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Abstract

We study the Dirichlet problem in a domain with a small hole close to the boundary. To
do so, for each pair e = (£1,e3) of positive parameters, we consider a perforated domain 2.
obtained by making a small hole of size £1£5 in an open regular subset {2 of R™ at distance
from the boundary 02. As g1 — 0, the perforation shrinks to a point and, at the same time,
approaches the boundary. When € — (0, 0), the size of the hole shrinks at a faster rate than its
approach to the boundary. We denote by u. the solution of a Dirichlet problem for the Laplace
equation in €).. For a space dimension n > 3, we show that the function mapping € to u. has a
real analytic continuation in a neighborhood of (0,0). By contrast, for n = 2 we consider two
different regimes: € tends to (0, 0), and € tends to 0 with 5 fixed. When € — (0, 0), the solution
ue has a logarithmic behavior; when only €; — 0 and &5 is fixed, the asymptotic behavior of the
solution can be described in terms of real analytic functions of £;. We also show that for n = 2,
the energy integral and the total flux on the exterior boundary have different limiting values in
the two regimes. We prove these results by using functional analysis methods in conjunction with
certain special layer potentials.

Keywords: Dirichlet problem; singularly perturbed perforated domain; Laplace operator; real analytic
continuation in Banach space; asymptotic expansion
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1 Introduction

Elliptic boundary value problems in domains where a small part has been removed arise in the study
of mathematical models for bodies with small perforations or inclusions, and are of interest not only
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for their mathematical aspects, but also for their applications to elasticity, heat conduction, fluid me-
chanics, and so on. They play a central role in the treatment of inverse problems (see, e.g., Ammari
and Kang [1]]) and in the computation of the so-called ‘topological derivative’, which is a fundamental
tool in shape and topological optimization (see, e.g., Novotny and Sokotowsky [33]). Owing to the
difference in size between the small removed part and the whole domain, the application of standard
numerical methods requires the use of highly nonhomogeneous meshes that often lead to inaccuracy
and instability. This difficulty can be overcome and the validity of the chosen numerical strategies can
be guaranteed only if adequate theoretical studies are first conducted on the problem.

In this paper, we consider the case of the Dirichlet problem for the Laplace equation in a domain
with a small hole ‘moderately close’ to the boundary, i.e., a hole that approaches the outer boundary
of the domain at a certain rate, while shrinking to a point at a faster rate. In two-dimensional space, we
also consider the case where the size of the hole and its distance from the boundary are comparable.
It turns out that the two types of asymptotic behavior in this setup are different: the first case gives
rise to logarithmic behavior, whereas the second one generates a real analytic continuation result.
Additionally, the energy integral and the total flux of the solution on the outer boundary may have
different limiting values.

We begin by describing the geometric setting of our problem. We take n € N\ {0, 1} and, without
loss of generality, we place the problem in the upper half space, which we denote by R’. More
precisely, we define

R} = {x=(z1,...,2,) € R" : x, > 0}.

We note that the boundary OR"} coincides with the hyperplane x,, = 0. Then we fix a domain 2 such
that
(2 is an open bounded connected subset of R’} of class ¢he, (Hy)

where « €]0, 1] is a regularity parameter. The definition of functions and sets of the usual Schauder
classes €% (k = 0,1) can be found, for example, in Gilbarg and Trudinger [19] §6.2]. We denote
by 02 the boundary of €). In this paper, we assume that a part of 0f2 is flat and that the hole is
approaching it (see Figure[I). This is described by setting

002 = 02 N ORY, 0102 =00nNRY,
and assuming that
0o(2 is an open neighborhood of 0 in OR’} . (H9)

The set € plays the role of the ‘unperturbed’ domain. To define the hole, we consider another set w
satisfying the following assumption:

w is a bounded open connected subset of R™ of class € such that 0 € w.
The set w represents the shape of the perforation. Then we fix a point
p=(p1,---,pn) €RY, (1.1)
and define the inclusion w, by

We = €1p + €169wW , Ve = (e1,€2) cR?.



We adopt the following notation. If €’ = (&],¢}),e"” = (¢/,e4) € R?, then we write ¢’ < &”

(respectively, &’ < €") if and only if €/ < &7 (respectively, & < '), for j = 1,2, and denote by
]€’,€"[ the open rectangular domain of € € R? such that &’ < € < &”. We also set 0 = (0,0). Then it
is easy to verify that there is €d €]0, +-0o[? such that

w: € Q, Ve €10,

In addition, since we are interested in the case where the vector (g1, €1£2) is close to 0, we may assume
without loss of generality that
d<land1 < efd < 1/e34,

Hence, e162 < 1 for all € € ]0,®![. This technical condition allows us to deal with the function
1/log(e1€2) as in Section 4] and to consider the case where €2 = 1 in Section [3]

In a certain sense, |0, 29[ is a set of admissible parameters for which we can define the perforated
domain €2, obtained by removing from the unperturbed domain €2 the closure w; of we, i.e.,

Qe=0\wz, Vee]o,e

We remark that, for all e € ]0,e*![, Q¢ is a bounded connected open domain of class €1 with
boundary 0€2¢ consisting of two connected components: 0f2 and Ow. = €1p + £1620w. The distance
of the hole w, from the boundary 02 is controlled by &1, while its size is controlled by the product
e1€. Clearly, as the pair € € |0, €2 approaches the singular value (0, £3), both the size of the cavity
and its distance from the boundary 02 tend to 0. If €5 = 0, then the ratio of the size of the hole to
its distance from the boundary tends to 0, and we can say that the size tends to zero ‘faster’ than the
distance. If, instead, €5 > 0, then the size of the hole and its distance from the boundary tend to zero
at the same rate. Figure[l]illustrates our geometric setting.

oS

Figure 1: Geometrical setting.

On the e-dependent domain €, for € € ]0, e[ fixed we now consider the Dirichlet problem

Au(x) =0, Vx € O,
ub) = g°(9, - vxe0n, (12)
u() = ¢ (%522). Ve due.

where ¢g° € €1*(09) and ¢' € €1*(0w) are prescribed functions. As is well known, (T.2) has
a unique solution in €"1%(Q¢). To emphasize the dependence of this solution on €, we denote it



by ue. The aim of this paper is to investigate the behavior of ue when the parameter € = (1, £2)
approaches the singular value 0 = (0, 0). In two-dimensional space we also consider the case where
€1 — 0 with e2 > 0 fixed, and show that this leads to a specific asymptotic behavior. Namely, in
such regime, there are no logarithmic terms appearing in the asymptotic behavior of the solution, in
contrast with what happens when € = (1, e2) — (0, 0) in dimension two (cf. Subsections and
@]below). In higher dimension, instead, the case where €1 — 0 with €2 > 0 fixed does not present
specific differences and the tools developed for analyzing the situation when € = (¢1,e2) — (0,0)
can be exploited by keeping e > 0 “frozen”. Then the corresponding results on the macroscopic
and microscopic behavior would follow. For this reason, we confine here to analyze the case where
€1 — 0 with e5 > 0 fixed only in dimension two.

We remark that every point x € € stays in {2¢ for €1 sufficiently close to 0. Accordingly, if we
fix a point x € (2, then ug(x) is well defined for £ sufficiently small and we may ask the following
question:

What can be said about the map &€ — u.(x) for & > 0 close to 0? (1.3)

We mention that here we do not consider the case where £5 is close to 0 and 1 remains positive. This
case corresponds to a boundary value problem in a domain with a hole that collapses to a point in its
interior, and has already been studied in the literature.

1.1 Explicit computation on a toy problem

To explain our results, we first consider a two-dimensional test problem that has an explicit solution.
We denote by B(x, p) the ball centered at x and of radius p, take a function g' € €+*(9B(0,1)),
and, for e €]0, (1,1)[, consider the following Dirichlet problem in the perforated half space R? \

B((O,El),&‘lé‘g)i
Aue(x) =0, Vx € RZ\ B((0,€1),£182)
ue(x) =0, Vx € ORZ,
us(x) = gi(X—€1P)7 Vx € 88((0,61),8152),

€1€2

(1.4)

limy 00 ue(x) =0,

where p = (0, 1). We also consider the conformal map

Z—1a
D2 -
Pa > tia
with inverse
1 z+1

A i 1 .
SD(Z 2_1

When a # 0 is real, ¢, maps the real axis onto the unit circle. Moreover, if

a(e) = a(e1,e2) = e1y/1 — €3,

then ¢, () maps the circle centered at (0,e1) and of radius 19 to the circle centered at the origin and
of radius




We note that the maps a : (£1,e2) — a(e) and p : €2 — p(e2) are analytic. We mention that a
similar computation is performed in Ben Hassen and Bonnetier [2] for the case of two balls removed
from an infinite medium.

Since harmonic functions are transformed into harmonic functions by a conformal map, we can
now transfer problem (1.4) onto the annular domain B(0, 1) \ B(0, p(e2)) by means of the map ¢ )
and see that the unknown function u, = u. o ap;(le) satisfies

Aue =0, in B(0,1)\ B(0, p(e2)),
u. =0, on 9B(0,1),
u(z) = g' (argz), forall z € dB(0, p(e2)),

and the new boundary condition

7 £9)et?
=i (-2 (i3 225t ). e

To obtain the analytic expression of the solution, we expand gis in the Fourier series

g.(0) =ao(g") + > ar(g') cos k) + by(g") sin ko,
E>1
so that, in polar coordinates,

logr ko p—k

u(1,0) = ap(g') ] + Z (ak(gis) cos kO + bk(gie) sin k&) -

“elogp(es) p(e2)k = ple2)~

We can then recover ue by computing ue = u,0¢,(e). To this end, we remark that in polar coordinates
we have p,(¢)(x) = 7e (x)e??= ) with

x1 + ixe — ia(e)
x1 +ixe + ia(e)

re(X) =

’ .(x) = arg (:cl + iz — ia(s)) ‘

r1 + 129 + ia(s)

As an example, if we assume that g' = 1, then the solution of (T.4) is

2 2
logre(x) log <$% + (xz - 81@) ) — log (x% + (1132 +e1y/1— 5§> )
log p(e2) log (1 - \/@) " log (1 N \/@) :
(1.5)

We note that for any fixed x € R? and 1, &2 positive and sufficiently small, the map & — ue(x) is
analytic. When € — 0, the function u, tends to 0 with a main term of order &1 | log 52]_1. In addition,
for e > 0 fixed, the map €1 — u¢(x) has an analytic continuation around €1 = 0.

In what follows, we intend to prove similar results also for problem (1.2)), and thus answer the
question by investigating the analyticity properties of the function € + wuc(x). Furthermore,
instead of evaluating u. at a point x, we consider its restriction to suitable subsets of {2 and the
restriction of the rescaled function X — wuc(e1p + £162X) to suitable open subsets of R2 \ w. This
permits us to study functionals related to ue, such as the energy integral and the total flux on 9€2. Our
main results are described in Subsection in the next subsection instead we present our strategy.

ue(X)




1.2 Methodology: the functional analytic approach

In the literature, most of the papers dedicated to the analysis of problems with small holes employ
expansion methods to provide asymptotic approximations of the solution. As an example, we men-
tion the method of matching asymptotic expansions proposed by I’in (see, e.g., [20, 21} 22]), the
compound asymptotic expansion method of Maz’ya, Nazarov, and Plamenevskij [30] and of Ko-
zlov, Maz’ya, and Movchan [23]], and the mesoscale asymptotic approximations presented by Maz’ya,
Movchan, and Nieves [29, [31]. We also mention the works of Bonnaillie-No€l, Lacave, and Mas-
moudi [7], Chesnel and Claeys [8]], and Dauge, Tordeux, and Vial [[16]]. Boundary value problems in
domains with moderately close small holes have been analyzed by means of multiple scale asymptotic
expansions by Bonnaillie-No€l, Dambrine, Tordeux, and Vial [3} |6], Bonnaillie-No&l and Dambrine
[3]], and Bonnaillie-Noé&l, Dambrine, and Lacave [4].

A different technique, proposed by Lanza de Cristoforis and referred to as a ‘functional analytic
approach’, aims at expressing the dependence of the solution on perturbation in terms of real analytic
functions. This approach has so far been applied to the study of various elliptic problems, including
problems with nonlinear conditions. For problems involving the Laplace operator we refer the reader
to the papers of Lanza de Cristoforis (see, e.g., [24}25]]), Dalla Riva and Musolino (see, e.g., [11} 12}
13]]), and Dalla Riva, Musolino, and Rogosin [[15], where the computation of the coefficients of the
power series expansion of the resulting analytic maps is reduced to the solution of certain recursive
systems of boundary integral equations.

In the present paper, we plan to exploit the functional analytic approach to represent the map that
associates € with (suitable restrictions of) the solution u. in terms of real analytic maps with values
in convenient Banach spaces of functions and of known elementary functions of ; and &5 (for the
definition of real analytic maps in Banach spaces, see Deimling [17, p. 150]). Then we can recover
asymptotic approximations similar to those obtainable from the expansion methods. For example, if
we know that, for €; and €5 small and positive, the function in equals a real analytic function
defined in a whole neighborhood of (0, 0), then we know that such a map can be expanded in a power
series for €1 and €2 small, and that a truncation of this series is an approximation of the solution.

To conclude the presentation of our strategy, we would like to comment on some novel techniques
that we bring into the functional analytic approach for the analysis of our problem. First, we describe
how the functional analytic approach ‘normally’ operates on a boundary value problem defined on a
domain that depends on a parameter € and degenerates in some sense as &€ tends to a limiting value
0. The initial step consists in applying potential theory techniques to transform the boundary value
problem into a system of boundary integral equations. Then, possibly after some suitable manipula-
tion, this system is written as a functional equation of the form £[e, u] = 0, where £ is a (nonlinear)
operator acting from an open subset of a Banach space #Z x % to another Banach space %». Here #
is a neighborhood of 0 and the Banach spaces %) and %, are usually the direct product of Schauder
spaces on the boundaries of certain fixed domains. The next step is to apply the implicit function
theorem to the equation £[e, u] = 0 in order to understand the dependence of p on £. Then we can
deduce the dependence of the solution of the original boundary value problem on .

The strategy adopted in this paper differs from the standard application of the functional analytic
approach in two ways.

e The first one concerns the potential theory used to transform the problem into a system of
integral equations. To take care of the special geometry of the problem, instead of the classical
layer potentials for the Laplace operator, we construct layer potentials where the role of the
fundamental solution is taken by the Dirichlet Green’s function of the upper half space. Since



the hole collapses on JR’} N OF2 as € tends to 0, such a method allows us to eliminate the
integral equation defined on the part of the boundary of €2, where the boundary of the hole and
the exterior boundary interact for € = 0. In Section [2, we collect a number of general results
on such special layer potentials. We remark that if the union of 2 and its reflection with respect
to OR'} is a regular domain, then there is no need to introduce special layer potentials and the
problem may be analyzed by means of a technique based on the functional analytic approach
and on a reflection argument (see Costabel, Dalla Riva, Dauge, and Musolino [[10]). However,
under our assumption, the union of {2 and its reflection with respect to IR’} produces an edge
on OR’! and, thus, is not a regular domain.

e By using the special layer potentials mentioned above, we can transform problem (1.2)) into an
equation of the form £[e, ] = 0, where the operator £ acts from an open set | — €2, 24[ x %,
into a Banach space %> whose construction is, in a certain sense, artificial. %5 is the direct prod-
uct of a Schauder space and the image of a specific integral operator (see Propositions[2.11]and
[3.1). In this context, we have to be particularly careful to check that the image of £ is actually
contained in such a Banach space %,, and that £ is a real analytic operator (see Proposition
[3.1). We remark that this step is instead quite straightforward in previous applications of the
functional analytic approach (see, e.g., [13, Prop. 5.4]). Once this work is completed, we are
ready to use the implicit function theorem and deduce the dependence of the solution on €.

