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On stochastic calculus with respect to g-Brownian motion

AURELIEN DEYA AND RENE SCHOTT

ABSTRACT. We pursue the investigations initiated by Donati-Martin [8] regarding stochastic calculus
with respect to the ¢g-Brownian motion, and essentially extend the previous results along two directions:
(i) We develop a robust L°-integration theory based on rough-paths principles and apply it to the study
of g¢-Bm-driven differential equations; (i¢) We provide a comprehensive description of the multiplication
properties in the g-Wiener chaos.

Our presentation follows a probabilistic pattern, in the sense that it only leans on the law of the
process and not on its particular construction. Besides, our formulation puts the stress on the rich
combinatorics behind non-commutative processes, in the spirit of the machinery developed by Nica and
Speicher in [14].

1. INTRODUCTION: THE ¢-BROWNIAN MOTION

The ¢-Gaussian processes (for ¢ € [0, 1)) stand for one of the most standard families of non-commutative
random variables in the literature. Their consideration can be traced back to a paper by Frisch and
Bourret in the early 1970s [9]: the dynamics is therein suggested as a model to quantify some possible
commutation default between the creation and annihilator operators on the Fock space, the limit case
q = 1 morally corresponding to the classical probability framework. The mathematical construction and
basic stochastic properties of the g-Gaussian processes were then investigated in the 1990s, in a series of
pathbreaking papers by Bozejko, Kiimmerer and Speicher [3, 4, 5].

For the sake of clarity, let us briefly recall the framework of this analysis and introduce a few notations
that will be used in the sequel (we refer the reader to the comprehensive survey [14] for more details on
the subsequent definitions and assertions). First, recall that the processes under consideration consist in
paths with values in a non-commutative probability space, that is a von Neumann algebra A equipped
with a weakly continuous, positive and faithful trace ¢ . The sole existence of such a trace ¢ on A (to be
compared with the “expectation” in this setting) is known to give the algebra a specific structure, with
“LP”-norms

XN ooy == (I XI)YP (1X] = VXX")
closely related to the operator norm ||.||:

Xl 2oy < 101X = lim (1 X | zop) 5 forall X € A (1)

Now recall that non-commutative probability theory is built upon the following fundamental spectral
result: any element X in the subset A, of self-adjoint operators in A can be associated with a law that
shares the same moments. To be more specific, there exists a unique compactly supported probability
measure g on R such that for any real polynomial P,

/R P(x)dpu(z) = p(P(X)) | ()

Based on this property, elements in A, are usually referred to as (non-commutative) random variables,
and in the same vein, the law of a given family {X ®};c; of random variables in (A, ¢) is defined as the
set of all of its joint moments

SD(X(Z-I)"'X(Z-T)) , Uly..,tr €], reN.
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2 AURELIEN DEYA AND RENE SCHOTT

With this stochastic approach in mind, the definition of a g-Gaussian family can be easily introduced
along the following combinatorial description:

Definition 1.1. 1. Let r be an even integer. A pairing of {1,...,7} is any partition of {1,...,r} into
r/2 disjoint subsets, each of cardinality 2. We denote by Po2({1,...,7}) or Pa(r) the set of all pairings of
{1,...,r}.

2. Whenm € Py({1,...,7}), a crossing in 7 is any set of the form {{z1,y1},{w2, y2}} with {z;,y;} € 7
and x1 < x9 < Y1 < ya. The number of such crossings is denoted by Cr(rw).

Definition 1.2. For any fized q € [0,1), we call a q¢-Gaussian family in a non-commutative probability
space (A, ) any collection {X;}ier of random variables in (A, @) such that, for every integer r >1 and
all i1,...,% € I, one has

(XX )= Y. O ] e(x,Xi,) - ®)

meP2({1,....,r}) {p,qa}ten

Therefore, just as with classical (commutative) Gaussian families, the law of a ¢-Gaussian family
{X.}ier is completely characterized by the set of its covariances ¢(X;X;), 4,j € I. In fact, when ¢ — 1
and ¢ is - at least morally - identified with the usual expectation, relation (3) is nothing but the classical
Wick formula satisfied by the joint moments of Gaussian variables.

When g = 0, such a family of random variables is also called a semicircular family, in reference to its
marginal distributions (see [14, Chapter 8] for more details on semicircular families, in connection with
the so-called free central limit theorem).

We are now in a position to introduce the family of processes at the core of our study:

Definition 1.3. For any fized q € [0,1), we call g-Brownian motion (qg-Bm) in some non-commutative
probability space (A, ) any q-Gaussian family {X:} >0 in (A, ) with covariance function given by the
formula

In the same spirit as above, the ¢-Bm distribution can be regarded as a straightforward extension of
two well-known processes:

e When ¢ — 1, one recovers the classical Brownian-motion dynamics, with independent, stationary and
normally-distributed increments.

e The 0-Brownian motion coincides with the celebrated free Brownian motion, whose freely-independent
increments are known to be closely related to the asymptotic behaviour of large random matrices, following
Voiculescu’s breakthrough results [17].

Thus, we have here at our disposal a family of processes which, as far as distribution is concerned,
provides a natural “smooth” interpolation between two of the most central objects in probability theory:
the standard and the free Brownian motions. It is then natural to wonder whether the classical stochastic
properties satisfied by each of these two processes can be “lifted” on the level of this interpolation, or in
other words if the properties known for ¢ = 0 and ¢ — 1 can be extended to every ¢ € [0,1). Of course,
any such extension potentially offers an additional piece of evidence in favor of this interpolation model,
as a privileged link between the free and the commutative worlds.

Some first results in this direction, focusing on the stationarity property and the marginal-distribution
issue, can be found in [3]:

Proposition 1.4. For any fized q € [0,1), let { X }+>0 be a ¢-Brownian motion in some non-commautative
probability space (A, ). Then for all 0 < s < t, it holds that Xy — X5 ~ /t — s X1. In particular, any
q-Brownian motion {X}i>0 is a %—Hdlder path in A, i.e.

[X: — X

<% < oo (5)

s<t |t — s|
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Moreover, the law vq of X1 is absolutely continuous with respect to the Lebesgue measure; its density is
supported on [%, ﬁ] and is given, within this interval, by the formula

1 - .
vy(dx) = ;\/1 —gsind H(l —q")|1 = ¢"e*®)? | where x = with 6 € [0,7] .

n=1

A next natural step is to examine the possible extension, to all ¢ € [0,1), of the stochastic integration
results associated with the free/classical Brownian motion. Let us here recall that the foundations of
stochastic calculus with respect to the free Brownian motion (that is, for ¢ = 0) have been laid in
a remarkable paper by Biane and Speicher [2]. Among other results, the latter study involves the
construction of a free It6 integral, as well as an analysis of the free Wiener chaoses generated by the
multiple integrals of the free Brownian motion.

These lines of investigation have been followed by Donati-Martin in [8] to handle the general ¢-Bm case,
with the construction of a ¢-Itd integral and a first study of the g-Wiener chaos. Let us also mention the
results of [6] related to the extension of the fourth-moment phenomenon that prevails in Wiener chaoses.

Our aim in this paper is to go further with this analysis and extend the previous results in the two
following directions:

() In the continuation of [7], we propose to adapt some of the main rough-path principles to this setting.
The aim here is to derive a very robust integration theory allowing, in particular, to consider the study
of differential equations driven by the ¢-Bm, i.e. sophisticated dynamics of the form

dY; = f(Yy)-dX; - g(Y) . (6)

for smooth functions f, g. In fact, thanks to the general (non-commutative) rough-path results proved in
[7] (and which we will recall in Section 2), the objective reduces to the exhibition of a so-called product
Lévy area above the ¢-Bm, that is a kind of iterated integral of the process.

At this point, we would like to draw the reader’s attention to the fact that the construction in [8] of a
q-1to integral as an element of L?(y) is not sufficient for our purpose. Indeed, the rough-path techniques
are based on Taylor-expansion procedures, which, for obvious stability reasons, forces us to consider an
algebra norm in the computations. As a result, any satisfying notion of product Lévy area requires some
control with respect to the operator norm, that is in L>°(y) (along (1)), and not only with respect to the
L?(p)-norm (see Section 2 and especially Definition 2.2 for more details on the topology involved in this
control).

In the particular case of the free Bm (¢ = 0), the Burkholder-Gundy inequality established by Biane
and Speicher in [2, Theorem 3.2.1] immediately gives rise to operator-norm controls on the free It6 integral,
which we could readily exploit in [7] to deal with rough paths in the free situation. Unfortunately, and
at least for the time being, no similar operator-norm control has been shown for the ¢-It6 integral when

€ (0,1). With our rough-path objectives in mind, we will be able to overcome this difficulty though,
by resorting to a straightforward L°°(y)-construction of a product Lévy area - the latter object being
actually much more specific than a general It6 integral. This is the purpose of the forthcoming Section 3
and one of the main results of the paper. Injecting this construction into the general rough-path theory
will immediately answer our original issue, that is the derivation of a robust stochastic calculus for the
q-Bm.

It is then possible to compare, a posteriori, the resulting rough integral with more familiar ¢-1t6 or
g-Stratonovich integrals, through an elementary L?(¢)-analysis and the use of some of the results in [8]
(see Section 4). Let us however insist, one more time, on the fact that this sole L?(¢)-analysis would not
have been sufficient for the rough-path theory (and the powerful rough-path results) to be applied in this
situation.

(#4) In a second part of the paper (starting from Section 5), we will turn to the study of the rich
combinatorial machinery governing the behaviour of ¢- Wiener chaoses. Our main result in this setting is
the exhibition of a full g- Wick product formula, that is a clear description of the product of any number
of multiple integrals (Theorem 6.1). Again, this result must be regarded as a g-extension of a classical
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formula, the full Wick formula, that was only known in the two standard situations (¢ € {0,1}) so far.
We thus hope that our analysis can offer a new insight on the transition properties from the commutative
to the free case.

To achieve our purpose, we will be led to rephrase the central concept of contraction in terms of ¢-
contraction along (possibly “incomplete”) pairings. Thanks to this representation, many of our arguments
can then be conveniently illustrated through basic pictures, and in that sense, our formulation is somehow
related to the nice combinatorial approach developed by Nica and Speicher in the free case [14] (of course,
the analysis in the general ¢-Bm situation is far from being as complete as in the specific free case).

We will conclude this study of multiplication in the g-Wiener chaos with a few additional details
about the fully-symmetric situation, that is the situation where the integrals involve fully-symmetric
kernels. In this case, it turns out that the coefficients in the product formula can be expressed in terms of
classical g-combinatorial numbers, making the link with the classical commutative case even more clear
(Theorem 7.2). The identification procedure will again give us the opportunity to offer a glimpse on the
rich combinatorics associated with the g-Brownian process.

