]. To this end,
we let f and g be two smooth truncation functions from RT to RT, satisfying

FP+gt=1
and
flz)y=0forz>1, g(z)=0forx <1/2.
Then, define the operators
fui= f (VM) gu =g (N /M) (A1)

on F($), where N+ is the number operator

./\/L = @j]l(ﬁl)j .
J=1

Let us denote by dI'(h') the second quantization of ht = P+(—A + V) P+, acting on F($):

co k
dr(ht) =@> h.

k=0 j=0

Recall that dI'(1), the second quantization of the identity on $,, is just N*. We argue as
follows:

Proof of Proposition [{.3. We first pick some M < N, to be optimized over later, and apply [20,
Lemma 6.3] to obtain

C
Hy > fyuMHy far + gvHngn — 2 <dI‘(hi) + C) )
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where we also apply the main results of the same paper to show that the first eigenvalue of Hy
is bounded by a constant (actually, for large N it converges to the Bogoliubov ground state
energy). Next, using [20, Proposition 5.1] to estimate the first term, which lives on the smaller
space F<M(§), we get

M C
Hy > (1 —Cy/ N) B far + gv g — e <d1“(hi) + C) :

Next, under our assumption that w > 0 we have
Hy > d(ht) > ONt
and (see [20, Theorem 2.1])
HE > cdr(ht +1) - C. (A.2)
Since fys and gy commute with dT'(h* 4 1) (the latter conserves the particle number), we may
borrow a little part of the main terms to control the error in the above:

[M
Hy > (1 -C\ C’M—2> FuHB far 4+ (1 — C'M~2)gprdT (B ) gas

c-C.
T Al + 1) -

Taking C’ large enough to make the first error term positive, and recalling that A+ > C > 0 we

arrive at
M © 5 1 L ¢
Hy > <1—C W_W> S fM+C<1—W>9MdF(h )QM—W-

Next we make the choice M = N/ to optimize error terms:

Hy > (1 - CN‘2/5> FuHB far + C (1 - N—2/5> gudD () gas — CN725,

C

_l’_

To obtain the first inequality in Proposition we may stop at this stage, inserting (A.2]) and
using the fact that fy; and gy; commute with dT'(h™*).

We carry on with the proof of ([4I4]). Since ep is bounded and gps localizes on particle
numbers larger than M /2 > ep, we clearly have

M
B far + gardD (B ) gar > furHP far + CaneNt g > faren far + C%QMGBQM-

Then we may write, on F=<V (6 ),
Hy > eg + N 2P AN+ + Cg2 N+t — ON72/5.
Inserting the simple bounds
FUNT <My, giN* < Ngi,

we get
2 2
Hy > ep + N~3/5f2, (Ni) FON1g2, (Ni) _CON5

>ep+ N1 <Ni)2 —CON7%/5
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which is the desired final result. O
Now, let us sketch the
Proof of Proposition [{.3 This is again implicitly contained in [20]. Using ([£I2)) we have
(Un|Hy|Un) = cpr (New + (2}, Hy @Y ))

where @% is the projection of the Bogoliubov ground state onto sectors with less than M
particles. Using [20, Proposition 5.1] we obtain

(oY HyOY ) = <¢%,HB¢%>+O< %) :

Applying then [20, Lemma 6.2 | we easily get

M
(oY HN®Y ) = (05, H®p) + O(M %)+ O ( W) .

With M o N'/% this gives
(WUn|HN|WN) = en (NeH +ep + O(N*2/5))

and it remains to estimate cjs. Since this constant normalizes ¥y in $HV and ®P is a state we

have "
af =D [Pl =13 [lef|I”.
j=0 j=M

But, for any ¢ > 0,

- - vz o 1/2
2 . 2 4 2
D [ e D LA > 7 Ml
j=M j=M j=M
s\ 1/2
< M/2 <(NL> > < CsM9? (A.3)
B

where we use that <(./\/ l)6>(I)B is finite for any §. This follows easily from the fact that ® is
quasi-free, using Wick’s theorem. Hence (again with M oc N1/5)
ey =1+ O(N72)
for any § > 0, which completes the proof. O
Next we turn to the

