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ACCELERATION OF SADDLE-POINT METHODS
IN SMOOTH CASES

Pauline TaAN, CMAP, Ecole polytechnique, Palaiseau

1 Introduction

1.1 Context

The Alternating Direction Methods of Multipliers (ADMM) is a widely-used method
aimed at minimizing constrained problems of form

i h(z). 1
(w,;%%ng(x) + h(z) (1)
Ax+Bz=c

The objective function is separable in (x,z) with g : X — RU {400} and h : Z —
RU{+00} two closed convex functions. The constraint involves two linear operators A :
X Y and B: Z — Y and a constant ¢ € Y. In this work, X, Z, and Y are finite-
dimensional real Hilbert spaces. The ADMM was initially introduced in the mid-70’s by
GABAY-MERCIER [9] and by GLOWINSKI-MARROCCO [10]. It considers the augmented
Lagrangian associated to problem (1)

1

for 7 > 0 which leads to solve the saddle-point problem

min  sup L.(x,z;y) (3)
(,2)EXXZ yeY

instead of the initial problem. One particular instance of these so-called augmented La-
grangian methods uses UzAWA’s method to solve (3). Namely, the method of multipliers
tackles this problem by alternating an exact minimization on the primal variable (z, z)
and a gradient ascent step on the dual variable y. In such a method, the minimization
step couples the primal variables. To decouple them, one may consider splitting this step
into two partial minimizations, one over x and another over z. These two minimization
can be done simultaneously, from the same initial points, or, in the case of the ADMM,
one after the other, with an update in between. This leads to the following algorithm

Tn1 = argmin L, ({177 Zn; yn)
zeX

Zn+1 = argmin L'r (anrlv Z; yn) (4)
zeY

1
Yn+1 = Y+~ (AZpi1 — 2n41)-

This method can be proved to be linked to another famous algorithm, which is
known as the Primal-Dual Hybrid Gradient (PDHG) method [18]. The PDHG method
tackles saddle-point problems by alternating gradient descent steps and gradient ascent
steps. Such problems arise while considering a primal-dual formulation of a convex
minimization problem, in a splitting strategy for instance. A noteworthy feature of
the PDHG method is that it can be accelerated thanks to an over-relaxation step a la
NESTEROV [13] on one of the variables [17, 3, 8, 4].



The ADMM has been intensively studied in the past years. One may see for instance
a comprehensive review in [2]. The key point is the convergence of the algorithm and
its convergence rate. Under assumptions on the matrix ranks and / or the regularity
of the objective functions g and h, linear rates can be achieved [12]. Eventually, some
accelerated variants of the ADMM have been proposed [7, 6].

As a recent developpement, we should mention [11], which also studied the conver-
gence of the PDHG method and derived optimal step size choice, when only one function
assumed to be strongly convex.

1.2 Contribution of this paper

In this paper, we provide a new analysis of the ADMM based on the equivalence between
the ADMM and the accelerated PDHG method. More specifically, we use the analysis
to derive convergence rate for the ADMM in a case we refer to be smooth. We indeed
made restrictive assumptions on the initial problem (1), which implies that we consider
the following particular instance of (1):

(Ivzr)rgng(w) + h(z). (5)
Ax=z

which may be rewritten as the unconstrained composite problem

min g(x) + h(Ax) (6)
with regularity assumptions on g, which is supposed to be strongly convex, and h, which
has a Lipschitz gradient. We first establish new linear ergodic convergence rates of the
accelerated PDHG by generalizing the proof of [citer|. This leads to a linear rate for the
ADMM under these assumptions. Then, we introduce a slight variant of the ADMM
which leads to a better rate, by relaxing the choice of the parameters in the convergence
proof of the PDHG method.

The reason why we only consider the case B = —Id and ¢ = 0 is that, otherwise,
as the map y — h*(B*y) will be supposed to be strongly convex, this implies that V f
is Lipschitz continuous and that B is invertible. Such conditions are artificial when B
is not —Id. However, the interested reader will easily extend our result to this case.
Moreover, problems of standard form (6) often arise in many contexts, and thus can
justify a special study by themselves.

1.3 Structure of the paper

This paper is organized as follows. In Section 2, we recall the equivalence between the
ADMM and the PDHG method. We also define what we call the smooth case, which is
the case we will consider throughout this paper. In Section 3, we establish two linear
convergence results for the accelerated PDHG, and we provide the best parameter choice
in the case where the overrelaxation parameter is fixed to be 1 or left unconstrained. In
Section 4, we exploit the equivalence between the ADMM and the PDHG to derive from
the results of Section 3 new linear convergence rate for the ADMM. We also propose
a slight variant of the ADMM, which leads in the best case to the same convergence
rate as the accelerated PDHG method. In Section 5, we compare our results with
some found in the literature for the classical ADMM or variants, in the case where the
assumptions made on the problem yield a linear convergence rate. Those assumptions
do not necessary include the smooth case studied here. Eventually, in Section 6, we
applied our accelerated ADMM on two problems, and compared its convergent with the
unaccelerated ADMM, the accelerated PDHG and BECK and TEBOULLE’s FISTA [1].



2 Equivalence between the ADMM and the acceler-
ated PDHG

2.1 Initial primal problem

Let X and Y be two finite-dimensional real Hilbert spaces. The inner product is denoted
by (-, -) and ||-|| stands for the induced norm. We recall that we consider the minimization
problem

min { /(z) = g(2) + h(Az)} (7)

where g : X - RU{+oc0} and h : Y — R U {+oc0} are proper, convex, and lower
semi-continuous (l.s.c.) functions. The map A : X — Y is a continuous linear operator.
Its adjoint is denoted by A* and it is supposed to be bounded, of norm L 4

La:=|Al= sup [Az]. (8)
zeX,|z)<1

2.2 Equivalence with PDHG

Let us briefly recall how the ADMM is connected to the (accelerated) PDHG algorithm.
Let us rewrite the ADMM iterations (4). Ignoring the constant terms in the minimization
steps, we obtain

1
Tpy1 = argmin {g(w) + (Az,yn) + >r ||Az — Zn||2}

reX
. 1 2
s = angmin  h(z) — (2, 90) + 5 | Aznss — 2| o)
2€X T

1
Yn+1 = Yn + ; (Axn+1 - Zn+1)~
Defining &, +1 := Az, 41 and introducing the map

94O == _inf __g(x) (10)

we can make a change of variable in the z-update and rewrite the updates of z,41
and y,4+1 thanks to proximity operators. This yields
§n+1 = Prox.g, (fn - T?jn)

Yn+1 = proxh*/T(yn + €n+1/7—) (11)

gn-‘rl = Yn+1 + (yn+1 - yn)

and the z-update is given by z,4+1 = &u41 — 7 (Yne1 — Yn)- This primal-dual algorithm
has been studied in [3]. It can be interpreted as an accelerated PDHG algorithm with
an additional over-relaxation step (of parameter 1) on the dual variable. It solves the
saddle-point problem

min sup {gA(E)+<§7y> —h*(y)} (12)
EeX yey
which is of general form
min sup {E(f;y) =G(&) + (K&, y) —H*(y)} (13)
(eX yey

with K =1d, G = g4 and H = h. Note that (13) is the primal-dual formulation of the
minimization problem

min {G(g) + H(Kg)}. (14)

feX



2.3 Smooth case

From now on, we consider the smooth case. In the initial primal problem (7), the func-
tions g and h* are both supposed to be strongly convex, with respective parameter v > 0
and ¢ > 0. We recall that a function f: X — R U {400} is strongly convex of parame-
ter a > 0 (f is also said to be a-convex) if for any 1,22 € X and p € 0f (1)

J(@2) 2 f(@) + (powa = a) + 5 oz — 1 (15)

where 0f(z1) denotes the subdifferential of f at point 1. One can easily check that if f
is a-convex, then its convex conjugate f* is differentiable, with a Lipschitz continuous
gradient, of constant 1/c.

