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A small hole close to the boundary for the two-dimensional
Laplace Dirichlet problem

Virginie Bonnaillie-Noél* Matteo Dalla Rival
Marc Dambrine! and Paolo Musolino®

December 13, 2016

Abstract

We study a Dirichlet problem in a planar domain with a small hole close to the bound-
ary. For each pair € = (g1, 2) of positive parameters, we define a perforated domain Q¢
obtained by making a small perforation of size €162 in an open set. The distance of the
cavity from the boundary is instead controlled by €;. As 1 — 0, the perforation shrinks
to a point and at the same time approaches the boundary. We consider separately two
cases: the case when € tends to (0,0) and the case when £; tends to 0 and &5 is fixed.
In the first case we show that the solution of a Dirichlet problem defined in ). displays
a logarithmic behavior when € — 0. In the second case instead, the asymptotic behavior
of the solution can be described in terms of real analytic functions of ;. We will also
show that the energy integral and the total flux on the exterior boundary have a different
limiting behavior in the two cases.

Keywords: Dirichlet problem; singularly perturbed perforated domain; planar domain;
Laplace operator; real analytic continuation in Banach space; asymptotic expansion

2010 Mathematics Subject Classification: 35J25; 31B10; 45A05; 35B25; 35C20

1 Introduction

This paper deals with the asymptotic behavior of the solution of a Dirichlet problem for the
Laplace equation in a domain with a small hole which is approaching to the outer boundary.
In [2] we study the case when the dimension of the ambient space is greater than or equal
to three, while here we focus on the two-dimensional case, which presents some peculiarities
and needs a separate treatment. We will consider two cases: the case when the hole is ‘mod-
erately close’ to the boundary, i.e., its size tends to zero ‘faster’ than the distance from the
outer boundary, and the case when the size of the hole and the distance from the boundary
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are comparable. We will see that the asymptotic behavior in the two cases is different: a
logarithmic behavior arises in the first case while we have a real analytic continuation result
in the second case. In addition, the energy integral and the total flux of the solution on the
outer boundary may have a different limit value.

Let us present the geometry of the problem. We introduce a notation for the upper half
plane by setting
Ra_ = {x= (z1,22) = r1€1 + X282 : T2 > 0}.

Then we consider a domain 2 which represents the ‘unperturbed’ domain and which is such
that
Q is an open bounded connected subset of R of class €, (Hy)

where « €]0, 1] is a regularity parameter. For the definition of functions and sets of the usual
Schauder classes €% (k = 0, 1), we refer to Gilbarg and Trudinger [I5, §6.2]. We denote by
0%} the boundary of 2 and we set

HQ=0QN0RE,  0,Q=00NR%.
On the flat boundary, we consider the following assumption
0o€) is an open neighborhood of 0 in 8Ri. (Ho)

Since we want to make a perforation in € of a given shape, we fix another set w satisfying the
following assumption:

w is a bounded open connected subset of R? of class €% such that 0 € w.

Then we fix a point
p = (p1,p2) € RY,

and we define the inclusion we by
We = €1p + €169w Ve = (e1,62) € R?.

Let €/,¢” € R?. By convention, we write €’ < " (resp. & < €”) if and only if 59 < a;’
(resp. €} < ), for j = 1,2. Then we denote |e’,e"[ the open rectangular domain of the

e € R? such that €’ < e < &”. With this notation, there is €4 = (¢34, £59) > 0 such that
we C Q, Ve €10,

In addition, since we are interested in the case when € is close to 0, we can assume without
loss of generality that
g3 < 1and 1 < e§d < 1/e24

So that, e1e9 < 1 for all € € ]0,e2![. This technical condition will allow us to deal with the
function 1/log(e1e2), as we do in Section |3} and also to consider the case when 5 = 1 in
Section [l

The rectangular domain |0, e*[ plays the role of the set of ‘admissible’ coefficients e for
which we define the perforated domain

Qe =0\ we.



One verifies that Q. is a bounded connected open subset of class €1 with boundary 9,
consisting of two connected components: 92 and Jwe = e1p+ec1620w. The size of the hole w,
is controlled by the product £1e9, whereas the distance of the hole we from the boundary of
Q is controlled by the parameter ;. Clearly, as the pair € € |0, sad[ approaches a degenerate
value (0, e5) both the size of the cavity and its distance from the boundary 9f2 tend to 0. If
€5 = 0, then the ratio of the size of the hole and the distance from the boundary tends to
0 and we can say that the size tends to zero ‘faster’ than the distance. If instead €5 > 0,
then the size and the distance from the boundary tend to zero at the same rate. Figure
illustrates our geometrical setting.
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Figure 1: Geometrical settings.

We now take a function g° € €1%(952) and a function g' € €1*(0w) and for € € ]0,&™|
we consider the following Dirichlet problem in €2:

Au(x) =0, Vo € Qe,
u(x) = ¢°(x), Vx € 082, (1.1)
u(x) = g%%), Vx € Owe .
As is well known problem (1.1)) has a unique solution in €1%(Q). We will denote such a
solution by u.. We wish to investigate the asymptotic behavior of the solution w. when

e — (0,0) and when €; — 0 and €3 > 0 is fixed. In other words, we want to answer to the
following questions.

Let x €  be fixed. What can be said on the map & — ug(x) (1.2)
when 1 — 0 and either e5 — 0 or &5 is fixed? '

We observe that we don’t consider in this paper the case when &5 is close to 0 and €; remains
positive. Such a case corresponds to a boundary value problem in a domain with a hole which
collapses to a point in its interior and it has received the attention of many authors.

1.1 Explicit computations on a toy problem

To explain the results that we are going to prove in this work, we first consider a toy problem
where we can make the solution explicit. We denote by B(x, p) the ball of R? centered at x



and of radius p, we take a function g' € €1*(9B(0, 1)), and for € €]0, (1, 1)[ we introduce the
following Dirichlet problem in the perforated half space R2 \ B((0,1),e1€2):

Aug(x) =0, Vx € RZ \ B((0,e1),£182)
Ug (X ) =0, Vx € OR%
UE = g1 = €1p> Vx € 68 0 61),6162),

€1€2

11Hlx%oo Ue( )

where p = (0,1). Then we consider the conformal map

z—1a
D2 -
Pa z2+a
with inverse
1 oz4+1

Tz —a
Spa Z_].

When a is real, ¢, maps the imaginary axis onto the unit circle. Moreover, if

a(e) = a(e1,e2) = e1y/1 — €3,

then ¢, () maps the circle of center (0,¢1) and radius €1e2 to the circle of center the origin

and radius
1—+/1—¢3
1++/1+e3
We observe that the maps a : (e1,e2) — a(e) and p: €2 — p(eg) are analytic.
Since harmonic functions are transformed into harmonic functions by a conformal map,

we can now transport problem ((1.3) on the annular domain B(0, 1) \ B(0, p(e2)) by means of
the map ¢,(¢). We obtain new problem for the unknown function u, = ue o cp;(le):

ple2) =

Ay, =0, in B(0,1) \ B(0, p(e2))
=0, on 0B(0,1), (1.4)
u.(z) = gie(arg z), for all z € 9B(0, p(e2)),

where the new boundary condition is given by

, i0
Y S — p(e2)e +1
g.(0)=g ( - ( 1—e3 e —1 +1]], Vo € [0, 27].

To obtain an analytic expression of its solution, we decompose g’ in Fourier series

gis(ﬁ) = ao(gis) + Z ak(gis) cos k) + bk(gis) sin k0,
so that, in polar coordinates,

ok ek

plea)? — p(e2) ™

logr

uc(r,0) = ao(g',)

,em (ak( ) cos k0 + by.(g' )smsz)

k>1



Then, we can recover ue by the pull back ue = u, o 4. To that end, we observe that in
polar coordinates we have @) (x) = 7e (x)ef=™) with

x1 +ixe —ia(e)
x1 + izg + ia(e)

re(x) =

’ 0.(x) = arg <x1 +izg — ia(e)) '

x1 +ixe +ia(e)

As an example, if we assume that g' = 1, then the solution of (1.3 is

(x) = logre(x) log <$% + <a?2 —& \/@y) o (x% " (9@ * El@f)_
log p(2) log (1 T=23) — log (1 + /T )

We observe that, for any fized x € Ri and for €1, €2 positive and sufficiently small, the map
€ — ug(x) is analytic. When € — 0, the function ue tends to 0 with a main term of order
e1(loge2)™t. In addition, for eo > 0 fived the map €1 — ue(x) has an analytic continuation
around €1 = 0. We aim, in this work, to prove similar results also for problem , and
thus to answer to question by investigating the analyticity properties of the function
€ — ug(x). In addition, instead of the evaluation of ue to a point x, we will consider its
restriction to suitable subsets of Q2 and the restriction of the rescaled function ue(e1p + €1€2+)
to suitable open subsets of R? \ w, then we will study functionals related to u., such as the

energy integral and the total flux on 0f). In the next subsection we describe our main results.