Let us finally point out the fact that, in comparison with the analysis carried out in [3, §], our
presentation throughout the paper will follow a “probabilistic” pattern. In other words, our arguments
will essentially rely on the sole law of the ¢-Bm, that is on the process as given by Definition 1.3. Thus,
in the vast majority of our results and proofs, no reference will be made to any particular representation
of the process as a map with values in some specific algebra (just as classical probability theory builds
upon the law of the Brownian motion and not upon its construction). We consider this fully-stochastic
approach to be another advance of the study, which hopefully can make the paper accessible to a large
audience. The only reference to some particular representation of the g-Brownian motion (namely its
standard representation on the g-Fock space) will occur in Section 4, as a way to compare our rough
objects with the constructions of [8], based on the Fock space.

Besides, we have chosen in this study to focus on the case where ¢ € [0,1) and introduce the ¢-
Brownian motion as a natural interpolation between the free and the standard Brownian motions. We
are aware that the definition of a ¢-Bm can also be extended to every ¢ € (—1,0), that is up to the
“anticommutative” situation ¢ — —1. Let us therefore specify that the positiveness assumption on g will
be used in an essential way for our main rough-path construction, that is in the proof of Theorem 3.1. On
the contrary, it can be checked that all our arguments and results regarding g-Wiener chaoses (Sections
5-7) are valid for any ¢ € (—1,1).

As we already sketched it in the above description of our results, the study is organized as follows.
In Section 2, we will recall the general non-commutative rough-path results obtained in [7] and at the
core of the present analysis. Section 3 is devoted to the construction of the main object involved in the
rough-path procedure, that is a product Lévy area above the ¢-Bm, while Section 4 focuses on the L?(y)-
comparison of the rough constructions with more standard Itd/Stratonovich definitions. Sections 5, 6 and
7 then deal with the multiplication issue in the g-Wiener chaos, along the above-detailled progression.

2. GENERAL ROUGH-PATH RESULTS IN C*-ALGEBRAS

Our strategy to develop a robust L°°(p)-stochastic calculus for the ¢-Bm is based on the non-
commutative rough-path considerations of [7, Section 4]. Therefore, before we turn to the ¢-Bm situation
and for the sake of completeness, we would like to recall in this section the main results of the theoret-
ical analysis carried out in [7]. This requires first a few brief preliminaries on functional calculus in a
C*-algebra (along the framework of [2]), as well as precisions on the topologies involved in this study.
Special emphasis will be put on the cornerstone of the rough-path machinery, the product Lévy area,
around which the whole integration procedure can be naturally expanded.

Note that the considerations of this section apply to a general C*-algebra A, that we fix from now
on. In particular, no additional trace operator will be required here. As before, we denote by ||.|| the
operator norm on A, and A, will stand for the set of self-adjoint operators in A. We also fix an arbitrary
time horizon T > 0 for the whole section.
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2.1. Tensor product. Let A ® A be the algebraic tensor product generated by A, and just as in [2],
denote by f the natural product interaction between A and A ® A, that is the linear extension of the
formula

(U1 ® UQ)ﬁX = Xﬁ(Ul X UQ) =U1 XUy, forallUy,Us, X € A .
In a similar way, set, for all Uy, Us,Us, X € A,

Xﬂ(U1®U2®U3) = (UlXU2)®U3 , (U1®U2®U3)ﬂX = U1®(U2XU3) .

Our below developments will actually involve the projective tensor product AQ®A of A, that is the com-
pletion of A ® A with respect to the norm

101l = Ul gga = inf Y Uil [IVi] -

where the infimum is taken over all possible representation U = >, U; ® V; of U. It is readily checked
that for all U € A® A and X € A, one has [|[U§X|| < ||U|||| X||, and so the above #-product continuously
extends to A®.A. These considerations can, of course, be generalized to the n-th projective tensor product
A®7 1> 1, and we will still denote by ||| the projective tensor norm on A®n,

Along the same terminology as in [2], we will call any process with values in A®A, resp. AQARDA, a
biprocess, resp. a triprocess.

2.2. Functional calculus in a C*-algebra. Following again the presentation of [2], let us introduce
the class of functions f defined for every integer k > 0 by

Fr:={f:R=C: f(z)= /Rezgz,uf(df) with /R|§|i,uf(d§) < oo for every i € {0,...,k}},  (7)

and set, if f € Fy, ||flx = Zf:o Jg 1€ s (dE). Then, with all f € Fo and X € A,, we associate the
operator f(X) along the formula

F(X) = / X 1y (de) |

where the integral in the right-hand side is uniformly convergent in A. This straightforward operator
extension of functional calculus happens to be compatible with Taylor expansions of f, a central ingredient
towards the application of rough-path techniques. The following notion of tensor derivatives naturally
arises in the procedure (see the subsequent Examples 2.5 and 2.6):

Definition 2.1. For every f € F1, resp. f € Fa, we define the tensor derivative, resp. second tensor
derivative, of f by the formula: for every X € A,

1
df(X) :/0 doz/sz [ 08X @ 1=EXT] 1 (dE) € ADA

resp. 0*f(X):= — //a 450 da dﬂ/ €2 [eEX @ ePEX @ er(1ma—R)EX] pr(dg) € ARARA .
a-;-B_Sl R
2.3. Filtration and Hoélder topologies. From now on and for the rest of Section 2, we fix a process
X :]0,T] = A, and assume that X is y-Holder regular, that is

1 Xe — X5l
sup ——— < 00,
o<s<t<T |t — 8|7

for some fixed coefficient v € (1/3,1/2).

With this process in hand, we denote by {A:}icp0,r = {Afg}te[oﬂ the filtration generated by X,
that is, for each t € [0,T], A; stands for the closure (with respect to the operator norm) of the unital
subalgebra of A generated by {X;}o<s<i-

For any fixed interval I C [0,T], a process Y : I — A is said to be adapted if for each ¢t € I, Y; € A;.
In the same way, a biprocess U : [0,T] — A®A, resp. a triprocess U : [0,T] — ARARA, is adapted if
for each t € [0,7], Uy € A @Ay, resp. Uy € A;QARAy.

Let us now briefly recall the topologies involved in the rough-path procedure, as far as time-roughness

is concerned (and following Gubinelli’s approach [11]). For V := A®" (n > 1), let C;(I; V) be the set
of continuous V-valued maps on I, and C3(I; V) the set of continuous V-valued maps on the simplex
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Sy := {(s,t) € I? : s <t} that vanish on the diagonal. The increments of a path g € C;(I; V) will be
denoted by dgs: := gt — gs (s < t) and for every a € (0,1), we define the a-Holder spaces C{(I; V), resp.
CS(I;V), as

CYH(I; V) :={heCi(l;V): NhC{(I;V)]:= sup [hst < oo},

s<tel |t — 5|a

resp.

CS(I; V) :={h €Ca(l;V): Nh;CS(I;V)]:= sup [hstl < oo} .

s<ter [t —s|”
2.4. The product Lévy area. Consider the successive spaces
ACT(AA) = {L - (Lst)0§s<t§T : Lst S ‘C(As@AéaA)} )
Lr(AL) :={L = (Lst)o<s<t<r : Lst € LIA;RAs, At)}
and for every A € [0,1], denote by Co(Lr(A_)), resp. C3(Lr(A)), the set of elements L € Lr(A),
resp. L € L1(A_,), for which the following quantity is finite:

Ls|U
NELQErA) = sup 12Tl s)
s<telo,7] [t —s|”||U]|
UcA®A:, U0
At this point, recall that we have fixed a y-Holder process X : [0,T] — A, (v € (1/3,1/2)) for the
whole section 2.

Definition 2.2. We call product Lévy area above X any process X2 such that:
(i) (2v-roughness) X2 € C37 (Lr(AL)),
(i) (Product Chen identity) For all s <u <t and U € A;QA;,
X3 [U] - X2,[U] - X3,[U] = (U0 Xsu) 0 Xut - (9)

Remark 2.3. Recall that Definition 2.2 is derived from the theoretical analysis performed in [7, Section
4] with equation (6) in mind. At some heuristic level, and following the classical rough-path approach,
the notion of product Lévy area must be seen as some abstract version of the iterated integral

%00 = [ (U, (10)

noting that definition of this integral is not clear a priori for a non-differentiable process X. As pointed
out in [7], the above notion of “Lévy area” is specifically designed to handle the non-commutative algebra
dynamics of (6), and it offers a much more efficient approach than general rough-path theory based
on “tensor” Lévy areas (the object considered in [13]). In a commutative setting (i.e., if A were a
commutative algebra), the basic process A (U) := %(UﬂéXst) 0Xs; would immediately provide us with
such a product Lévy area. In the general (non-commutative) situation though, this path only satisfies

Ay [U] — Ay [U] — A [U] (U0 Xsu) 0 Xt + (U0 X 0t) 0 X o]

1
2
so that A may not meet the product-Chen condition (i7), making Definition 2.2 undoubtedly relevant.

2.5. Controlled (bi)processes and integration. A second ingredient in the rough-path machinery

(in addition to a “Lévy area”) consists in the identification of a suitable class of integrands for the future

rough integral with respect to X. The following definition naturally arises in this setting:

Definition 2.4. Given a time interval I C [0,T], we call adapted controlled process, resp. biprocess,

on I any adapted process Y € C](I;.A), resp. biprocess U € C] (I; AR.A), with increments of the form
(OY)st = YXH4(0X) e + Y2, , s<tel, (11)

resp.

(0U)st = (6X)stlUXY + UZH(6X) e + U, s<tel, (12)
or some adapted biprocess € tARA) | resp. adapted triprocesses UX1, UX? € : A®3), an
fi dapted b YX € Cl(I; A3 A dapted UL UX? € C(1; A®%), and
Y? € C(I; A), resp. U” € CV(I; ARA). We denote by Qx(I), resp. Qx(I), the space of adapted
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controlled processes, resp. biprocesses, on I, and finally we define Q% (I) as the subspace of controlled
processes Y € Qx (I) for which one has both Y} =Y, and (YX)* =YX for every s € I.

Ezample 2.5. If f,g € Fo and Y € Q% (I) with decomposition (11), then U := f(V) ® g(Y) € Qx(I)
with
U= [0F (V)Y @g(Yy) . U = f(Y) @ [0g(Ya) YT

Ezample 2.6. If f € F3, then U := 9f(X) € Qx([0,7]) with U5 =UX? = 02 f(X,).

We are finally in a position to recall the definition of the rough integral with respect to X, which can
be expressed (among other ways) as the limit of “corrected Riemann sums”:

Proposition 2.7. [7, Proposition 4.12] Assume that we are given a product Lévy area X? above X, in
the sense of Definition 2.2, as well as a time interval I = [l1,05] C [0,T]. Then for every U € Qx(I)
with decomposition (12), all s <t € I and every subdivision Dg = {to = s < t1 < ... <t, =1t} of [s,1]
with mesh |Dst| tending to 0, the corrected Riemann sum

> Ut 0X s + K, ¥ T + 1 x X275, 1065) |
t;€Dst

converges in A as |Dg| — 0. We call the limit the rough integral (from s tot) of U against X := (X, X?),
and we denote it by f; U, tdX,,. This construction satisfies the two following properties:

o (Consistency) If X is a differentiable process in A and X2 is understood in the classical Lebesque sense
(that is, as in (10)), then f; U, dX,, coincides with the classical Lebesque integral f; (U, X)) du;

o (Stability) For every A € A, there exists a unique process Z € Qx (I) such that Zy, = A and (02) s =
[TUtdX, forall s <te .