The assumptions made above obviously that the map = + h(Az) has an (L% /6)-
Lipschitz gradient Moreover, it is easy to show that G* is differentiable and that VG*
is Lipschitz continuous with constant L124 /7, which follows from

galy+1) =g (A (y+1) = g7 (A"y) + (Vg™ (A7y), A™t) + o( [ A"¢])) (16)

since g is v-convex. Hence, G is v/L%-convex. Let 4 = ~/L% and § = 4.

We define kf := L% /d/7 the condition number of f as the ratio between L? /4§ the
Lipschitz constant of the smooth part h(K-) and v the strong convexity parameter of
the non-smooth part g. In the case where f is both smooth with V f lipschitz continuous
and strongly convex, this definition recovers the one usually used in such cases and the
condition number is always larger than 1. In the general case, it can be less than 1.
When &y is large, the function is said ill-conditioned.

2.4 Forward-backward splitting

If h is differentiable, it is possible to consider a forward-backward splitting (FBS) strategy
to solve problem (7). The FBS applied on the sum f = g+ h(A-) gives updates of form

Tp+1 = Prox,, (zn — T A* Vh(Azy)). (17)

Hence, choosing to use the FBS instead of the ADMM or the PDHG method suggests
that Vh is supposed to be easier to compute than prox,,.

A variant of the FBS is FISTA [1], which adds an extra overrelaxation step. It can
be adapted to solve for strongly convex problems following [14], see [5, Appendix B] for
details. In other terms, the updates (17) are replaced by

Tpi1 = Prox,, (a?n —TA* Vh(A;En)) (18)
Tpt1l = Tpy1 + 9n+1 (anrl - mn)
where the variable overrelaxation parameter 6,, is chosen in the strongly convex case by
letting

1—qt2 + /(1 —qt,2)? +4t,>
2

lny1 = (19)

for ¢ = 7v/(1 + 77) for 7 € (0,6/L?]. Then,

t, —1

Gn = (1+T’y(17tn+1)) n o .

(20)

In the non-strongly convex case (y = § = 0), the quantity ¢ is null, and the resulting
updates of t,, and 6,, are those in the original paper of BECK and TEBOULLE. When g



is assumed to be strongly convex and h(A-) has a L? /-LiPSCHITZ gradient, the con-
vergence rate for the objective error of this algorithm has been proved to be linear. In
the case where ¢ (and thus, #) is chosen to be constant

1 1
fh=t=— and O, =0=(1— g)? 17

Vi

then the convergence rate is equal to 1 — /g [5, Remark B.2]. This rate is minimal
when 7 is maximal and equals

§v/L% 1
“ \ 1+ 0v/L2 ky+1 (22)

Note that, in the case where g is y-convex then this is also the case for f. Hence, the
optimality condition on z* coupled with the strong convexity inequality recalled in (15)
yields

1—7v (21)

F@n) = 1) 2 5 llan = " (23)

that is, a linear convergence for the objective error implies a linear convergence of at
least same rate for the convergence of the primal iterate z,.

3 Convergence of PDHG in the smooth case

In this section, we establish the general convergence proof of the following algorithm
Ynt+1 = ProX, g« (Yn + 0 Kgn)
§n+1 = ProX, g (fn - TK*Z/nH) (24)

gn-l—l = fn-‘rl +0 (fn-&-l - fn)

which aims at solving problem (13), in the general case where K : Z — Y is bounded of
norm Ly, G : Z — RU {400} is -convex and H* : Y — RU {+oc} is 0-convex. The
step sizes 7,0 > 0 and the relaxation parameter 0 < 6 < 1 are to be specified.

When ¢ = 0, this algorithm is known as the PDHG method [18]. It consists in
a proximal gradient ascent step for the dual variable, followed by a proximal gradient
descent step for the primal variable. The over-relaxation step has been added in [17]
for minimizing the MUMFORD-SHAH functional, and studied in a wider framework in [8]
and more recently in [4]. The case § = 1 and 70 = 1 corresponds to the equivalence with
the ADMM, as recalled in the previous section. When 8 = 1 and 70 # 1, the iterations
are equivalent to the ADMM with an additional proximal term [3], which leads to a
preconditioned version of the ADMM [8].

Now we can formulate our main result.

Theorem 1 Assume problem (13) has a solution, which is a saddle-point of L, de-
noted by (§*,y*). Choose 7 >0, 0 >0 and 0 < § < 1 such that

1 1 1
max{ —— ——— $ << (25)
™7+ 1 g6+ 1 LiTo

Then, for any w such that

1 1
max{~,9~+} <w<4o (26)
TV +1 66 +2



we have the following majoration for any N € N and any (,y) € Z x Y

1
05 o lléw — €l + (1~ wiro) o llyw — ulP?

X

TL

fm ) ﬁ(fvyn)) (27)

N N
w w
< —— 1€ — &7 + —= llyo — yl?
2T 20

where (§n,Yn)n are generated by Algorithm (24). Hence, if we define

N N
=3 p (28)
and let N N
By = Tan_lwnllfn and Yy = Tan_lwnlly"' (29)
Then we have the following bound for any (§,y) € Z x Y :
0 < s 57 16 = &P + Sy (1~ o) oy —
+L(EN;y) — L(§YN) (30)

1 1 9 9
T 5 1€ —&oll + U||Z/—y0||-

This theorem provides a linear ergodic convergence rate, i.e. for the sequences (Ey)
and (Yx). This rate can be compared with [14], and will proved to be better with
optimal parameters. Also note that no assumption is made about the rank of the linear
operator K. Equation (30) can be applied to £ = & and y = y*, which yields a
nonergodic linear convergence rate for the variable convergence (see subsection 3.1.3).
The objective error can be measured thanks to the partial primal-dual gap:

OB,xBy (5;Y) := sup L(Z;y) — inf L(§Y) (31)
yEBy £€Bz

for Bz x By an bounded open subset of Z x Y which contains (£*,y*). The partial gap
is nonnegative and expected to be zero iff (2,Y) is a saddle-point of £. Of course, this
implies that Bz and By can be estimated.

A similar result may be found in [3], but the rate we provide here is better, since no
restrictive assumptions are made on the parameters values, unless necessary.

3.1 Proof of convergence

We proceed analogously to the proof in [3], but we do not specify any parameter unless
needed. For now, we only assume that 0 < 6 < 1.



3.1.1 Preliminaries

Let us define the general updates by setting for any (£,€) € Z% and (§,7) € Y?

