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INTERACTING BOSONS IN A DOUBLE-WELL POTENTIAL :
LOCALIZATION REGIME

NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

ABSTRACT. We study the ground state of a large bosonic system trapped in a symmetric double-
well potential, letting the distance between the two wells increase to infinity with the number
of particles. In this context, one should expect an interaction-driven transition between a
delocalized state (particles are independent and all live in both wells) and a localized state
(particles are correlated, half of them live in each well). We start from the full many-body
Schrodinger Hamiltonian in a large-filling situation where the on-site interaction and kinetic
energies are comparable. When tunneling is negligible against interaction energy, we prove
a localization estimate showing that the particle number fluctuations in each well are strongly
suppressed. The modes in which the particles condense are minimizers of nonlinear Schrédinger-
type functionals.
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2 N. ROUGERIE AND D. SPEHNER

1. INTRODUCTION

The Mott insulator /superfluid phase transition manifests itself by an interaction-driven drastic
change in transport properties of a quantum system. Under conditions where the non-interacting
system would be conducting, repulsive interactions can induce an insulating behavior if they
dominate tunneling effects of electrons between ions in a crystal (in solid state systems), or of
atoms between the wells of a magneto-optic trapping potential (in cold atomic gases). Signatures
of the transition have been observed experimentally in cold Bose gases trapped by periodic lattice
potentials at low integer fillings (a few atoms per site) [5, 23 2I]. They include a sudden change
in the fluctuations of the numbers of particles on each site and the relative phases at some
critical value of the ratio between the tunneling and interaction energies [18].

In this paper, we mathematically investigate the case of bosons confined in a double-well
potential in a large filling situation, i.e. when one has many particles per well. This situation
corresponds to current experiments in cold atom physics, the trapped atoms forming an external
Bose-Josephson junction [16] 24] [46]. Like in the multiple-well case, one expects a transition
between a delocalized and a localized regimes, the latter occurring when the interactions between
particles are stronger than the energy needed for a particle to tunnel from one well into another.
In the double-well situation this transition is not, however, expected to be a sharp transition.
Instead, one expects for large atom numbers a wide transition regime in which the particle
numbers and relative phase fluctuations change smoothly (Josephson regime).

In theoretical studies of the Mott transition, it is customary to use a tight-binding approxima-
tion and work with a Hubbard model [I8],[30]. This relies on assuming that only the ground state
of each potential well is occupied. At low filling (few particles per well), this is certainly reason-
able for the interaction energy within one well will usually be smaller than the gap above the
well’s ground state energy. The physics is then reduced to particles hopping/tunneling between
wells and subject to on-site interactions. In a large filling situation, it is not so clear that one can
rely on such a simplified model: the interactions between particles on a given site can (and will)
change the mode in which particles condense. Nevertheless, some conditions of applicability of
the two-mode approximation have been worked out [40] and the two-mode Hubbard model has
been used extensively in the physics literature to study external Bose-Josephson junctions (see
for instance [I7]) and has been successful in explaining experimental results with a hundred up
to thousand atoms per well [20, [16]. The problem of going beyond the Bose-Hubbard descrip-
tion, which has been also considered in the physics literature (see for example [19]), does not
seem to have previously been studied from a mathematical standpoint.

We here start from the full many-body Schrédinger Hamiltonian

N

A

Hy = Z (=8 + V() + 57— Z w(z; — ) (1.1)
7j=1 1<i<j<N

for N interacting particles in R? (d = 1,2, 3) and consider the large N limit of its ground state in

the case where Vi is a symmetric double-well potential. As appropriate for bosons, we consider

the action of Hy on the symmetric tensor product space

N
S = QLA (RY) = L3, (R™Y)

sym
sym

and study its lowest eigenvalue and associated eigenfunction.
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The first sum in the Hamiltonian (II)) describes the kinetic and potential energies of the
bosons in presence of the external trapping potential Vi, with z; € R? and A standing for the
position of the j-th particle and the corresponding Laplacian. The second sum in (I.]) describes
interactions among the particles, assumed to be repulsive. The fixed coupling constant A > 0
is multiplied by a scaling factor of order 1/N, in such a way that interactions have a leading
order effect in the limit N — oo, while the ground state energy per particle remains bounded
(mean-field regime). The choice of fixing the range of the potential (mean-field limit) is mostly
out of simplicity. One should certainly expect our results to remain true in a dilute limit (see
e.g. [47, Chapter 7] or [48, Chapter 5] for a discussion of the distinction).

We will not aim at a great generality for the interaction potential w. In what follows, we
denote by w its Fourier transform, ||w||sc = sup,cpa |w(x)| its sup norm and by B(0, R) a ball
of R? of radius R centered at the origin.

Assumption 1.1 (The interaction potential).
The interaction potential w is positive, of positive type, symmetric, and bounded with compact
support:

w>0, w>0, w)=w(-z), ||w]w<oo, supp(w)C B(0,R,) (1.2)
for some R,, > 0.

It is well-known (see [31I], B3] 47, 49] and references therein) that if the one-body potential
Vy = V in (II) does not depend on N and V(x) goes to infinity when |z| — oo, the lowest
eigenvalue E(N) of the Hamiltonian (L)) is given in the large N limit by

lim —— =en()), (1.3)

where efp()) is the Hartree energy, i.e., the minimum of the functional
A
gl = [ (VuP 4 ViP)ao+ 5 [ la)Puts - plu@Pdedy 1)
Rd Rd x R4

under the constraint [[ul[2, = [pa |u[?> = 1. The Hartree functional £}[u] is obtained from the
energy of the mean-field state u®" describing N independent particles in the same state u as

1
Elu] = — WV [ Hy[u®) .
N
The rationale behind (3] is that the ground state ¥y € $V of the N-body Hamiltonian Hy

roughly behaves as
Uy o~ (ufy)®N (1.5)

N—oo
where ui‘l is the minimizer of the Hartree functional. Note that the latter is, under Assump-
tion [Tl unique modulo a constant phase and can be chosen to be positive.

The situation changes when the trapping potential Vy in the Hamiltonian (L] is allowed
to depend on N, which is the case of interest in this work. We shall consider a model with a
symmetric double-well potential:

Vn(z) =min{V (x — xpn),V (z +xn)} , (1.6)
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where V' is a fixed radial potential and the two localization centers +xy = +£(Lx/2,0,---,0)
are along the first coordinate axis. We can with our methods deal with rather general radial
confining potentials, but shall for simplicity stick to the model case of a power-law potential:

V(z)=lz|?, s>2. (1.7)
To mimic a potential with two deep and well-separated wells, we let the inter-well distance
Ly = 2’XN’ — 00

in the limit N — oco. By scaling, this situation is equivalent to the one where the distance Ly
stays fixed and the range of the interaction goes to 0, but the potential barrier Vi (0) goes to
infinity.

In the following, the coupling constant A is kept fixed and we will often omit it in the upper
index to simplify notation. We denote by Ex_[u] and En[u] the functionals (I4]) in which Vi
is replaced by the left and right potential wells, given respectively by

Vi@ =V(@+xy), Vi@ =V(r-—xn).

Obviously, the positive minimizers up+ of &4 [u] are equal to the same fixed function uy modulo
a translation by +xy and the corresponding Hartree energies are equal,
Eutluns] ;== inf {Euifu]} =en.
llull L2=1
When the inter-well distance Ly is very large, uy— and upy become almost orthogonal to one
another since they are localized in far-apart potential wells.

In the case of a single particle with Hamiltonian H; = —A + V7, it is well-known that the
lowest energy state Wy is close in the limit L; — oo to the symmetric superposition

U— +u
U1 & Cloc <T+> , (1.8)

where u4 is the ground state of —A + VljE and C’éloc is a normalization factor. More precisely,
denoting by e the lowest eigenvalue of the Hamiltonian —A + V' in a single well, it can be
shown (3], 13}, 14, 8l 25|, 26], 27, 28] [41] that the spectrum of H; in an interval of length of order
one centered around e consists of exactly two eigenvalues, which converge to e as Ly — oo, and
that the eigenfunction W associated to the lowest of these eigenvalues satisfies

U + Uy
V2

as L1 — oo. This embodies the fact that a particle in the ground state of H; has equal
probabilities of being in the left or right well, i.e., the ground state (L8]) is delocalized over the
two wells. Extensions of this result to nonlinear models are given in [I1] 12].

H\I’l — — 0

When there is more than one particle, the situation may change completely due to the repulsive
interactions. If both NV and Ly are large, one should expect a transition between:

e A regime where a delocalized ground state akin to (L3)) is preferred, occurring when Ly is not
too large. Actually, if Ly is small enough so that tunneling dominates over interactions, a rea-
sonable approximation is to replace the Hartree minimizer in (IL3]) by a symmetric superposition,
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in analogy with (I.8]). This leads to the heuristic

Ug- + UH+>®N (1.9)

\IIN ~ \IICHOC = Cé\{oc < \/5

with the normalization factor
Clloe = (1 + (un—,umy ) N2 =1

when Ly — oco. In the N-body state Wy, all particles are independent and identically dis-
tributed in the same quantum state, delocalized over the two wells.

e A regime where a localized state emerges to reduce on-site interactions, occurring for larger
inter-well distances Ly. An ansatz for such a state can be taken of the form (hereafter we
assume that N is evenﬂ

N/2 N/2
Uy =~ Ve = l]Xc U?}_/ ®sym u§+/ . (110)

As above, the normalization factor C\N

ioc — 1 when Ly — oo, with small corrections of the order
of (up—,up4). The ansatz W), is a correlated state where half of the particles live in the left
well Vy and the other half in the right well V;F. Note that the ansatz (LI0) involving two one-
body wave functions has a kinship with states used to describe two component Bose-Einstein
condensates, see e.g. [2l B8] B9, [44]. The physics is however very different, and so shall our

analysis be.

In this paper, we focus on the regime where localization prevails. Note that this should not
be interpreted as (ILI0) being very close to the true ground state, even in the sense of reduced
density matrices (see Remark and Section below). The simple ansatz (LI0) is in fact
motivated by what happens very deep in the localization regime. In the regime close to the
transition, which is our concern here, localization is not as strong as in (IL.I0) and one should
be careful about what it actually means.

We formulate localization as follows. Denote by a*(u) and a(u) the bosonic creation and
annihilation operators] in a mode u € L2 (RY). Let

N_ =a*(up_)a(ug—) and Ny = a*(upy)a(uny) (1.11)

be the number operators in the modes up— and wpy localized in the left and right wells, re-
spectively. We say that the system is localized if, in the large N limit, the variance of N

satisfie
N\ 2
<qu (N —3>

with ¥y the ground state of the many-body Hamiltonian. Then the fluctuations of N_ and
N are reduced with respect to the case of independent particles (L9]), where they would be of
order N since

\IIN> <N (1.12)

(uPN N2 [u®N) — (N | Ny | u®N>2 = N (up+,u)

1The definition of the symmetrized tensor product ®sym is recalled below, see (ZI0).
2The definition is recalled below, sce ([E3).

3 By symmetry of the potential Vi, it is easy to see that the expectation of N1 in the ground state Wy is
(U N|N%|¥N) = N/2. Thus the quantity in the left-hand side of (LI is the variance of N.
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for any u € L2(R?). The reduced fluctuations in (LI2)) constitute a violation of the central limit
theorem and show the occurrence of strong correlations, akin to those of (LI0), in the ground
state of the system.

Our main result in this paper shows that, for a fixed A, localization in the sense of (LI2])
occurs when N — oo and Ly — oo satisfy

LN) (1.13)

for some arbitrarily small fixed € > 0, where

Ar) = /07" VV (r")dr! (1.14)

is the Agmon distance (at zero energy) from semiclassical analysis [I]. In the model case (L)
we have

_ f -1 1+s/2
Ay = (1+5) (1.15)
Note that, although the localized and delocalized states Wi, and Wqjo. in (L9) and (LI0)

have very different physical properties, distinguishing them in the large N limit is not as easy as
one might think. Actually, as we shall see in Section 2], the difference between the interaction
energies per particle in the states Wi, and Wy is of order 1/N. This is of the same order as
the next-to-leading order term in the large N expansion of the ground state energy in a single
well, due to Bogoliubov fluctuations [0l 9] 50} 22], 35] 15] [43], 35]. Indeed, if the potential Viy = V/
in (L) is independent of N, one can go beyond (L3)) and prove that

E(N)
N
where eg(\) is the ground state energy of the Bogoliubov Hamiltonian, obtained from Hpy by a
suitable expansion around the condensed state u%N (see Section [ below for more details). We
will prove that Bogoliubov fluctuations, even though they must be taken into account in the

analysis of the problem, do not play an important role in deciding which of the localized and
delocalized states has the smallest energy.

