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A Dirichlet problem for the Laplace operator in a domain with
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Marc Dambrine! and Paolo Musolino®

6 June 2017

Abstract

We study the Dirichlet problem in a domain with a small hole close to the boundary.
To do so, for each pair € = (g1, 2) of positive parameters, we consider a perforated domain
Q. obtained by making a small hole of size €162 in an open regular subset 2 of R™ at
distance €1 from the boundary 9Q2. As e; — 0, the perforation shrinks to a point and, at
the same time, approaches the boundary. When € — (0, 0), the size of the hole shrinks at a
faster rate than its approach to the boundary. We denote by u. the solution of a Dirichlet
problem for the Laplace equation in €2.. For a space dimension n > 3, we show that the
function mapping € to u. has a real analytic continuation in a neighborhood of (0,0). By
contrast, for n = 2 we consider two different regimes: € tends to (0,0), and £; tends to
0 with &9 fixed. When € — (0, 0), the solution u. has a logarithmic behavior; when only
€1 — 0 and &5 is fixed, the asymptotic behavior of the solution can be described in terms
of real analytic functions of ;. We also show that for n = 2, the energy integral and
the total flux on the exterior boundary have different limiting values in the two regimes.
We prove these results by using functional analysis methods in conjunction with certain
special layer potentials.

Keywords: Dirichlet problem; singularly perturbed perforated domain; Laplace operator;
real analytic continuation in Banach space; asymptotic expansion
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1 Introduction

Elliptic boundary value problems in domains where a small part has been removed arise in
the study of mathematical models for bodies with small perforations or inclusions, and are of
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interest not only for their mathematical aspects, but also for their applications to elasticity,
heat conduction, fluid mechanics, and so on. They play a central role in the treatment of
inverse problems (see, e.g., Ammari and Kang [I]) and in the computation of the so-called
‘topological derivative’, which is a fundamental tool in shape and topological optimization (see,
e.g., Novotny and Sokotowsky [33]). Owing to the difference in size between the small removed
part and the whole domain, the application of standard numerical methods requires the use of
highly nonhomogeneous meshes that often lead to inaccuracy and instability. This difficulty
can be overcome and the validity of the chosen numerical strategies can be guaranteed only
if adequate theoretical studies are first conducted on the problem.

In this paper, we consider the case of the Dirichlet problem for the Laplace equation in a
domain with a small hole ‘moderately close’ to the boundary, i.e., a hole that approaches the
outer boundary of the domain at a certain rate, while shrinking to a point at a faster rate. In
two-dimensional space, we also consider the case where the size of the hole and its distance
from the boundary are comparable. It turns out that the two types of asymptotic behavior in
this setup are different: the first case gives rise to logarithmic behavior, whereas the second
one generates a real analytic continuation result. Additionally, the energy integral and the
total flux of the solution on the outer boundary may have different limiting values.

We begin by describing the geometric setting of our problem. We take n € N\ {0, 1} and,
without loss of generality, we place the problem in the upper half space, which we denote by
R? . More precisely, we define

RY = {x=(z1,...,2,) € R" : 2, > 0}.

We note that the boundary R’} coincides with the hyperplane x,, = 0. Then we fix a domain
Q) such that

Q is an open bounded connected subset of R’} of class €%, (Hy)

where a €]0, 1] is a regularity parameter. The definition of functions and sets of the usual
Schauder classes €% (k = 0,1) can be found, for example, in Gilbarg and Trudinger [19,
§6.2]. We denote by 92 the boundary of €. In this paper, we assume that a part of 9N is flat
and that the hole is approaching it (see Figure [1). This is described by setting

0§ = 00 N ORY, 0+ =00NRY,
and assuming that
0of2 is an open neighborhood of 0 in JRY}. (Hs)

The set €2 plays the role of the ‘unperturbed’ domain. To define the hole, we consider another
set w satisfying the following assumption:

w is a bounded open connected subset of R” of class €% such that 0 € w.
The set w represents the shape of the perforation. Then we fix a point
p=(p1,...,pn) €ERY, (1.1)
and define the inclusion we by

We = €1p + 160w, Ve = (e1,62) € R?.



We adopt the following notation. If €’ = (¢},¢}),e"” = (7, €5) € R?, then we write ¢’ < &

(respectively, €’ < €”) if and only if €7 < & (respectively, €/ < €7), for j = 1,2, and denote by
J€’,€"[ the open rectangular domain of € € R? such that €’ < € < €”. We also set 0 = (0,0).
Then it is easy to verify that there is €24 €]0, +o00[? such that

we CQ, Ve €10,

In addition, since we are interested in the case where the vector (e1,e12) is close to 0, we
may assume without loss of generality that

g3 < 1and 1 < e§d < 1/634

Hence, e162 < 1 for all € € ]0,&*![. This technical condition allows us to deal with the function
1/log(e1e2) as in Section {4} and to consider the case where g2 = 1 in Section
In a certain sense, ]O,e‘ad[ is a set of admissible parameters for which we can define the
perforated domain ). obtained by removing from the unperturbed domain €2 the closure g
of we, i.e.,
Qe =0\ we, Ve €10,

We remark that, for all € € |0, Ead[, Qe is a bounded connected open domain of class €1* with
boundary 0f). consisting of two connected components: 9 and dwe = e1p + €1620w. The
distance of the hole we from the boundary 0 is controlled by €1, while its size is controlled
by the product e1e5. Clearly, as the pair € € ]0,%1[ approaches the singular value (0, 3),
both the size of the cavity and its distance from the boundary 0f2 tend to 0. If €5 = 0, then
the ratio of the size of the hole to its distance from the boundary tends to 0, and we can say
that the size tends to zero ‘faster’ than the distance. If, instead, €5 > 0, then the size of the
hole and its distance from the boundary tend to zero at the same rate. Figure [I] illustrates
our geometric setting.

002

Figure 1: Geometrical setting.

On the e-dependent domain €, for € € ]0, €4[ fixed we now consider the Dirichlet problem

Au(x)

0, Vx € Q¢
u(x) = ¢°(x), Vx € 092, (1.2)
u(x) = gi<X*5“’), Vx € Owe ,

X

€1€2



where g° € €1%(0N2) and g' € €1(0w) are prescribed functions. As is well known, (1.2)) has
a unique solution in %%(Q). To emphasize the dependence of this solution on €, we denote
it by ue. The aim of this paper is to investigate the behavior of u. when the parameter
e = (e1,e2) approaches the singular value 0 = (0,0). In two-dimensional space we also
consider the case where ¢y — 0 with €2 > 0 fixed, and show that this leads to a specific
asymptotic behavior. We remark that every point x € ) stays in ). for e; sufficiently close
to 0. Accordingly, if we fix a point x € €, then uc(x) is well defined for £; sufficiently small
and we may ask the following question:

What can be said about the map € — uc(x) for € > 0 close to 07 (1.3)

We mention that here we do not consider the case where e5 is close to 0 and &1 remains
positive. This case corresponds to a boundary value problem in a domain with a hole that
collapses to a point in its interior, and has already been studied in the literature.

1.1 Explicit computation on a toy problem

To explain our results, we first consider a two-dimensional test problem that has an ex-
plicit solution. We denote by B(x, p) the ball centered at x and of radius p, take a function
g' € €4*(0B(0,1)), and, for € €]0,(1,1)[, consider the following Dirichlet problem in the
perforated half space R \ B((0,¢1),e1€2):

AUE(X) =0, Vx € R%_ \B((0,€1),€1€2)
ue(x) =0, Vx € ORZ,
ue(x) = ¢! Xﬂ;") Vx € 9B((0,¢e1),e1€2),

limy 00 Us( )

where p = (0,1). We also consider the conformal map

Z—1a
AN -
(Pzz P + ia I
with inverse
1 z+1

A o 1 .
‘pa Z_l

When a# 0 is real, ¢, maps the real axis onto the unit circle. Moreover, if

a(e) = a(e1,&2) = e1y/1 — €3,

then ¢, ) maps the circle centered at (0,e1) and of radius €12 to the circle centered at the

origin and of radius
1-V1-43
1+1+e3
We note that the maps a : (e1,¢2) — a(e) and p: €2 — p(e2) are analytic. We mention that

a similar computation is performed in Ben Hassen and Bonnetier [2] for the case of two balls
removed from an infinite medium.

ple2) =




Since harmonic functions are transformed into harmonic functions by a conformal map,
we can now transfer problem ([1.4)) onto the annular domain B(0,1) \ B(0, p(¢2)) by means of
the map ¢,(¢) and see that the unknown function u, = ue o cp;é) satisfies

ug =0, in B(0,1) \ B(0, p(e2)),
u, =0, on 0B(0,1),
u.(z) = gie(arg z), for all z € 9B(0, p(e2)),

and the new boundary condition

: A i p(e2)e® +1
‘O =g —— 1—e3 —F— +1 Vo € [0, 27|
gs< ) g ( €9 < €2 p(EQ)ele -1 + ) S [ ) ﬂ-[

To obtain the analytic expression of the solution, we expand gie in the Fourier series
gis(é? =ap(g') + Z ar(g'.) cos k6 + by (g' )sin k0,
E>1
so that, in polar coordinates,
T‘k _ ’I”_k

F—p(e2)

u.(r,0) = ao(y i _logr + Z (ak cos k6 + by.(g' )sin k0>

logp £9) = p(e2) -k

We can then recover ue by computing ue = u, © ¢,4()- To this end, we remark that in polar
coordinates we have @) (x) = 7e (x)ef=™)  with

x1 +ixe —ia(e)
x1 + ixe + ia(e)|’

re(X) =

0.(x) = arg (ml +izg — ia(s)> ‘

x1 +ixe +ia(e)

As an example, if we assume that g' = 1, then the solution of (1.4)) is

(x) = logre(x) _ log <iﬂ% + (:Uz — €1 \/@)3 o <$% " (xQ * El@f).
log p(e3) log (1 — \/@) — log (1 + \/@)
(1.5)

We note that for any fixed x € Ri and £1, e positive and sufficiently small, the map € +— ue(x)
is analytic. When € — 0, the function u. tends to 0 with a main term of order 1] log 52]_1.
In addition, for e > 0 fixed, the map €1 — uc(x) has an analytic continuation around &1 = 0.

In what follows, we intend to prove similar results also for problem , and thus answer
the question by investigating the analyticity properties of the function € — wug(x).
Furthermore, instead of evaluating u. at a point x, we consider its restriction to suitable
subsets of © and the restriction of the rescaled function X — wue(e1p + €162X) to suitable
open subsets of R? \ @. This permits us to study functionals related to u., such as the energy
integral and the total flux on 0€2. Our main results are described in Subsection in the
next subsection instead we present our strategy.




1.2 Methodology: the functional analytic approach

In the literature, most of the papers dedicated to the analysis of problems with small holes
employ expansion methods to provide asymptotic approximations of the solution. As an
example, we mention the method of matching asymptotic expansions proposed by Il'in (see,
e.g., [20, 21} 22]), the compound asymptotic expansion method of Maz’ya, Nazarov, and
Plamenevskij [30] and of Kozlov, Maz’ya, and Movchan [23], and the mesoscale asymptotic
approximations presented by Maz’ya, Movchan, and Nieves [29, BI]. We also mention the
works of Bonnaillie-Noél, Lacave, and Masmoudi [7], Chesnel and Claeys [8], and Dauge,
Tordeux, and Vial [16]. Boundary value problems in domains with moderately close small
holes have been analyzed by means of multiple scale asymptotic expansions by Bonnaillie-
Noél, Dambrine, Tordeux, and Vial [5] 6], Bonnaillie-Noél and Dambrine [3], and Bonnaillie-
Noél, Dambrine, and Lacave [4]. We remark that problems in domains with small holes
and inclusions have a large number of applications. They occur, for example, in the study
of inverse problems (see, e.g., the monograph of Ammari and Kang [I]) and of shape and
topological optimization (as described in the monograph by Novotny and Sokotowsky [33]).

A different technique, proposed by Lanza de Cristoforis and referred to as a ‘functional
analytic approach’, aims at expressing the dependence of the solution on perturbation in
terms of real analytic functions. This approach has so far been applied to the study of various
elliptic problems, including problems with nonlinear conditions. For problems involving the
Laplace operator we refer the reader to the papers of Lanza de Cristoforis (see, e.g., [24] 25]),
Dalla Riva and Musolino (see, e.g., [11, 12, 13]), and Dalla Riva, Musolino, and Rogosin
[15], where the computation of the coefficients of the power series expansion of the resulting
analytic maps is reduced to the solution of certain recursive systems of boundary integral
equations.

In the present paper, we plan to exploit the functional analytic approach to represent
the map that associates € with (suitable restrictions of) the solution u. in terms of real
analytic maps with values in convenient Banach spaces of functions and of known elementary
functions of €1 and ey (for the definition of real analytic maps in Banach spaces, see Deimling
[17, p. 150]). Then we can recover asymptotic approximations similar to those obtainable
from the expansion methods. For example, if we know that, for £ and 5 small and positive,
the function in equals a real analytic function defined in a whole neighborhood of (0, 0),
then we know that such a map can be expanded in a power series for €1 and €9 small, and
that a truncation of this series is an approximation of the solution.

To conclude the presentation of our strategy, we would like to comment on some novel
techniques that we bring into the functional analytic approach for the analysis of our problem.
First, we describe how the functional analytic approach ‘normally’ operates on a boundary
value problem defined on a domain that depends on a parameter € and degenerates in some
sense as € tends to a limiting value 0. The initial step consists in applying potential theoretic
techniques to transform the boundary value problem into a system of boundary integral
equations. Then, possibly after some suitable manipulation, this system is written as a
functional equation of the form £[e, u| = 0, where £ is a (nonlinear) operator acting from an
open subset of a Banach space % x %; to another Banach space %5. Here # is a neighborhood
of 0 and the Banach spaces % and %, are usually the direct product of Schauder spaces
on the boundaries of certain fixed domains. The next step is to apply the implicit function
theorem to the equation £[e, u] = 0 in order to understand the dependence of g on €. Then



we can deduce the dependence of the solution of the original boundary value problem on e.
The strategy adopted in this paper differs from the standard application of the functional
analytic approach in two ways.

e The first one concerns the potential theory used to transform the problem into a system
of integral equations. To take care of the special geometry of the problem, instead of the
classical layer potentials for the Laplace operator, we construct layer potentials where
the role of the fundamental solution is taken by the Dirichlet Green’s function of the
upper half space. Since the hole collapses on OR’! N9 as € tends to 0, such a method
allows us to eliminate the integral equation defined on the part of the boundary of €
where the boundary of the hole and the exterior boundary interact for € = 0. In Section
we collect a number of general results on such special layer potentials. We remark
that if the union of € and its reflection with respect to OR'} is a regular domain, then
there is no need to introduce special layer potentials and the problem may be analyzed
by means of a technique based on the functional analytic approach and on a reflection
argument (see Costabel, Dalla Riva, Dauge, and Musolino [10]). However, under our
assumption, the union of {2 and its reflection with respect to R’} produces an edge on
OR" and, thus, is not a regular domain.

e By using the special layer potentials mentioned above, we can transform problem (|1.2))
into an equation of the form £[e,u] = 0, where the operator £ acts from an open
set | —e*, e2d[ x % into a Banach space %> whose construction is, in a certain sense,
artificial. A is the direct product of a Schauder space and the image of a specific integral
operator (see Propositions and . In this context, we have to be particularly
careful to check that the image of £ is actually contained in such a Banach space %,
and that £ is a real analytic operator (see Proposition . We remark that this step is
instead quite straightforward in previous applications of the functional analytic approach
(see, e.g., [13, Prop. 5.4]). Once this work is completed, we are ready to use the implicit
function theorem and deduce the dependence of the solution on e.

1.3 Main results
To perform our analysis, in addition to (H1))—(H2]) we also assume that 2 satisfies the condition

9, is a compact submanifold with boundary of R™ of class €. (Hs)
In the two-dimensional case, this condition takes the form
doQ is a finite union of closed disjoint intervals in OR? . (Hs)

In particular, we note that assumption implies the existence of linear and continuous
extension operators E¥¢ from €%(0,Q) to €% (0Q), for k = 0,1 (cf. Lemma below).
This allows us to change from functions defined on 04+ to functions defined on 99 (and
viceversa), preserving their regularity.

To prove our analyticity result, we consider a regularity condition on the Dirichlet datum
around the origin, namely

there exists 79 > 0 such that the restriction gjz ,,)ng,0 15 real analytic. (Hy)
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As happens for the solution to the Dirichlet problem in a domain with a small hole ‘far’ from
the boundary, we show that ue converges as e; — 0 to a function ug that is the unique solution
in €19(Q) of the following Dirichlet problem in the unperturbed domain :

Au=0 1inQ,
u = g° on 0.