§ = prox, - (§ + 0 K¢)
(32)
= pr

€ : OXTG(giTK*g)'
In other terms, y and g are the output of an iteration, and are respectively computed
from initial points (g,£) and (g,&). These points are related by first-order optimality

conditions. For instance, the point é is defined as the solution of a minimization problem

. 1
é=arguin{ L6 - 755 - 612 + 60} (53)
ez T
so, by optimality, we obtain
1, = R
—S(E-H-K'je0G(E). (34

Similarly, the definition of g yields

1. ~ R

— (-9 + K€ OF (). (35)
Using the definition of strong convexity recalled in (15), we get (after expanding the

scalar products)

1 - - )y 1 - = 1 A 5 -
G(O) + 5= E~EI? > GE) +(KE—8), )+ 5= 16~ &7+ - e~ &1+ L e~ 1 (36)
N 1 5
() + 5 =317 > H* ()~ (K& §—9)+5 19—+ 5 ly—3I7+ 5 ly—all%. (37)

Now, summing (36) and (37), we have after rearrangement

. 1 R . 1. .
N 0) < a2 A2 _ A2
L(&y) = L&) < 5o €= <] 5 1€ =&l7 = - € =<l
1 o Lt od a2 Lo e (38)
+5. ly — 7l 5 ly — 9l 5 g — 9l

+(K(E=8),0—9) —(K(-¢),0—y).

3.1.2 First inequality

Let us now prove the following lemma:

Lemma 1 Let (&,,yn)n be generated by Algorithm (24). Then, for any n € N,
7,0 >0 and 0 < w < 0, we have

L) ~ £ 90) < - I~ Eall> + 5 ly = 90l

1/1 s 1 ,
-5 (F -6l + - Iy = smsal?)

1 , 1 ,
+W§||fn—1 &nll gﬂfn Entall

+w <K(§n—1 - gn)vy - yn> - <K(£n - §n+1)7y - yn+1>'



Proof. We specify the six variables in (38), by choosing on one hand

=1, €=&, and =& +0(& — &) (40)

for 1 > 6 > 0 not specified yet, and

Y="Yn+1, Y ="Yn, and y= Yn41 (41)

on the other hand, which leads to the iterations in (24). After a simplification, we get

1 1
£(§n+1§y) - ﬁ(&yn-ﬁ-l) < by H§ - fn”Q + 5= ”y - yn||2
T 20

1406 I ”2
% Y = Yn+1 (42)

1 1
- Py ”gn - §n+1||2 - % ”yn - yn+1||2

1+77

— 27
o7 1€ = &ntall

+0 <K(§n—1 - gn)a Yy— yn-‘rl) - <K(£n - §n+1)7 Y- yn+1>'
Now, we define 79 = ¢ > 0 and ob = u' > 0. For any n € N, we set
1 1
An = 1€ =&l + o= lly — yall (43)
2T 20
Hence, we can rewrite (42) with A,,, which yields
1 s 1 9
L(En+13y) = L& Yn+1) < An = (14 10) Angr = o 16n = Eniall” = o My = Y]

+ ¢ <K(€n71 - gn)vy - yn+1> - <K<§n - §n+1)>y - yn+1>

p—p
* 20

Y = Yot |-
(44)

Let us bound the scalar products in (44). For any 0 < w < 6, we have the decomposition
O (K (&n—1 =&)Y — Yns1) =w (K(&n-1 = &), Y — Yn)
+w (K (En—1 = &n)s Yn — Ynt1) (45)
+(0 —w) (K(En-1 = &n), ¥ = Ynt1)-
Let us have a closer look at the last two terms. Let a > 0. Since w > 0, we have
W (K (-1 = &n)sYn — Unt1) S w Lk [[€n—1 = &all - lyn — Ynall

a 1 (46)
< L o n—1"6n 2 a n — Yn 2 .
<wLic (5160t~ 6l + o lon s ?)
Similarly, since § —w > 0,

(6= ) K (61 = 60— o) £ O =) i (G hua = &alP + 51 I = s ).
(a7



After simplification, the majoration (44) becomes, thanks to inequalities (46) and (47),
L(Ent15Y) = L(E Ynt1) < Ap = (1+ 1) Appg

1
+ GLK ||€n 1= anQ - E ||£n - §n+1||2

wlL
+( K—) 19 — o |2 (48)

2a
w <K(§n—1 - §n)7y - yn> - <K(§n - §n+1)a Yy — yn+1>

0—w)L w—p
b (Ymwte ly = yns1 1%
2 20

Choose o = wLgo. Hence, we have wLy/a = 1/0, so that the ||y, — yni1* term
cancels. This leads to:

L(Enr15y) — L Yny1) S Ay — (14 p) Appr

L3 10
+w K ||€n 17€n|‘27*”€n §n+1||2
(49)
w <K(§n71 - fn)oy - yn> - <K(€n - §n+1)ﬂy - yn+1>
0—w N 1 9
+——+u—p") 5=y = ynsall”
w 20
Since 1 + p=1/w+ 14 p — 1/w, we have
) Anir =~ Anat (= == 1) (G 6= &uall + 5 Iy~ vara ) (50)
1% n+1 — n+1 1% 2 n+1 2% Yy Yn+1

so the right-hand side of (49) becomes

HLKTU

1 1
An - An—H +w— ||§n £n—1H2 5 ”fn - §n+1||2
w 2T

w <K(£n71 - gn)ay - yn> - <K(£n - £n+1)ay - yn+1>
1 1 1
(o) g el + (TS24 - =) ol vl
61

It is now time to set conditions on w, #, 7 and o. First, choose 6, 7 and o so
that L% 70 < 1. Then, choose 6 so that both 1/w —p—1 and (§ —w)/w+1/w—pu' —1
are nonpositive, which implies that

1 0+1
p4+1-"" o+ 2

<w<é. (52)
Then we can bound (51) by

1 1
An -—A n+1 JFW ||§n 1 571”2 5 ||§n - fn+1||2
w 2T (53)

w <K(£n71 - Sn%y - yn> - <K(§n - §n+1)7y - yn+1>'



Eventually, back to (49) we get the wanted inequality

1
L(Enr15y) — L Yny1) < Ay — " Ant1

1 , 1 )
w E Hgnfl - gnH - Z ||§n - €n+1||

WK1 —6n),¥ —Yn) — (K(n —&nt1),Y — Ynsr). B
(54)
3.1.3 Linear convergence of the iterates

Multiplying (54) by 1/w™ and summing between n = 0 and n = N —1 (choose ¢~ = ¢Y)
cancels most of the terms:

1 1
2.0 L(Ensy) — L(Eyn)) < Ap — v Ay — N T én-1 — NP 55)
~ e (K (v — €n)y — ).

