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MECHANISM DESIGN AND ALLOCATION ALGORITHMS FOR
NETWORK MARKETS WITH PIECE-WISE LINEAR COSTS AND
EXTERNALITIES

BENJAMIN HEYMANN, ALEJANDRO JOFRE
December 3, 2016

Abstract. Motivated by market power in electricity market we introduce a mechanism design
in [I] for simplified markets of two agents with linear production cost functions. In standard procure-
ment auctions, the market power resulting from the quadratic transmission losses allow the producers
to bid above their true value (i.e. production cost). The mechanism proposed in the previous paper
reduces the producers margin to the society benefit. We extend those results to a more general mar-
ket made of a finite number of agents with piecewise linear cost functions, which make the problem
more difficult, but at the same time more realistic. We show that the methodology works for a large
class of externalities. We also provide two algorithms to solve the principal allocation problem.
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1. Introduction. Our purpose is to show how monopolistic behaviors in network
markets can be opposed using mechanism design. We point out that the optimal
mechanism we obtain has a surprisingly simple expression. We complete this work
with algorithmic tools for the computation of this mechanism. Following a model
proposal already discussed in [2, Bl [I], we consider a geographically extended market
where a divisible good is traded. Each market participant is located on a node of a
graph, and the nodes are connected by edges. The good can travel from one node
to another through those edges at the cost of a quadratic loss. We will use the word
principal to designate what could also be called in the literature a central operator,
or in the context of electricity markets, an ISO. This principal, who aggregates the
(inelastic) demand side, has to match locally -i.e. at each node - production and
demand at the lowest expense through a procurement auction. As argued in [I] this
setting is relevant to describe some real electricity markets, but it could also be used
in other markets where a good is transported. There is a clear antagonism between
the market participants: the operator wants to minimize its expected cost while the
producers want to maximize their expected profit. So there is a transaction and a
commitment between each agent and the principal, and at the same time, there is a
competition among the agents. In a standard procurement auction, the market power
resulting from the quadratic line losses allow the producers to bid above their true
value (i.e. production cost) [2]. The mechanism reduces the producers margin and
decrease the social cost represented in this case by the optimal value of the principal.
The optimal auction design was introduced by Myerson in 1981 [4]. We build on an
electricity market model introduced by the second author in two previous papers [3]
and [2]. The authors wrote a brief presentation of this model in [5]. Other models
were proposed for example in [6], [7], and [§], with a focus on the existence of a market
equilibrium. Concerning the techniques we use in this paper the reader can refer to
[9], [10], [TI] chapter 45 and [I2] for general introductions on principal agent theory,
mechanism design, game theory and lattices theory respectively.

We consider -similarly to [I]- that everybody knows the demand at each node
before the interactions start and that the production cost of each agent is private in-
formation. In a standard setting the agents first bid their cost and then the principal,
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2 Mechanism design and allocation algorithms for network markets

knowing the bids, a posteriori minimizes its cost. So in a standard setting the prin-
cipal is a bid taker. The producers know they influence the allocation and compete
with each other to maximize their individual profit. Since the demand is known by ev-
eryone, everyone can guess the principal reaction once the bids have been announced:
we can virtually remove the principal from the interaction in the standard setting
and consider that the agents are the players of a game with incomplete information
(since the agents do not know their fellow agents preferences). This equivalence is true
provided that the agents are not communicating with each others. The mechanism
design consists in changing the payoff function of this game -subject to constraints we
detail in this article- so as to minimize a priori (i.e. before the bids are announced)
the principal cost. Allowing the principal to strike first by revealing a committing
rule gives him a strategic advantage in the negotiation.

We restrict our discussion to determinist demand, but the reasoning extends nat-
urally to random demand as long as any possible realization of the demand satisfies
the model assumptions. Indeed since the optimal mechanism constructed in this arti-
cle is incentive compatible, then a random version (where the demand is revealed after
the producers bidding phase, as in [3]) would be realization-wise incentive compati-
ble, and so incentive compatible. Observe the mechanism we propose in the following
could be adapted to elastic, piecewise linear demand.

Our first main result is the mechanism design characterization. Interestingly the
allocation procedures for the optimal and the standard mechanism are the same (one
just needs to modify the input of the allocation procedure of the standard mecha-
nism to get the allocation of the optimal mechanism). Our second main result is a
principal allocation algorithm based on a fixed point. The fixed point could be inter-
preted as cooperating agents trying to minimize a global criteria by sharing relevant
information. Our implementation of the algorithm gives good results against stan-
dard methods. We point out that the numerical computation of Nash equilibrium
for the procurement auction (important to compare the optimal mechanism and the
standard auction setting) requires an efficient algorithm to compute the allocation.
Some other additional facts are presented within the paper: the smoothness of the
allocation functions (¢ and @), a decreasing rate estimation for the fixed point iter-
ations, some results of numerical experiments with the fixed point algorithm, and a
specific algorithm for the two-agent case.

We describe the market in the next section. In we introduce and solve the
mechanism design problem. In we study the standard allocation problem and
propose an algorithm to solve it. In we propose a different algorithm for the 2-
agent standard allocation problem. In §6| we sum up and comment the main results
and propose some continuations for this work. A reader only interested in mechanism
design could read and only, whereas readers interested only in allocation
algorithms could concentrate on §4] and

2. Market description. The production cost of each agent is assumed to be
piecewise linear, non decreasing and convex in the quantity produced. This class of
functions is sufficiently rich to represent real life problems and sufficiently simple for
theoretical study. In this work we need to assume that the production levels at which
there is a slope change are known in advance and exogenous (i.e. the agents cannot
choose them). Then without loss of generality we assume that there is a quantity g
such that the changes of slope only occur at the multiples of §. Thus, the authors



with piecewise linear costs 3

find it practical to write the production cost functions in the form
N

(2.1) C%(q) =Y _¢jmin((g— (j — 1)a)", ),
j=1

where N € N and the ¢; are some slopes coefficients specific to the agent, while ¢ is
the quantity produced. We will sometimes refer to the vector of the c; as the cost
vector (of the agent). If we denote by qf the quantity produced by agent 7 at marginal
cost cg, then qg =min((¢; — (j — 1)9)", @), where ¢; is the total quantity produced
by this agent. Let ¢, < ¢* € R** and C a set of non-decreasing N-tuples of [c., c*].
To each element ¢ of C' we associate the piecewise linear cost function ¢ — C€¢(q).
Throughout the paper we set, for any ¢ € C, ¢N*! = ¢* to simplify notations in some
proofs. Note that in practice a capacity constraint of the type ¢ < jq for a given
agent can be implemented by setting its (j + 1)** slope ¢j+1 equal to a big positive
number. If an agent of cost vector ¢ produces a quantity ¢ and receives a transfer x,
then its profit is

(2.2) u; =z — C°(q).

There are n agents numbered from 1 to n in the market. We denote I = [1...n]
and use generically the letter i to refer to a specific agent, and —i to refer to I'\{i}.
We denote J = [1...N] and we will use generically j for the cost coefficients of
the jth segment (starting from 1). The agents are dispatched on the m nodes of
a graph. At each node i we find the corresponding agent ¢ and a local demand
d;. The nodes are connected by undirected edges. We write V(i) the set of nodes
different from 4 connected to i. Obviously if i; € V (i2) then is € V(i1). We denote
E = {(i1,42) : i1 € V(i2)} the set of undirected edges. For each (i1,i2) € E, we
introduce a quadratic loss coefficient r;, ;, such that r;, ;, = 74, ,i,. In the context of
electricity market, this quadratic coefficient corresponds to the Joule effect within the
lines. We make the non restricting assumption that N is big enough so that in what
follows production at each node is smaller than gNV.

We assume that both the agents and the principal are risk neutral: they maximize
their expected profit. If the principal proposes to pay a price z; to agent i to make
her produce a quantity ¢; - this agent being free to accept or decline the offer- and if
the agent ¢ has a production cost defined by ¢;, then she accepts the offer if

(2.3) i — C%(g;) > 0.

So for agent i, either x; > C%(g;) or ¢; = 0. Thus, if the principal knew the cost
vectors ¢;, he would solve an allocation problem with those ¢;, and then bid to the
agents the quantity and the payments corresponding to the solution of the allocation
problem. But the principal does not know the cost vectors, so instead what happens
is that the agents tell her some values for the ¢; (not necessary their real cost vectors),
and then the principal decides based on those values. In this case, previous works [2]
showed that the agents can get non-zero profits and bid above their production costs.
The question we adress is how to reduce their margins.