1.2 Main results

There are many ways to answer to question depending on the approach that one applies
to study . In literature, most of the papers dedicated to the analysis of problems with
small holes employ expansion methods to provide asymptotic approximations of the solution.
As an example, we mention the method of matching outer and inner asymptotic expansions
proposed by Il'in (see, e.g., [16]), the compound asymptotic expansion method of Maz’ya,
Nazarov, and Plamenevskij [24] and of Kozlov, Maz’ya, and Movchan [I7] and the mesoscale
asymptotic approximations presented by Maz’ya, Movchan, and Nieves [23] to study Green’s
kernels in domains with small cavities. We also mention the works of Bonnaillie-Noél, Lacave,
and Masmoudi [7], Chesnel and Claeys [§], and Dauge, Tordeux, and Vial [12]. Boundary
value problems in domains with moderately close holes have been analyzed with the method
of multiscale asymptotic expansions by Bonnaillie-Noél, Dambrine, Tordeux, and Vial [5]
0], Bonnaillie-Noél and Dambrine [3], and Bonnaillie-Noél, Dambrine, and Lacave [4]. We
also observe that problems in domains with small holes and inclusions have a large number
of applications. They appear, for example, in the study of inverse problems (cf. e.g., the
monograph of Ammari and Kang [I]) and of shape and topological optimization (as it is
described in the monograph by Novotny and Sokotowsky [26]).

In this paper, we answer to question by applying an approach which is in a sense
alternative to the expansion methods. We will use the ‘functional analytic approach’ which
was proposed by Lanza de Cristoforis [I8], [19] and then developed together with Dalla Riva
and Musolino for the analysis of problems in domains with small holes (cf., e.g., [9, 10} 11]).
Our aim is to represent the map which takes € to (suitable restrictions of) the solution wu¢ in
terms of real analytic maps with values in convenient Banach spaces of functions and of known



elementary functions of 1 and &5 (for the definition of real analytic maps in Banach spaces,
see Deimling [I3], p. 150]). We observe that then we can recover asymptotic approximations
like the one that one can get from the expansion methods. For example, if we know that the
function in equals for 1 and g9 small and positive a real analytic function defined in a
whole neighborhood of (0, 0), then we know that such a map can be expanded in power series
for €1 and e9 small and the truncated series provides an approximation of the solution.

To perform our analysis, in addition to assumptions f, we assume that () satisfies
the following condition:

doQ is a finite union of closed disjoint intervals in OR? . (Hs)

In particular we note that assumption implies the existence of linear and continuous
extension operators E®® from €% (0, Q) to €% (09), for k = 0, 1. This will allow us to pass
from functions defined on 04 to 9 (and viceversa), preserving their regularity.

For proving our analyticity result, we shall consider a regularity condition on the Dirichlet
datum around the origin, namely:

there exists 79 > 0 such that the restriction gjz ,,)ng,q 15 real analytic. (Hy)

As happens for the solution of a Dirichlet problem in a domain with a small hole ‘far’ from
the boundary, we show that u. converges as €1 — 0 to the function wg which is the unique
solution in €1%(Q) of the following Dirichlet problem in the unperturbed domain Q:

Au=0 1inQ,
(1.5)

u=g° ondN.

We observe that ug is harmonic, and therefore analytic, in the interior of €2. This fact can
be useful to study the Dirichlet problem in a domain with a hole which shrinks to an interior
point of . If instead the hole shrinks to a point on the boundary, as it does in this paper,
then we have to introduce condition in oder to ensure that up has an analytic (actually
harmonic) extension around the limit point. Indeed, by and by a classical argument
based on the Cauchy-Kovalevskaya Theorem (cf. [2]), we can prove the following result.

Proposition 1.1. There exists 1 €]0,79] and a function Uy from B(0,r1) to R such that
B*(0,71) C Q and

AU() =0 m B(O,Tl),

Uo = Up mn B+(O, 7‘1).

Here, we denote B (0,r) = B(0,r) NR2.
Then, possibly shrinking E?d we can assume that
e1p + 162w C B(0,77), Ve e ] —ed, e[, (1.6)

We now show our answers to question ([1.2)) in the cases when € — 0 and when €; — 0 and
g9 > 0 is fixed.



1.2.1 What happens when e — 0 ?

To answer to question (1.2]) in the case when € — 0 we need to introduce a curve n — &(n) =
(e1(n),e2(n)) which describes the values attained by the parameter € in a certain specific way.
The reason is that the quotient
log ey
log(e1e2)

plays an important role in the description of u. for € small. However the limit of (1.7]) as
e — 0 is not defined. Then, we take a function &(-) from ]0, 1] to ]0,&®![ such that

(1.7)

lim e(n) =0, (1.8)

n—0+
and such that the limit

lim loge1(n)

————————— exists and equals A € [0, 1]. 1.9
20 Tog(e1 (n)ea () o 9

It will also be convenient to denote by & the function
§: 10,1 — R2?
n = 8(n) = (01(n), 62(n)) = <1Og( ! loge1(n) > .

e1(mea(n))  log (e1(n)e2(n))

(1.10)

So that
lim &(n) = (0,A).

n—0+

In Section [3| we will prove the following Theorem where we describe ug(,) in terms of a
real analytic function of four real variables evaluated at (e(n), d(n)).

Theorem 1.2. Let A € [0,1[. Let ' be an open subset of Q with 0 ¢ . Then there are
e’ €]0,e*[, an open neighborhood Vy of (0,\) in R?, and a real analytic map

Uy 2] — €, [xVy = EL(Y)

such that o
weNQ =0, Ve €] — €, €, (1.11)

and

Ui = Yo [e(), )], W €]0,7[, (1.12)

where the latter equality holds for all functions €(-) from ]0,1[ to |0, e*d[ which satisfy (L.8)) —
(1.9) and with 8(-) as in (1.10), and for all ' €]0,1[ small enough so that

(e(n),6(n)) €]0,€'[xVx,  Vn€lo,n].

In addition,
e [0, (0,N)] = Upjcy - (1.13)



We stress here that the map o depends on the limit value A, but not on the specific
curve &(-) which satisfies (L.9). A similar result is then given also for the behavior of the
solution of problem (|1.1)) close to the hole and of the energy integral. In particular, we show
that the limiting value of the energy integral is given by

lim ]Vue(n)\2 dx = / |Vug|? dx +/ [Vwol® dx, (1.14)
Qs Q RQ\OJ

n—0

where vy € €1%(R? \ w) is the unique solution of

Avg =0 in R?\ w,
vy = ¢' on Jw, (1.15)
supa [o0] < +00.

In addition, for the flux on 92 we will show that

li . =0.
nl_r}I(l) 8QVQ Vg, do =0

1.2.2 'What happens when ¢; — 0 and &3 > 0 is fixed?

We observe that we can confine ourself to consider €5 = 1 fixed. Then the case of 9 = €5 €
10,€0,2[ fixed is obtained by rescaling the reference domain w with the factor 5. We also
observe that in this case we are dealing with a one parameter problem. Accordingly, we find
convenient to define £2d = eal‘d, We =Wey 1, Qe = Qe 1, and ue =g, g foralle € | — sad,ead[.

In Section [4] we will prove the following Theorem [I.3] holds.

Theorem 1.3. Let Q' be an open subset of 0 such that 0 ¢ Q. Then there are €' €]0,34]
and a real analytic map o
Hey :] - El, EI[—> Cgl’a(ﬂl)

such that
N =0 Vee]-¢£,¢], (1.16)
and
Uy = U e], Ve €]0,€'[. (1.17)
Moreover we have
ﬂQ/ [0] = uolﬁ. (1.18)

In addition, we shall prove a similar result for the behavior of u. near the boundary of
the hole (cf. Theorem , for the energy integral st |Vue|dx (cf. Theorem , and for the
total flux through the outer boundary | o0 v - Vue do (cf. Theorem . In particular we
will show that the limiting value of the energy integral is

e—0 Qe

lim [ |Vu.|>dx = / |Vug|? dx +/ IV, |? dx. (1.19)
Q R3\(ptw)
and the limiting value of the total flux is

/ Vptw - VWs do (1.20)
p+0w

8



: . Dl
where w, is the unique solution in €)% (R2 \ (p + w)) of

Aw, =0 inR2 \ (p+w),
Wy =g on p+ dw,
w. = g°(0) on ORZ (121)

limx 00 wx(X) = g°(0) .

We observe that for suitable choices of ¢° and ¢' the limiting value of the energy integral
differs from the one in ([1.14)). This emphasizes the difference between the two regimes.

1.3 Numerical illustration of the results.

In order to illustrate the main results stated before, we present some numerical simulations.
The domain € is a stadium that is the union of the rectangle [—2,2] x [0, 2] and two half-disks.
The origin (0,0) is in the middle of a segment of the boundary. We choose p = (1,1) and
the inclusion is a small disk as described in Figure The small parameter € is chosen as
g1 = (%)m and g9 = (%)712 for integers 1 < nj; <16 and 1 < ng < 20.

7 7
o) .
d
, o
e e
L L

(a) n1 =1 and no = 4, 4312 triangles. (b) n1 =2 and ng = 4, 4364 triangles.

Figure 2: Different computational domains.

In order to approximate the solution ue of the boundary value problem, we use a P* finite
element method on an adapted triangular mesh thanks to the Finite Element Library MELINA
(see [22]). Figures exhibit the computed ! energy || Vue ]@2(95) in the previously defined

configurations. In Figure [3, we take ¢ = 0 and ¢' = 1, then the sum in is 0 while
the limiting energy is strictly positive. Besides the limit value of the total flux (|1.20)
equals 0 only for special choices of ¢°, g'. To illustrate this fact we consider now g° = x5 and
either g' = 0 = g°(0) (see Figure [4)), either g; = 1 # g°(0) (see Figure [3)).

In the numerical results for g' = 1 that is with ¢g' # ¢°(0), the energy has a different limit
value whether both €1 and &3 tend to 0 or €1 tends to 0 and e is fixed. In the first case the
limit is the same that we have in the very well known case when 5 — 0 and €7 is fixed.