Theorem 2.8. [7, Theorem 4.15] Assume that we are given a product Lévy area X* above X. Let
f=0 1, fm) €FS, g=(fF,..., f5) or (f...., fT), and fix A € A.. Then the equation

YO =A ) (5Y)st = i/t fz(Yu)qu gz(Yu) ) s<te [OvT] ) (13)

interpreted with Proposition 2.7, admits a unique solution Y € Q% ([0, T]).

2.6. Approximation results. Another advantage of the rough-path approach - beyond its consistency
and stability properties - lies in the continuity of the constructions with respect to the driving (rough)
path. In this non-commutative setting, and following the approach of [7], the phenomenon can be
illustrated through several “Wong-Zakai-type” approximation results, which we propose to briefly review
here. To this end, for every sequence of partitions (D™) of [0, 7] with mesh tending to zero, denote by
{XI} epo,r) = {XP" }iepo,m the sequence of linear interpolations of X along D", i.e., if D" := {0 = to <
b1 <...<ty=T},

t—1;
X? = Xti + 716Xtiti+1 fort € [ti,ti+1] .
lit1 —t;

Then consider the sequence of approximated product Lévy areas defined for every U € A®A as
t
X U) = X7 (U] = [ (Uasxn)axz . s<te (0.7, (1)

where the integral is understood in the classical Lebesgue sense.

Proposition 2.9. [7, Proposition 4.16] Assume that there exists a product Lévy area X? above X such
that, as n tends to infinity,

NIX™ - X;C([0,T); A)] =0 and N[X2" — X202 (Lr(A))] = 0. (15)
Then for all f,g € F3, it holds that

/ (XY AXT g(XD) 1T / F(X.)dX, g(X,) in CY([0.T]:A) | (16)
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where the integral in the limit is interpreted with Proposition 2.7. Similarly, for all f € F3, one has
[ ortxaxy == [of(tyu, i ¢j(0.7)A) (1)

which immediately yields Itd’s formula: for all s <t € [0,T],

M@M:/Wﬂmﬂw (18)

Finally, for some fixed f = (f1,...,fm) € F§* and g = (ff,..., f}) (or g := (f%,.. -, fT)), let us
denote by Y = Y'P" the solution of the classical Lebesgue equation on [0,T]

Yo=AeA , dyS =) (V)X (V")

Theorem 2.10. [7, Theorem 4.17] Under the assumptions of Proposition 2.9, one has Y™ “=°%Y in
C{([0,T); A), where Y is the solution of (13) given by Theorem 2.8.

3. A PRODUCT LEVY AREA ABOVE THE ¢-BROWNIAN MOTION

We go back here to the ¢-Bm setting described in Section 1. Namely, we fix ¢ € [0,1) and consider a
g-Brownian motion (X;);>0 in some non-commutative probability space (A, ¢). With the developments
of the previous section in mind, the route towards an efficient operator-norm calculus for X is now clear:
we need to exhibit a product Lévy area above X, in the sense of Definition 2.2. Our main result thus
reads as follows:

Theorem 3.1. Denote by {X['}i>0 the linear interpolation of X along the dyadic partition D™ :=
{t},i > 0}, t} := 5=. Then there exists a product Lévy area X253 above X, in the sense of Definition
2.2, such that for every T > 0 and every 0 < v < 1/2, one has

X" =X in C7(0,T];A) and X>" = X>5 in CI(Lr(AL)) , (19)
where X2™ is defined by (14). We call X>° the Stratonovich product Lévy area above X .

Based on this result, the conclusions of Proposition 2.7, Theorem 2.8, Proposition 2.9 and Theorem
2.10 can all be applied to the ¢g-Brownian motion, with limits understood as rough integrals with respect
to the “product rough path” X := (X, X?9). The Stratonovich terminology is here used as a reference to
the classical commutative situation, where the (almost sure) limit of the sequence of approximated Lévy
areas would indeed coincide with the Stratonovich iterated integral (see also Corollary 4.10 for another
justification of this terminology).

Before we turn to the proof of Theorem 3.1, let us recall that the whole difficulty in constructing
a stochastic integral with respect to the general ¢-Bm, in comparison with the free (¢ = 0) or the
commutative (¢ — 1) cases, lies in the absence of any satisfying “g-freeness” property for the increments
of the process when ¢ € (0,1) (as reported by Speicher in [16]). For instance, if s < u < ¢,

O((Xu — X) (Xt — Xu)(Xu — Xo)(Xi — Xu)) = qo((Xu — X6)?) (Xt — Xu)?) = qlu—s|[t —ul,

which shows that, for ¢ # 0, the disjoint increments of a g-Brownian motion {X;};>¢ are indeed not
freely independent (in the sense of [7, Definition 2.6]), making most of the arguments of [2] unexploitable
in this situation.

This being said, we can still rely here on the basic fact that for all g € [0,1), ¢((X,—X,)(X;— X)) = 0.
Together with Formula (3), this very weak “freeness” property of the increments will somehow be sufficient
for our purpose, the construction of a product Lévy area being much more specific than the construction
of a general stochastic integral (along Itd’s standard procedure).

The proof of Theorem 3.1 will also appeal to the two following elementary lemmas. The first one
(whose proof follows immediately from (3)) is related to the linear stability of g-Gaussian families:

Lemma 3.2. For any fized q € [0,1), let Y = {Y1,...,Yy} be a g-Gaussian vector in some non-
commutative probability space (A, @), and consider a real-valued (d X m)-matrix A. Then Z := AY is
also a q-Gaussian vector in (A, ).
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We will also need the following general topology property on the space accommodating any Lévy area:
Lemma 3.3. The space C3(Lr(A_.)), endowed with the norm (8), is complete.

Proof. Although the arguments are classical, let us provide a few details here, since the Co (L (A_))-
structure is not exactly standard. Consider a Cauchy sequence L™ in C3(Lr(A-)). For every fixed
s € [0, T], the sequence L" defines a Cauchy sequence in the space L>([s,T]; L(As®.As,.A)) of bounded
functions on [s,T] (with values in £(As®As, A)), endowed with the uniform norm. Therefore it con-
verges in the latter space to some function Ls. The fact that the so-defined family {Ls:}s<: belongs
to C3(L7(A_)) is an immediate consequence of the boundedness of L™ in C3(Lr(A_.)). Finally, given
€ > 0 and for all ﬁxed s < t, we know that there exists M. ; > 0 such that for all m > M, ..,
L5 — Lstll pa.0a,,4) < 5lt— s|>‘ On the other hand, there exists N, > 0 such that for all n,m > N,
and all s < ¢, ||L7, — StHC(AS®A57A < £|t — s|*. Therefore, for all n > N, and all s < ¢, we get that for
m := max(Ne, Mc s 1),

1L = Lotll ccaens ) S WG = Ll coacennay + 1 Lst — Ll casen.,a) < elt —sI*
and so L™ — L in C3(Lr(A_)), which achieves to prove that the latter space is complete. O

Proof of Theorem 8.1. Throughout the proof, we will denote by A < B any bound of the form A < ¢B,
where ¢ is a universal constant independent from the parameters under consideration. The first-order
convergence statement in (19) is a straightforward consequence of the 1/2-Holder regularity of X. In
fact, using (5), it can be checked that for all n > 0 and s < ¢,

X3 < I Xalllt = s['/2 and  [|6(X" = X)sell S I Xalllt = 572702770, (20)

Let us turn to the second-order convergence and to this end, fix n > 0 and s < ¢ such that ¢}; < s <t} ,,
ty <t <tpyr, with bk <L If |¢ — k| <1, or in other words if [t — s| < 2-n+1 the expected bound can be
readily derived from the first estimate in (20), that is for every U € A,®.A,, we get from (20)

X" U] = X3 U] < 11X U+ XS U0 S X2l — sf2r2m /20

Assume from now on that £ > k + 2 and in this case consider the decomposition, for every U € A,QAs,

n

n
k+1 k41

ty ty
_ n+1 n+1 n n
_ [ /t (UBsXE,) axtt - /t (UBXE ) qu}
tz+1 t£+1
+ [ [ o axp + / (U e - [ (U ax;
S t; S

t
- [ (uroxz) ax;
t

n

£y £y
+ [ / (Uﬂaxg;# )Xt — / (U0X3 ) dX{;] : (21)
tZ+1 t:+1

The “boundary” integrals within the second and third brackets can again be bounded individually using

the first estimate in (20) only. For instance,

A

[ / (Utsxs) axi | |X1||U||[ / s = ul /2 (2" X s )

2041

n+1

20+1
+1{tn+1 <pepntl }/ |s _ u|1/2(2n+1H5X ntlyntt H)

2041 2042 n41 20 2£+
t2£

t
1/2 1
+1{t;++11§t<t;7+12} /tn+ |S*U| / (2n+ ||5X n;:l ;1;:2”)
2041

N

X120t — s[>r2- (/2=
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Therefore, we only have to focus on the first bracket in decomposition (21). In fact, using only the
very definition of the approximation, it can be checked that this term is also equal to

ty ty
n+1 n+1 n n
/t (Utsxgt!,) dxg Tt - /t (Utoxy ) dX;;

£+1 Z'+1
-1
1
=3 5 (U0 g) 000, - (V605000) (Xgngsn | @2
i=k+1
Let us bound the two sums
-1 -1
1,n . 2,n .
VMU = 30 (UH0X )y ) OX gy, » SE10 = 30 (UHOX )y on, ) OX)gorge
i=k+1 i=k+1
separately.
Consider first the case where U = 2521 U@V, withUj .= X --- X V=X, X, , and
! i 1 mjtp

sg; < s for all j,p. Besides, let us set Y; = Y, := (0X),n+1,n+1. With these notations, and for every
k3 i+1
r > 1, we have

(IS4 [U11P) = w([(ZZUJ‘%hV}%M)(ZZUJ’M“VJ‘M““)T)

i1 j1 7:2 j2

= Z Z (p([Ujlyéilv.vhYv2i1+1Y72i2+1‘/j2Y72i2U;2] T

U1y %2r J15005J27

I:UjZT—l Yv2i2r71 V}ZT—I 5/'2i2T71+1§/72i27‘+1‘/j27<§/'2i27‘ U;;J) ) (23)
where each index ¢ runs over {k +1,...,¢ — 1} and each index j runs overs {1,...,0}. At this point,

observe that for all fixed i:= (i1,...,42,) and j:= (j1, ..., jar), the family

mj+

(X0 X Lo Y2i, Yai, G € {iv,...viar}, G € {1, dar )
J
is a ¢-Gaussian family (due to Lemma 3.2) and accordingly the associated joint moments obey Formula
(3). Besides, we have trivially

0 (Y2i, Yai41) =0, (Y21, Yai,) = 0(Yoi,41Yai,41) = Lis,—iy )27 "o (|1 X1[%)
and
W(YMXSQ) = 90(Y2i+1Xs{l) =0.