We note that wug is harmonic, and therefore analytic, in the interior of 2. This fact is useful
in the study of the Dirichlet problem in a domain with a hole that shrinks to an interior point
of Q. If, instead, the hole shrinks to a point on the boundary, as it does in this paper, then
we have to introduce condition in order to ensure that up has an analytic (actually,
harmonic) extension around the limit point. Indeed, by and a classical argument based
on the Cauchy-Kovalevskaya Theorem, we can prove the following assertion (cf. Appendix .

Proposition 1.1. There isry €]0, 0] and a function Uy from B(0,71) to R such that BT (0,r1) C
Q and

AUy =0 in B(0,r1),
Uo = Up m B+(0,7“1),
where B(0,r) = B(0,r) NR’.
Then, possibly shrinking 5"{(1, we may assume that

e1p +e1e2w C B(0,r7), Ve €] — e, e[, (1.6)

We now give our answers to question (|1.3[). We remark that, instead of the evaluation of wu.
at a point x, we consider its restriction to a suitable subset Q' of .

1.3.1 The case € — 0 in spaces of dimension n > 3

For e — 0, the question ([1.3) is answered differently when n > 3 and n = 2. If n > 3, the
statement is easier.

Theorem 1.2. Let Q' be an open subset of Q such that 0 ¢ Q. There are €' € ]0,&*[ with
WeNY =0 for alle € | —€',€'| and a real analytic map g from | — €' €' to €L (V) such
that

Uey = HUor[e] Ve €]0,€. (1.7)
Furthermore,

oy [0] = gy (1.8)

Theorem implies that there are €” €]0,€'[ and a family of functions {U;;}; jen2 C
€1(V) such that

ue(x) = Z Ui i(x) etel, Ve €]0,&"[, x € &V,
irj=0

with the power series Z??‘:o Ui ; i) converging in the norm of €1%(Q') for € in an open

neighborhood of 0. Consequently, one can compute asymptotic approximations for u. whose
convergence is guaranteed by our preliminary analysis.



A result similar to Theorem is expressed in Theorem concerning the behavior of
ue close to the boundary of the hole, namely, for the rescaled function X — ue(e1p + 162 X).
Later, in Theorems[3.7 and [3.9 we present real analytic continuation results also for the energy
integral st |Vue|?dx. In particular, we show that the limiting value of the energy integral for
€ — 0 is the energy of the unperturbed solution wyg.

1.3.2 The case € — 0 in two-dimensional space

Here, we need to introduce a curve n — &(n) = (e1(n), €2(n)) that describes the values attained
by the parameter € in a specific way. The reason is the presence of the quotient
log e1
log(e1e2)’
which plays an important role in the description of ue for € small. We remark that the

expression (1.9 has no limit as € — 0. Therefore, we choose a function 7 +— &(n) from ]0, 1|
to ]0, 2] such that

(1.9)

lim e(n) =0, (1.10)

n—0+

and for which
loge1(n)

n—0+ log(e1(n)e2(n))
It is also convenient to denote by § the function

§5: 10,1 — R?

5 = (5 5 = 1 10g€1(77) >
n 60 = (5.(m), 5a(n)) (1%(51(”)52(”)),log(gl(n)EQ(n)) |

exists and equals X € [0, 1]. (1.11)

(1.12)

so that
lim d(n) = (0,)).

n—0+
In Section E|, we prove an assertion that describes ug(,) in terms of a real analytic function of
four real variables evaluated at (g(n),d(n)).

Theorem 1.3. Let A\ € [0,1[. Let Q' be an open subset of Q with 0 ¢ . Then there are
e’ €]0,e*[, an open neighborhood Vy of (0,\) in R?, and a real analytic map
gy :] — Ef/, E/[XV)\ — Cgl’a(@),
such that
Uy = gy [5(77)7 6(77)] ) vn €]0, 77,[- (1.13)

The equality in ([1.13)) holds for all parametrizations n — e(n) from ]0,1] to )0, e[ that satisfy
(T.10) and (T.11). The function n — &(n) is defined as in (1.12). The pair € € ]0,e24[ is

small enough to yield

N =0, Ve €] — €, €|, (1.14)
and 1’ can be any number in ]0,1[ such that
(e(n),8(n) €]0,&'xVa, V€l n'[.
At the singular point (0, (0,)\)), we have
ey [0, (0, N)] = Uy - (1.15)

9



As a corollary to Theorem we can write the solution ug(,) in terms of a power series in
(e(n),d(n)) for n positive and small. Specifically, there are 5" €]0,7'] and a family of functions
{Us}gens C €1*(€V) such that

Ue(n) (X) = Z Ua(x) e1(n) ea(n)?61(n)* (52(n) — NP ¥ €]0,7"[, x e .
BeN4

Moreover, the power series » 5\ Ug 5’? ! 5525f 3(02 — A\)P* converges in the norm of €1(QY)
for (e1,e9,01,92) in an open neighborhood of (0, (0, A)).

We emphasize that the map g/, as well as the coefficients {Ug}gens, depends on the
limiting value A, but not on the specific curve e(-) that satisfies (1.11)). A result similar to
Theorem also holds, which describes the behavior of the solution of problem (|1.2)) close
to the hole (cf. Theorem , for the energy integral st |Vue|? dx (cf. Theorem nd for
the total flux through the outer boundary |, a0 v - Vue do (cf. Theorem . In particular,
we show that the limiting value of the energy integral is

lim |Vus(n)|2 dX:/ |VUO|2dX—|—/ |V’Uo|2 dX, (1.16)
Q. Q R2\w

n—0

where vy € €1%(R?\ w) is the unique solution of

Avg =0 in R?\ w,
vo = ¢’ on Jw, (1.17)
SUpR2\, [vo| < +00.

In addition, we show that the flux on 0f) satisfies

li . do = 0.
ng% o vQ - Vg, do =0
Finally, we remark that the functions é; and o are not uniquely defined. For example,
we may choose
z log ea(n)
d2(n) =
log (e1(n)e2(n))

or other similar alternatives instead of d(n) (we note that d2(n) = 1 — d2(n)). Furthermore,
the solution may not depend on the quotient if we consider problems with a different
geometry. For instance, in the toy problem of Subsection the solution can be written
as an analytic map of three variables evaluated at (c1, €2, (loge2)™!). As we emphasize in a
comment at the end of Subsection the reason for this simpler behavior is that in the
toy problem we do not have an exterior boundary 9,€2. It is worth noting that a quotient
similar to plays a fundamental role also in the two-dimensional Dirichlet problem with
moderately close small holes, which was investigated in [14] and where it was shown that
an analog of the limiting value A (cf. ) appears explicitly in the second term of the
asymptotic expansion of the solution.

10



1.3.3 The case 1 — 0 with g9 > 0 fixed in two-dimensional space

We remark that we may restrict our attention to the problem with €5 = 1. Then the generic
case of g3 = &4 €]0,54] fixed is obtained by rescaling the reference domain w using the factor
e5. We also remark that the restricted case is a one-parameter problem. Consequently, it is
convenient to define e2d = E?d, We =Wey 1, Qe = Qe 1, and ue =g, g foralle € | — sad,ead[.

The next assertion is proved in Section

Theorem 1.4. Let Q' be an open subset of 0 such that 0 ¢ Q. Then there are €' €]0,34]
such that o
wNV =0 Veeg]-£,¢] (1.18)

and a real analytic map g from | — &', &' to €L (V) satisfying
U o = Horle], Ve €]0,€'[. (1.19)

Furthermore,

Theorem implies that there are ¢’ €]0,€'[ and a sequence of functions {U;}jen C
€1(V) such that
[e.9]
ue(x) :ZUj(x)sj Ve €]0,&"[, x € &,
j=0
with the power series Z;io Uj &l converging in the norm of €1%(Q') for ¢ in an open neigh-
borhood of 0.
A result similar to Theorem [I.4]is also established for the behavior of u. near the boundary
of the hole (cf. Theorem , for the energy integral fﬂs |Vue|? dx (cf. Theorem , and for

the total flux through the outer boundary [, vo - Vue do (cf. Theorem [5.11). In particular,
we show that the limiting value of the energy integral is

lim |Vu5|2dx:/ \Vuolzdx—k/ |V, |? dx, (1.21)
Q RZ\(p+w)

e—0 QE

and that the limiting value of the total flux is
/ Vptw - YWy do (1.22)
p+ow

. . L Lo/ oo
where w, is the unique solution in € (R2 \ (p + w)) of

Aw, =0 . inR%_\(P"i'w)’
wy(X) = g'(X = p) for all X € p+ 9w, (1.23)
wy = g°(0) on OR% , |

limx 00 ws(X) = ¢°(0) .

We remark that for suitable choices of g° and ¢!, the limiting value of the energy integral differs
from the one in ([1.16)), which emphasizes the difference between the two regimes. Besides,
the limit value of the total flux (1.22)) equals 0 only for special choices of ¢°, g'.
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1.4 Numerical illustration of the results.

In our numerical simulations, the domain ) is a ‘stadium’ represented by the union of the
rectangle [—2,2] x [0, 2] and two half-disks. The origin (0,0) is in the middle of a segment of
the boundary. We choose p = (1, 1), and the inclusion is a small disk as described in Figure
The small parameter € is 1 = (%)nl, €9 = (%)n2 for integers 1 < nj; <16, and 1 < no < 20.

7 7
@ .
4
, o
e e
L L

(a) n1 =1 and ny = 4, 4312 triangles. (b) n1 =2 and ng = 4, 4364 triangles.

Figure 2: Different computational domains.

To approximate the solution ue of the boundary value problem, we use a P* finite element
method on an adapted triangular mesh as provided by the Finite Element Library MELINA
(see [28]). Figures exhibit the computed square root of the energy integral, this is the
norm ||Vuel| ¢2(q,), in the previously defined configurations. In Figure |3, we take g° = 0 and
g' = 1, so the sum in is 0 and the limiting energy is strictly positive (note that
with such ¢ and ¢’ the energy coincides with the electrostatic capacity of we in €2).

(a) ue for ng =2 and ng = 4. (b) Norm [|[Vuel| #2(q.)-

Figure 3: Case where ¢° =0 and ¢' = 1.

To illustrate the different types of behavior of the energy integral, we now consider g° = x4
and either g' = 0 = ¢°(0) (see Figure |4)), or ¢' = 1 # ¢°(0) (see Figure [5). Notice that with
that choice of g°, we have [|[Vuol| #2(q) = V8 + m >~ 3.34, which is the limiting value observed
when ¢' = 0 in Figure 4l On the contrary, in the numerical results for ¢' = 1, the energy has
a different limiting value whether both ; and €2 tend to 0 or &1 tends to 0 with &5 fixed, in
agreement with our expectation when g' # ¢°(0). When both €; and e5 tend to 0, the limiting
value of the energy is the same as in the well-known case where e — 0 with £; fixed (that
is, when the hole shrinks to an interior point of £2). We notice that in the latter case, the

12



(a) ue for ny =2 and ny = 4. (b) Norm [|[Vuel| 22 .-

Figure 4: Case g' = 0 and ¢° = z.

(a) ue for ny =2 and ny = 4. (b) Norm [|[Vuel| #2(q.)-

Figure 5: Case ¢' = 1 and ¢° = 5.

energy appears to converge at a slow logarithmic rate (see, in particular, Figures [3| and ;
this is also a well-known fact, predicted by theoretical analysis (see, e.g., Maz’ya, Nazarov,
and Plamenevskij [30]).

1.5 Structure of the paper

The paper is organised as follows. In Section [2, we present some preliminary results in
potential theory and study the layer potentials with integral kernels consisting of the Dirichlet
Green’s function of the half space. Sectionis devoted to the n > 3 dimensional case. Here we
prove our analyticity result stated in Theorem[I.2] In Section[d] we study the two-dimensional
case for € — 0. In particular, we prove Theorem [I.3] In Section[5 we consider the case where
n = 2 and ;1 — 0 with g9 = 1 fixed and we prove Theorem Some routine technical
tools have been placed in the Appendix. Specifically, in Appendix [A] we prove some decay
properties of the Green’s function and the associated single-layer potential, and in Appendix
we present an extension result based on the Cauchy-Kovalevskaya Theorem.
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2 Preliminaries of potential theory

In this section, we introduce some technical results and notation. Most of them deal with
the potential theory constructed with the Dirichlet Green’s function of the upper half space.
Throughout the section we take

n e N\{0,1}.

2.1 Classical single and double layer potentials

As a first step, we introduce the classical layer potentials for the Laplace equation and thus
we introduce the fundamental solution S,, of A defined by

L log |x| ifn=2,
Sn(x) =< " vx € R™"\ {0},

@ X i >3,

where s, is the (n — 1)-dimensional measure of the boundary of the unit ball in R™. In the
sequel D is a generic open bounded connected subset of R of class €.

Definition 2.1 (Definition of the layer potentials). For any ¢ € €%*(0D), we define

vs,[0D, ¢](x) = (¥)Sn(x —y)doy,  VxeR",

¢
oD

where do denotes the area element on 0D.

The restrictions of vg, [0D,¢] to D and to R™ \ D are denoted vfgn (0D, ¢] and vg [0D, ¢
respectively (the letter %’ stands for ‘interior’ while the letter ‘e’ stands for ‘exterior’).

For any 1) € €1(9D), we define

wg, [0D,Y](x) = — D Y(y) vp(y) - VSn(x —y) doy, Vx € R™,

where vp denotes the outer unit normal to 0D and the symbol - denotes the scalar product in
R™,

To describe the regularity properties of these layer potentials we will need the following
definition.

Definition 2.2. We denote by Cﬁlif(R"\D) the space of functions on R™\ D whose restrictions
to O belong to €1*(O) for all open bounded subsets O of R\ D.
CK;’Q(@D) denotes the subspace of €%*(0D) consisting of the functions ¢ with [, ¢ do = 0.

Let us now present some well known regularity properties of the single and double layer
potentials.

Proposition 2.3 (Regularity of layer potentials). If ¢ € €%*(0D), then the function vg, [0D, ¢|
is continuous from R™ to R. Moreover, the restrictions vg [0D,$] and v§ [0D, ¢ belong to

€1*(D) and to ‘51(1)’:(]1%” \ D), respectively.

If ¥ € €V (dD), then the restriction ws,[0D,y]p extends to a function wy [0D, ] of

€12(D) and the restriction ws, [0D, Y]jgm\p extends to a function wg (0D, Y] of €LY R\ D).

loc
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In the next Proposition we recall the classical jump formulas (see, e.g., Folland [18],
Chap. 3]).

Proposition 2.4 (Jump relations of layer potentials). For any x € 9D, ¢ € €1*(0D), and
¢ € €0(0D), we have

wh [0D,0](9) = Z(x) + ws, [0, ¢](%),

o) Vo8, (00,910 = ~F0( + | oy VSu(x - y) day.
oD

where t =i,e ands; =1, s, = —1.

We will exploit the following classical result of potential theory.

Lemma 2.5. The map Cﬁi’a xR — €H2(0D) is an isomorphism.
(¢,6) = vs,[0D,d]jop + &

Moreover, if n > 3, then the map €%*(0D) — €1(9D) is an isomorphism.
¢ = vs,[0D,¢liop

2.2 Green’s function for the upper half space and associated layer poten-
tials

As mentioned above, a key tool for the analysis of problem are layer potentials con-
structed with the Dirichlet Green’s function of the upper half space instead of the classical
fundamental solution S,,. Transforming problem by means of these layer potentials will
lead us to a system of integral equations with no integral equation on 9y€2, which is the part
of the boundary of 92 where the inclusion we collapses for € = 0.

Let us begin by introducing some notation. We denote by ¢ the reflexion with respect to
the hyperplane OR” , so that

s(x) = (1, ., Tp-1,—Tn), Vx = (z1,...,z,) € R".
Then we denote by G the Green’s function defined by
G(x,y) = Sp(x—y) — Su(s(x) —y), V(x,y) € R" x R" with y # x and y # ¢(x).
We observe that
G(x,y) = G(y,x), V(x,y) € R" x R" with y # x and y # ¢(x), (2.1)

and
G(x,y) =0, V(x,y) € 0R} x R" with y # x and y # ¢(x). (2.2)

If D is a subset of R", we find convenient to set ¢(D) = {x € R" | ¢(x) € D}. We now
introduce analogs of the classical layer potentials of Definition 2.2 obtained by replacing
Sn by the Green’s function G. In the sequel, Dy denotes an open bounded connected set
contained in R”} and of class €.

15



Definition 2.6 (Definition of layer potentials derived by G). For any ¢ € €%*(0D,), we
define

wGl0Dw 000 = [ 6W)Gley)doy, e,

The restrictions of va[0D+, ] to Dy and R} \ Dy are denoted vi[0D4, ¢] and v§[0D;, @]
respectively.
For any subset T of the boundary D, and for any 1 € €1*(9D,), we define

well 010 = [ 6) vp, () Vy Glxy) oy, VxR
By the definition of G, we easily obtain the equalities
0Gl0D4,8)(x) = v, [9D+, Bl(x) — v, [0D1, Al(s(x)),  Vx ERY, Vo € €0 (dD),
and
wal0Ds, B)(x) = ws, 0D, Y](x) — ws, D4, ¥)(s(x)), VX € R", Vo € €1(9D,.).