To do so, we need to consider an intermediate scenario between the one in which
the agent knows nothing (and is a price taker), and the one in which he knows ev-
erything (and optimizes directly the whole system as a global optimizer). Each agent
is characterized by an element f;, which is a probability density of support included
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in C and an element ¢; of C drawn according to f;. Only agent ¢ knows ¢;, which
is private information. The other agents and the principal only know the probability
fi with which it was drawn. The density f; corresponds to the public knowledge on
agent ¢ production costs so the principal won’t accept any bid ¢; that is not in the
support of f;. We assume that the cost slopes are not correlated for a given agent and
between agents, i.e. their laws f/ are independent. In particular fi(c;) = [[;c; fi (c])-
In such situation, it makes sense to define

(2.4) Joiles) = H fir(cir) and f(cla-~7cn):Hfi’(Ci)7

eI\ iel

and E (respectively E._,) the mean operator with respect to f (respectively f_;). The
density f (resp. f_;) represents the uncertainty from the principal (resp. agent i)
perspective. To simplify notations we will use the symbole C™ to denote the product
of the supports of the f;. We denote by Q the set of allocation functions -which
are the applications from C™ to R, by & the set of payments functions -which are
the applications from C" to R™, and by H the set of flow functions - which are the
applications from C™ to R¥. A direct mechanism is a triple (¢, z, h) € (Q, X, H). Let
(¢,7) € (Q,X). For this payment function and this allocation function, the expected
profit of agent i of type ¢; and bid ¢} is

(2.5) Ui(ci,c}) = Bju; = Xi(c)) = Y _ €] QI(c)).

jeJ
where the capitalized quantities
(2.6)  Ql(ci) =E_;min((gi(cs,c—i) — (j — 1)), @) and Xi(c;) = E_szi(ci, c—y)
correspond to the average of their non capitalized counterpart. We also denote by
(2.7) Vi(e;) = Ui(esy ¢;).

the expected profit of agent ¢ if she is of type ¢; and bids her true production cost.
In this work we make five assumptions.

e First, the non overlapping working zones assumption is that if we denote by
C'; the support of f;, then C; should be of the form:
(2.8) C;, = [c}ic}ﬂ X ... X [cﬁvf,cf\w]
with c%f < czH < ... < csz < c?”. We could interprete each segments
over which the agent has a constant marginal cost as a working zone with
identified productive assets. The expertise of the market participants should
allow them to, based on the working zone, assess the marginal cost of the
agent. This makes senses for instance if the setting is repeated over time.
This estimation need to be precise enough so that there is no chance that it
corresponds to another working zone. We use this item in particular in the
proof of lemma [3.6

e Foriel, je Jand ¢ € C; let

(2.9) Kl (¢;)) ==
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We point out that by independence of the laws of the ¢/, K7(c¢;) = f:j, f(s)ds/

() = K(c}). So K is simply the ratio of the cumulative distribution and
the probability density for cf The second assumption is the discernability
assumption. For all i € I and ¢; € C;, the virtual cost J; j(c!) = ¢} + K7 (c])
is increasing in j. As demonstrated in the next section, the virtual cost could
be interpreted as the real marginal cost augmented by a marginal information
rent. The item imposes the marginal information rent to be such that for any
bid, the virtual marginal prices are increasing, i.e. the virtual production cost
function is convex. The item is necessary to show the independence property
of the reformulation in Lemmas B.8 and [3.91

Third, in the following we assume that, for all j € J, i € [ and ¢; € C},

(2.10) d = + Kj(c)

is increasing in cg This is the piecewise linear adaptation of the classic mono-
tone likelihood ratio property assumption encountered in mechanism design
[4, 13]. It is true in particular for log-concave functions. The assumption
ensures that the pointwise allocation resulting from the mechanism design
problem reformulation is decreasing in the bids. We refer to this assumption
in the proof of Theorem |3.11

Fourth, for §3] and §4] only, we assume that

(2.11) di— Y L <0, and di+ >

2r; 4
vev() T vt

> Ngq,

e 2r g

i€V (i) ’

i.e. we require the r; ; to be small enough. Note that the bigger the demand,
the smaller the r should be, which is a limit to the generality of the approach.
This assumption ensures that, for any agent i and working zone k, no matter
what the other agents are doing, it is still possible to find a (virtual) marginal
price that would ensure a production of exactly kg in an optimal allocation.
If the loss rates r;; are all too big for a given agent 4, then the line losses
can be bigger than the flow through the lines: the lines of agent i can be all
saturated. This hypothesis is necessary to ensure the existence of one of the
building block of the fixed point operator presented in §4 We point out that
this is the multidimensional version of the assumption 1 — 2rd > 0 in [I].
Fifth, for regularity issues we make the non restrictive assumption that it is
not possible to produce a multiple of ¢ at each node and satisfy exactly the
nodal constraints. This is non restrictive because if this was the case we could
perturb the demand to ensure the condition is satisfied. This hypothesis will
be important in the proof of the regularity of ¢ (in lemma , from which
the regularity of () follows.

To finish with the market presentation, we introduce the products of the type sets
C" =[L;e; C" and C™" =T[[ycp 0 C° .
ren\{i}

3. Mechanism Design. We start with the revelation principle as expressed in

THEOREM 3.1 (Revelation Principle). 7o any Bayesian Nash equilibrium of
a game of incomplete information, there exists a payoff-equivalent direct revelation
mechanism that has an equilibrium where the players truthfully report their types.
According to the revelation principle, we can look for direct truthful mechanisms.
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There is a priori no reason why the agents should willingly report their types. So we
need to add a constraint on the design to enforce truthfulness. This means that the
profit of any agent i of type ¢; should be maximal when agent ¢ bids her true type c;
i.e. for all (¢}, c;)

(3.1) Ui(cisei) > Ui(ei¢). (10)

This is the incentive compatibility (IC) constraint. In addition, since we want all
agents to participate in the market, we need the participation constraint imposing
that for all ¢;

Without this constraint, the principal would optimize as if the agents would accept
any deal (even deals where they would make a negative profit). The last constraint
is that the supply should be at least equal to the demand at every node. The supply
available at a given node is equal to the production augmented by the imports minus
the exports and the line losses. As explained earlier, there is a loss when some
quantity h; ;. of the divisible good is sent from one node i to another #’. This loss is
equal to r; l/hz i where r; i+ is a multiplicative constant. In order to obtain symmetric
expressions, we will proceed as if half of this quantity was lost by the sender, and the
other half by the receiver (see for instance [2]). Note that we could have equivalently
used signed flows, but we would have lost some symmetry in the formulation. Then
the supply and demand constraint writes, for all i € I and ¢ € C™,

h2..(c)+ h2 .
(3.3) Z hz 1 — ”/(C) — MT@W Z di. (SD)

2
eV (i

We point out that for an optimal allocation (see §4) , h; ;hy; = 0.

The principal decision is a triple (¢,z,h) € (Q,X,H). This decision is made
under the constraints (IC), (PC) and (SD). Since we assume that the principal is risk
neutral, his goal is to minimize his average cost, i.e. mathematically his criterion is
equal to the average of the sum of the payments. Finally the optimal mechanism is
the solution of

PROBLEM 1.

minimaize Ex,(
(g.2,)E(QX ) 4 Z i

subject to
hia(c) + b3 i(c)

Yee C"\Viel: glc Z hir i(€) — hii(c) — 5

Tt Z dz‘ (SD)
i’ €

Ve € Cn,V(i,il) SO hi,i ( 0

Vie ILY(c,e) e C?: Uilei,e) > Us(es, ) (IC)

ViEI,VCiECi: Ui(Ci,Ci)ZO (PC)

We now proceed to solve the optimal mechanism design problem, which is a functional

optimization problem with an infinity of constraints, some of which are expressed with

integrals. The essential observation is that this complicated problem is equivalent to a
much simpler one. The proof relies on the comparison with two intermediate problems:
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PROBLEM 2.

minimize g Ex;(c
(g,z,h)€(Q,X ,H)

subject to.
h2.,(c)+h% .(c
Vee C",Viel: gc Z hir i(c) — ”()—szdi(w)
'€V (i)
Vee C"N(i,i') € E: hiy(c)>0
Vi € I,Vj € J, (Cij,tl,tQ) ( TN /7T ,CN) eC,,: Vi(cl, ..,Cjil,tl,CjJrl..,CN)
—Vi(c'y . Iy, T N = I(ct, . T s I NYds (H1)

ty
VieLVed)ed: (c—e)(Qud)— Qi) <0, (H2)
Vie I,Ve; € C; - V;'(CZ')>0 (PC),

and
PRrROBLEM 3.
minimize E I(e)(c + KI(d
T T 1)
subject to
h3 () + N3 (c)
Y(c,i) € C" x T:qi(c)+ Y hinile) - hii(€) = ————5———riz 2 di(5D)
VeV (i)
Ve € Cn,V(i,i/) eFE: hi,il (C) > 0.
It
Vee Ci,Viel:x(c) = Zqi(c)cj + / Pl A7 T N e
jeJ <

The inequality on the scalar product in (H2) is the piecewise linear equivalent of a
monotonicity condition already encountered in [I]. The first two problems are very
similar, but (IC) has been replaced by (H1) and (H2) and (PC) is expressed in terms
of V instead of U. This replacement is a trick introduced by Myerson in his 1981
paper. We will show later on how we can compare Problems 2 and 3, but note that
Problem 3 is really simpler, as the optimization part can be solved pointwise (and x
can be deduced from this pointwise optimization). The main result of this paper is
that the three problems have the same solution.

3.1. Necessary conditions for Problem We derive some necessary con-
ditions for a solution of Problem [1l In fact, we only use constraint (IC') to deduce
the two next results. The first lemma indicates that any solution of the first problem
should be such that ) is monotonous. This is a classic result already introduced for
instance in [4] and [I]. The novelty here is that in the context of piecewise linear
production cost functions, this monotonicity result is expressed in a vectorial sense.

LEMMA 3.2 (Q monotonicity). If (q,z,h) is admissible for Problem[] then for
all agent i € I and all (¢;,c}) € C3

(3.4) (ci = ¢;)(Qilci) — Qi(c)) <0

where . is the scalar product in RY .
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Proof. We omit the 4 in the proof, as it plays no role. First, let (¢,¢') € Cf by
the (IC) constraint,

(3.5) U(e,e) >U(c,d) and U(d, ) > U(d,c)

ie.

=Y Q) = X(¢) =Y Q)

(3.6) o o
=S = X(e)— Y Qi(e)
jed jed

We get the lemma after summation of the two inequalities and simplification. O
Lemma [3.2]indicates that an agent should be producing less on average in her ith
working zone if she is biding a higher marginal cost for this working zone.
LEMMA 3.3. If (¢, z,h) is admissible for Problem then for any agent (omitting
i) for any ¢, t; and to

Vi, .., AT N = LI by AT e

3.7 J ,
3.7) /QJ s At NVds

Proof. The inequality Ul(ec,c) < U(e, ) implies that ¢/ — U(c,¢’) is maximal at
¢ for any ¢ € C;. Moreover,

(3.8) t—U((c!,..d 6 )0 =X ()= > FQe) - Q' (o)

ke\{j}

is absolutely continuous, differentiable with respect to ¢ for all ¢, and its derivative is
—@7(c). By definition of ¢/, @7 < . So applying the envelope theorem we get the
result. O

3.2. Necessary conditions for Problem We derive some necessary condi-
tions for a solution of Problem 2

LEMMA 3.4. If (q,x,h) is an optimal solution of Problem[3 then (omitting i) for
all c € C|

e
(3.9) Vie) = Z , Q7 (ct .. I U Nt
jeg’e
Proof. According to (H1)
ot
Z QI(c! e e ks v N )dt =
jeJvei
Z V(c,.., I eI, Ut LAY V(L d D+ V)

JjeJ
=V(e)=V(ct,...,cN ).