Using these basic observations and going back to (23), it is clear that, when applying Formula (3) to
the expectation in (23), we can restrict the sum to the set of pairings 7 € P2({1,...,N;}) (N, :=
2[(myj, +pj,) + ...+ (mj,, + pjy, )] + 8r) that decompose - in a unique way - as a combination of three
sub-pairings, namely: 1) a pairing 7! € Po({1,...,2r}) that connects the random variables {Y2;} to each
other; 2) a pairing 72 € Py({1,...,2r}) that connects the random variables {Y2;11} to each other; 3)
a pairing ™ € Po({1,...,N/}) (N] := 2[(mj, + pj,) + ...+ (mj,, + pj,,)]) that connects the random
variables {X; } to each other. Moreover, with this decomposition in mind, one has clearly

Cr(m) > Cr(n') + Cr(n?) + Cr(7?) .
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Consequently, it holds that for all fixed i := (i1,...,%2,) and j := (j1, ..., Jor),

‘(,0 ( [Ujl Yv2i1 ‘/}1 Y'2i1 +1§/2i2 +1 V;; YVQiz U;;] e I:Uj2r—1 Yv2i2r71 ‘/}27‘—1 Yv2i2r71 +1Yv2i2r+1‘/]2r YV%ZT U;;J ) }
< Z qu(Trl)+Cr(7r2)+Cr(7r3)

w2 ePa({1,...,2r})
3Py ({1,...,N.})

H ©(Yai, Yai, ) L{iuziy) H ©(Yoi,+1Y2i041) Lii—iy} H so(ZiZ})

{a,b}en? {c,d}en? {e,fyens
< 2—2T(n+1)(‘0(|X1|2)27‘( Z qu(ﬂ—l) H 1{1_&_%})
mlePa({1,...,2r}) {a,b}en?
Cr(n? Cr(m® j 73
(> I ) X @@ [T w@d).
m2€P2({1,...,2r}) {c,d}en? w3 ePa({1,...,N.}) {e,f}em3
where Z3 stands for the natural reordering of the variables {X_; }, namely for all a € {1,...,2r} and

be {1, <, My, +pja}’
J _ 7 i )
2 (s 3 o (g P50 b = D2(mgy iy 4t (m s 45 200 +psa)—b] T s -

As a result, the double sum in (23) is bounded by

-1
2_2rn<p(|X1|2)2T < Z qu(ﬂ'l) Z H l{ia—ib}> < Z qu(ﬂ-2)>

TEPy({L,....2r}) irsonize=kt1 {a,b}ex? 2ePo({L,...2r})
o . o
Z ( Z qu(w ) H (P(ZgZ-})) . (24)
1regar=1 \73€Py({L,....N’}) {e.frens

Now observe that the last sum in (24) actually corresponds to

i ( Z qu(wg) H (p(ZéZ‘})):gp(‘ilUjij

J1seendar=1 N w3ePy({1,...,N.}) {e,fyens

. (25)

and for every fixed 7! € Po({1,...,2r}),

-1
Z H Lgia=iny

i1,. 02, =k+1 {a,b}em?

-1 2(1-2v) -1 4y—1
( > II 1{@—%}) ( > 1T 1{@-%})

i1,eyizr=k+1 {a,b}Enl i1, mior=k+1 {a,b}exl
(E - (k + 1))2(1727)7“(6 . (k} + 1))27«(4771) _ |t? . tz+1|4r'y24r'yn < |t . S|4r'y24r'yn. (26)

IN

By injecting (25) and (26) into (24), we end up with the estimate

2 o o
(10(|Sslzgn[U]|2T) < |t_S|4rv2—2r(1—2v)n(p(|X1|2)2r( Z qu(w)) 90(‘ )
reP2({1,...,2r}) j=1
<t |2 O (X ) (X ) (}ZUJVJ .
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and so
" o\ 1/2r (1—2-n 1/ ° 2r\ 1/2r
P(SETOIP)Y™ < J— 520 (1 Pe(1X ) e (| Yo v )
j=1
< |t— S|2V2—(1—27)n||X1||4H ZUJ‘/J
j=1
S et PAR O AN (27)

j=1
It is easy to see that the above arguments could also be applied to the more general situation where
U := 2?21 U; ® V; with

K; Lj
— E . . - E . . j ke, J:¢
Uj E O[jkasi’k T Xsﬂ;zk & and ‘/J T ﬂj,éXui’f o 'Xug,’_eg )y Gk, ﬂj-,l eC ) sz ) Uy € [07 S] y
'3, s
k=0 =0

leading in the end to the same bound (27). Therefore, this bound (27) can actually be extended to any
U;j,V; € As, which then entails that for every U € A;®As,

n r\1/27 _(1— n
p(ISY" U] < |t — P2 =20 x4 U
and by letting r tend to infinity, we get by (1) that
1S5 [U]]| < |t = 527 =207 X, |4 U])

The very same reasoning can of course be used in order to estimate ||S%"[U]||, with the same resulting
bound. Going back to (21) and (22), we have thus proved that X?" is a Cauchy sequence in C3 (L1 (A_.)),
and by Lemma 3.3, we can therefore assert that it converges in this space to some element X%,

The product Chen identity (10) for X2 is readily obtained by passing to the limit (in a pointwise way) in
the product Chen identity that is trivially satisfied by X?™. Finally, in order to show that X*° actually
belongs to C3 (L7(AL)), fix s <t, U € A,&A,, and set

_ te
W= U] W= (U] W [ (U ax

where tj is such that s < ¢} <t <t} ; (considering n large enough). Using the first estimate in (20), it
is easy to check that ||[W" — Wn|| — 0, and so, since |W" — W|| — 0, we get that |[W" — W] — 0. As
W™ e A;, we can conclude that W € A;, as expected.

|

Remark 3.4. Observe that in a commutative setting, the sum (22) would simply vanish, leading to an
almost trivial proof, which clearly points out the specificity of our non-commutative framework (as evoked
in Remark 2.3).

4. COMPARISON WITH L?(¢)-CONSTRUCTIONS

Our objective in this section is to compare the previous L™ (p)-constructions (i.e., constructions based
on the operator norm) with the L?(p)-constructions exhibited by Donati-Martin in [8]. In brief, we
shall see that, when studied in L?(p), the previous rough constructions correspond to Stratonovich-type
integrals, while the constructions in [8] are more of a It6-type. This comparison relies on an additional
ingredient, the so-called second-quantization operator, whose central role in g-integration theory was
already pointed out in Donati-Martin’s work.

Since we intend to make specific references to some of the results of [8], we assume for simplicity that
we are exactly in the same setting as in the latter study. Namely, for a fixed ¢ € [0,1), we assume that
the ¢-Bm {X;}+>0 we will handle in this section is constructed as the “canonical process” on the ¢g-Fock
space (A, ) (see [8] for details on these structures).

As in the previous sections, we denote by A; the closure, with respect to the operator norm, of the
algebra generated by {X;}s<¢.
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4.1. Second quantization. Recall that the space L?(ip) is defined as the completion of A as a Hilbert
space through the product
(U, V) :=pUV*) . (28)

We will denote by ||| £2(,) the associated norm, to be distinguished from the operator norm ||.||. For every
t > 0, let By be the von Neumann algebra generated by {X,}s<: (observe in particular that A, C B, C A)
and denote by ¢(:|B;) the conditional expectation with respect to B;. In other words, for every U € A,
©(U|B;) stands for the orthogonal projection of U onto B;, with respect to the product (28): Z = ¢(U|B;)
if and only if Z € B; and o(ZW*) = o(UW™*) for every W € B;.

A possible way to introduce the second-quantization operator goes through the following invariance
result:

Lemma 4.1. [8, Theorem 3.1]. For all sg < tg, $1 < t1, with sg < s1, and U € A, C As,, it holds that
w((éX)SotoU(aX)SotJBSo) _ SD(((SX)SltlU((SX)Slt1|BSI)

to — sol B [t1 — s1]
Definition 4.2. We call second quantization of X the operator I'y : Us>0Ar — A defined for all s > 0
and U € A by the formula

FQ(U> = 50((5X)575+1U(5X)575+1|BS) .
In particular, for all s >0 and U € A, T'y(U) € B, Ty(U)* =Ty (U*) and

ITe(Ullr2(e) < N0X)s,541U (6X)s,sr1llr2(0) < IX1IP[U]] - (29)

Remark 4.3. For ¢ = 0, it is easy to check that, thanks to the freeness properties of X, the second
quantization reduces to T'g(U) = ¢(U), while in the commutative situation, that is when ¢ — 1, one has
(at least morally) I'y(U) = U.

In fact, we will essentially use the operator I'y through the following result, which offers a quite general
tool to study It6/Stratonovich correction terms (for the sake of clarity, we have postponed the proof of
this proposition to Section 4.4):

Proposition 4.4. For every adapted triprocess U € C5([s,t]; A®3) (s < t, e > 0) and every subdivision
A of [s,t] whose mesh |A| tends to 0, it holds that

t
Z (6X 450, U )80 X 10, — / [Id x Tq x Id|(Uy) du in L*(p) ,
(ti)eA s

where Id x I'q x Id stands for the continuous extension, as an operator from UuzoAf?g to L?(p), of the
operator

([dX Fq X Id)(Ul ®RUs ® Ug) = Uqu(U2>U3 , U, Ug,Ug € A, .

4.2. Non-commutative Itd integral. Let us here slightly rephrase the results of [8] regarding Itd’s
approach to stochastic integration with respect to X.

Definition 4.5. Fiz an interval I C R. An adapted biprocess U : I — ARA is said to be Ito integrable
against X if it is adapted and if for every partition A of I whose mesh |A| tends to 0, the sequence of
Riemann sums

S)A((U) = Z Utiﬁ(SXtit'H»l
t;€EA

converges in L?(¢) (as |A| — 0). In this case, we call the limit of S§(U) the product Ité integral of U
against X, and we denote it by

/UsudXs € L?(y) .
T
Given a biprocess U : I — A®A and a partition A of I, we denote by U? the step-approximation
.[JA = Z Uti]‘[ti,ti+1[ .
tieA

The following isometry property, to be compared with the classical Brownian It6 isometry, is the key
ingredient to identify It6-integrable processes:
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Proposition 4.6. [8, Proposition 3.3]. For every interval I C R, all adapted biprocesses
U:I]—-A®A , VI ARA,
and all partitions Ay, Ao of I, it holds that
(S (U). 5% (Voo = [ (02 V) (30)
where ((.,.))q is the bilinear extension of the application defined for all Uy,Us, V1, Vo € Up>0As as
(U1 @ Uz, Vi @ Va))q := (UL (U2V5) VYY)
Corollary 4.7. Let U: I — A®A be an adapted biprocess such that
/I||Uu|\i®Adu<oo and /IHUﬁ—UuHi@Adu%O as |A] =0,
for every partition A of I. Then U is Ito integrable against X and

| [vsax, = [o.vidn. )

I
Proof. Let us just provide a few details, the procedure being essential standard. Consider a sequence
U” : I - A® A of adapted biprocesses such that for every ¢t € I, |[U? — Ui|| — 0. Then, given two
partitions Ay, Ay of I, one has by (30)

S84 (U™ = 522U, = [(ULS — UpS2 Uz - UpS), du
I
By applying Cauchy-Schwarz inequality and then (29), it is readily checked that for all V € A; ® Aj,
(V. V) < X1l IVIZ
and so
580" = 532U 2,y < 13012 [ U2 =02 au
which, by letting n tend to infinity, leads us to
2 2
58 (0) = 53 (O[3, < IXal? [ U2 - U2 du
The conclusion easily follows. O

4.3. Comparison with the rough integral. We now have all the tools to identify, as elements in
L?(¢), the rough constructions arising from Sections 2 and 3.