1.4 Structure of the paper

The paper is organised as follows. In Section [2| we recall some facts of classical potential
theory and we present some results about layer potentials derived by the Green function of
the half plane. Then in Section |3| we study the behavior of the solution of fore - 0
and prove Theorem In Section 4] we consider the case when e — 0 and €3 = 1 is fixed
and prove Theorem



) ue for ny = 2 and ng = 4. (b) Energy of ue.

Figure 3: Case where ¢° = 0 and ¢' =

o
o
o
°
ke
o
>
o
3
N
N
>
By
~

(a) ue for n; =2 and ny = 4. (b) Energy of ue

Figure 4: Case g' = 0 and ¢° =

o
°
©
°
=
o
>
°
®
N
S
>
Y
S

(a) ue for n; =2 and ny = 4. (b) Energy of w,.

Figure 5: Case g' = 1 and ¢° = z.
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2 Preliminaries and notations

As in [2], our approach is based on potential theory, and in particular on the use of layer
potentials derived by the Dirichlet Green function for the upper-half plane. In this section,
we recall some technical results and notation that we use in the sequel.

2.1 Single and double layer potentials

We denote by S the fundamental solution of A defined by
1
S(z) = o log || Vx € R%\ {0}.
T
Then we introduce the single and double layer potentials for a generic domain D which we
assume to be an open bounded connected subset of R? of class €.

Definition 2.1 (Definition of the layer potentials). For all ¢ € €%%(0D), we define

vs[0D, ¢](x) = (y)S(x —y)doy, Vx € R?,

¢
oD
where do denotes the area element on OD. For all ¢ € €1 (0D), we define

wg[0D,Y](x) = — /BD Y(y) vp(y) - VS(x —y) doy, Vx € R?,

where vp denotes the outer unit normal to D and the symbol “’ denotes the scalar product
in R2.
To describe the regularity properties of the layer potentials, we introduce the following

notation.

Definition 2.2. We denote by ‘Klz)’ca(RQ\D) the space of functions on R?\'D whose restrictions
to O belong to €1 (O) for all open bounded subsets O of R?\ D. Moreover, we denote by
‘Kia(fﬂ)) the subspace of €%*(0D) consisting of the functions ¢ with Jop @do = 0.

Then we have the following well known regularity properties of the single and double layer

potentials.

Proposition 2.3 (Regularity of layer potentials). The function vg[0D, @] is continuous from
R? to R. The restrictions vi[0D, ¢] = vg[OD, Qﬂlf and v§[0D, ] = vs[0D, P|jr2\p belong to
€42 (D) and to ‘51(1)3(]1%2 \ D), respectively. The restriction ws[0D,]p extends to a function
w[0D, Y] of €1*(D) and the restriction ws|OD, Y] g\ extends to a function wg0D, Y] of
Gor (R2\ D).

We also recall the jump relations of the layer potentials (see, e.g., Folland [14, Chap. 3]).
Proposition 2.4 (Jump relations of the layer potentials). For any x € 9D, ¢ € €%%(9D),
and ¢ € €%*(0D), we have

s
w§[0D, v](x) = () + wslOD, ¥](x),

va(@) - ViE[0D, 6](x) = —Zo(@) + | dy)va(a) - VS(@ - y)do

)
oD

where t =i,e ands; =1, s, = —1.

11



In the sequel, we will exploit the following classical result of potential theory.

Lemma 2.5. The map %i’“(ap) xR — €1%0D) is an isomorphism.
(0,§) = vs[0D,dliap +§

2.2 Green function for the upper-half plane and associated layer potentials

As in [2], an effective tool to analyze problem is represented by layer potentials derived
by the Dirichlet Green function for the upper-half plane instead of the classical fundamental
solution S. Indeed, by exploiting them, we will be able to get rid of the integral equation on
00f2, which is the part of the bounday of 92 where the inclusion w, collapses for e1 = 0. In
this subsection, we recall some notation, definitions and results from [2].

We denote by ¢ the reflexion with respect to the axis (0, e1), so that ¢((x1,z2)) = (1, —22)
for all x = (21, 72) € R%, and we define ¢(D) = {x € R? | ¢(x) € D}, for all subsets D of R.
Then we denote by G the Green function defined by

G(x,y) =S(x—y) = S(c(x) —y), WxeR?andyeR?\ {x,¢(x)}.
Clearly,
G(xy) = G(y,x), VxeR?andycR?*\ {x,¢(x)}, (2.1)

and
G(x,y) =0, Vxe GRi and y € R?\ {x,¢(x)}. (2.2)

We are now ready to introduce analogs of the classical layer potentials obtained by replacing
S by the Green function G. In the sequel, D, is an open bounded connected subset of Ri of
class €1,

Definition 2.6 (Definition of layer potentials derived by G). For any ¢ € €%*(0D,), we
define

vG[0Dy, ¢)(x) = - S(y)G(x,y)doy,  WxeR?.

For any subset of the boundary I C 0D, and for any ) € €H*(0D,), we define

welT, B](x) = /F O(y) vp, (v) - Vy Glx,y) doy,  x € B2.

By exploiting regularity properties and jump formulas for the classical layer potentials, we
can deduce the corresponding results for vg[0D4, ¢| and wg[0D4,v]. Here we set 9Dy =
8D+ N E)]Ri and 8+D+ = 8D+ N Ri

Proposition 2.7 (Regularity and jump relations for layer potentials derived by G). Let
¢ € €0(0Dy) and p € €1(0D,). Then

e the functions vg[0D+, ¢] and wg[0D4, 1] are harmonic in Dy, ¢(D4), and R?\ (D4 U
§(D+));

e the function vg[0Dy, @] is continuous from R? to R;
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e the restrictions v5[0D4, ¢] = vg[0Dy, gbhﬁ and v&[0D4, | = va[0D, ¢ belong

to €4*(D,) and to &b O‘(]RQ \ D), respectively;

loc

IR3\D4

o the restriction wg[0D, Y p, extends to a function wi[0Dy, ] of €V*(Dy) and the
restriction wg[0Dy, w]\Ri\ﬁ extends to a function wg (0D, )] of € a(R2 \Dy).

loc

In particular, the jump relations for the double layer potential are

s
WD, ¥)(x) = S + wa 0D, (), Vx € 9D,
Wa[0Dy, ] (x) = p(x), Vx € 0yDs .
where t =1i,e, s, =1, and s, = —1. In addition, it holds

va|0D+, ¢)(x) =0, Vx € aRi
w&[0D4,P](x) =0,  Vx € ORZ \ 9D .
An analog of the Green representation formula can then be proved by means of the layer

potentials with kernel G introduced in Definition (see [2]).

Lemma 2.8 (Representation formulas with layer potentials derived by G). Let u' € €1*(D..)
be harmonic in D4, then

ut  in Dy,

wg[0Dy, ul —vg[0D4, vp, - Vu| = D, U(D.)
cl0D+, ujgp,] — vGl0D+, vp, oD, ] {0 in R*\ Dy Ug(Dy).

2.3 The single layer potential operators derived by G on 0}

In this subsection, we present some results of [2] on the single layer potential associated to
the set 2 which satisfies the assumptions (Hi)), (H2), and (Hg).
First of all, we consider the behavior at infinity of the Green function G and of vg[0€2, ¢].

Lemma 2.9 (Behavior at infinity of G). The following statements hold.
(i) The function (x,y) — [X|G(x,y) is bounded in (R*\ B(0,d)) x Q, where d = 2sup,cq |yl.

(i) Let ¢ € €%*(0Q). Then the function x — |x| v[08), ¢](x) is bounded in R?\ (QU<()).
In particular, vg[0S2, @] is harmonic at infinity.

As one can easily see, the single layer potential v;[0€2, ¢] does not depend on the values
of the density ¢ on 0p{?, i.e., it takes into account only ¢ 5, o. Thus, it is natural to introduce
a quotient Banach space.

Definition 2.10. We denote by CKE’O‘((?Q) the quotient Banach space
0 (09)/{p € €*(09) | djg,0 = 0} .
Then we have that the single layer potential map

U 00) — E€1(0,9Q)
¢ = vG[0, 9lja, 0

is well defined and one-to-one. In Proposition here below we introduce the image space
4//1’(1(84_9) of Ug[aﬁ, ']|3+Q.
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Proposition 2.11 (Image of the single layer potential derived by G). Let #1%(0,Q) denote
the vector space

712(0:9) = {0609, ¢ljp, 0, Vo € CLN(09) }
Let || - [|y1.0(0,0) be the norm on Y12(0,Q) defined by

£l 1e@,0) = 19ll500 a0)

for all (f,¢) € ¥1(8,0) x €0(99) such that f = ve[0Q, ¢ljp, 0. Then:
(i) V1(04Q) endowed with the norm || - ||y1.0(s,q) is a Banach space.
(ii) The operator vg[0S, -]jaq is an homeomorphism from ng’a(@@) to V1(049).
In the following proposition we characterize the functions of ¥ %%(9, Q).

Proposition 2.12 (Characterization of ¥1%(0,Q)). A function f belongs to ¥1*(0,Q) if
and only if f = uty, o, where u® € ‘ﬁi’f(ﬂ%i \ Q) satisfies the following conditions:

— 0 inR2\ O —0 T -1 —0  Tm 2 _
Auf =0 in R% \ ufBRi\@gQ = 0; Xlggo x| ~tu(x) = 0; Xlggo m - Vu(x) = 0.

Then we have a Green representation formula in the exterior domain R2 \ Q.
Lemma 2.13 (Green representation formula in Ri \  with layer potentials derived by G).

Let u® € Cfli’ca(Ri \ Q) be such that

Au¢ =0 in R2\ Q, lim |x| " uf(x) =0 and lim — - Vuf(x) = 0.