This is an expression for V(c¢) as a sum of a positive function of ¢ and a constant
V(ctt, ..., eN*). It is clear that to optimize the criteria, this constant should be as
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small as possible. The participation contraint (PC) imposes that V (c!*,...,cVNt) >0
therefore V(c'*,... ,cN*)=0. 0

A consequence of this is:
COROLLARY 3.5. If (q,z,h) is an optimal solution of Problem@ then for alli € I,

) 3

(3.10) Vilelr, ...,y =o0.

7 ?

Proof. See the proof of Lemma 0

Corollary means that if an agent bids a production cost functions that is the
maximum of what he could bid, he should not make any profit, and so he should be
paid exactly his production cost. We see with this lemma that if the public information
is inaccurate and the real cost of an agent is higher than what could be expected, then
there is a risk that the participation constraint is not satisfied. On the other hand, it
should not be surprising that an agent can have a zero profit: remember that in the
extreme case in which the principal knows everything (discussed in , the agents do
not make any profit.

Another consequence of lemma [3.4] is

LEMMA 3.6. If (q,z,h) is an optimal solution of Problem@ the expected profit
of agent i (over his type) is

(3.11)  EVi(o) :Z/ QU I, OO NV (6) fi(e)de

jeJs (c1..cn)€EC;

Proof.
By Lemma and Fubini’s lemma, EV;(c¢) is equal to

ot

i1 i1 1 N
]ETE ) Ql(ct,..., @7 t, T Ny
jer’e

ot it , o
:Z/ ' / ‘ »Qg(cl,...,Cj_l,t,cngH,...civ+)fi(c)dtdc]dcﬂ.
gJec? cC~ 1 Jei=ci— Jt=cI

Our task is now to compute the inner term. Applying again Fubini’s lemma, this
term is equal to

ot ot
/ / QI ..., 7 b, TV N fi(e)dtde =
ci=ci— Jt=ci

It t
_ / _ QI ..., 7 b, UV N fi(e)ddd dt =
t=ci— Jci=ci—
It p
/ Qg(cl""acj_17t7c(j+1)+a~--CN+)(/ fi(c)dcj)dt:
t=ci~ ci=ci—

i+ .

CJ
/ ‘ Qg(cl,...,07_17t,c(j+1)+,...cN+)(/
t=cl— c

J=ci— fi(Cijat)
"+

(‘] . . . . .
/ QI I, IO NTYET(4) fi(e T 6)dE =
t

—ci—

fi(e)

de?) fi(c™, t)dt =

eIt

/ QU I, TV L NET () fi(e)ded

G =ci—
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We get the lemma by summing all the inner terms. O
LEMMA 3.7. If (H1) is satisfied, then for any (a, b) € C? (omitting i)

(3.12) X(a)— X(b) = [a?Q(a) — b/Q (b) + QJ( Lt et

jeJ al

Proof. Because of its length the proof is detailled in Appendix [A]0
LEMMA 3.8. If (¢,z, h) verifies (H1) and (H2) and Q] is independent of ¢, for
§' > j, then for all (c,&) € C?

(3.13) Ule,c) > Ule, ¢).

Proof. Since (H1) is satisfied, equation (3.12)) of Lemma plies. We combine
2.5)

this relation with the definition of the expected profit U from ([2.5)). We obtain:

Ule,e) = Ule,8) =Y Q7 (c) — @Q7(e)+

jeJ

/ Q’(c Lt LeN)dt 4+ QI(E) — QY (e)

=> (d-&)Q(e ..,5j—1,6j))+/_ Q@@ ..., @ )dt

jeJ

=Y [ @@, @) -, .., @ @),

jeg /e

where we used the independence hypothesis for the second equality. By (H2), which
implies the decreasingness of (7 with respect to ¢/ when all other quantities are
fixed, if ¢/ < ¢ then for any t € [¢?,&], Q7(t) — Q’(¢7) > 0. Otherwise, we use the
formula f = - fb and the fact that any t € [¢7, ] verifies Q7 (t) — Q7 (¢") < 0. So
U(c,c) — U(c, €) is non negative. O

3.3. Necessary conditions for Problem We derive some properties for
Problem _

LEMMA 3.9. There is an optimal solution (q,x,h) for Problem@ such that ¢!
(and Qf) is independent of c¥ for k # j.

Proof. First note that x is not taking any role in the optimization problem: it is
defined afterward. The only real optimization variables are then ¢ and h. Remember
that ¢ is defined as a function of ¢ by ¢/ = min((¢; — (j — 1)g)", q). The constraints
are defined for each ¢ € C™ and the integral criterion is in fact a sum of independent
criteria depending on ¢(c) for ¢ € C™. Therefore we can solve Problem 3 with a
pointwise optimization. By the discernability assumption, for any ¢ € C™ and i € I,
¢! + K7(¢!) is increasing in j. So for all c € C", i € I, >jesdi(c )& + K () is a
convex criteria in ¢; and so the pointwise problem corresponds to Problem Mof {4 In
particular, we can apply Lemma [4.3| from the next section. So ¢/ only depends on cJ
and c_;. This property is preserved by integration over the c_;: Qf only depends on
.0

We point out that, since the pointwise problem has a unique solution, the point-
wise optimal solution introduced in the proof is uniquely defined.
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- THEOREM 3.10. If (q,x,h) is the pointwise optimal solution of Problem @ and
K} is smooth in ¢! for (i,j) € I x J and ¢ € C;, then for alli € I, Q; is C™ over
C,;.

Proof. We will use some results and notations from . Remember that cj —
cj + Kj (017 ) is increasing, so by composition with smooth bijection, we can do the
reasoning as if the costs involved were ¢ instead of ¢/ + K7(¢!). First according
to Lemma [£4] ¢; is continuous. Since g; is bounded, we can apply the dominated
convergence theorem to show that @); is continuous. Then we proceed by mathematical
induction. Assume that @Q; is C!, then take ¢! € C; and c¥ a sequence in C; that
converges to V. Since § = UpenS(cF) is a countable union of null measured set (by
Lemma , its measure is zero. So without changing the results, we can compute
the integrals on Cii\S’ instead of C~". Since ¢; and its derivatives are bounded, we

QW ()~ (eh)
can apply the dominated convergence theorem to compute the limit of #

as k goes to +00 as the integral of a limit. Since we removed the point over which

0 0
% has a limit, and this limit does

this limit was not defined, we get that ‘

not depend on the sequence c¥. So Q; is [ + 1 times derivable at c;, for all ¢;. We

conclude by induction. O

3.4. Resolution of the mechanism design problem. Last but not least, we
state the main result of the Section.

THEOREM 3.11. Let (qg, h) be defined such that for any c € C", (qf(cz, c—;),h(c))
solves

mzmmzzeZqu s (c] +KJ( ))

I’Z’h el jedJ
subject to
0<q <q
. . h2 /( )+h2/ (C)
i(doe _ Nia\©) T ale)
Zqz(cza Z hz 1 21() 9 Tii _dl
jeJ '€V (i)
hiir(c) >0,
and set
At
() — J(d o b _
(3.14) qi(c) = Zqi (c],c_;) and z; ZqZ ! cl /j ql (t,c_;)dt,
JjeJ JjeJ Ci

then (q,h,x) solves the optimal mechanism design problem (Problem 1).
Proof.

e First note that (g, h, x) is the pointwise solution of Problem 3 so it is optimal
for Problem 3, moreover, by construction (g, h, z) satisfies (SD) and h > 0.

e Then note that by Lemma (g, h, x) solves a relaxation of Problem 2, but
is it admissible for Problem 2 7
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e By definition of V' (omitting ),

Vier...aj...cy)=Vier...bj...en) =
Ex(ci...aj...cy)—x(cr...aj...cn) — [Q(a?)a? — QI ()W) =

qu(aj,c,i)aj—l—/ Z qf(t,c,i)dt—qu(bj,c,i)bj—/ ' qf(t,c,i)dt
bi

ai
b b
(@ (@)l — @ (B)] :E/ ditendt= [ Qe
al al
where we used the definition of x, the definition of ) and Fubini lemma’s for
the second, third and fourth equalities. So (g, h, ) satisfies (H1).
By construction, ¢ is non-increasing in ¢] + K7 (c!) then using the third
assumption, qg is non-increasing in cf so for any (a,b,c_;) € Cc?* x Cc,

(al = b)) (g (al,c_;) — gl (b, c_;)) <0, so by integration with respect to ¢_;,
(a! —b7)(Q%(al) — Q! (b)) < 0 and then by summation over 7, (¢ —¢).(Qs(c) —
Qi()) <0, ie. (H2) is satisfied.

Since (H1) is satisfied, V;(c;) > Vi(c;). Moreover, V;(cj) = 0 by construction
of z. So the participation constraint (PC) is satisfied.

Therefore (g, h, x) is admissible for Problem 2. So it solves Problem 2.

Since (g, h,x) solves Problem 2, by Lemma the incentive compatibility
constraint (IC) is satisfied. Moreover, by Lemma (PC) is satisfied. So
(g, h, x) is admissible for Problem 1, but is it optimal ?