= en(\) + Nleg(\) + o(N 1), (1.16)

Acknowledgments. Warm thanks to Phan Thanh Nam for many detailed discussions on
Bogoliubov’s theory. We were financially supported by the French ANR project ANR-13-JS01-
0005-01.

2. MAIN RESULTS AND DISCUSSION

2.1. Heuristics. The order of magnitude (as a function of N) of the inter-well distance Ly
at which the localized state (LI0) has a lower energy than the delocalized state (L9]) can be
derived heuristically as follows. Let us consider the tunneling energy

TN = (up-|(=A + Vy)|uny)

- <UH + up+ UH-— + U4 >
V2 V2

(ua—|(=A + V) |us-) — %(UHH(—A + Vi) lus) - (2.1)

(—A 4+ V)

N |
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Recall the variational equations satisfied by up+:

[—A + Vﬁ + Aw * ]uHi\Q] UH+ = JUH+ (2.2)
with * denoting convolution and p the chemical potential (Lagrange multiplier),
A
p=enty ([ )Pt - ) Pady (2.3)
Rd xRd
Inserting (22)) in (21]) we obtain
TN = / uH_Y/t+uH+ = / uH+V(uH_ s (2.4)
Rd Rd

where VtjE are the tunneling potentials
ViE =V — Vi = dw s lugs|* + 1 . (2.5)

From (2.4) one can derive that T < 0 for large enough inter-well distances Ly (see Propo-
sition below). Going back to (ZT]), this is equivalent to the symmetric delocalized state
(upy + ug_)/v/2 having a lower one-body (i.e., kinetic and potential) energy than the states
upg— and upy localized in the left and right wells.

Actually, we recall that the energy of N bosons in a state U € H7 is given by

(U|Hy| W) = Bieet) | gt (2.6)

where the energy components are

kin—+po in A
and the k-body density matrices ’y\(yk) are defined by
k N!
7\(1,) “ =R Trp1-n [[9) (Y]] (2.8)

or, equivalently [32] Section 1],

<U1 ®sym T ®sym Uk, 7\(I;k)u1 ®sym t ®sym uk> = k! <\Il’a*(u1) e a*(uk)a(vl) e a(vk)‘\p> (29)

forany k=1,--- N and uy,v1,--- ,ux, vr € 9. Hereafter, the symmetric tensor product ®gsym
is defined byll

1
N T
Z \Ifl(.%'o(l), . ,mU(Nl))\Ilg(mU(Nl+1), e ,xU(N)) (210)

o permutation of {1,...,N}

Uy ®sym \1/2($1, .

for any ¥; € HM and ¥y € HN2 with N = Ny + No.

4Note that V1 ®sym Y2 is not normalized even if this is the case for ¥y and W», for instance u @sym u = \/§u®2.
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A simple calculation shows that the 1-body density matrix ’y((ﬁgc and ’y(l)

loe in the delocalized
and localized states W4, and ¥y, are given by

N

Yioe = 5 (n=) (s | + s Ve | + s (s | + ) (ure—|) (211)
N

Yoo = - (i) (st | + ) (e ) (2.12)

up to small corrections of order N(up_ , ugry). These can be neglected in the limit Ly — oo.

One then infers from (2.0)), (Z11]), and [2I2]) that
plimteet) _ pllinteot) _ npy < (2.13)

loc

As a result of tunneling between the two wells, Wqio. has a lower one-body energy than Wi,..

On the other hand, W), has a lower interaction energy than Wq,.. Indeed, it is easy to see
that the 2-body density matrices of both states have ranges in the 3-dimensional subspace with
basis {]u§i>, lug? ), [un— ®@gym umt)}. Since up— and ugy are well-separated in space and w is
short-ranged, one can neglect in the limit Ly — oo all the matrix elements of w in this basis
save for the two elements

i o) = i) = [[ Pt = gl @)y
X

corresponding to on-site interactions (see Remark B4l below). The first equality follows from the
translation invariance and parity of w. By using (LII), (2.9]), and the commutation relations of
a and a* one finds

2
(U215 ) = (N (W — 1)) .
We infer from (27)) that

int A
By = sy W w i) TV = 1)+ NV = 1) |9) (2.14)
The interaction energies of the delocalized and localized states are thus given by
int 1 int) AN
Bl = (14 5= ) B = S (i wu?) (2.15)

The localized state thus favors the interaction energy, but only by a small amount, O(N~!) in
the energy per particle.

We deduce from this discussion that the limits of larges N and Ly (with fixed ) for which
the localized state (LI0) has a lower energy than the delocalized state is given by

Localization regime: N — 0o, , AN"!> |Ty]| (2.16)

We warn the reader that while this limit is obtained by comparing the energies of the two ground
states W), for zero tunneling and Vg, for vanishing interactions, the true ground state of Hy
differs significantly from both Uj,. and Wq,o. when AN "2 < |Ty| < A (see Remark and
Section below). Although a better definition would be given by the localization criterion
([LI2), we hereafter refer to the limit (2I6]) as the “localization regime” since we are able to
prove (LI2) in this limit. We do not claim optimality however, see the better estimates of the
ground state in Section below.
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As we shall later see, due to the presence of the non-linearity we are not able to evaluate
exactly the order of magnitude of |Tx|, but we get in Proposition a rather precise estimate:
for any € > 0,

¢ exp (—2(1 + a)A(%V)) < |Tw| < Ceexp (—2(1 - 5)A<LTN>> , (2.17)

where A(r) is the Agmon distance (IL.I4]) associated with the single-well potential V' and ¢. and
C. are positive constants depending only on €. In view of ([2I7) and since A(Ly/2) — oo as
Ly — o0, the localization condition (210 is satisfied when for any € > 0 and fixed A,

L
Localization: N — oo, Ly — 00, logN <2(1—¢)A <TN> . (2.18)

In the sequel, when we will write that (LI3]) or (2I8]) holds, this will always mean that it
does so for some ¢ > 0 that one can choose arbitrarily small, independently of V.

2.2. Main theorem. One difficulty is apparent from the previous discussion: we are trying to
capture a transition governed by a correction of order N~! to the ground state energy per parti-
cle. On-site fluctuations are responsible for another correction of the same order of magnitude,
cf (LLI6). The intuition discussed above is nevertheless correct and a localized state will be
preferred in the regime (2I8]). A rigorous proof of this fact requires a detailed analysis taking
into account on-site Bogoliubov fluctuations.

To state our main result we recall that the single-well Hartree energy ep(A) at coupling
constant A is defined as the minimum of the energy functional (I4]) with V' the single-well
potential (7). The Bogoliubov energy eg(\) is obtained as the lowest eigenvalue of the second
quantization of the Hessian of Ef‘l around its minimum, see Section M for details.

Theorem 2.1 (Localized Regime).
Let A > 0 be a fized constant. In the limit (LI3]), we have

e (Energy asymptotics): the ground state energy E(N) of Hy satisfies

E(N A 2 A
where )
Ay=1— ——. 2.2
N N-1 (2:20)

e (Particle number fluctuations): the ground state Vy of Hy satisfies

(ev] = 5) o) (o)

where N1 are the particle number operators in the left and right wells, defined in (LIT]).

‘I’N> <N (2.21)

Remark 2.2 (Composition of the energy).

The energy expansion ([ZI9) is a first signature of a transition to a localized state. It coincides
(up to errors of order o(N~1)) with the ground state energy of two independent bosonic gases
localized infinitely far apart in the left and right wells, having N/2 particles each. Note that,
since the coupling constant in the Hamiltonian () is A(N — 1)~! instead of A(N/2 — 1)1, the
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parameter A should be renormalized as A — AAy/2, so that the ground state energy of each
gas is equal to
(N/2)en(AnA/2) +es(AN/2) + o(1).

The energy in the right-hand side of ([219)) is therefore equal to the sum of the lowest energies of
the two gases in the left and right wells, up to errors of order o(1). Indeed, (ZI9]) can be obtained
using as trial state a refinement of (LI0), taking into account on-site Bogoliubov fluctuations.

In the regime (LI3)) one can see that the delocalized ansatz (L3, supplemented by the
appropriate Bogoliubov fluctuations, has a larger energy per particle, by an amount O(N~1).
Indeed, the first term in (Z19)) then becomes ey (%) while the second one is unchanged at leading
ordetf] and the tunneling contribution is negligible. o

Remark 2.3 (Strong correlations).
To appreciate that ([Z21]) is a signature of correlations, the following considerations are helpful.
First note that N_ and N, could be seen as random variables, and that, roughly speaking,

N
No=>X;
j=1

where X is a random variable which takes the value 1 if particle j is in the — well and 0 if it is
in the 4+ well. Each X; has mean 1/2 so that

N
(NN o) = T
Now, if correlations between particles could be neglected, the X;’s would be independent random

variables. Using the central limit theorem, one would expect the variance

(o) -5) o)

to scale like N when N — oco. Our result (221]) rules this out, and thus the X;’s cannot be
independent. Note that weakly correlated particles usually also satisfy central limit theorems,
see for example [4, [7]. Thus, ([Z2I]) implies that the bosons in the double-well potential must be
strongly correlated in the localized regime. In contrast, in the delocalized regime one expects
weak correlations, and thus particle number fluctuations of the order of v/N. o

Remark 2.4 (More general single-well potentials V).

As mentioned in the Introduction, the results of Theorem [Z1] and the estimate (2I7]) on the
tunneling energy T are in fact valid for more general single-well potentials V' (x), not necessarily
given by power laws. For instance, one can easily generalize all the estimates of Section [Bland the
proof in the subsequent sections to radial potentials V' (r) satisfying the following assumptions:

(a) V(r) > 0 and V(r) is increasing on (79, 00) for some fixed r¢ > 0;
. d .
(b) TILIEO 1 V(r) exists and belongs to (0, col;

(c) V'(r)/V"(r) = oo, V(r)/V'(r) — oo and A(r)/+/V(r) = oo when r — oo, with A(r)
the Agmon distance ([.14]) associated to V;
rV'(r)

(d) Jim, Vr)

= s exists and belongs to [2, c0].

5This is not so easy to show, see the expressions in [22].



INTERACTING BOSONS IN DOUBLE WELLS 11

Remark 2.5 (Ground state in the localization regime).

The heuristic arguments presented in Section 2] to identify the localization regime are very

rough since we have merely compared the energies of two states Vi, and Wgjec, corresponding

respectively to the true ground states in the absence of tunneling (Ly = 00) and for vanishing

interactions (A = 0). It turns out that the ground state of the many-body Hamiltonian (I.1J) is

not close to the purely localized ansatz (LI0) in the whole localization regime |Ty| << AN L. In
(1)

fact, its one-body density matrix 7y, does not even have two macroscopic eigenvalues of order
N, and a fortiori is not close to the diagonal density matrix ’y(l) given by (ZI2). As we will see

loc
in the next subsection and Appendix [C], closeness to ’yl(ol C)

should be expected to hold for lower
tunneling energies |T| << AN~2 only. For higher |Ty|, 7\(1}1)\] is instead expected to be close to

the density matrix W(EBC of the delocalized state, given by (2.IT]).

Even if Theorem 2] does not provide a full characterization of the ground state, it captures
its most physically important feature, namely the reduced fluctuations of particle numbers in
each well (squeezing), which implies as mentioned before the presence of strong correlations
between particles (such correlations are of course not seen in the one-body density matrix).
One may conjecture from heuristic arguments (see the next subsection) that this property holds
more generally in the limit N — oo, Ly — oo, A fixed, i.e., it also occurs for smaller inter-
well distances Ly which do not satisfy ([LI3]). Proving this is, however, out of reach from the
methods presented in Section Gl o

2.3. More precise heuristics. The properties of the ground state of interacting bosons in a

symmetric double-well potential have been studied extensively in the physics literature (see e.g.

the review articles [20], 30]). We summarize them in Table [[l and derive them heuristically in

this subsection and in Appendix [} neglecting on-site Bogoliubov fluctuations as in Section 211
The main conjectures we wish to argue for in this subsection are that

e localization in the sense of (Z2I]) holds when the tunneling energy satisfies |Ty| < A

(compare with (Z10).
o this is essentially sharp, i.e. (221)) fails for |Tx| > A.