Let us first consider the situation at the level of the product Lévy area provided by Theorem 3.1. To this
end, given 0 < s < t and U € A;®A,, observe that, by Corollary 4.7, the biprocess V, := (Ufd X,,) ® 1
is known to be It6-integrable on [s, ], which allows us to consider the integral

/ t(UﬁéXsu)qu € L*(y) .
Proposition 4.8. For all 0 < s <t and every U € A,QAs, it holds that
X25U) = / t(Uﬁ(SXsu) dX, + %(t —5)(Idx Ty)[U] in L*(p) , (32)
where Id x T, stands for the continuous extension, as an operator from As®@As to L*(p), of the operator
(IdxT)[U@ V] :=UTy(V) .

Proof. Fix s < t, U € A;®A,, and let D" be the subdivision obtained by adding the two times s, to
the dyadic partition D™ := {i/2™, i > 0}. Denote by X™ the linear interpolation of X along D™ and set
X"i=3 X££1[£i1£i+1) where {s =1; < ... <, =t} := D" N[s,t]. Besides, we recall that the notation
X2P" (or X2P") has been introduced in (14).

Using only the 1/2-Holder regularity of X (see (5)), it is easy to check that for every U € A;®As,

157" [0] = X377 [U])) < el Xa Pt = 57 277027 (33)



ON STOCHASTIC CALCULUS WITH RESPECT TO ¢-BROWNIAN MOTION 15

for some universal constant ¢ and for every v € (0,1/2). Thus, by Theorem 3.1, we can assert that

Xibn [U] converges to X%°[U] for the operator norm (and accordingly in L2(p)). Now write

- t
2P = [ sy ax; (34)

n—1 1 fk+1 A

— S 0X 4+ ot (6X du (6X
S o U ) A0
n—1 1n—1

= > (UtsX,;,) kakaJrQZUﬂ@X)fkfm (0X )t 0,s
k=1 k=1

t ln 1
= / (U#6X7,)dX, + = ZUﬂ X )iinr OX )it (35)

Thanks to (31), it holds that
¢ ¢
/\n 2
I / (U6 X7,) dX, — / (U0 X su) dXu ()

= [ OH5RE, ~ 5] 1, (RS2, — 6Xa]) ©1)

n 2
= /||Uﬂ5X — 0Kl du
2 ki 2
< U Z / 1, — Xl du
tr
tot1
< Ul Z/ (u— ) du < —|\U|| 25| > 0.

Observe finally that the limit of the second term in (35) is immediately provided by Proposition 4.4,
which achieves the proof of (32). O

Let us now extend the correction formula (32) to any adapted controlled biprocess, that is to the
class of biprocesses introduced in Definition 2.4. Using again Corollary 4.7, it is easy to check that, as
an adapted Holder path in A®.A, any such controlled biprocess is It-integrable when considered on an
interval I of finite Lebesgue measure. This puts us in a position to state the formula:

Corollary 4.9. For all 0 < s < t and every adapted controlled biprocess U € Qx ([s,t]) with decomposi-
tion (12), it holds that

t t 1 t
/ U, #dX? :/ U, f4dX, + 5/ (Id x Ty x 1)U + U2 du in L (p) . (36)

Proof. The transition from (32) to (36) follows from the very same Taylor-expansion argument as in the
proof of [7, Proposition 5.6] (related to the free case), and so, for the sake of conciseness, we do not repeat
it here. 0

At this point, observe that the combination of Proposition 2.9 and Corollary 4.9 immediately yields
the following g-extension of It /Stratonovich formula: for all f € F3 and s < ¢,

ét_/ Of (X,)dX5 = /af WA X, +/[Id><F x Id] (9% f(X,)) du .

S

As another spin-off of Formula (36), we can finally derive an expression of the rough Stratonovich
integral f: U, 4dX2 as the L2(p)-limit of “mean-value” Riemann sums. The result, which emphasizes the
analogy between the rough construction and the classical (commutative) Stratonovich integral, can be
stated as follows:
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Corollary 4.10. For all 0 < s < t and every adapted controlled biprocess U € Qx([s,t]), it holds that

t

1

/ Uuﬁdxg = hm _(Uti 4+ Uti+1)ﬁ5Xtiti+1 n LQ(QO> 5 (37)
s [A]—0 ()ea 2

for any subdivision A of [s,t] whose mesh |A| tends to 0.

Proof. For any subdivision A = (¢;) of [s, t], write

1
5 (Utl + Uti+1)ﬁ5Xtit

i1
1
= UtiﬂéXtitH»l + §5Utiti+1ﬁ6Xtiti+1

1
= UtiﬂéXtitH»l + 2 I:((SXtitH»lﬂut)i(yl)ﬁé‘Xtiti+l ( X Qﬂ(SXt tz+1)ﬁ6Xt tisn T Ut ti +1ﬁ6Xtiti+1} ’
and observe that, with the notations of Section 2.3, we have

UL, 80X ] < Jtien — 6272 X0 | MUY €7 ([, )]

i+1
Taking the sum over ¢ and then letting |A| tend to 0, we get by Proposition 4.4 that the sum in (37)
converges in L?(p) to the right-hand side of (36), which leads us to the conclusion. O

4.4. Proof of Proposition 4.4. It is based on similar conditioning arguments as in the proof of [8,
Theorem 3.2]. Let U™ : [s,t] — A®3 be a sequence of adapted triprocesses such that ||Z/l]} — Z/qu — 0 for
every u € [s,t], and fix a subdivision A = (¢;) of [s,t]. Then set successively Y; := § Xy,

Z { (Yt )8Ys — (tigr — t3) [1d x Tg x 1d] (Uy,) }

(ti)eA

i+17

and SRU) = > {(VifU")3Y; — (tigr — ;) [Id x Ty x Id] (U} -
(ti)eA

fup = ZZSL? Uy @V, W, € AP3 S (U) thus corresponds to S (U) = Dtea ZéSL{; M},, with

1,
My = UL YV YW — (i — ) Uy oUq(VE W 4

ISKUZ 20y = Z Z Z Z M} (M 4,)") - (38)

(tiy )EA (tiy)EA £y <L"11 €2<L"12

SO

For more clarity, let us set U, :=Uy? ,, V[ :=V,! ,, W', := W} ,, and consider then the expansion

p(Mj, 4, (MZ,ez)*)

= Y; W Y, VY, U

11 11 1" g 0o 722 Vig 4o 12, 42)

(U7 0. Yi Vi,

—(tigr1 — i) (U 0, Yi, Vi eIYzlwlelwg .La(Vir e, Ui ,)
—(t

(t

i1+1 )cP(Uﬁ,&FQ(Vi?,&) 11,01 le ézYZ?VZQ sz Uzz 52)

+ i1+1 11>(ti2+17ti2>90( ﬁ,équ( i1,€1) i?,&WZZ,ZZFQ(VZ'Z;Q)U;;Z) : (39)

Step 1: Non-diagonal terms (i1 # i2). Observe first that if for instance i1 < iz, we have, by combining
Lemma 4.1 and Definition 4.2,
(Uh,@l}/“ ‘/11 élml 11 01 le 52}/12 ‘/12 EQY Ulg 52)
(Uh £q 11 i1, 51Y Wlh WZZ 22 (wizz Z;Y }Bt ) zz,éz)

(tigr1 — tiy) o (UL 0, Ya, Vit 0 Vi, Wiy W Dy (VIi U )

i1,01 " Qo0 2,02/ i, b2
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and with the same conditioning argument

90( ﬁ,&r ( i?&) i1 €1W12 €2Y12V12 €2Y Uzz 52)
= (ti1 — i) (UL 0, Do (Vi o )W o Wi 0, Ta(Vir 0, )UYG,)

11751 12752 12,52

so that, going back to (39), one has ¢ (M;* , (M

in b3 )*) = 0. Similar arguments lead to the same conclusion
when 75 < 7.

Step 2: Diagonal terms (i1 = i = i). First, observe that with the same conditioning argument as above,
decomposition (39) actually reduces to

(M, (M],)) = (Ul ViV, YiW], WYV YUy )
—(tis1 — t:)*0 (U0, To(ViT%,) L WiT (Vzne:)Uzne:) .
Now, on the one hand, using (5) and the Cauchy-Schwarz inequality,
| o(UL, YiVi, YiW i WYV YUY

’LZQ g ’LZQ Z62

< YO NV, W, W, NIV, U7
< (tipn = )2 IX MU, NV,
On the other hand, using the definition of T'y(V},),
| ( i Le(Vi%) i,élwznézr % ez)U:é:)‘
(U, (0X) 041 Vi, OX )t a Wi, Wi Do (VUL ) |
S ||Uzné: b (0X )i 6541 Vi, (0X e i1 Wi, ZszLQ(cp)HF zez ||L2(¢)v
which, by (29), entails that

o (ULe, Do (Ve )W, WG Do (VU ) | < Il T, MV, W, NI TV, 1T, -

L W 1V U7, |-
i,ll i,ez ’L,ZQ 7 ZQ

Going back to (38), we have thus shown that
ISR@0IZap < IX00* S (tin — 102 (32 NzlVEN W)
(t)en <Ly

and so we can assert that

ISK@)II72y < IXl* D (s — )71
(ti)eA

2|X1||4{ S (b — 247 — 2o P+ ( sup ||uu|2>|t—s||A|} .
(t)eA w€(s,t]

By letting n tend to infinity first, we can conclude that ||Sa (U )||L2(<p) — 0as |A] — 0. The convergence

IN

t
Z (tigr — ti)[Id x Dy x 1d] (Uy,) — / [Id x Ty x Id] (Uy) du  in L*(p)
(t:)eA s

follows easily from the regularity of U, by noting that for every v and every V € A?g,

| [Id x Tq x Id] (V HLW) <V .

This achieves the proof of our statement.