Proof of Lemma [{.4} It follows very closely arguments from [20, Appendix A] and [25]. Details
are provided for the convenience of the reader. From the expression (LX) one can see that the
Bogoliubov energy functional can be written as

Ep[l) := Trz, [HPI] = Tr [(Hmf — i+ AK) fyS)] + ARe Tr[Kar] , (A4)

where

Hyf= —A+V—}—)\w*|uH|2
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is the mean-field Hamiltonian and K the operator on $) = L?(R?%) whose kernel is given by
K(z,y) = un(z)w(r — y)un(y) - (A.5)
Note that

ok = ([ D@yt = gun()i)det = |

| o) lun(k)Pdk

so it follows from our assumption w > 0 that K is a positive operator. Since w is bounded, K
is also trace-class.

The Bogoliubov minimizer ®P is the ground state of a quadratic Hamiltonian, in particular
it is a pure quasi-free state. This implies that its one-body and pairing matrices satisfy the
relation

a0y, = (amy T)’ =5 (1+75,) (A.6)
see [20, Appendix A], [31] or [25].

We diagonalize the trace-class operator ’y(l)

o5 10 the form

751)112 = ch‘un><un‘ y  Cp 2 0 s
n>1

and the constraint [A.G]) then implies that

tgn = 3 Ve (Lt en) ) (1

n>1

with [@y,) := J|u,). The Bogoliubov energy thus reads

ep = (@B,HB¢B> — Z <cn(un, (Hut — ) Up) + Aep(tn, Kup) + A/ cn (1 + ¢p)Re(ty,, Kun>) .

n>1
(A7)
Since |(Un, Kup)| < (un, Ku,) and ¢ — /¢(1 4+ ¢) > —1/2 for any c € [0, 1], we deduce

A A
e > D cultn, (Hnt = ) ) = 5t Kun) = Tr | (Hung = 1) 7| = 5 T[]

n>1

where we have used that K is a positive trace-class operator as noted before. But eg < 0

(see ([E9)), hence

T [(Hus — )] < 5 oK (A8)

Recall that Hy,s — p is bounded from below on $ by a positive constant £ > 0 (since uy is the
1)

oB lives

is trace-class. Furthermore, agr is Hilbert-Schmidt

non-degenerate ground state of Hy,s — u, see the proof of Proposition B71), and that -,
1
0
because of (A.6). Finally, since both —A and A\w * |ug|? are non-negative, we get

on this space. Hence we deduce that v

1 [VAR] < T [ )] < S K]+t [33)]

which proves (£I6]). O
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We end this appendix by giving the proof of the lower bound in ([@9]). Since Hys > 0 is
bounded from below we obtain from (A.g])

Tr [7((;@] < CA\.

By using (A7), the inequality (T, KUp,)| < uy,, Ku,) and the positivity of K, we get

0>eg=>Tr (Hmf - ,U') V.Sbllg - )‘Z V cn(l + cn)<unaKun>

n>1

~—

> T [(Hut — 1)) = 3 (11T @) (o) + s e [ 8])

> Tr —(Hmf o ,U) ’YEI)lE),_ o Cl}\3/2 > _Cl)\3/2 ’

where the second line follows from the Cauchy-Schwarz inequality and the last inequality follows
from the fact that H,y — p is bounded from below by £ > 0 on $;. We may bootstrap the
argument to get the claimed lower bound.

APPENDIX B. MINIMAL ENERGY WHEN THE TWO WELLS ARE INFINITELY FAR APART

Let us consider the situation in which the distance L between the two potential wells is sent to
infinity before the number of particles N. The tunneling energy (2.1]) can then be neglected, as
well as the interaction energy [ |up_|?w*|up | between particles in different wells. The problem
can thus be mapped into a problem of two independent interacting bosonic gases localized in
the left and right wells, with fixed particle numbers n and N —n. According to Propositions
and[4.3] the corresponding lowest energy in the large particle number limits n > 1 and N—n > 1
reads

n—1 n—1
E;g?\,_n:neH (AN—1> +eB (AN—1>

+ (N = n)ex <AM> +ep (A%) , (B.1)

N -1

up to small corrections o(1). Here, eg(A) and eg()) are the Hartree and Bogoliubov energies
corresponding to the Hamiltonian ((ILT]) with a single well potential VA}L or V. Since the number
of particles in the left and right wells are equal to n and N —n instead of IV, the coupling constant
A must be renormalized as indicated in (B.I)).