[x|—o0 [x]—=o00 ’X‘

Then we have

2x9 u(y)
— wg [0+, uf X) +vg|0Q, vg - Vul x+/
0492, ufy, ](x) [ o0l (0 + 5 P e A

_Jut(x) xe RN\ Q,
o Vx € Q.

In the sequel we will also need the following technical Lemma which can be proved
by the properties of integral operators with harmonic kernel (and no singularity).

Lemma 2.14. Let O be an open subset of R™ such that O N R" is contained in Q. Then
w049, ] is harmonic on O for all ¢ € €H*(99).
2.4 Extending functions from ¢*%(9,Q) to €%*(09Q).

We will use the following extension result which allows us to identify %_2’0‘((99) and €%(0,9Q).
For a proof we refer to Troianiello [27), proof of Lem. 1.5, p. 16].

Lemma 2.15 (Extension lemma). There exist linear and continuous extension operators E*®
from €% (0,Q) to €%*(0%), for k =0,1.
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3 Behavior of the solution of (1.1} for £ close to 0

When studying singular perturbation problems in perforated domains in the two-dimensional
plane, it is well-known to see some logarithmic terms enter in the description of the effect of
the perturbation. Such logarithmic terms do not appear in dimension higher than or equal to
three and are generated by the specific behavior of the fundamental solution upon rescaling.
Indeed, for € = (e1,&2) € ]0,e[ we have

G(eip+eie2X,eip+e1e2Y) = S(X=Y) + % logeieg — S(—2p2ea +e2(s(X) —Y)) — % loge; .

(3.1)

To handle the logarithimic terms, we need a representation formula for harmonic functions in
Q¢ which is different from the one that we have exploit in [2] for the case of dimension > 3.

First of all we note that, if € € ]0,el[, then the sets Q¢ and we satisfies the same

assumption , , and (Hs)) as . Accordingly, we can apply the results of Subsection
with Q replaced by Q¢ or we.

In that spirit, we denote by vg[Owe, 1] the single layer potential with density function
identically equal to 1 on Owe:

vG[Owe, 1](x) = g G(x,y) doy, ¥x € R2.

We set B = ‘52’“ (09) x Cf;’a(ﬁwe) (cf. Definitions |[2.2) and . Then we have the following
proposition.

Proposition 3.1. Let € €0, and p € R\ {0}. Then the map

B xR = V00,0,
(0,8) = vl 110, 0, + v6l0we, P2, 0. + € (pva[Owe, 1] 1o, q,)

is an isomorphism.

Proof. We have
vG [0, d1]jo, . + valOwe, d2]ja, o, + (PvG[0we, 1] 19, 0. )€ = v6[00Q:, ¢]0, .
with

¢2(x) + p§  Vx € Owe .

Then the statement follows by the definition of # ¢ as the image of the single layer potential
derived by G (cf. Proposition [2.11]). O

o600 = { é1(x) Vx € 09,

Now, by Proposition [3.1] and by the representation formula stated in Lemma [2.8] we have the
following Proposition where we show a suitable way to write a function of €1*(09€),) as a
sum of layer potentials derived by G.

Proposition 3.2. Let e €]0,e*[. Let f € €1%(0Q,). Let p € R\ {0}. Then there exists a
unique pair (¢, &) = ((¢1, ¢2),§) € Be x R such that

f=wg[09%, flioa. +val0R, d1]jpa. + valOwe, d2)joa. + (pva[dwe, 100, )¢ -
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3.1 Defining the operator £

Let € € ]0,e*[. By the previous Proposition we can look for solutions of problem ([1.1)
in the form

wé[aQ€7 Us\aﬂs] + vag [897 ¢l] + (%e [aw67 ¢2] + (p/UG [8(,4.)5, 1])5

for a suitable (¢,&) € B. x R. We split the integral on 9 as the sum of integrals on 9
and on dwe, we add and subtract v}, [0, vq - Vug|pal, and we obtain

w09, 9°) = VGl vo - Vugiaa] — g [6%,91(. 6_12;p):|

+v6[08, g1 + va - Vugjan] + va[Owe, ¢2] + (praldwe, 1])E .
Then we note that . ‘
ug = we; (092, g°] — v (082, v - Vug)aq)

and, by taking p = (g162log(e162)) ! and by performing change of variable in the integrals
over Owe, we deduce that the solutions of (1.1)) can be written in the form

uo(x) — 5152/6 vo(Y) - (VyG)(x,e1p + €162Y) ¢'(Y) doy + vg[09, p1](x)

+ G(X,51p+8162Y) H2(Y) doy + £

— G(X,61P+6162Y) dov, Vx € Qe
Ow IOg(5152) Ow

(3.2)

provided that (u1, u2,€) € %E’a(ﬁﬂ) X ‘Ki’a (Ow) xR is choosen in such a way that the boundary
conditions of are satisfied.

Now define & = ‘52’0‘(89) X ‘5;2’0‘(8(,0). We can verify that the (extension to Q¢ of the)
harmonic function in solves problem if and only if the pair (u, &) € Z x R solves

2[6 1 logey )’Naf] — 07 (3.3)

? log(e1e2) 7 log(e1e2

where £[e, 8, 1, €] = (L1]e, 6, 1, €], Lale, 8, w, €]) is defined for all (g,d, pu, &) € ] — e, 2] x
R? x 2 x R by
Lile, 8, 1, §J(x) = v (09, 1] (x)

+ G(x,e1p + €182Y) pua(Y) doy
ow

+061¢& G(x,e1p +e182Y) doy
Ow

- 6162/ vo(Y) - (VyG)(x,e1p + £162Y) ¢'(Y) dov, Vx € 0442,
Ow
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’22[67 67 22 g] (X) = US[awv M2](X) + pw(l - 52)5
— | S(=2p2ez +e2(c(X) = Y)) p2(Y) doy

Ow

+51§ (S(X—Y) — S(—2p262 +EQ(§(X) —Y))) doy
Ow

+ G(e1p + 162X, y) p1(y) doy

8,0
— &9 /a Vy(Y) - VS(—2p2es + e2(s(X) —Y)) gi(Y) doy

i gi(x)
+ Up(e1p + €162X) — wg[Ow, g'](X) — 5 VX € Ow,
with 1
pw = % o dO‘ .

Thus, in order to find the solution of problem ([1.1)) it suffices to find a solution of ([3.3)).
Hence, in order to study the asymptotic behavior of ue, we are now reduced to analyze the
behavior of the solutions of the system of integral equations (3.3)).

3.2 Real analyticity of the operator £

We are going to apply the implicit function theorem for real analytic maps to equation ([3.3)
(see Deimling [I3, Thm. 15.3]). As a first step, we prove that £ defines a real analytic nonlinear
operator between suitable Banach spaces.

Proposition 3.3 (Real analyticity of £). The map £ defined by

|-t e[ xR2ZXx B xR — 7H%0.0) x €1(0w)
(€,0,m,8) — ZLle,d,p,¢]

1s real analytic.
Proof. We split the proof component by component.
Study of £1. First we prove that £ is real analytic.

First step: the range of £1 is a subset of ¥ *(0.9Q). Let (¢,8,u,€) €] — 2,2 x R? x
P x R. Let U¢[e, 8, u, €] denote the function defined by

Ue[€7 67 K, g] (X) = 08[897 Ml](x)

+ G(x,€1p+€1€2Y) ,UQ(Y) doy
dw

+51§ G(x,€1p+€152Y) dO’Y
ow

— 6162/ Vw(Y) . (vyG>(X,€1p + e182Y) gi(Y) doy, VxE€ R%— \ Q.
Ow

The function U¢[e, 8, u, ] belongs to € Célica(R%r \ Q) by the properties of the (Green) single
layer potential and by the properties of integral operators with real analytic kernel and no
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singularity. In addition, one verifies that

AU“[e, 8, 1,€] = 0 in RL\ 0,
Ucle,d,p,] =0 on ORG\ o2
lim, o0 U°[e, 8, 1, €](x) = 0,

limyso0 7 - VU°[e, 8, p, €] (x) = 0

(see also Lemma. Then, by the characterization of #1® in Proposition we conclude
that £1[e,0, 1, €] = U®le, 8, 1, E]jo, 0 € 712(0,9Q).
Second step: £1 is real analytic. We observe that

L1le, 8, p, €] = vg[0Q, ] jo, 0 + fle, 01, 12, €]

where

fle, 01, n2, &) (x) = ; G(x,e1p +e182Y) pa(Y) doy

+01¢ G(x,e1p +€1e2Y) doy
Ow

- 5162/ vu(Y) - (Vy@)(x,e1p + e1£2Y) ¢'(Y) doy,  Vx € 0, Q.
Ow

Since that the map which takes i1 to vg [0S, pu1]j9, o is linear and continuous from CKE’Q((?Q)
to #12(9,.Q), it is real analytic. Then, to prove that £; is real analytic we have to show that
the map which takes (e, &1, 2, &) to fle, 61, 2, €] (x) is real analytic from ] — &2, 2] x R x
‘Ki’a(f)w) x R to ¥1%(0,9). To that end, we will show that there is a real analytic map

¢:]—e™ ™[ xR x €% (0w) x R = €7(09)

such that
fle, 01, 12, §] = v [0, Ble, 01, p2, E]]ja, 0 (3.4)

for all (e, 01, p2, &) €] — e, e[ x R x %;’a (Ow) x R. Then the real analyticity of f will follow
from the definition of the Banach space #1:%(9,) in Proposition m

We will obtain such map ¢ as the sum of two real analytc terms. To construct the first
one, we begin by observing that f is real analytic from | — e*d, e2d[ x R x %;’a(aw) x R to

€12(0.,Q) by the properties of integral operators with real analytic kernel and no singularities
(see Lanza de Cristoforis and Musolino [20, Prop. 4.1 (ii)]). Then, by the extension Lemma

the composed map

J— e e[ x R x €,%(0w) xR = €12(09)
(57615/'6275) = El?a Of[€7517N27£}
is real analytic. Then we denote by u’[e, 81, u2, £] the unique solution of the Dirichlet problem

in  with boundary datum EY o fle, 61, ua,€]. Since the map from €1(99) to €1*(Q)
which takes a function 1 to the unique solution of the Dirichlet problem in 2 with boundary
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datum ¢ is linear and continuous, the map from | — €24, 24[ x R x ‘Ki’a(aa}) x R to €1%(Q)
which takes (g, 1, 2, &) to ulle, o1, 2, €] is real analytic. In particular we have that

the map ] — e e[ x R x ‘Ki’o‘(ﬁw) xR — %2’0‘(89) is real analytic.