Proving these conjectures remains out of reach of our present method, for this would require
much finer estimates of the tunneling contribution to the ground-state energy. Note that the
first conjecture implies that localization in the sense of (Z.21]) always occurs in the limit N — oo,
Ly — oo, A fixed (in fact, one has Ty — 0 as Ly — 00).

Instead of investigating the many-body Hamiltonian Hp, most studies in the physics literature
deal with the simpler two-mode Bose-Hubbard Hamiltonian, which is obtained by restricting H y
to the subspace Hpy C HN spanned by the N + 1 Fock states

1 * * \N— ® ®(N—n)
[n, N —n) = m(a—)n(%) "0) = Cruy” @sym gy
where n = 0,---, N, |0) € HV denotes the vacuum state, a_ = a(ug_) and ay = a(upy) are

the annihilation operators in the states uyg_ and w4 minimizing the Hartree functionals in the
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Limit Fock regime Josephson regime Rabi regime
N —00,[Ty| K AN2 | N—= oo, A\ N2<|Ty| <A | N—= o0, )< [Ty
expected
ground state Fock state Wy Squeezed state Wyq Coherent state Vg0
particle number o 9 o
fluctuations (AN-)%) =0(1) ((AN)F) <N (ANZ)%) =0V
tunneling factor <uH,,7\(I,1])VuH+> =0(1) (uH,,%(I}J)VquL) ~ LT <UH*’7\(I/1])\,UH+> ~ 4

TABLE 1. Expected properties of the ground state of the many-body Hamilton-
ian (L1J) for large N and Ly (see e.g. [30, 20]). Here |Tv| is the tunneling energy,
decaying with Ly roughly as e 24(n/2) | where A(r) is the Agmon distance (see
@I7)), and AN~! is the coupling constant for inter-particle interactions. We
prove rigorously in this paper the reduced particle number fluctuations in the
limit N — oo, |Tn| < N7', X fixed, that is, from the Fock regime up to the
middle of the Josephson regime.

left and right wells, and C), is a normalization factorfl. The energy of a general state in Hpy,

N
W) =Y ealn, N —n), (2.22)
n=0

can be evaluated as we now explain. First, since H is invariant under the exchange of the two
wells (thanks to the symmetry of Vi), its non-degenerate ground state is invariant under the
exchange of upy and uy_, i.e., it satisfies ey, = ¢, for any n=0,--- , N.

By using (2.7)) and the fact that the one-body density matrix 7\(111 ) has a two-dimensional range
spanned by up— and up, the kinetic and potential energies of the state ([2.22]) reads

(1) (1)

y
E\(y mEPOY) — ¢ (uprs WS)UHH + e (up—, vy un-) + 2TnRe (w7

UR-—)
with ex = (ups, (—A + Vy)ups). From (29) and the identity ¢, = ¢y—p, one concludes that
) N

unt) = (V|atas|¥) = — . (2.23)

(1
<uH:|:a ’7\11 2

Calculating on the other hand
(urre, vy upn) = (V]ata-| V),

one gets
E$(1n+p0t) _ E](é(énerOt) 1+ 2T Z n(N —n+ 1)Re{chca_1} (2.24)
n=0

with EETPoY) — (e4 +e_)N/2.

loc

6 A few (mainly numerical) works in the physics literature go beyond the two-mode approximation. For
instance, perturbative and exact diagonalization approaches have been used in Ref. [19] to include also the first
excited state in each well.




INTERACTING BOSONS IN DOUBLE WELLS 13

By arguing as in Section [2.1] discarding all matrix elements of the interaction w save for those

between ufj;. and ufj;, one obtains from (ZI4) the interaction energy

. B ®2 ®2

with

(@a2r), = (v |0 - vy )
the square fluctuation of Ny = a%as. Thus, the total energy of a state of the form (2.22]) is
given by

N
Ey = B0 L B = B +2Tn Y /(N —n+ DRe (a1} + Un <(AN,)2>W ,
n=0

where Flo. is the energy of the localized state, see Section 21l From these considerations,
we moreover deduce that the problem of finding the state ¥ in the subspace $py with minimal
energy Fy is equivalent to determining the ground state of the following two-mode Bose-Hubbard
Hamiltonian acting on $Hpy

U
Hpy =e Ny +e N_+Tn(a*ay +ala_)+ TN (aataray +a*a*a_a_) .

Note that N_ + Ny = N1 (here 1 denotes the identity operator) since we are neglecting all
Bogoliubov excitations outside the one-particle subspace spanned by up_ and .
To obtain the transition values of Table[Il consider a trial state ¥ given by

o = ZLNemN/m?/o%v (2.26)

with oy setting the scale of the particle number fluctuations and Zx a normalization constant.
Assuming squeezed particle number fluctuations, 1 < oy < N2, simple calculations and
estimates give, to leading order in NV,

in in 1 g
plinteet) L plint) o B+ Ty N (1 - 2—2> L UNZN, (2.27)
ON
On the other hand, from the computations of Section 21l we have
A

Edloc ~ Eloc + TNN + Z(u?, w u§2> .

To minimize ([2.27)) in oy, we pick (recall that T < 0)
2|Ty|N
oy = | ——
Un
and obtain, for two fixed numbers a1, as > 0

Ey — Eqoe = al()\’TN’)l/z —asA <0 if ‘TN‘ < A

1/4
> < N2 if Ty < A

and the other way around if |T%| > A. One can similarly show that the state ¥ has a smaller
energy than W),. when |Ty| > AN~2 and the other way around if |Ty| << AN 2. This leads to
the transitional values of Table [l A more precise guess (spin-squeezed state) can be made for
the ground state in the Josephson regime, see Appendix



14 N. ROUGERIE AND D. SPEHNER

Further note that, both the trial state above and the spin-squeezed state discussed in Appen-
dix [ have tunneling factors close to that of the delocalized state (as indicated in Table[I]). This
implies that their one-body density matrix are close to that of the delocalized state to leading
order in NV, and we expect the same for the true ground state.

2.4. Organization of the proofs. The rest of the paper is organized as follows:

e Section [3 contains useful estimates on the Hartree minimizers to be used throughout the
paper, in particular sharp decay estimates.

e Section Ml recalls those elements of Bogoliubov’s theory we shall need in the proofs of our
main results, following mainly [22 [35].

e Section [l is concerned with the construction of a trial state having energy (2.19]), thus
providing the desired upper bound on the ground state energy.

e In Section [6] we present the core of the proof of our main theorem, namely the energy
lower bound and the estimates on particle number fluctuations that follow from it.

e Appendix[Al contains, for the convenience of the reader, elements of proofs for the results
on Bogoliubov’s theory we use in the paper. We make no claim of originality here and
refer to [22] B8 [50] for full details.

e We present in Appendix [B] the proof of a lemma used in Section [6 about the optimal
way of distributing particles between the two wells.

e Finally, some details on squeezed states are given in Appendix [Cl

3. BOUNDS ON THE MINIMIZERS OF THE MEAN-FIELD FUNCTIONALS

3.1. Hartree minimizer in a single well. The Hartree functional that we shall study is
A
ulul = [ (IVal + VIl + Sluu s o) (3.1)
R4

where V() is the single well potential (7). We shall denote the minimizer of E[u] by un. We
will later apply the results of this section to up— and ugp4, that are just translates of uy.

Given Assumption [[LT] on the interaction w, the existence and uniqueness of the minimizer of
the Hartree functional (81)) under the unit mass constraint is an easy exercise. In fact, since w
is assumed to be of positive type, the functional (3] is strictly convex in |u|?. It follows from
the identity |Vu|? = (V|u|)? + |[u|?>(Vp)? with u = |u|el¥ that Ey[u] > Exllu|], with equality if
and only if ¢ is constant. Thus the minimizer uy is unique up to a constant phase factor, which
can be chosen such that up > 0. One can also show that uy is radial (see e.g. [37] for details
on these claims). By exploiting the elliptic character of the variational equation satisfied by g
(see ([22)), one shows in the usual way that wuy is a smooth function.

Proposition 3.1 (Decay estimates on the Hartree minimizer).
Let V(x) = |x|® with s > 2, A(r) be the Agmon distance (L14]), and

2d—2+s if s> 2
a:{mf; ' (3.2)
L5 ifs=2,

with p the chemical potential in (2.2]).
For any 0 < e < 1, and any |z| > Ry large enough, uy satisfies the pointwise estimates

e—Alle)) o—Alla])

< up(z) < CEW )

Ty S (3.3)

Ce
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where c: > 0 and C; > 0 are two constants depending only on €.

In the special case of a harmonic trap V(z) = |z|?, this shows that uy(z) decays like a
Gaussian when |z| — oo:

wit(z) ~ C'exp <—%\x!2> (3.4)

up to some power-law corrections.

Proof. We set, for some number 5 € R,

f(@) = exp (~A(|2) V(@) /" = exp (— (1+3)" |x|1+8/2) 2177 . (3.5)
Then, setting r = |z|,
Af(z) = [rs + (25 - g —d+ 1) ro/2-1 4 (82 4 23 — d) rﬂ f(z). (3.6)

Since |ug|? decays at infinity and w has compact support, w * |ug|? also decays at infinity. We
deduce that, for r large enough,

(“Af+V + 2w |up|* —p) f >0 (respectively < 0) (3.7)

if one picks = sa — e (respectively f = sa + ). The result is obtained by using the above
functions as super/sub-solutions for the variational equation (6] and a maximum principle
argument.

Pick first 8 = sa — ¢, define R_ to be some radius large enough for [B.7) and

75 > — Aw * [ug|?(z) (3.8)

to hold whenever r > R_. Let f_ be equal to f outside B(0, R_) and smoothly extended to a
function bounded away from 0 inside B(0, R_). Further set

Ce= max {307} >0

and

g— =ug—Cof_ .
The latter being a smooth function, decaying at infinity, it must reach a global maximum. We
have the following alternative:

(1) Either g_ reaches its maximum at a point xo inside B(0, R_), then by construction
up(z) — Cef—(2) < un(zo) — C f-(20) <0

for all z.
(2) Or g_ reaches its maximum at some point z outside B(0, R_). Then, according to (3.1
and the variational equation (22), we have

(“A+V + Aw * lui|? = 1) g—(z0) = —Ce (~A+V + dw * |un|* — 1) f-(z0) <0
But Ag_(z9) < 0 because x( is a maximum of g_, thus
(Jwol* + Mw s |un]* (o) — p) g—(wo) <0
and this implies g_(xp) < 0 upon inserting (3.8]). Hence
un(z) — Ce f-(2) < un(zo) — Cef-(20) <0
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for all z again.
In both cases one has g_(x) < g(zo) < 0 for all # € RY, which yields the upper bound in (B3)
because f_(x) = f(z) for |z| large enough.
The lower bound in (B3]) is proven similarly, picking now 8 = sa + ¢, defining f similarly

as before and setting
) up(z
Ce = mm{ ()}7 g+ = un — Ce [+

je|<Rry | fy(z)
The latter function, being smooth and decaying at infinity, must reach a global minimum or else
be everywhere positive. In the latter case there is nothing to prove, while in the former one can
argue exactly as above, switching some signs where appropriate. O

The pointwise estimates (3.3]) yield a simple but useful corollary, namely a control of the
mean-field potential generated by |ug|? via w,

Bt := w * |up|*. (3.9)

Lemma 3.2 (Local control of the mean-field potential).
For any n > 0, there is a constant C;, > 0 such that

Bt < Cplup >, (3.10)

Note that if w was a contact potential w = &g, (BI0) would be an equality with n =0, C,, = 1.
What the lemma says is that the decay of the mean-field potential is not much worse than in
the case of purely local interactions.