Thus one deduces by Propositions 2.3] and [2.4] the regularity properties and jump formulas
for va[0D4+, ¢] and wg[0D4, ).

Proposition 2.7 (Regularity and jump relations for the layer potentials derived by G). Let
¢ € €V(ODy) and ¢ € €1(0Dy). Then

e the functions vg[0D+, ] and wg[0D4, 1] are harmonic in D4, ¢(D4), and R™"\ D4 U¢(D4);

e the function v;[0D4, @] is continuous from R™ to R and the restrictions v [0D+, ¢] and

060D, ¢] belong to €1*(DL) and to %I’Q(Rfﬁ \ D), respectively;

loc

e the restriction wg[0Dy, Y] iq extends to a function wh[0D4, ] of €1(Dy) and the
restriction wg[0D+, w]\Rﬁl \py extends to a function w[0D4, 9] of ‘Kli’ca (R A\ D).

The jump formulas for the double layer potential are (with § =i,e,s; =1,s. = —1)

WO+ ) (x) = () + weldDs, v](x), Wx € 04D,
sz [8D+7 1/}] (X) = w(x)a Vx € 80D+ .

Moreover, we have

va[0D+, 9] (x)
wg 0D+, ¥](x)

Here above, 99Dy = 0D NORY} and 04Dy = 0D, NRY}.

0, WxedR", (2.3)
0, Vx€dR?\ D, .

In the following lemma we show how the layer potentials with kernel G introduced in
Definition [2.6] allow to prove a corresponding Green-like representation formula.
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Lemma 2.8 (Green-like representation formula in D). Let u* € €%*(D,) be such that
Au' =0 in Dy. Then we have

ut  in Dy,

i R )
0 mR"\DiuUg(Dy).

wa [8D+, 'Uz|iafD+] — VG [8D+7 Up, - VUT6D+] = {

Proof. Let us first consider x € D;. By the Green’s representation formula (see, e.g., Folland
[18, Chap. 2]), we have

u'(x) = —/ vp, (y) - VSu(x—y)u'(y) doy — Sn(x—y) vp, (y)- Vu'(y)doy, Vx € Di.
oD,

oD,

(2.5)

On the other hand, we note that if x € D is fixed, then the function y — S, (s(x) —y) is of
class (D) and harmonic in D, . Therefore, by the Green’s identity, we have

0= / vp, (¥) - VSu(s(x) =y)u'(y)doy+ [ Sa(s(x)—y) vp, (y)-Vu'(y)doy ~ Vx €& Dy.
oD,

D4
(2.6)
Then, by summing equalities ([2.5) and lb we deduce the validity of (2.4]) in D,.

Let us now consider any fixed x € R" \ Dy U¢(D4). We observe that the functions y —
Sn(x —y) and y — S,(¢(x) —y) are harmonic on Dy. Accordingly G(x,-) is an harmonic
function in D4. Then a standard argument based on the divergence theorem shows that

/BD u'(y) vp, (y) - VyG(x,y) — G(x,y) vp, (y) - Vu'(y) doy = 0.

2.3 Mapping properties of the single layer potential vg[0€2, -]

In order to analyze the e-dependent boundary value problem , we are going to exploit the
layer potentials with kernel derived by G in the case when D = (). Since 02 = 0 U Jwe,
we need to consider layer potentials integrated on 02 and on dw.. In this section, we will
investigate some properties of the single layer potential supported on the boundary of the set

Q which satisfies the assumptions (H1)), , and (H3)).

First of all, as one can easily see, the single layer potential v;[0€2, ¢] does not depend on
the values of the density ¢ on 9p€2. In other words, it takes into account only ¢g, . For this
reason, it is convenient to introduce a quotient Banach space.

Definition 2.9. We denote by %E’a(aﬂ) the quotient Banach space
¢V (090)/{¢ € €V(09) | pa,0 =0}
Then we can prove that the single layer potential map

VN 00) — E1(049)
¢ = vG[0Q 9lja,q

is well defined and one-to-one. Namely we have the following.
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Proposition 2.10 (Null space of the single layer potential derived by G). Let ¢ € €%%(99).
Then val0Q, ¢lja,q = 0 if and only if g9, q = 0.

Proof. Let ¢ € €%%(052) be such that Pla,0 = 0. As a consequence,
v [09, ] (x) = . G(x,y)9ja,0ly)doy =0 Vx € 00).
+

Let now assume that vg[0€, ¢]j9, o = 0. With (2.3), we have in particular vg [0S, #] 5,0 = 0
and then vg[0€, ¢]|so = 0. By the uniqueness of the solution of the Dirichlet problem we

deduce that vg[09, ¢] = 0 in Q. By the harmonicity at infinity of vg[09, ¢] (cf. Lemma |A.2)),
by equality v [092, @] ORT UG = 0, and by a standard energy argument based on the divergence

theorem, we deduce that Vog[0€, ¢] = 0 in R” \ 2, and that accordingly v [0, ¢] is constant
in R \ ©. Since vg[09, ¢] = 0 on 09, we have vg[0€2,¢] = 0 in R’,. Then, by the jump
formulas for the normal derivative of v;[0€2, ¢] on 042, it follows that

b = vq - V&[0, ¢ — vo - Vus[0Q,6] =0  on 9,9,

and thus the proof is complete. O

By the previous Proposition [2.10] one readily verifies the validity of the following Propo-
sition where we introduce the image space ¥1*(9,.Q) of v¢[0%, j9,

Proposition 2.11 (Image of the single layer potential derived by G). Let ¥ 1%(9,Q) denote
the vector space

719(0,9) = {06l09, dljp, 0, Y6 € EL(00) }
Let || - [[y1.0(5,0) be the norm on Y19(0,Q) defined by
Hf||7/1»a(8+9) = ||¢”sgj}a(ag)
for all (f,¢) € V1(0.90) x %ﬂ’“(c‘m) such that f = vg[0, ¢llo,.q- Then the following
statements hold.

(i) V12(04Q) endowed with the norm || - ||y1.0(0,q) is a Banach space.

(ii) The operator vg [0S, ]jaq is an homeomorphism from ‘52’0‘(39) to V1(049).

2.3.1 Characterization of the image of the single layer potential

We wish now to characterize the functions of #1%(9, ), that is the set of the elements of
&1(09) that can be represented as vg[0€2, @]9, o for some ¢ € ‘52’0‘(89). We do so in the
following Proposition [2.12

Proposition 2.12. Let f € €Y*(0.Q). Then f belongs to ¥1(0,9Q) if and only if f =

u|68+9’ where u® is a function of ‘51’0‘(Rﬁ \ Q) such that

loc

Aut=0 nR?\Q,
u® =0 on IR} \ 9o,
limy oo ﬁue (x) =0,

limy oo ﬁ - Vuf(x) = 0.
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Proof of Proposition[2.12. We divide the proof in three steps.

o First step: Green-like representation formulas in R’} \ Q. As a first step, we prove a
representation formula for harmonic functions in the set R \ €2.

Lemma 2.13. Let u® € €V%(R™ \ Q) be such that
+

loc

Auf =0 inR}\Q,
hIn|><|—>oo ﬁue(x) =0,

limy 00 ﬁ -Vué(x) = 0.

Then we have

2xn u®
— w04, ufy, o) (%) +val02, va - Vufyol(x) + = / _(y)n do,
Sn Jorm\op0 [X — V|

~Jut(x) xeRL\Q,
o Vx € Q.

Proof. Let R > max g [x|. Let Q5" =R NBO,R)\ Q. Let x € Q5. Let r > 0 and
B(x,r) C Q%" By Lemmawe have

u(x) = wal0B(x, 1), ufppx ] (x) = v [OB(X, ), VB - VUTBB(X,T)](X)

2.8)
= /88( )ue(y) VB(x,r) (Y) . VyG(X, y) — G(X,y) VB(x,r) (y) . Vue(y) dO'y ‘ (

Then we observe that G(x, -) is a harmonic function in Q%’JF\B (x,7) and thus by the divergence
theorem we have

0= [ w)AGy) — Glxy)dur(y) d
Q5 \B(x,r)
== /88( )ue(y) VB(X,’I‘) (Y) : vyCl(X7 y) - G(X,y) VB(X,T) (y) . Vue(y> do-y

+ / us(y) Vet (y) - VyG(x,y) — G(X,y) Vge+ (y) - Vu(y) doy
anst R R

- /8 W) Va0 (¥) - VyGlx,y) — G(xY) vipen (y) - Vu<(y) doy

L Q
+ / W(y) v (Y) - VyGxy) — Gl y) v (y) - Vucly) doy
0, B(0,R)
- / W(y) By, Glx,y) — Glx,y) Dy (y) doy.
OR™ NB(0,R)\3oQ2
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Using Definition and the fact that G(x,y) = 0 and 9,, G(x,y) = —2z,s,|x —y|™™ for all
y € OR", we deduce

0=-— /88( ) ue(y) VB(x,r) (y) : VyG(X> Y) - G(Xa Y) VB(x,r) (y) : vue(y) day
— wi (044, U\emg](x) + v [0+, v - VU|€8+Q](X)
+ / u(y) vgo,r)(y) - VyG(x,y) — G(x,y) vg(0,r)(Y) - Vus(y) doy
9, B(0,R)

2%, u(y)

Sn. Jor? NB(0,R)\36Q Ix —y[?

doy.

Then we observe that the maps y — |y[" " 'G(x,y) and y — |y|"V,G(x,y) are bounded at
infinity (see Lemma [A.1]). Thus, by taking the limit as R — oo we obtain

0=— /86( )ue(y) VB(x,r) (Y) ’ vyG(X, Y) - G(XaY) VB(x,r) (y) : vue(y) day
o (2.9)

2x u®(y
— w104y, gl () + 060, v Vel + 2 )" doy

Sn Jorm\gp0 [X — Y|
Then by summing (2.8]) and (2.9) we show the validity of the first equality in the statement.
The proof of the second equality is similar and accordingly omitted. O

Incidentally, we observe that under the assumptions of Lemma the integral

e
/ u (y)n dor,
IR\ x|

e Second step: representation in terms of single layer potentials plus an extra term. In the
following Proposition [2.14], we introduce a representation formula for a suitable family of
functions of €1(9€). More precisely, we show that the restriction to 9, of a function
f € €4*(09) which satisfies certain assumptions can be written as the sum of a single layer
potential with kernel G plus an extra term.

exists finite for all x € R} \ 0f2.

Proposition 2.14. Let f € €1Y(0Q) with Jlooo = 0. Assume that there exists a function
u® € Go(RL\ Q) such that

loc
Auf =0 inR}\Q,
u®=f on0yQ,
limy—s oo ﬁue(x) =0,

limyeso0 7 - Vuc(x) = 0.

Then there exists ¢ € €%*(0Q) such that

e
v [0, @) (x) + 21’”/ “ (y)n doy = f(x), Vx € 044). (2.10)
Sn JORT\OoQ x =yl
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Proof. Let u’ € €1(Q) be the solution of the Dirichlet problem with boundary datum f. By
Lemma 2.8 we have

0 = w09, u‘iag] (x) — valoQ, v - Vu‘iag] (x), Vx € RT\ Q.
Since ufaog = flo,o = 0 we deduce that
0 = we[0+9, fia, al(x) — val0Q, vq - Vufag](x) , Vx e RT\ Q. (2.11)

By Lemma we have

2x, €
() = —wal0s 2 fin ol + w6l v Va0 + 22 [ g (2a2)
sn Jorm\op0 [X — Yl

for all x € R \ Q. Then by taking the sum of (2.11)) and (2.12) and by the continuity
properties of the (Green) single layer potential one verifies that the proposition holds with

e %

O
e Last step: wvanishing of the extra term in (2.10). In order to understand what can be
represented just by means of the single layer potential, the final step is to understand when
such an extra term vanishes. So let f € €1*(0,.Q) be such that f = ufmw where u€ is a

function of (R \ Q) such that (2.7) holds. Then

2 e
2 u(y) doy =0,  Yx€0,Q,
Sn Jorm\apn [x = y["

and thus (2.10)) implies that f € ¥12(0,9Q). Conversely, if f € #19(9,Q) then there exists

¢ € C&?’Q(GQ) such that f = vg[0Q, ¢]js, o and the function u® = vg[OQ,gb]'W satisifies
(2.7). This concludes the proof of Proposition O

Now that Proposition [2.12]is proved, we observe that if u¢ is as in Proposition then

2t ut(y) e n
lim — doy = u®(x), Vx € OR'} \ 9p12, (2.13)
t—0t Sp, 6R1\80§2 ’X + te, — y‘n

where e,, denotes the vector (0,...,0,1) € R™. The limit in (2.13) can be computed by
exploiting known results in potential theory (see Cialdea [9, Thm. 1]). A consequence of ([2.13))
is that the second term in the left hand side of (2.10]) vanishes on 0,€) only if ufaRi\ 000 = 0-

Namely, we have the following

Proposition 2.15. Let u® be as in Proposition |2.14. Then we have

22, e
=In “ (y)n doy =0,  Wx€ 0,0 (2.14)
sn Jorn\op0 [X — V|

if and only if
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Proof. One immediately verifies that (2.15)) implies (2.14]). To prove that (2.14)) implies (2.15)),
we denote by U™ the function of x € R™\ (R, \ 6p12) defined by the left hand side of (2.14)).

Then, we observe that, by the properties of integral operators with real analytic kernel and
no singularity, U™ is harmonic in R\ (OR"}. \ 9)Q2) and vanishes on 9pQ2. Thus, (2.14)) implies
that UT = 0 on the whole of 99 and by the uniqueness of the solution of the Dirichlet problem

we have that UT = 0 on Q. By the identity principle for analytic functions it follows that
Ut =0onR"\ (ORY \ Q) and thus, by (2.13)), we have

uf(x) = lim U (x+te,) =0 Vx € ORY \ 9pf2.

t—0+

O

In Remark [2.16] here below we observe that a function u® which satisfies the conditions
of Proposition actually exists and that the second term in the left hand side of (2.10)
cannot be in general omitted.
Remark 2.16. Let f € €1*(0Q) with fig,q = 0 and let uy € ‘51(1)3(]&" \ Q) be the unique
solution of the Dirichlet problem in R™ \ Q with boundary datum f which satisfies the decay
condition limy_,ocux(x) = 0 if n > 3 and such that uy is bounded if n = 2 (i.e., uy is
harmonic at oc). Then the function u;ﬁ = Uyrma satisfies the conditions of Proposition

+

2.14. In addition, u%aRn\%Q =0 only if f =0, and thus the corresponding second term in

the left hand side of (2.10)) is 0 only if f = 0 (cf. Proposition . The latter fact can be
proved by observing that if“iﬂam\aog =0, then U |oR? \DpQ = 0 and thus Uglorn = 0 (because

Uy|9,0 = flapn = 0 by our assumptions on f). Then, by the decay properties of uy and by the
divergence theorem we have

/ \Vu#\zdx: lim / U VpB(0,R) -Vuda—i—/ w0y, udo | =0.
R™ R—o0 \ JoB(0,R)NR™ OR™ NB(0,R)

It follows that uygn = 0, which in turn implies that uy = 0 by the identity principle of real
analytic functions. Hence f = uypq = 0.

2.4 Extending functions from ¢**(0,Q) to ¢*(0N)

We will need to pass from functions defined on 0, €2 to functions defined on 0f2, and viceversa.
The restriction operator from €%*(99Q) to €**(9,Q) is linear and continuous for k = 0, 1.
On the other hand, we have the following extension result.

Lemma 2.17. There exist linear and continuous extension operators EX® from €%<(0,Q)
to €% (0Q), for k=0,1.

A proof can be effected by arguing as in Troianiello [34], proof of Lem. 1.5, p. 16] and by
exploiting condition (Hs)). We observe that as a consequence of Lemma we can identify
€ (9Q) and €0 (9,Q).
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3 Asymptotic behavior of u. in dimension n > 3

In this section, we investigate the asymptotic behavior of the solution of problem as
€ — 0. In the whole Section [3| the dimension n is assumed to be greater than or equal to 3.
Namely,

n €N\ {0,1,2}.

Our strategy is here to reformulate the problem as an equation £[e, u] = 0 where £ is a
real analytic function and to use the implicit function theorem.