1.3 Main results

To perform our analysis, in addition to (H)—(Ha)) we also assume that (2 satisfies the condition
0, is a compact submanifold with boundary of R™ of class €. (Hs)
In the two-dimensional case, this condition takes the form
002 is a finite union of closed disjoint intervals in 8R2+. (Hs3)

In particular, we note that assumption implies the existence of linear and continuous extension
operators %2 from €%(0,Q) to €%(99), for k = 0,1 (cf. Lemmabelow). This allows us
to change from functions defined on 9 €2 to functions defined on 0f2 (and viceversa), preserving their
regularity.

To prove our analyticity result, we consider a regularity condition on the Dirichlet datum around
the origin, namely

there exists rg > 0 such that the restriction Q\OB(O,m)m 80 is real analytic. (Hy)

As happens for the solution to the Dirichlet problem in a domain with a small hole ‘far’ from the
boundary, we show that ue converges as €1 — 0 to a function ug that is the unique solution in
€12(Q) of the following Dirichlet problem in the unperturbed domain €2:

Au=0 1inQ,
u=g¢° ondf.

We note that ug is harmonic, and therefore analytic, in the interior of 2. This fact is useful in
the study of the Dirichlet problem in a domain with a hole that shrinks to an interior point of €). If,



instead, the hole shrinks to a point on the boundary, as it does in this paper, then we have to introduce
condition in order to ensure that ug has an analytic (actually, harmonic) extension around the
limit point. Indeed, by and a classical argument based on the Cauchy-Kovalevskaya Theorem,
we can prove the following assertion (cf. [B).

Proposition 1.1. There is r1 €]0, o] and a function Uy from B(0,71) to R such that BT (0,r1) C Q
and

AU() =0 in B(O,Tl),
U() = Up in B+(0,’I‘1),

where B(0,r) = B(0,r) NR’.
Then, possibly shrinking €34, we may assume that
e1p + e182w C B(0,r1), Ve €] — e, e, (1.6)

We now give our answers to question (I.3)). We remark that, instead of the evaluation of u. at a point
x, we consider its restriction to a suitable subset €}’ of Q.

1.3.1 The case € — O in spaces of dimension n > 3

For € — 0, the question (L.3) is answered differently when n > 3 and n = 2. If n > 3, the statement
is easier.

Theorem 1.2. Let € be an open subset of Q such that 0 ¢ Q. There are €’ € 10, [ withweNEY = ()
foralle €] — €',€'| and a real analytic map gy from | — €', €'[ to €1*(V) such that

Ue|ey = Uy (€] Ve €10,€'[. (1.7

Furthermore,
Uy [0] = Uy - (1.8)

Theorem [1.2{implies that there are & €]0, €' and a family of functions {U; ;}; jen2 € €5(€Y)
such that

ue(x) = Z Ui j(x) eﬁsg Ve €]0,&"[, x € &V,
i,j=0

with the power series Z;x;’:o Ui j 535% converging in the norm of €’1*({Y) for € in an open neigh-

borhood of 0. Consequently, one can compute asymptotic approximations for u. whose convergence
is guaranteed by our preliminary analysis.

A result similar to Theorem|[I.2]is expressed in Theorem [3.6|concerning the behavior of . close to
the boundary of the hole, namely, for the rescaled function X — uc(g1p+¢£1£2 X). Later, in Theorems
and [3.9| we present real analytic continuation results also for the energy integral st |Vue|?dx. In
particular, we show that the limiting value of the energy integral for € — O is the energy of the
unperturbed solution ug.



1.3.2 The case € — 0 in two-dimensional space

Here, we need to introduce a curve 1 — €(n) = (¢1(n), e2(n)) that describes the values attained by
the parameter € in a specific way. The reason is the presence of the quotient

log e1

_— 1.9
log(e1e2)’ (1.9)

which plays an important role in the description of u, for € small. We remark that the expression (1.9)
has no limit as € — 0. Therefore, we choose a function 1 — &(n) from |0, 1 to ]0, €[ such that

lim &(n) =0, (1.10)

n—0+

and for which

. log €1 (?7) .
lim —————~——  exists and equals A € [0, 1[. (1.11)
8% Tog(ea(mza(m) auals A < (0.1

It is also convenient to denote by d the function
§5: 10,1 — R2

_ _ 1 log1(n)
n — 8(n) = (61(n),d(n) = <1og (rtmeatn) 1os (al(n)€2(n))>,

(1.12)

so that
lim d(n) = (0,\).

n—0t

In Section we prove an assertion that describes ue ;) in terms of a real analytic function of four real
variables evaluated at (e(n), d(n)).

Theorem 1.3. Let A € [0, 1[. Let Q' be an open subset of Q with 0 ¢ Q. Then there are €' € ]0,&2],
an open neighborhood Vy of (0, \) in R2, and a real analytic map

oy :] — EI,E/[XV)\ — %l’a(ﬁ),

such that
Uiy = Yo [eMm), d(m)] . W €]0,7[. (1.13)

The equality in (T.13)) holds for all parametrizations n — €(n) from |0, 1] t0 |0, €*4[ that satisfy (T.10)
and (TI1). The function 1 — &(n) is defined as in (I.12). The pair €' € 0, [ is small enough to
yield

TN =0, Ve €] - €, €, (1.14)

and 1’ can be any number in |0, 1[ such that
(e(n),8(n)) €]0,€'[xVr,  Vn €lo,n'[.
At the singular point (0, (0, \)), we have

ey [0, (0, N)] = ugy - (1.15)



As a corollary to Theorem we can write the solution ug(,) in terms of a power series in
(e(n),d(n)) for n positive and small. Specifically, there are 5" €]0,7] and a family of functions
{Us} gens C €1*(€) such that

Ue(n) (X) = Z Ua(x) e1(n) ea(n)?61(n)* (52(n) — NP ¥ €]0,7"[, x e .
BeN4

Moreover, the power series ) 5.y Ug 511552 6’? 3(d2 — \)P4 converges in the norm of €1*(Q/) for
(e1,€2,01,d2) in an open neighborhood of (0, (0, A)).

We emphasize that the map g/, as well as the coefficients {Ug}gen4, depends on the limiting
value ), but not on the specific curve &(-) that satisfies (I.TT). A result similar to Theorem [I.3]also
holds, which describes the behavior of the solution of problem (1.2)) close to the hole (cf. Theorem
, for the energy integral fQE |Vaue|? dx (cf. Theorem , and for the total flux through the outer
boundary |, 9q N - Vue do (cf. Theorem . In particular, we show that the limiting value of the
energy integral is

lim |Vus(n)|2 dX:/ |VUQ|2dX—|—/ |V’Uo|2 dx, (1.16)
n—0 Jo, Q R2\w

where vy € Cfli’ca(RQ \ w) is the unique solution of

Avg =0 inR?\ @,
vy =g on dw , (1.17)
SUPR2\, [vo| < +00.

In addition, we show that the flux on 9 satisfies

%li% . ngo - Vue(n) do = 0.
Finally, we remark that the functions d; and &5 are not uniquely defined. For example, we may
choose
N ( log €2 (77)

2= Yog (21 (n)22(1))

or other similar alternatives instead of d2(n)) (we note that d(n) = 1 — d5(n)). Furthermore, the
solution may not depend on the quotient (1.9) if we consider problems with a different geometry.
For instance, in the toy problem of Subsection [I.1] the solution (I.3) can be written as an analytic
map of three variables evaluated at (g1, 9, (logez) ™). As we emphasize in a comment at the end
of Subsection the reason for this simpler behavior is that in the toy problem we do not have an
exterior boundary 0 Q. It is worth noting that a quotient similar to (1.9) plays a fundamental role also
in the two-dimensional Dirichlet problem with moderately close small holes, which was investigated
in [14] and where it was shown that an analog of the limiting value A (cf. (I.11)) appears explicitly in
the second term of the asymptotic expansion of the solution.

1.3.3 The case £; — 0 with 5 > 0 fixed in two-dimensional space

We remark that we may restrict our attention to the problem with e = 1. Then the generic case of
g9 = €5 €]0, €§d[ fixed is obtained by rescaling the reference domain w using the factor £5. We also
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remark that the restricted case is a one-parameter problem. Consequently, it is convenient to define

gad = 5‘%‘1, We = Wey 1, Qe = Qe 1, and ue = ue g foralle € ] — ead,aad[. The next assertion is

proved in Section 5]

Theorem 1.4. Let € be an open subset of ) such that 0 ¢ /. Then there are ' €]0,£39[ such that
N = Ve €] — €', €] (1.18)
and a real analytic map gy from | — €', €'[ to €1 (V) satisfying
Uy = Yorfe], Ve €]0,¢'[. (1.19)

Furthermore,

Theorem |1.4]implies that there are €” €]0, €[ and a sequence of functions {U, }jeny C €1(Q)
such that

ue(x) = > Uj(x)e? Ve €)0,e"], xe @,
j=0

with the power series 72 U; &/ converging in the norm of % (') for ¢ in an open neighborhood
of 0.

A result similar to Theorem [T.4]is also established for the behavior of u. near the boundary of
the hole (cf. Theorem , for the energy integral fﬂs |Vue|? dx (cf. Theorem , and for the total

flux through the outer boundary |, a0 Na - Vue do (cf. Theorem . In particular, we show that the
limiting value of the energy integral is

lim |Vu5|2dx:/ vuoyde+/ |V, |? dx, (1.21)
=0 Jo. Q R3 \(p+w)
and that the limiting value of the total flux is

/ oty - Vw, do (1.22)
p+ow

) ) .. La/ 5o
where w is the unique solution in 6] (R2 \ (p 4+ w)) of

Aw, =0 inR%\ (p+w),
ws(X) = g'(X — p) forall X € p+ dw, (1.23)
ws = g°(0) on OR? | '

limx_ 00 wi(X) = g°(0) .

We remark that for suitable choices of g° and g', the limiting value of the energy integral differs from
the one in (I.16)), which emphasizes the difference between the two regimes. Besides, the limit value
of the total flux (I.22)) equals 0 only for special choices of ¢°, g'.
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(@) n1 = 1 and no = 4, 4312 triangles. (b) n1 = 2 and ny = 4, 4364 triangles.

Figure 2: Different computational domains.

1.4 Numerical illustration of the results.

In our numerical simulations, the domain €2 is a ‘stadium’ represented by the union of the rectangle
[—2, 2] x [0, 2] and two half-disks. The origin (0, 0) is in the middle of a segment of the boundary. We
choose p = (1, 1), and the inclusion is a small disk as described in Figure 2| The small parameter € is
€1 = (%)m, €9 = (%)n2 forintegers 1 < n; < 16,and 1 < ny < 20.

To approximate the solution u. of the boundary value problem, we use a P finite element method
on an adapted triangular mesh as provided by the Finite Element Library MELINA (see [28])). Figures
exhibit the computed square root of the energy integral, this is the norm [|Vuel| #2(q,), in the
previously defined configurations. In Figure we take g° = 0 and ¢g' = 1, so the sum in ([.16) is 0
and the limiting energy (T.21) is strictly positive (note that with such g° and ¢* the energy coincides
with the electrostatic capacity of we in (2).

(a) ue forny = 2 and ny = 4. (b) Norm || Vel #2(q,)-

Figure 3: Case where ¢° = 0 and ¢' = 1.

To illustrate the different types of behavior of the energy integral, we now consider ¢g° = x5 and
either ¢! = 0 = ¢°(0) (see Figure , or g' = 1 # ¢°(0) (see Figure . Notice that with that choice
of g°, we have ||[Vugl| #2(q) = v/8 + 7 =~ 3.34, which is the limiting value observed when ¢ =0in
Figure On the contrary, in the numerical results for g' = 1, the energy has a different limiting value
whether both €1 and €5 tend to O or €7 tends to 0 with €9 fixed, in agreement with our expectation
when g' # ¢°(0). When both &1 and &5 tend to 0, the limiting value of the energy is the same as in
the well-known case where €2 — 0 with € fixed (that is, when the hole shrinks to an interior point of
). We notice that in the latter case, the energy appears to converge at a slow logarithmic rate (see, in
particular, Figures [3|and [3)); this is also a well-known fact, predicted by theoretical analysis (see, e.g.,
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(@) ue for ng = 2 and ny = 4. (b) Norm || Vuel| 20, )-

Figure 4: Case ¢' = 0 and ¢° = 5.

(a) ue for ng = 2 and ny = 4. (b) Norm || Vel #2(q,)-

Figure 5: Case g' = 1 and ¢° = x».

Maz’ya, Nazarov, and Plamenevskij [30]).

1.5 Structure of the paper

The paper is organised as follows. In Section[2] we present some preliminary results in potential theory
and study the layer potentials with integral kernels consisting of the Dirichlet Green’s function of the
half space. Section [3|is devoted to the n > 3 dimensional case. Here we prove our analyticity result
stated in Theorem[I.2} In Section[d] we study the two-dimensional case for e — 0. In particular, we
prove Theorem@ In Section@ we consider the case where n = 2 and ¢4 — 0 with g9 = 1 fixed and
we prove Theorem [I.4] Concluding remarks are presented in Section[6} Some routine technical tools
have been placed in the Appendix. Specifically, in[A] we prove some decay properties of the Green’s
function and the associated single-layer potential, and in |B| we present an extension result based on
the Cauchy-Kovalevskaya Theorem.
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2 Preliminaries of potential theory

In this section, we introduce some technical results and notation. Most of them deal with the potential
theory constructed with the Dirichlet Green’s function of the upper half space. Throughout the section
we take

n e N\{0,1}.

2.1 Classical single and double layer potentials

As a first step, we introduce the classical layer potentials for the Laplace equation and thus we intro-
duce the fundamental solution S,, of A defined by

sinlog|x\ ifn=2,
Sp(x) = . ) . ¥x € R™\ {0},
m|x‘ " ifn 2 3,

where s,, is the (n — 1)-dimensional measure of the boundary of the unit ball in R™. In the sequel D
is a generic open bounded connected subset of R™ of class €.

Definition 2.1 (Definition of the layer potentials). For any ¢ € €%*(9D), we define

vs, [0D, ¢](x) = (y)Sn(x —y)doy,  Vxe€R",

¢
oD

where do denotes the area element on OD.

The restrictions of vs, [0D, ¢ to D and to R™\ D are denoted vl (0D, ¢] and v§ [0D, ¢] respectively
(the letter ‘i’ stands for ‘interior’ while the letter ‘e’ stands for ‘exterior’). l

For any 1) € €1 (0D), we define

wg, [0D, Y](x) = — - P(y) np(y) - VSp(x —y) doy, Vx € R,

where np denotes the outer unit normal to 0D and the symbol - denotes the scalar product in R™.
To describe the regularity properties of these layer potentials we will need the following definition.

Definition 2.2. We denote by (gli’ca (R™\ D) the space of functions on R™ \ D whose restrictions to O
belong to €1 (O) for all open bounded subsets O of R™ \ D.
‘K;ia(f)l)) denotes the subspace of €% (0D) consisting of the functions ¢ with |, op @do = 0.

Let us now present some well known regularity properties of the single and double layer potentials.

Proposition 2.3 (Regularity of layer potentials). If ¢ € €%*(0D), then the function vg, [0D, ¢| is

continuous from R™ to R. Moreover, the restrictions vfgn [0D, ¢] and vg [0D, @] belong to €1 (D)
and to Cflica (R™\ D), respectively.

If Y € €H(ID), then the restriction ws, [0D, ] p extends to a function wy [0D, ] of €1*(D)
and the restriction wg,, [0D, ¢]|Rn\5 extends to a function wg [0D, ] of @ (R™ \ D).

loc

In the next Proposition [2.4] we recall the classical jump formulas (see, e.g., Folland [18| Chap. 3]).
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Proposition 2.4 (Jump relations of layer potentials). For any x € 0D, 1 € €%*(9D), and ¢ €
€9*(0D), we have

wly [0, ]9 = S + ws, [0, ¢](4),

n(x) - Vol [0D, ¢](x) = —26(x) + | _o(y)mna(x) - VSa(x—y) doy
oD

where i = i,eands; =1, se = —1.