5. GENERALITIES ON ¢-WIENER CHAOSES

We now turn to the consideration of our second main objective in this ¢-Brownian analysis, namely
a combinatorial description of the multiplication properties occuring in g-Wiener chaoses. As a first
step, let us introduce in this section an alternative and as-graphical-as-possible approach to the notion
of g-contraction, in comparison with the definition provided in [8].
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5.1. Arrangement along a partition and g-contraction. We have seen in Section 1 that the law of
a g-Gaussian family or a ¢-Bm can be conveniently described as a sum over pairings. In order to extend
such formulas at the level of the processes (and not only their laws), we will need to involve more general
“incomplete pairings” into the procedure:

Definition 5.1. (i) For n > 1, we denote by P<2({1,...,n}) or P<a(n) the set of partitions ® of
{1,...,n} with blocks of one or two elements, and for every 0 < k < %, we denote PE, the set of
partitions m € P<a containing exactly k pairs.

(ii) For ny,...,n, > 1, we denote by P<a(n1 @ --- @ n,) the set of partitions m € P<a(ny + -+ + ny)
respecting n1 ® « - - @ n,., i.e., with no pair contained in a same block {1,...,n1}, {n1+1,...,n1+na},...
We define Pa(n1 @ -+ @ n,.) and PEy(n1 ® -+ ®@n,) along the same lines.

(i) Given m € P<2(n), a crossing in w is any set of the form {(a1,b1), (az2,b2)} with (a;,b;) € ™ and
a1 < ag < by < be, or of the form {(a,b), (c)} with (a,b) € 7, (c) € m and a < ¢ < b. We will denote by
Cr(m) the number of crossings in .

Now observe that any partition m € sz(n) can be described in a unique way as
m={(ab),i=1,...,k ap < ar—1 <...<a1}U{(¢;),i=1,...,n—2k, c1 < ca <...<cp_or}. (40)

With this notation in mind, and for all s = (s1,...,s,) € Rﬁ,t = (t1,...,th—2k) € Ri_%, we define the
arrangement w(s,t) € {s,t}" as follows: for l =1,...,n,

s; ifl=a;orl=0b;,
T

Ezample 5.2. Consider the partition 7 € P2%,(14) drawn below, with singletons represented by dashed
lines “extending to infinity” and pairs by continuous lines. Such a representation implies in particular
that each pair (a;,b;) € 7 satisfying a; < ¢; < b;, for some singleton (c¢;) € , necessarily crosses the
“line” (¢;). It is then easy to visualize that in this case

n(s,t) = (t1, 54,2, 53,13, S2, 54, ta, 51,15, 51,6, 53,52) and Cr(m) =13 .

—————G -0
———O——

E}ye<>

————————
D ) S

~
[SA
w
'y
~
N
»
w
~
w

52 54

~
W

S1 ts S1

~
[}

83 52

The suitable definition of a contraction in our setting now reads as follows:

Definition 5.3. (i) Given f € L*(R}) and m € PéQ(n), we call integral of f along m, and denote by
fﬂ f, the function defined for every t € R?:Qk by

[o|@= [ s,

k

5
where w(s,t) stands for the above-defined arrangement along .
(ii) For all f € L*(R7"), g € L*(R%) and m € P<a(m @ n), we define the contraction of f and g along
w by the formula f ®r g := fﬂf ® g. Finally, for all ¢ € [0,1) and k € {0,...,m A n}, we define the
g-contraction of f and g of order k as the sum

fefgi= >  ¢“feng.
7r€73§2(m®n)
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This definition can be seen as a natural g-extension of the standard contracting procedure along a Feyn-
man diagram (as defined in [12, Section 7.2]). It actually coincides with the notion of a g-contraction
introduced in [8], which can be recovered by comparing [8, Proposition 4.1] with the subsequent Propo-
sition 6.4 and applying the isometry property (43).

Notation 5.4. Given t = (t1,...,t,) € R, we will denote by t* the vector (tn,...,t1). We recall
that for every f € L*(R"), the mirror-symmetric of f, denoted by f*, is the function in L*(R"}) defined
by f*(t) = f(t*). Besides, given m* € PE,(m ® n), we define the mirror-symmetrized 7 of © as the
element of PE,(n®m) obtained by taking the symmetric of m along a vertical azis between the two blocks
{1,...,m} and {m+1,...,m +n}. Otherwise stated, if © is given by (40), then

7 ={m+n+1-bym+n+1l—a;),(m+n+1-c¢;)}.

For further use, let us also label the following readily-checked relations between mirror-symmetry and
g-contractions:

Lemma 5.5. For all f € L*(R7"), g € L*(R) and m € P<a(m @ n), it holds that
(f ®r9)" =9" @ [ .
Besides, Cr(m*) = Cr(m) and accordingly (f ®F 9)* = g* ®} f* for every k € {0,...,m An}.
5.2. Construction of the ¢-Wiener chaos. With the above “graphical” approach in mind, and also

for the sake of completeness, let us briefly go back here to the definition of the g-Wiener chaos.

From now on and for the rest of the paper, we fix ¢ € [0,1) and consider a ¢-Bm (X;);>0 = (X(9);>0
in some non-commutative probability space (A, ¢). With the notations of Section 5.1, observe that the
joint moments of (X;);>0 can also be expressed as

o(Xe . X)) = S O / Lon @ @ 1) - (41)
TEP2(n) 4

The construction of the multiple integrals of X, which give birth to the ¢-Wiener chaoses, can then be
made along a similar procedure as in the classical commutative case (see [15]). Consider first the set &,
of simple functions, that is the set of functions f of the form f =7 Ai 14, @+ ®14,,,

D10y tm =1 11,00 0m
for pairwise disjoint intervals A; and coefficients A;, .. ;,  vanishing on diagonals. For such a function
f € &y, we set naturally

m

Igm(f) = Z )\7:17~~~;i7n X(]‘Ail) e 'X(]'Aim) ) (42)

i1,eyim=1

using convention that for any interval A := [¢1,¢3], X(14) := Xy, — Xp,. With this definition, observe in
particular that I%, (f)* = I3, (f*) for every f € &,,. Then, just as in the commutative case, the extension
of I%,(f) to any real-valued function f € L*(R7) relies on two ingredients: the density of &, within
L? (R7") on the one hand, an isometry property on the other, which, in this setting, reads as follows:

Proposition 5.6. For f € &, and g € &,, it holds that
<I’g’b(f)) Ifg(g»LQ(g@) = 6m,n<f7 Pq(g»Lz(Ri) ) (43)

where P, is the ¢-symmetrization operator defined for all f € L*(RT") and s € R by

‘Z(f)(s) = Z qcr(ﬂ—)f(ﬂ-(s)m-i-l:ﬂm) ) 7T.(S)7n-i-1::27n = (ﬂ-(s)m—i-la v aﬂ'(s)Qm) .
TEP2(m®m)

In particular, || Py(f)||z2@®yp) < m!| fllrz@y)-

The resulting extension of the integral to any f € L*(R7") will still be denoted by I (f), as usual. It
satisfies the isometry property (43), as well as (1% (f)) =0 for m > 1.
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Proof of Proposition 5.6. Consider the case where

p
f= Z it .iim 14, ®---®14,, and g:= Z Biy...i Ay &1y, ,
i1,eim=1 in=1

for disjoint intervals (A4;) and coefficients \, § vanishing on dlagonals. Then by (41)
P P
(L T9) = Y. > NinBiin
i1y im =1 j1,...;jn=1

Z qu(w)/(lAim®...®1Ail®1Aj1®"'®1Ajn)- (44)
wEPs (m+n) "

Now, for pairwise distinct 41, ...,4m,n € {1,...,p} and pairwise distinct j1,...,7, € {1,...,p}, the integral
/ (g, ®  ®14, ®la, @ - R1y, )
™
clearly vanishes for every m € Pa(m + n) if n # m, and for every m € P2(2n)\P2(n ® n) if n = m. Thus,

Z qu(Tr)/(]_Aim®...®1Ail®lAjl®"'®1Ajn)
TEP2(m+n) T

= o Y q&“{/ ds(1a, ® - ®1a, ) (LA, ® - © 1o, )((S)msinom)

TEP2(m®m)

5m1n/ ds (lAi1 ®"'®1Aim)(s) Pq(]-Ajl ®~~'®1Ajm)(s) .

Going back to (44), we get the desired conclusion for f ang g, and the general result follows by linearity.
O

6. MULTIPLICATION FORMULAS IN ¢- WIENER CHAOSES

With the formalism of Section 5 in hand, we can now state our main result about ¢-Wiener chaos,
namely the extension, to every ¢ € [0, 1), of the full Wick product formula:

Theorem 6.1. Letny,...,n, > 1 and for everyi € {1,...,r}, let f; € L*(R"Y). Then, with the notations
of Section 5.1, it holds that

)T =3 W”(/ﬁ® ) (15)

TE€EP<2(n1®-@n;)

By letting ¢ tend to 1 in (45) (at least at some heuristic level), we indeed recover the exact expression
of the classical full Wick product formula for the standard Bm (see [12, Theorem 7.33]). Observe also
that, as an immediate consequence of (45) and the fact that ¢(I%(f)) = 0 for m > 1, we recover the
result of [6, Theorem 2.7

Corollary 6.2. In the setting of Theorem 6.1, it holds that

P(I8 (F1) T2 (f,) = ”“/ﬁ®

W€P2(n1® -Q@ny)

The rest of this section is devoted to the proof of Theorem 6.1, which will consist in a natural three-
step procedure: we first show the formula when (r = 2,77 = 1,n9 > 1), then extend the result to the
case where (r = 2,n1,n9 > 1), and finally turn to the general situation. At each step, our strategy will
actually be based on the (non-trivial) g-extension of the classical arguments used in the commutative
framework.

Proposition 6.3. For all f € L*(Ry) and g € L*(R%), it holds that
LN = i (feg) + I, (f@fg) . (46)
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Proof. For any interval A, let us write X (A) for X(14). Using bilinearity and a density argument, it is
readily checked that we can focus on the following situation:

f=14 and ¢g=14,® - -®ly, , Q1lpR®1y, ®---®14, ,,
where k € {1,...,n}, the intervals A; are disjoint and A, B are both intervals disjoint from the A;’s such
that A=Bor ANB = (.

If AN B = 0, then clearly f ®% g = 0 and the formula is trivially satisfied, so we assume from
now on that A = B. Then, denoting by p(A) the length of A, it is easy to see (as in Figure 1) that
felg=d""u(A)1a, @ - @14, , and accordingly I;]_;(f ®{ g) = ¢* " u(A) X (A1) --- X (An-1).

n—1

! ! ! ! !

N PN PN I I
l Y Y Y l I I
Ky T : Y
A A A A1 A A

FIGURE 1. The only partition with non-zero contribution in the computation of f ®% g.