3.1 Defining the operator £

Let € €]0,e*![. We start from the Green-like representation formula of Lemma By
applying it to the solution u of (|1.2)), we can write:

Ue :wé‘ [8987 ue|8§l€] - Ué‘[aga vQ. - VUE|89J

. . -—€1p
=wxH[0Q, ¢°] — w¢ [&u, !
G[ g ] G e g( £162

)} — Ué[@Q, vQ - Vugaa] + 06 [0we, Vo, - Vg, ] -

By adding and subtracting v’ [0, vq - Vugjan] we get

Ug :sz[aQ’go] — ’l)ZG,[aQ’ vq - VUO|BQ} _ wé |:aw€’gi(- — Elp)i|

€1€2 (3.1)

— [0, va - Vugan — va - Vugppa] + v§[0we, v, - Viigau,] -

Then we note that . '
ug = w09, ¢°] — ve109Q, va - Vugjpa]

and we think to the functions
va - Vugjan — va - Vigaa Vie * VUe|gus,

as to unknown densities which have to be determined in order to solve problem ((1.2)). Ac-
cordingly, inspired by (3.1)) and by the rule of change of variables in integrals, we look for a
solution of problem (1.2)) in the form

ug(x) — et el / vo(Y) - (VyG)(x,€1p + £162Y) g (Y) doy — G(x,y)m(y) doy
+ el 2eh 2 G(x,e1p + €182Y)ua(Y) doy , x € Qe,
Ow
where the pair (u1,u2) € CKE’O‘((?Q) x €% (Ow) has to be determined. We set u = (u1, uz)
and %, = ‘52’0‘(89) x €%%(Ow). Since the function in ([3.2)) is harmonic in Q. for all p € %,
we just need to choose p € % such that the boundary conditions are satisfied. By the jump
properties of the layer potentials derived by G, this is equivalent to ask that u € % solves

Lle, u] =0, (3.3)
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where £[e, pu] = (£1]e, p], L2[e, p]) is defined by
Lile, pul(x) = val09, n](x)
_en2en? / G, 21p + c129Y) pa(Y) doy
Oow

+ P el / vo(Y) - (VyG)(x,e1p + €122Y) ¢'(Y) doy ~ ¥x € 0,9,
Ow

Lole, pl(t) = vs, [Ow, p2] (X) — 52 : Sn(=2pnen + €2(s(X) = Y)) p2(Y) doy

- G(e1p + 182X, y) pa(y) doy

9,0
—ep! / Vo (Y) - VS (=2pnen + e2(s(X) = Y)) g'(Y) doy
Ow
i g9'(X)
+ Up(e1p + €162X) — wg,, [Ow, g'](X) — 5 VX € Ow,

with p, as in (L.1)) (note that p, > 0 by the membership of p in R’} ) and Uy as in Proposition
int

3.2 Real analyticity of the operator £

By the equivalence of the boundary value problem and the functional equation (3.3]), we
can deduce results for the map € — ue by studying the dependence of g upon € in (3.3)). To
do so, we plan to apply the implicit function theorem for real analytic maps and, as a first
step, we wish to prove that the operator £ is real analytic.

Proposition 3.1 (Real analyticity of £). The map

| —ead gad[ s B PLe(9,Q) x Ch(0w)
(e,m) = Lle,py

1s real analytic.

Proof. We split the proof component by component.

Study of £;. Here we prove that £ is real analytic from | — e®d, e2d[ x % to ¥1(0,.9Q).
First step: the range of £1 is a subset of ¥1%(0,Q). Let U¢[e, u] denote the function from
R% \ © to R defined by

Ule, p(x) = vg[09, 1] (x)
— et ey / G(x,e1p +e1e2Y) pa(Y) doy
ow

el / VoY) - (V,G) (%, e1p + £122Y) g (Y) doy
Ow

Then, by the properties of the (Green) single layer potential and by the properties of in-
tegral operators with real analytic kernel and no singularity one verifies that U€le, u] €
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651’0‘(]1@}r \ ). In addition, one has

loc

AUe, ] = 0 in R? \ 0,
Ucle,u] =0 on ORY \ 02,
limy_,oc U¢e, p](x) = 0,

lmyso0 7 - VU®e, pl(x) =0

Thus U¢[e, p] satisfies the conditions of Proposition Accordingly, we conclude that
Lie, u] = U¢le, pjp, o belongs to ¥1*(9,.0).

Second step: £1 is real analytic. We decompose £1 and study each part separately.

e By the definition of ¥1%(9,Q) in Proposition [2.11 one readily verifies that the map
Ne'

p1 — val09, paljp, ¢ is linear and continuous from %, (992) to ¥1*(9,€2) and therefore
real analytic.

e We now consider the map which takes (e, u2) to the function fle, us](x) of x € 9,9
defined by

fle, pa](x) = G(x,e1p+e1€2Y) p2(Y) doy Vx € 0462
Ow
We wish to prove that f is real analytic from | — e, e3d[ x €%(99Q) to ¥ 1*(0,Q) by
showing that there is a real analytic function

¢: ] — e et x €0(00) — € (0Q)

such that
f[EHU’Q] = UG[897¢[€7M2]]|6+Q <34)

for all (e, p2) € ] — €24 x €0%(99Q). Then the real analyticity of f follows by the
definition of ¥ 1%(9, Q) in Proposition

We will obtain ¢ as the sum of two real analytic terms. To find the first one we observe
that, by the properties of integral operators with real analytic kernel and no singularity,
the map (e, u2) — fle, u2] is real analytic from | — €24, €[ x €0(Ow) to €1(0, Q)
(see Lanza de Cristoforis and Musolino [26, Prop. 4.1 (ii)]). Then, by the extension
Lemma we deduce that the composed map

] — e e[ x €9(0Q) — FL(090)
(57 :u2) — Eb%o f[5> :UQ]

is real analytic. Let now u'[e, uo] denote the unique solution of the Dirichlet problem
for the Laplace equation in € with boundary datum E'® o fle, us]. As is well-known,
the map from €5%(99) to €1*(Q) which takes a function 1 to the unique solution of
the Dirichlet problem for the Laplace equation in €2 with boundary datum % is linear
and continuous. It follows that the map from | — &2, £24[ x €%(dw) to €1*(Q) which
takes (€, u2) to u'le, o] is real analytic. Thus the map

| — e e x g0 (0w) — EP0Q)

3.5
(e;p2) = vo-Vu'le, po]jan (3:5)
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is real analytic.

The function in (3.5)) is the first term in the sum that gives ¢. To obtain the second
term we define

ule, po](x) = G(x,e1p + €182Y) pa(Y) doy Vx e RT\ Q.
ow

Then, by standard properties of integral operators with real analytic kernels and no
singularity one verifies that the map from | — €2, e2d[ x %% (9w) to €**(9, Q) which
takes (e, pu2) to

vo - Vulle, ua](x) = vq(x) - V<G (x,e1p + €162Y) pa(Y) doy Vx € 010
Ow

is real analytic (see Lanza de Cristoforis and Musolino [26, Prop. 4.1 (ii)]). Thus, by
the extension Lemma [2.17] we can show that the map

| — e, e x €O (Aw) — EY(H0)

3.6
(e,p2) — wva- Vule, ualjon (3.6)

is real analytic.

We are now ready to show that ¢ is given by the difference of the function in (3.6)) and
the one in (3.5). To do so, we begin by observing that u'[e, ]9, o = fl€, p2]. Then, by
Lemma 2.8 we have

0 = wg[0:9, fle, na]] (x) — 604+, va - Vai'le, 2l jo, o] (%) (3.7)

for all x € R” \ ©. Moreover, the function u®[e, 2] belongs to ‘Kli’f (R7 \ ©2) and one
verifies that o
Aule, u2] =0 in R%} \ Q,
ule, po)(x) =0 on OR"} \ 0o,
limy 00 u€e, 2] (x) =0,
limy o0 3 - Vucle, po](x) =0

(3.8)

(see Lemma[A.2)). In addition, by the definitions of fle, uo] and u®[e, po] one sees that
u’le, poligq = fle, nal - (3.9)
Then by and by Lemma we deduce that
utle, pa](x) = —wal0:Q, fle, pa]l () + val04+Q, v - Vule, paljo, ol (x) (3.10)
for all x € R \ . Now, taking the sum of with we obtain
ule, p2)(x) = vG[04Q, va - Vulle, p2ljo, ol (x) — v6l0+Q, v - Vu'le, pa]jo, o] (x)

for all x € R \ Q. Then, by (3.9) and by the continuity properties of the (Green) single
layer potential in R™ we get

fle, u2)(x) = v6[0+Q, v - Vulle, p2lj, o) (x) — v6l0+Q, va - Vu'le, pa]jp, ] (x)
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for all x € 0,2, Hence, (3.4) holds with

¢le, pa) = v - Vulle, paljo, o — va - Vu'le, paljo,q -

To show that £; is real analytic it remains to observe that, since the maps in (3.5)) and
(3.6) are both real analytic, ¢ is real analytic from | — €24, €24[ x %(99Q) to ‘K’O‘(GQ).

e Finally, we have to consider the function which takes € to the function gle] defined on
8+Q by

ale](x) = / Vo (Y) - (VyG)(x e1p + 169Y) g (V) doy  Vx € D500
Ow
By arguing as we have done above for fle, o], we can verify that the map e — gle] is
real analytic from | — e, ¢4 to ¥1%(9, Q) .

This proves the analyticity of £1.

Study of £5. The analyticity of £5 from | — e, €3] x % to €1*(0w) is a consequence of:
e The real analyticity of Uy (see also assumption (1.6));

e The mapping properties of the single layer potential (see Lanza de Cristoforis and Rossi
[27, Thm. 3.1] and Miranda [32]) and of the integral operators with real analytic kernels
and no singularity (see Lanza de Cristoforis and Musolino [26 Prop. 4.1 (ii)]).

O

3.3 Functional analytic representation theorems

To investigate problem ((1.2) for & close to 0, we consider in the following Proposition the
equation in (3.3) for e = 0.

Proposition 3.2. There exists a unique pair of functions p* = (i, us) € A1 such that
£[0, ] =0,

and we have
* * o i gi
=0 and s, (00, p3lips = —9°(0) + ws, 0w, g, + %

Proof. First of all, we observe that for all p € %), we have

{21[07u](><)=vc[3Q,M1](X)7  Wxed.0,
£5[0, 1)(X) = vg, [0w, 12)(X) + ¢°(0) — ws, [dw, g'](X) — L5, VX € dw.

By Proposition the unique function in %ﬂ""(asz) such that vg[0Q, u1] = 0 on 940 is
p1 = 0. On the other hand, by classical potential theory and Lemma[2.5] there exists a unique
function pg € €%%(0w) such that

9'(X)
2
The validity of the proposition is proved. O

vs, [w, p2] (X) = —g°(0) + wg, [Ow, ¢'](X) + VX € Ow.
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We are now ready to study the dependence of the solution of (3.3) upon €. Indeed, by
exploiting the implicit function theorem for real analytic maps (see Deimling [I7, Thm. 15.3])
one proves the following.

Theorem 3.3. There exist 0 < €* < €*d, an open neighborhood U, of u* € %, and a
real analytic map M = (My, M) from | —e* e[ to U, such that the set of zeros of £ in

| — e*,e*[ Xx Uy coincides with the graph of M.

Proof. The partial differential of £ with respect to p evaluated at (0, u*) is delivered by
OuLa[0, pu*](R) = va [0, ] g, q
6IL£2 [07 I’l’*](p’> =vs, [awa ﬁQ]\aw )

for all u € %;. Then by Proposition and by the properties of the (classical) single
layer potential (cf. Lemma we deduce that 0,£[0,pu*] is an isomorphism from % to
712(0,Q) x €V*(0w). Then the theorem follows by the implicit function theorem (see
Deimling [I7, Thm. 15.3]) and by Proposition O

3.3.1 Macroscopic behavior

In the following remark, we exploit the maps M; and My of Theorem [3.3]in the representation
of the solution ue.

Remark 3.4 (Representation formula in the macroscopic variable). Let the assumptions of
Theorem [3.3 hold. Then

ue (X) =up(x) — 5?_153_1/ vo(Y) - (VyG)(x,e1p + e122Y) g (Y) doy
Ow
- G(x,y)Mi[e](y) doy
0,0

+em 2072 [ G(x,e1p +e182Y)Mae](Y)doy  Vx € Qe,
ow

for all e €]0,e*[.
As a consequence of Remark one can prove that for all fixed x € €2 the function ue(x)
can be written in terms of a convergent power series of € for €1 and o positive and small.

If ' is an open subset of 2 such that 0 ¢ €/, then a similar result holds for the restriction

Ue 7 which describes the ‘macroscopic’ behavior of u. far from the hole. Namely, we are now
ready to prove Theorem

Proof of Theorem[1.4 Let €* be as in Theorem [3.3] We take €’ € |0, &*[ small enough so that
wWeNQ =0 for all e €] — €', €'[. Then we define

Uey[e](x) = uo(x) — ey~ 'eh ™" /8 vo(Y) - (VyG)(x,e1p + €162Y) g (Y) doy

- G(x,y)Mi[e](y) doy
8,0

+772072 [ Gx,e1p + e182Y)Male] (Y) dov,
Ow
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for all x € ¥ and for all € € | — €’,€’[. Then, by Theorem and by a standard argument
(see the study of £2 in the proof of Proposition one deduces that Lo is real analytic from
] — €', €' to €1*(Y). The validity of follows by Remark and the validity of can
be deduced by Proposition by Theorem and by a straightforward computation. [

3.3.2 Microscopic behavior

By Remark [3.4] and by the rule of change of variable in integrals we obtain here below a
representation of the solution wue in proximity of the perforation.

Remark 3.5 (Representation formula in the microscopic variable). Let the assumptions of
Theorem [3.3 hold. Then

Uue(e1p + €162X) = ug(e1p + e162X) — w§ [Ow, g'](X)
ot / VoY) - VS (—2pnen + £2(c(X) — Y)) g (Y) doy
Ow

- G(eip + 162X, y) My [e](y) doy,
940

+ vg,, [Ow, Ma[e]](X) — 83_2 /a Sn(—2pnen + e2(s(X) = Y)) Ma[e](Y) doy

for all X € R"\ w and all € = (g1,€2) € ]0,€*[ such that e1p + c162X € Q.

Then we can prove the following theorem, where we characterize the ‘microscopic’ behavior
of ue close to hole, i.e. uc(e1p+e162-) as e — 0.

Theorem 3.6. Let the assumptions of Theorem hold. Let w' be an open bounded subset
of R*\w. Let €” be such that 0 < €" < €* and (e1p+e1e9w’) C B(0,71) for alle €] —€",€"[.
Then there exists a real analytic map By from | — & €"] to €1*(W) such that

ue(e1p +e1e2+) 7 = Vurle] Ve €0, (3.11)

Moreover we have
0./[0] = Vojar (3.12)

1,

where wo € €. (R™ \ w) is the unique solution of

Avg =0 in R"\ w,
vy = g' on Ow
limx 00 v0(X) = ¢°(0) .

Proof. We define
B [e](X) = Up(e1p + €162X) — wg [Ow, gi] (X)
o / Vo (Y) - VS (=2pmen + £2(c(X) — Y)) g (Y) doy
Ow

- G(eip + 182X, y) My [e](y) doy,
8,0

+ g, [Ow, Mae]](X) — 72 g Sn(—2ppen + e2(s(X) = Y)) Ma[e](Y) doy
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for all X € w’ and for all € € | — &”,€”[. Then, by Proposition by Theorem and by a
standard argument (see the study of £ in the proof of Proposition one deduces that U,
is real analytic from | — &”,&"[ to €1%(w’). The validity of follows by Remark By
a straightforward computation and by Proposition [3.2| one verifies that

./[0](X) = g°(0) — w§, [0w, g')(X) + vs,, [0w, M2[0]](X), (3.13)

for all X € w’. Then, by Proposition and by the jump properties of the double layer
potential we deduce that the right hand side of (3.13)) equals g' on dw. Hence, by the decaying
properties at oo of the single and double layer potentials and by the uniqueness of the solution
of the exterior Dirichlet problem, we deduce the validity of (3.12)). O
3.3.3 Energy integral

We now turn to study the behavior of the energy integral fﬂg |Vu,5|2 dx by representing it
in terms of a real analytic function. In Theorem here below we consider the case when
g°=0.

Theorem 3.7. Let g° = 0. Let the assumptions of Theorem hold. Then there exist
e® €10,e*[ and a real analytic map & from | —e®,€®[ to R such that

/ |Vue|* dx = 7720726 (e) Ve €10,€%] (3.14)
Qe

and

@(0):/ |Vvo|? dx. (3.15)
R™\w

Proof. We observe that by the divergence theorem and by (1.2]) we have

/ |Vu€|2 dx = / Ug Vo - Vue do —/ Ue Vg, - Ve do
e oN Owe

=— /aw gi(x — Elp)uwe(x) - Ve (x) doy .