By Lemmas and any optimal solution of Problem 1 should be admis-
sible for Problem 2. Since the criteria are the same, we conclude that (g, h, x)
is an optimal solution of Problem 1.

3.5. Comments. In the optimal mechanism, the agents are paid at a marginal
price that is equal to their bid augmented by an information rent. This information
rent depends on the problem structure by the fact that it is built from a collection of
allocation problems, and it depends on the available information by the fact that, in
these optimization problems, the marginal prices are replaced by the virtual marginal
prices ¢/ + K/ (c!). We point out that, as already noted for instance in [13], the
computation of such rent may pose a practical difficulty for large problems.

Notice that, by construction, the optimal mechanism is incentive compatible no
matter K as (H1) is verified anyway as long as the hypothesis are satisfied. If this
market is repeated over time, the principal can dynamically enhance his probabilities.

The model extends to the more realistic case when some nodes do not have a
producer and for some others, the demand is null. In particular, we can consider the
buyer/suppliers setting where there is demand only at one node.

One may argue that one limit of the current result is that it does not take into
account any network constraints. Nonetheless, the structure of the proof makes it
clear that we exploited only some properties of the allocation problem. Therefore,
the optimal mechanism construction is valid for any market for which the allocation
problem satisfies these properties. We discuss more on this point in

In addition, the optimal mechanism construction is valid for limiting case with
r = 0 at some edges. In this case, one needs to specify the definition of ¢ of as
the solution of the allocation problem may not be a singleton. If all the agents are
identical and r» = 0 for all edges, this corresponds to a second best auction.
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We have not tried any ironing techniques to get rid of the monotone likelihood
ratio assumption ; this is probably something to look at.

3.6. Generalization. The study of this subsection could be postponed to a
second reading. We extend Theorem to a more general network market. In
this subsection we use specific notations. The letter e is used generically to refer to
a line. The network flow is now subject to a constraint of the form N(h) € R™,
where N(h) is a convex and smooth function from R¥ to R™, where m € N. We
call this constraint the network constraint. To model the piecewise linear prices, we
use positive variables ¢/ < ¢/. Thus, the working zones are not assumed to be of
equal sizes anymore. The marginal rates CZ are assumed to be increasing in j. The
criterion is still J(q) = > ;cr > ey ¢lcl. We write K; the set of decisions (¢’, he)
such that N(h) € R™ and 0 < qf < (jf . We assume that Ky is non-empty. The nodal
constraints are replaced by constraints of the form (for all i € I) >~ q{ +gi(h) >0
where the g; are smooth strictly concave functions from (RT)¥ to R. We introduce
the set Ko = {(¢/,he) € K15 Vie I —37.q —gi(h) < 0}. Then the allocation
problem corresponds to the following optimization program:

minimize J(q)
(3.15) (a7:)
subject to (¢!, he) € Ka.

It is clear that qf is non-increasing in cZ We point out that at optimality, the
nodal constraint should be binding. Moreover, by the strict concavity of the g; the
solution of problem is uniqueE| Note that J is smooth and its gradient at
(¢ he) is (cb,...clV,...clV,0,...,0), where the last |E| null coordinates correspond
to the variable h. We denote by Nk, (qf, he) and Ny, (qg7 he) the normal cones to K
and K> at (qf ,he). Applying Theorem 10 from [I5] (we can check that the constraint
qualification is satisfied if ¢ is not identically equal to zero), we can express Ni, (qf yhe)
as

(3.16) O NVSig he) + 2 (M. An) € (Ry)™, 2 € N, (¢, he) }
iel
where f;(q,h) = —Ej qf — gi(h). Applying Theorem 9 from [I5], the solution of
(3.15) should satisfy
(3.17) —VJ(gl, he) € N, (g, he).

Observe that since the problem is convex and the solution unique, this is in fact
a necessary and sufficient condition for the unique solution of the problem. The N
first rows of this relation gives:

(3.18) (—cl =)y =M(=1,..., =) + (21,..., 2N).
where Ay > 0 and

>0 ifq =q
(3.19) 28 <0 ifgd =0

%

0 else

ITake two optimal solutions, then check that the solution build with the average of the two flow
vectors is admissible by convexity of the problem and strictly better by concavity of g.
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Note that if z; = 0 then ¢/ = Ay, and since the ¢/ are increasing in j, there is at
most one j such that z; = 0. Moreover, by for all 7 we have z; = A\ — c{
So the z; are strictly decreasing in j. From the product structure of K; we deduce
the product structure of its normal cone. We can then write with obvious notations:
Nk, (g,h) = Ni,(q) x Nx,(h) From the rows corresponding to h in the first order

condition we derive the relation:

(3.20) Z AiVgi(h) € Ni, (h).
iel
Lemma [3.12]is a generalization of Lemma [4.3]

LEMMA 3.12. Let (q(c), h(c)) be a solution of Problem[3.15, Assume g; contm—
uous with respect to c;, then for anyi € I, j € J, qz( c) does not depend on ct for
L#7.

Proof. Take (¢;,c_;) € C™. If ¢l (¢;, ¢ z) €]0, @[, then \; = ¢ and ¢¥ (k # j) does
not intervene the first order conditions and , so that the solution does
not depends on it. So without loss of generality we assume ¢ (¢;,c_;) = 0 (the case
qf (ciye—i) = (jj could be treated in the same manner). By the continuity assumption
we can restrict even more to the case where qj b= zjf*l and qg (¢iyc—i) = 0. Then
by the first order condition, \; € [07 ) 7]. Using the same the first order condition
argument we used at the beginning of thls proof, we see that the solution only depends
on cj and c7 If cj increases, then ¢; decrease so that q] stays equal to zero. If
c’ decreases, then the first order condition \; € [07 cj] stays true for the current
)\Z, the whole first order condition is still satisfied. Therefore the solution does not
change. The lemma follows. O

Notice that we can write ¢; as a strictly convex function of h ¢; = —g;(h), and
then the cost associated with ¢; is the composition of an increasing convex function
of R and a convex function from RIZ! to R, therefore it is convex with respect to
h, then we can rewrite the problem with only h as a decision variable, the problem
would be defined on a convex set and with a strictly convex cost, and parametrized
by ¢ € C. Then we can apply Berge maximum principle (see Theorem 9.17 in [16])
in a convex setting to get the continuity of ¢. From Lemma and the monotony
of ¢, we conclude that we can extend Theorem to a more general setting.

3.7. Examples with log-concave functions. We point out that a sufficient
condition to check the monotone likelihood ratio property is that F'/f is increasing. If
Fis a smooth cumulative distribution function with f the corresponding smooth and
positive density, then F/f is increasing iff f/F is decreasing iff In F’ is decreasing iff
In F' is concave. A function f is said to be log-concave if In f is concave. Many density
functions encountered in the economic and engineering literature are log-concave: the
uniform, the normal, the exponential, the power function and the Laplace distribution
have log-concave density function. We refer to [I7] for the results we use on this
class of functions. The class of log-concave is stable by monotonic transformation
and truncation. Moreover, it happens that if a probability density distribution is log-
concave, then the corresponding cumulative distribution is log-concave. In mechanism
design theory, it is standard to assume F' to be log-concave [I8].

We want to see the implication of the discernability assumption. This assumption
imposes a gap A equals to K f (cf’) between cf * and cz(»] D= We compute this gap
for some standard cases. To simplify the notations and the computation, we assume
without loss of generality that ¢/~ = 0 and write ¢/t = ¢t. We get the following
table:
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Table 1: The gap A for some standard probabilities

Name o« f(z) x F(z) K(x) A
Uniform 1 T z ct

. P _ P F
Power Function ,\(C%)A 1 ] C+(CL+)A ] T LT
Weibull M1 TE) Jera e ) LS o) ety
Lapiace e F e g S0 de )
Exponential (reversed) Ae—(€T=oA e—c+*\((3“ —1) 1—e= " 1—e=A

We truncate the probabilities so that they have support in [0,c¢*]. The symbole
o means that we express f and F modulo the multiplication by a common constant
(due to the truncation) and A is a positive parameter that should be greater than
1 for the Power function and the Weibull probability. For the uniform distribution,
we see that the interval should be of non-decreasing sizes. For instance, one could
take ¢! € [¢,2¢], ¢® € [3¢,4¢], ¢® € [5¢,6¢], etc. For the Power function, the Weibull
function and the exponential, we see that the gap could be made smaller. We do
not address in this work the question of the practical implementation of an optimal
mechanism. The discernability assumption raises an additional practical issue.

4. Study of the allocation problem.

4.1. The standard auction problem. The previous section motivates the
study of the allocation problem for different reasons. First, as we have seen in the
proofs, the results of §3|rely on some properties of the solution of the standard alloca-
tion problem. In addition to those properties, we derive in this section two algorithms
to compute the solution of the standard allocation problem. According to those
algorithms can be used for both the original auction problem and the optimal mecha-
nism design. To benchmark the mechanism design equilibrium against an equilibrium
of the Bayesian game related to the standard auction, numerical efficiency is pivotal:
indeed the Bayesian equilibrium requires a lot of allocations computations.

Let us first introduce the standard allocation problem. In a standard mechanism,
the principal solves an allocation problem based on the bids he receives. Those bids
will be denoted by ¢], where as before i € I corresponds to the ith agent and j € J
corresponds to the jth working zone with constant marginal price. To model the fact
that the production costs are piecewise linear, we use some positive variables ¢ so
that qj < @, for any ¢ € I, the quantity produced by agent i is ¢; = > jed qf and
the related production cost is Y jed clq]. As before, an allocation should satisfy the
constraint that production exceeds demand. We end up with Problem [4}

PROBLEM 4.
mzmmzze ZZq
el jeJ
h2., + h?
bj e 1 i — by — =" > d; i
subject to Vi € qu Z h 5 rii > di  (N)
(41) jed eV (i)

V(i,i') € E :hiy >0 (vii)
Vi, j)eTxJ:ql >0 (miy)
V(i j) eI xJ: qf- <q (vij)-

The notations for the dual the variables associated with each constraint are indicated
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in parentheses. Those variables are in R, .