Once again, we bound the scalar product: let g > 0,

L
- o (Ko~ € =) < 25 (5 Newer = 6wlP + 55 o= ulP) 59

and inequality (55) becomes

1 Lif 1
£nin) — £l vn) ng—wNAm(%f;l - 5o ) e = P
n:l
Ly 9
N1 125 lyn = yl”.
657)

Now choose 8 = 1/(LgT), which cancels the ||£x_1 — x| term, and we get

1 Li710 1 9
L(Ensy) — ﬁ(ﬁ,yn)) SAO—WAN+W%||?J_?JN” : (58)

Replacing Ag and A,, by their respective definition, we obtain

3 o (Elenin) - c<5;yn>)siTHg—gonu%ny—yow
6~ &l = = (1~ wTiro)5 - lly — .
(59)

wNQ

Since wL? 70 < L% 70 <1 and L(&,;y) — L(&;y,) > 0 for any n € N, we have

O<*IIS Enll® + (1—wL§<TU)*Hy yn|® L(&ny) — L(Eyn))

OJ
< o 1€ = &ll? + o Hy yoll>.
(60)

10



The latter inequality proves the linear convergence of the iterates:

Corollary 1 Assume problem (13) has a solution, which is a saddle-point of L, de-
noted by (£°,y"). Let (&, yn)n be generated by Algorithm (24). Suppose there exist T,
o, 0 and w satisfying both conditions (25) and (26). Then, for any N € N, we have

le* = enl® < w™ (I1E" = &l + = lly” - soll?) (61)

Moreover, if wL3 1o # 1, then we also have

* 2 wN O e 2 * 2
Iy = unl? < T (216" = &0l + iy — woll?) (62)
K

REMARK: The convergence rate in Corollary 1 can be improved if we use the fact that,
by definition,
L(Env15Y") = LIE 5 ynv1) = G(nr1) — G(E) + H (Yny1) — H*(y")
+ (K&nt1,Y") — (K& Ynt1)-

The strong convexity of G et H* and the optimality of £* and y* yield the following
inequalities:

(63)

GlEnt1) = G(E) 2 (~K"Y" nr1 =€) + 3 l€nsr — €711 (64)
* * * * * S * (|2
H*(Yny1) — H*(y") > (K& Ynt1 —y >+§||yn+1—y [ (65)
This implies that

Y * g * * *
% 1€nt1 — E]12 + 3 lyns1 — ¥ 12 < L(Ens1;y™) — LE5Yns1) (66)

since the sum of the scalar products cancels. Hence, if we choose not to control the
primal-dual gap, choosing (§,y) = (£, y"), in (42) becomes

1 1
0< — *_n2 - *_n2
< 5 1€ = &nll + 35 ™ — unll

1427y
2T

1+ 206 H N ||2
Y — Yn+1
: ! 20 * (67)
= _ 2 = _ 2
57 16n — Enga |l % lYn — Ynsall

Hf* - £n+1||2 -

+O0(K(&n-1—&0),¥" — Ynt1) — (K (&n — &nt1), ¥ — Ynt1)

which means that all the computations from (42) to (60) hold, with p and u’ replaced by
i =2p and i = 2y’ and without £-terms, as well as the constraints on the parameters.
In others terms, the same computations prove that

Corollary 2 Assume problem (13) has a solution, which is a saddle-point of L, de-
noted by (£°,y"). Let (&, yn)n be generated by Algorithm (24). Suppose there exist T,
o, 0 and w satisfying both conditions

max{ ! ! }§9< ! (68)

279+ 17 266 + 1 _L%(TO'.

11



Then, for any @ such that

1 0-+1
max{ ~ , j_ }S(:J <. (69)
217+ 17205 + 2

Then, for any N € N, we have
* ~ * T *
le* = enll® < & (llg" = 6ol + = lly* — woll®) (70)

Moreover, if L% 710 # 1, then we also have

(:)N

* 2 < = (g * 2 * 2>. 71
Iy* =l < s—5 s (F1E =~ &l + " =~ wol (71)

For given 7, o and 6, the lower bounds 1/(275 + 1) and (6 4+ 1)/(206 + 2) for & are
smaller than those for w. Thus, the new rate W can be expected to be better than the
global one w (which is called global since it also holds for the objectif error, as shown in
the next paragraph). This will be checked in Subsection 3.2.

3.1.4 Ergodic convergence of the objective error

We can now complete the proof of Theorem 1. Dividing (60) by w™ # 0 and by T # 0,
we get

1—w 1 2 1—w 9 1 )
e L 2y —
0< w(l —wN) 2 Hg §N|| ( ) ( w KTU) 75 ||y yNH
X
. Z L{&ny) = £(&9n) (72)
1 1 9 )
S Ty 2r 1€ =&ol* + 7= 5 ||y yol|?.
But, by convexity,
1 L1
0< LEwiy) =~ LEYN) < 7 D, mr (£nin) = L& yn) (73)
n=1
Therefore, (72) becomes
1—w 1 2 1—w 9 1 )
< T - T wllro)— |y —
0< w(l*wN) 2 Hf §N|| +w(17wN)( w KTU)QJ ||y yNH
+ L(EN;y) — L& YN) (74)
1 1 9 )
< o e = &l + ol ol

which completes the proof of Theorem 1.
We can now establish the ergodic linear convergence of the objective function. Let
Bz x By be an open subset of Z x Y which contains (£*,y") and (&, yo). The partial
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primal-dual gap is bounded by

_ 1 1 1 1
GB, xBy (EN;YN) € — — sup [|€ = &l* + =— =— sup [y — woll”
zZ Y

TN 2T ¢EB TN 20 yeB
75
1 (diam(BZ))2 N (diam(By))2 (75)
- TN 2T 20

with (Tn) ™' ~ w™~1/(1—w). Hence, we prove the linear convergence of the primal-dual
gap applied to the sequences (En, Yy).

3.2 Choice of parameters

Theorem 1 holds provided one can properly choose the steps 7 and ¢ and the relaxation
parameter 8. We study some particular choices for those parameters and the convergence
rate they yield. Since a smaller w leads to a faster convergence, we tune the algorithm
parameters to minimize the lower bound of w. Here is how we proceed:

1. Fix 7 > 0.
2. Find conditions on ¢ so that inequalities (25) hold.

3. Minimize (6 4 1)/(0d + 2) with respect to (w.r.t.) 6 satisfying (25) and w.r.t o
given by the previous step.

4. Compare this minimum to 1/(75 + 1) and deduce the lower bound w*(7) for w.

5. Minimize w*(7) and derive the optimal rate w™.

Since the resulting parameters are compatible with conditions (68) and (69), the left-
hand member in (70) yields a better theoritical rate for the convergence of the variables.

Besides, the same computations (with 4 and 6 doubled) may be used to choose the
parameters so that the rate @ (Corollary 2) is minimal.

3.2.1 Casef=1

We first fix & = 1. As shown in [3], this choice is equivalent to the ADMM with an
additional proximal term.

Fix 7 > 0. Replacing # = 1 in (25), we obtain that the steps 7 and o are constrained
as following

1<
- L%(TO'

(76)

which implies that o < 1/(L%7). Then, (26) in Theorem 1 states that the convergence
rate w satisfies

1 1
max{ — , — }§w§1 (77)
™+1 6§/2+1

Let us minimize 1/(06/2 + 1) w.r.t. o satisfying (76). Since the map o — 1/(66/2 + 1)
is nondecreasing, its minimum is reached when o is maximal, which leads to

1 1
min { = } = - . (78)
o subject to (76) g0 /2 + 1 5/(2L%{7—) +1

13



Now, compare it to 1/(79+1). It is clear that 1/(5/(2L%7)+1) is greater than 1/(77+1)

as soon as 7 > 1/0/(27L3%). Hence, the lower bound w*(7) is given by

1 =
if 0 8/(27L2
. 1 1 5+ 1 0 <7 <yo/(VL5)
w (T) =1m g + 1’ I 2 = 1 ~

Ty +16/(2L%T) +1 —— if7>/6/(29L%)

§/(2L3%7) + 1 -

which is minimal for 7* = 1/6/(27L%) and leads to the optimal rate

w'=w (80)

1 1
*(T*) — _ .
(38)/2r%) +1  V1/Rp[2+1

This rate is reached for

| 6 1 | 25
T=1T IE and o o 75 (81)

One can check that the same choice for 7 and ¢ yield the minimal value for the solution
error rate &, which is

. _ 1 _ 1 .
2,/(38)/(2L%) +1  V2/kF+1

In other terms, in the case where § = 1, the best choice for the global rate w and for the
solution error rate @ coincide.