€1€2

(3.16)

Then, we take w’ as in Theorem [3.6/ which in addition satisfies the condition dw C w’. We set
e® = ¢” with €” as in Theorem 3.6l and we define

@(E)E_/ ¢ Vo VU e]do  Vee]—e® el
Ow

By Theorem and by standard calculus in Banach spaces it follows that & is real analytic
from | — €®,e®[ to R. By (3.16) and by the rule of change of variable in integrals one shows

the validity of (3.14)). Finally, the validity of (3.15) follows by (3.12]) and by the divergence
theorem. O

We now consider the case when g° # 0. To do so, we need the following technical Lemma

which can be proved by the properties of integral operators with harmonic kernel (and no
singularity).
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Lemma 3.8. Let O be an open subset of R™ such that O N (0.QUc(04Q)) = 0. Then
w048, 9] is harmonic on O for all ¢ € €H(0N).

Theorem 3.9. Let the assumptions of Theorem hold. Then there exist €€ € ]0,e*[ and a
real analytic map € from | — €%, &%[ to R such that

/ [Vue? dx = €(e) Ve €]0,&%] (3.17)

and

@(0):/Q|Vu0]2 dx. (3.18)

Proof. As in the proof of Theorem we begin by noting that, by the divergence theorem
and by (1.2]), we have

/ |Vuel? dx = / g° vq - Vue do — / gi<x — Elp)z/ws(x) - Ve (x) doy (3.19)
e o0 Owe €12

for all € € ]0,e2![. Then, by Remark [3.4/ we have
/ °va - -Vuedo =T e+ el Mo + 7720215 (3.20)
oN
with
ILe = / g° vo - Vugdo — / g° vo - Vug [89,1\/[1[6]] doy , (3.21)
o0N o0N
e = —/ 9°(x) va(x) - Vx/ vo(Y) - (VyG)(x,e1p + €162Y) g'(Y) dovy do ,
o0 Ow
I3 = / g°(X) va(x) - Vi [ G(x,e1p+e162Y) Ma[e](Y) doy doy
o0Q

ow

for all € € ]0,e*[. By the Fubini’s theorem and by ([2.1)) it follows that

1275 _ /aw gl(Y) Vw(Y) . vy <\/8Q g0(X) VQ(X) - Vi (G(yyx)) dO’X) eipterea doy ,
I30 = Mz[s](Y)/ 9°(Xva(x) - Vi (G(e1p +e1£2Y, %)) doydoy .
Ow gy

Then, by the definition of the double layer potential derived by G (cf. Definition and by
[2.2), it follows that

Ie = —/ I ) v (Y) - Vwg[0+9Q, ¢°](e1p + €182Y) dov
O (3.22)
Ise = ; Mz [e](Y) wa[04€2, g°](e1p + €12Y) doy
w
for all € € ]0,e*].
Now we choose a specific domain w’ which satisfies the conditions in Theorem and
which in addition contains the boundary of w in its closure, namely such that dw C w’. Then,
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for such ', we take €€ = ¢” with €” as in Theorem By (3.11)) and by a change of variable
in the integral, we have

/ 91<X = €1P>Vwe (x) - Vue(x) doy = 5?_253_2/ 9' - VO, [e] do (3.23)
Owe €1€2 O

for all € € ]0, €.
Then we define

¢i(e) = /89 9° vo - V(ug — vg[0+:92, M [g]]) do,
&E(e) = —/{9 gi(Y) vo(Y) - Vwg[0+Q, ¢°](e1p + £162Y) dovy ,

C3(e) = g Male](Y) wg[048, g°](e1p + €162Y) doy ,

Eie) = — /8 g v VO [e] do

and
Ele) = €&1(e) + 57{*153*162(6) + 8?72537263(6) + 8?72637264(6) (3.24)

for all e €]—€%, e%]. Now the validity (3.17)) follows by (3.19)(3.24)). In addition, by Theorems
and by Lemma and by a standard argument (see in the proof of Proposition

the study of £5), we can prove that the &;’s are real analytic from | — €%, &%[ to R. Hence &

is real analytic from | — €%, %[ to R.

To prove (3.18)) we observe that by Proposition and Theorem we have M;[0] =

0. Thus (3.24) implies that €(0) = [,, ¢°vq - Vugdo and (3.18) follows by the divergence
theorem. O

4 Asymptotic behavior of u. in dimension n = 2 for € close to
0

When studying singular perturbation problems in perforated domains in the plane, it is ex-
pected to see some logarithmic terms in the description of the perturbation. Such logarithmic
terms do not appear in dimension higher than or equal to three and are generated by the
specific behavior of the fundamental solution upon rescaling. Indeed,

1
Sa(eX) = S3(X) + — loge
27
for all € > 0, and for the Green’s function G we have
G(e1p + 162X, e1p + €162Y)
1 1
=S5(X=-Y)+ by logeieg — So(—2paes + e2(s(X) = Y)) — by logey, (4.1)
for all € = (e1,e2) € R%. To handle the logarithimic terms, we need a representation formula

for harmonic functions in . which is different from the one that we have exploited in the
case of dimension > 3.
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First of all we note that, if e € ]0, [, then the sets Q. and w, satisfy the same assumption

, , and as . Accordingly, we can apply the results of Subsection with €
replaced by Q¢ or we.

In that spirit, we denote by vg[Owe, 1] the single layer potential with density function
identically equal to 1 on Qwe:

vG[Owe, 1](x) = G(x,y) doy, ¥x € R2.

Owe

We set B = %E’a (092) x C@i’“(c‘)we) (cf. Definitions [2.2{ and . Then we have the following
proposition.

Proposition 4.1. Let € €0, and p € R\ {0}. Then the map

935 xR — 41/1’&(8+QE)
(@,8) = vg[0 d1]a, 0. +v6l0we, d2ljo 0. + & (pvalOwe, 1]ja,q.)

is an isomorphism.

Proof. We have

vG [0S, d1]ja, 0. + ValOwe, P2]ja, 0. + (PVG[Owe, 10, 0. )6 = v6 [0S, Dlja, .

with 100 e 50
_ 1(X S )
ox) = { b2(x) + p§ VX € Owe .

Then the statement follows by the definition of #1® as the image of the single layer potential
derived by G (cf. Proposition [2.11]). O

Now, by Proposition and by the representation formula stated in Lemma [2.8| we have the
following Proposition where we show a suitable way to write a function of €1 (9Q,) as a
sum of layer potentials derived by G.

Proposition 4.2. Let e € ]0,e™[. Let f € €1%(0Q;). Let p € R\ {0}. Then there exists a
unique pair (¢,&) = ((¢1, $2),§) € Be x R such that

f = w509, flioa. +val0Q, d1)jpa. + valOwe, d2]joa. + (pva[dwe, 100, )¢ -

4.1 Defining the operator 9

Let € € ]0,e*[. By the previous Proposition we can look for solutions of problem ([1.2)
in the form '
w09, uejon, ] + 060, 1] 4 valOwe, P2] + (prg[Owe, 1])¢ (4.2)

for a suitable (¢,&) € B x R. We split the integral on 9Q¢ as the sum of integrals on 02
and on dwe, we add and subtract v [0, vg - Vugaa], and we obtain

w109, 6°] — [0 v Vujoa] — 0 |Owe, o'( QZF’)}

+v6[09Q, ¢1 + va - Vugaa] + va[Owe, 2] + (pvalwe, 1])€ -
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Then we note that ‘ '

uy = w08, ¢°] — v [0, va - Vug)aq] -
By taking p = (g162log(e162)) ! and by performing a change of variable in the integrals over
Owe, we deduce that the solutions of ([1.2]) can be written in the form

up(x) — 5152/8 vo(Y) - (VyG)(x,e1p + £162Y) ¢'(Y) dovy + va[09, p1](x)

+ [ G(x,e1p +e182Y) pu2(Y) doy + §

—_ G(x,e1p + €1€2Y) dov, Vx € Qe
Ow 10g(5162) Ow

(4.3)

provided that (u1, u2,&) € ‘52’0‘(89) X %72[0‘ (Ow) xR is choosen in such a way that the boundary

conditions of (1.2)) are satisfied. o
Now define 2 = € (89) x cgia(aw), We can verify that the (extension to Q¢ of the)
harmonic function in (4.3]) solves problem ((1.2)) if and only if the pair (u,&) € £ x R solves
E)ﬁ[s 1 loges )7/1’75] =0, (4_4)

> log(e1€2) 7 log(e1e2

where Mle, &, u, £] = (M1 [e, 8, p, &], Ma[e, 8, w, €]) is defined for all (&, 8§, p, &) € ] — €24, e24[x

R? x # x R by
ml [67 67 K, 5] (X) =vG [897 lul](x)

+ G(X,€1p+€1€2Y) /LQ(Y) doy
Ow

+01& G(X,Elp—l-El&gY) doy
ow

_8182/ Vw(Y) : (VYG)(X7€1p+€152Y) gl(Y) dO'Y, Vx € a—i-Q?
ow

RO [57 67 22 f] (X) = VS, [8(")7 :UJQ](X) + pw(l - 52) §
— [ Sa(—2p2e2 +e2(<(X) = Y)) p2(Y) doy

ow
+ (51§ (SQ(X — Y) — Sg(—2p2e2 + 62(§(X) — Y))) doy
ow
+ G(eip + €182X,y) pa(y) doy
9.0

— & /a Vo (Y) - VS (—2paes + ea(s(X) = Y)) ¢'(Y) doy

) irx
+ Up(e1p + €182X) — wg, [0w, ¢'](X) — g (2 ), VX € 0w,
with
1 [ .
P = 27 Ow '

Thus, to find the solution ue of problem (|1.2)) it suffices to find a solution of the system
of integral equations (4.4) and, to study the asymptotic behavior of ue, we are now reduced
to analyze the behavior of the solutions of (4.4]).
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We incidentally observe that the dependence of equations upon the quotient
is generated by the presence of the term (pvg[Owe,1])¢ in the representation . Other
geometric settings may lead to different integral equations which may not depend on (4.2)).
For example, in the toy problem of Subsection we don’t have the exterior boundary
0+Q and, by Lemma we can write the solution as the sum of a double and a single
layer potential supported on dwe. As we have mentioned at the end of Subsection the
expression of such solution does not display a dependence on the quotient .

4.2 Real analyticity of the operator 9

We are going to apply the implicit function theorem for real analytic maps to equation (4.4))
(see Deimling [I7, Thm. 15.3]). As a first step, we prove that 9t defines a real analytic
nonlinear operator between suitable Banach spaces.

Proposition 4.3 (Real analyticity of 9). The map M defined by

| —e e[ xR2x BxR — ¥H0,0Q) x €4 (0w)
(67 57 “7 é) % m[€7 5’ “7 €:|

1s real analytic.

Proof. We split the proof component by component.

Study of M1;. First we prove that 9y is real analytic.
First step: the range of My is a subset of ¥1(0,9Q). Let (g,8,u,&) € ] — e, 2] x R? x
P x R. Let U¢[e, d, u, €] denote the function defined by

Ue[sv da K, ‘S] (X) = UeG[aQa /’Ll](x)
+ / Glx,21p + 2182Y) pa(Y) dory
ow

+01¢ G(x,e1p +€1€2Y) doy
Ow

- 5152/ vo(Y) - (VyG)(x,e1p + €122Y) g'(Y) doy, Vx € RZ\ Q.
Ow

The function U¢[e, d, u, £] belongs to € %})’:‘(R?‘_ \ Q) by the properties of the (Green) single
layer potential and by the properties of integral operators with real analytic kernel and no
singularity. In addition, one verifies that

AU®le, 8, 1, €] = 0 inRI\Q,
U%le, 8. 11.6] =0 on IR\ o2
limy—y00 U¢[e, 8, p, ] (x) = 0,

limy o0 77 - VU (e, 8, 1, €] (x) =0

(see also Lemma [A.2)). Then, by the characterization of #1'® in Proposition we conclude
that 9 [, 8, u, £] = U°[e, 8, 1, E]jo, 0 € ¥ H(04.9).
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Second step: My is real analytic. We observe that

My [Ea 67 K, 5] =G [897 /J*l]|8+ﬂ + ﬂsa 517 H2, 5]

where

fle, 01, p2, €] (x) = g G(x,e1p + €182Y) p2(Y) doy

+ 61 & G(X,€1p+€152Y) doy
ow

- 6162/ vo(Y) - (VyG)(x,e1p + £162Y) ¢'(Y) dov, Vx € 0442
Ow

Since that the map which takes 11 to vg[0€, u1]jo, o is linear and continuous from ‘52’0‘(89)
to ¥12(9,9Q), it is real analytic. Then, to prove that 9% is real analytic we have to show
that the map which takes (e, d1, ua, &) to fle, 61, p2, &](x) is real analytic from | — 29, e8] x
R x CK;’Q (Ow) x R to #19(0,9). To that end, we will show that there is a real analytic map

¢:]— " e[ x R x €y%(0w) x R — €)(09)

such that
f[€7517M27£] = UG[8Q7¢[€7517M27§]]\8+Q (45)

for all (,81, p2,&) €] — e, e[ xR x Cfi’a (Ow) x R. Then the real analyticity of f will follow

from the definition of the Banach space #1%(9,) in Proposition
We will obtain such map ¢ as the sum of two real analytic terms. To construct the first
one, we begin by observing that f is real analytic from | — e, e2d[ x R x %i’a((‘)w) x R to

€1(0,Q) by the properties of integral operators with real analytic kernel and no singularities
(see Lanza de Cristoforis and Musolino [26, Prop. 4.1 (ii)]). Then, by the extension Lemma

the composed map

J— e e[ xR x €%(0w) xR — €1(09)
(e,01,p2,6) — EVofle,d1, 2,

is real analytic. Then we denote by u‘[e, 81, u2, £] the unique solution of the Dirichlet problem
in Q with boundary datum EY® o f[e, 81, u2,&]. Since the map from €1%(99Q) to €1*(Q)
which takes a function v to the unique solution of the Dirichlet problem in 2 with boundary
datum 1) is linear and continuous, the map from | — 24, e2[ x R x ‘Ki’a(aw) x R to €1%(Q)

which takes (g, 1, 2, &) to uile, o1, 2, €] is real analytic. In particular we have that

the map ] — e e[ x R x ‘Ki’a(aw) xR — %E’O‘(aﬁ) is real analytic.

(5751aﬂ2,§) = VQ'Vui[€7517M27£]\8Q
(4.6)
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The map in (4.6)) will be the first term in the sum which gives ¢. To obtain the second
term, we begin by taking

ule, 01, p2, &) (x) = ; G(x,e1p + €182Y) pa(Y) doy

+ 61 & G(X,€1p+€1€2Y) doy
ow

— 6162/ Vw(Y) . (VyG)(X,Elp -+ 61€2Y) gi(Y) dov, Vx € R%— \ Q.
ow

By standard properties of integral operators with real analytic kernels and no singularity
(see Lanza de Cristoforis and Musolino [26, Prop. 4.1 (ii)]), we have that the map from
] — e e[ x R x %;f(ﬁw) x R to €%*(0,€) which takes (g, 1, ua, €) to

IZo Vue[& 51) n2, 5] (X)

= IJQ(X) . ; VXG(X, e1p + €1€2Y) ,LLQ(Y) doy

+51§VQ(X) . VXG(X,€1P+81€2Y) doy
ow

2
—ae Y (0(); /8 (Va(YV))k(02, 0, G) (6, 21p + c122Y) g (V) doy,  ¥x € T500
jik=1 w

is real analytic. Since by the extension Lemma we can identify %E’a (09) with €%*(0,Q),
we deduce that

the map | — e, e[ x R x %i’a(aw) xR — ‘52’0‘(89) is real analytic.
(6,01, 12,8) = va-Vule, o1, u2,&]jp0
(4.7)
We now show that the maps in and provide the two terms for the construction
of ¢. First, we observe that u'[e, 1, u2, llo,o = fle, 61, p2, €], and thus by the representation
formula in Lemma 2.8 we have

0 = wa[04Q, fle, 61, 2, E]](x) — val04Q, vo - VU'[e, 61, 2, & jo, o] (X) (4.8)

for all x € R2 \ Q. In addition, one verifies that u¢[e, d1, u2, &] € ‘51’0‘(]1%1 \ ) and that

loc

Aucle, 1, 12,6l =0 in RL\Q,
ue[e’ 517 H2, ‘f] (X) =0 on 8R3_ \ 80Q7
limy o0 u®le, 01, p2,€](x) =0,

limy 00 ﬁ - Vucle, 01, p12,&](x) = 0

(4.9)

(see also Lemma [A.2). Then, by (4.9), by equality u®[e, 61, 2, &0, 0 = fl€, 1, 2, &], and by
the exterior representation formula in Lemma we have

ue[€7 517 H2, g] (X) = —Wwqg [a-i-Q? ﬂsa 517 M2, g]] (X) + UG[8+Q> vg - Vue[€7 (517 H2, §]|8+Q](X) (410)
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for all x € Ri \Q. Then, by taking the sum of (4.8)) and (4.10)) and by the continuity properties
of the (Green) single layer potential we obtain that (4.5 holds with

(Z)[e)&lnuﬂvg] =rvQ- Vue[s,él,/lz,fhmg —vo- vui[sv(slvMQaéhfh,Q .