For any node i € I, we define the function F; for A € [min; ¢}, max; ¢N]"
Air = i (Air = Ap)?
(42) ( ) * v ria(Ni+ X)) 2rp 0 (N + Ai)?

We will justify later that this function could be interpreted as the production of agent
i when the multipliers are A; and A_;. Its partial derivative with respect to A; is

4 A%
4. FQiAi) == Y = m iy <0,
(43) BRI = 2 oA <

The derivative is negative: when ¢ increases its price it is assigned smaller production
quantities. The partial derivative of F; for i’ € I\{i} is

)\Ll)\7 . . .
(4.4) O, Fi(Ai, A_y) = Foo Beixe > 0 i e V()
e 0 else.

When another agent becomes less competitive, 4 is assigned more production. Let
k € JU{0}. The limit at +o0 and 0 of F;(x,\_;) — kq are

1
4. lim Fi(x,A—;) —kqg=d; — kq—
(45) o Filer A=) = K 1 G
jevi) 7
and
_ i i 3
(4.6) Jim Fi(eA) kg =di—ka+ 3 T
jeva v

Using the hypotheses , the first term is strictly negative and the second strictly
positive, so by the intermediate value theorem, F; — kg has a zero. Since F; — kq is
decreasing in A;, this solution is unique. Now we define for ¢ € I and k € J U {0},
g¥ as the function that associates any A_; € [min; ¢}, max; ¢¥]"~! with the unique z
such that and F;(z, A_;) = kG and = > 0:

Fi(gF (A=), A=) = kq

@) gF(A_) > 0.

LEMMA 4.1. Foranyi € I, k € JU{0}, A% € [min; ¢}, max; cN|"~! and i’ € V(i)

(4.8) 8>\i,gf()\_i) > 0.

In particular, g¥ is increasing in Ny for i’ € V(i).
Proof. According to the implicit function theorem
ogf(N\_;)  OF

(4.9) N O\

OF;
oN;’

/

0
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It is clear that g¥(\_;) is decreasing in k. We proceed with the computation of
the dual of Problem 4] If a strong duality theorem applies, then we should have
min max Z qfcz +
q,h /\’%V’“iel,jeJ
) h2., +h2 .
DAddi = Qo d Y hi—hig — 5 Ti)}
icl jeJ i€V (i)
- Z Vil + Z vij(ql — @) — pijq]
ieljeJ iel,jed
= max min )\zdz_ Z l/ij(j—Fqg(C{—i-Z/ij—/\i—,uij)
Avvw gh £ = ' ’ ’
icl iel,jed

i + Ay
+ Z hivi'{/\i_)‘i'_’Yi,j}+h127i,ri7i/ v 5 1,

(i,4)€E

so that for any (¢,7") € E, by necessary and sufficient first order condition

i A — N

4.10 R
( ) ’ Ti,i'(>\i’ + >\z)
By replacing h by its expression in the dual variables we get something equivalent
to
. _ N = A —7i4)°
maximize Z{/\idi — Z VikG — Z g
(4.11) Gorwr)  SeT jet veve (Nt )

subject to Y(i,7) € I x J ¢ +vij > N+ pij-

The expression of v with respect to A follows. For any (i,i) € E

0 if Ay < Ay
4.12 i = -
( ) i {)\i — Ay else
so the dual problem is equivalent to
. _ (A — Air)?
maximize Nid; — Vi j4 — _—
21 2 il X )

(4.13) Qopv) iel jed i'eV (i)
subject to  V(i,j) € I x J Cz +vig > N+ g,

because p does not play any role in the admissibility of the other variables nor in the
objective, this is equivalent to

3 3 — (>\’L - )\7;/)2
maximize Z{)\idi — Z viiq— Z Ay
(4.14) ) el i< verly e i+ Aw)

subject to  ¥(i,j) € I xJ ¢ +vij >\,

The expression of v follows. For any (i,7) € I x J

0 if N < ¢l
4.15 = . -t
(4.15) Visi {)\i — ) else.

K2
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So we can a posteriori justify that we have strong duality: the operator is continuous,

convex-concave and the dual variables are restricted to be in a bounded set.
So the dual of the allocation problem writes:

- . g _ (Ni = Air)?
(1) megimize 3 {hdi—ad = eDdzg - 3 o)

iel jeJ VeV (4)
where
1 ifx>y
(4.17) Op>y =
- 0 else.
For 7 € I we maximize the criteria
. N\ — )\.,)2
4.18 Nidi — q N — c)§ i — (Z—Z,
(4.18) QZ( QLIS Z Ary 0 (N + M)
jed eV (i) ’

which is strictly concave for any A_; (sum of concave and strictly concave functions).
We denote by A;(A_;) its maximizer. The first order necessary and sufficient condition
on A; is:

(4.19) 0€ F(Aj, M_y) — Ki(Ay),
where
—14lg if X =c
4.20 K;(\;) = i
(4.20) M) =1q it A €le],d AN
N(j if /\z € )\z E]Cgv,é[,

We conclude
LEMMA 4.2. For any i € I and any A\~% € [min, ¢}, max; cN]"~1, Ay(\_;) is the
unique solution of

(4.21) Fi(Ai;)\fi) S Kz(Az)

We point out that the primal (and dual) solution unicity is a desirable property
that is not systematic for the allocation problems of centralized market models. The
expression of h with respect to A and the fact the supply constraint should be
binding at optimality justify the interpretation of F; proposed at the beginning of this
subsection. In the following we use this property many times.

4.2. Some properties of the solution. If r and d are set, we can see the
solution of Problem 4 as a function of the vector ¢ € C™. We denote by ¢(c) the
solution of Problem 4 with the cost vector c. Similarly, we define ¢;(c), ¢/ (c), M(c) and
Ai(c). We give here two properties of the allocation problem solution. By integration,
we showed in the previous section that the solution of the mechanism design inherits
those properties. ,

LEMMA 4.3. Let (q(c),h(c)) be a solution of Problem [} then g (c) does not
depend on ¢t forl # j:

(4.22) q{(cl7...cj_1,cj,cj+1...,cN;c_i) = q{(sl,...sj_17cj7sj+1...73N;c_i)
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Proof. Letic I, jeJ c_, e C" ! c= (c',....cN)eCand s=(s',...,s") €
C such that s/ = ¢/. We shall prove that ¢/ (s,c™%) = ¢/ (c,c™"). We denote by \°
(resp. A®) the dual variables associated with the nodal contraints for the allocation
problem parametrized with ¢ (resp. s). First if

(4.23) ¢ (c,c™) €0,q],

then by lemma)\f = cf and so using Lemmaagain, A = cf Therefore A* = \¢,
from which we deduce that ¢! (c,c™%) = ¢] (s, c 7).
So without loss of generality, we can assume that

(4.24) @(c,e™)=q and ¢ (s,c7") =0.
Then using Lemma [4.2| we get
(4.25) 2> and A <

so that A > A7, If AS > A%, then A\°, > A%, by non-decreasingness of A/, ¢’ € I'\{i}
(explained in Therefore all the other agents are producing less, which is absurd
since ¢ is already producing less.
|

We extend the notations by setting for all i € I, ¢? = c.. We consider the subset
S of C for which at some nodes i, the multiplicator A; is equal to the marginal cost
and the production is a multiple of g (i.e. stuck in an angle):
(4.26)

S={ceC" qlc)=jgand \;(c) = ¢ for some i € I,je Ju{o},5 €{j,j+1}}

?

The set S corresponds to the points of transition between the two possibilities defined
by the first order condition . Because of the angle, it is natural to think that this
is where irregularities may happen (see the proof of the next lemma). We introduce
this set to show some regularity properties of ¢ and ). We detail the proof in the
Appendix. The approach consists in showing that S is a finit union of sets of zero
measure. This is also true for the projection of S on the {c¢;} x C~¢. Then we observe
that on C\S, the relations between the primal and dual variables are smooth.

LEMMA 4.4. The function q is C* on C™\S and C° on C".

Proof. We postpone the proof to Appendix [B|O

4.3. Fixed point. In this subsection we show that the solution of the dual
problem is the unique fixed point of a monotone operator. We define

(4.27) AL, oy M) = (AL(A_1), s A (M),

LEMMA 4.5. For any i € I, A; is non-decreasing.
Proof. Let A_; < A, and the corresponding A; and A,. Assume A; > Al. Since

K3
F; is decreasing in the first variable and increasing in the second

(4.28) Fi(As, ) < Fi(Ag, AL)

Moreover for any x € K(A}) and y € K(A;), 2 < y and F;(A;,A\_;) € K(A;),
Fi(A,\_;) € K(A}). Therefore F;(A}, N ;) < F;(A;, A_;) which is absurd. O
We will use the following classical result (see [I2] for a proof and definition of

complete lattice).
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THEOREM 4.6 (Knaster-Tarski fixed point). Let L be a complete lattice and let
f an application from L to L and order preserving. Then the set of fized points of f
in L is a complete lattice.

In particular, the set of fixed points is non empty. Since A is order preserving
and [c., ¢*]™ is a lattice when we consider the natural order, there is a fixed point,
and the set of fixed points is a lattice.

LEMMA 4.7. X is optimal for the dual < X\ is a fized point of A.

Proof.

e If )\ is optimal for the dual, then each component i maximizes the criteria
(4.18)), so A is a fixed point of A.

e If ) is a fixed point of A, then by definition, each component ¢ maximizes the
criteria (4.18). So since the problem is (strictly) concave, A is optimal.

A consequence of the previous lemma is that

LEMMA 4.8. The set of fized points of A is a singleton.