We will exploit the following classical result of potential theory.

Lemma 2.5. The map %ﬁva(ap) xR — &L%0D) is an isomorphism.
(¢,6) = vs,[0D,¢]jap +¢

Moreover; if n > 3, then the map €%*(0D) — €1(0D) is an isomorphism.
¢ = vs,[0D,¢]ap

2.2 Green’s function for the upper half space and associated layer potentials

As mentioned above, a key tool for the analysis of problem (1.2)) are layer potentials constructed with
the Dirichlet Green’s function of the upper half space instead of the classical fundamental solution
Sy,. Transforming problem (1.2) by means of these layer potentials will lead us to a system of inte-
gral equations with no integral equation on 0y{2, which is the part of the boundary of 02 where the
inclusion wg collapses for e = 0.

Let us begin by introducing some notation. We denote by ¢ the reflexion with respect to the
hyperplane OR"!, so that

¢(x) = (1, -+, Tp—1,—Tn), Vx = (z1,...,2,) € R™.
Then we denote by G the Green’s function defined by
G(x,y) = Sn(x—y) = Sn(s(x) —y), V(x,y) € R" x R" withy # x and y # ¢(x).
We observe that
G(x,y) = G(y,x), V(x,y) € R" x R" withy # xand y # ¢(x), (2.1)

and
G(x,y) =0, V(x,y) € R x R" withy # xand y # ¢(x). 2.2)

We denote by the symbols V,G(x,y) and V,G(x,y) the gradient of the function x — G(x,y) and of
the function y — G(x,y), respectively. If D is a subset of R”, we find convenient to set (D) = {x €
R™ | ¢(x) € D}. We now introduce analogs of the classical layer potentials of Definition [2.2] obtained
by replacing S, by the Green’s function G. In the sequel, D denotes an open bounded connected set
contained in R” and of class €.
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Definition 2.6 (Definition of layer potentials derived by G). For any ¢ € €% (0D, ), we define

va (0D, 9] (x) = - o(y)G(x,y)doy,  ¥xeR".

The restrictions of v;[0D+, ¢] to Dy and Rt \ Dy are denoted v [0D, ¢] and v§,[0D., ¢| respec-
tively.
For any subset T of the boundary Dy and for any 1 € €1*(0D..), we define

well 010 = [ 60) no. () V, Gley) oy, VxR,
By the definition of GG, we easily obtain the equalities
010D, 8](x) = s, 10D, 8](x) — v, (0D, dl(s(x)) . Vx € R, Vg € G0(aD,)
and
walOD, ¥](x) = ws, [9D4, ¥](x) — ws, 0D+, ¥l(<(¥)),  Vx € R, Vib € 61 (9D,)

Thus one deduces by Propositions andthe regularity properties and jump formulas for v [0D+, @]
and wg[0D4, ).

Proposition 2.7 (Regularity and jump relations for the layer potentials derived by G). Let ¢ €
€% (0D4) and ) € €1*(0Dy.). Then

e the functions vg 0Dy, ¢] and wa[0D+, | are harmonic in D4, (D4 ), and R"\ Dy U(D);

e the function v[0Dy, @] is continuous from R™ to R and the restrictions v5[0Dy, $| and

v6,[0D 1, ¢] belong to ¢1*(D..) and to %I’Q(Ri \ D), respectively;

loc

o the restriction wg 0D, ] q extends to a function wi,[0D,., ] of €1 (D.) and the restriction
wa[0D4, Y] R \DT extends to a function w, 0D, )] of ‘51})’00‘ (R7\ D).

The jump formulas for the double layer potential are (withf = i,e,5;, =1, 5. = —1)
s
WD+, Y)(x) = S0 + waldD+, (), Vx € 9D,
sz [8D+> w] (X> = ¢(X)a Vx € 80D+ .
Moreover, we have

vg[0D+, ¢](x) =
wG (0D, P(x) =

Here above, 90D, = 0D, NOR" and 0, D, = 0D, NR}.

., WxedR", (2.3)
. Wx€IRT\ 9Dy .

In the following lemma we show how the layer potentials with kernel GG introduced in Definition
allow to prove a corresponding Green-like representation formula.
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Lemma 2.8 (Green-like representation formula in D). Let u* € €1%(D, ) be such that Au’ = 0 in
D.. Then we have

u’L

0 inR"\D,U<c(Dy).

in D+,

wa [8D+a uT@D+} — VG [8D+a np, - VUT6D+] = { 2.4

Proof. Let us first consider x € D,. By the Green’s representation formula (see, e.g., Folland [18}
Chap. 2]), we have

u'(x) = / np, (y) - VSn(x—y) u'(y) doy — Sn(x—y) np, (y)- Vu'(y)doy, Vx € Di.
oD,

oD+

(2.5)

On the other hand, we note that if x € D is fixed, then the function y — Sy, (c(x) — y) is of class
%1(D, ) and harmonic in D . Therefore, by the Green’s identity, we have

0= / np, (y)-VSu(s(x) —y) u'(y) doy+ | Sn(s(x)—y) np, (y)-Vu'(y)doy  Vx€D,.
oD

oD,
(2.6)
Then, by summing equalities and we deduce the validity of inD,.
Let us now consider any fixed x € R™ \ Dy U (D). We observe that the functions y — Sy, (x — y)
andy — S, (s(x) —y) are harmonic on D.. Accordingly G(x, ) is an harmonic function in D.. Then
a standard argument based on the divergence theorem shows that

[ i) no, (5) - 9,Glxy) = Gilxy) () V) dry = 0.

2.3 Mapping properties of the single layer potential v [0S2, -|

In order to analyze the e-dependent boundary value problem (1.2), we are going to exploit the layer
potentials with kernel derived by G in the case when D = . Since 9 = 0 U Ow,, we need
to consider layer potentials integrated on 02 and on Jw,. In this section, we will investigate some
properties of the single layer potential supported on the boundary of the set {2 which satisfies the

assumptions (H1), (H2), and (H3).

First of all, as one can easily see, the single layer potential v [0S2, ¢] does not depend on the
values of the density ¢ on JpS. In other words, it takes into account only ¢5, . For this reason, it is
convenient to introduce a quotient Banach space.

Definition 2.9. We denote by %_E’a (0Q) the quotient Banach space
¢0(09) /{6 € €°(09) | $jo, 0 = 0}
Then we can prove that the single layer potential map

VN 00) — E€1(0,9)
¢ = vG[0Q, 9lja, 0

is well defined and one-to-one. Namely we have the following.
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Proposition 2.10 (Null space of the single layer potential derived by G). Let ¢ € €%%(92). Then
060, ¢lja, 0 = 0 if and only if ¢j5,.q = 0.

Proof. Let ¢ € €%(0N) be such that P|a,. 0 = 0. As a consequence,

vg[09, ¢](x) = o G(x,y)Pp,0ly)doy =0 Vx € 0.

Let now assume that v [0€), ¢]j5, o = 0. With 2.3), we have in particular v5[0€, #] 9,0 = 0 and
then v [012, qﬁ]‘ag = (. By the uniqueness of the solution of the Dirichlet problem we deduce that
vg[0Q, ¢] = 0in . By the harmonicity at infinity of v5[0f, ¢] (cf. Lemma , by equality
vg[09, ¢]|8R1u8§2 = 0, and by a standard energy argument based on the divergence theorem, we

deduce that Vv [0, ¢] = 0 in R” \ ©, and that accordingly v;[0€2, ¢] is constant in R” \ . Since
vG[0Q, ¢] = 0 on 0N, we have vg[0Q, ¢] = 0 in R’}. Then, for the normal derivative of vg [0S, ¢]
on 02 we have the following jump formulas:

%%(X) + . d(y)na(x) - VxG(x,y)doy,  Vx€ 0,9,

na(x) - Voi 09, ¢](x) = —
with f = 4,e,s; = 1, s = —1. It follows that
¢ =ng - Vug[09Q, 4] — ng - VoiL[09Q,6] =0  ond Q,

and thus the proof is complete. |

By the previous Proposition[2.10|one readily verifies the validity of the following Proposition [2.11]
where we introduce the image space ¥1*(894Q) of vg[0€, ]9, -

Proposition 2.11 (Image of the single layer potential derived by G). Let ¥ 1%(9, Q) denote the vector
space

712(0,9) = {val02, dljp.0, Vo € €0°(00) }
Let || - |ly1.a(a,0) be the norm on V190, Q) defined by
||f||'7/1~ﬂ(8+(2) = ||¢”<g$’a(ag)

forall (f,¢) € V1(040) x ‘52’“(39) such that f = vg[09, ¢lja, o. Then the following statements
hold.

(i) ¥12(0,9Q) endowed with the norm || - 7100, ) is @ Banach space.

(ii) The operator vG[02, -] aq is an homeomorphism from C&?’a (09Q) to V12 (00).
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2.3.1 Characterization of the image of the single layer potential

We wish now to characterize the functions of #1:%(9,.2), that is the set of the elements of €'1*(9)

that can be represented as v [0S2, ¢]j5, o for some ¢ € ‘52’& (0€2). We do so in the following Propo-
sition

Proposition 2.12. Let f € €1*(0,.Q). Then f belongs to ¥*(0,.Q) if and only if f = u|e8+Q,
where u€ is a function of ‘51(1)’00‘ (R™ \ Q) such that

Au¢ =0 inR?\Q,
u® =0 ondRY \ 02,
limy o0 |71|u6(x) =0,

2.7)

limy o0 7 - Vus(x) = 0.

Proof of Proposition2.12] We divide the proof in three steps.

o First step: Green-like representation formulas in R’} \ Q. As a first step, we prove a representation
formula for harmonic functions in the set R’} \ 2.

Lemma 2.13. Let u¢ € 6%(R'2 \ Q) be such that

loc

Auf =0 inR%\Q,
hIn|x|%oo |7)1(|ue(x) =0,

lim|x|ﬁoo ﬁ : Vue(x) = 0.

Then we have

2x, ué
n Jorm\aen X =Vl

ut(x) Vx€RT\Q,
0 Vx € Q.

Proof. Let R > max,q|x|. Let Q3" = R? N B(0,R) \ Q. Letx € Q3". Letr > 0 and
B(x,r) € Q3" By Lemmamwe have

u(x) = wa[0B(x, 1), Uiz xr)] (X) = vG[OB(X, 1), NBEr + VUlpp] (%)

‘ ¢ (2.8)
= /68( )u (¥) nBx,m) (V) - VyG(x,y) — G(x,y) npx(y) - Vus(y) doy .

Then we observe that G(x, -) is a harmonic function in Q%’f \ B(x,7) and thus by the divergence
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theorem we have

0= / uf(y)AYG(x,y) — G(x,y)Auc(y) dx
Q5 N\B(xr)

= /(95’( )ue(y) NB(x,r) (y) : VyG(x,y) — G(X,y) NB(x,r) (y) . Vue(y) dO'y
+ / ue(y) nQe’+ (y) . VyG(X, y) _— G(X, y) nQe’+ (y) . Vue (y) do-y
0%t R 7

= _/8 ue(y) NBx,r) (y) ’ vyG(X7 Y) - G(va) NB(x,r) (Y) ’ Vue(y) day

+ /a . u®(y) ng(o,r)(Y) - VyG(x,y) — G(x,y) ng(o,g)(y) - Vu(y) doy
+

-/ 4 (y) 9, Gx,y) = Glxy) 0y, u(y) doy.
OR NB(0,R)\8oL2
Using Definition and the fact that G(x,y) = 0 and 9, G(x,y) = —2z,s, ' [x — y|™" for all

y € JR"', we deduce

0=-— /8[3’( )ue(y) NB(x,r) (y) : VyG(X? y) - G(X7Y> NB(x,r) (y) : Vue(y) day
— Wwag [a-i-Q) u‘e3+Q](X) + UG[a-‘rQa ng - vuraJrQ](x)
+ / ut(y) ng(o,r)(y) - VyG(x,y) = G(x,¥) np(o,r)(y) - Vu(y) doy
0+ B(0,R)

2z, ue(y)

— doy.
Sn Jorn nB(0,RN\G0 X — Y]

Then we observe that the maps y — |y|""'G(x,y) and y > |y|"VyG(x,y) are bounded at infinity
(see Lemma[A.T). Thus, by taking the limit as R — oo we obtain

0=- /88( )ue(Y) NB(x,r) (y) : vyG(Xuy) - G(X7 y) NBx,r) (Y) : vue(Y) day
o (2.9)

21, u®
— w04+, ufy, o] (x) +va[0Q, ng - Vujyel(x) + - / 7()’)” v
n Jorm\aen X =Yl

Then by summing (2.8)) and (2.9) we show the validity of the first equality in the statement. The proof
of the second equality is similar and accordingly omitted. |

Incidentally, we observe that under the assumptions of Lemma the integral

€
/ u (y)n dor,
IR\ Do x =yl
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exists finite for all x € R’} \ 052

e Second step: representation in terms of single layer potentials plus an extra term. In the fol-
lowing Proposition [2.14] we introduce a representation formula for a suitable family of functions
of €1*(0Y). More precisely, we show that the restriction to 9,  of a function f € €1%(952) which
satisfies certain assumptions can be written as the sum of a single layer potential with kernel G plus
an extra term.

Proposition 2.14. Let f € €1 (0Q) with fioon = 0. Assume that there exists a function u® €
€L (R \ Q) such that

Aut =0 inR}\Q,

u®=f ondiQ,

limy o ﬁue(x) =0,

limy—s 00 ﬁ -Vué(x) = 0.

Then there exists ¢ € €% (00Q) such that

Va0, 8l(x) + 22n / YO e = 60, WxediQ. 2.10)
IR\ x—yl

Proof. Letu' € €%*(Q) be the solution of the Dirichlet problem with boundary datum f. By
Lemma[2.8 we have

0 = w012, uTaQ](X) —vg[08), ng - Vufag](x) , vx € R} \ Q.

Since “\iaoﬂ = fla,n = 0 we deduce that

0 = wg[04+42, f|6+Q](X) —vg[0, ng - Vu‘iag](x) , Vx € R \ Q. (2.11)
By Lemma [2.13| we have
2T, u®
ue(x) = —wg [8+Q, f|a+Q] (X) + vg [89, ng - Vufaﬂ](x) + / (y)n dO'y (2.12)
Sn Jorm\op0 [X — Y|

for all x € R™ \ Q. Then by taking the sum of (2.1T)) and (2:12) and by the continuity properties of
the (Green) single layer potential one verifies that the proposition holds with
|

e Last step: vanishing of the extra term in (2.10). In order to understand what can be represented just
by means of the single layer potential, the final step is to understand when such an extra term vanishes.
So let f € €1%(049) be such that f = ufy, o» Where u€ is a function of %1(1): (R7\ €2) such that

(2.7) holds. Then

2 e
“In u (Y)n doy =0, Vx € 0.0,
Sn Jorm\op0 [X — Y|

and thus 2.10) implies that f € #1%(0,0). Conversely, if f € 71%(0,) then there exists

¢ € (52’0‘(89) such that f = v [0S, ¢]j9, o and the function u® = v [0, @] "G satisifies (2.7).
+

This concludes the proof of Proposition [2.12 |
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Now that Proposition [2.12]is proved, we observe that if ©° is as in Proposition [2.14] then

u(y)

lim — ———— doy, = u®(x), Vx € OR% \ 9p92, 2.13
t=0% Sp /6R” \8o$2 X+ ten, —ym ) +\ % @19
where e,, denotes the vector (0,...,0,1) € R™. The limit in (2.13) can be computed by exploiting

known results in potential theory (see Cialdea [9, Thm. 1]). A consequence of (2.13) is that the
second term in the left hand side of (2.10) vanishes on 042 only if ufaRi\ aoq = V- Namely, we have

the following

Proposition 2.15. Let u® be as in Proposition Then we have

2xy, e
“In u(y) doy =0,  ¥x€d.0 (2.14)
sn Jorm\opn X — yI"

if and only if

Proof. One immediately verifies that (2.13) implies (2.14). To prove that (2.14)) implies (2.13)), we
denote by U™ the function of x € R™ \ (8R” \ 9o2) deﬁned by the left hand 51de of (2.14). Then, we

observe that, by the properties of integral operators with real analytic kernel and no singularity, U is
harmonic in R™ \ (9R" \ 9p2) and vanishes on do€2. Thus, (2.14) implies that U+ = 0 on the whole
of 912 and by the uniqueness of the solution of the Dirichlet problem we have that Ut = 0 on 2. By
the identity principle for analytic functions it follows that U™ = 0 on R \ (OR"} \ 9p2) and thus, by
(2.13)), we have

u(x) = lim Ut (x+te,) =0  Vx€ IR} \ 9Q

t—0t

In Remark [2.16] here below we observe that a function u® which satisfies the conditions of Propo-
sition [2.14] actually exists and that the second term in the left hand side of (2.10) cannot be in general
omitted.