For ¢ > 0, pick disjoint intervals By, ..., B; such that A = By U...U B; and u(B;) < €. Then write
Li(f)In(9)
= X(A)X (A1) X(Ap-1) X (A)X(Ag) - X (Ap-1)
= Y X(B)X(A1)- X(Ap-1) X (B)) X (Ag) -+~ X (Ap-1)
i#]
!
+Z {X(B)X (A1) X (Ag—1) X (B) X (Ag) - X (Ap—1) = ¢" ' u(Bi) X (A1) - - X (A1)}
¢ T (A X (A1) - - X (Ap-1)

l
= Ingl(hs) JFZRE-,Z' +Igfl(f ®(f 9) )

i=1
where we have set
h. ::ZlBi®1A1 ® @14, ,®1lp, @14, ®---®1a, , .
i#]
At this point, observe that due to (43), one has
[ai1(he) = Iy (f @ 9llre(e) < (n+ DHhe = f @ gllr2ey)
which tends to 0 as ¢ — 0. Therefore, it remains us to check that || Ei:l R.illz2(p) — 0 as € — 0, and
to this end, decompose || Ei:l Ravi”%?(«p) as

l

!
1D Reilla =D @(REReg) + D ¢(RLRe) - (47)
i=1

i£] i=1
When i # j, it turns out that @(R;ZR& ]—) = 0, as a consequence of the following readily-checked relations
(see Figure 2 for an illustration of the first one):

@([X(Anfl) e X(Ap) X (Bi) X (Ap—1) - X (A1) X (By)]-
[(X(Bj)X (A1) X(Ap-1) X (Bj) X (Ay) - - X (An-1)])
= ¢ D (B u(By)p(Ar) - - i Anr) (48)
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e([X(An-1) - X (Ap) X (Bi) X (A1) -+ X (A1) X (B3)] - [X (A1) - - X (A1)
= ¢"  u(Bi)u(Ar) - p(An-a)

and
P([X(An-1) - X (A1)] - [X (A1) -+ X (An-1)]) = (A1) - p(An-) -
As for the second summand in (47), it is easy to see that ¢ (R:,;R. ;) < ¢ u(B;)?, so

l
0= Z @(R:Rei) < cep(A) ,
i=1

which, by letting € tend to zero, completes the proof of our statement.

(]
[ L] l [ ] [ ] l l % l [ ] [ ]
As Ay Bi A3 Ay Ay Bi B A A A3 B Ay As
FIGURE 2. The only partition with non-zero contribution in (48) (here, k = 4,n = 6).
Let us now extend (46) to any function f € L*(R7"), m > 1:
Proposition 6.4. For all f € L*(R7") and g € L*(R%), it holds that
mAn
LLNING) = Y o (f®F 9) - (49)
k=0

The key ingredient towards (49) is the following recursion formula satisfied by g-contractions:

Lemma 6.5. Fiz m < n—1 and let g € L*(R7}), f1 1= 1a,, fo := 14, @ -+ ® 14, ., for disjoint
intervals (A;). Then the following relations hold true:

(f1 ® f2) @1 9 = f1 @ (f291, 9),
and for every k =1,...,m,
(ivf)@lg=fo(f®]q)+ fLie] (f2®]_,9) .
Proof. Given t := (t1,...,t,) € R} and £ < m € {1,...,n}, let us set ty.m = (to,teg1,...,tm). Using

this notation, one has, for all k € {0,...,m} and t € RPT"72"~1
[fr @] (f2 @5 9)I(t)
m+n—2k
SO DR IR TG ) CAPR
=1 R+
m-+n—2k

Z Z qé_1+cr(ﬂ—) / ds fl(s)(fQ Qn g)(tltteflv S, tl::m+n72k71) .
R+

=1 mePk (m®n)
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Since f; and f> have disjoint supports, it is easy to see that if £ € {1,...,m — k} then for every
T € PEy(m @ n),

/ ds fl(s)(f2 ®7r g)(tl::é—laSatﬂ::m+n—2k—1) =0 3
R+
and accordingly the above formula reduces to

[f1 @7 (f2 ®F g)](t)
m-+n—2k

- Z Z qéflJrCr(ﬂ') / ds fl (S)(f2 R g) (tlt:lfla S, té::m+n72kfl) . (50)
R+

L=m—k+1 7r€7322(m®n)
Now observe that there is a one-to-one correspondance between pairs (¢,7) € {m —k+1,...,m+n —
2k} x PE,(m ®n) and partitions 7" € PRI ((m +1) ® n) not containing the singleton (1). Namely, given
such a pair (¢, ), we can construct 7’ along the following two-step procedure (see Figure 3):
o let the k interactions between the blocks {2,...,m 4+ 1} and {m + 2,...,m + n} be governed by m;

e connect the point 1 with the ¢-th unpaired point of {2,...,m + n + 1}, when counting from the left to
the right (in particular, the right-end point of this pair necessarily belongs to {m +2,...,m+n+1} due
to £ >m—k+1).

With these notations, it is readily checked (see again Figure 3) that Cr(n’) = Cr(w) 4+ (£ — 1) and

/]R+ ds fl(s>(f2 Qn g)(tl::éfla Satl:zm+n72k71) = [(fl & f2) Rt g](t> .

Going back to (50), we deduce that

fref (f2®59) = > (L ® fa) ®r g - (51)
wepgl((mﬂ)@n)
(1)g¢m
When k& = m, (51) reduces to
fro!(f2089) = > @) ®rg=([1® f2) @11 g,
mePL ((m+1)®n)
which corresponds to the first claim of our statement. Then, for k € {0,...,m — 1}, one has
(@ f)®i,9 = Z ¢ (f1® fo) @r g
wepgl((mﬂ)@n)
= > ¢ (fL @ fa) ®n g+ > ¢ (fL® fa) ®n g
77677?2‘1((7714-1)@71) ﬂepgzl((mﬁ-l)@n)
(1)em 1)¢r
= [®(f®l,9)+ Z (L@ f2) @ g
mePLY ((m+1)@n)
(1)gm
and we can conclude by using (51) again. O

Proof of Proposition 6.4. Assume that formula (49) holds true for all m < n, f € L*(R7) and g €
L*(R?). Then for m > n, it holds that

LL(NI9) = (BGL()) = (D Dmeanlo” @) = D I o (f ®0)
k=0 k=0

where we have used Lemma 5.5 to derive the last equality.
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F1GURE 3. Construction of 7’ (second line) from 7 and the ¢-th unpaired position (first
line). Here, m =4,n =6, =2 and £ = 5.

Therefore, we can stick to an induction procedure on m > 1 for n > m. If m = 1, then (49) is nothing
but the result of Proposition 6.3. Assume that the decomposition holds true for some m > 1 and every
n > m, and let n > m + 1. By a density argument, we can take f € LQ(RTH) of the form f = f1 ® fo
with fi =14, and fo =14, ®---®14,,,, for disjoint intervals (A;). Then Ifnﬂ(f) = I1(f1)14,(f2) and

I%H(f)fﬁ(g)
= IN(f) - [I%(f2)I2(9)]

(O} o (f2 1 9) (by the induction hypothesis)

=i

I
NE

B
Il

0

I
NE

[Izﬂb+n+172k (1@ (f2®%9)+ L 1 ok (f1® (f2®{g))] (by Proposition 6.3)

£
Il
o

m

= LI .a(iefeg)+ ZI%JrnJrkzk(fl ® (f2 @} g9) + f1r @] (f29]_1 9))
k=1

+I7qz—m—1(f1 ®f (f2 @, 9)) .
The conclusion immediately follows from the two identities exhibited in Lemma 6.5.
We can finally turn to the proof of the general formula.

Proof of Theorem 6.1. We proceed by induction on r > 1. For r = 1, the result only amounts to saying
that ¢“"™) [ f; = f1 when m = {(1),..., (n1)}, which is obvious. Assume that the relation holds true
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up to r — 1 and let f; € L*(R") for i = 1,...,r. Then, using Proposition 6.4, we have

L () 15 ()

niAng

> S O @, f2)IE(f2) T2 (fr)

k=0 m, 673;2(711®n2)

niAng

Z Z Z qCT(ﬂ'1)+CI‘(ﬂ'2)

k=0 7,€Pk,(n1®@ng) m2E€P<2((n1+n2—2k)@n3® - @n;)

Iq(/7r[f1®mf2]®f3®~'~®fr)- (52)

At this point, and in a similar way as in the proof of Lemma 6.5, observe that there is a one-to-one
correspondance between the set of triplets (k,m1,72) in the above sum and the set of partitions 7 €
P<a(n1 ®---®@n,). Namely, given such a triplet (k, 71, m2), we can construct m along the following 2-step
procedure (see Figure 4):

o the first two blocks {1,...,n1} and {n1+1,...,n1+ns} are connected by k pairs, and these interactions
are described through 7y;

e then my governs the interactions between the ni + ng — 2k unpaired points of {1,...,n1 + no} and the
set {ny+no+1,....,n1+ - +n.}.

With these notations, it only remains to observe (see Figure 4 again) that Cr(w) = Cr(m;) 4+ Cr(mz) and

/ [f1®mf2]®f3®~~®fr:/f1®f2®f3®~~®fr.

Going back to (52), we get the desired conclusion. O

7. MULTIPLICATION IN THE FULLY-SYMMETRIC CASE

As a conclusion to our study, let us elaborate on the specific situation where the kernels involved
within the multiple integrals under consideration are given by fully-symmetric functions. Recall that a
function f : R} — R is said to be fully-symmetric if for all times ¢1,...,#, € Ry and every permutation
oof {1,...,n}, one has f(t1,...,tn) = f(to1), s ton))-

It is important to notice here that, contrary to the classical commutative case (with multiple integrals
generated by a standard Bm), the fully-symmetric assumption must be regarded as highly restrictive in
the non-commutative situation. Otherwise stated, considering any generic function f € L*(R%) (n > 2)
and its symmetrization

~ 1
Fltrot) = 2 5 oy o)
ceS,

there is no reason in general for the two multiple integrals I4(f) and IZ(f) to be equal, which is easy
to see from the very definition (42) of the multiple integrals and the possible non-commutativity of the
components of X.

7.1. Multiplication formula. Given two fully-symmetric functions f; € L*(R"}"), fo € L*(R}?) and a
parameter k € {1,...,n1 Ansg}, it is readily checked that the contraction fi ® fa (see Definition 5.3) does
not depend on the choice of 7w € 7)22(711 ® n2): we denote by f1 ® fo this common value. For ¢ € [0, 1),

the g-contraction of f; and f, (see again Definition 5.3) is then equal to f; ®] fo = Cé’j’,m (@) f ®k g,

where
k I Cr(m
W= Y o

ﬂG'PéZ(nl(@nQ)
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B—

Vbl e lenll

FIGURE 4. Construction of 7 (third line) from 7; (second line) and 7y (first line).

We propose to show that the latter coefficients can be conveniently expressed in terms of standard g¢-
binomial coefficients. To this end, and for the sake of completeness, let us first recall the definition of the
classical combinatorial coefficients associated with g-combinatorics:

[n]qzl"'Q"‘"""qnil ) [n]q!:: [n]q[n_l]q"'[l]q )
(n) — [n],! ( n ) — [n],!
ki [klg!n —klg! ’ nyysnp ) [l [nple!
for all ny,...,np > 0 such that ny +--- +n, =n.