(82)

3.2.2 The best convergence rate (0 < 1)

In this section, we want to derive the best convergence rate given the constraints in (1).

Theorem 2 The best convergence rate in Theorem 1 is obtained when choosing

B 412 1 412
T=—— (14 4/14+ =K and o= Il 14 22K 83
2L% ( 79 ) 2 L% ( V' A =

and, if kp = L% /7/0,

s VIHULE)/G0) -1 _ VI+dre -1 .

irany/gh 1 Videe+l

which satisfy 7y = 00. The resulting rate is w* = 0.

Proof Fix 7> 0 and find out which conditions ¢ must satisfy to ensure the existence
of 6 satisfying (25). There exists 6 satisfying (25) if
1 1 1 1
<

< d - .
TV+1 7 L%(TJ an o0 +1 " L%(To'

(85)

14



which also reads B
<L + 2

o L

L%

< 7o and (L%i7—4)o <1. (86)
2T

Let us determine conditions on o so that these inequalities hold. If L1 — 5 < 0,
ie.7<0/ L%(, the second inequality is always true. Hence, let us study the case L%(T —
§>0,ie 7>06/L%. Tt implies that o must satisfy both majorations

1 o 1
c0<——+—-—%5 and o< ———. 87
2 T Iz R (87)
Let us compare these two bounds. Since
1 y 1 YL 7% — 30T — &
+ ’y _ _ = ’y KT ,y T _ (88)

Lir L% I3r—6  LA7(L%i7—))

with Ly 7 (LT — 6) positive, 1/(L%7) +7/L% is greater than 1/(L%7 — ) iff L% 7% —
FoT —§ >0, i.e. iff 7 > 77, given by

5 412 5
= — 141+ =K > —. 89
217, ( 55 ) ) (89)

Therefore, for any 5/{% <7 < 7% (87) becomes o < 1/(L%7) +7/L%. If T > 7%, (87)
reads 0 < 1/(L%7 —6). As a conclusion, we have the following upper bounds for o:

1 v

+ = ifo<r< 7"
2 2 =
o< txn Lk (90)
ﬁ if7*<7_.
KT —

Now, fix o satisfying (90) and let us minimize (6 + 1)/(0b + 2) subject to (25). The
map 0 — (0 +1)/(cd + 2) is minimal when 6 is minimal. Hence, let us determine the
lower bound of #, which is given by

1 1
maX{~,~}. (91)
™+1 o6+1
First, remark that, if 7 > S/Lg(, then
5 L.
—— <7y = ALAT?-AT-6>0 = T>71" (92)
L27—§

Suppose that 7 > 7%, which implies that 7 > ) /L2. Since ¢ is bounded from above
by 1/(L%7 — 0), we deduce that 06 < 77, which yields

1 1 1 1
max{ — , — }: = if 0<o<———. (93)
TV +1 0641 od+1 L271 -6

Now, let us consider the case 7 < 7*. Since

1 gl

T 272 2 A% % *
L%TJFEZ? — ALET  —AT—-6<0 <= 71717, (94)
we deduce that
) -
- if 0<ch2
max{l 1}: a0 +1 0 (95)
A1 06 41 1 it g L T
T +1 5 I S
0 K K



Let us minimize (6 +1)/(0d +2) w.r.t. to o, when 6 is equal to its lower bound 6* (o),
given by (93) and (95). This leads to minimize the following quantity w.r.t. o:

1

. _ if 7>7%or (TST*aHdO<U§Tj>
0*(0c) +1  Joo+1 (96)
5 o 1 v+ 2 Y 1 8!
o0 +2 _ Tt if <T§T*and7~7<o§ 5 +Z>
T+ 1 06 +2 y Lim L

In both cases, the minimum is reached when ¢ is maximal, equal to its upper bound
given by (90). Hence,

5

1——— ifr>r"
. {9+2} LT
min =
o subject to (90) | o + 1 . 1 1 T+ 2 . "
0 subject to (25) min — , = = = if 7 S T,
™+ 1 7y+16/(L3%7)+067/L% +2
(97)
Compare it to 1/(7% + 1), and deduce the lower bound w™*(7):
1 0+2
W (T) =max{ ——, min i . (98)
7Y + 17 o subject to (90) (0 + 1
0 subject to (25)
Thanks to (92), it follows that
5
~ 2 if 7>71"
wm=y TR (99)
- it r<7".
™y +1

In the second case, 04 is supposed to be greater than 79, so (8% 4+ 1)/(06 + 2) is always
smaller than 1/(7% + 1). Therefore, the best rate is bounded from below by 1/(7% + 1).
Eventually, we get the following best rate:

) . .
LT lf T>T
w* (1) = KT (100)
1
_ if r<7*
T+ 1

which is minimal for 7 = 7*. This eventually leads to the best rate

P 0 1 1+ (@4L3)/(30) -1 T¥dnp—1
w =1 5 x = s = = =

(101)

obtained when 7 = 7* and 0 = 7%7/5. W
This choice leads to the following value for the solution error rate @:

. L+ (4L5)/(30) =1 T+ drp —1 (102)

I e ani) e vs VITHREES

&
Il

Once again, the same computations prove that the best solution error rate @ is
reached when

N .2 ~ 2
%:% 1441+ =K and &= 14 )1+ =K (103)
Ly 6 Ly yo




and leads to

o \/1+L /(75)—1 _VIERr -1 (104)
V1+L%/(70) +1 TR

3.3 Overrelaxation on the dual variable

The same results still hold if the relaxation is done on the dual variable y instead of the
primal variable &, namely if the updates are replaced by

£n+1 = PYOXTG(fn - TK*gn)
Yn+1 = ProX, g« (Yn + 0 K&pp1) (105)

Unt1 = Ynt1 + 0 (Yns1 — Yn)-

As seen in (11), such an overrelaxation will be useful for the analysis of the ADMM. It
is equivalent to inverting the role of the dual and the primal variables, which yields the
following result:

Theorem 3 Assume problem (13) has a solution, which is a saddle-point of L, de-
noted by (§*,y*). Choose 7 >0, 0 >0 and 0 < 0 < 1 such that

1 1
max{~,~}§9§ — (106)
TY+1 g6+1 LiTo
Then, for any w such that
0+ 1 1
mw{ + }<w<0 (107)
TH+2 66+1

we have the following majoration for any N € N and any (§,y) € 2 x Y:

0<(1 wLKTU)* lEn — €1% + 5 IIyN yl?

e ) ﬁ(ﬁ,yn))

N N
w 2 w 9
< = |1& = £|1%2 + =— |lyo — wl|%.
< 5= 160 = &I7 + 5~ llvo — vl

(108)
Now, define
N
1 1—wh
Ty := Z =t = b (109)
n=1
and let N N
1 1 1 1
EN = — —&n d YN = — — Yp- 110
NS e nz:: i & an NS g nz::l = (110)
Then we have the following bound for any (§,y) € 2 x Y:
1—w 1—w 1
0< ——%“ (1-wL? 2, T —yn?
= W(l —LUN) ( w KTU) ||§ 5 || ( ) 20_ ||y yN”
L(EN;y) — L& YN)

1 1 9 9
T 5r 1€ — &oll + oy ||y — Yol
(111)
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Note that the conditions on the parameters now slightly differ from the previous
case. A variant can be found in [5, Appendix C2].