Remark 2.16. Let f € €1*(09Q) with fig,0 = 0 and let uy € CKI})’C&(R" \ Q) be the unique solu-
tion of the Dirichlet problem in R™ \ Q with boundary datum f which satisfies the decay condition
limy o0 u#(x) = 0ifn > 3 and such that uy is bounded if n = 2 (i.e., uy is harmonic at o). Then
the function u; =u #EQ satisfies the conditions of Proposition W In addition, u #| IR\ = =0

only if f = 0, and thus the corresponding second term in the left hand side of (2.10) is O only if
f = 0 (cf. Proposition . The latter fact can be proved by observing that if ujﬁ IR\ = 0, then

U |9RT\ D = 0 and thus Uy |gRn = 0 (because uy g0 = fla,0 = 0 by our assumptions on f). Then,
by the decay properties of uy and by the divergence theorem we have

/ ]Vu#Ide— lim / UNYB(0,R) -Vuda—i—/ w0y, udo | =0.
R—oo \ JoB(0,R)NR™ OR™ NB(0,R)

It follows that uygn = 0, which in turn implies that uy = 0 Dy the identity principle of real analytic
Junctions. Hence f = uy s = 0.
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2.4 Extending functions from ¢*(9, Q) to €% (0Q)

We will need to pass from functions defined on 0, €2 to functions defined on 0f2, and viceversa. The
restriction operator from €’%%(99) to €’**(9,.Q) is linear and continuous for k = 0, 1. On the other
hand, we have the following extension result.

Lemma 2.17. There exist linear and continuous extension operators E¥® from €% (0, Q) to €% (09),
fork=0,1.

A proof can be effected by arguing as in Troianiello [34} proof of Lem. 1.5, p. 16] and by exploiting
condition (H3)). We observe that as a consequence of Lemma we can identify %E’Q(OQ) and
€90, Q).

3 Asymptotic behavior of v, in dimension n > 3
In this section, we investigate the asymptotic behavior of the solution of problem (I.2)) as e — 0. In
the whole Section [3} the dimension n is assumed to be greater than or equal to 3. Namely,

n e N\ {0,1,2}.

Our strategy is here to reformulate the problem as an equation £[e, u| = 0 where £ is a real
analytic function and to use the implicit function theorem.

3.1 Defining the operator £

Let & €]0, e*![. We start from the Green-like representation formula of Lemma By applying it to
the solution . of (I.2)), we can write:

e =we; [082e, Ue|gn, ] — V&[0, N, - Vg aq,]
- —E&1p
£1€2

=wh[09, ¢°] — w& [&us, gi( )} —v5 [0, ng - Vugan] + vG[0we, N, - Vig|ay, ] -

By adding and subtracting v}, [0€2, ng, - Vug|an) we get

i i )2 —
ue =wg|09, g°] — v5[0Q, ng - Vugjaa] — wg [&us,g ( 616; )}

(3.1
— 1609, ng - Vg an — na - Vugaa] + v6[0we, nu, - Vugja,, | -
Then we note that ' .
up = w09, g° — v [0, ng - Vg a0]
and we think to the functions
ng - Vugjpn — Na - Vugan Ny * Vig|ow,

as to unknown densities which have to be determined in order to solve problem (1.2). Accordingly,
inspired by (3.1)) and by the rule of change of variables in integrals, we look for a solution of problem

(1.2) in the form

up(x) — 5?‘153_1/8 n,(Y) - (VyG)(x,e1p + €1€2Y)gi(Y) doy — -, G(x,y)pi(y) doy
“ + (3.2)

+ 5?_253_2 G(x,e1p +e182Y)pa(Y) dov x € Qe,
Ow
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where the pair (p1, p2) € %ﬂ’a(ag) x €%(Ow) has to be determined. We set p = (u1, ) and

= ‘52’0‘ (09Q) x €%*(Ow). Since the function in (3.2) is harmonic in €2, for all u € %, we just
need to choose p € %7 such that the boundary conditions are satisfied. By the jump properties of the
layer potentials derived by G, this is equivalent to ask that p € %, solves

Lle,pu] =0, (3.3)
where £[e, u] = (L1[e, pu], L2]e, p]) is defined by
Lile, pl(x) = v (09, pu](x)
—e7” 253 2/a G(x,e1p + €182Y) pa(Y) doy
+ el 1/ n,(Y) (VyG)(x,e1p + e162Y) ¢ (Y)doy ~ Vx € 9:9,
Ow
Lole, 1)(X) = s, [0w, p2](X) =57 [ Su(—2pnen + e2(s(X) = Y)) pa(Y) doy
Ow

— G(eip + 182X, y) pa(y) doy

0,0
—eg” 1 / n,(Y) - VS, (—2pnen + 2(s(X) = Y)) gi(Y) doy
Ow
i gi(x)

with p,, as in (I.I) (note that p,, > 0 by the membership of p in R} ) and Uy as in Proposition @

3.2 Real analyticity of the operator £

By the equivalence of the boundary value problem (I.2)) and the functional equation (3.3), we can
deduce results for the map € — u, by studying the dependence of p upon € in (3.3). To do so, we
plan to apply the implicit function theorem for real analytic maps and, as a first step, we wish to prove
that the operator £ is real analytic.

Proposition 3.1 (Real analyticity of £). The map

| —er e[ x B — P10,Q) x €1 (0w)
() — ELle,pl

is real analytic.
Proof. We split the proof component by component.
Study of £; Here we prove that £; is real analytic from | — e, ¢24[ x %; to ¥1(9,. Q).

First step: the range of £1 is a subset of ¥'1*(9.Q). Let U¢[e, p| denote the function from R" \ O
to R defined by

Ucle, u](x) = vg[09, ml(
2

G(X, e1p + €1EQY) NQ(Y) doy

n,(Y) - (VyG)(x,e1p + £182Y) g (Y) dov .
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Then, by the properties of the (Green) single layer potential and by the properties of integral operators
with real analytic kernel and no singularity one verifies that U¢[e, u] € %”l(ljf(R’jr \ ©2). In addition,
one has

AU¢e,pu] =0 inR" \ Q,
Ucle,pu] =0 on OR’ \ 9p{2,
limy o0 U¢[e, p](x) = 0,

limy_ o0 ﬁ -VU®[e, u](x) =0

Thus U*¢[e, p] satisfies the conditions of Proposition Accordingly, we conclude that £;[e, pu| =
Ucle, ] jo,  belongs to ¥ 1:2(9,€2).

Second step: £, is real analytic. We decompose £; and study each part separately.

e By the definition of #1%(9, Q) in Proposition :2.1 1[, one readily verifies that the map u; —
T

v [0S, 1] |9, o is linear and continuous from €’ (9Q2) to ¥ La(9, Q) and therefore real ana-
lytic.

e We now consider the map which takes (e, u2) to the function f[e, 2] (x) of x € 042 defined by

fle, p2](x) = G(x,e1p +e182Y) pa(Y) doy Vx € 0462
Ow
We wish to prove that f is real analytic from | — £2d, 2d[x %% (9Q) to #1*(9,. Q) by showing
that there is a real analytic function

¢:]— e e x €0a0) — €V (9Q)

such that
f[E:?lLQ] = UG[897¢[€7M2H|8+Q (34)

forall (e, u2) € ] — €, e[ x €0%(0N). Then the real analyticity of f follows by the definition
of ¥1%(9,Q) in Proposition m

We will obtain ¢ as the sum of two real analytic terms. To find the first one we observe that,
by the properties of integral operators with real analytic kernel and no singularity, the map
(e, 12) > fle, po] is real analytic from | — €29, e3d[ x €0 (Ow) to €1*(0,. Q) (see Lanza de
Cristoforis and Musolino [26, Prop. 4.1 (ii)]). Then, by the extension Lemma [2.17, we deduce
that the composed map

] — e e[ x ¥9(0Q) — FL(090)
(57 MQ) — EM%o f[E:? MQ]

is real analytic. Let now u'[e, us] denote the unique solution of the Dirichlet problem for the
Laplace equation in Q with boundary datum E'® o f[e, us]. As is well-known, the map from
€L (09) to €1(Q) which takes a function 9 to the unique solution of the Dirichlet problem
for the Laplace equation in §2 with boundary datum 1/ is linear and continuous. It follows that the
map from | — €24, €24[ x %% (9w) to €1*(Q) which takes (&, u12) to u'[e, uo] is real analytic.
Thus the map

| — e e x €O (dw) — EYHO0)

: 3.5
(e.pi2) — ng-Vuile, i) oo (3
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is real analytic.
The function in (3.5) is the first term in the sum that gives ¢. To obtain the second term we
define

ue[E,/Lg](X) = G(x,51p—|—5152Y) ,LLQ(Y) dov , Vx € Ri\Q
ow
Then, by standard properties of integral operators with real analytic kernels and no singularity

one verifies that the map from | — €24, e34[ x €0%(9w) to €*(9,Q) which takes (&, u12) to

no - Vule, po](x) = na(x) - [ ViG(x,e1p +e1e2Y) pa(Y)doy — ¥x € 0.0
ow

is real analytic (see Lanza de Cristoforis and Musolino [26} Prop. 4.1 (ii)]). Thus, by the exten-
sion Lemma [2.17] we can show that the map

] — e, e[ x €O (dw) — ELYON)

3.6
(e,12) = nq - Vule, ualjan -0

is real analytic.

We are now ready to show that ¢ is given by the difference of the function in (3.6) and the one
in (3.3)). To do so, we begin by observing that u'[e, ys] 9.0 = f[€, p2]. Then, by Lemmawe
have

0= wG[a+Qa ﬂ&‘, /‘2]](X> - UG[8+Qa ng - VUZ[Ev :u2]\8+9](x) (3.7)

for all x € R" \ Q. Moreover, the function u®[e, 112] belongs to ‘Kli’ca(Rﬁ \ ) and one verifies
that

Aucle, pa] =0 inR7 \ Q,
ule, pal(x) =0 on OR” \ 912, (3.8)
hmx—>oo u® [67 /*LQ] (X) =0 ) )
limy 00 ﬁ - Vule, ug](x) =0
(see Lemma|A.2)). In addition, by the definitions of fe, 2] and u®[e, u2] one sees that
ue[s, ug]‘m = f[E, MQ] . (39)
Then by (3.8) and by Lemma[2.13| we deduce that
ucle, pol(x) = —wa[04+82, fle, pal](x) + v[01Q2, ng - Vule, paja, ol (x) (3.10)

for all x € R} \ﬁ Now, taking the sum of (3.7) with (3.10) we obtain
ulle, pa)(x) = val01 2, ng - Vulle, paljp, o) (x) — va[04Q,nq - VU'le, pa] o, o] (%)

for all x € R7} \ Q. Then, by (3.9) and by the continuity properties of the (Green) single layer
potential in R" we get

fle, 2] (x) = val04Q, ng - Vulle, p2 o, o] (x) — va[0+9, ng - Vu'le, o)), o] (x)
for all x € 04 €. Hence, holds with

le, p2] = ng - Vule, poljo, 0 — na - Vu'le, paljp, o -

To show that £, is real analytic it remains to observe that, since the maps in (3.5) and (3.6) are
both real analytic, ¢ is real analytic from | — €24, €24[ x €% (9Q) to ‘52’0‘(89).
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e Finally, we have to consider the function which takes e to the function g[e| defined on 0,2 by
ale](x) = / n(Y) - (Vy@)(x,e1p+c160Y) g (Y) doy  x € 9500,
Ow
By arguing as we have done above for fle, u2], we can verify that the map € — g[e] is real
analytic from | — €24, e2d[ to ¥ 1¥(9,.9Q) .

This proves the analyticity of £;.

Study of £, The analyticity of £ from | — €2, e2d[ x % to €1*(0w) is a consequence of:
e The real analyticity of Uy (see also assumption (I.6));

e The mapping properties of the single layer potential (see Lanza de Cristoforis and Rossi [27,
Thm. 3.1] and Miranda [32]]) and of the integral operators with real analytic kernels and no
singularity (see Lanza de Cristoforis and Musolino [26, Prop. 4.1 (ii)]).

3.3 Functional analytic representation theorems

To investigate problem (I.2)) for € close to 0, we consider in the following Proposition 3.2]the equation

in 3.3) fore = 0.
Proposition 3.2. There exists a unique pair of functions p* = (3, pu3) € % such that
2lo, ] =0,

and we have
i

pr =0 and  vg,[0w, p5]ja, = —9°(0) + ws, [0w, g'] |0, + = -

2
Proof. First of all, we observe that for all i € %1, we have
£1[0, p(x) = va [0, pa(x), ' Vx € 0,19,
€200, 1)(X) = vs, 0w, 2] (X) + g°(0) — ws, [, g1](X) — L0, VX € duw.

By Proposition , the unique function in %ﬂ’a(aﬂ) such that v [0, 1] = 0 on 04 Q is p1 = 0.
On the other hand, by classical potential theory and Lemma there exists a unique function pg €
©(Ow) such that

9'(X)
9

vs, [0w, p2) (X) = —¢°(0) + ws, [0w, ¢'](X) + VX € dw.

The validity of the proposition is proved. |
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We are now ready to study the dependence of the solution of (3.3) upon e. Indeed, by exploiting
the implicit function theorem for real analytic maps (see Deimling [17, Thm. 15.3]) one proves the
following.

Theorem 3.3. There exist 0 < e* < €1, an open neighborhood U, of u* € %, and a real analytic
map M = (M1, Mg) from | — €*,€*[ to U, such that the set of zeros of £ in | — €*,&*[ X U, coincides
with the graph of M.

Proof. The partial differential of £ with respect to p evaluated at (0, p*) is delivered by
a/.l,gl [07 ”*] (p’) = VG [897 /j’l] |0+ »
OpuLa]0, (1) = vs, [Ow, fiz]jow »

for all i € #;. Then by Proposition[2.11|and by the properties of the (classical) single layer potential
(cf. Lemma we deduce that 9,,£[0, 1*] is an isomorphism from %; to ¥ 1%(9;Q) x €1(dw).
Then the theorem follows by the implicit function theorem (see [17, Thm. 15.3]) and by Proposition
B.1 |

3.3.1 Macroscopic behavior

In the following remark, we exploit the maps M; and My of Theorem [3.3]in the representation of the
solution .