In addition, by (#.6) and ([£.7)), ¢ is real analytic from | —®d, 2] x R x ‘Ki’a(&u) x R to
‘5270‘(89). The analyticity of 9y is now proved.

Study of My. The analyticity of the map My from | — €24, 2] x R? x & x R to €1 (0w)
can be proved by arguing as for £o in the proof of Proposition [3.1 O

4.3 Functional analytic representation theorems

4.3.1 Analysis of (4.4) via the implicit function theorem

In this subsection, we study equation (4.4) around a singular pair (g,d) = (0, (0, \)), with
A €[0,1]. As a first step, we investigate equation (4.4) for (e,d) = (0, (0, \)).

Proposition 4.4. Let A € [0,1[. There exists a unique (u*,£*) € # x R such that
M0, (0, 1), 4", €7 = 0

and we have

and .
* * o i gl
v [0 i3] + Pl = A) € = —g°(0) + ws,[0w, g'ljow + 5 -

Proof. First of all, we observe that for all (u,&) €  x R, we have

9jtl [0’ (0’ )‘)’ M, é] (X) = vG [aQ’ Ml](x)7 \V/X € 8+Q )
93/t2[07 (0)\)7#7&]()() = Vs, [8wvﬂ2](x) +pw(1 - )‘)5 '
+va[09Q, 11](0) + g°(0) — wg, [0w, g'](X) — g‘(2X)’ VX € Ow.

By Proposition m (ii), the unique function in %E’Q(E)Q) such that vg[0€Q, pu1] = 0 on 949
is g1 = 0. On the other hand, by classical potential theory, there exists a unique pair
(p2,€) € ﬁ“(aw) x R such that (cf. Lemma

v 0, 2] () + (1= N) € = —5°(0) + w5, 00,6100 + L0, wx e .

Now the validity of the proposition is proved. O

Then, by the implicit function theorem for real analytic maps (see Deimling [I7, Thm. 15.3])
we deduce the following theorem.

Theorem 4.5. Let A € [0,1]. Let (u*,&*) be as in Proposition . Then there exist €* €
10,e24[, an open neighborhood Vy of (0,)\) in R%, an open neighborhood U* of (u*,£*) in
PB xR, and a real analytic map ® = (1, Do, P3) from | — e*,e*[ x V to U* such that the set
of zeros of M in | — e*,e*[ x V\ x U* coincides with the graph of ®.
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Proof. The partial differential of 9t with respect to (u,§) evaluated at (0, (0, \), u*, &%) is
delivered by

8(;;,75)9‘)?1 [07 (07 )‘)7 ,u'*v 6*]<¢7 C) = UG[@Q, ¢1]|8+Q ’
8(;;,,&)93?2 [07 (07 )‘)7 /J’*a 5*](¢7 C) = Vs, [8“}7 ¢2]\8w + pw(l - >‘) C )

for all (¢,() € # x R. Then by Proposition and by the properties of the single
layer potential we deduce that 9, M0, (0, ), u*,£*] is an isomorphism from % x R to
PY1A(0,.Q) x €1Y(Ow). Then the theorem follows by the implicit function theorem (see
Deimling [I7, Thm. 15.3]) and by Proposition O

4.3.2 Macroscopic behavior

Since loge;/log(e1e2) has no limit when e € ]0,ed[ tends to 0, we have to introduce a
specific curve of parameters €. Then, we take a function 1 ~ &(n) from ]0, 1] to ]0, €24[ such

that assumptions (L.10) and (L.11) hold (cf. Theorem [1.3). In the following Remark we

provide a convenient representation for the solution wug(,).

Remark 4.6 (Representation formula in the macroscopic variable). Let the assumptions of
Theorem hold. Let 1 + €(n) be a function from ]0,1[ to ]0,&e*d[ such that assumptions
(L.10)) and (L.11)) hold. Let n+— &(n) be as in (1.12)). Then

Ue(n) (X) = uo(x) — 1(n)e2(n) /8 vo(Y) - (VyG)(x e1(n)p + ex(me2(n)Y) g'(Y) doy

+ v [09, @1 [e(n), 8(n)]] (%)

A G(x,e1(n)p + e1(n)e2(n)Y) P2 [e(n), 6(n)] (Y) doy

+ 61(n)®3[e(n), 8(n)] ; G(x,e1(n)p +1(n)e2(n)Y) doy

for all x € Qg and for all n €]0, 1 such that (e(n),d(n)) € ]0,*[ x V.

As a consequence of this representation formula, u(,(x) can be written as a converging
power series of four real variables evaluated at (e(n),8(n)) for 7 positive and small. A similar
result holds for the restrictions u e(n)|e tO any open subset ' of Q such that 0 ¢ €. Namely,
we are now in the position to prove Theorem

Proof of Theorem . Let €* and V) be as in Theorem We take €’ €]0,&*[ such that
(1.14]) holds true. Then, we define

o[, 8](x) = up(x) — £169 / VoY) - (VyG) (%, e1p + e122Y) ¢ (Y) doy

Ow
+ v [09, D1 [e, 6]](x)

+ | Glxerp+ 1Y) Bofe, 6](Y) dovy
ow

+ 01 Pse, 4] G(x,e1p + €162Y) doy
Ow
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for all x € O and for all (g,d) €] — &', &'[xV,. By Theorem ﬁ and by a standard argument
(see in the proof of Proposmon E 3.1{ the argument used to study £2), we can show that g is
real analytic from ] g/, e'[xV) to €1(Y). The validity of (1.13) follows by Remarkm and
the validity of ((1.15]) is deduced by Proposition H by Theorem |4.5) . 5, and by a straightforward
computation. O

4.3.3 Microscopic behavior

We now present a representation formula of the rescaled function ug(,)(e1(n)p +e1(n)e2(n)-)-

Remark 4.7 (Representation formula in the microscopic variable). Let the assumptions of
Theorem hold. Let 0+ &(n) be a function from ]0,1[ to ]0,e*[ such that assumptions

(L.10) and (1.11) hold. Let n+—s &(n) be as in (1.12). Then
ey (1 ()P + €1(n)e2(n)X) = uo(e1(n)p + e1(n)e2(n)X) — wg, [Ow, g'(X)

~eal) [ wv)- Vs, (—2p2e2 T ea(m)(e(X) — Y)) G (Y) dov

L, G(e1(n)p +e1(n)e2(n)X,y) @1 [e(n), 8(n)] (y) doy

+ vg, [Ow, P2 [e(n), 8(n)]
- [ 5a(-2mer )00 = V) ) Ba[elo). )] (¥)do

+ (1= 52(0)) @3 [e(n), 6(1)]

wonn) [ (82060 = 2 <22 + 2600 - V)) ) dovae(u). 501)

for all X € R?2\ w and for all n €]0,1[ such that (e(n),d8(n)) € ]0,e*[ x V\ and such that
e1(n)p +e1(n)ea(n )XEQs(n)

In the following Theorem we show that ug(,)(e1(n)p + 1(n)e2(n) - ) for n close to 0
can be expressed as a real analytic map evaluated at (e(n),d(n)).

J(X
)

Theorem 4.8. Let the assumptions of Theorem [{.8 hold. Let w' be an open bounded subset
of R2\ @ and let €” €]0,&*[ be such that

(e1p +e160w’) C B(0,71) Ve gl —€",€"[.
Then there is a real analytic map
B, | — €, " [xV\ — ELY)

such that
Ue(my(e1(mMp +e1(n)e2(n) ) = Bur [e(n), 8(m)] . Y €]0,7"[. (4.11)

The equality in (E.11)) holds for all parametrizations n +— &(n) from ]0,1[ to ]0,e*[ which

satisfy (1.10) and (1.11). The function n+— 8(n) is defined as in (1.12)).
At the singular point (0, (0,\)) we have

QUG [0’ (07 A)] = Yo|u’ (4'12)

where vy € €L (R2\ w) is the unique solution of (L.17).

loc
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Proof. We define
V. [e,8](X) = Up(e1p + £162X) — wg, [&u,gi](X)

— 52/8 l/w(Y) . VSQ(—2p262 + 82(§(X) — Y)) gi(Y) doy

+ G(e1p + e162X,y) ®1e, 6](y) doy,
8,0

+ vg, [Ow, Pa[e, 6]](X)

— g Sg(—2p2€2 + 62(§(X) — Y)) (I)Q[E, 5] (Y) doy

+ pw(l — (52)(133[8, 5]

+ 61 /8 (SQ(X — Y) — SQ(*Q})QEQ + 62(§(X) — Y))) dovy (I)g[E, (5]

for all X € w’ and for all (¢,8) €] — €”,€"[x V). Then, by Proposition [1.1| and by a standard
argument (see the study of £y in the proof of Proposition we verify that U, is real
analytic from | — ", &”[x V) to €1%(w’). The validity of follows by Remark By a
straightforward computation and by Proposition [4.4] one verifies that

., [0, (0, )](X) = g°(0) — w§, [0w, ¢'](X) + vs,[Ow, B2[0, (0, M](X) + pu, (1 — ) ®3[0, (0, V)]
(4.13)

for all X € w’. Then, we deduce that the right hand side of equals ¢' on Ow by
Proposition [£.4] and by the jump properties of the double layer potential. Hence, by the
decaying properties at oo of the single and double layer potentials and by the uniqueness of
the solution of the exterior Dirichlet problem, we deduce the validity of . O

4.3.4 Energy integral

We turn to consider the behavior of the energy integral / }Vua(n) }2 dx for n close to 0.
Qe ()

Theorem 4.9. Let the assumptions of Theorem hold. Then there exist €® € ]0,e*[ and a
real analytic function
¢:]—e%ef[xVy =R

such that
/Q Ve |? dx = &(e(n).6(n), ¥ €l0,n%l. (4.14)

e(n)

where the latter equality holds for all functions n + e(n) from ]0,1[ to 0, e[ which satisfy
(T.10) and (T.11) and with n+— 6(n) as in (1.12), and for all n® €]0, 1[ such that

(e(n),8(n)) €10,€¥[x Vx,  ¥n€lo,n[.

In addition,

¢(0, (O,A)):/ |Vuo\2dx+/ Vool? dx. (4.15)
Q R

2\w
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Proof. By the divergence theorem and by ((1.2)) we have

/ ‘VUEF dx:/ Uge VQ'VUEdO'—/ Ug Vg, - Ve do
€ o0 Owe

= / g° v - Vue do — / gi<x — 81p)Vwe(x) - Ve (x) doy
o0 Owe €1€2

for all € € ]0,e*![. Then we take a function 1 + €(n) from ]0, 1 to ]0,e*![ and a function
7+ &(n) from 0, 1] to R? which satisfy (1.10) — (1.12). By Remark |4.6| we have

/ go VQ‘VUE( )dU—Iln+€1< ) ( )127;4-[3774-51( )14’77 (417)
0N

(4.16)

for all 7 €]0, 1] such that (e(n),&(n)) € ]0,€*[ x Vy, where
I, - /6Q 4 vo - Vugdo + /BQ ¢ vy - VoG [09, 1 [e(n), 6(n)]] do
By == [ 600 vl Vi | nu¥) - (T, G)x.c1(mp+ o1 (n)ealm)¥) 4'(Y) do dor
iy = [ 800 w0 Vi [ Glxzrmp+ e (m)za(m¥) aen). 8] (Y) dov dos.

Ly = ®3[e(n),(n)] /m 9°0) va(x) - Vi [ Gx,e1(n)p +e1(n)ez(n)Y) doy doy .

ow
By the Fubini’s theorem and by (2.1)) it follows that
By== [ #0009, ([ 0200 1000 - V(G000 o dov.
w oQ y=e1(n)p+e1(n)ez(mY

Is,nz/ D2 [e(n), d(m)] (Y / 9°(¥ra(x) - Vi (G(er(n)p + e1(n)e2(n)Y, x)) doxdoy,

Iy, = 61(n)®3 /(9 /aQ -V G(x,e1(n)p + €1(n)e2(n)Y) doy doy ,

and, by the definition of the double layer potential derived by G (cf. Definition and by
(2.2), we deduce that

oy = _/ 9' (V) uo(Y) - Vw019, g°(e1(n)p + e1(n)ea(n)Y) doy
I3y = /a Dy [e(n), 6(m)](Y) wal01€2, ¢°l(e1(n)p + e1(n)ea(n)Y) dov (4.18)

Ly = ®3]e(n). 6(n)] /8 welds Q, g% (1 (mp + e1(n)ea(n)Y) dov |

for all n €]0, 1[ such that (g(n),d(n)) € ]0,&*[ x Vi.

Now we choose a specific domain w’ which satisfies the conditions in Theorem and
which in addition contains the boundary of w in its closure, namely such that dw C «’. Then,
for such w’, we take €€ = €” with €” as in Theorem By and by a change of variable
in the integral, we have

[ R 00 Vs W o= [ v VRS0, (1.19)
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for all 5 €]0, 1] such that (e(n),d(n)) € ]0,&%[ x V.
Then we define

¢\ (e, 0) E/ ° v - V(uo + 0604, B1e, 8]]) do
o0
Ey(eg,0) = —/ G (Y)vu(Y) - Vwg[0; 9, ¢°)(e1p + e162Y) dov
Ow
E3(e. 8) = /8 Bale. 8(Y) walds Q. °)(e1p + e162Y) doy

@4(6, 5) = (1)3[6, 5] / wg[8+ﬂ, go] (€1p + €1€2Y) dO'Y s
Ow

@5(5,5)5_/8 g v, - VU,.le, 8] do

and
E(e,d) = €1(e,0) + €162€2(e,0) + €E3(e,0) + 61€4(g,0) + €5(g, ) (4.20)

for all (€,68) €] — €%, &%[xVy. Now the validity follows by (4.16)-([4.19). In addition,
by Theorems and by Lemma (which holds also for n = 2), and by a standard
argument (see in the proof of Proposition the study of £9), we can prove that the &;’s are
real analytic from | — %, e%[xV) to R. Hence € is real analytic from | — €%, e¥[x V) to R.
To complete the proof we have to verify (4.15]). We begin by observing that ®1[0, (0, A)] = 0

by Proposition [£.4] and Theorem [£.5] Thus

€10, (0, 1)) = /

g9° vo - Vugdo = / |Vug|? dx. (4.21)
o0N Q

By Lemma we have w049, ¢°](0) = ¢°(0). Since ®2[0, (0, A)] belongs to %#O‘(aw), we
compute

€5(0, (0, 1)) = 6°(0) / B5[0, (0, \)] do = 0. (4.22)
Then, by (4.12)) and by the divergence theorem, we have
¢4(0,(0,X)) = —/ g v, - Vugdo = / |Vwo|? dx. (4.23)
Ow R2\w
We conclude by (4.20)) — (4.23). O

Finally, in the following Theorem [£.10] we consider the total flux on 9.

Theorem 4.10. Let the assumptions of Theorem hold. Then there exist €5 € ]0,&*[ and
a real analytic function
F:]-¢€5,e[x V=R
such that
/39 va - Ve, do = §(e(n),8(n)) vn €]0, 75|

where the latter equality holds for all functions n — e(n) from ]0,1[ to ]0, e[ which satisfy
(L.10) and (L.11) and with n+— &(n) as in (L.12)), and for all nS €]0, 1[ such that

(e(n),6(n) € 10,5 x Vo, Wy €l0,]. (4.24)
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Furthermore,

§(0,(0,A)) =0.

Proof. Let i+ €(n) from )0, 1[ to ]0,2[ and n + §(n) from ]0, 1] to R? which satisfy (T.10])
— (1.12). Then by the divergence theorem we have

/ vQ - Vg do = / Vie = Vg(y) do

oN Owe

for all n €]0,1[ such that (e(n),d(n)) € ]0,€"[ x Vx. Then we take w’ which satisfies the
conditions in Theorem and such that Ow C /. Then, for such o/, we take e = ¢” with
¢’ as in Theorem .8 and we deduce that

[ voVueydo = [ v Vlen). 8] do
o0 w

for all  €]0, 1] such that (e(n),d(n)) €]0,&5[ x V). Accordingly, we define
S(e,0) = / vy - V. e,b)do, V(e,d8) €] — 5,5 x V.
ow

Then the equality (4.24]) holds true. By Theorem one deduces that § is real analytic from
] — &%5,e5[ x V) to R. Finally, by (#.12) we have

5(0.0.0) = |

vy - VU0, (0,\)] do = / v, - Vugdo
ow

Ow

and the latter integral vanishes because vy is harmonic at infinity (see (1.17)). O

5 Asymptotic behavior of u. in dimension n = 2 for £, close to
0and g9 =1

As noticed in the beginning of Section [} when studying singular perturbation problems in
perforated domains in the two-dimensional plane one would expect to have some logarithmic
terms in the asymptotic formulas. Such logarithmic terms are generated by the specific
behavior of the fundamental solution upon rescaling (cf. equality ) However, for our
problem there will be no logarithmic term when €5 = 1 is fixed and we just consider the
dependence upon ¢1. Indeed, for e5 = 1, we have

log £1
2

Sa(e1p + e162X) = Sa(p + X) +
and thus
G(erp + 162X, e1p + £162Y) = 52(X = Y) — Sa(—2paez + (<(X) —Y))
for all £ > 0. Accordingly the rescaling of G gives rise to no logarithmic term.