Proposition 7.1. For allm,n >0 and k € {0,...,m An}, it holds that

C,(0) = [qu!(;‘)q(ﬁ)q . (53

Injecting (53) into (49) immediately gives rise to the following combinatorial description of the product
of any two multiple integrals build upon fully-symmetric kernels. Note that, when compared for instance
with [15, Proposition 1.1.3], this formulation makes the transition with the classical commutative case
even more clear.
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Theorem 7.2. Let f € L*(R}) and g € L*(R7) be fully-symmetric functions. Then it holds that

18(NT4(9) = %n[k]q!(;‘)q (%) femarr v

k=0

Before we turn to the proof of (53), observe that this relation extends the well-known formula
2 @ T= 3 ™ =l (54)
TEP2(n®n) ce6,

where &,, refers to the group of permutations of {1,...,n} and inv(c) to the number of inversions in o.
In order to extend (54) into (53), we will essentially rely on the following combinatorial result:

Lemma 7.3. For allmn > k > 1, it holds that
D AR i (Z) . (55)
1<i1 <. <ip<n q

Proof. By induction on k > 1. For k = 1, one has indeed, for alln > 1, >, .. ¢* = q[n]q. Assume that
the relation holds true up to some fixed k& > 1, for all n > k. Then for n >k, one has

Z qi1+“‘+ik+1 — Z qil Z qi2+'”+ik+1

1<i1 <. <y <n+1 1<ii<n4l—k  i1+1<ia<...<ipr1<n+1

— Z q(k+1)i Z gt

1<i<n+l—k 1<ip <...<ip<n41—i

k(k+1) if n+ 1—1
FEE Y g ( ! )
q

1<i<n+1—k

LICESS) na1—iy [ @
% Z gFAD )<I<:> _
q

k<i<n

Let us now prove by induction on n > k that
(k) (nt1—i) [ 0\ _ k1 nF1 : (kt)(n—i) [ ¢\ _ (n+1
2.« (k) 1 (k+1 o de, D g k k+1) -
k<i<n q q k<i<n q q
For n = k, the relation is obviously satisfied. Then, assuming that it holds true for some n > k, we get
(k1) (n+1—3) [ © k+1 (k1) (n—i) [ ¢ n+1
() = e () (M
k<i<n+1 q k<i<n q q
k1 n+1 n n+1)  [(n+2
- \k+1) ko) \k+1)

This achieves the proof of (55). O

Proof of Proposition 7.1. Observe that any partition 7 € PEQ(m ® n) can be entirely described through
two elements (see Figure 5):
o the positions {m + 1 —ip < ... <m+1—4d1}in {1,...,m} (vesp. {m+j1 < ... < m+ji} in
{m+1,...,m+n}) corresponding to the left-end (resp. right-end) points of the pairs in ;
e the interactions in 7 between these paired points, which can be summed through a unique 7’ € Pa(k®Kk).

Setting i := (i1,...,4) and j := (j1,...,jk), the difference Cr(i,j) := Cr(w) — Cr(x’) is then given by
the number of crossings between a pair and a singleton in 7. We can easily compute this quantity as
follows (see again Figure 5):

Cr(i,j) = [kx(1—1)+(k—-1)x(ig—i1—1)+ 4+ 1x (ir —ig—1 — 1) + 0 x (m —iy)]

HEx G =)+ (k= 1) x (G2 = g1 = 1)+ + 1% (G = o1 = 1) +0x (0= ji)] ,
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which in fact reduces to

k
Z w+g)—k(k+1).
=1
As a consequence,

Z o ( Z qu(ﬂ")) ( Z qu(iJ))
)

7r€7322(m®n) ' €P2 (kQk 1<i1<...<ix<m
< 151 <. .. <jn<n

qk(k+1)< Z qu(ﬂ' )) . ( Z qi1+~~~+ik> . < Z qj1+-..+jk) ,
' €P2 (k®k) 1<i <...<ig<m 1<ji<...<jk<n

and we can conclude by applying formula (54) and Lemma 7.3. O

-——— G-
———0 -G —
]_

—
-——0——-
-——0——-
P

- D& G —
- D0 G —

| |

*~- - — — — — =

| 1 [ ]

- R

FIGURE 5. A partition m € P2,(6 x 7) (first line) with its associated partition 7’ €
P2(3 ® 3) (second line). With the notations of the proof, the positions of the pairs in 7
correspond to iy = 2,19 = 3,i3 =5, and j; = 2,j2 =4,j3 =T.

7.2. Stochastic dynamics of the g-Hermite martingales. A well-known example of multiple inte-
grals involving fully-symmetric kernels is provided by the sequence of the q-Hermite martingales

MO (1) = IE(15%) s n>1,

which corresponds to the g-analog of the classical sequence of Hermite martingales derived from Hermite
polynomials. The study of the martingale properties of M,(f), as well as its connections with the g-Hermite
polynomials, can be found in [3, Proposition 2.9 and Corollary 4.7].

What we propose to do here is to use the results of the previous sections (and especially identity
(53)) so as to complete the program initiated in [8, Section 4.2] regarding the stochastic dynamics of the

sequence (M,Sq)). Let us first recall that in the classical commutative framework, the sequence (M,(ll)) of
Hermite martingales is known to be governed by the formula (denoting by XY the standard Bm)

¢
MO = (0 +1) [ MO () ax(? (56)

while in the free situation, that is when ¢ = 0, the following relation can be found in [1]
V0= 3 [ aPeax® u, ). (57)

0<k<n
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In order to express our interpolation result between these two formulas, let us consider the family of
kernels defined as

hfnﬂt(sl, cy8p) = I%ﬁ](sl, .oy 80) H Tisicsmy » &m>1,t,51,...,8>0.
Proposition 7.4. For all m,n >0 and t > 0, it holds that

mAn t
man 2(41)
I’Zl"‘ﬂ"{‘l(hmili_l) = E (_qu 2 Cg?n(Q)/O SéMéglz(S)ngq) Mr(zli)é(s) ) (58)
=0

where the integral in the right-hand side is understood in Itd’s sense (see Definition 3).

To see that identity (58) indeed provides us with the desired interpolation between (56) and (57), it
suffices to observe that, on the one hand,

MEL® = 1Ly = (o DI ()

which gives (56) by applying (58) with m = 0. On the other hand, by writing

CHCRSEC ED DT Gl
k=0

and then applying (58) to each summand, we immediately recover (57) for ¢ = 0, and more generally:

Corollary 7.5. For alln >0 and t > 0, it holds that

n kA(n—k) t
L(L+1) Vi
MO0 =3 3 (14" / o M@, (5)dX O MY, _(s) |
k=0 =0

where the integral in the right-hand side is understood in Ito’s sense.

Proof of Proposition 7.4. For the sake of clarity, we fix ¢ and ¢ for the whole proof and drop the depen-
‘

m.t, and so

dence on these two parameters in the notation, that is we write C,(ylf)n for C,gﬁ)n(q), Rt for h
on. Besides, let us set, for all £,p > 0, m,n > 1 and s1,...,s¢, > 0,

t
hf;lp(sl,...,Sg) = sfnlf%ft](sl,...,w) H | NS Jf;lm ::/ séMm(s)dXsMn(s) ,
i#Em 0

noting in particular that h!, = h%°. With these notations in hand, a straightforward application of [8,
Proposition 4.2] yields that

mAn
p m+n+1,p 4 14 m+n+1-2£41,p+£1
Jm,n - IernJrl (hm+1 ) + q 107(n,17)11m+"+1*2€1 (hm—i-l—él ) :
61:1
Therefore,
m+n+1
Im+n+1 (hm+1 )
mAn
— 0 01 (ll) m+n+1-201,4;
- Jm,n - Z q Cm7nIm+n+172ll (hm+1_¢1 )
21:1
mAn (mAn)—£;
_ o _ E L1 ~(L1) | 761 _ Lo ~(£2)
- Jm,n q Om,n Jmfél,nfll q Cmfll,nfll
l1=1 la=1

m4n+1-2(L14+42),41+02
Lnnti—206+62) (P 01 (0, 409 )
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and by repeating the procedure, we end up with

Lngnsa (A7)
- Jo L4y [1(€1) ~(E2) ()
=J0.t > (=DPq (O, Ot ettt )
(€17~~~7€p)6gm,n
Jhtth

m—l1+-+Lp),n—l1+--+Lp)

where

gmm ::{(fl,...,fp):pZL 1<l <mAn, 1§£i+1§(m/\n)—(€1+---+&)}.

Observe that this expression can also be written as

Im+n+1 (hﬁffﬂ)
mAn 14 )
_ L 7l (1) (£2) Lp
=Jnat D @I d U Y (OOt Ol ety iyttt ) -
=1 p=1 Ot lp=E
lizl

Now, using identity (53), it is readily checked that for ¢1,...,¢, € {1,....,m An} with {; +---+ £, = ¢,
one has

1) o(L2) (£) _ A ¢
C,(n% miel,nfel"'Cm—(el+‘~+ep,1),n—(él+m+ep71) - Cfn?n(gl,...,ép) ’
q

and thus, using also the subsequent combinatorial Lemma 7.6, we obtain

mAn

Z ¢ KLY gy e
IernJrl (hmi?+1) = JrrOn,n + (71) q 2 Cfn?n‘]mfl,nfé )

=1

which corresponds to the expected formula.

Lemma 7.6. For every £ > 1, it holds that

Ser 5 () e

Proof. By induction on £ > 1. For ¢ = 1, the relation is immediate. Assume that it holds true up to
¢ > 1, and recall the classical recursion formula for the g-multinomial coefficients: if £1 +... 4+, = {+1,
then

t+1 L NC et ¢
(el,...,zp)q_zq ool =100, )

m=1
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Therefore,
241
+1
_1)P
S 2 ()
p=1 Lyt +lp=L+1 q
£;>1
l+1 p /
SR 3CT0 SRR MR )
byl — 1,004
p=1 =10y oot (€ — 1) ooy =0 Leetm =4 bp gy
éizl
41 P g
CSr S n e >
p=1 m=1 el+"'+2m712’e>ni+1+---+lpzl [1,-..,1€m_1,£m+1,...,;€p i
1l 4
PO (zl...,ep)}
L4l =t a
éizl
41 P g g
SO DY D VEIT S CVRN KD DT el GRS |
p=1 m=1 él+“‘+€p71:é yr oy Yp— q €1+‘~+5p:€ ey kp a
4;>1 £;>1
4 p+1 ¢
- _1)P L+t —1
SR YD DD S (0.0
p=1 m=14y+---+L,={ q
éizl
14 p ’
—1)P Ly+-Alm 1
Y Y (0.'0)
p=1 m=101+--+L,={ q
£;>1
- 4
= — —1)? Li+-4L)p
I VLD W' (fl,...,€p>
p=1 Oyt lp= q
27;21
£(£—1) 2(641)
= (D¢ 7 = ()T,
as desired. m
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