Remark 3.4 (Representation formula in the macroscopic variable). Let the assumptions of Theorem
3.3 hold. Then

ue (X) =up(x) — 6711_183_1/ n,(Y) - (VyG)(x,e1p + €122Y) g (Y) doy
Ow

_ G(x,y)Mi[e](y) doy
0,0

+em2e072 | G(x,e1p +e182Y)Mae](Y)doy  Wx € Q,
ow

foralle €10,e*].

As a consequence of Remark (3.4 one can prove that for all fixed x € 2 the function ue(x) can be
written in terms of a convergent power series of € for €1 and €5 positive and small. If €’ is an open
subset of {2 such that 0 ¢ €/, then a similar result holds for the restriction u¢ 7 which describes the
‘macroscopic’ behavior of u. far from the hole. Namely, we are now ready to prove Theorem[I.2]

Proof of Theorem Let €* be as in Theorem We take €’ € ]0,&*[ small enough so that
wWe N =(foralle € | — &, €[. Then we define

o [e]l(x) = up(x) — 5?1831/8 n,(Y) - (VyG)(x,e1p + €122Y)g'(Y) dov
- [ Gyl do
9,0

+e" 2072 [ G(x,e1p + e182Y)Mae] (Y) doy,
Ow
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for all x € ' and for all € € | — &', €’[. Then, by Theorem [3.3|and by a standard argument (see the
study of £9 in the proof of Proposition one deduces that $lg is real analytic from | — €/, €[ to
€1(Q). The validity of follows by Remark and the validity of can be deduced by
Proposition [3.2] by Theorem [3.3] and by a straightforward computation. |

3.3.2 Microscopic behavior

By Remark[3.4]and by the rule of change of variable in integrals we obtain here below a representation
of the solution u, in proximity of the perforation.

Remark 3.5 (Representation formula in the microscopic variable). Let the assumptions of Theorem
hold. Then

ue(e1p + £122X) = ug(e1p + £122X) — wg [Ow, g'1(X)

s /a M(Y) - V(=2 + 22(s(X) = Y)) 6 (Y) doy

- G(e1p + 162X, y) My [e](y) doy
9,40

+ g, [Ow, Mae]](X) — b2 : Sn(—2ppen + €2(s(X) = Y)) Ma[e](Y) doy

forall X € R"\ wand all € = (g1,¢e2) € ]0,€*[ such that e1p + e162X € Q.

Then we can prove the following theorem, where we characterize the ‘microscopic’ behavior of
ue close to hole, i.e. ug(e1p + €162+ ) ase — 0.

Theorem 3.6. Let the assumptions of Theorem|3.3| hold. Let w’ be an open bounded subset of R™ \ @.
Let €” be such that 0 < €” < €* and (e1p + e169w") C B(0,r1) foralle € ] — " €"[. Then there
exists a real analytic map 0, from | — € €"[ to €1 (w') such that

ue(e1p +e1e2- )7 = Vurle] Ve €]0,€"[. (3.11)
Moreover we have
B, [0] = vy (3.12)
where vy € ‘Kli’ca (R™ \ w) is the unique solution of
Avg =0 inR"\w,
vy = ¢ on Ow

limx_mo Uo(X) = gO(O) .
Proof. We define
V. [e](X) = Up(e1p + €162X) — wg [Ow, gi] (X)

—ept /a n,(Y) - VS, (—2pnen + e2(s(X) — Y)) g'(Y) doy

- G(eip + 162X, y) My [e](y) doy
940

+ vg,, [Ow, Ma[e]](X) — 63_2 : Sn(—2ppen + e2(s(X) = Y)) Ma[e](Y) doy
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forall X € o’ and forall e € | — €”,€"[. Then, by Proposition by Theorem [3.3} and by a standard
argument (see the study of £9 in the proof of Proposition one deduces that U, is real analytic
from | — ", €"[ to €1 (w’). The validity of follows by Remark By a straightforward
computation and by Proposition [3.2] one verifies that

T.[0](X) = °(0) — w§, [0w, g')(X) + vs,, [0w, M2[0]](X), (3.13)

for all X € w’. Then, by Proposition and by the jump properties of the double layer potential we
deduce that the right hand side of equals g' on Qw. Hence, by the decaying properties at oo of
the single and double layer potentials and by the uniqueness of the solution of the exterior Dirichlet
problem, we deduce the validity of (3.12). |

3.3.3 Energy integral

We now turn to study the behavior of the energy integral st | Ve |2 dx by representing it in terms of
a real analytic function. In Theorem 3.7 here below we consider the case when g° = 0.

Theorem 3.7. Let g° = 0. Let the assumptions of Theorem|3.3 hold. Then there exist €® € ]0,&*|

and a real analytic map & from | — €%, €®[ to R such that

/ [Vue|® dx = €77 20728(e) Ve €]0,e%] (3.14)

€

and
05(0):/ |Vuo|? dx. (3.15)
Rn\w

Proof. We observe that by the divergence theorem and by (I.2)) we have

/ |Vu€|2 dx = / Ue NQ - Ve do —/ Ue Ny, - Ve do
e oN Owe

_ (3.16)
= —/ gi<x 81p)nws(x) - Ve (x) doy .
Owe

€1€2

Then, we take w’ as in Theorem|[3.6|which in addition satisfies the condition dw C w’. We set e® = &’
with €” as in Theorem[3.6]and we define

(’5(5)5—/ g n, -VU,le]ldoc  Veec]—e%e%[.
Ow
By Theorem and by standard calculus in Banach spaces it follows that & is real analytic from

] — €%,&%[to R. By (3.16) and by the rule of change of variable in integrals one shows the validity of
(3.14). Finally, the validity of (3.13)) follows by (3.12) and by the divergence theorem. [ |

We now consider the case when ¢g° # 0. To do so, we need the following technical Lemma [3.8
which can be proved by the properties of integral operators with harmonic kernel (and no singularity).
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Lemma 3.8. Let O be an open subset of R™ such that O N (0.QU¢(04Q)) = 0. Then wg[0+Q, ]
is harmonic on O for all 1) € €1*(09).

Theorem 3.9. Let the assumptions of Theorem hold. Then there exist €€ € 10,&*| and a real
analytic map € from | — €%, %[ to R such that

/ [Vue? dx = €(e) Ve €]0,e%| (3.17)

€

and

@(0):/ |Vug|? dx. (3.18)
Q

Proof. As in the proof of Theorem we begin by noting that, by the divergence theorem and by
(1.2)), we have

Vuel? dx = [ ¢°ng - Vuedo — | g (=—PVn,, (x) - Vuue(x) doy (3.19)
e o0 Owe €1€2

for all e € )0, €*1]. Then, by Remark 3.4 we have

/ g°ng-Vucdo =11+ 8?_183_11275 + 6711_283_21375 (3.20)
o0
with
Iie :/ g° ng - Vg da—/ 9° ng - Vog [0Q, M [¢e]] dox, (3.21)
o0 o0

he=— / ) na() - Vi [ nu(Y)- (V,G)(x,e1p + e122Y) g (Y) doy do
00 Ow

I3 ¢ / 9°(x) no(x) - Vy G(x,e1p + €182Y) Ma[e](Y) doy dox
o0

Ow
for all € € ]0, e*[. By the Fubini’s theorem and by (2.1) it follows that

he== [ d0n)-9, < [ 00 na) - 9 (G x) dax) doy

y=e1pteie2Y

I3 = Msle](Y) / 9°(X)nq(x) -V« (G(e1p + €1€2Y,x)) dox doy .
Ow o0

Then, by the definition of the double layer potential derived by G' (cf. Definition [2.6) and by 2.2)), it

follows that

b= [ §0)n.Y) - Vualdi2 gl erp + e122) dov.
O (3.22)
I3 = ; Ma[e](Y) wal012, g°](e1p + e162Y) doy
(%
forall e € ]0,e*[.
Now we choose a specific domain w’ which satisfies the conditions in Theorem and which in
addition contains the boundary of w in its closure, namely such that dw C w’. Then, for such w’, we
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take e® = ¢” with €” as in Theorem By (3.11) and by a change of variable in the integral, we
have

/ 9i<x S 51p)nws (%) - Vue(x) doy = 5?_253_2/ g' - VU, [e] do (3.23)
Owe €1€2 O

for all € € ]0, €.
Then we define

¢ (e) = /89 g° ng - V(ug —vg[0+Q2, M [e]]) do,
Ey(e) = _/a G (Y)n,(Y) - Vwg[04Q, ¢°](e1p + e162Y) doy ,

€3(e) = : My[e](Y) wa[0492, g°](e1p + €182Y) doy

Ei(e) = — / g, - VD, [e] do

and
€(e) = Ci(e) + e ey Ea(e) + 6] b T2 €(e) +ef Py 2 eu(e) (3.24)

for all € €] — %, €%[. Now the validity (3.17) follows by (3.19)—(3.24). In addition, by Theorems

and [3.6] by Lemma [3.8] and by a standard argument (see in the proof of Proposition [3.1] the study of

£5), we can prove that the &;’s are real analytic from | — €%, %[ to R. Hence € is real analytic from

] — €% e[ toR.
To prove we observe that by Proposition [3.2] and Theorem [3.3] we have M;[0] = 0. Thus
(3-24) implies that €(0) = [, ¢°ng - Vug do and (B-I8) follows by the divergence theorem. |

4 Asymptotic behavior of u. in dimension n = 2 for ¢ close to 0

When studying singular perturbation problems in perforated domains in the plane, it is expected to see
some logarithmic terms in the description of the perturbation. Such logarithmic terms do not appear in
dimension higher than or equal to three and are generated by the specific behavior of the fundamental
solution upon rescaling. Indeed,

1
Sa(eX) = Sa(X) + by loge
for all € > 0, and for the Green’s function G we have

G(e1p + 162X, e1p + £12Y)

1 1
=S5 (X-Y)+ o logeiea — Sa(—2poes + e2(s(X) = Y)) — o loger, (4.1)

for all e = (e1,e9) € R%r. To handle the logarithimic terms, we need a representation formula
for harmonic functions in {2, which is different from the one that we have exploited in the case of
dimension > 3.
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First of all we note that, if € € |0, gad [, then the sets Q¢ and w, satisfy the same assumption ,
(Hy), and as 2. Accordingly, we can apply the results of Subsection [2.3| with {2 replaced by Q¢
Or We.

In that spirit, we denote by vg[Owe, 1] the single layer potential with density function identically
equal to 1 on Owg:

vG[Owe, 1](x) = G(x,y) doy, ¥x € R2.

Owe

We set #. = ‘Kﬂ’a((‘?Q) X %;’a(&ue) (cf. Definitions and . Then we have the following
proposition.

Proposition 4.1. Let € € ]0,e*{[ and p € R\ {0}. Then the map

B xR - V10,0,
(@,6) — valoQ, ¢1]jo, 0. + valOwe, d2ljo, . + & (pvaldwe, 1)ja, 0.)

is an isomorphism.
Proof. We have

vG [0S, d1]ja, 0. + ValOwe, P2]ja, 0. + (PVG[Owe; 1], 0. )6 = vG [0S, D)j0, .

with ) 00
— ¢1 X Vx € ’
o) = { bo2(x) + p€  Vx € Qwe .

Then the statement follows by the definition of #"1“ as the image of the single layer potential derived
by G (cf. Proposition [2.TT). [ |

Now, by Propositiond.T|and by the representation formula stated in Lemma 2.8 we have the following
Proposition where we show a suitable way to write a function of €'%%(9€)) as a sum of layer
potentials derived by G.

Proposition 4.2. Let € € ]0,e*[. Let f € €1*(0). Let p € R\ {0}. Then there exists a unique
pair (¢,€) = ((¢1,02),&) € B- x R such that

f

wg[09%, fliaa. + val09, d1]jpa. + va[Owe, d2)joa. + (pva[dwe, 1100, )€ -

4.1 Defining the operator 971

Let € € ]0,*l[. By the previous Proposition we can look for solutions of problem (1.2} in the
form '
w00, uejpn, | + val0Q, ¢1] + va[Owe, P2] + (pvalOwe, 1])¢ 4.2)

for a suitable (¢, &) € AB. x R. We split the integral on 92 as the sum of integrals on 92 and on
Owe, we add and subtract viG [09, ng - VUOWQ], and we obtain

w109, 6°] — [0 na - ugpa] — s [P, o' QZP)}

+v6[0Q, ¢1 + ng - Vugjaq] + va[0we, ¢2] + (pva[dwe, 1])E .
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Then we note that ' ‘

ug = w082, g°] — vi[09Q, ng - Vugjaq] -
By taking p = (e1621og(e1€2)) ! and by performing a change of variable in the integrals over dwe,
we deduce that the solutions of (I.2) can be written in the form

o (%) — 2165 /8 0 (Y) - (V,G)(% £1p + £162Y) g (Y) doy + v6[00, 1] ()

+ G(x,e1p +e1€2Y) pa(Y) doy + §

/ G(x,e1p +€182Y) dov, Vx € Q.
Ow IOg(ElEg) Ow

(4.3)

provided that (p1, po,§) € Cﬁﬂ’a (092) x %i’a((?w) x R is chosen in such a way that the boundary
conditions of (I.2)) are satisfied.
Now define # = CKE’O‘ (092) x ‘@?&’O‘(E)w). We can verify that the (extension to 2. of the) harmonic
function in (4.3) solves problem (I.2)) if and only if the pair (i, &) € Z x R solves
Me, oaimer) Tty €1 =0, (4.4)

? log(e1e2) 7 log(e1e2

where Me, &, u, &] = (My[e, 8, 1, &), Mae, 8, p, €]) is defined for all (e, 8, u, &) € ] — 24, 29[ x
R? x % x R by

My [57 o, f] (x) = UG[aQa ,ul] (x)

+ G(X,€1p+€1€2Y) ,UQ(Y) doy
ow

+601& [ G(x,e1p +e1e2Y)doy
Ow

- 5152/ n,(Y) - (VyG)(x,e1p +e162Y) gi(Y) dovy, Vx € 0442,
Ow

mQ [57 57 22 f] (X) = VS, [aw7 :U’Q](X) + Pw(l - 52) 5

— ; SQ(—2p262 + 62(§(X) — Y)) /LQ(Y) dO‘Y

+ 515 ; (SQ(X — Y) — SQ(—QPQEQ + 52(§(X) — Y))) do‘y

+ G(e1p +e1e2X,y) pi(y) doy
0490

e /8 n(Y) - VSa(—2pses + £2(s(X) — Y)) g (Y) doy

. irx
+ Up(e1p + e182X) — wg, [0w, ¢'](X) — J (2 ), VX € dw,
with
v = T ag .
‘ 27 Ow

Thus, to find the solution u of problem (1.2) it suffices to find a solution of the system of inte-
gral equations (4.4) and, to study the asymptotic behavior of ue, we are now reduced to analyze the
behavior of the solutions of (4.4).
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We incidentally observe that the dependence of equations upon the quotient is generated
by the presence of the term (pvg[Owe, 1])€ in the representation (4.2)). Other geometric settings may
lead to different integral equations which may not depend on (4.2)). For example, in the toy problem
of Subsection [1.1] we don’t have the exterior boundary 9, and, by Lemma we can write the
solution as the sum of a double and a single layer potential supported on Jwe. As we have mentioned
at the end of Subsection[I.3.2] the expression (I.5)) of such solution does not display a dependence on

the quotient (1.9).

4.2 Real analyticity of the operator )t

We are going to apply the implicit function theorem for real analytic maps to equation {#.4) (see
Deimling [[17, Thm. 15.3]). As a first step, we prove that 9t defines a real analytic nonlinear operator
between suitable Banach spaces.

Proposition 4.3 (Real analyticity of 9%). The map 9N defined by

|-t e[ xR2ZXx B xR — ¥H%0.0) x €1(0w)
(e,0,m,6) — Mg, d,p,¢]

is real analytic.

Proof. We split the proof component by component.