DEFINITION 4.9 (Continuous for monotone sequence). We consider the natural
partial order on R™. We say that a function G is continuous for monotone (resp.
increasing, decreasing) sequences if for any monotone (resp. increasing, decreasing)
sequence x, converging to a point x in the domain of G, G(x,) goes to G(x) as n
goes to infinity.

Obviously, a function is continuous for monotone sequences if and only if it is
continuous for increasing and decreasing sequences.

LEMMA 4.10. The operator A is continuous for monotone sequences.

The intuition of the proof is that we can use the monotony of the sequence and
Lemma [.2] to characterize the behaviour of A on the neighborhood. We find that A
is either constant or characterized by the implicit function theorem.

Proof. Let A_;, j € [1...N], we first deal with the 'nice’ case, that corresponds
to Fi(A(A-i),A—i) €]7 — 1, jla

o It A;(A_;) €]cd, [ (we do not treat the case j = N, which is very similar to
what follows) then since F; is C* and of invertible derivative (non zero) in \;,
the implicit function theorem tells us that the solution v of F;(¢(A_;),A_;) =
jq is continous in a neighborhood B of A_;. So we can take B small enough
so that for A_; € B, ¥(A_;) €]¢/,¢*'[. On this neighborhood, 1 satisfies
the first order conditions and so by unicity of the solution of the optimization
problem, since those conditions are sufficient, 1y = A; on B. So A; is continous
at 5\_1'. )

e If A;(A_;) = ¢} (as before, we do not treat the case j = N), then by Lemma
Fi(Ni(A_i), A=) = [j — 1,4]g, if F; €]5 — 1,5[q (we deal with the border
case in the next point) then since F; is continuous, there is a neighborhood
B of A_; such that F;(A;(A_;),A\_;) €]j — 1,4[q, so on B A; is constant so
continuous. _

e We proceed with the borders. If Fj(A;(A—;),A\_;) = (j—1)g and A;(A_;) = ).

— Decreasing case: Let us take € € R’} such that F;(A;(A_;),A\_; +¢€) €
[7 —1,7]7 (F; is continuous and increasing in A_;). Then A;(A_; +€) =
Ai(X_;) checks the first order condition so A is constant, so we get the
continuity for decreasing sequences.

— Increasing case: F;(A;(A_;),A_;) = (j — 1) and so there exists a ball
B such that the implicit function theorem applies and there exists 1
such that F(v(A_; —€),A_; —¢€) = (j — )g and Y(A_;) = Ay(A_;) = ¢

K3
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(remember that A;(A_;) = ¢ by hypothesis) . Since Fj is increasing in
the second variable and decreasmg in the first, ¢ is increasing. For € of
positive components and sufficiently small, ¢ (A_; —€) 6]0{71 cj[ (since

Y(A_;) = Ai(A_;) = ¢!) and so check the first order condition. So for e
of positive components and sufficiently small, ¢» = A; by uniqueness of
the solution. So A; is continuous for increasing sequence. _

e We do the same analysis if F;(A;(A_;),A\_;) = jg and A;(A_;) = ).

The conclusion follows. O

We could have alternatively used Berge Maximum theorem for strictly concave
criterion to get the continuity of A. Yet, we choose to present this proof for pedagogical
reasons since it contains some key ideas we will use later (see appendix).

THEOREM 4.11. The sequence (A*(c...cN))ren converges to the solution of the
dual.

Proof. Since A(c...c)) < (e ...clV), and since A is order preserving, the sequence
AF(cN...cN) = AF is non increasing and bounded, so converge to a point x. Since A
is continuous for monotone sequence, x is a fixed point. [0

THEOREM 4.12. For any i € I, A_; € [y, c*]" L, Aj(A_;) has the following
explicite expression:

(4.29)
o . N . ; ) . k
(A=) = min{ef’ min{ef g o 5 <ieh i {9F Q=)o oeper by}

Proof. We denote by G; the RHS of (4.29) and show that for any ¢
(430) Fz(Gz ()‘—i)7 )\_1) S K(G()\_z)),

and then we conclude with a uniqueness argument. '

If there is j € J such that G;(A_;) = ¢/, then either F; (ch)‘—i) <jqorgl(A\_;) =
¢]. This last possibility implies by definition of g/ that Fy(c/,\_;) = j§. So anyway
Fl(cz A—i) < j3. Remember that K(G(A_;)) = [j — 1,7]g. So we need to prove that
F-(cf,)\ i) > (j — 1)g. Suppose the contrary, i.e. Fl-(cg,)\_l-) < (j —1)G@. Then since

Gi(A_)=¢l, F(c],A_;) < (j — 1)g, which in turn implies that

(4.31) g\ <c.

(3

Now observe that since Gi(A_;) = ¢/, F(¢!™',A_;) > (j — 1)¢, which implies that

7

(4.32) GO >,
Combining (4 and (4.32) with the definition of G, we see that G(A—;) < g; I(A_i).
But G(\_;) = c7 and g ( ) < ¢, s0 this is absurd. Therefore Fi(c!,A_;) > (j —1)q.
Else let us assume that there is not such j. Then there is k € [0... N — 1] such
that G;(A_;) = g¥(\_;). By definition of g¥, F;(Gi(\_;),\_;)) = kq and by definition
of G, Gi(A_;) € [cF, M. So again Fi(Gi(A_i),A_;)) € K(Gy(A_;)). We can now
conclude that A = G. O
We can interpret the fixed point algorithm as if some benevolent agents situated
at each node of the network were exchanging information. They collectively try to
minimize the total cost and, to do so, they communicate their current marginal costs.
This marginal cost is the minimum of their local marginal cost and the marginal cost
of importation from the adjacent nodes. At each iteration, the agents compute how
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much they are going to produce based on their current marginal cost. Then they
update their marginal cost based on the information they just received and transmit
this marginal cost to the adjacent nodes. We point out that the information used by
each agent is local.

4.4. Decreasing Rate. We derive in this section an estimate for the decreasing
rate. We denote o = max(c o) g2 re/Ter. We have the following bound:
LEMMA 4.13. For any (i,i',k,A\_;) € E x [0, N] X [cs, c*]" 7L,

(4.33) M gh(A_) > —(—=)5.

Proof. We combine (4.9)) with (4.3)) and (4.4). O

LEMMA 4.14. Since (A\F)ren is non-increasing for all i € I, there is a finite
number of k for which at least one coordinate \¥ satisfies

(4.34) MNos el and NP <
or
(4.35) MN=c! and MNP <l

We denote by K this set. Let (k1,k2) € N? such that [k1 — 1,ka + 1] NK = 0. Then
for k € [k1, ko] and i € I such that \F=1 # A\

1 ¢
4.36 Mo \BHL S (25 Neml )k
(4.36) PN 2 Na(c*) fél%)( i i)

Proof. By definition of \¥, ¥ — M1 — AT(Z\*~1) — AY(\F ). By construction,
there exists j € [0, N — 1] such that A’(\¥71) = ¢/ (\¥71) and AT(MF,) = g/ (AF)).
Then by monotony of g, g/(\¥,) — g/ (\¥71) is lower bounded by

(4.37) 102,097 [oc 5T = M),

for i’ € V(i). We then take the i’ € V(i) that maximizes (\5~' — \%) and use the
previous lemma to get the result. O

4.5. Algorithm Implementation. We implemented this algorithm in Matlab.
We use a dichotomy to compute the g¥. Note that for linear cost the analysis is
similar. We define g;(A_;) as the unique z such that f;(z,A_;) = 0 and > 0 and
define A such that

(4.38) Ai(N) = min(c;, gi(A—:))

We perform some numerical comparisons with CVX, a package for specifying and
solving convex programs [19] 20] for both linear and piecewise linear production cost
functions. We generate a graph with 100 nodes connected randomly. To generate the
graph, we use a Barabasi-Albert model [21I] to ensure some scaling properties. The
experiment is performed on a personal laptop (OSX, 4 Go,1.3 GHz Intel Core i5). The
networks randomly generated to test the implementations are displayed in Figures
and [1B] and the results are summarized in Table
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Fixed Point | CVX Fixed Point | CVX
cost 83.2 83.195 cost 4971.4 4971.4
time (s) | 2.03 30.23 time (s) | 28.39 35.23

Table 2: Results for a linear (a) and piecewise linear (b) instances of the problem
solved with the fixed point algorithm and CVX.

(a) The network generated to test the lin- (b) The network generated to test the
ear implementation of the algorithm generic implementation of the algorithm

Both CVX and the fixed point algorithm find the optimal value. The linear version
of the fixed point algorithm is about ten times faster than the CVX resolution. Note
that the algorithm could be distributed, since at each iteration, the computation at
each node only depends on the values of the previous iteration. In addition, instead
of computing the iterates of A at each step, we could use intermediate steps were we
follow a decreasing direction A(A¥) — A\* and choose h > 0 such that A\f = h(A(NF) —
A¥) + AF satisfies A(AF) < AF, which is easier to check than computing the g;. This
makes the algorithm similar to more standard descent based approaches (see [22]).

5. Two-agent allocation problem. We propose another algorithm for the
piecewise linear allocation problem when the network is limited to two agents. This
section is motivated by the need for efficient (both in speed and precision) allocation
algorithms to numerically compute Bayesian Nash equilibria of the standard setting.
Indeed, the natural next step of this work would be to proceed with numerical bench-
marks, by comparing the Bayesian Nash equilibrium of the standard setting and the
solution of the optimal mechanism. In general the numerical search of such equilib-
rium requires to solve the allocation problems many times. A second motivation to
present this piece of work here is the complementary insight it gives on the structure
of the allocation problem.

5.1. First order condition. The allocation problem with two agents of slopes

c{ and demand vector d; is
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PROBLEM 5.
minimize Z gl + g
al:h eJ
j

; r
bject t § I —h>=-h?>+d
subject to 'ql Z 3 +a
; r
5.1 § J4+h>-h*+d
( ) ‘QQﬂL = + do

q <q
¢ >0
h € R.