Proof. Since w is bounded with a compact support included in the ball B(0, R, ), one has

hunt () = /Rdw(y)!uH(x —y)lPdy < [lwllc|BO, Ry)|  sup  Jun(z —y)I* .

yEB(O,Rw)
I+e A

We can use the following estimate on the Hartree minimizer, which is less precise than ([B.3)):

c.exp (—(1+2)A(2])) < un(@) < Cooxp (~(1 —)Aal) xR, (3.11)

Let € € (0,1) be such that

where ¢. > 0 and C. > 0 are two constants depending on e. Therefore, we have for any = € RY,
|$| > Ry,

sup  AMEZIL <o upexp (— (1) Ae —yl) + (14 2) (1~ D) A()

yeBO,R,) (@) 72 T T yepo R, 2
< Clexp (= (1-&)(Alle] - Ru) = (1 - 2)A(ja]))) (3.12)
for some C. > 0. It is easy to check that the exponential in the second line of ([BI2]) is bounded
in z, which yields the desired result. O

A further consequence of Proposition B.]is the estimate on the tunneling energy announced
in (ZI7). Let ug—(x) = ug(x + xy) and up4 (z —x) be the Hartree minimizers corresponding
to the left and right trapping potentials V, and V]\f , respectively.
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Proposition 3.3 (Bounds on tunneling terms).
For any € > 0, one can find some positive constants c., C., and L. > 0 such that for any
Ly > L.,

Ly

. exp (-2(1 + E)A(LTN» < /Rd i uns < Cooxp (-2(1 - a)A<7>> . (3.13)

Moreover, the tunneling energy defined in (210) is negative for N large enough and satisfies

ce exp (—2(1 + a)A(%V)) < |Tw| < Ceexp (—2(1 - @A(%V)) . (3.14)

In fact, since we know the rate of decay of the Hartree minimizer down to polynomial correc-
tions, we could reach a similar precision in the estimates [B.I3]) and ([B.I4]). We do not state this
explicitly for conciseness. We will, however, need this information to prove that Ty < 0 and get

the lower bound on |Ty| in (314).

Proof. We use the bounds ([B3]), suitably translated by +xy. For the first estimate, the polyno-
mial correction to the rate of decay obtained in (B3] is not relevant and one can just calculate
integrals of the form

I, = / e~ ale—xn ] ety |2 g (3.15)
R4

with a = ((1 +5/2)71 £ 6), the +& being used to absorb any additional polynomial term.
On the one hand, for |z| > C'Ly with a large enough constant C' > 0 we have, by the triangle
inequality

1\ 1+s/2
’x_XN‘1+S/2+’x+XN‘1+S/2 22’x‘1+s/2 (1_%> )

Thus, provided C' is chosen large enough we obtain

1+s/2 s
/ emale—xn 1T 2 —alotxn |2 g 0 o / ¢20(1-56) 22
{lz[>CLy} {|z|>CLy}

1\ 1+s/2 s 1+4s/2 1 \14s/2 s
< ¢ o(1-20) Cl+s/2Ly / e—(1-3) 22 4

{lz]>CLN}
- 6—3(1—5)A(LTN)

which is much smaller than the precision we aim at in the desired result.
There remains to estimate the part of the integral located where |z| < CLy. We write

x = (x1,...,xq) and note that the function
9 1/2+s/4
N
ool .+ |de2>

L
Tr1 — 7
9 1/2+s/4
+ ( +lza? + o+ |de2>

o — o[22 = (

L
T+ 5
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is even and convex in x7. It thus takes its absolute minimum at x; = 0 and we have

Lo\ 1Hs/2 Al |2 Al |2
|$—XN|1+S/2+|$+XN|1+S/222<TN> <1+M+...+ 24l

1/24s/4
B )

LN 1+s/2
=2 (7) 2 (Jeal ™72 4 g 1572)

and it follows that

_ Ly
/ e—a|x—xN\1+S/2—a\x+x1\r\l+s/2dx < CLye 2(1+€)A< 2 > ’
{lz|<CLnN}

where we separate the integrals in xs, ..., x4, which are all convergent. The prefactor L comes
from the integral in x; and can be absorbed in the exponential, changing slightly the value of
g, to obtain the upper bound in ([BI3]). For the lower bound we simply note that

/ e—a\x—xN|1+s/2—a|J:+xN|1+S/2dx > / e—a|a:—xN\1+5/2—a\x+x1\7|1+3/2dx
R¢ {lel<Ly}
for any . In particular, taking v < 1, we have by a Taylor expansion

I 1+s/2 . I 1+s/2
|z — xn| T2 + |z + x| T2 = 2 (%) +0 (L}J /2) <2 <7N> (1+o0(1))

on the relevant integration domain, thus
—2(1—5)A<L—N)
/ e—a\x—xN\1+s/2—a\x+x1\r|1+s/2dx > e 2 L?l\?
Rd

and we can again absorb the last factor L‘]i\? in the exponential, changing slightly e.
For the second estimate ([314)), we use the expression ([2.4):

Ty = / quVQLquL = / UH— (VN — VAJ,F) U+ +/ UH— (,u — A\w * |uH+|2) ULy -
Re R Re

To get the bounds ([BI4]) one can estimate exactly as above, absorbing any polynomial growth
coming from Vy — V]\*,' into exponential factors. To prove that T < 0, a little more care is
needed, and we use the full information contained in (3.3]), namely that we know the rate of
decay up to polynomial corrections.

Estimating as previously, keeping track of polynomial factors, we obtain, for any & > 0,

caL}V—Qa—e exp (—2A<LTN>> < URd ur— (p— Aw * [upy|?) uH+|

sch;awweXp(_QA(%¥)> (3.16)

where a is defined in (3.2)). On the other hand, since Viy — V,f is negative by definition we have
for any

/ UH-— (VN - V]Q’—) UH+ S / UH-— (VN — V]Q’—) UH+-
R¢ {lel<L}}
Taking v < 1 we have, on the latter integration domain,

Ly

s/2—1
VN - VJ = 45]]_{$1<0}331 (7) (1 + 0(1)))
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using a Taylor expansion. Putting this together with (83]) and arguing as above we deduce that

/ UH— (VN — V]d,') upgy < —C'f_;L}VJFS/%%H€ exp <—2A(L7N)> .
Rd

Comparing with (BI0) we see that Ty < 0 for N large enough as we claimed and one deduces
the lower bound on |Ty|. O

Remark 3.4 (Bounds on the off-site interaction energies).
One can show in a similar way that the off-site terms appearing in the interaction energy of the
localized and delocalized states in Sec. 211

(Ug— @ Up4, WUR— & UHy) (u%%,wu§i> , (u%i,wuH_ ® Up+)

are of the order of exp(—2(1 —e)A(Ly/2)) in the limit Ly — oo (this follows immediately from
BI3) and ||w|e < oo for the last two terms, and comes from the fact that w has compact
support for the first term). o

3.2. Hartree energy and minimizer in a perturbed well. In the sequel, we shall be lead to
consider a perturbation of the previous Hartree functional. This comes about when estimating
tunneling effects in energy lower bounds. Essentially, we perturb the functional by a relatively
small potential in a region far away form the bottom of the well, and we prove that this does
not change much the Hartree energy and minimizer.

Consider \
Exnon ] = / (IVul? + Vi (@)lul? + S ulw « [uf?) (3.17)
Rd
where the perturbed potential is of the form
V(@) =V(z)(1 —dn(x) , [on(z)] < 5]1,x1_LTN’g($) (3.18)

for some constant § > 0 independent of N. Here, z! is the first coordinate of z, and we thus
perturb the original potential in a strip of width ¢ centered at a distance Ly /2 from the origin.
The choice of ¢ will be discussed later, the point being that if / < Ly we do not perturb the
problem much.

We denote by uy s, and eg 5, respectively the unique positive minimizer and the minimum of
the above functional. They satisfy properties very similar to those of the unperturbed analogues.
In particular, one has the same estimates on uy s, as in (BII) in terms of the Agmon distance
associated to the unperturbed potential V (r):

Lemma 3.5 (Pointwise estimates for the perturbed minimizer).
For any 0 < € < 1, one can find some constant C., c., and L. > 0 such that for all Ly > L.
and = € R,

ceexp (—(1+e)A(|z])) < unsy(z) < Coexp (—(1 — ) A(|z])) (3.19)

Proof. One only needs minor modifications to the arguments in the proof of Proposition B1l [

We next prove that the difference between the trapping energies in the perturbed and unper-

turbed potentials V' and Vs,
/ V(SN\uH\Z
Rd

is of the order of the tunneling energy to some power arbitrary close to one.
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Lemma 3.6 (Difference in the trapping energies).
For any 0 <n <1, one can find some constant Cy), c,, and L, > 0 such that for all Ly > L),

[ vionlia < Gyt L [ Viawliuna P < G @20)

Proof. Using [ZI8)), bounding V (1) by e4(") for large r and using the pointwise estimates (B3,
we have for large enough Ly

[ visidi<s [ vimPse [ ew(-20-2A(e) )ds
R4 {Jat == <0} {Jat == |<e}

(L /207 +[e+2)"?
< 205566_2(1_5)’4@1\’/2_@/ exp [ —2(1 —6)/L V(r)dr | dzt .
d—1

N
R Iy g

Arguing similarly as in the proof of Proposition B.3] the last integral can be bounded from above
by a polynomial function of LTN — 1 and thus by e=4N/2) for large enough Ly. We also have

A(L_N) _A<L_N _g) </ V<L_N> < < A<L_N> )
2 2 2 2(1—¢) 2
Collecting the above bounds and using the lower bound on the tunneling energy in (BI4), we

get the desired result. One proceeds similarly for the proof of the second inequality in (320,
by relying on Lemma O

We can now prove the announced result that wuy s, is close to uy for large Ly. We could
probably prove stronger estimates, but we refrain from doing so for shortness.

Proposition 3.7 (Difference between perturbed and unperturbed minimizers).
For any n > 0, one can find constants Cy,, ¢,, and L, > 0 such that if Ly > L, then

e — emsy| < CylTn| " (3.21)
and
lurr — wr sy || 2 gay < Col ] /277, (3.22)
Proof. We proceed in several steps:

Step 1. We clearly have

ersy = Euoy (Ui sy | = Eu Uy ] + /Rd Von|umsy|® > en — /Rd V[6numsy |
and similarly
e > em.sy —/ Vo] |unl -
]Rd

The bound ([B:2I)) follows from these inequalities and from Lemma Thus ey 5, — en when
Ly — co. Let e} 5y Pe the minimum of the energy functional (BID) in which the potential Vj,
is replaced by a perturbed potential Vs, + nW, where W ¢ L>(R?) is a bounded potential.
By the same argument as above, 6%75]\] converges to ey when (Ly',1) — (0,0). But 6%75]\] is
a concave function of 1 (as infimum of an affine functional), so we deduce that its derivative
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with respect to n converges to the corresponding derivative for 5y = 0 when Ly — oo. These
derivatives are given by

dell del
— DN = Wlue, 2 = SR = [ Wl
0 o 0
n n=0 R4 n n=0 R4
This being so for any W € L>®°(R%), we deduce that
‘UH,éNP — ]uH]2 , Ly — o0

in the L™ weak-* topology. In particular, since by Assumption [[.T] the interaction potential w
is bounded,
w x |ug 5y |2 (@) — w  Jup [*(z) (3.23)

for almost all z € R?. Furthermore, by the dominated convergence theorem,

2
/ |uH75N|2w * ‘uHﬁN‘Z = / w(k) / eikﬂuH,(;N‘Q — / |uH|2w * |uH|2 . (3.24)
R4 R4 R4 R4

As a result, the chemical potentials y5, and p associated to up s, and up, respectively, satisfy

(see (23)

fsy —> i when Ly — 00. (3.25)

Step 2. The Hartree minimizer uy is an eigenfunction with zero eigenvalue of the mean-field
Hamiltonian

Hmf:—A+V+)\w*|uH|2—,u.
Since it is positive, upy must be in fact the ground state of this Hamiltonian, which is non
degenerate. Similarly, up s, is the non-degenerate ground state of the perturbed Hamiltonian

Hung sy = —A + Vi + Aw  [up sy |* — fisy -
By using Lemma and ([B.24)), we have
fisy = (unsy, (Hmt,sy + foy )iy ) = (Unsy, (Ht + p)umsy ) + o(1)
and since H,r has a non-degenerate ground state we deduce
pay = pi+ el Prum sy |I* + o(1)

where ¢ > 0 is the spectral gap of Hpr and Pt the orthogonal projector onto ug. One concludes
from this inequality and from (B.:25]) that

HUH,&V — uHHLQ(Rd) —0 when Ly — 0. (3.26)

Step 3. It follows from Assumption [T on w that the Hessian of £y at wy is non degenerate
(see the related discussions in [35 Section 2]). Since we already know ([B.26]), for Ly sufficiently
large so that |lug — up sy /L2(rey is small enough, one has

Eulunsy] > Enlun] + a |lun — un sy |72 e

for some fixed constant a > 0. Hence
CH5y — /d Von|umgsyl” = Eulum sy] > Em sy [un] - /d Vonlunl* + allun — um sy | 720
R R

> EH Sy — /d Vinlun|? +alun - uH#;NH%,Q(Rd) .
R
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Hence, one infers from Lemma [B.6] that for any 0 < n < 1 and Ly large enough,
2 —1 2 2 —1 1-2
lur = ws oy |72 ey < @ Aﬂ%ﬂmﬂ—WwM)SM CyTy ™

which is the desired result. ]

4. ELEMENTS OF BOGOLIUBOV THEORY
Here we recall elements of Bogoliubov’s theory that are needed in the rest of the paper,
following mainly [35] [42]. See also [9] 15l 50], 22] 52] for other recent discussions.