In this appendix, we prove the following very intuitive fact: among all configurations with n
particles in the left well and N —n particles in the right well, the configuration with the smallest
energy is the one with an equal number n = N/2 of particles in each well, which has energy

B, = Neg <AN%> + e (%) +o(N7Y) (B.2)
272
with Ay defined in ([227]). More precisely, we prove the

Proposition B.1 (Distributing particles evenly is optimal).

There exist an integer Ny and a constant C > 0 such that for any N > Ng and 0 <n < N,
C N

Eloc > Eloc ~ v

nN-n Z BX XTGP TS

We will use the following well known property of the Hartree energy.

(B.3)
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Lemma B.2 (Scaling and convexity of the Hartree energy).
Let ex;(m, \) be the minimum of the Hartree functional E}[u] given by (L) under the constraint
lull72 = m,

err(m, A) := inf {Eﬁ[u] ‘ /Rd lul? = m} . (B.4)
For any m, A > 0 we have
en(m, A) = men(1, mA) := mep(mA). (B.5)
Moreover, ex(m,\) is a strictly convex function of m.

Proof. Equation (B follows from a simple scaling argument. To see the convexity of the energy
as a function of the mass, we note that £ [u] is clearly a strictly convex functional of p = |u|? (see
e.g. [22, Appendix A] for details). We denote by pp 1 = |uH,1|2 and pp o = |uH72|2 the minimizing
densities at masses my and mgy # my and abuse notation by setting Eﬁ o] = Eﬁ [u,i]. We
then have for any 0 <t < 1,

teH(ml, )\) + (1 — t)eH(ml, )\) = tgH[pHJ] + (1 — t)gH[pH’Q]
> En [tpua + (1 — t)pm2]
> e (tm1 + (1 — t)mg, )\) R

where the last inequality comes from

/d (tona + (1 —t)pu2) = tmy + (1 — t)mo.
R

Proof of Proposition [B Using (B.E) we get
On <neH <1,)\X[—_11>> = 0O, (n];[__lleH <]7;L[__11,)\>>
- _(g—_S?eH <JT\L7_—]L1A> * nijﬁ <JT\LT_—11)‘>
o (322) = 2 (0] - e (3200)

n O%en (n—1
+ A
(n—1)(N—-1)0m? \N -1

A2ex

Since -8 (m, \) is strictly positive by Lemma and ep(m, ) and %%(m, A) are bounded
functions of m on [0, 1], we deduce that there is a constant C' > 0 such that

-1
82 <neH <1,)\;_1>> > % if n>cy

with ¢y = O(N?/3) as N — oco. Moreover,

9 n—1Y\ A2 " n—1
Onen (AN—1> T (N _1)2B <)\N—1
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is clearly bounded uniformly by a O(N~2). Thus, for large enough N one has

C

aiEigﬁv_nZN if n>cy and N-n>cy.

The function Ei??vfn being symmetric around n = N/2, this implies that it must have a local
minimum there. One infers from a second-order Taylor expansion at n = N/2 and the fact that
the lower bound on the second derivative is uniform that

C N[ .
Eig?vfnZE}f}szﬂ—i—N n—; if n>cy and N -—n>cy.
To see that the bounds also holds for n < ¢y or N —n < ¢y, we note that for such n
A CN C /N 2
1 1
EpS_y, = Neu(A) + O(N?%) = Ney (5) o F O 2 B, v+ 5 (5 )
where we have used (B.2) and the fact that ep(1,)) is increasing in A. This completes the
proof. O
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