(e,01,12,8) — wvo-Vu'le, b1, p2, o0
(3.5)
The map in will be the first term in the sum which gives ¢. To obtain the second
term, we begin by taking

ule, 01, pa, £](x) = G(x,e1p + €182Y) pa(Y) doy
Ow

+51§ G(X,51p+5162Y) dO’y
Ow

- 6162/ vo(Y) - (VyG)(x,e1p + £162Y) ¢'(Y) dov, Vx e RZ\ Q.
Ow

By standard properties of integral operators with real analytic kernels and no singularity
(see Lanza de Cristoforis and Musolino [20, Prop. 4.1 (ii)]), we have that the map from
] — e g2d[ X R x %;;“(aw) x R to €%*(0,€Q) which takes (g, 1, ug, €) to

va - Vucle, 01, p2, €] (x)

= I/Q(X) . VXG(X, £1p + €1€2Y) ,LLQ(Y) doy
ow

+ 61 & VQ(X) . VXG(X, e1p + €1€2Y) doy
Ow

2
—e1e Y (va(x); / (v (Y))k(02,05,G)(x,e1p + £162Y) g'(Y) doy,  Vx € 0.0
k=1 Ow

is real analytic. Since by the extension Lemma we can identify ‘KE’Q (09) with €%%(9,Q),
we deduce that

the map | — e, 2] x R x %i’a(aw) xR — ‘Kﬂ’a(ﬁQ) is real analytic.
(6,01, 12,8) = va-Vule, o1, 12, a0
(3.6)
We now show that the maps in and provide the two terms for the construction
of ¢. First, we observe that u'[e, 1, uz, llo,o = fle, 61, p2, €], and thus by the representation
formula in Lemma 2.8 we have

0 = wgl01, fle, 61, 2, E]](x) — va[04Q, va - Vu'le, b1, p2, o, ] (%) (3.7)
for all x € R2 \ Q. In addition, one verifies that u®[e, d1, u2, &] € Cgli’ca(Ri \ Q) and that
Aucle, 61, u2,&] =0 in R? \ Q,
ue[€> 517 H2, f] (X) =0 on aR%— \ aoﬁv

litny o wC[e, 61, 12, €](x) = 0, (3.8)

limy o0 1 - Vuulle, 01, p2, €](x) = 0
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(See also Lemma ' Then7 by " by equahty u® [Ev 51a 2, £]|8+Q = ﬂsv 61a n2, g]a and by
the exterior representation formula in Lemma, we have

uf [67 617 K2, 5] (X) = _wG[a-‘er f[€7 517 12, fH(X) + Ug[8+Q, Vo - Vu© [67 517 K2, €]|8+Q](X) (39)

for all x € R%r \ Q. Then, by taking the sum of (3.7)) and (3.9]) and by the continuity properties
of the (Green) single layer potential we obtain that (3.4]) holds with

¢[6)517,U’27£] =rvQ- vue[eu 617 ,u27§]|8+ﬂ — o Vui[e, 517”275]@4_9 .

In addition, by (3.5) and (3.6)), ¢ is real analytic from | —e®d, 2] x R x %i’a((‘)w) x R to
CKE’“(@Q). The analyticity of £; is now proved.

Study of £5. The analyticity of the map £o from | — €2, €2d[ x R x Z x R to €1 (0w) is
a consequence of:

e the real analyticity of Uy (see also assumption (|1.6))

e the mapping properties of the single layer potential (see Lanza de Cristoforis and Rossi
[21L Thm. 3.1] and Miranda [25]) and of the integral operators with real analytic kernels
and no singularity (see Lanza de Cristoforis and Musolino [20, Prop. 4.1 (ii)]).

O]

3.3 Functional analytic representation theorems
3.3.1 Analysis of (3.3) via the implicit function theorem

In this subsection, we study equation (3.3) around a degenerate pair (e,d) = (0, (0, A)), with
A€ [0,1]. As a first step, we investigate equation ({3.3|) for (g,d) = (0, (0, \)).

Proposition 3.4. Let A € [0,1]. There exists a unique (pu*,£*) € B x R such that
SI:O’ (07 A)’ ll/*’é*] = 0

and we have
py =0
and )

05[897 M;haw + pw(l - )‘) f* = _90(0) + U)g[aw, gi]|3w + % .

Proof. First of all, we observe that for all (u,&) € £ x R, we have

21[07 (OaA),HaE](X) = UG[aQnul](X)v Vx € 8+Q7
£2[0, (0, A), p, E](X) = vs[0w, p2](X) + pu(l = A) € ,
+oa[09, 11](0) + ¢°(0) — ws[dw, ¢](X) — LX) VX € dw.
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By Proposition m (ii), the unique function in %ﬂ’a(aﬁ) such that vg[0Q, u1] = 0 on 040
is g1 = 0. On the other hand, by classical potential theory, there exists a unique pair
(p2,§) € %;’a(ﬁw) x R such that (cf. Lemma

s 0. 1] (X) + (1= V)€ = ~°(0) + w5l 5100 + L), v e .

Now the validity of the proposition is proved. O

Then, by the implicit function theorem for real analytic maps (see Deimling [I3, Thm. 15.3])
we deduce the following theorem.

Theorem 3.5. Let A € [0,1[. Let (u*,£*) be as in Proposition 3.4, Then there exist e* €
10,e4[, an open neighborhood Vy of (0,)) in R%, an open neighborhood U* of (u*,£*) in
B xR, and a real analytic map ® = (®1, Po, P3) from | — e*, €[ x V) to U* such that the set
of zeros of £ in | — e*, e*[ x V\ x U* coincides with the graph of ®.

Proof. The partial differential of £ with respect to (u,&) evaluated at (0, (0, \), u*, &%) is
delivered by

a(u,g)gl [07 (07 )‘)7 N*v 5*]((1)7 C) = ’UG[@Q, ¢1]|8+Q ’

a(y,,f)'SQ [07 (07 )‘)7 “*7 f*]<¢7 C) = Vs [8(")7 ¢2]|8w + pw(l - A) < )
for all (¢,() € # x R. Then by Proposition and by the properties of the single layer
potential we deduce that 9, ¢)£[0, (0, X), u*, £*] is an isomorphism from Z xR to #1*(9,Q) x

%1*(0w). Then the theorem follows by the implicit function theorem (see Deimling [I3]
Thm. 15.3]) and by Proposition O

3.3.2 Macroscopic behavior

Since loge;/log(e1e2) has no limit when & € ]0,ed[ tends to 0, we have to introduce a
specific curve of parameters e. Then, we take a function &(-) from ]0, 1] to ]0,e*![ such that

assumptions (1.8) and (1.9) hold (cf. Theorem [1.2)). In the following Lemma [3.6] we provide

a convenient representation for the solution uc ().

Lemma 3.6 (Representation formula at macroscopic scale). Let the assumptions of Theorem

hold. Let (-) be a function from 10,1 to ]0,&*d[ such that assumptions and
hold. Let &(-) be as in (L.10). Then

e () = o) = e1(n)eatn) | ¥) - (V.6 e1(mp+ €1 (n)ea(m)Y) o' (Y) dor

+ 06 [09, @1 [e(n), 6(n)]] (x)

) G(x,e1(n)p + e1(n)e2(n)Y) @2 [e(n), 8(n)] (Y) doy

+ 61(n)®3[e(n), 6(n)] ; G(x,e1(n)p + e1(n)ea(n)Y) doy

for all x € Qg and for all n €]0, 1] such that (e(n),d(n)) € ]0,*[ x V.
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As a consequence of this representation formula, u(,)(x) can be written as a converging
power series of four real variables evaluated at (e(n), 8(n)) for n positive and small. A similar
result holds for the restrictions u e[y tO any open subset Q' of Q such that 0 ¢ €. Namely,
we are now in the position to prove Theorem [1.2]

Proof of Theorem[1.4 Let €* and Vy be as in Theorem We take &’ €]0,e*[ such that
(1.11)) holds true. Then, we define

oy [g, 0](x) = up(x) — 5152/8 vo(Y) - (VyG)(x,e1p + £162Y) ¢'(Y) dov
+ v [09, P4 e, 6]](x)

+ G(x,e1p + €182Y) Pa[e, 6](Y) doy
Ow

—1—51(1)3[8,5] G(X,€1P+€1€2Y) doy
ow

for all x € ¥ and for all (g,d) €] — €’,&'[xV\. By Theorem 3.5/ and by a standard argument
(see in the proof of Proposfmon E the argument used to study Eg) we can show that g is
real analytic from ] — €', e'[xVy to €12 (V). The validity of (1.12)) follows by Remarkm 3.6/ and
the validity of (| is deduced by Proposition m by Theorem ﬂ and a straightforward
computation. O

3.3.3 Microscopic behavior

We now present a representation formula for ue(,(e1(n)p +€1(n)e2(n)-), i.e., for what we call
the microscopic behavior of ug(,).