4.1. Bogoliubov Hamiltonian. For clarity we first recall how the Bogoliubov Hamiltonian is
constructed.

Second quantized formalism. Bogoliubov’s approximation for the spectrum of a large bosonic
system is usually described in a grand-canonical setting where the particle number is not fixed.
This means that the Hamiltonian (1)) is extended to the Fock space

F=F®) =Cononae. oo ao... (4.1)
in the usual way
H=00H ¢H&®.. CHND ... (4.2)

with (note the value of the coupling constant)

A
1<i<j<M

It is convenient to express this Hamiltonian by using standard bosonic annihilation and creation
operators. We denote by u;, i = 0, 1. .., the vectors of an orthonormal basis of $ = L? (Rd) with
up = ug the Hartree ground state corresponding to Hy, i.e. the minimizer of the functional (L.4]).
Let af = a*(u;) and a; = a;(u;) be respectively the annihilation and creation operators in the
mode u;, defined by

(@) (21, .., 2ar1) = (U Qgym V) (21, ..., 2ar11) € HMH

(a;0)(z1,. .. xp—1) = VM | T(x)U(z,21,...,23-1)dz € HM (4.3)
Rd

for any ¥ € $™, where the symmetrized tensor product is defined in (ZI0). Then we have

o0
H — ,uZa a; = Z hlj — Oijp)a; a; + Z Wijk a; @ aka (4.4)

7.7 =0 7_] k?l 0
with d;; = 1 if i = j and 0 otherwise and
hij = (uil = A+ Vluj)

Wik = (U @ ujlwlug @ w) = Wi, = Wkij -
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Bogoliubov’s Hamiltonian. Bogoliubov’s approximation consists in replacing aj and ag by VN
in the expression in the right-hand side of (£4]) and then dropping all terms that are more
than quadratic in the operators a}, a;, i = 1,2, ... As explained in [35], this amounts to second-
quantizing the Hessian at uy of the Hartree functional (L4]). Non-degeneracy of this Hessian is
required and the assumption w > 0 is a convenient way of ensuring this.

Removing a constant (coming from terms involving only ag, ag) one ends up with the quadratic
Hamiltonian

0o 0o
A ]
HB .= Z (hzj — IU,(SZ]) a’ikaj + 5 Z (wool-jaiaj + Wooi;5a4 a; + 2(’(00@'()]‘ + wol-jo)a;kaj> . (4.5)
i,j=1 b,j=1

Here, we have used the variational equation satisfied by wuy,
(A + V)un + Mw * |un|*)un = pu (4.6)

to discard the linear terms in o and a; and we have neglected terms of the order of 1/v/N.
The above Hamiltonian acts on the Fock space of elementary excitations, namely the Fock
space

FL=F®)=Con a..c@m)No...
associated to the Hilbert space

H1 = {un}" . (4.7)
We denote by ep the lowest eigenvalue of HP and write the associated eigenstate as
PB=¢foslo..0¢®... (4.8)

with ¢8 € ($1)". It is well-known that ®® is a quasi-free state, i.e., is entirely characterized
via Wick’s theorem in terms of its generalized one-body density matrix. Given a state I on $¥,
the latter is an operator combining the usual one-body density matrix

<u,71£1)v> = Tr[a™(v)a(u)T]
with the pairing density matrix defined by
(u, arJvy = Tr[a(v)a(u)I] ,

where J is the complex conjugation and wu,v are arbitrary vectors in $). Note that '71(11) is a
(self-adjoint) non-negative operator on ), whereas ar should be interpreted as an operator

from J$ | to $ satisfying of = JarJ.

Remark 4.1 (Bogoliubov’s energy at small coupling).
One can show that

—O) <ep<0 (4.9)

for some A-independent constant C' > 0. The upper bound follows by simply taking the vacuum
as a trial state. A sketch of the proof of the lower bound is given in Appendix [Al Hence the
Bogoliubov energy ep goes rapidly to 0 when A — 0 and may be safely dropped when X is small.

o
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4.2. Useful results. The proofs of our main results rely heavily on recent results of [22] [35] [50]
on the Bogoliubov fluctuations in the case of a single well potential Vy = V. We summarize
them here, and give for completeness some elements of proof in Appendix [Al

In this paper, the main application of Bogoliubov’s theory will be to provide a control of
quantum fluctuations out of the condensate. As in [35], we write any N-body wave function
Uy € HY as

Uy = Zu@’w ®aym 5 (4.10)

with ¢; € (9 l)j . The convention here is that ¢ is simply a number. Then one can define the
unitary map

Un : Un— o@D ...BeN (411)

which sends $V to the truncated Fock space ffN. Let Hy be the N-body Hamiltonian (L)
with a potential Vy = V independent of N. We denote by

Hy :=Un (Hy — Nen (V) Uy (4.12)

the corresponding Hamiltonian on .FEN after subtraction of the mean field contribution. The

following results show that Hy is closely related to the Bogoliubov Hamiltonian (X)) in the

limit N — oo. We denote by dI'(h*) the second quantization of the one-body Hamiltonian

ht = PX(—A + V)P* acting on $,, where P+ is the orthogonal projector onto {up}*. Let
NLt =N — a*(un)a(ug)

be the particle number operator in §) |, with A the total particle number operator.

Proposition 4.2 (Control of fluctuations out of the condensate).

Let eg < 0 be the lowest eigenvalue of HB. For N large enough, there is a constant C > 0 such
that, as operators on .FEN

Hy > C (dF(hL) - C) (4.13)
and
Hy >ep+ N LN —ON-25. (4.14)

A lower bound on the first eigenvalue En of Hy follows easily from ([@I2) and (£I4]). A
matching upper bound can be obtained by using a trial state:

Proposition 4.3 (Upper bound for the single-well many-body energy).
Let En be the ground state energy of (L) with Vy =V and consider the N -body wave function

N—
= CM Z U®( ®sym (b? )

where (b? is the component in ($1)7 of the ground state of H® (cf. @R)), car a normalization

constant, and M o NY/5 when N — oo. Then for any € > 0, there is a constant C- > 0 such
that

Eyn < (Un|Hy|Uy) < Neg 4 eg + C.N~2/5% (4.15)

We conclude this section with a mild decay estimate for the Bogoliubov ground state.
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Lemma 4.4 (Decay of the Bogoliubov ground state).

Let ®B be the ground state of H® on F. Then 'y((bl]g is trace-class and ags is Hilbert-Schmidt.

Let pgn(x) = WC(I)IE). (z,2) be the one-body density of ®B. Then there is a constant C > 0 such that

/Rd Vopgs < C'. (4.16)

Note that, according to the first statement, the mean number of particles which are not
condensed,

0] = [ pantords =S aop1"
j=1

is finite in the limit N — oc.
A sketch of the proofs of the last three results, following mostly [35], is provided in Appendix[A]
for the convenience of the reader.

5. ENERGY UPPER BOUND

To prove the energy upper bound in the localized regime we use a trial state where exactly
half of the particles is localized in each well:

Ve =0 @0, | OV enN? (5.1)

where the states U/ and ¥/, describe Bose condensates with N’ = N/2 particles localized in the
Vy and VJ wells, respectively, together with their Bogoliubov fluctuations. We define them as

follows: let
N/

)\/
Hyoi=) (=4 + V() + ~ 1 > w(w - )
j=1 1<i<j<N/
be the Hamiltonian associated to N’ = N/2 particles in the single-well potential V' with a
renormalized N-dependent coupling constant \ such that

N
N -1 N-1

and let
! 2 2 >‘/ 2 2
eXlul = [ (I9ul + VIuP + 5 fufw « [uf?)
R4 2

be the corresponding energy functional. We denote by uﬁ/ the minimizer of Eg‘l/ [u] with unit

L?-norm and by
BN B, BN Nyl
P =gy @ @9 D€ F({up )
the ground state of the Bogoliubov Hamiltonian obtained from H s by the procedure described
in the previous section. We then define, as in Proposition 3] the normalized wave-function
M
)\/ N’/ —4 B,)\/ N’
V= ey > (up)®N ) @gm 677 € 9 (5.2)
j=0
with M o« N'/% and ¢+ a normalization factor. Then, let

Vo= —xy) , U =U(+xp) (5.3)
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where the translation by +xy is understood to act on each of the coordinate vectors x;, j =

1,...,N’, in the argument of the function. Similarly, we denote by % and @E’X the translates
of the Bogoliubov ground state PBAN,
We shall prove the following, which gives the desired energy upper bound on the ground state

energy F(N) of the N-body Hamiltonian (II]) in the double well:

Proposition 5.1 (Energy of the localized state).
Let Wyo. be the trial state defined in (B1)). In the localized regime (LI3]) we have

E(N) 1 A 2 A 1

= < < 2y Zeg (2 .
N = N <\I/10C’HN’\I/10C> < ey (AN2> + NeB <2> + O(’TND +0(N ) (5 4)

where An and T are given by 220) and 2.1]).

Proof. Note that (5.)) is not fully symmetric under particle exchange, only ¥’ and ¥/, are. We
thus start with:

Step 1: (5.]) is an admissible trial state. It is well-known (see e.g. [36, Section 3.2]) that
the ground state energy of the N-body Hamiltonian (L) acting on the unsymmetrized Hilbert
space H®V coincides with the bosonic ground state energy E(N). Note that Wy, is normalized
since ¥_ and ¥/, are. Hence (1) is an admissible trial state for computing an upper bound on
E(N) and the first inequality holds. There remains to evaluate the energy of Wy,..

Step 2: main terms. To compute the energy we recall that (2.6])-(27) hold with a non-
symmetrized state ¥ € H®V provided we take as definitions (compare with (ZJ))

N
1 2
v =D TN, Ay = Y Teggp e,
j=1 1<j<k<N
where Trj (respectively Trm) stands for the partial trace with respect to all particles but the j-

th (respectively all particles but the j-th and the k-th). Another advantage of the unsymmetrized
trial state (B.1), apart from the fact that it is normalized when ¥/, are normalized, is that one
can easily compute its one- and two-body density matrices using these definitions: we easily find

W = FN0, o Mo =0+ ) @)

— + —

We insert this in (Z68) and use Viy < Vi& to obtain

<\II10C|HN|\I]10C> < Tr [(—A + VA?)’Y\(I}/Z} +

+Tr (-4 + Vﬁ)vfﬁi] + ﬁ r [“’7\(5“

A 1) oD
o= ™ [u%,_ @7%} . (5.5)
The first two lines are identical and are estimated as follows
B (1) A @7 _ [ (1) N (2)
Te[(-a+ Vgl ] + oN 1) e (G v 1) o]
= (U'|Hy/ |0

< N/eH ()\I) +eB ()\I) + 0(1) ,
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where the last inequality follows from Proposition 3l The last expression gives the desired
upper bound in (5.4]), because

A/ = — =
2
and the discrepancy between eg()\’) and eg()\/2) can be easily included in the o(1) term (it is
in fact of order N~!, as follows from considerations similar to those discussed in Appendix [A]).
Hence there only remains to estimate the error term on the third line of (5.1)), which describes
interactions between the particles in the left well with those in the right well.