Study of 91,  First we prove that 9; is real analytic.
First step: the range of M is a subset of ¥ 1*(0, Q). Let (,8,u,&) € ] — 2,2 x R? x Z x R.
Let U¢[e, 4, u, &] denote the function defined by

Ue[ea 67 K, 5] (X) = UE‘ [897 ,U/l] (X)

+ G(x,e1p +€1€2Y) pa(Y) doy
Ow

+01& G(X,Elp+€1€2Y) doy
ow

— £152/ n,(Y) - (VyG)(x,e1p + £162Y) g'(Y) doy, WxeRZ\ Q.
Ow

The function U¢[e, 8, pu, £] belongs to € Cﬁhl)ca (R2 \ Q) by the properties of the (Green) single layer
potential and by the properties of integral operators with real analytic kernel and no singularity. In
addition, one verifies that

AU[e, 8,11, = 0 inR3\9Q,
Ucle,d,p,&] =0 on IR%\ G2,
limyyo0 U¢[e, 8, p, &](x) = 0,

hmx—>00 |7X| ’ VU€[€7 67 M, 5] (X> =0

(see also Lemma |A.2)). Then, by the characterization of #'® in Proposition [2.12, we conclude that
My [87 6a K, g] =U* [Ev 57 K, £}|8+Q € /7/17a(a+Q)'
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Second step: Ny is real analytic. We observe that

ml [Ea 67 M, 5] = VG {697 :U’1]|<9+Q + f[sv 517 H2, 6]

where

fle, 01, p2, &](x) = : G(x,e1p + €182Y) pa2(Y) doy

+01& G(X, €1p+€1€2Y) doy
Ow

— 5152/ n,(Y) - (VyG)(x,e1p + e122Y) ¢'(Y) doy, Vx € 0482,
Ow

Since that the map which takes 1 to vg[0€, p1]s, o is linear and continuous from %”JOF’O‘((?Q) to
¥ 19(9,.Q), it is real analytic. Then, to prove that 9t; is real analytic we have to show that the map
which takes (&, 01, iz, ) to f[e, 61, pa, €] (x) is real analytic from | — €24, e2d[ x R x %;i’a((?w) x R
to ¥ 12(9,9). To that end, we will show that there is a real analytic map

¢:]—e™ e[ x R x €% (0w) x R = €7(09)
such that
f[s)(slnu?vé] = UG[897¢[€7617M2)5”W+Q (45)

for all (¢,01, j2,€) € ] —e®d, e[ x R x %;’a(aw) x R. Then the real analyticity of f will follow
from the definition of the Banach space ¥1%(9,Q) in Propositionm

We will obtain such map ¢ as the sum of two real analytic terms. To construct the first one, we
begin by observing that  is real analytic from | — €24, e24[ x R x %i’a(ﬁw) x R to €1%(0,Q) by the
properties of integral operators with real analytic kernel and no singularities (see Lanza de Cristoforis
and Musolino [26, Prop. 4.1 (ii)]). Then, by the extension Lemma[2.17] the composed map

J— e e[ x R x €,%(0w) xR = €12(09)
(E’ 01, p2, 5) = E'Yo f[E, 01, p2, ﬂ

is real analytic. Then we denote by u‘[e, 61, 2, £] the unique solution of the Dirichlet problem in €
with boundary datum E™% o f[e, 81, uu2, £]. Since the map from €1%(99) to €1 (2) which takes a
function v to the unique solution of the Dirichlet problem in {2 with boundary datum 1 is linear and
continuous, the map from | — €24, 29[ x R x ‘K;’O‘(aw) x R to €1 () which takes (e, 61, pa, €) to
u'le, &1, p2, €] is real analytic. In particular we have that

the map | — e, €24 x R x %i’“(aw) xR — €0%09) is real analytic. (4.6)
(87517N27£) = ng - vul[eu(slal’@)ghaﬂ
The map in @.6) will be the first term in the sum which gives ¢. To obtain the second term, we
begin by taking
utle, 01, p2, §](x) E/ G(x,e1p + €182Y) pa(Y) doy
Ow
401 & G(X,€1p+€1€2Y) doy
Ow
— 6152/ n,(Y) - (VyG)(x,e1p + e122Y) ¢'(Y) doy, Vx € R2\ Q.
Ow
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By standard properties of integral operators with real analytic kernels and no singularity (see Lanza
de Cristoforis and Musolino [26, Prop. 4.1 (ii)]), we have that the map from | — e %[ x R x
%;’“(aw) x R to €%%(9,Q) which takes (&, 1, pa, &) to

ng - Vue[& 51a n2, 5] (X)

=ng(x) - VG (x,e1p + €162Y) pa(Y) doy

Ow
+51§nQ(X) . VXG(X,€1P+81€2Y) doy
ow
2 . [
—ae Y (na(x); / (M (Y))(Bs, 0y C)x,c1p + 2162Y) ¢ (Y) doy,  Vx € D200
jok=1 O

is real analytic. Since by the extension Lemmam we can identify %E’a (09) with €%2(0.9Q), we
deduce that

the map | — e®d, €24 x R x %i’“(aw) xR — €Y00) is real analytic. (4.7)
(87 517 M2, 5) = ng- VUG[E, 517 H2, 5]\89

We now show that the maps in (#.6) and (.7) provide the two terms for the construction of ¢.
First, we observe that u'[e, 1, y2, {]ja, 0 = f[€, 01, 12, &], and thus by the representation formula in
Lemma 2.8 we have

0 = wg[019, fle, 61, 2, ]](x) — va [0+, ng - Vu'[e, 01, p2, €] jo, o] (X) (4.8)
for all x € R2 \ Q. In addition, one verifies that u®[e, &1, yi2, ] € ‘51(1)3 (R2\ Q) and that

Aule, b1, 12, €] = 0 inR% \ 0,
ue[€>5lau27ﬂ(x) =0 on aR%" \80Q7
limx_>oo u® [67 617 K2, f] (X) =0 )

limy s o0 ﬁ -Vule, b1, 2, €] (x) =0

(see also Lemma[A.2). Then, by (4.9), by equality u®[e, 01, 2, ]ja, 0 = fl€; 01, p2, €], and by the
exterior representation formula in Lemma we have

u’ [E, 01, H2, E] (X) = _wG[a+Q’ ﬂea 01, K2, g]](X) + UG[6+97 ng - Vu’ [87 01, H2, 5]\3+Q](X) (4.10)

for all x € R? \ Q. Then, by taking the sum of #.8) and (#.10) and by the continuity properties of the
(Green) single layer potential we obtain that (4.5)) holds with

(4.9)

le, 61, 112, §] = ng - Vulle, 61, p2, Eljo, 0 — na - Vu'le, 81, 12, o0 -

In addition, by and [@7)), ¢ is real analytic from | — e®d, 4] x R x (ﬁi’a (Ow) x R to ‘Kﬁ’a((‘)ﬁ).
The analyticity of 91y is now proved.

Study of 91, The analyticity of the map 9 from | — 24, €24[ x R? x Z x R to €>*(0w) can be
proved by arguing as for £ in the proof of Proposition [3.1] |
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4.3 Functional analytic representation theorems
4.3.1 Analysis of (4.4) via the implicit function theorem
In this subsection, we study equation (#.4)) around a singular pair (&,d) = (0, (0, \)), with A € [0, 1].
As a first step, we investigate equation (4.4)) for (e,d) = (0, (0, \)).
Proposition 4.4. Let \ € [0, 1]. There exists a unique (u*,£*) € B x R such that
MO, (0, 1), 1", €] = 0
and we have
py =0
and _
* * i gl

08, [0S2, p15]100 + pw(1 = A) £ = —¢°(0) + ws, [Ow, g']j00, + 7

Proof. First of all, we observe that for all (i, &) € £ x R, we have

mtl[()’ (O,A),M,E](X) = UG[aQnul](X)v Vx € 8+Qa
9:)TQ[(L (07)‘)7“75]()() = USz[awvHZKX) +Pw(1 - )‘)5 )
+oe[09, 11](0) + ¢°(0) — we, [Aw, g1(X) — LX) WX € dw.

By Proposition (ii), the unique function in %J?’O‘ (092) such that v [0, 1] = 0on 94 Qs uy = 0.
On the other hand, by classical potential theory, there exists a unique pair (u2,&) € %i’a((?w) x R
such that (cf. Lemma/[2.5))

v 0, 2] () + (1= N) € = —5°(0) + w5, 00,6100 + L0, X e .

Now the validity of the proposition is proved. |

Then, by the implicit function theorem for real analytic maps (see Deimling [[17, Thm. 15.3]) we
deduce the following theorem.

Theorem 4.5. Let A\ € [0,1[. Let (pu*,£*) be as in Proposition Then there exist €* € ]0,e*],
an open neighborhood Vy, of (0, \) in R2, an open neighborhood U* of (u*,£*) in # x R, and a
real analytic map ® = (®1, Do, P3) from | — €*,€*[ x V) to U* such that the set of zeros of I in
| — €%, e[ x V\ x U* coincides with the graph of ®.

Proof. The partial differential of 9t with respect to (u, §) evaluated at (0, (0, A), p*, £*) is delivered
by

a(uf)ml [07 (07 )‘)7 /1’*7 5*](¢7 C) = 'UG’[aﬂa ¢1]|8+Q y

N pugyM2[0,(0,A), 1™, (@, €) = v, [0w, d2]jg + pu(1 = A) C,

for all (¢, () € & x R. Then by Proposition and by the properties of the single layer potential
we deduce that 9, ¢)M[0, (0, \), *, £*] is an isomorphism from 2 x R to #1*(9,Q) x €1 (dw).
Then the theorem follows by the implicit function theorem (see Deimling [17, Thm. 15.3]) and by
Proposition 4.3 [ |
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4.3.2 Macroscopic behavior

Since log &1/ log(£1€2) has no limit when & € ]0, 2] tends to 0, we have to introduce a specific curve
of parameters €. Then, we take a function 1 + &(n) from ]0, 1[ to ]0, e*![ such that assumptions

(L.1I0) and (I.I1) hold (cf. Theorem [I.3). In the following Remark we provide a convenient
representation for the solution u ).

Remark 4.6 (Representation formula in the macroscopic variable). Let the assumptions of Theorem

hold. Let 1 v €(n) be a function from ]0,1] to 0, €*4[ such that assumptions (I.10) and (T.11)
hold. Let n — 6(n) be as in (1.12)). Then

Ue () (%) = uo(x) — €1(n)e2(n) /6 n,(Y) - (VyG)(x,£1(n)p + e1(n)e2(n)Y) ¢'(Y) doy
+ v [0, @1 [e(n), 5(n)] ] (x)
) G(x,e1(n)p + e1(n)e2(n)Y) 2 [e(n), 6(n)] (Y) doy

+ 61(n)®3[e(n), 8(n)] ; G(x,e1(n)p + e1(n)e2(n)Y) doy

for all x € Q¢ and for all n €]0, 1] such that (€(n),d(n)) € ]0,€*[ x V).

e(n

As a consequence of this representation formula, u,,)(x) can be written as a converging power
series of four real variables evaluated at (e(n), d(n)) for n positive and small. A similar result holds
for the restrictions u e(y)[cv to any open subset €2’ of Q such that 0 ¢ €. Namely, we are now in the
position to prove Theorem|[I.3]

Proof of Theorem Let €* and V), be as in Theorem We take €' €]0,e*[ such that (T.14)
holds true. Then, we define

oy e, 8](x) = wo(x) — £165 /a nu(Y) - (Vy@)(x,e1p + £122Y) g (Y) doy

+ v [09, D1 [e, 6]](x)

+ G(x,€1p+€152Y) (I)Q[E,(S](Y) dO'Y
Ow

+ 01 P3e, 4] G(x,e1p + €162Y) doy
Ow

for all x € €V and for all (g,d) €] — €’,&'[x V). By Theorem 4.5 and by a standard argument (see
in the proof of Proposition [3.1|the argument used to study £5), we can show that $lo is real analytic
from | — &', €'[x V) to €L (V). The validity of follows by Remark 4.6 and the validity of
(L.T3) is deduced by Proposition[4.4] by Theorem[4.5] and by a straightforward computation. [ |

4.3.3 Microscopic behavior

We now present a representation formula of the rescaled function ug,)(e1(n)p + €1(n)e2(n)-).
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Remark 4.7 (Representation formula in the microscopic variable). Let the assumptions of Theorem
hold. Let 1 +— €(n) be a function from ]0,1] to 10, e[ such that assumptions (T.10) and (T.11))
hold. Let ) — &(n) be as in (1.12)). Then

Ue(n)(E1(MP + £1(n)e2()X) = uo(e1(n)p + e1(n)e2()X) — w§,[0w, g'(X)

—ea) [ n(n)- VS, (—2p2e2 T ealn)((X) — v>) G(Y) doy

e G(e1(mp + e1(n)e2()X,y) 1 [e(n), (n)] (y) doy

+ s, [0w, @2 [(n), 6(n)]] (X)

= [ 52 =2pmea 2600 = V) ) @alet). 8] (V) o
+ pu (1= 82(n)) ®3[e(n), 6(n)]

o [ (520( V)-8, (—2p2e2 + e (s(X) - Y))) dov s [e(n), 5(n)],

for all X € R? \ w and for all n €)0, 1] such that (e(n),8(n)) €]0,e*[ x Vy and such that 1(n)p +

€1 (77)52 (U)X S QE(?])‘

In the following Theorem we show that ug,)(e1(n)p + €1(n)e2(n) - ) for n close to 0 can be
expressed as a real analytic map evaluated at (g(n), 8(n)).

Theorem 4.8. Let the assumptions of Theorem hold. Let &' be an open bounded subset of R? \ @
and let € €]0, e*| be such that

(e1p + e182w’) C B(0,71) Ve €] - €",€"[.
Then there is a real analytic map
B ;] — " e"[xVy = ()

such that
Ue(ny(e1(mMp +1(n)e2(n) ) = Bur [e(), 6(m)] Vi €]0,7"[. (4.11)

The equality in @I1)) holds for all parametrizations n +— €(n) from |0, 1] to 10, [ which satisfy
(T10) and (I.11). The function n — &(n) is defined as in (T.12).

At the singular point (0, (0, \)) we have

U [07 (07 A)] = U0|U (4.12)

where vy € (51(1360‘ (R2\ w) is the unique solution of (L.17).
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Proof. We define
B [e, 8](X) = Up(e1p + £162X) — w, [0w, ¢'](X)

— 62/8 n,(Y) - VSao(—2paes + e2(s(X) = Y)) g'(Y) doy

+ G(e1p + e162X,y) @1e, 6](y) doy,
IRy

+ vg, [Ow, Pa[e, 8]](X)

— A SQ(-Q})QEQ + 52(§(X) — Y)) (I)Q[E, (5] (Y) dO’Y

+ pull = 63)Bs[e, 8]

+ 01 /8 (S2(X =Y) — Sa(—2p2e2 + 2(s(X) —Y))) doy P3[e, 9]

for all X € «’ and for all (g,8) €] — &”,€”[x V). Then, by Proposition and by a standard
argument (see the study of £5 in the proof of Proposition we verify that 0, is real analytic from
| — &",€"[xVy to €1(w'). The validity of follows by Remark By a straightforward
computation and by Proposition 4.4 one verifies that

mw’ [0’ (07 )‘)](X) = 90(0) - wgg [awa giKX) + vg, [8("')7 P [07 (07 )‘)H(X) + Pw(l - /\) (133[0, (07 )‘)]
(4.13)

for all X € w’. Then, we deduce that the right hand side of equals g' on Jw by Proposition
and by the jump properties of the double layer potential. Hence, by the decaying properties at co of
the single and double layer potentials and by the uniqueness of the solution of the exterior Dirichlet
problem, we deduce the validity of (@.12). |

4.3.4 Energy integral

We turn to consider the behavior of the energy integral / ‘Vus(n) ‘2 dx for 7 close to 0.
Qe

Theorem 4.9. Let the assumptions of Theorem hold. Then there exist €€ € ]0,&*[ and a real

analytic function
¢:]—e% e[ x V=R

such that
/Q Vuey|® dc= €(e(n).6(), ¥ e€lo.qf], 4.14)

e(n)
where the latter equality holds for all functions 1 — €(n) from ]0, 1] to |0, [ which satisfy (T.10)
and (T.11) and with n s §(n) as in (T.12), and for all n* €)0, 1| such that

(e(n),8(n)) €10,€¥[x Vx,  V¥n€]0,n°[.