Lemma 3.7 (Representation formula at microscopic scale). Let the assumptions of Theorem
hold. Let €(-) be a function from ]0,1] to ]0,e2[ such that assumptions (1.8) and (1.9)

hold. Let &(-) be as in (L.10). Then
ey (1 ()P + €1(n)e2(n)X) = uo(e1(n)p + £1(n)e2(n)X) — w[Ow, g'1(X)

~ealn) [ wtv): VS<—2p262 T ea(m)((X) - Y)) g (Y) doy

e G(e1(n)p +er1(me2(m)X,y) @1[e(n), 8(n)] () doy
+ v [Ow, @2 [e(n), 8(n)]
~ [ 5(=2mmea + 2500 =) ) Balel) 5] () o
+ pu (1 = 02(n)) @3[e(n), 8(n)]

o) [ <s<x V) s( 2pses + 2(n)(s(X) - Y>)> doy s [e(n). 6(n)]

J(X
)

for all X € R?\ w and for all n €]0,1] such that (e(n),8(n)) € ]0,&*[ x V\ and such that
e1(m)p + e1(n)e2(n)X € Qe(y).
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We now show that ug(,(e1(n)p + €1(n)e2(n) - ) for n close to 0 can be expressed as a real
analytic map evaluated at (e(n),8(n)).

Theorem 3.8. Let the assumptions of Theorem hold. Let w' be an open bounded subset
of R\ w and let €” €]0,&*[ be such that

(e1p +e182w’) C B(0,71) Ve €] —€",€"[.
Then there is a real analytic map
V] — e, ' [xVy = CL().

such that

Ue(my(e1(mp +e1(n)e2(n) ) = Bur [e(n), 6(m)] . Y €]0,7"[, (3.10)
where the latter equality holds for all functions e(-) from ]0,1[ to |0, e*d[ which satisfy -
and with 6(-) as in (L.10), and for all 5" €)0,1[ small enough so that

(e(n),a(n)) €]0,&"[xVx Vi €]0,9"[.
Moreover we have
0,10, (0, \)] = Vo (3.11)
where vy € Cgl(l)’co‘(R2 \w) is the unique solution of (L.15).
Proof. We define
B, [e,8](X) = Up(e1p + £162X) — w[0w, ¢'](X)

— &9 /6 Vo (Y) - VS(—2paes + e2(s(X) = Y)) ¢'(Y) doy

+ G(e1p + 162X, y) @1 e, 6](y) doy,
8,0

+ vs[0w, ®ole, 6]](X)

— ; S(—ngGg—i—Eg(C(X) —Y)) (I)Q[E,(S](Y) doy

+ pw(l — 52)(133[6, 5]

+o /6 (S(X = Y) — S(—2pses + ea(s(X) — Y))) doy Bs]e, 0]

for all X € w’ and for all (¢,8) €] — &”,€”[xVy. Then, by Proposition [1.1] and by a standard
argument (see the study of Lo in the proof of Proposition we verify that U, is real
analytic from | — ", €”[x V) to €1*(w’). The validity of follows by Lemma By a
straightforward computation and by Proposition [3.4] one verifies that

,./[0, (0, V](X) = ¢°(0) — w§[dw, g'](X) + vs[dw, [0, (0, M)](X) + pu(1 = X) @3[0, (0, )]
(3.12)

for all X € «’. Then, we deduce that the right hand side of equals ¢' on Ow by
Proposition [3.4) and by the jump properties of the double layer potential. Hence, by the
decaying properties at oo of the single and double layer potentials and by the uniqueness of
the solution of the exterior Dirichlet problem, we deduce the validity of . O
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3.3.4 Energy integral

We turn to consider the behavior of the energy integral / }Vus(n) }2 dx for n close to 0.

Qe(n)

Theorem 3.9. Let the assumptions of Theorem hold. Then there exist €€ € ]0,e*[ and a
real analytic function
€:]—e%ef[x V=R
such that
2
/ﬂ ‘Vue(n)‘ dx = Q‘E(e(n), 6(77)) , Vn €]0, 776[, (3.13)

e(n)
where the latter equality holds for all functions e(-) from ]0,1[ to |0, e*d[ which satisfy (1.8]) —
[T.9) and with 8(-) as in (1.10), and for all n¢ €]0,1[ such that

(e(m),8(n)) €]0,e¥[x Vx,  Vn€l0,n°.
In addition,
¢(0, (0,)\)):/ \Vuo\de+/ Vool dx. (3.14)
Q R

2\

Proof. By the divergence theorem and by ([1.1)) we have

/ |Vu5]2 dX:/ Ug VQ-Vueda—/ Ue Uy, - Ve do
e o Owe

:/ q° yQ-Vueda/ gi<X_€1p>uw€(x)-Vue(x)dax
o0 Owe €12

for all € € ]0,e*[. Then we take a function &(-) from ]0, 1[ to ]0, e[ and a function &(-) from

10, 1[ to R? which satisfy (1.8) — (1.10). By Lemma [3.6] we have

/ go vQ - Vus(n) do = Il,n + &1 (77)62(77)[2771 + Ig}n + 51(77)]4’77 (3.16)
0N

(3.15)

for all n €]0, 1] such that (e(n),d(n)) € ]0,e*[ x Vy, where

Iy = /8 ) 9°(x) va - Vug do + /8 ., 9°(x) v - Vo [09, @1 [e(n), 8(n)]] do (3.17)

Iop == /&Q 9°(x) va(x) - Vx ; vo(Y) - (VyG)(x,e1(n)p +e1(n)e2(n)Y) g'(Y) doy dox ,

I3y = /a 970 val9 - Vi ; G(x,e1(n)p +e1(n)e2(n)Y) @2 [e(n), 6(n)] (Y) doy do,

Iy = ®3(e(n),6(n)] / g°(X) va(x) - Vi [ G(x,e1(n)p +e1(n)e2(n)Y) doy doy .
o2 Ow

By the Fubini theorem and by ({2.1]) it follows that

- _ Yy, - Vy °(x) va(x) - Vi Gy, x) doy o
By == [ 05, ([ 6 m-9.60a )yzglm)pm(ms?(nwd v
I3, :/a L2 [5(77),5(77)] (Y)/ 3°(X)va(x) - Vi G(e1(n)p +e1(n)ea(n)Y, x) dox doy

o0
L = 61(n)®3[e(n). ()] /@ /8 60 v () - VGl e1(n)p -+ <1 (m)a(n)Y) drcdry
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and, by the definition of the double layer potential derived by G (cf. Definition and by
(2.2)), we deduce that

by =~ /a 9" (V) vu(Y) - Vwgl049, g°)(e1(n)p + e1(n)ea(n)Y) doy
I3, = /a Dy [e(n),8(n)] (V) wal0+9, g°](e1(n)p + e1(n)e2(n)Y) doy (3.18)

Ty = Ba[e().50n)] | wel0: 001 (n)p +e1(n)ealn)Y)dov
w
for all n €]0, 1] such that (e(n),d(n)) € ]0,&*[ x Vy.

Now we choose a specific domain w’ which satisfies the conditions in Theorem and
which in addition contains the boundary of w in its closure, namely such that dw C w’. Then,
for such w’, we take €€ = &” with €” as in Theorem By and by a change of variable
in the integral, we have

/aws gi<x;;1p>1/ws (X) - Vue(x) doy = /Bw g Ve - VO, [e(n),8(n)] do (3.19)

for all n €]0, 1] such that (e(n),d(n)) €]0,%[ x V.
Then we define

¢\ (e, 0) E/ ° v - V(uo + 06040, B1e, 8]]) do
o0
Ey(e,0) = —/ G (Y) v (Y) - Vwg[0; 9, ¢°)(e1p + e162Y) dov
Ow
€3(e. 8) = /8 Bale. 8(Y) walds Q. °)(e1p + e162Y) doy

@4(6, 5) = (1)3[6, 5] / wg[8+ﬂ, go] (€1p + €1€2Y) dO'Y s
Ow

@5(5,5)5_/8 g v, - VU,.le, 8] do

and
E(e,0) = €1(e,0) + 162€2(,0) + E3(g,0) + 01€4(e,0) + €5(e, 0) (3.20)
¢
—€

for all (e,) €] ,€%[xV). Then the validity follows by (3.15)—(3.19). In addition,
by Theorems and by Lemma and by a standard argument (see in the proof of
Theorem [3.3[ the study of £5), we can prove that the &;’s are real analytic from | — %, %] to
R. Hence € is real analytic from | — €%, %[ to R.

To complete the proof we have to verify (3.14). We begin by observing that ®[0, (0, A)] = 0

by Proposition [3.4] and Theorem [3.5] Thus

€1(0, (0, 1)) :/

9° vq - Vugdo = / |Vuo|? dx. (3.21)
o0 Q

By Lemma 2.7, we have wg[0+£, g°](0) = ¢°(0). Since ®2[0, (0, \)] belongs to %;’a(ﬁw), we
compute

€5(0, (0, 1)) = ¢°(0) /6 5[0, (0, \)] do = 0. (3.22)
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Then, by (3.11)) and by the divergence theorem, we have

€4(0,(0,\)) = —/ § v - Voo do :/ Vo2 dx. (3.23)
Ow R2\w
We conclude by (3.20) — (3.23)). O

Finally, in the following Theorem [3.10] where we consider the total flux on 9.