We assume that N is big enough so that each agent could supply the whole amount
without producing more than gN. This is not a restrictive assumption as we could
put very high marginal cost to model some capacity constraints. We denote for h € R
and j € J

h? h2
(5.2) q(h) = d1—|—r?+h qg(h)=d2+r3—h,

(5.3) ¢} (h) = min((a:(h) — (j = )", )
In order to reduce to an unconstrained problem, we assume that the constraints on
the positiveness of the production are not bounding (else we can already conclude).
This can be checked numerically by computing the gradients at ¢;(h) = 0. Since the
nodal constraints are bounding, we reformulate the problem:

(5.4) minimize C(h) = ZCJ1¢]1(h) + C;QS%(h)

heR -
jeJ

By definition of ¢ for (i,j,h) € I x J x R,

| 0 if gi(h) < (7 — 1)g
(5.5) ¢;(h) = qai(h) = (G —1)q ifq(h) € [j —1,jlq
q if gi(h) = jq
So we can express the derivative of qﬁg :
4 0 if gi(h) < (G —1)q
(5.6) 0¢i(h) = {rh+ (=1)"*! if qi(h) €]j - 1,jla

The function C' is convex, the expression of its subdifferential OC(h) follows from

(5.6):

A (rh+1) + c§ (rh — 1) if ¢i(h) €](5i — 1), Jila
[C’ilachﬂ](rh +1)+c(rh—1) if g2(h) €](j2 — 1), j2[q and q1(h) = j1q
A (rh+ 1)+ [, & (rh = 1) if q1(h) €](j1 — 1), j1[q and g2 (h) = joq
(e, N rh 4+ 1) + [, BT (rh = 1) if gi(h) = jiq.
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By the fifth assumption, we eliminate the last possibility. We denote

_lfu

(57) o) = 1o

so that 0 € OC(h) is equivalent to

g(rh) =o' /e’ if gi(h) €lji —1,Jilq

G gtt . . .o .
(5.8) g(rh) € [05, =1 if @2(h) €lj2 — 1, j2[q and 1 (h) = 1
At It . . .o .
g(rh) € [ﬁ ?] if g1 (h) €]j1 — 1,51(q and ga(h) = j2q
We denote
1 1 2 1 1 2
—1 _ —1 _
(5.9) @ (@) =——+/ 5~ (di—z) and ¢ (2)=——4/—5 — ~(d — 1),
and
i(h
(5.10) Ji(h) = (q( )1~

q
By (5.8)), 0 € 9C(h) is equivalent to one of those propositions being true:
. . . c = le
Jj1,d2 qi(h) €lji —1,5ilg  and h=g(Z3)/r
2
. Al J1tt 1. _
(5~11) Jj1, g(rh) € [ngl(h)v 0;2@)] and h = ¢ 1(]1(])

2 2
CJ1(h) c'71(h)

Jj2. 9(rh) € [Fger, %] and h = g3 ' (j20)-
2 2
We then use the fact that g is idempotent: g(u) =z < g(r) = u. We obtain:

Fga h€q (G = 1),5l0) and h=g(Z)/r

. Cj1+1 I _ L

(5.12) 0€0C(h) < 3h, rhe [g(—ci,z(h) >’g(7c;‘21<h> )] and h = q¢;'(j19)
) le(h) Cj1(h) _ L

Foo rh € l9(Z5),9(Gr)] and b= g3 (j20).

We denote, for (i,7) € I x J and (j1,j2) € J*

(5.13) al =q;'(jq) and by, j, = g(cf' /F’) /.

Those two quantities only depend on the problem data. We point out that a] corre-

sponds to the value of h when we set ¢; = jq and b;, ;, corresponds to the optimal
value of h when ¢; €](j; — 1), 7:[g. We sum up with the following Lemma:
LEMMA 5.1. There exist (j1,72) € J? such that one of those propositions is true:

(5'14) bjl ,J2 e]a’gl_lv a'zl [ﬁ]af ) agz—l[
Ji ) )

(5.15) ar € [bj1+1>jz(a{1)’bjl,jz(a?)]
J , _

(5.16) 6y’ € [bjl(a?),jwbjl(a?),jzﬂ]'

Then the optimal value of h is respectively by, j,, a{l and agz.
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5.2. Algorithm. We denote by c; the copy of the vector ¢; with the first co-
ordinate removed, and ¢; the total production of agent i. We denote by ¢1(d, c1, ¢2)
and g2(d, ¢1, c2) the optimal production allocation when the demand is d at both node
and the cost vectors are ¢; and cs.

LEMMA 5.2. If g1(d,c1,c2) > @ and g2(d, c1,c2) > G, then

(6.17) qi(d,c1,¢2) = qi(d—q,cy,¢c5)+q and q2(d,c1,¢2) = q2(d—q,c] , ¢35 ))+q.

Proof. Fix g} = g, the resulting optimization problem is equivalent to P(d —
g,cy,cy). 0

We set
1 )\2 — )\1 1 )\2 - >\1

5.18 FA\, o) =d+ = —
(5.18) (M1, 22) RIS W WL L S W

¥

which is the 2-agent equivalent of F;. We already know that if (A1, A2) are the solution
of the dual, then ¢; = F(A1, A2) and g2 = F(A2, A1). The main result of this part is:

THEOREM 5.3. If ¢f < ¢} and the second and third propositions of Lemma
are not satisfied, then let k be the smallest element of J N {0} such that

(5.19) F(M ey <kq (A) or F(ci, ) >q (B)

then
e if (B), then qi(d,c1,¢c2) = qi(d — ¢,¢y,¢5) + q and q2(d, c1,¢2) = go(d —
q,cy,¢y)) +4.
o clse, q = F(ck,c}) and qo = F(c, cF)

Proof. If (B), then we show that g2 > ¢. Indeed, if we assume g2 < ¢, then since
we have eliminated the corner solution cases Ao = c3. If we assume in addition that
q1 < (k—1)g, then \; < ¢, then ¢ = F(\;,\2) = F(\,cd) > F(ck,cl) > (k—1)q
because of the definition of k, which is absurd. So if g2 < ¢ then necessarily ¢; >
(k —1)G@ (The case g1 = (k — 1)7 is a corner solution case that has been eliminated
by hypothesis). So A; > ¢} so by (B) g2 = F(A\2,\1) > F(c},cf) > ¢ which is in
contradiction with the assumption. So if (B), then g2 > g, and since ¢} < i, ¢1 > q.

Else, by definition, (A) is true. Note that ¢; = F(cF,c3) and ¢ = F(c}, c¥) solve
the linear problem with ¢; = ¥ and ¢, = ¢} and it is admissible. So by convexity,
this is the solution. O

Combining this result with the previous subsection, we can build an algorithm
that first checks that we do not have a corner solution, and then recursively computes
the solution.

6. Conclusion. We have shown how to characterize and compute the mecha-
nism design. In addition, the allocation problem for the optimal and the standard
mechanism are the same. We have proposed an algorithm based on a fixed point to
solve the allocation problem. This work raises some questions. Can we weaken the
Assumptions used in this work? Can we estimate the social benefit of using such
mechanism? How to build numerical benchmarks to compare the optimal mechanism
and the standard setting? How to implement the optimal mechanism in practice?
Which real markets enter in the framework described in

Appendix A. Proof of Lemma
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Proof. By definition
X(a'...a"" b, a T aN) = X (@b db T e d L aY)
Viat...b...a™M)=V(a'...c...a") +
Zaj[Qj(al...b...aN)—Qj(al...c...aN)]
ik
+bQ%(at ... b...aN) — Q" .. .c...aV)
c
:/ Qk(al...s...aN)ds—i—Zaj[Qj(al...b...aN)—Qj(al...c...aN)]
b 5
J#k
+0Q%(at ... b...aN) —cQF(a'...c...a").
We use (H1) for the last equality. Then we apply a telescopic formula
X(a) — X(b) = X(a'...a) = X(b",a®...a") +
Xt a?. . . aV) = X002, aN) + ..

N
:Z( Q.. s...aN)ds) +
p=1 7a”
N
SO VI b ek M e = QI b bR e )]
k=1j<k

N
+ZZaj[Qj(b1...bk_l,ak,ak+1...aN)—Qj(b1...bk_l,bk,ak"'l...aN)]
k=1 j>k

N
+Zaka(b1 WAk aM TNy bR QR (LT bR e L a)
k=1
Reordering the last three terms, we get

N
ZZW[Qj(bl...bk_17ak,ak+1...aN) —QI(bt ... bFT bR AR )]
j=1k>j

N
+ZZaj[Qj(b1 DR AR aR T ey — It bR bR R e
j=1k<j

N
> QY —Ld oY) -V Y el aY)

j

:Z ij[Qj(bl...bk_l,ak,ak+1...aN) — QI ... bFT bR A )
j=1 k>j

+a? QI . T et T aN) QI T Y aP T dY)

ol Y [QIB . b ak aF T aN) = I (b L R bR aF T}
k<j

> A

N
:Zanj(al...aN)—ijj(bl...bN)

27
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We end up with

N bi
(A1) X(a)—X(b):Z(anj(a)—ijj(b)—i— Q.Y d T M)t

j=1 @

0

Appendix B. On S and the regularity of q. Remember that the set S
corresponds to the points of transition between the two possibilities defined by the

first order condition (4.19)):
(B.1) S={ceC" q¢i(c)=jgand \i(c) =c; for somei e I,j € J,j €{jj+1}}.