A
NA % +ONTY

Step 3: bound on the interactions between particles in different wells. Let
Pl = ‘U%I/:t><u%1/:t‘ and Q;_L =1- P,

be the orthogonal projectors onto the span of uﬁ/ L= ui‘f (- Fxn) and its orthogonal, respectively.
It follows from the definition of W’ that

N
P \(I,lf)P, <E_Tr|:'7(1}g>\/:|>Pl_ ) Q7 Q—_7 B)J'

Note that, strictly speaking, we only get in the one- and two-body density matrices of W_ the
contribution from &> living on j-particle sectors with 7 < M. Using Wick’s theorem, one can
easily see that |]¢B o |2 decays very rapidly with j, and the contribution from the rest thus yields
a very small remalnder, that we ignore (see similar considerations in Equation (A.3]) below). It

is in fact sufficient at this stage to notice that

Pyl PL<ONPL . Qay @ < qf), (5.6)
for some constant C' > 0. Since 'y\(Ijl,) is a positive self-adjoint operator we have that, as operators,
(1) 1) pr / (1) /
’Vq,/Q + QLA ) PL < Py P+Q7 Q_ (5.7)
Similar formulas holds for 7\(1}/) . Writing
1
Tr [wyly) @94 | = T [w (PL+ Q04 (PL+ QL) @ (PL+ Qi nl) (P + QL)

expanding, inserting (B.0) and (&), we thus get the bound

Tr [wy(l) Rs 7(1)} <4C?N%Tr [w P ® PH + 8C?N Tr [w P ® 7((;];”]

v Bs Yy, B

+ 402 Tr |:'LU 7(1]3), N & 7(1]3), /\/:| ) (58)

where we use that objects in the V) well are the images of those in the VJ well under the mirror
symmetry (z!,22,--- 2™) — (—2',22,--- ,2") to group some terms. Since w is bounded and

’yc(plé NS ’yc(plé ,» are trace-class, the last term is of order one. Recalling that this must be divided
by N — 1 to get the contribution to the energy, this is much smaller than the level of precision

we alm at.
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For the other two terms we use Lemma for any trace-class operator v on $ and any
0 <n <1, we have

Tﬂwﬂﬁvd=// [udi— (@) Pw(@ — y)y(y, y)dady
R xR4
< C%lALd\U§(y)P"w%y,y)dy

where we identify v and its kernel. In particular, for the first term of the right-hand side of (5.8]),
we obtain

Tr[wP. @ P, <C, /Rd |uﬁ/,(x)|2—n|uﬁ/+(x)|2dx .
Then we recall that ufy, = uf\ (. F xn). Using the decay estimate ([B3) we have
uf (@) (2) < C2exp (=201 = &) (A(le = xnl) + A(lz + xx1)) ) -
By the same argument as in the proof of (8I3]) and by using (ILI3]), we conclude that
N2 Tr [w P ® P_"_] < CéN26_4(1_€)A(LN/2) <1

as desired. Finally, for the second term in the right-hand side of (B.8]) we write

e |ur 5| < €y [ @F g o

B,
L

Jufy_ >
<c, | P
- "/gd 1+ Vy

<c mﬁ‘Fﬂa/ (14 Vi)
sup ———— -
= n p 1 + V];TF R N p@?,)\

(1+ Vﬁ)ﬂ(bi,w

Then, using the decay estimate (8.3]) again and the fact that V(r) — oo as r — oo, we easily
see that

N o12—n
UH
sup ‘ ’

7+—>0WhenN—>oo
rd 1+ Vy

whereas Lemma [£.4] ensures that
/ (1+ VJ)[)@B,,\' <C
R4 +

uniformly in N. We thus have
NTr[w Pl @] < N

B
o

in the limit N — oo, which concludes the proof since this term gets divided by N — 1 in the
energy expansion (B.3]). O
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6. ENERGY LOWER BOUND AND LOCALIZATION ESTIMATE

In this section, we prove the lower bound corresponding to (5.3 by a suitable localization
procedure. The fluctuations of the number of particles in each well will be estimated in the course
of the proof. We first split in Sec. the many-body Hamiltonian into two parts corresponding
to the left and right wells. For the state of the system we follow the procedure of localization
in Fock space presented in [32] (see also [49, Section 5]) to obtain a lower bound in Sec. in
terms of all the possible ways of distributing the particles in the two wells.

6.1. Geometric localization procedure. Let us first introduce two smooth localization func-
tions, x— and x4, such that

i4+xE =1

and
d 1
supp(x—) C {xeR | x §€}

supp(x+) C {x eRY|z! > —E} ,

where ¢ is a localization length satisfying 1 < ¢ < Ly . Clearly, one can assume that

X+(xlax25--',xd) :X*(_xlaan--',xd) ) |VX*|+|VX+| ch_l ]]-{|ml|§5}
for any (x!,...,2%) € RY Next, we define some cut-off functions 74 along the z'-direction
satisfying
0 for ' <0 0 for ' >0
n_(x)=41 for0< 2! </ , ma(z) =<1 for —¢ <! <0
0 for z! > 2¢. 0 for xt < —2¢

and we consider the two modified potentials
Vi =V + (Ve = Vi) e = [V = [Vxs 2
Vy =V + (Vi = V) e = [Vx-)? = [Vxs . (6.1)
Modulo a small perturbation in the strip {z € R —2¢ < 2! < 2¢}, these two potentials mimic
the left and right potentials V]\j[:. More precisely,
Vi —Vy

O<5]j\:, =

< 165 lloo L _gp<at<ar (6.2)

and it is easy to show that ||0%|l.c — 0 as Ly — oo when V(z) = |z|°. We have the simple
lemma

Lemma 6.1 (Localizing the Hamiltonian).

Let Hli be the one-body Hamiltonian with the modified potential (6.1,
E e AT

For any ¥ € Y, one has

~ A
(W[ Hy|w) > (Trﬁ |15 X x| + sy =7 T [ x%&f’x?ﬂ) . (63)
s==+
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Proof. We split the one-body Hamiltonian using the IMS formula [0, Theorem 3.2]
—A =X (AN Fx (A — [V = [V
Using also Xi +x% =1and
Viv(z) = Vi (@) + (Vi = Vi) (@)nx(2) if @ € supp(xa) ,
this yields
—A+Vy =x-Hy x— +x+Hi x+ - (6.4)
As for the two-body part we note that since w > 0 we have, for all ¥ € 2,

@ w0) = [[ (@) + 22 @) 0 1)+ 1) w(e — »¥(e.g) Pdady
> [[2¢ @ Wt - e Pasdy+ [[ 3@ Wt - ey Py

and thus, as an operator on the two-body space,

w > x2wx® + xPPwx§. (6.5)

Inserting this into the expressions (27) of the energies and using the cyclicity of the trace, we
get (G3). O

Now we want to see the localized density matrices X§27\(If )Xi as the reduced density matrices

of two states living on the Fock spaces F(x+$). This is a well-known procedure, recalled in [32]
Section 3] and [47, 49l Chapter 5] It is used repeatedly in [33, B4]. To any N-body state
' = |U)(¥| (this applies to mixed states also) we associate some localized states G~ and G in
the Fock space F() =C®H D H? @ ---, of the form

GE=GraGfe - aGya0d -, (6.6)

with the crucial property that their reduced density matrices satisfy (here we use the convention
Trps10[Gr ] = Gyy)

N
7 on n k!
X%n%(p g = (Gi)( )= Z (k—n)! Ty [GE] (6.7)
k=n ’
(n)

where for any 1 <n < N, 7y, is the n-body reduced density matrix of ¥ € $HY normalized as

in (28) and 7\(1?) =\ =1
The relations ([67) determine the localized states G* uniquely and they ensure that G~ and
G are (mixed) states on the Fock spaces ]:(X,ﬁ) and F(x+9), respectively:

ZTr ZTr (G = (6.8)

An important property is that
Tree[Gy ] = Tron-—+[GA_,] forall k=0,...,N, (6.9)

that is, the probability of having k particles x_-localized is equal to the probability of having
N — k particles y-localized.
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Let us now anticipate a little bit on the forthcoming energy lower bounds. Using the previous
constructions, they will be expressed in terms of all the possible ways of distributing n particles
in one well and N — n particles in the other well. The energy of such a configuration will be
bounded from below by applying the expansion of Proposition B3], leading to an approximate
value in terms of R(n) and R(N — n) where

R(n) == nex ()\—11> +ep <)\;__11> (6.10)

is (to subleading order) the energy of n particles in one well. The key estimate allowing to
conclude the proof is contained in Proposition [B.Il see Appendix [Bl, which confirms that it is
more favorable to distribute the particles evenly between the two wells.

6.2. Lower bound and corollaries. We now complete the proof of the energy estimate in The-

orem 2.1t
Step 1: splitting the energy. Let us define the n-body Hamiltonians

n

HE = Z (—Aj + Vﬁ(mﬂ) + N% Z w(z; — )

j=1 1<i<j<n
= A

Hy = ) (-8 + Vi) + 5= > wlwi—w). (6.11)
j=1 1<i<j<n

Combining ([6.3]) and (6.7]) we obtain the lower bound
N
(UHN|T) > Y Trgn [ﬁ;a; + ﬁIn—G;] . (6.12)
n=1

The rationale in the following is to apply a mean-field approximation in each term of the sum in
the right-hand side of (6.12)) and to approximate the Hartree energies for the perturbed Hamil-
tonians H:© by those of the unperturbed ones H, relying on the considerations of Section

Step 2: mean-field approximation and a-priori bound. We first perform a mean-field
approximation in each term of the sum in the right-hand side of ([6.12)). We regard the operators
HF as n-body Hamiltonians in mean-field scaling with effective n-dependent coupling constant

-1

A N-1"

Let ﬂf_‘lni be the (unique) minimizer with unit L2-norm of the energy functionals (‘2‘11 [u] obtained
by replacing V' by the perturbed potentials ‘N/ﬁ and A by A\, in (L), and let éx(A\,) be the
corresponding Hartree energy (recall that these energies are the same for the left and right
potentials wells because V and V are related to each other by the mirror symmetry (z!, 21) —
(—z',21)). Forn =1, A\, = 0 and ¥, and ég(0) = inf{spec(hs)} denote respectively the
ground state and lowest eigenvalue of the one-body Hamiltonian hy = —A + V]\jf Applying

Proposition to the functionals gﬁ”i [u] and recalling ([@I2]), we may bound from below each
term in the sum of (G.I2]) by

(néw (An) — C2)(Tr[G] + Tr[Gy]) + C <01r(i¢)>cI +C(dr(hd))

n
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where

<dr(ﬁi)>ci

n

= Trgn [df(ﬁi) Gﬂ ,

dF(iLi) being the second quantized operator corresponding to the one-body Hamiltonian
= PE(~a+ V) P

with P the orthogonal projector onto {&i‘ﬂt}L In view of (62]), one can apply Proposition B.7]

to the perturbed potentials ffﬁ to conclude that ép(A,) is very close to the Hartree energies
enn(\,) for the unperturbed potentials Vi&, with errors of the order of [Ty|'~". Hence, using
also ([6.8]) and (6.9]), we obtain from (6.12])

N

(W HN W) = 3 (new (M) + (N = n)en (An—n) ) Tr[G]
n=0

+ CZ <<dF (ht) > ot <dr(ﬁ£)>0n> —C? 4+ O(N|Tn|'™) (6.13)

for any 0 < n < 1. By Proposition B3l |Ty|'™7 < C%_ne’2(1’2’7)A(LN/2), so that N|Ty|~t"
converges to zero in the limit (LI3). Thus the term O(N|Tx|'~") can be absorbed in the
constant C2.