Theorem 3.10. Let the assumptions of Theorem hold. Then there exist €5 € 10,e*[ and
a real analytic function
F:]-€5,e85[x V=R

such that
/39 vo - Vg, do = F(e(n),d(n), vn €]0, 75|

where the latter equality holds for all functions €(-) from ]0,1[ to |0, e[ which satisfy (L.8)) —
(1.9) and with &(-) as in (1.10)), and for all n° €]0,1] such that

(6(77), 5(7])) € ]0,53[ X Yy, Vn 6]0,7]3[. (3.24)

In addition,

§(0,(0,A) =0.

Proof. Let g(-) from ]0,1] to ]0,&2[ and &(-) from ]0,1[ to R? which satisfy (T.8) — (T.10).
Then by the divergence theorem we have

/ IZo Vue(n) do = / Ve * Vue(n) do
o

Owe

for all n €]0,1[ such that (e(n),d(n)) € ]0,e*[ x Vx. Then we take w' which satisfies the
conditions in Theorem and such that Odw C w’. Then, for such w’, we take €5 = &” with
¢ as in Theorem [3.8 and we deduce that

[ va- Ve do = [ v T0slen), 8] do
o0 Ow

for all n €]0, 1] such that (e(n),8(n)) € ]0,5[ x V. Accordingly, we define

5(e,6) = / vy - VU, e, 8] do, V(e,d) €] — €%, 5[ x V).
ow

Then the equality (3.24]) holds true. By Theorem one deduces that § is real analytic from
] — €%, e8] x V) to R. Finally, by (3.11)) we have

5(0,(0,))) = / vy - VD [0, (0, \)] do = / v, - Voo do
Ow Ow
and the latter integral vanishes because of vy is harmonic at infinity (see (1.15))). O
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4 Behavior of the solution of (|1.1)) for ¢; close to 0 and ¢y =1

As noticed in the beginning of Section [3], when studying singular perturbation problems in
perforated domains in the two-dimensional plane one would expect to have some logarithmic
terms in the asymptotic formulas. Such logarithmic terms are generated by the specific
behavior of the fundamental solution upon rescaling (cf. equality ) However, for our
problem there will be no logarithmic term when €5 = 1 is fixed and we just consider the
dependence upon ¢;. Indeed, for €5 = 1, we have

log g1

S(e1p +e1e2X) = S(p — X) + o

and thus
G(e1p +e162X,e1p + €162Y) = S(X = Y) — S(—2paea + (¢(X) = Y))

for all 1 > 0. Accordingly the rescaling of G gives rise to no logarithmic term.
Since we are dealing here with a one parameter problem, we find convenient to take € = 1,
ed =g O, =01, we =we, 1, and ue = ug, 3 for all € €] — 24 2],

4.1 Defining the operator ¢

Let € €] — 24, 2], By Proposition we can look for solutions of problem ([1.1)) under the
form

WwG[090e, uzjp0.] + V6 [0, 1] + va[Ow:, ¢2] + v [Owe, 1] €

for suitable (¢1, ¢2,&) € %E’Q(OQ) X So”;’a(ﬁwg) x R. We split the integral on 9. as the sum

of integrals on 09 and on dw., we add and subtract v [0S, v - Vugjag] to obtain the new
form

i o i e i(" —€P
w092, 9°] — v [09, va - Vugjpn] — we [3%,9 ( . )}
+v6[08, g1 + v - Vugjgq] + va[Owe, ¢2] + va[Owe, 1] €.

Since ‘ '
Upg = wé[aga gO] - ?}lG[aQ, v - vuo\aﬂ] )

we finally look for solutions of (1.1)) in the form

uo(x) — ¢ /3 Vo (Y) - (VyG)(x, ep + £Y) g (Y) dov + v 02, ] ()
2 (4.1)
+ G(x,ep+eY) pa(Y)doy + & G(x,ep +€Y) dovy, Vx € Q.
ow ow

for suitable (p, &) € & x R ensuring that the boundary conditions of are satisfied (here
as in Section |3| we take & = CKE’Q(GQ) X %;’a(ﬁw)).

The (extension to . of the) harmonic function in (4.1)) solves problem if and only
if the pair (u, &) solves

(I)[E,[,l,,f] =0, (42)
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with (I)[‘57 p’ag] = ((Dl[E?uag]a @9 [6, “7&]) defined by

31 [57 M, é] (X) = UG[aQ7 lufl] (X)

+ G(x,ep + €Y) ua(s) doy
Ow

+¢ | Gxep+eY)doy
Ow

e /8 VoY) - (Vy@)(x,2p +£Y) g (Y) dow,  Vx € 0,0,
Dale, p, E](X) = vs[0w, pal(X)

- S(—2p2e2 +<c(X) = Y) p2(Y) doy
Ow

+& g (S(X=Y) = 5(=2p2e2 + <(X) = Y)) doy

+ G(ep+eX,y) pi(y) doy
840

—/8 vu(Y) - VS(—2pres + (X) — Y) g'(Y) doy
9'(X)
5

Thus, it suffices to find a solution of (4.2) to solve problem (1.1). Therefore, we now analyze
the behavior of the solutions of the system of integral equations (4.2)).

+ Up(ep + eX) — wg[0w, ¢'](X) — VX € dw .

4.2 Real analyticity of ¢

In the following Proposition [£.1] we state the real analyticity of ®. We omit the proof, which
is a straightforward modification of the proof of Proposition [3.3

Proposition 4.1 (Real analyticity of ®). The map

| —e0,60[xZB xR — ¥120,Q) x €1 (0w)
(&m &) = @, p

1s real analytic.

In the sequel we set
@ =wU (s(w) — 2paes) .

Then @ is an open subset of R? of class ¢ with two connected components, w and ¢(w) —
2poes, and with boundary 0@ consisting of two connected components, dw and Jds(w) — 2paes.
One can also observe that @ is symmetric with respect to the horizontal axis R x {—p2}.
Then, for all functions ¢ from dw to R, we denote by ¢ the extension of ¢ to do defined by

-0 [ B(X) it X € 0w,
d(X) = { —(s(X) — 2poes) if X € O(s(w) — 2poes) .
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In particular, the symbol 1 will denote the function from 0% to R defined by

. (1 ifXedw,
1(X) = { —1 if X € d(s(w) — 2pae2) .

If £ € N, then we denote by ‘5:&3(8&)) the subspace of €% (&) consisting of the functions
o such that ¢(X) = —t(¢(X) — 2pges) for all X € . The extensions ¢ belongs to ‘Kokﬁ((‘)@)
for all ¢ € €% (dw), in particular 1 € %f(ﬁ(@d)). One can also prove that vs[0w, 1]5; and
ws[0@, 0] )05 belong to €15 (0w) for all ¢ € Cory(00) and 0 € €35 ().

Then, by classical potential theory we have the following Lemma [4.2

Lemma 4.2. The map from ‘Kia(aw) x R to ‘501(’13(8@) which takes (11,€) to

vs[0@, i)|os + £ vs[0@, 1102
s an tsomorphism.
Proof. By Lemma, the map which takes (u,§) to vs[0@, u1]jag + € is an isomorphism from
Cﬁi’a(&b) x R to €1*(9). Then the map from €%%(90) to €% () which takes u to

(e]
v5[0W, fi]ja5 is an isomorphism. One concludes by observing that the map from %i’a (Ow) xR

to ‘Kc?(ﬁ((?d)) which takes (u, &) to fi + &1 is an isomorphism. O

4.3 Functional analytic representation theorems

As intermediate step for studying the dependence of (4.2)) around the degenerate value, we
now analyze equation (4.2)) for the degenerate value ¢ = 0.

Proposition 4.3. There ezists a unique (u*,&*) € B x R such that

P[0, ", €% = 0
and we have
py =0
and
I . s 0T - g'(X -
v5[0W, [15](X) + £ vg[0w, 1](X) = —g°(0)1(X) + wg[dw, §'](X) + J (2 ) VX € 0w
Proof. First of all, we observe that for all (u,&) € # x R, we have
'<I>1[07H7§](X) = UG[agaﬂ'l](X)? Vx € aJrQa
(PQ[Oa H, 5] (X) = Us [8wa N?](X)
-/, S(=2p2es +<(X) = Y) p2(Y) doy
+€ | (S(X=Y) = S(=2p2ez +<(X) —Y)) doy
Ow
_ / VoY) - VS(=2pses + < (X) — Y) g (Y) dov
Ow .
. I(X
+¢°(0) — wg[Ow, g'](X) — g (2 ), VX € dw.
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By Theorem (ii), the unique function in %ﬂ?’a(@Q) such that vg[0, u1] = 0 on 049 is
w1 = 0. On the other hand, by a change of variable in integrals, one verifies that

Ba(0. . (X) = 51065 72](X)+ € 505, (%) +-9°(0)1(X) — w05, 7100 ~ L0 vx € .

Then, by Lemma there exists a unique pair (usz,§) € ‘K#g’a(ﬁw) x R such that

7'(X)

5[0, fig) (X) + € vg[0@, 1](X) = —g°(0)1(X) + ws[0@, §'](X) + VX € 0w

Now the statement is proved. ]

The main result of this section is obtained by exploiting the implicit function theorem for real
analytic maps (see Deimling [13, Thm. 15.3]).