In addition,
&(0,(0,A)) :/ |Vu0\2dx+/ IVwol? dx. (4.15)
Q R

2\w
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Proof. By the divergence theorem and by (1.2)) we have

/ \Vu€|2 dx:/ Ug nQ‘VU€dU—/ Ue Ny, - Vue do
e o0 Owe

= / g° nq - Vue do — / gi(x — 61p)nwa(x) - Ve (x) doy
o0 Owe €1€2

for all € € ]0, €21]. Then we take a function 5 — &(n) from ]0, 1[ to |0, €*{[ and a function 7 + &(n)
from ]0, 1] to R? which satisfy (I.10) — (I.12). By Remarkwe have

(4.16)

/ go ng - Vue(n) do = 11777 + 81(77)82@7)[2,7, -+ 1377, -+ 51(77)]4777 “4.17)
o0

for all n €]0, 1] such that (e(n),d(n)) € ]0,&*[ x V), where
L, = /a g° ng - Vugdo + /8 g° ng - Vug [89,@1 [s(n),é(n)]] do,
Q Q

Iy = _/ 9°() na(x) - Vi [ nu(Y) - (V,G)(x,e1(n)p + e1(n)e2(n)Y) g'(Y) doy dox
o0N Ow

I, = /8 P00 T [ Glxer(mp+ e (n)ean)Y) Palelo). 8(n))(¥) dr dor

Ly = ®3[e(n),0(n)] / 9°(x) na(x) - Vi [ G(x,e1(n)p + e1(n)ea(n)Y) doy dox .
o0 Ow

By the Fubini’s theorem and by (2.1)) it follows that

by == [ g (V)n.)-9, ( [ 00 060 T (Glyx) dax> doy

y=e1(n)p+e1(n)e2(n)Y

13’":/aw s [e(n), 6(n)] (Y / g°(Ina(x) - Vi (Gler(np +e1(n)e2(n)Y,x)) dox doy,

Ly = 61(n) @ /a /a ) ) (V)1 (1)p + 1 (m)ea(n)Y) dox dory

and, by the definition of the double layer potential derived by G (cf. Definition [2.6) and by (2.2)), we
deduce that

Iy =~ /a 9" (Y)n,(Y) - Vw049, ¢°)(e1(n)p + £1(n)e2(n)Y) dovy
Isn = /8 ®a[e(n), 6(n)] (Y) wa[019Q, ¢°l(e1(n)p + e1(n)ea(n)Y) dov (4.18)

Ly = ®3]e(n), 6(n)] /6 weld+Q, ¢°) (1 (mp + e (n)ea(n)Y) dovy |

for all n €]0, 1 such that (e(n),d(n)) € ]0,&*[ x V.

Now we choose a specific domain w’ which satisfies the conditions in Theorem and which in
addition contains the boundary of w in its closure, namely such that dw C w’. Then, for such ', we
take €€ = &” with ¢’ as in Theorem[4.8] By and by a change of variable in the integral, we have

i(x—e1(n)p _ in. . , o
/&ue g (m)“wsw(x) - Vg (x) dox = /awg w VOy[en),é(n)]do,  (4.19)
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for all  €]0, 1] such that (e(n), §(n)) € ]0,&%[ x V.
Then we define

¢ (g, ) = / 9° nq - V(up + v[0+9Q, @1e, d]]) do,
o0
Cs(g,0) = —/ g (Y)n,(Y) - Vw049, ¢°|(e1p + £162Y) dov
Ow
&s(e.0)= [ Bale.3I(Y) wald . g7l(erp + 1Y) dov
Ow

C4(e, 8) = Dyle, O] /8 wal04Q, °)(e1p + £125Y) dovy

¢5(e,0) = _/a g n, - VU, e, o] do

and
¢E(e,0) = €1(e,0) +c162€2(e,0) + E3(g,0) + 61€4(e, 8) + E5(e,d) (4.20)

for all (e,8) €] — €%,e%[xVy. Now the validity (#.14) follows by @I6)-(@19). In addition, by
Theorems [.5] and by Lemma (which holds also for n = 2), and by a standard argument (see
in the proof of Proposition the study of £5), we can prove that the &;’s are real analytic from
] — €%,€%[xV) to R. Hence € is real analytic from | — €€, ¥[x V) to R.

To complete the proof we have to verify (4.15])). We begin by observing that ®;[0, (0, \)] = 0 by

Proposition 4.4 and Theorem Thus

€(0.(0.0) = [

¢° ng - Vug do _/ |Vug|? dx. (4.21)
o0 Q

By Lemma we have wg[019,¢°](0) = ¢°(0). Since ®2[0, (0, \)] belongs to C@i“(f)w), we
compute

€(0,(0.0) = 9°(0) | ©:(0, (0. 0] do = 0. (422)
Ow
Then, by (4.12)) and by the divergence theorem, we have
€4(0,(0,\)) = —/ g no - Vg do :/ Vool? dx. 4.23)
Ow R2\w
We conclude by @.20) — (4.23). |

Finally, in the following Theorem 4.10] we consider the total flux on 0f).

Theorem 4.10. Let the assumptions of Theorem hold. Then there exist €5 € |0,e*[ and a real
analytic function
F:]-¢€5,e5[x V=R

such that
/89 no - vue(n) do = 5(5(7’)7 6(77)) ’ vn E]Oa 773[
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where the latter equality holds for all functions n — &(n) from )0, 1] to |0, €[ which satisfy (I.10)
and (11 and with n — &(n) as in (L12), and for all n¥ €]0, 1] such that

(e(n),d(n)) €]0,€%[ x Vy, v €]0,7°5]. (4.24)

Furthermore,

§(0,(0,A)) =0.

Proof. Letn — €(n) from ]0, 1] to ]0,&*![ and i ~— §(n) from ]0, 1] to R? which satisfy (T.10) —
(1.12). Then by the divergence theorem we have

/ ng - Vus(n) do = / n,, - Vus(n) do
o2 Owe

for all 7 €]0, 1] such that ((n), d(n)) € ]0,e*[ x V). Then we take w’ which satisfies the conditions
in Theorem [4.8| and such that dw C «’. Then, for such «’, we take €5 = &” with €” as in Theorem
4.8l and we deduce that

[ na-Vuagydo = [ n - Vslelu). 800)) do
o0 Ow

for all ) €]0, 1] such that (e(n), 8(n)) € ]0,&5[ x V). Accordingly, we define
§(e,0) = / n, - VY, (e, 8] do, V(e,d) €] — €%, e[ x Vy.
Ow

Then the equality (4.24) holds true. By Theorem one deduces that § is real analytic from
] — €%,e5[ x V) to R. Finally, by @#.12)) we have

5(0,(0,))) = / ne - V0,0, (0, V)] do = / n. - Voo do
Ow Ow

and the latter integral vanishes because v is harmonic at infinity (see (1.17)). |

S Asymptotic behavior of 1. in dimension n = 2 for £, close to 0 and
E9 — 1

As noticed in the beginning of Section ] when studying singular perturbation problems in perfo-
rated domains in the two-dimensional plane one would expect to have some logarithmic terms in the
asymptotic formulas. Such logarithmic terms are generated by the specific behavior of the fundamen-
tal solution upon rescaling (cf. equality (.1])). However, for our problem there will be no logarithmic
term when €2 = 1 is fixed and we just consider the dependence upon €1. Indeed, for eo = 1, we have

log e1

Sa(e1p +€162X) = Sa(p + X) + o

and thus
G(e1p +e162X,e1p + €162Y) = S2(X = Y) — Sa(—2pae2 + (s(X) = Y))

for all e; > 0. Accordingly the rescaling of G gives rise to no logarithmic term.
Since we are dealing here with a one parameter problem, we find convenient to take ¢ = ¢,

ed=¢cd O = Qe) 1, We = Wey 1, and ue = u,, 1 foralle €] — g2d gad],
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5.1 Defining the operator 1
Lete €] — 24, ¢34, By Proposition 4.2 we can look for solutions of problem (T-2)) under the form
w09, Uepn, ] + va[092, ¢1] + va[dwe, d2] + va[dwe, 1] €

for suitable (41, ¢, &) € €V (IN) x ‘5;’&(8%) x R. We split the integral on 92, as the sum of
integrals on €2 and on dw., we add and subtract v5,[09, ng - Vug|a0] to obtain the new form

W[99, 9% — 15 (0% ng - Vugjan] — wf [dwe, g ()]
+v6[08, ¢1 + ng - Vugan] + va[0we, pa] + valOwe, 1] €.
Since ' ‘
ug = wg|08Y, g°] — v5[0Q, ng - Vugjaq] ,
we finally look for solutions of in the form

up(x) — 5/ n,(Y) - (VyG)(x,ep +€Y) g'(Y) doy + va [0, p1](x)
Ow (5.1)

+ G(x,ep+eY)ua(Y)doy +& | G(x,ep+¢€Y)doy, Vx € Q.
Ow Ow

for suitable (p,&) € # x R ensuring that the boundary conditions of (I.2)) are satisfied (here as in
Sectionwe take B = € (99) x ‘quf‘ (Ow)).

The (extension to . of the) harmonic function in (5.1) solves problem (T.2) if and only if the pair

(e, €) solves
Nle, 1, ¢l =0, (5.2)

with m[&‘, K, f] = (ml [57 K, 5]7 RIS [57 K, é]) defined by
RISH [5, K, f] (x) = Ug[aQ, Ml](x)

+ G(x,ep +€Y) ua(s) doy
Ow

+¢ | G(xep+eY)doy
Ow

— 6/8 n,(Y) - (VyG)(x,ep +€Y) ¢'(Y) dov, Vx € 044,
Nale, p, E(X) = vs, [0w, p2] (X)

-/ So(—2p2e2 +<(X) = Y) pa(Y) doy

+¢ : (S2(X=Y) — Sa(—2p2ez + <(X) —Y)) doy

+/ G(ep +eX,y) pu(y) doy
0,0

- /8 no(Y) - VSa(—2pses + < (X) — Y) g (Y) doy

9'X)
2

+ Up(ep + eX) — wg, [0w, g'|(X) — , VX € dw.
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Thus, it suffices to find a solution of (5.2)) to solve problem (1.2). Therefore, we now analyze the
behavior of the solutions of the system of integral equations (5.2).

5.2 Real analyticity of 91

In the following Proposition we state the real analyticity of 9. We omit the proof, which is a
straightforward modification of the proof of Propositions[3.1]and 4.3]

Proposition 5.1 (Real analyticity of 91). The map

| —e0,60[xZB xR — ¥120,0Q) x €1 (0w)
(e, m,8) = N, p, ¢

is real analytic.
In the sequel we set
W =wU (s(w) — 2p2es) .

Then @ is an open subset of R? of class €’1* with two connected components, w and s(w) — 2pzes,
and with boundary 0@ consisting of two connected components, dw and ds(w) — 2p2es. One can also
observe that @ is symmetric with respect to the horizontal axis R x {—p2}. Then, for all functions ¢
from dw to R, we denote by ¢ the extension of ¢ to dw defined by

o o(X) it X € dw,
X) = { —p(s(X) — 2paes) if X € A(s(w) — 2p2es) .

In particular, the symbol 1 will denote the function from 9% to R defined by

~on [ 1 ifX€E 0w,
1(X)_{_1 if X € 9((w) — 2p2e2) -

If & € N, then we denote by Cff % (0w) the subspace of 6 (dw) consisting of the functions 1) such
that ¢(X) = —(c(X) — 2pgey) for all X € d. The extensions ¢ belongs to %fd(o{(@cb) for all
¢ € €**(0w), in particular 1 € ‘Kokdg(&b). One can also prove that v, (0@, Y] 55 and ws, [0©, 0]55
belong to €5 (9@) for all ) € G5 (90) and 6 € €% (I@).

Then, by classical potential theory we have the following Lemma[5.2]

Lemma 5.2. The map from ‘K;’a(ﬁw) x R to %01 19(0w) which takes (., ) to
05,00, 1] |95 + £ v5,[00, 1] 55
is an isomorphism.

Proof. By Lemma the map which takes (u, &) to vs, [0W, j1]ja; + & is an isomorphism from
‘Ki’a(&b) xR to €'*(9). Then the map from €o;; (9) to €. (dw) which takes 11 to vs, [0, fi] 9
is an isomorphism. One concludes by observing that the map from %i’o‘ (Ow) xR to CKC? ’9(0w) which
takes (u, &) to fi + & 1 is an isomorphism. [ |
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5.3 Functional analytic representation theorems

As an intermediate step in the study of (5.2)) around ¢ = 0, we now analyze equation (5.2) at the
singular value € = 0.

Proposition 5.3. There exists a unique (pu*,&*) € % x R such that
N0, p*, =0

and we have

and

508, F5](X) + € 15,105, T0X) = —g°(0)100) + w03, 710%) + L0, vx e 0.

Proof. First of all, we observe that for all (i, &) € £ x R, we have

M0, . §](x) = va[09, ] (x),
No [07 K, g] (X) = Vs, [8w7 N2](X)

— SQ(—ngeg + C(X) — Y) ,LLQ(Y) day

Vx € 8+Q,

Ow
+£ ; (S2(X =Y) — Sa(—2paez +<(X) = Y)) doy
_ /8 no(Y) - VSa(—2pses + < (X) — Y) g (Y) doy
+47(0) — w0, g0 ~ L0, VX € O

By Theorem (ii), the unique function in %ﬂ?’a(@Q) such that v [0, 1] = 0 on 94 Q is pp = 0.
On the other hand, by a change of variable in integrals, one verifies that

Mol . €10X) = v, 065 o) )+ v, 95, () +9° OT(X) -, 05, 7100 - L0, K e .

Then, by Lemma there exists a unique pair (p2,§) € %i’a(&u) x R such that

Q.

/:
Pad

S~—

05,06, 2] (X) + € v, [0, T)(X) = —g°(O)T(X) + ws, [0, §)(X) + L2, X € o,

2

Now the statement is proved. |

The main result of this section is obtained by exploiting the implicit function theorem for real analytic
maps (see Deimling [17, Thm. 15.3]).

Theorem 5.4. Let (pu*,&*) be as in Proposition Then there exist 0 < £* < £, an open neigh-
borhood U* of (u*,£*) in  x R, and a real analytic map V = (¥, ¥y, U3) from | — e*,e*[ to U*
such that the set of zeros of Win | — *,&*[ x U* coincides with the graph of V.
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Proof. The partial differential of 9t with respect to (u, §) evaluated at (0, pu*, £*) is delivered by

a(y,,,f)ml [07 p‘*a 5*] (¢7 C) = UG[aQ7 ¢1]|B+Q )
a(ﬂvf)m2 [Oa T 5*](¢, Q)= VS, [8@7 ¢2]|8w + Cus, [6‘:}’ ﬂ\c’?w
for all (¢p,¢) € # x R. Then 9, N[0, u*,£*] is an isomorphism from % x R to ¥1%(9,0Q) x
ﬁ

%1%(Ow) thanks to Proposition and Lemma The conclusion is reached by the implicit
function theorem (see Deimling [17, Thm. 15.3]) and by Proposition [5.1] |

5.3.1 Macroscopic behavior

We first provide a representation of the solution ..