Since we are dealing here with a one parameter problem, we find convenient to take e = €1,
e =etd Q. =01, we =wey 1, and ue = ug, 1 for all e €] — 24 2]
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5.1 Defining the operator N

Let € €] — 24, 2], By Proposition we can look for solutions of problem ([1.2)) under the
form

U)’LG[8Q57 u5|895] + vag [897 ¢1] + (%e [aw57 ¢2] + ’UG[@WQ 1] g
for suitable (¢1, ¢2,&) € C@?’a(aﬁ) X So”;’a(ﬁws) x R. We split the integral on 9. as the sum

of integrals on 09 and on dw., we add and subtract v [0S, vg - Vugjan] to obtain the new
form

i o i e i(n T €EP
w08, ¢°] — v (09, v - Vugjaa] — wi [3%79 ( 5 )}
+v6[0Q, ¢1 + va - Vugpal + va[Owe, ¢2] + va[0we, 1] €.
Since . A
ug = wi (082, ¢°] — v 00, va - Vug)aa] ,
we finally look for solutions of (1.2)) in the form

o (x) — ¢ / Vo (Y) - (VyG)(x, ep + £Y) g (Y) dov + v, ] ()
O (5.1)

+ G(x,ep+eY)ua(Y)doy +& | G(x,ep+¢€Y)doy, Vx € Q¢
Ow Ow

for suitable (u, &) € B x R ensuring that the boundary conditions of (|1.2) are satisfied (here
as in Section we take B = € (99) x %?Z’a(ﬁw)).
The (extension to €. of the) harmonic function in (5.1]) solves problem (1.2)) if and only

if the pair (u, &) solves
Nle, u, €] =0, (5.2)

with Ne, p, &) = (Mg, w, &], Nale, p, &]) defined by
Mife, 1, E](x) = v6 [0, ] ()

+ G(x,ep +€Y) ua(s) doy
Ow

+¢ | G(xep+eY)doy
Ow

- 5/8 vo(Y) - (VyG)(x,ep +€Y) g'(Y) doy, Vx € 0442,
Nale, 1, §](X) = vs,[0w, p2] (X)

-/ So(—2p2e2 + <(X) = Y) pa(Y) doy

+¢ : (S2(X=Y) — Sa(—2p2ez + <(X) —Y)) doy

+ / G(ep +eX,y) pi(y) doy
2,0

- /8 VoY) - VSa(=2paes + <(X) — Y) g (Y) doy

9'X)
R

+ Up(ep + eX) — wg, [0w, g'|(X) — VX € dw.
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Thus, it suffices to find a solution of ((5.2)) to solve problem ((1.2)). Therefore, we now analyze
the behavior of the solutions of the system of integral equations (5.2]).

5.2 Real analyticity of 91

In the following Proposition [5.1| we state the real analyticity of 91. We omit the proof, which
is a straightforward modification of the proof of Propositions [3.1] and

Proposition 5.1 (Real analyticity of 9). The map

| —e0,60[xZB xR — ¥190,Q) x €1 (0w)
(e, 8) — N,

1s real analytic.
In the sequel we set
O =wU(s(w) — 2p2e2).

Then @ is an open subset of R? of class €1 with two connected components, w and ¢(w) —
2poes, and with boundary 0@ consisting of two connected components, dw and ds(w) — 2paes.
One can also observe that @ is symmetric with respect to the horizontal axis R x {—pa}.
Then, for all functions ¢ from dw to R, we denote by ¢ the extension of ¢ to d@ defined by

-0 (X it X € 0w,
P(X) = { —(s(X) — 2poes) if X € O(s(w) — 2paes) .

In particular, the symbol 1 will denote the function from 0% to R defined by

_ (1 ifXeow,
1(X) = { =1 if X € 9(s(w) — 2pae2) .

If £ € N, then we denote by (ffc’lg(&b) the subspace of €% (&) consisting of the functions
o such that ¢(X) = —(g(X) — 2pges) for all X € . The extensions ¢ belongs to Cfokc’lg(c’)@)
for all ¢ € €%*(0w), in particular 1 € ‘fok(ig(&b). One can also prove that vg, [0w, V] g5 and
ws, (00, 0]5 belong to €5 (9@) for all ¥ € Coia(0w) and 6 € €15 (9).

Then, by classical potential theory we have the following Lemma [5.2

Lemma 5.2. The map from %i’a(ﬁw) x R to %01(’13(8&)) which takes (u,€) to

05,00, ] 15 + £ v5,[00, 1] )55
is an isomorphism.

Proof. By Lemma 2.5 the map which takes (u, &) to vs,[0@, j1]jag + € is an isomorphism from
‘K;i’a(&b) x R to €1*(9). Then the map from €% (90) to €% (9) which takes u to
3, [0, fi]|a5 is an isomorphism. One concludes by observing that the map from %;’a(aw) xR
to Saﬂfc’ﬁ(@@) which takes (u, &) to fi + &1 is an isomorphism. O
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5.3 Functional analytic representation theorems

As an intermediate step in the study of (5.2) around £ = 0, we now analyze equation (5.2)) at
the singular value € = 0.

Proposition 5.3. There exists a unique (u*,&*) € B x R such that

N0, p*, =0
and we have
py =0
and
. .- I L 3 (X )
V8, [0, f15](X) + £ vg, [0, 1](X) = —¢°(0)1(X) + wg, [0©, §'](X) + J (2 ) VX € 0w .
Proof. First of all, we observe that for all (u,&) € # x R, we have
([0, 11, €](x) = v60Q m](x),  Vx€dQ,
Ny [O’ M, E] (X) = Vs, [8wv #2] (X)
-/ Sa(—2p2e2 + <(X) = Y) p2(Y) doy
+¢ g (S2(X =Y) — Sa(—2paez + <(X) = Y)) doy
_ /d VoY) - VSa(—=2paes + <(X) — Y) g (Y) doy
+g°(0) — w0, 6100 — L X e .

By Theorem (ii), the unique function in %ﬂ""(ag) such that vg[09Q, u1] = 0 on 949 is
11 = 0. On the other hand, by a change of variable in integrals, one verifies that

o - s L i(X
MN[0, 1, £](X) = vg, [0@, fi2] (X)+E€ vs, [0, 1](X)4+¢°(0)1(X)—ws, [0©, § ](X)—g (2 ) VX € Qw.
Then, by Lemma there exists a unique pair (ug2,§) € ‘ﬁi’a(&u) x R such that

7'(X)
2

08,00, fiz) (X) + € vs, 00, 1] (X) = —g°(0)1(X) + ws, [0, §'](X) + VX € do.

Now the statement is proved. O

The main result of this section is obtained by exploiting the implicit function theorem for real
analytic maps (see Deimling [I7, Thm. 15.3]).

Theorem 5.4. Let (u*,£*) be as in Proposition . Then there exist 0 < & < &*, an
open neighborhood U* of (u*,&*) in B x R, and a real analytic map ¥ = (V1, ¥y, ¥3) from
| —&*,e*[ to U* such that the set of zeros of M in | — e*,e*[ x U* coincides with the graph of
v,
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Proof. The partial differential of 91 with respect to (u, &) evaluated at (0, u*, &) is delivered
by
a(p,,ﬁ)ml [O) “*7 5*] (d)a () =G [897 ¢1]|8+Q )
a(p,,g)mQ [07 N*a g*] (¢a g) = VS, [awv ¢2] |Ow +Cvs, [8&), 1]|8w
for all (¢,¢) € # x R. Then 9, N[0, pu*,£*] is an isomorphism from % x R to P12(0,.0Q) x
ﬁ

€1*(Ow) thanks to Proposition [2.11|and Lemma The conclusion is reached by the implicit
function theorem (see Deimling [17, Thm. 15.3]) and by Proposition O

5.3.1 Macroscopic behavior

We first provide a representation of the solution w..

Remark 5.5 (Representation formula in the macroscopic variable). Let the assumptions of
Theorem hold. Then

ue(X) = ugp(x) — z—:/8 vo(Y) - (VyG)(x,ep +€Y) ¢'(Y) doy + vg (09, U1 [e]] (x)

+ G(x,ep + €Y) Uyle] doy + ¥3e] G(x,ep+¢Y)doy
Ow Ow

for all x € Q. and for all € € ]0,e*.

As a consequence of Remark ue(x) can be written in terms of a converging power
series of ¢ for e positive and small. A similar result holds for the restrictions u o where ' is
an open subset of  such that 0 ¢ €. Namely, we are now in the position to prove Theorem

4l

Proof of Theorem[1.4. Let e, be as in Theorem Let €’ €]0, 4] be such that (1.18) holds
true. We define

Uqr[e](x) = Up(x) — 8/8 vo(Y) - (VyG)(x,ep + €Y) ¢'(Y) dovy + va (09, U1 [e]] (x)

+ [ G(x,ep+eY)Wyleldoy + ¥sle] [ G(x,ep+eY)doy
Ow Ow
for all x € € and for all ¢ €] — ¢’,¢'[. Then, by Theorem and by a standard argument
(see the study of £9 in the proof of Proposition one verifies that g is real analytic from
] — € €| to €1*(Y). The validity of (1.19) follows by Remark |5.5{ and the validity of (T.20))

can be deduced by Proposition by Theorem and by a straightforward computation.
O

5.3.2 Microscopic behavior

As we have done in Remarks [3.5] and [£.7] for € small, we now present a representation formula
of us(ep+¢-).
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Remark 5.6 (Representation formula in the microscopic variable). Let the assumptions of
Theorem [5.4 hold. Then

ue(ep + eX) = up(ep + eX) — wg, [Ow, ¢'](X) — /a Vo (Y) - VS (—2pges + <(X) = Y) ¢'(Y) doy

+ G(ep+eX,y) Ui[e](y) doy
840

+ vgs, [8(0, W, [EH(X) — ; SQ(—2p2e2 + §(X) — Y) \IIQ[E] doy

e /8 (Sa(X —Y) — Sa(~2paes +5(X) — Y)) dov

for all X € R? \ w and for all e € ]0,&*[ such that ep + eX € Q.
We now show that u.(ep +£-) can be expressed as a real analytic map of ¢ for € small.

Theorem 5.7. Let the assumptions of Theorem hold. Let w' be an open bounded subset
of R2\ w. Let &' €]0,&*[ be such that

(ep +ew’) C B(0,71), Vee]-¢, €.
Then there exists a real analytic map By from | — &', €' to €H*(V) such that
ue(ep+e- )7 = Bulel, Ve €]0,€'[. (5.3)

Moreover we have
V(0] = vz + 6°(0) (5.4
where vy € ‘Kli’co‘(Rz \ @) is the unique solution of
Av, =0 in R2\ @,
ve = g — §°(0) on &,
limy o0 v4(X) = 0.

Proof. We define

B, [£](X) = Uolep + X) — w, [0, 9'](X) — /a Vo (Y) - VSa(—2paes + <(X) — Y) g (Y) doy

4 G(ep+eX,y) ¥i[e|(y) doy
9,0

+ vgs, [8w, \IIQ[E]KX) — ; SQ(—2p262 + C(X) — Y) \112[8] doy

e /8 (Sa(X —Y) — Sa(~2paes +5(X) — Y)) dov

for all X € " and for all € €] —¢’,¢’[. Then, one verifies that U, is real analytic from | —&’, &'
to €1 (w’) by Proposition by Theorem and by a standard argument (see in the proof
of Proposition [3.1] the argument used to study £2). Relation (5.3) follows by Remark
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Now, by a change of variables in the integrals and by Proposition [5.3] one verifies that
Vo [0](X) = ¢°(0) — w§, [00, §](X) + vs, [00, V2 [0]](X) + W3[0]vs, [0, T)(X) (5.5)

for all X € w’. The right hand side of (5.5) equals ¢g' on dw by Proposition and by the
jump properties of the double layer potential. Then, the (harmonic) function

v,(X) = —w§,[00, §'1(X) + vs, [0, T2[0]](X) + T3[0)vs, [0@, 1](X),  YXeR*\ & (5.6)

equals §' — §°(0) on O@. By the decaying properties at co of the single and double layer poten-

tials, limyx_, o v4(X) exists and is finite. Since v4(X) = —v.(¢(X) — 2p2ez), limx_,o v4(X) = 0.
Now, (5.4)) holds by the uniqueness of the solution of the exterior Dirichlet problem. O

Remark 5.8. If we take w.(X) = v.(X — p) + ¢°(0) for all X € RZ\ (p +w), then
Vo [0)(X —p) =wi(X), VXep+d

and w, 1s the unique solution in %ﬁf(@\ (p+w)) of (1.23).

5.3.3 Enmnergy integral

In Theorem here below we turn to consider the energy integral / ]Vug\Q dx for e close
Qe
to 0.

Theorem 5.9. Let the assumptions of Theorem hold. Then there exist 0 < €€ < &* and
a real analytic map

€:]—e% e[ =R
such that
/ Vue|? dx = €(s), Ve €]0,%]. (5.7)
Furthermore,
€(0) = / Vo dx + 1/ Vo, |2 dx. (5.8)
Q 2 Jr2\

Proof. We take w' as in Theorem which in addition satisfies the condition Ow C «w’. Then
we set e€ = &” with £” as in Theorem [5.7 and we define

€1 (c) = /m 4 ve -V (up + v6[0,Q, U [e]]) do |

&x(e) == [ GV Y) - Vucld 2. g7 (ep+ ) dov.
€4(e) = [ (Wafe(Y) + Wale]) wil0n 2. 5°)(ep +=Y) dov
Ey(e) = — /8 ’ g v, - VU, e] do

and
E(e) = €1(e) + e€a(e) + E3(e) + E4(e), Ve €] — €%, . (5.9)
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By Theorems and by Lemma, and by a standard argument (see in the proof of
Proposition the study of £2), one verifies that the functions &;’s and € are real analytic
from | — £%,¢%[ to R. Using the definition of wg[0.€, ¢°] and by the Fubini’s theorem, one
gets

E(e) = — /89 g°(X) va(x) - Vy (/a vu(Y) - (VyG)(x,ep + eY)g'(Y) day> doy
and
E3(e) = /89 g°(x) vo(x) - Vi« ( ; G(x,ep + &Y)Usle](Y) de> doy
+ [ 600 v (wale

for all ¢ €]0,¢%[. Then, follows by the divergence theorem, by Remark and by
Theorem (see also the proofs of Theorems and where an analog argument is
presented in full details).

To prove , we observe that ¥;[0] = 0 by Proposition and Theorem Thus

G(x,ep +€Y) day> doy
ow

@1(0):/8990 m-vuoda:/gyvuoy?dx. (5.10)

By Lemma 2.7, we[04€, ¢°](0) = ¢°(0). Since W5[0] € €, (0w), we compute
#
€4(0) = ¢°(0) W3[0] /(9 do . (5.11)

Then, we have
/ V- Vo, do = —/ v, - Vw$,[00, §'] do +/ Vi - Vg, [00, T2[0] + 3[0]) do
ow ow ow

:—/awyw-wagQ[&D,f]i]da—i—/aw (@2[0]—!—‘1’3[0]) do = ¥3[0] /aw do .

where we have used successively (5.6)), the jump properties of the (classical) single and double
layer potentials, the divergence theorem, and W5[0] € ‘K#Q(E)w). Using (5.4)) and the equality

v.(X) = —v.(g(X) — 2p2es) which holds for all X € R? \ &, we have

¢4(0) = _/8 (¢' — ¢°(0)) v, - Vo, do — gO(O)/ Vy » Vs do

Ow
1
= —/ Vi Vg - Ve do — gO(O)/ U, - Vo do (5.12)
2 o Ow
1
= / Vo, 2 dx — g°(0) W3[0] / do .
2 Jr2\o B
thanks to the divergence theorem. Relation ([5.8) follows by (5.9)) — (5.12). O

Remark 5.10. If we take w, as in Remark[5.8, then

@(0):/ \Vuo\de+/ YV |? dx.
0 B2\ (p)
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Finally, we consider in the following Theorem the total flux on 9. The proof of
Theorem can be deduced by a straightforward modification of the proof of Theorem [4.10]
and it is accordingly omitted.