As in the previous case where the overrelaxation is done over the primal variable, we
can prove the following result for the linear convergence of the solution errors:

Corollary 3 Assume problem (13) has a solution, which is a saddle-point of L, de-
noted by (£*,y*). Let (&, Yn)n be generated by Algorithm (24). Suppose there exist T,
o, 0 and w satisfying both conditions

1 1 1
max{ = , —= } <0< — . (112)
21y +1" 9266 + 1 LiTo

Then, for any @ such that

max{ brl 1 }gwge. (113)
279+ 1" 200 + 2

Then, for any N € N, we have
* ~ * T *
Iy —ywll? < & (lly™ = woll® + = " = oll?) (114)

Moreover, if L% 1o # 1, then we also have

~N
w
€ — &nll® < —

- 2 * 2 * 2
e (Tlly yoll” + Il §o||>. (115)

Similar computations as in the previous section show that the best rate w™ is achieved
when choosing the following parameters:

5 412 y 412
T=—— 141+ & and o= 72 14414+ =K (116)

and, with kp = L% /7/6,

1+ (4L5)/(30) =1 Ty drp -1

= <
Vi+arg)/Go+1 Vit

0:

1 (117)
which leads to w* = 6.

4 Application : convergence rate for the ADMM in
the smooth case

As the ADMM is nothing but a particular instance of the accelerated PDHG method
with additional constraints on the parameter choice, its convergence rate is expected to
be worse than that of the latter. In subsection 4.1, it will indeed be derived from the
computations of the previous section and shown to be greater than that of the PDHG
method.

However, as we will show it in the subsection 4.2, it is possible to recover the same
convergence rate as in the accelerated PDHG method by introducing a slight modifica-
tion in the ADMM iterations.
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4.1 Unaccelerated ADMM

As recalled in Section 2.2, the ADMM iterations (9) are equivalent to the PDHG it-
erations (11) applied to the functions G = g4 and H = h, and to the identity oper-
ator K = Id, of norm Ly = 1. The functions G and H are respectively 7 = ~/L%-
convex and 0 = d-convex. Note that the relaxation is done on the dual variable, of
parameter @ = 1. The stepsize for the primal (resp. dual) proximal ascent is 7 > 0
(resp. o = 1/7).

4.1.1 Ergodic linear convergence

Apply Theorem 3. Parameters § and o being constrained as stated above, Theorem 3
ensures that, provided one can find 7 > 0 such that

1 1
<1 11
maX{T'y/Li—l—l’(S/T—i—l}_ (118)

for any w such that

2 1
<w<l1 119
max{m/LiH’é/TH}‘w‘ (119)

we have the following bound for any (z,y) € X x Y:

(1- W)Q 2, I -w 2
< N 2 _ - *
( XN, ) £(Ax,YN) (120)
1 1 1
< — — — 2 2

Assume By is an bounded open subset of Y which contains y*. Since

f(@) = sup {g(@) + (Az,y) = h*(y) } = sup L(Az:y) (121)

yEBy yEBy

taking the supremum in the inequalities above implies that

1 1
0< f(Xn)—L(Az;YN) < Ty 27 ||Ax — Axo||® + =— W sup ly —woll®.  (122)
Then, having £(Axz;Yyn) < sup L(Az;y), we deduce that, for x = 2",
yEBy
N 1
0 F(XN) = £a) < - (2 I4e" = AwolP + 5 swp ly—wl?) . (123
Tn / yEBy

Hence, we have proved the ergodic linear convergence of the ADMM in terms of objec-
tive error. The linear convergence (with same rate) of the dual iterates comes naturally
from (120). However, though the strong convexity ensures the convergence of the pri-
mal iterates (zy), their convergence speed is not clear. We can solely estimate the
convergence of (Azy), which is linear. Thanks to

N1 — 2" = Azypr — A"+ T (Y —ynt) T (uv — Y7) (124)

we can nevertheless deduce the linear convergence of the primal iterates (zx). This also
implies the linear convergence for the feasibility error (Azy — zn).
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4.1.2 Convergence rate

Let us estimate the best convergence rate which can be achieved by the ADMM. Con-
dition (118) is always true. Hence, for any 7 > 0, the convergence rate satisfies

max{ L 1
(t7)/(2L4)+ 1" 6/7+1

}<w<L (125)

The lower bound equals 1/((77)/(2L%)+1) when 7 < 1/(26L%)/v and equal to 1/(§/7+
1) otherwise. This leads to the best rate

1 252
w* = ! = reached when 7 = g. (126)
V(90)/(2L%) + 1 1/kp/2+1 Y

We call this parameter the optimal parameter for the ADMM. Using this parameter also
yields the following theoritical rate for the dual variable and Ax,,, given by Corollary 3:

e 1 1 _ 1 _ 1
“T {(77)/L?4+1’25/T+1} VI +1 2k +1

This value can be easily proved to be the optimal one for w.

(127)

4.2 Accelerated ADMM

We propose to relax the choice of step 7 in the updates of z and of y in the ADMM.
Replacing 7 by 7/ < 7 in these two updates leads to the following algorithm:

1
prin = agmin {g(a) + (A, 3) + 51 e — 2}
rxeX T

. 1
Zp41 = argmin {h(z) — (2, yn) + o0 |Azp+1 — z|2} (128)
2€X T

1
Yn+1l = Yn + ; (Kxn+1 - Zn+1)-

4.2.1 Equivalent PDHG

Following the same computations as in 2.2, we show that iterations in Algorithm (128)
are equivalent to those of the following PDHG algorithm

§n+1 = prOXTgA (fn - Tgn)

y" = proxg. o (y" + ) (129)
!
T
yn—i-l _ yn—i-l + ? (yn+1 o yn)

where the relaxation parameter § = 7//7 is linked to the ascent steps 7 and o = 1/7".
Once again, Theorem 3 reads for any suitable w, 7 and 7':

1-—w 1 1-w 1
< —(1-— N—IllAz — Azn|? + ————— — ||y — 2
0 < s (1 —wr/7) 5 Ao = Aow |+ o= 5 =i
+ L(AXN;y) — L(Az; YN) (130)
11 , 1 ,
< _ _
STy 2r | Az — Azo||” + Tn 27 lly — woll
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which yields a linear convergence in terms of objective error (in an ergodic sense). How-
ever, the best convergence rate achieved by the algorithm is expected to be better than
that of the unaccelerated ADMM. Indeed, introducing the relaxed step 7’ add a degree
of freedom in the constraints over the value of w. Hence, it is minimized over a larger
set and its minimal value is thus smaller.