Remark 5.5 (Representation formula in the macroscopic variable). Let the assumptions of Theorem
5.4 hold. Then

ue (x) = up(x) — 5/8 n,(Y) - (VyG)(x,ep +€Y) g'(Y) doy + v [0, T4 [e]] (x)

+ G(x,ep+eY) Usle] doy + Y3le] G(x,ep+eY)doy,
Ow Ow

forallx € Q. and for all € € 10, £*].

As a consequence of Remark ue(x) can be written in terms of a converging power series of €
for € positive and small. A similar result holds for the restrictions u o where €)' is an open subset of

€2 such that 0 ¢ €. Namely, we are now in the position to prove Theorem 1.4

Proof of Theorem Let ¢, be as in Theorem Let ¢’ €]0,¢.] be such that (T.T8) holds true.
We define

e [e](x) = Up(x) — 5/8 n,(Y) - (VyG)(x,ep +€Y) g'(Y) doy + va (09, U1 [e]] (x)

+ G(x,ep +€Y) Uyle] doy + Y3le] G(x,ep+¢Y)doy,
Ow Ow

for all x € € and for all ¢ €] — ¢’,'[. Then, by Theorem 4.5 and by a standard argument (see the
study of £ in the proof of Proposition one verifies that I, is real analytic from | — &, &'[ to
€'1(€Y). The validity of (T.T9) follows by Remark[5.5|and the validity of (T.20) can be deduced by
Proposition by Theorem[5.4] and by a straightforward computation. |

5.3.2 Microscopic behavior

As we have done in Remarks and for € small, we now present a representation formula of
us(ep+¢-).
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Remark 5.6 (Representation formula in the microscopic variable). Let the assumptions of Theorem
hold. Then

ue(ep + eX) = uo(ep + eX) — w§, [Ow, g(X) — /a n,(Y) - VSy(—2paes 4+ <(X) = Y) ¢'(Y) doy

+ G(ep +eX,y) ¥i[e](y) doy
9,0

+ vg, [8&), \IIQ[EH(X) — : 52(—2]9282 + ((X) — Y) \IJQ[E] doy

+\113[5]/a (Sa(X = Y) — Sa(—2pses +<(X) = Y)) dov,

forall X € R%\ w and for all ¢ € )0, &*[ such that ep + eX € Q..
We now show that u.(ep + ¢ - ) can be expressed as a real analytic map of ¢ for £ small.

Theorem 5.7. Let the assumptions of Theorem hold. Let &' be an open bounded subset of R? \ w.
Let €' €]0,&*[ be such that

(ep +ew’) C B(0,71), Vee]—¢, €.
Then there exists a real analytic map . from ] — &', '[ to €1 (V) such that

us(ep+e-) 7 = Bulel, Ve €]0,€'[. (5.3)
Moreover we have
ij/ {O] = U*‘J + 90(0)7 (54)

where v, € ‘ghljca (R2\ @) is the unique solution of

Av, =0 inR?\ @,
ve =g — g°(0) on 0@,
limx 00 v4(X) = 0.

Proof. We define
B [e](X) = Up(ep + eX) — w§, [0w, g'](X) — / n,,(Y) - VSa(—2p2es +(X) — Y) ¢'(Y) doy
Ow

+ G(ep +eX,y) Ui[e](y) doy
9.9

+ vg, [Ow, Uale]](X) — g Sa(—2paes + ¢(X) —Y) Uale] doy

+ Use] /a (S2(X =Y) — Sa(—2pees + <(X) = Y)) doy

for all X € ' and for all & €] — &’,¢'[. Then, one verifies that 2, is real analytic from | — ¢, &’[
to €1 (w’) by Proposition , by Theorem and by a standard argument (see in the proof of
Proposition [3.1] the argument used to study £7). Relation (5.3) follows by Remark [5.6]
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Now, by a change of variables in the integrals and by Proposition one verifies that
Do [0)(X) = ¢°(0) — w§, (02, §')(X) + vs, [0@, W2[0])(X) + W5[0]vs, [0, 1](X), (5.5)

for all X € w’. The right hand side of (5.5) equals ¢g' on dw by Proposition and by the jump
properties of the double layer potential. Then, the (harmonic) function

0, (X) = —w§,[0@, §'(X) + vs, [0@, T2[0]](X) + T3[0)vs, [0@, 1](X), VX eR*\& (5.6)
equals ' — §°(0) on O&. By the decaying properties at oo of the single and double layer potentials,

limyx 00 v4(X) exists and is finite. Since v4(X) = —v.(s(X) — 2paez), limx_,o0 v+(X) = 0. Now,
(5.4) holds by the uniqueness of the solution of the exterior Dirichlet problem. |

Remark 5.8. If we take w,(X) = v.(X — p) 4+ ¢°(0) for all X € R2.\ (p + w), then
U, [0](X = p) = wi(X), vXep+w

. . o ola e
and w, is the unique solution in 6, (R% \ (p + w)) of (T:23).

5.3.3 Energy integral

In Theorem here below we turn to consider the energy integral / |Vu, |2 dx for € close to 0.

5

Theorem 5.9. Let the assumptions of Theorem hold. Then there exist 0 < ¢ < &* and a real
analytic map

¢:]—c% e[ =R
such that
/ [Vu.|? dx = €(e), Ve e]0,e%]. (5.7)
Furthermore, )
¢(0) = / V|2 dx + / Vo, ? dx. 5.8)
Q 2 Jr2\o

Proof. We take w’ as in Theoremwhich in addition satisfies the condition Ow C w’. Then we set
£® = ¢” with &’ as in Theorem[5.7land we define

¢i(e) = /89 g° ng - V(ug + vg[0+Q, U4 [e]]) do,
E(e) =— /3 g (Y)n,(Y) - Vwg[0:Q, ¢°](ep + €Y) doy ,
Cs(c) = /a (Wl (V) + Usle]) w4, %] (ep + £Y) doy |

Cae) = — / g N - VO[] do
ow
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and
E(e) = €1(e) + e€a(e) + E3(e) + C4(e), Ve €] — €%, €% (5.9)

By Theorems [5.4]and[5.7] by Lemma3.8] and by a standard argument (see in the proof of Proposition
the study of £5), one verifies that the functions €;’s and & are real analytic from | — 56, se[ to R.
Using the definition of w[01€2, g°] and by the Fubini’s theorem, one gets

E(e) = — /m 9°(x) nq(x) - Vi </a n,(Y) - (VyG)(x,ep +eY)g'(Y) day> doy
and

Es(e) = /(99 9°(X) no(x) - Vi < g G(x,ep +€Y)Uale](Y) d0y> doy

+ /8(2 g°(x) ng(x) - Vy (‘1’3[5] G(x,ep+¢€Y) day) doy

Ow

for all £ €]0, £%[. Then, (5.7)) follows by the divergence theorem, by Remark , and by Theorem
(see also the proofs of Theorems [3.9]and [4.9] where an analog argument is presented in full details).
To prove (5.8), we observe that ¥ [0] = 0 by Proposition and Theorem Thus

€1(0) = / g° ng - Vugdo = / |Vug|? dx. (5.10)
[2/9] Q
By Lemma w0+, ¢°](0) = ¢°(0). Since V3[0] € ‘5#0‘ (Ow), we compute

€5(0) = ¢°(0) W30] /8 do . 5.11)

Then, we have
/ n, - Vo, do = —/ n, - Vwg, [0@, §'] do +/ n, - Vg, [0w, Wo[0] + ¥3[0]] do
Ow Ow Ow

:/awnw.vwg[aw,gi]da+/aw (W2(0]) + F3[0)) dor = w50 /aw do

where we have used successively (5.6), the jump properties of the (classical) single and double layer
potentials, the divergence theorem, and W¥5[0] € ‘@;’a(&u). Using (5.4) and the equality v, (X) =
—0,(5(X) — 2paez) which holds for all X € R? \ @, we have

€4(0) :—/8 (4 — ¢°(0)) nw-Vv*da—go(O)/ n, - Vo, do

Ow
1
= —/ Vs NG - Vu, do — gO(O)/ n, - Vo, do (5.12)
2 Jow ow
1
— / [Vo.|* dx — g°(0) T5[0] / do .
2 Jr2\ ow
thanks to the divergence theorem. Relation follows by - (5.12). |
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Remark 5.10. If we take w, as in Remark[5.8| then

e(o):/ |vuo\2dx+/ IVw,|? dx.
Q RZ \ (p+w)

Finally, we consider in the following Theorem the total flux on 0€2. The proof of Theo-
rem can be deduced by a straightforward modification of the proof of Theorem and it is
accordingly omitted.

Theorem 5.11. Let the assumptions of Theorem hold. Then there exist €5 €]0,e*[ and a real
analytic function
F:]-¢5,5[ =R

such that
/ ng - Vu. do = §(e), Ve €10,5].
o0

Furthermore,

6 Conclusions

In this paper, we have studied the asymptotic behavior of the solution to the Dirichlet problem in a
bounded domain in R™ with a small hole that approaches the boundary. We have shown that this
behavior depends on the space dimension n: if n > 3, the solution exhibits real-analytic dependency
on the perturbation parameters; if n = 2, logarithmic behavior may occur. Additionally, in the two-
dimensional case we highlight two different regimes. In one, the hole approaches the outer boundary
while shrinking at a faster rate; in the other, the shrinking rate and the rate of approach to the boundary
are comparable. For these two different regimes, the energy integral and the total flux on the outer
boundary have different limiting values. Intuitively, we may say that when the hole shrinks sufficiently
fast in two-dimensional space, the shrinking effect dominates the effect of its vicinity to the outer
boundary.

The method used for our analysis is based on potential theory constructed with the Dirichlet
Green’s function in the upper half space. Our results allow us to justify the representation of the
solutions and related functionals as convergent power series, which is usually difficult to achieve with
standard asymptotic analysis. We intend to compute such power series expansions in future publica-
tions. To that end, we can exploit the integral representation of the solution and deduce the coefficients
of the series by solving recursive systems of boundary integral equations (as in Dalla Riva, Musolino,
and Rogosin [15]) or we can resort to an approximation method of asymptotic analysis, such as the
multiple scale expansions method (cf. Bonnaillie-Noé&l, Dambrine, Tordeux, and Vial [6]), with the
advantage that now we just need to identify the terms of the asymptotic expansion, the convergence
being a consequence of the results of the present paper. We also plan to extend the analysis of per-
turbation problems in domains with a small hole close to the boundary to other differential operators
and boundary conditions. We remark that the functional analytic approach developed in this paper
within the framework of Schauder spaces can be extended to a Sobolev space setting under Lipschitz
regularity assumptions on the domains. A first step in this direction has already been completed in
Costabel, Dalla Riva, Dauge, and Musolino [10].
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A Decay properties of the Green’s function and the associated single-
layer potential

In the following Lemma [A.T| we present a result concerning the Green’s function G which allows us
to study the behavior of v [0€2, ¢] at infinity.

Lemma A.1. Letn € N\ {0,1}. Let d = 2sup,cq |y|- Then the function

(R"\ B(0,d) xQ — R
(xy) = X"1G(xy)

is bounded.

Proof. We observe that, for all (x,y) € (R™\ B(0,d)) x 2, we have

n—1 n—1
= y[P =160 = y? =D (25— 4)* + @0 — yn)? = D (5 — 4;)? = (@n + yn)® = — 420y,
j=1 i=1

Let us first consider n = 2. By exploiting the inequality [x| > 2[y|, we calculate that for any (x,y) €
(R™\ B(0,d)) x €,

1 1
(Gxy)| = 5 [log|x = y| —log[s(x) = yl| = .~ |log [x — y|* — log [s(x) — y/?|

<1 1 [Ix —y[* = [s(x) —y|*| < L 727
~ 47 min{|x — y|?, [s(x) — y|?} = mmin{jx —y[2, [¢(x) — y[2}
Lo x[lyl 1 ly| 1 _d4yl1 _2d1

< < —

T X T

m (X =IyD? (1= yl/Ix)? ]

To prove the statement for n > 3 we observe that

1
G - - _ yl2—m _ yl2—n
IG(x,y)] (n_z)sn\lx yl s(x) —y[*~"|
J— < -
(n—2)sn [x — ] |s(x) — ymx—ywc Z'X 0~y o X[

forall (x,y) € (R™\ B(0,d)) x Q. Hence [x|" 1 |G(x,y)| < 2"d/s,, forall (x,y) € (R*\B(0,d)) xQ
and for allm € N\ {0, 1}. |

Then, by Lemma [A.T| one readily deduces the validity of the following.

Lemma A.2. Letn € N\{0,1}. Let ¢ € €%(00N). Then the function which takes x € R™\ (QUc(12))
to |x|" "L vg[09, ¢)(x) is bounded. In particular, v; [0, ¢| is harmonic at infinity.
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B An extension result

In this Appendix we prove Proposition We find convenient to set B1(0,7) = B(0,r) N R’}
and B~(0,7) = B(0,r) \ B¥(0,r) for all » > 0. Then, possibly shrinking ry we can assume that
B*(0,79) C Q. By assumption and by a standard argument based on the Cauchy-Kovalevskaya
Theorem we shows the validity of the following

Lemma B.1. Lern € N\ {0,1}. There exist r1 €]0, 0] and a function H from B(0, 1) to R such

that AH = 0 in B(0,r1) and H‘ BN = g\()iB(O,rl)maoﬂ'

Proof. By the Cauchy-Kovalevskaya Theorem there exists 1 €]0, 7], a function H from B*(0,r1)
to R, and a function H~ from B~(0, 1) to R, such that

+_in RE + _ o + _
AH™ =0inB"(0, 1), H amnaon = IEGrDnaoe 4 0o g g = 0

S " o, "
AH™ =0inB~(0,r1), Hmos o o = 9iwmmnaee 204 e gm0 =

We now define
H*(x) ifxe B+(0,7)
H(x) = -~ 2
() { H(x) ifxeB(0,r),

for all x € B(0,r1). Note that H is well defined and H (x) = ¢g°(x) for x € B(0,71) N Jp2. Then one
observes that

/ HAgodx:/ H+Ag0dx+/ H™ Apdx
B(0,r1) Bt(0,r1) B—(0,r1)
:_/ H+8mn<pda+/ H™ 0, pdo
B(O,Tl)ﬁaoﬂ B(O,T‘l)ﬂaoﬂ

+/ (8mnH+)g0da—/ (Op, H ) pdo =0
B(0,71)NAp 2 B(0,71)NA0 2

for all test functions ¢ € C2°(B(0,71)). Hence the lemma is proved. n

We are now ready to prove Proposition [I.T]

Proof of Proposition Let H be as in Lemma Let VT = U EF01) H|B+(0 et Then

we have AVt = 0in BY(0,7)and VI ____ = (. Then we define V'~ (x) = —V T (¢(x)) for all
|B(0,r1)N2

x € B=(0, 7“1) Then one verifies that AV~ = 0in B7(0,71) and V_ = 0. In addition we

|B(0 7'1)0309

have 0.

__ . Then we set
Tn \B(O 71)NBQ = O, V|B(o,r1)maoﬂ

V*t(x) ifxe B+0,r),

Vix) = { V=(x) ifxe B=(0,m),
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for all x € B(0,r1). Hence we compute

/ VAgpdx:/ V+Ag0dx—|—/ V™ Apdx
B(O,’r‘l) B+ (U,’r‘l) B~ (0,7“1)

= — V+8xng0da+/ V=0, pdo
B(0,71)NA 2 B(0,71)NAp 2

+/ (8%V+)g0da—/ (02, V7 )pdo =0
B(0,r1)Np2 B(0,r1)Np Q2

for all test functions ¢ € C2°(B(0,r1)). So that AV = 0in B(0,r;). Finally we take Uy = V + H
and we readily verify that the statement of Proposition [[.T]is verified (see also Lemma [B.T). |
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