The quantity inside the parenthesis in the first line of ([G.I3]) gives for large n and (N —n) the
ground state energy when one distributes n particles in the left potential well V; and (N —n)
particles in the right potential well VJ , the two wells being infinitely far apart (so that particles
in different wells do not interact). It is shown in Appendix [Bl that it is more favorable to
distribute the particles evenly between the two wells: We have for any n =10,..., N,

nen(An) + (N = n)en(An—n) = Nen (M> = New (AN%>

with Ay given by ([220). Thus, using (IBED again,

(U|Hy|¥) > Neg ( ) + CZ <<dF (hh) > ot <dr(ﬁi)>G;> —c (6.14)

Choosing ¥ to be the ground state of Hy and combining with the energy upper bound of
Proposition B.1] we obtain the leading term of the large N expansion of Ey,

Ex = Negy (AN%> +O(1) s

together with the following a priori bound that will be used below in the estimate of the next-
to-leading order terms:

N N
i L "
§::<d1“ (ht > +n§:1 <dF (Rt > o S (6.15)

Step 3: error made by removing the tildes in the lower bound (6.12]). We now use the
a priori bound (6I5) to show that one can replace H:f by HF in (6I2), making a small error.
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We first notice that according to ([6.7) and (G.IT]),
N
ST | - )G | = T a5 vaGHY]
n=1

where 5]; is defined in (62)). Projecting onto the subspace generated by a4 and its orthogonal,
the last trace can be expressed as a sum of three terms,

Trg | PLox Vi Pr(GH)D | + 2Re Trg | Pyog Vi PHGHW |+ Trg | Prof Vi PHGH Y|
Since
0<(GHD =x iy <Tr [X+’Y\(1,1)X+]

and Tr 7\(1,1) = N, the first term is bounded for any 0 < n < 1 by
0< Trg | PLogV PG| < N i [0V = O(N|Ty[')
{l=t<2¢}

by virtue of Lemma Thus this term converges to zero in the limit (LI3]). One deals with
the third term by using the identity

0< BV =BT with B = - ffvﬁv |
This gives
0 < Tey [PLOGVE PHGHD] < 5 oo Trg [PEV PEGH Y]
< 10l Trg (G|

5 S (ari)),.. -

n=1

where we used —A > 0 in the second inequality. Since H5]\L;Hoo — 0 this term converges to
zero too, thanks to the a priori bound (GI5]). Finally, the second term can be treated similarly
because the Cauchy-Schwarz inequality gives

- ~ 2 ~ - ~ ~
Tey [PLof VI PEGHW ]| < Ty [Prafvid P (G4 T [PEvEPE(GH Y]

Hence
N

3 Tr [(H,j - ﬁ;)ag] =o(1).

n=1
The proof for H;, and H,, is the same.

Step 4: mean-field approximation for the localized energies. Since we have shown that
we can discard the discrepancy between the original and perturbed functionals, the energy lower

bound (6:12) yields:

N
(U|Hy|®) > Trgn [HGY + H, G, | +o(1). (6.16)

n=1
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We can now apply to each of the n-body Hamiltonians H¥ the bound (#I4]) of Proposition &2,
which includes the corrections to the Hartree energies given by Bogoliubov’s theory. We denote
by
An An . An An
NE =N —a* (g )a(uy) , Ni =N —a*(uy,)auy,) (6.17)

the operators counting the number of particles orthogonal to uH and uH ", respectively, with
N the total particle number operator. Thus we get

=z

(U|Hy| ) > Z(neH )+ en (An) — Cn’2/5)(Tr[GI]+Tr[G;])

S (), (), ) e

where ep(0) = inf{spec(—A + Vy)} and eg(0) = 0 in the term n = 1. We next use as before
the relation (69]) to reduce this to

N

(W HN ) = 3 (B2, = C (0 L0y + (N = 0) "Ly ) ) TG
n=0

() () ) e,

Eizog\f n = Nen ()\n) +eB ()\n) + (N — n)eH ()\an) + e ()\an) (6.18)

is the ground state energy up to o(1) in the case of infinitely far apart wells with n particles in
the left well and (N — n) particles in the right well (here we set eg(Ay) := 0 for n = 0). As
before, the energy is minimized by choosing the same number n = N/2 of particles in each well.
More precisely, one has (see Proposition [Bl in Appendix [B])

where

C N\?
ELO(J:an 2 Elf\)rcgv TN ( - 5) ) (6.19)
so that by (6.8]),
ol 2
(WIHN|Y) > EXx + Z (( —> — N~ P10 = N(N - n)_2/5]1{n<N}> Tr (G,

+n§:1% <<(NL>2>Gn + <<N+L>2>Gx> +o(1) .

Going back to (6IR) and using eg(Ay/2) = eB(A/2) + o(1), we see that the term E%S¢, yields
272

the desired first two terms in (2I9]). To complete the energy lower bound, it thus suffices to
notice that, for N large enough and any n =0,..., N

N2 _ _ 1 N2
(n=3) =30 Ry = N =) Py 2 5 (0= 5 ) = en®
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for some ¢ > 0, so that

(U|Hy|¥) > Ney (AN%> + 2ep (%) +o(1)

+ %n: <n - g)QTr[GZ] +§;% <<<Nf)2>G; + <<N—i)2>GI> - (6:20)

The energy lower bound follows by discarding the terms on the last line, which are positive.
Choosing ¥ in ([6.20) to be the ground state of Hx and combining with the energy upper bound
proved in Proposition 5.1], we get as by-products

N

> (n - g>2 TGH < N (6.21)

n=1

gN:l <<(Nf>2>G; + <(Ni>2>G’:{> <N. (6.22)

These estimates provide the control of particle number fluctuations announced in Theorem 2.1],
as we discuss next.

and, since n < N,

6.3. Control of fluctuations. We now conclude the proof of ([221]), using the estimates (G.21])
and (6.22). The two terms in the right-hand side of (2Z.2]]) are estimated similarly, let us discuss
only one of them. Let us set

N_ =a" (up-) a(upg_)
Ny_ =a" (x—un-)a(x-un-) .
From (2.9]) and the definition ([6.7)) of the localized state G~, we have

(a*(c-walxv)") = @) 7 (0% (G M) = (a*(w)a(v)")

VN G~
forany n=1,--- , N and u,v € ), so that

((sc-5)) =(0r-3)) O 1)),

By (617), the operator inequality (A + B)? < 2A4% +2B?, and [ x2|un—_|* < 1, it follows that

(=507, =x{0e3)) w2l

Recalling the decomposition ([6.6]) and using ([G.21) and ([6.22]) this gives

((5-3)), <2 (-3) meaees (o)),

<N. (6.23)

To conclude the proof of (Z2I]), there only remains to remove the cut-offs function y_. To this
end we prove the following simple lemma
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Lemma 6.2 (Removing cut-offs functions).
For any N-body bosonic state I'y, one can find a constant C > 0 such that

NV)ey = N, | <OV [ 3P (6.24)
and

N2, - (V2)

L|<CoN? / X5 Jum | (6.25)
N Rd

Proof. We denote

O1 = Jun-) (un-| — [x—un-) (x—un-|

O = (fupi—) (ur—|)** = (x—un-) (x—un—|)**.
Clearly it suffices to prove that

e [ornfl)]| < oN /R lun 2

where 7&)7 and 7%2]\)7 are respectively the one- and two-body density matrices of I'y, see (2.9]).

But

Tr [0271(“213” < CN? /Rd Xi‘uH—‘Q )

Te [0 < T [40] 101 e

and

Tt [0 ]| < T )] 1026 < 2T [4)] 01l

where & is the set of compact operators, equipped with the operator norm. Since Ty AN

78), have by definition traces N and N (N — 1), it suffices to prove that

01lgw <€ [ \lun- P
R4

But, as a rank-two operator on span{ug_, x—up_}, @1 has matrix elements

2
(up—, Orup—) =1 — (/ X|UH|2>
R4
- O = [l (1= [ )
R R
2 2
(x—un—, O1X_un-) = (/ X—\UH—!2> - (/ XQ‘UH—P)
R R

and it is straightforward to see that these are all bounded in absolute value by C' f]Rd X?F|UH7|2-
Hence, so must be the absolute values of the eigenvalues of O and we deduce the result. U

The final result (2.21)) follows from (6.23)) and the above lemma, recalling that in the regime
of our interest we have

[P [ () = O(Tyl) < N7 (6.26)
R4 {a1>=N 0}

as follows from the choice of the cut-off functions and the decay estimates established in Sec-

tion B.11
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APPENDIX A. FLUCTUATIONS OUT OF A BOSE-EINSTEIN CONDENSATE

Let us quickly explain how Proposition follows from the arguments of [35]. To this end,
we let f and g be two smooth truncation functions from R™ to RT, satisfying

fPrgt=1
and
f(z)=0forz>1, g(z)=0forx<1/2.

Then, define the operators
far= f(NE/M), gar =g (/M) (A1)

on F($.), where N+ is the number operator

NJ_ = @j]l(ﬁl)j .
J=1

Let us denote by dI'(ht) the second quantization of ht = P+(—A + V) P+, acting on F($):

co k
dr(pt)y=@> n'.

k=0 j=0

Recall that dI'(1), the second quantization of the identity on $,, is just N*. We argue as
follows:

Proof of Proposition [{.3. We first pick some M < N, to be optimized over later, and apply [35,
Lemma 6.3] to obtain

C
Hy > fuHn far + gvHvgnr — e <d1“(hl) + C) ;

where we also apply the main results of the same paper to show that the first eigenvalue of H
is bounded by a constant (actually, for large N it converges to the Bogoliubov ground state
energy). Next, using [35, Proposition 5.1] to estimate the first term, which lives on the smaller
space F<M($), we get

[M B C 1
>[1-— — | fu - — :
Hy > (1 C N) ISP far + gvHn g iYE <dF(h ) + C)

Next, under our assumption that w > 0 we have
Hy > d(hY) > CN*

and (see [35, Theorem 2.1])
HE > cdr(ht +1) - C. (A.2)
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Since fas and gy commute with dI'(h+ + 1) (the latter conserves the particle number), we may
borrow a little part of the main terms to control the error in the above:

[ M
Hy > (1 -\ & - C'M2> B far 4+ (1 — C'M~2)gprdT (B ) gas

c'-C
_|_

Taking C’ large enough to make the first error term positive, and recalling that A+ > C > 0 we

arrive at
M © B 1 L ¢
HN2<1—C W_—_z\[z>fMH fM+C<1——N2>gMdT(h )g el

Next we make the choice M = N/ to optimize error terms:
Hy > (1 - CN—2/5> FuHBfr +C (1 - N—2/5> gudD(R ) gar — CN~25,

To obtain the first inequality in Proposition we may stop at this stage, inserting (A.2]) and
using the fact that fy; and gy commute with dT'(h™L).

We carry on with the proof of ([@I4]). Since ep is bounded and gps localizes on particle
numbers larger than M /2 > ep, we clearly have

M
B far + gardD (B ) gar > furHP far + CaneN g > fares far + C%QMGBQM-

Then we may write, on F=N(§),
Hy > eg + N 2P AN + O3 N+t — CN72/5,
Inserting the simple bounds

AN+ <Mf3, @GNt <Ngi,

we get
Hy > eg + N~3/5f2, (/\/i)2 FON1g, (/\/i)2 _CON-5
> e+ N7 <Ni)2 —CN72°
which is the desired final result. O

Now, let us sketch the
Proof of Proposition [{.3. This is again implicitly contained in [35]. Using ([@I2]) we have
(Un|Hy|UN) = epr (New + (03, Hy @Y ))

where @gf is the projection of the Bogoliubov ground state onto sectors with less than M
particles. Using [35, Proposition 5.1] we obtain

(oY HyOY) = <<1>§4,HB<I>§4>+O< %) .



INTERACTING BOSONS IN DOUBLE WELLS 39

Applying then [35, Lemma 6.2 | we easily get

M
(o} \Hy@Y ) = (25, H®5) + O(M2)+ O ( W) :

With M o N'/% this gives
(‘I’N|HN|\I’N> =cCpm (NBH +ep + O(N_Q/S))

and it remains to estimate ¢p;. Since this constant normalizes ¥y in HY and ®B is a state we

have
_ M 2 > B2
ar =2 llfIl =1->" ll6FI"-
j=0 j=M

But, for any ¢ > 0,

- - vz, 1/2
2 L 2 . 2
D lF < 2o i Myl > lI67]
j=M j=M j=M
s\ 1/2
gM—5/2<(NL> > < C5M 92 (A.3)
HB

where we use that <(./\/ l)6>(I)B is finite for any §. This follows easily from the fact that ® is
quasi-free, using Wick’s theorem. Hence (again with M o« N 1 %)

car =1+ O(N7/2)
for any § > 0, which completes the proof. O

Next we turn to the

Proof of Lemma[{.4) It follows very closely arguments from [35] Appendix A] and [42]. Details
are provided for the convenience of the reader. From the expression (LX) one can see that the
Bogoliubov energy functional can be written as

€[l i=Trz, [HPT] = T [(Hue — o+ AK) o] + ARe Te[ K] (A.4)

where
Hyt = —A+V 4+ dw * |ug|?
is the mean-field Hamiltonian and K the operator on $) = L*(R?%) whose kernel is given by
K(z,y) = un(z)w(z —y)un(y) . (A.5)
Note that

ok = [[ - S@hunla)ue — put)etdedy = | a@lu ),

so it follows from our assumption w > 0 that K is a positive operator. Since w is bounded, K
is also trace-class.
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The Bogoliubov minimizer ®P is the ground state of a quadratic Hamiltonian, in particular
it is a pure quasi-free state. This implies that its one-body and pairing matrices satisfy the
relation

* 1 1
Qg Oy, = (g )2 =750 (1+75)) (A.6)

see [35, Appendix A], [51] or [42].