Theorem 4.4. Let (u*,£*) be as in Proposition . Then there exist 0 < & < &*d, an
open neighborhood U* of (u*,&*) in B x R, and a real analytic map ¥ = (¥, ¥y, ¥3) from
| —e*,e*[ to U* such that the set of zeros of ® in | —e*,&*[ x U* coincides with the graph of
v,

Proof. The partial differential of M with respect to (u,§) evaluated at (0, u*,£*) is delivered
by

a(u,f)q)l [07 M*, g*]((pa C) = VG [697 ¢1]|8+Q )

8(H7§)q)2[0’ IJ’*7 g*]((pa C) = Vs [8&), ¢2]|3w + C"US [8&), 1]|8w

for all (¢,¢) € # x R. Then 9, P[0, u*, £*] is an isomorphism from 2 x R to ¥1*(8,0) x
%1%(0w) thanks to Proposition and Lemma The conclusion is reached by the implicit
function theorem (see Deimling [13, Thm. 15.3]) and by Proposition O

4.3.1 Macroscopic behavior

We first provide a representation for the solution wu..

Lemma 4.5. Let the assumptions of Theorem[[.4] hold. Then

ue(X) = ugp(x) — 5/ vo(Y) - (VyG)(x,ep +€Y) ¢'(Y) doy + vg (09, U1 [e]] (%)

w

+ G(x,ep + €Y) Uyle] doy + ¥3[e] G(x,ep +¢€Y)doy
Ow Ow

for all x € Q. and for all € € ]0,e*.

As a consequence of Lemma ue(x) can be written in terms of a converging power series
of ¢ for ¢ positive and small. A similar result holds for the restrictions u o where Q' is an

open subset of  such that 0 ¢ . Namely, we are now in the position to prove Theorem [1.3
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Proof of Theorem[1.5 Let . be as in Theorem Let &’ €]0,e,] be such that (1.16) holds
true. We define

Yoy [£](%) = Up(x) — /8 VoY) - (V@) (x,2p + ) g (Y) do + v [0, Wi [£]] (x)

+ G(x,ep + eY) Uale] doy + V3[e] G(x,ep +¢€Y)doy
Ow Ow

for all x € € and for all ¢ €] — ¢’,¢’[. Then, by Theorem and by a standard argument
(see the study of £5 in the proof of Proposition one verifies that g is real analytic from
] —¢&,&'[ to €1(Q). The validity of (1.17) follows by Remark [4.5( and the validity of (T.18))

can be deduced by Proposition [4-3] by Theorem [£.4] and by a straightforward computation.
Od

4.3.2 Microscopic behavior

As we have done in Remark [3.7] for & small, we now present a representation formula for
us(ep +¢-).

Remark 4.6. Let the assumptions of Theorem[{.4] hold. Then
u(ep + €X) = ug(ep + eX) — w§[dw, g')(X) — / vo(Y) - VS(—2p2ez +5(X) = Y) g'(Y) doy
ow

+ G(ep +eX,y) ¥i[e](y) doy
940

+ vg[0w, Wale]](X) — : S(—2p2ea + <(X) = Y) ¥yle] doy

W] /a (S(X = Y) — S(~2pses +<(X) — Y)) doy

for all X € R? \ w and for all e € ]0,&*[ such that ep + eX € €.
We now show that u.(ep + ) can be expressed as a real analytic map of € for € small.

Theorem 4.7. Let the assumptions of Theorem @ hold. Let w' be an open bounded subset
of R2\ . Let &' €]0,&*[ be such that

(ep +ew’) C B(0,71), Ve €] —€,¢|.
Then there exists a real analytic map By from | — &', €' to €H*(V) such that

us(ep+e-)7 = Ve, Ve €]0,¢'[. (4.3)

lw” ™
Moreover we have
V. [0] = v, + 9°(0) (4.4)

w

where vy € ‘Kli’ca(RQ \ @) is the unique solution of

Av, =0 in R2 \w,
ve = G — §°(0) on 0@,
limy_,00 v4(X) = 0.
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Proof. We define
B [£](X) = Un(ep + £X) — w0, ] (X) — /a VoY) - VS(=2pses + < (X) — Y) g (Y) dov

+ G(ep +eX,y) ¥i[e](y) doy
9.9

+ vg[0w, Wale]](X) — ; S(—2p2ea + <(X) = Y) ¥sle] doy

Wy e] /8 (S(X = Y) — S(—2pses +<(X) — Y)) doy

for all X € w’ and for all € €] —¢’,&'[. Then, one verifies that 9, is real analytic from | —¢’, [

to €1%(w’) by Proposition by Theorem and by a standard argument (see in the proof

of Proposition the argument used to study Ls). Relation follows by Lemma
Now, by a change of variables in integrals and by Proposition [4.3], one verifies that

Voo [0](X) = ¢°(0) — w§[8@, §')(X) + vs [0, Y2 [0]](X) + ¥3[0]vs (0@, 1](X) (4.5)

for all X € w’. The right hand side of ([4.5) equals ¢' on dw by Proposition and by the
jump properties of the double layer potential. Then, the (harmonic) function

v.(X) = —w§[0@, §'1(X) + vg[0D, U [0]](X) + ¥3[0)us[0@,1](X), VX eR*\&  (4.6)

equals §' — §°(0) on O@. By the decaying properties at co of the single and double layer poten-

tials, limx 0 v4(X) exists and is finite. Since v, (X) = —v(c(X) — 2p2e2), limx 00 v4(X) = 0.
Now, (4.4) holds by the uniqueness of the solution of the exterior Dirichlet problem. ]

Remark 4.8. If we take w.(X) = v.(X — p) + ¢°(0) for all X € R\ (p +w), then
Vo 0)(X = p) =wi(X), VXep+w

and w, s the unique solution in ‘Kli’ca(@\ (p+w)) of (1.21).

4.3.3 Energy integral
In Theorem here below we turn to consider the energy integral / ]VUE\Q dx for e close
to 0. :

Theorem 4.9. Let the assumptions of Theorem@ hold. Then there exist 0 < % < &* and
a real analytic map

¢:]—e% e [=R
such that
/ Vu:|* dx = €(e), Ve €]0,%[. (4.7)
In addition,
1
¢(0) = / V|2 dx + / Vo, |? dx. (4.8)
Q 2 Jr2\
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Proof. We take w' as in Theorem which in addition satisfies the condition Ow C «w’. Then
we set £€ = &” with £” as in Theorem 4.7 and we define

€1(e) = /m §° v - V(ug + vg [0+, Wy []]) do |

&a(e) == [ GV 1lY) - Tucld .o (ep + &) dov.
€4(6) = | (Balel(Y) + Vale]) walor 2 g7)(ep -+ 2Y)dor
Ey(e) = — /a ) g v, - VU, e]do

and
E(e) = €1(e) + e€a(e) + E3(e) + €4(e), Ve €] — €%, . (4.9)

By Theorems and by Lemma and by a standard argument (see in the proof of
Proposition the study of £9), one verifies that the functions &;’s and & are real analytic
from | — €%, %[ to R. Using the definition of wg[04 2, g°] and by the Fubini theorem, one gets

Ey(e) = — /{m 9°(x) va(x) - Vi (/a vo(Y) - (VyG)(x,ep +€Y)g'(Y) day> doy
and
¢E3(e) = /80 9°(x) va(x) - Vi ( ; G(x,ep+eY)¥se](Y) dJy> doy

+ /BQ 9°(x) va(x) - Vi (‘1’3[8] G(x,ep +eY) d0Y> do

ow

for all ¢ €]0,e%[. Then, follows by the divergence theorem, by Lemma and by
Theorem (see also the proof of Theorem 3.9, where an analog argument is presented in
full details).

To prove , we observe that ¥[0] = 0 by Proposition and Theorem Thus

¢1(0) = /69 g9° vq - Vugdo = /Q |Vuo|? dx . (4.10)

By Lemma wa[0+9, ¢°](0) = ¢°(0). Since V3[0] € C@t’a(&u), we compute

€5(0) = ¢°(0) Us[0] /8 do . (4.11)

Then, we have
/ U, - Vuydo = —/ Ve - V§[00, §'] do +/ Ve - VUE[0@, Us[0] + W3[0]] do
Ow Ow Ow

:_Awyw.vwg[aw,gi]da+éw (@2[0]+x1;3[0]) do = W3[0] /&u do .
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where we have used successively (4.6)), the jump properties of the (classical) single and double
layer potentials, the divergence theorem, and W2[0] € Sa”#a((?w). Using (4.4) and the equality

v.(X) = —v.(c(X) — 2p2es) which holds for all X € R?\ @, we have

¢4(0) = _/8 (¢' — g°(0)) v, - Vo, do — gO(O)/ v, - Vusdo

Ow
1
= —/ Uy Vg - Voo do — gO(O)/ V- Vg do (4.12)
2 oo ow
1
= / [Vo.|? dx — g°(0) W30] / do .
2 Jr2\o B
thanks to the divergence theorem. Relation (4.8)) follows by (4.9)) — (4.12). O

Remark 4.10. If we take w, as in Remark[{.8, then

e(O):/ |Vuo|2dx+/ V. |? dx.
0 B2\ (p )

Finally, we consider in the following Theorem the total flux on 9. The proof of
Theorem {4.11]| can be deduced by a straightforward modification of the proof of Theorem [3.10
and it is accordingly omitted.

Theorem 4.11. Let the assumptions of Theorem hold. Then there exist €5 €]0,&*[ and
a real analytic function
F:]-¢5,5[ =R
such that
/ v - Vue do = §(e), Ve €10,5].
o0

In addition,

5(0) :/ Uw-Vv*da:/ Vptw - VWs do .
ow p+Oow
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