Similarly to the unaccelerated case, (130) ensures the linear convergence of the dual
iterates. If 1 — w7 /7" does not cancel, it also implies the linear convergence of the primal
iterates (zn). Otherwise, we lose the control on the convergence of (Azy), thus on that
of (zn).

4.2.2 Convergence rate

Let us derive the best convergence rate for Algorithm (128). We may use Theorem 3,
which ensures that steps 7 and 7’ are constrained by the relations

! L << (131)
max —
/L3 +16/7"+1) — 7 —
and that the convergence rate is constrained by
/T +1 1 T
, <w< —. 132
max{m/LiJFQ 5/T’+1}_w_7' (132)
(

Hence, it is sufficient to find (7,7’) satisfying both (131) and (132) which minimize the
left-hand member in the latter.

One can also first use the remark made after Corollary 3. If no constraint 6 is made,
then the best rate is achieved when

412 1 vy 412
%4 1 A d - = 1 1 A 133
T=g Lyt s an o= 1z +4/14+ s (133)

and

) V1HEIR)/09) -1 s

JU4(412)/(46) + 1

Let us check that such a choice satisfy § = 7//7. First, we have

, (2L%) /v (0/2)(\ 1+ (A L%)/(v0) + (/1 + (4 L)/ (79) — 1)

T = =

R 1+ (4L%)/(7d) L+ /1+(4L%)/(9)

(135)

. 1+ (4L%)/(vd) —1 (136)

which implies that

T 1 (A12)/(0) +1

Hence, these parameters can be chosen for the accelerated ADMM, and yields to the
best rate. Thus, they are called optimal parameters for the accelerated ADMM. With
this parameter choice, we have w* = 6. Note that the resulting rate is the same as
the best one expected when applying the accelerated PDHG on Problem (6). However,
unlike in the PDHG algorithm, this choice implies a loss of control on both z-iterates
and z-iterates. Moreover, this choice leads to the following rate @:

1 _VIHELY)/(0) —1 T4k —1 (137)
26/(7')* + 1 1+ (4L%)/(v0)+3 JI+rs+3
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Figure 1: Theoritical rate comparison. In red/thick the unaccelerated ADMM, in ma-
genta/thick dotted the accelerated ADMM, in blue/dotted the overelaxed PDHG and
in green FISTA with constant step.

To minimize the latter rate, we use the previous computations with v and ¢ doubled,
which leads to the parameter choice

) L2 ) L2
=2 1+-4 1 d 7== 1 441 138
T +76 wme Ty +76+ (138)

and the resulting rate:

~ \/1+L?4/(’y5)—1 V1+kp—1
o —

VI LR/ +1 THrp+1

4.3 Theoretical rate comparison

(139)

Figure 1 compares the theoretical rates of the unaccelerated ADMM, the accelerated
ADMM, the overrelaxed PDHG method and FISTA with constant step, by plotting for
each algorithm the best rate with respect to the condition number x¢. The rate achieved
by FISTA is the best one, but remains comparable with the accelerated ADMM and the
overrelaxed PDHG method. As expected, the unaccelerated ADMM yield larger rate
values.

5 Relations of other methods

In this section, we make a quick review on other linear convergence results for variant
of the ADMM found in the literature. Generally, their differ from our result on the
hypotheses made on the problem (both on the regularity of the objective function and
on the operators).
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5.1 Overrelaxed ADMM

In [15], the authors propose to add an overrelaxation step in the spirit of NESTEROV’s
acceleration. They showed linear convergence rate when h is assumed to be strongly
convex and with LIPSCHITZ-continuous gradient, while B is invertible and A is full
column rank.

5.2 Generalized ADMM

In [7], the authors studied the ADMM in a wider framework, by allowing in each partial
minimization to add an extra proximal term, which leads to a generalized ADMM. Linear
convergence rates are proved for four scenarios in which at least one of the functions g
or h is strongly convex and has a LIPSCHITZ gradient, which is not assumed here. The
case we treated is considered, but with extra assumptions (in particular, h is supposed
to be strongly convex). They provided an explicit convergence rate for only one scenario
[7, Corollary 3.6].

5.3 Relaxed ADMM

It can be shown that the ADMM iterations are also equivalent to applying the DOUGLAS-
RACHFORD splitting (DRS) to the dual of (6). A relaxed version of the DRS, called
PEACEMAN-RACHFORD splitting (PRS), can be obtained by introducing a relaxed pa-
rameter in the DRS iterations. Applying the PRS on the dual of (6) hence leads to a
so-called relaxed ADMM [6]. In [6, Theorem 6.3], the authors proved the linear conver-
gence rate of the relaxed ADMM in various cases (including the one we studied here),
which depend on the assumptions made on the operators A and B (which is not sup-
posed to be the negative identity) and / or on the regularity of the functions g and h.
However, the study is theoretical and does not provide explicit optimal rates.

5.4 K-block ADMM

In [12], the authors proved a linear convergence rate in the case where one can make
assumptions on g and h which are supposed to be decomposable into a strictly convex
term and a polyhedral one. This includes for instance the strongly convex case, but do
not recover the smooth case studied in this paper. Furthermore, hypothesis on the rank
of operators A and B (not necessary the negative identity) are made. Moreover, their
proof still holds when the objective function is a sum of K separable convex functions
(with an according number of variables).

6 Applications

6.1 A toy example
6.1.1 Problem

Let N be a integer. We consider the following constrained problem:

. M—m m
min )= M5 Rl + 5 el (140
I:(Ii)i:(),---,lN—leR
o=

where the linear operator Ky : RY — R¥71 is defined by (Knz); = (2541 — 2;)/2
for any ¢ = 0,--- ,N — 2, of norm ||Ky| < 1. The condition number of this problem
is M/m. Hence, if m is negligible compared to M, then the problem is ill-conditioned.
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0ar b

0af b

Figure 2: Minimizer of (140).

Let h(z) := (M — m)|z||3/2 for any z € RN"! and g(z) := m|z|?/2 + X{13 (o)
for z = (x;)i=0.... N—1 € RY. The function g is m-convex and h* : y = ||y||3/(M —m)/2
is (1/(M — m))-convex.

6.1.2 Solution

The minimizer of problem (140) may be explicitly computed, by introducting the sub-
vector Z given by:
V’L:O7 ,N*Q, jﬁi:fEH_l. (141)

such that x = (1,Z). The constrained problem (140) can thus be rewritten in the
unconstrained form

win M (et 2 - R a0} e

.f):(fji)i:o,..,,NfzeRN_l 2

The minimizer #* is then given by the EULER equation, namely &* = A~'b with

M—-—m
4

A= mIN,1 + (M — m) K}kvflKNfl + €0,0 (143)
where ep denote the matrix of size N — 1 with null coefficients except the one at
index (0,0) equal to 1. The vector b is given by b := (M — m)ep/4, with ey the first
vector of the canonical basis of R . Hence, the minimizer of the initial problem (140)
is ¢* = (1,2%). For N = 15, M = 1000, and m = 1, Figure 2 plots x*.
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6.1.3 ADMM
We apply the accelerated ADMM, which yields

. m 1
pvn = arguin {2 ol + ) + 5 v — 23}
z=(z;); RN T
220:1
M —m

Zp41 = argmin

1
418 i) + g v = 213
ZzERN-1 T

1
Yn+1 = Yn + ; (Kan+1 - Zn+1)-
The z-update is computed thanks to the EULER equation:

I Yn + KNZpg1 /T
ntl M-m+1/7" "

(144)

The x-update is computed thanks to the subvectors we introduced above and is equiva-
lent to solving

a 2
. m . .9 R y R 1 . .12 To—1
i_(igggRNl{2||x||2+<x7KN1yn>+27<f<mx—znn2+( . —<zn>o)>}.