We diagonalize the trace-class operator ’y(l)

op 10 the form

rV((I)llg = ch|un><un| , >0,

n>1

and the constraint (A.6) then implies that

ton = 3 Ve (Lt en) ) (1

n>1

with [@y,) := J|u,). The Bogoliubov energy thus reads

ep = (B8, HP®P) = Z <cn(un, (Hmf — 1) un) + Aep(tp, Kup) + Av/cn (1 + ¢)Re(ty, Kun>) .
n>1
(A7)
Since (T, Kup)| < (upn, Kuy,) and ¢ — /c(1 4+ ¢) > —1/2 for any ¢ € [0, 1], we deduce
eg > ch(un (Hpf — 1) Up) — é(un Kuy) =Tr |:(Hmf — 1) 7(113] _A Tr[K]
i n>1 7 2 ) ¢ 2 )

where we have used that K is a positive trace-class operator as noted before. But eg < 0

(see ([@9))), hence

1 A
Tr |:(Hmf — ,u)'yfb}g] < 5 Tr[K] . (A.8)
Recall that Hy,s — p is bounded from below on $ by a positive constant £ > 0 (since uy is the
non-degenerate ground state of Hys — i, see the proof of Proposition B.1)), and that 7((;@ lives

1
0
because of (A.6). Finally, since both —A and Aw * |uy|? are non-negative, we get

on this space. Hence we deduce that v,y is trace-class. Furthermore, ags is Hilbert-Schmidt

1 [VAR] < T [Hue )] < S iK] 4+t 3]
which proves (£I6]). O

We end this appendix by giving the proof of the lower bound in ([£3]). Since Hps > 0 is
bounded from below we obtain from (A.S))

Tr [7((;@] < CA\.
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By using (A7), the inequality (U, KUp,)| < uy,, Ku,) and the positivity of K, we get

0>eg=>Tr —(Hmf - ,U') 7;112_ - )‘Z V cn(l + cn)<unaKun>

n>1
> T [(Huat — 1)) = 3 (11T @) (o) + i e [ 8])

> Tr —(Hmf o ,U) ’YEI)lE),_ o Cl}\3/2 > _Cl)\3/2 ’

~—

where the second line follows from the Cauchy-Schwarz inequality and the last inequality follows
from the fact that Hy¢ — i is bounded from below by x > 0 on ;. We may bootstrap the
argument to get the claimed lower bound.

APPENDIX B. MINIMAL ENERGY WHEN THE TWO WELLS ARE INFINITELY FAR APART

Let us consider the situation in which the distance L between the two potential wells is
sent to infinity before the number of particles N. The tunneling energy (2I)) can then be
neglected, as well as the interaction energy [ lug_|? (w * |uH+|2) between particles in different
wells. The problem can thus be mapped into a problem of two independent interacting bosonic
gases localized in the left and right wells, with fixed particle numbers n and N — n. According
to Propositions and €3] the corresponding lowest energy in the large particle number limits
n>1and N —n > 1 reads

n—1 n—1
Eibojv_n:neH (AN—1> +eB <)\N—1>

+ (N = n)en <AM> +en (AM> B

N -1 N -1

up to small corrections o(1). Here, eg(A) and eg()) are the Hartree and Bogoliubov energies
corresponding to the Hamiltonian (L)) with a single well potential Vi or V. Since the number
of particles in the left and right wells are equal to n and N —n instead of IV, the coupling constant
A must be renormalized as indicated in (B]).

In this appendix, we prove the following very intuitive fact: among all configurations with n
particles in the left well and N —n particles in the right well, the configuration with the smallest
energy is the one with an equal number n = N/2 of particles in each well, which has energy

A A

B, = Nex <AN§> + e (§> +o(N 7Y (B.2)
272

with Ay defined in ([220]). More precisely, we prove the

Proposition B.1 (Distributing particles evenly is optimal).
There exist an integer Ny and a constant C > 0 such that for any N > Ng and 0 <n < N,

2
Eloc >E1§CN+£ n_ﬁ

n,N—n = v N 9 (B?))

We will use the following well known property of the Hartree energy.

Lemma B.2 (Scaling and convexity of the Hartree energy).
Let ey (m, \) be the minimum of the Hartree functional Ej[u] given by (L) under the constraint
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lull?2 = m,

err(m, A) := inf {Eﬁ[u] ‘ / u|? = m} . (B.4)
R4
For any m, A > 0 we have
e(m, A) = meg(1,mA) := mep(mM). (B.5)
Moreover, ex(m,\) is a strictly convex function of m.

Proof. Equation (B follows from a simple scaling argument. To see the convexity of the energy
as a function of the mass, we note that £ [u] is clearly a strictly convex functional of p = |u|? (see
e.g. [37, Appendix A] for details). We denote by pp 1 = |uH,1|2 and pp o = |uH72|2 the minimizing
densities at masses m; and my # m; and abuse notation by setting &j[pm.i] = Ef[un.]. We
then have for any 0 <t < 1,

teH(ml, )\) + (1 — t)eH(ml, )\) = tgH[pHJ] + (1 — t)gH[pH,z]
> &x [tpu, + (1 —t)pu 2]
> eq (tmy + (1 — t)ma, A)

where the last inequality comes from

/d (tPH,l + (1 — t)pHQ) =tm; + (1 — t)mg.
R

Proof of Proposition [B Using (B.E]) we get

On (neH (1,)\;__11>> = 0O, <n]§__1leH (;__11,)))
_(:—_1;61{ <JT\LI_—]L1A> * nﬁlgfs <JT\L7_—11)‘>
(o (152)) = 7 (20t (55

n O%er (n—1
+ A
(n—1)(N—-1)0m? \N -1

Since ¢ (m, \) is strictly positive by Lemma and ep(m, ) and %%(m, A) are bounded

om?
functions of m on [0, 1], we deduce that there is a constant C' > 0 such that

-1 C

82

with ¢y = O(N?/3) as N — co. Moreover (note that the first eigenvalue of the Bogoliubov
Hamiltonian is always non-degenerate),

9 n—1\ A " n—1
nen (AN—1> T (N _1)2B <)\N—1

is clearly bounded uniformly by a O(N~2). Thus, for large enough N one has

C

aiEigﬁv_nZN if n>cy and N-n>cy.
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The function ELO(J:an being symmetric around n = N/2, this implies that it must have a local
minimum there. One infers from a second-order Taylor expansion at n = N/2 and the fact that
the lower bound on the second derivative is uniform that

loc loc c N ? :
ETL,N*TLZEN/ZN/Q_'_N Y if n>cy and N -—n>cy.
To see that the bounds also holds for n < ¢y or N —n < ¢y, we note that for such n
A CN C /N 2
By = Nen(A) + O(N*?) = New (5 ) + == + ON*) > Bty yjp+ (5 = n)
’ 2 4 : N\2
where we have used (B.2) and the fact that ep(1,)) is increasing in A. This completes the
proof. O

APPENDIX C. SPIN SQUEEZED STATES

In this appendix we define the spin squeezed states and estimate in the large N limit their
energy for the two-mode Bose Hubbard Hamiltonian (see Section 2.3])

U
Hgy =e Ny +e N_+Tn(a*ay +ala_)+ TN (atafatray +a*a‘a_a_) .

Recall that this Hamiltonian acts on the subspace $Hpy C Hy spanned by the Fock states
In,N —n), n=0,---,N, and that N_ + N, = N1 in this subspace. Omitting terms propor-
tional to the identity, Hgyg can be rewritten as

Hpy = (ex —e_)J, +2TnJ, + UnJ? |
where J, and J, are the kinetic momentum operators defined byﬂ
1 1 1 N

Je = §(a*_a+ +ata), Jy=—(atay —ala_), J. = i(a*_a_ —atay)=N_ - E]l _

The total energy of a state ¥ € $Hpy invariant under the exchange of the two wells is thus

5

By = (U|Hyp|¥) = 2Tx5 (U] J,|T) + Uy <(AJ§)2>qu . (C.1)

An arbitrary state U € $py can be represented geometrically by a 3-dimensional vector with
components (¥|J;|¥), i = 1,2,3, on the Bloch sphere of radius N/2, together with the corre-
sponding fluctuations (see e.g. [17]).

For vanishing interactions Uy = 0, the ground state of Hgy is the delocalized state W g0 given
by (L9). This state is a spin coherent state centered on the intersection of the Bloch sphere with
the z-axis, i.e., it is an eigenstate of J, with the highest eigenvalue N/2 and has fluctuations of the
angular momenta in the perpendicular directions equal to ((AJy)®)diee = ((AJ2)*)dloc = N/4.
Increasing Uy /|Tn| to small non-zero values, it becomes energetically more favorable to decrease
the particle number fluctuations ((AN_)?) = ((AJ,)?) and thus the interaction energy (second
term in the right-hand side of (CIJ)), to the expense of increasing a little bit the kinetic and
potential energies (first term). One expects that the ground state of Hpy is a particle number
spin squeezed state [29]. By definition, such a state has reduced fluctuations of J, (i.e., of N_)

Tt is easy to see that these self-adjoint operators satisfy the usual commutation relations of angular momenta.
This implies in particular that NI J eTiONTe — g OnJ. —singpnJy.
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and enhanced fluctuations of J, as compared to the coherent state Wqioc, and like the latter it
saturates the spin uncertainty inequality, i.e.,

oy (a2 — [P
(agiarny) = 0 (c2)
In contrast to coherent states, particles in a squeezed state are correlated.
A spin squeezed state can be obtained by [29]
|\I]Sq> = 6_i(bNche_ieNJg|\I’dloc>
N
N N! 0N (n—N/2)? —idn (C.3)
= 2 271230 n!(N—n)!e N e NI In N —ny

where we have used the components ¢, = 27V/2/N1/(n!(N —n)!) of ¥qjec in the Fock state
basis. The unitary operator e ¢~/ Zin ([C.3) squeezes the angular momentum fluctuations in one
direction while increasing them in the perpendicular direction, and the unitary e 9~7/= rotates
the state on the Bloch sphere around the z-axis, in such a way that the squeezing direction be
along the z-axis. In fact, choosing Oy = N~*1/2 and ¢y given by tan dy = N 1/2 with an
exponent o € (1/6,1/2), a lengthly calculation gives in the limit N > 1

NZOé N N2(1—oz) N
<(AJz)2>Sq = ((AJ\/_)2>5q ~ 1 < Vi <(AJy)2>5q ~ 1 > T (C4)
and
N N172a
<\I’Sq|<]m|\1]sq> = <UH$, VSI}S)QUH:IJ ~ 5 - 1 s (C5)

so that Wy, satisfies the minimal spin uncertainty condition (C.2)) to leading order in N.
The energy of the squeezed state (C.3)) is

N2a
4

1.
<\I]sq|HBH|\I’sq> ~TyN <1 — §N 2a> + Uy
with error terms of order (|Tx|+ Ux)N'—42l. Comparing with the energy of the coherent state,
N
(Vatoc|Hpn|Yatoc) = TN N + Un—

we find that ¥yq has a lower energy than Uqio. when |Ty|/Uy < N 2a /9. Since the exponent «
can be chosen arbitrary close to 1/2 and Uy = O(AN~!), we may expect a transition between a
delocalized regime where the ground state of Hpy is close to ¥qi. (Rabi regime) to a localized
regime where it is close to a spin squeezed state (Josephson regime) occurring for |Tn| ~ A, as
reported in Table [

According to ([223) and (CH), the one-body density matrix of Wy, is almost equal to the
density matrix (ZI1) of the delocalized state, up to corrections of order N'~2 in the off-diagonal
elements. Thus one can conjecture that in the Josephson regime AN~2 < |Ty| < A, the one-
body density matrix 7\(1,11)\] of the ground state is close to 'yc(ﬁgc and has only one macroscopic
eigenvalue. This conjecture and the localization properties of the ground state reported in
Table [l are supported by numerical simulations (see e.g. [20]).

Finally, we note that the state U with Gaussian components (2.26) considered in Section
has properties similar to Wy, in the large IV limit. In fact, choosing o = N¢, simple calculations
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show that ¥ and Wy, have to leading order in IV the same variances of J, and .J, and expectation

of Jy, given by (C.4)) and (C.H)).

(1]

(11]

(12]
(13]

(24]

25]
(26]
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