Theorem 5.11. Let the assumptions of Theorem hold. Then there exist €5 €]0,*] and
a real analytic function
F:]-¢5,5[ =R
such that
/ v - Vue do = §(e), Ve €10,&5].
o0

Furthermore,

5(0) = / U, - Vu,do = / Vptw - Vs do .
Ow p+0w

6 Conclusions

In this paper, we have studied the asymptotic behavior of the solution to the Dirichlet problem
in a bounded domain in R™ with a small hole that approaches the boundary. We have shown
that this behavior depends on the space dimension n: if n > 3, the solution exhibits real-
analytic dependency on the perturbation parameters; if n = 2, logarithmic behavior may
occur. Additionally, in the two-dimensional case we highlight two different regimes. In one, the
hole approaches the outer boundary while shrinking at a faster rate; in the other, the shrinking
rate and the rate of approach to the boundary are comparable. For these two different regimes,
the energy integral and the total flux on the outer boundary have different limiting values.
Intuitively, we may say that when the hole shrinks sufficiently fast in two-dimensional space,
the shrinking effect dominates the effect of its vicinity to the outer boundary.

The method used for our analysis is based on potential theory constructed with the Dirich-
let Green’s function in the upper half space. Our results allow us to justify the representation
of the solutions and related functionals as convergent power series, which is usually difficult to
achieve with standard asymptotic analysis. We intend to compute such power series expan-
sions in future publications. We also plan to extend the analysis of perturbation problems in
domains with a small hole close to the boundary to other differential operators and boundary
conditions. We remark that the functional analytic approach developed in this paper within
the framework of Schauder spaces can be extended to a Sobolev space setting under Lips-
chitz regularity assumptions on the domains. A first step in this direction has already been
completed in [10].

A Decay properties of the Green’s function and the associated
single-layer potential

In the following Lemma we present a result concerning the Green’s function G which
allows us to study the behavior of vg[0€, ¢] at infinity.

Lemma A.1. Letn € N\ {0,1}. Let d = 2supyeqly|- Then the function

(R"\ B(0,d)) x @ — R
(xy) = X"1G(xy)
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18 bounded.

Proof. We observe that, for all (x,y) € (R™\ B(0,d)) x €, we have

n—1 n—1
= y[P =150 = y? = (25 = 14)* + @0 — yn)? = D (5 — 4;)? = (@n + yn)® = 420y,
j=1 j=1

Let us first consider n = 2. By exploiting the inequality [x| > 2[y[, we calculate that for any
(x,y) € (R™\ B(0,d)) x €,

1 1
(Gxy)| = o llog|x = y| = log[s(x) —y[| = .~ |log [x — y[* = log [c(x) — y/?|

T ! [ = yI? = Istx) — 2| < 2 (22|
~ Armin{fx —y|2, [s(x) —y[*} = mmin{jx —y[2, [¢(x) — y[}
JL bl 1 bl 1 _dyl1_2d1
(Xl =lyD? o m A= yl/XD2 X T x| T o x|
To prove the statement for n > 3 we observe that
1
G — _yl2—m _ yl2—n
IG(x,y)] s, |Ix =yl () — \
(n —2)s, [x —ylls(x )—Y\(!X—Y\HC = osp Xt

for all (x,y) € (R™\B(0,d))x Q. Hence |x|"~1|G(x,y)| < 2"d/s, for all (x,y) € (R"\B(0,d))xQ
and for all n € N\ {0, 1}. O

Then, by Lemma one readily deduces the validity of the following.

Lemma A.2. Let n € N\ {0,1}. Let ¢ € €0%(0Q). Then the function which takes x €
R™\ (QU(Q)) to [x|" Lvg[0, #](x) is bounded. In particular, vg[0Q, ¢] is harmonic at
mnfinity.

B An extension result

In this Appendix we prove Proposition We find convenient to set BY(0,7) = B(0,r) "R’}
and B~(0,r) = B(0,r) \ BT(0,7) for all » > 0. Then, possibly shrinking ry we can assume
that BT(0,79) C 2. By assumption and by a standard argument based on the Cauchy-
Kovalevskaya Theorem we shows the validity of the following

Lemma B.1. Let n € N\ {0,1}. There exist r1 €]0,r0] and a function H from B(0,71) to R

such that AH =0 in B(0,71) and Hgomnone = g‘mmaog.

Proof. By the Cauchy-Kovalevskaya Theorem there exists r; €]0,7¢], a function H* from
B*(0,71) to R, and a function H~ from B~(0,71) to R, such that

Y B + _ o

AHT =01in B7(0,71), H\mmaog = 9 Bwrnae 204 O, H |B(0 )N =0,
o - .

AH™ =01in B7(0,r1), H pamnaen = JE@rnaos 204 Oen Higms o 0 =
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We now define
H*(x) ifxe Bt(0,71),

H(x) = { H=(x) ifxe B=(0,71),

for all x € B(0,71). Note that H is well defined and H(x) = ¢g°(x) for x € B(0,71) N 2. Then
one observes that

/ HAgodx:/ H+A<pdx—|—/ H™ Apdx
B(O,Tl) B+(0,T1) B~ (0,7"1)
B(0,r1)Np2 B(0,r1)Np2

+/ (8an+)g0d0—/ (0y, H )pdo =0
B(0,r1)NJ2 B(0,r1)NIp2

for all test functions ¢ € C2°(B(0,r1)). Hence the lemma is proved. O

We are now ready to prove Proposition (1.1

Proof of Proposition[I.1 Let H be as in Lemma Let V* = UoEFo) ~ HEFoa Then

we have AV = 0 in BY(0,7) and VL = 0. Then we define V=~ (x) = —V*t(s(x))
|B(0,T1)0809

for all x € B=(0,71). Then one verifies that AV~ =0 in B7(0,r1) and V_ =0. In

|B(0,71)NO 2

addition we have 0,,, Then we set

+ _ —
‘/|B(0,7"1 )N B an ‘/|B(O,T1 YN

[ VT(x) ifxe Bt(0,r),
Vi) = { V=(x) ifxe B‘(O,ri),

for all x € B(0,r1). Hence we compute

/ VA(pdx:/ V+Ag0dx—|—/ V™ Apdx
B(0,r1) Bt+(0,r1) B~ (0,r1)
:_/ V+8wng0da+/ V= 0y, pdo
B(0,r1)Ndp2 B(0,r1)Np2

—|—/ (&EnVJr)goda—/ (02, V7 )pdo =0
B(0,r1)N392 B(0,r1)N3Q2

for all test functions ¢ € C°(B(0,71)). So that AV = 0 in B(0,71). Finally we take Uy =
V + H and we readily verify that the statement of Proposition is verified (see also Lemma

B.1). m

Acknowledgement

The authors wish to thank M. Costabel and M. Dauge for several useful discussions and
in particular for suggesting a Green’s function method to investigate singular perturbation
problems. The authors also thank C. Constanda for comments that have improved the presen-
tation of the results. The authors are partially supported by the ANR (Agence Nationale de

o4



la Recherche), projects ARAMIS n® ANR-12-BS01-0021. M. Dalla Riva and P. Musolino ac-
knowledge the support of ‘Progetto di Ateneo: Singular perturbation problems for differential
operators — CPDA120171/12’ - University of Padova. M. Dalla Riva also acknowledges the
support of HORIZON 2020 MSC EF project FAANon (grant agreement MSCA-IF-2014-EF -
654795) at the University of Aberystwyth, UK. P. Musolino also acknowledges the support of
‘INdAM GNAMPA Project 2015 - Un approccio funzionale analitico per problemi di pertur-
bazione singolare e di omogeneizzazione’ and of an ‘assegno di ricerca INAAM’. Part of the
work has been carried out while P. Musolino was visiting the ‘Département de mathématiques
et applications’ of the ‘Ecole normale supérieure, Paris’. P. Musolino wishes to thank the
‘Département de mathématiques et applications’ and in particular V. Bonnaillie-Noél for the
kind hospitality and the ‘INdAM’ for the financial support. P. Musolino is a Sér CYMRU
IT COFUND fellow, also supported by the ‘Sér Cymru National Research Network for Low
Carbon, Energy and Environment’.

References

[1] H. AMMARI, H. KANG. Polarization and moment tensors, volume 162 of Applied Mathematical
Sciences. Springer, New York 2007. With applications to inverse problems and effective medium
theory.

[2] M. F. BEN HasseN, E. BONNETIER. Asymptotic formulas for the voltage potential in a composite
medium containing close or touching disks of small diameter. Multiscale Model. Simul. 4(1) (2005)
250-277.

[3] V. BONNAILLIE-NOEL, M. DAMBRINE. Interactions between moderately close circular inclusions:
the Dirichlet-Laplace equation in the plane. Asymptot. Anal. 84(3-4) (2013) 197-227.

[4] V. BONNAILLIE-NOEL, M. DAMBRINE, C. LACAVE. Interactions between moderately close inclu-
sions for the two-dimensional Dirichlet-Laplacian. Appl. Math. Res. Express. AMRX (1) (2016)
1-23.

[5] V. BONNAILLIE-NOEL, M. DAMBRINE, S. TORDEUX, G. VIAL. On moderately close inclusions
for the Laplace equation. C. R. Math. Acad. Sci. Paris 345(11) (2007) 609-614.

[6] V. BONNAILLIE-NOEL, M. DAMBRINE, S. TORDEUX, G. VIAL. Interactions between moderately
close inclusions for the Laplace equation. Math. Models Methods Appl. Sci. 19(10) (2009) 1853—
1882.

[7] V. BONNAILLIE-NOEL, C. LACAVE, N. MASMOUDI. Permeability through a perforated domain
for the incompressible 2D Euler equations. Ann. Inst. H. Poincaré Anal. Non Linéaire 32(1)
(2015) 159-182.

[8] L. CHESNEL, X. CLAEYS. A numerical approach for the Poisson equation in a planar domain
with a small inclusion. BIT 56(4) (2016) 1237-1256.

[9] A. CiALDEA. A general theory of hypersurface potentials. Ann. Mat. Pura Appl. (4) 168 (1995)
37-61.

[10] M. CosTABEL, M. DALLA Riva, M. DAUGE, P. MusoLINO. Converging expansions for self-
similar perforations of a plane sector. Integral Equations Operator Theory (2017).

[11] M. DALLA Riva, P. MUSOLINO. Real analytic families of harmonic functions in a domain with
a small hole. J. Differential Equations 252(12) (2012) 6337-6355.

[12] M. DALLA Riva, P. MUSOLINO. Real analytic families of harmonic functions in a planar domain
with a small hole. J. Math. Anal. Appl. 422(1) (2015) 37-55.

95



[13]
[14]

[15]

[20]

[21]

[24]

[25]

[29]

[30]

M. DALLA RivA, P. MUSOLINO. A mixed problem for the Laplace operator in a domain with
moderately close holes. Comm. Partial Differential Equations 41(5) (2016) 812-837.

M. DALLA Riva, P. MusoLINO. The Dirichlet problem in a planar domain with two moderately
close holes. J. Differential Equations (2017).

M. DALLA Riva, P. MUSOLINO, S. V. ROGOSIN. Series expansions for the solution of the
Dirichlet problem in a planar domain with a small hole. Asymptot. Anal. 92(3-4) (2015) 339-361.

M. DAUGE, S. TORDEUX, G. VIAL. Selfsimilar perturbation near a corner: matching versus
multiscale expansions for a model problem. In Around the research of Viadimir Maz’ya. II,
volume 12 of Int. Math. Ser. (N. Y.), pages 95-134. Springer, New York 2010.

K. DEIMLING. Nonlinear functional analysis. Springer-Verlag, Berlin 1985.

G. B. FOLLAND. Introduction to partial differential equations. Princeton University Press, Prince-
ton, NJ, second edition 1995.

D. GILBARG, N. S. TRUDINGER. Elliptic partial differential equations of second order, volume
224 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences/. Springer-Verlag, Berlin, second edition 1983.

A. M. IL'IN. A boundary value problem for an elliptic equation of second order in a domain with
a narrow slit. I. The two-dimensional case. Mat. Sb. (N.S.) 99(141)(4) (1976) 514-537.

A. M. IL'IN. Matching of asymptotic expansions of solutions of boundary value problems, volume
102 of Translations of Mathematical Monographs. American Mathematical Society, Providence,
RI 1992. Translated from the Russian by V. Minachin [V. V. Minakhin].

A. M. IL’IN. The boundary layer [ MR1066959 (91i:35020)]. In Partial differential equations, V,
volume 34 of Encyclopaedia Math. Sci., pages 173-210, 241-247. Springer, Berlin 1999.

V. KozLov, V. MAZ’YA, A. MOVCHAN. Asymptotic analysis of fields in multi-structures. Ox-
ford Mathematical Monographs. The Clarendon Press, Oxford University Press, New York 1999.
Oxford Science Publications.

M. LANzZA DE CRISTOFORIS. Asymptotic behavior of the solutions of a nonlinear Robin problem

for the Laplace operator in a domain with a small hole: a functional analytic approach. Complex
Var. Elliptic Equ. 52(10-11) (2007) 945-977.

M. LANZA DE CRISTOFORIS. Asymptotic behaviour of the solutions of a non-linear transmission
problem for the Laplace operator in a domain with a small hole. A functional analytic approach.
Complex Var. Elliptic Equ. 55(1-3) (2010) 269-303.

M. LaNzZA DE CRISTOFORIS, P. MUSOLINO. A real analyticity result for a nonlinear integral
operator. J. Integral Equations Appl. 25(1) (2013) 21-46.

M. LANZA DE CRISTOFORIS, L. Rossi. Real analytic dependence of simple and double layer
potentials upon perturbation of the support and of the density. J. Integral Equations Appl. 16(2)
(2004) 137-174.

D. MARTIN. MELINA, bibliothéque de calculs éléments finis.

http://anum-maths.univ-rennesl.fr/melina/danielmartin/melina/ (2007).

V. MaAz’vya, A. MoOVCHAN, M. NIEVES. Green’s kernels and meso-scale approrimations in
perforated domains, volume 2077 of Lecture Notes in Mathematics. Springer, Heidelberg 2013.

V. Maz’vyA, S. NAZAROV, B. PLAMENEVSKLJ. Asymptotic theory of elliptic boundary value
problems in singularly perturbed domains. Vol. I, volume 111 of Operator Theory: Advances and
Applications. Birkhduser Verlag, Basel 2000. Translated from the German by Georg Heinig and
Christian Posthoff.

56



[31] V. G. Maz’ya, A. B. MovcHAN, M. J. NIEVES. Mesoscale models and approximate solutions
for solids containing clouds of voids. Multiscale Model. Simul. 14(1) (2016) 138-172.

[32] C. MIRANDA. Sulle proprieta di regolarita di certe trasformazioni integrali. Atti Accad. Naz.
Lincei Mem. Cl. Sci. Fis. Mat. Natur. Sez. I (8) 7 (1965) 303-336.

[33] A. A. NovOTNY, J. SOKOLOWSKI. Topological derivatives in shape optimization. Interaction of
Mechanics and Mathematics. Springer, Heidelberg 2013.

[34] G. M. TROIANIELLO. Elliptic differential equations and obstacle problems. The University Series
in Mathematics. Plenum Press, New York 1987.

57



	Introduction
	Explicit computation on a toy problem
	Methodology: the functional analytic approach
	Main results
	The case bold0mu mumu De85bold0mu mumu 00De850000 in spaces of dimension n3
	The case bold0mu mumu De85bold0mu mumu 00De850000 in two-dimensional space
	The case 10 with 2>0 fixed in two-dimensional space

	Numerical illustration of the results.
	Structure of the paper

	Preliminaries of potential theory
	Classical single and double layer potentials
	Green's function for the upper half space and associated layer potentials
	Mapping properties of the single layer potential vG[,]
	Characterization of the image of the single layer potential

	Extending functions from Ck,(+) to Ck,()

	Asymptotic behavior of ubold0mu mumu Tr87 in dimension n3
	Defining the operator L
	Real analyticity of the operator L
	Functional analytic representation theorems
	Macroscopic behavior
	Microscopic behavior
	Energy integral


	Asymptotic behavior of ubold0mu mumu De85 in dimension n=2 for bold0mu mumu De85 close to bold0mu mumu 00De850000
	Defining the operator M
	Real analyticity of the operator M
	Functional analytic representation theorems
	Analysis of (4.4) via the implicit function theorem
	Macroscopic behavior
	Microscopic behavior
	Energy integral


	Asymptotic behavior of ubold0mu mumu De85 in dimension n=2 for 1 close to 0 and 2=1
	Defining the operator N
	Real analyticity of N
	Functional analytic representation theorems
	Macroscopic behavior
	Microscopic behavior
	Energy integral


	Conclusions
	Decay properties of the Green's function and the associated single-layer potential
	An extension result