Our first goal is to show that S is a finite union of sets of zero measure (Lemmas
and . To do so, we apply the implicit functions theorem. From this we deduce
the regularity of ¢ (proof of Lemma . For any 14, Ip partition of I, and I C Ip
not empty, j € J! and j' € J! such that for all i, j' € {j;,j; + 1}, we denote by
S(Ia,Ip,Ic,7,5") the set

i€la= X(o) cgi and g;(c) ¢ Ng
(B.2) ce C"such that foranyi€e I{i€ Ip = qi(c) =5:q
i€lc= \ile)=c)

For an element ¢ of such set, we denote by M the matrix

(B.3) M(c) = (W)( o
J ,7)EIB

We need to study the invertibility of M to apply the implicit functions theorem
(Lemma[B.2)). Note that the function S is defined on a finite set. We use the image of
S to show that the measure of S with respect to the Lebesgue measure is zero. We first
show in the next lemma that S is included in the finite union of the S(14, I, I¢, j, j')
family. Then we will show that each element of this family has a measure equal to
Zero.

LEmMA B.1. S CUS(Ia,Ip,Ic,7,5)

Proof. Take ¢ € S, then by definition of S, there exist ¢ € I, j € J and j' €
{j, 7 + 1} such that ¢;(c) = j§ and X\;(c) = ¢;7, so I¢ is not empty. By Lemma
foralli e I,iisin I4 or Ig. So we have a set S(1a,Ip,Ic,j,j') such that ¢ is in this
set, so S is included in the union of those sets. O

LEMMA B.2. For any c € C" the matriz M (c) is invertible.

Proof. Assume that there are some coefficients o; such that ) . o;M; = 0 where
M; is the ith column of M. Then by and , the ith row of this relation writes:

A2 i\
By ay oy e
FEV () ri (A + ) jev(i).jels rij(Ai + A5)

AN ; . .
. z and a; = §*. Then (B.4) is equivalent to

We denote bl,j = m

b, .
(B.5) a; = aj = —
Z ’ ZkEV(i) bi.k

JEV(i),j€lB
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Considering the biggest a;, we get that all a; are equal by convexity, and so either
all are equal to zero or

(B.6) Z bij = Z bi j

JEV(4) JEV(i),j€lB

which is not the case since I4 is not empty by the fifth assumption. O Next we show
that S(1a,Ip,Ic,j,j') has a zero Lebesgue measure.

LEMMA B.3. For any 14, I partition of I, and Ic C Ig not empty, j € J' and
j' € JI such that for all i, j' € {j,j+ 1}, the measure of the set S(I1a,Ip,Ic,7j,7') is
zero.

Proof. We assume in the market description that it is not possible to produce
a multiple § at each node and satisfy exactly the nodal constraints (fifth assump-
tion). Therefore it is not possible that Iz = I, so 14 is not empty. By definition of
SIAJB,Ic,j,j’a for all 7 € Ip,

(B.7) Fi(c] Mrn(€) = aile) = jid,

which is a system of equations in Ay, parametrized by c}/A Let ¢ € C such that the
system is satisfied, by Lemma [B.2] we can apply the implicit function theorem, so
there is a ball around ¢ in which S(I4,I5,1c,j,j') is included in a smooth surface. By
compacity of C, we can choose a sequence dense in S(I4,Ip,Ic,j,7'). We apply the
result to each element of this sequence. By density, S(14, Ip,Ic,j,j’) is a countable
union of smooth surfaces. Therefore the measure of S(Ia,Ip,Ic,J,j’) is zero. O

A direct consequence of Lemma and Lemma is

LEMMA B.4. The measure of S is zero.

We proceed with the proof of Lemma [£.4]

Proof. [of lemma Let ¢ = (c1...cn) € C"\S. Let us show that ¢ is infinitely
differentiable at c¢. We consider the two assertions:

A; =73k, F(\c)) €lk; — 1,kig and X =cF”

%

B; =73k;, Fi(\c) =k and X\ e}ck c’”‘l[”

10

By Lemma and by defintion of S, for any i € I either A; or B; is true, but never
both. We denote by I4 (resp. Ip ) the set of elements of I for which A; (resp. Ip)
is true. If A; is true for all ¢ then there is a neighborhood V of ¢ such that for any
element ¢ of V, F;(¢) €]k; — 1, k;[g, therefore on V', A(¢) = ¢.

Else I is not empty and by definition of B;

(B8) V’LGIB Fl()\IAa)\IB):q]Z?

which we can see as an equation in A;, parametrized by Ar,. This equation is satisfied
at A\(¢). If we denote by M the matrix

~ (ORO)
(B.9) M = (%) (i,5)€lp 7

then M is invertible (see lemma|B.2)), the implicit function theorem applies and there
exists a function Ay, so that in a neighborhood V of ¢, for all ¢ € Ig, we have
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Fi(M1,,A15(A1,)) = Gk;. Moreover, since F; is C* on [c, c*|™, Az is C*° on V.
Then if ¢ € V, (& A1, (€)) checks the first order condition so by uniqueness ¢y, , A1, (€)
is the dual solution, and so, ¢; = F;(A1,(€),¢) for all 4 € I on V, so ¢; is C* at c.
This concludes the proof of the first part of the lemma.

The continuity of ¢ comes from Berge maximum principle (see Theorem 9.17 in
[16]) in a convex setting. O

The next lemma is an important component for the proof of Theorem [3.10]

LEMMA B.5. Leti € I and ¢; € C;, then the Lebesque measure of the set

(B.lO) Si(ci) = {C_i S C_i, (ci,c_i) S S}

18 zero.

Proof. Using Lemma Si(e;) € {e—y € Cy,(¢ciye—y) € USUTa,Ip,Ic,7,5)}
So let c_; € S;i(¢;), 1a, Ip a partition of I, and I C Ip not empty, and j, j' such
that (¢;,c—;) € S(Ia,Ip,Ic,j,7"). There are three possible cases:

e i € I4 then as explained in the proof of Lemma S(Ia,Ip,Ic,j,7") is
locally a surface parametrized by ¢; so by projection over an hyperplane of
the type ¢; = x it also a surface in C'_;.

e i € Ig\I¢ locally, ¢ is independant of ¢; so if S(Ia,Ip,Ic,j,7' )N (ci, Si(e;)) is
of strictly positive measure, then S(I4, In, Ic,j,j') has also a strictly positive
measure in C", since this is not true, S(1a, I, Ic, j,7' )N (ci, Si(c;)) is of zero
measure in the neighborhood.

e Elset € I, which is the tricky part. First by deﬁ/nition of I, for any element
cof S(Ia,1g,1c,5,5'), qi(c) = 7:q and \;(c) = ¢)*. Without loss of generality,
we assume j, = j;, the other case can be treated similarly. Then we make
the observation that we do not modify the c_; of S(I4,1g,Ic,j,j') if we set
T = ¢, Since we are interested in S(Ia, Iz, Ic,j,") N (ci, Si(ci)), we can
assume without loss of generality that c{“ = CZ . Then we have reduced to
the case 1 € I4.

We conclude as in the proof of Lemma [B.3] O

REFERENCES

[1] Nicolas Figueroa, Alejandro Jofré, and Benjamin Heymann. Cost-minimizing regulations for a
wholesale electricity market. 2015.

[2] Juan F Escobar and Alejandro Jofré. Monopolistic competition in electricity networks with
resistance losses. Economic theory, 44(1):101-121, 2010.

[3] Juan F Escobar and Alejandro Jofré. Equilibrium analysis of electricity auctions. Department
of Economics Stanford University, 2014.

[4] Roger B Myerson. Optimal auction design. Mathematics of operations research, 6(1):58-73,
1981.

[5] Benjamin Heymann and Alejandro Jofré. Mechanism design and auctions for electricity net-
work. 2016.

[6] Didier Aussel, Rafael Correa, and Matthieu Marechal. Electricity spot market with transmission
losses. Management, 9(2):275-290, 2013.

[7] Edward J Anderson, Par Holmberg, and Andrew B Philpott. Mixed strategies in discriminatory
divisible-good auctions. The RAND Journal of Economics, 44(1):1-32, 2013.

[8] Xinmin Hu and Daniel Ralph. Using epecs to model bilevel games in restructured electricity
markets with locational prices. Operations research, 55(5):809-827, 2007.

[9] Jean-Jacques Laffont and David Martimort. The theory of incentives: the principal-agent
model. Princeton university press, 2009.

[10] Noam Nisan. Introduction to mechanism design (for computer scientists). Algorithmic game
theory, 209:242, 2007.
[11] Robert J Aumann and Sergiu Hart. Handbook of game theory with economic applications,

volume 2. Elsevier, 1992.



22]

with piecewise linear costs 31

Donald M Topkis. Supermodularity and complementarity. Princeton university press, 1998.

José R Correa and Nicolds Figueroa. On the planners loss due to lack of information in bayesian
mechanism design. In Algorithmic Game Theory, pages 72-84. Springer, 2009.

Robert Gibbons. Game theory for applied economists. Princeton University Press, 1992.

Tyrrel Rockafellar. Fundamental of optimization.

Rangarajan K Sundaram. A first course in optimization theory. Cambridge university press,
1996.

Mark Bagnoli and Ted Bergstrom. Log-concave probability and its applications. Economic
theory, 26(2):445-469, 2005.

Jean-Jacques Laffont and Jean Tirole. The dynamics of incentive contracts. Econometrica:
Journal of the Econometric Society, pages 1153—-1175, 1988.

Michael Grant and Stephen Boyd. Graph implementations for nonsmooth convex programs. In
V. Blondel, S. Boyd, and H. Kimura, editors, Recent Advances in Learning and Control,
Lecture Notes in Control and Information Sciences, pages 95-110. Springer-Verlag Limited,
2008.

Michael Grant and Stephen Boyd. CVX: Matlab software for disciplined convex programming,
version 2.1, March 2014.

Albert-Léaszlé Barabasi and Réka Albert. Emergence of scaling in random networks. science,
286(5439):509-512, 1999.

Bertsekas D.P. Convex optimization algorithms. Athena Scientific, 2015.