(145)
The EULER equation ensures that &,41 = A4, Yp,, with
1 . 1
Apn =mlIn_q +;KN71KN71 +E€0,0 (146)
and ) () ) )
* ~ * 2 Yn)o
bn = —Ky_19n + p Ky 120+ < 5 T or (zn)o + 47_) €o- (147)
We eventually have z,1 = (1, Zp41)-
6.1.4 Parameters
We tested two sets of parameters:
1. optimal parameter for the unaccelerated ADMM:
2
=7 =/—— 148
T m(M —m) (148)
(we assume that L = 1).
2. optimal paramaters for the accelerated ADMM:
1 4(M —m)
=— 14— +1 149
T2(M—m)< Li— +> (149)
and
1 1 4(M —m)
=7 — = 14 ——-1]. 1
T T M-m 2(M—m)< L—— ) (150)

The convergence rates achieved in each case are respectively 1/(y/1/(M/m —1)/2 +1)

and (/AM/m — 3 —1)/(\/AM/m — 3+ 1).
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6.1.5 Comparison with PDHG and FISTA

To solve problem (142), we can use the accelerated PDHG iterations, by considering its
primal-dual formulation

) m, s , 1 o
min sup {wb+mmw—|wm} (151)
£=(3?i)i:0.m,1N—1€]R 2 ERN—1 2 2(M — m)
To=

Hence, we are considering the following algorithm:
201 = ProXgp. (2, + 0 KNTy,)
Tni1 = ProxX., (zn — 7 KNz, 1) (152)
:En+1 = Tp+1 + 0 (-Tn+1 - fn)

for which the best theoritical convergence rate is achieved when choosing

. 'l)<1+ 1+4Uw_””> and a:7n<1+ 1+4UM_"0>

- 2(M —m m 2 m
(153)
and
1+ M -1
6= M@ <1 (154)
4 AWM =m)
m
The #'-iterates are explicitly given by
M—m B
while . e
ey = TR ). (156)

1/74+m

Note that, unlike in the ADMM iterations, there is no operator to invert.
We can also use the FISTA algorithm, which solves problem (140) by an accelerated
FBS which can be written

Tny1 = ProX,, (jjn -7 Vh(:ﬁn)) a5
157

Tpt1 = Tpy1 + 0n+1 (anrl - xn)

where 6, is given by (21), with 7 = 1/(M — m). The z-iterates are explicitly given by

/7 — (M —m)(Ki Knz,)
1/T4+m

. (158)

Zpg1 =

6.1.6 Results

To compare the convergence of each set of parameters, we used two tools:
1. the solution error ||z, — 2*|3;

2. the objective error f(x,) — f(x¥).
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Figure 3: Empirical convergence for the toy example.
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Figure 3 displays the evolution of both measures, as well as the theoretical convergence
decays expected in each case (@ and w). We chose m = 0.1 and M = 10, so that
Rf = 100.

We first observe that, as expected, the accelerated ADMM has a better convergence
than the unaccelerated ADMM. The empirical rates are better than the theoretical ones,
which can be explained by the over-smoothness of the quadratic problem, compared to
the assumptions required by the smooth case.

We also observe oscillations for both the accelerated PDHG and FISTA. Rippling
for FISTA has been already observed for quadratic problems of this kind [16]. This
phenomena occurs when the overrelaxation parameter  is chosen too large compared to
the eigenvalues of mIy + (M — m)KxnKy. Similar cause may explain the oscillations
in the accelerated PDHG, namely using overrelaxation steps can introduce oscillations
when the according parameter are unproperly chosen. Hence, we do not expect to
observe such oscillations for ADMM-like schemes.

6.2 Denoising with TV-Huber
6.2.1 Problem

We now apply the accelerated ADMM to a denoising problem, which is less smooth and
more realistic than the toy example. Let g € R3+™v he a RGB-color (noisy) image. We
want to solve the following problem:
. L H . 2
Cmin 7)== G o —ul3+ h(Vo)} (159)
where the gradient linear operator V : R3N«Nv _ R3NaNy o R3NNy ig defined for any

color image v by a pair of color images Vv = (d,v, 5yv)T. The finite differences are given
at any index (¢,7) € [0; N, —1] x [0; N, — 1] by

Vit+1,j — Vij ifi< N, —1
O0p¥)i i = 160
(0:0)ig {0 otherwise (160)
and
Vi i+l — Vi ifj<N—1
yv)ig =4 T v 161
(00)z {O otherwise. (161)
The TV-HUBER regularization term is defined by
Ny—1Ny—1
Wvo) = > ho(ll(Vo)isl) (162)
i=0  j=0
with
2 . .
2 flz] <1 flz| <1
ho(z) = 417177 if 2l < and () =47 s (163)
|z| —1/2 if |z| > 1 z/|z| if |z] > 1.

Hence, this term acts like a quadratic regularization when the image variations are small
and like a TV regularization when they are larger (see Figure 4). The quantity pu > 0 is
a weight parameter.

The convex conjugate h* of the regularization function h can be proved to be

N,—1N,—1

. 1
h*(y) = Z (2 |yi,j|2 + Xx10,1) (|¥i.5

i=0 j=0

) (161
where x[o,1](t) = 0 if ¢ € [0, 1] and 400 otherwise. This implies that A" is 1-convex.
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(a) Ideal image u (b) Noisy image g (c) Denoised image v*

Figure 4: We added a white Gaussian noise to an ideal image (a) to get noisy image
(b). The noise is of standard variation 10 (the image values are between 0 and 255).
The denoising is made by solving (159). Source : Hepatica nobilis flowers, by Archenzo
(detail).

6.2.2 ADMM

Let g := |- — u||3/2. We apply the accelerated ADMM to problem (159), which leads
to the following iterations:

. 1
tnsr = argain {5 o = ulf + (90.60) + 5 V0 = 003}

’UERSNQC Ny

bun= argmin {4(6) ~ (6.6) + 5 IVonss ~ ol

¢€(]R3N1Ny)2 T’

1
Ent1 =6 + p (Vo1 — @nt1)-
Each minimization is solved thanks to the EULER equation: the v-update reads
1 -t 1
Vpy1 = (MI + - V*V) (,uu + - V*¢, — V*£n> (165)

whereas the ¢-update is given by

7'(€n)ij + (Vong1)i

)iy = i1)i 166
(¢ +1) J |Tl(§n)i,j +(an+1)i,j| |(¢ +1) J| ( )
with
)i (onstdial g 7(g,), + (Vo) < 7/ 41
[(Pn+1)ig]l = '+l (167)

17" (€n)ig + (Vonsa)igl =7 i |77(&n)iy + (Vonga)igl > 7' + 1.

6.2.3 Parameters

Before choosing the parameters, we recall the regularity of the problem. Functions h*
and g are respectively l-convex and p-convex. The gradient operator is bounded, of
norm L < 2v/2 (this bound being tight when N, or N, go to +0c). Thus, we set
L = 2v/2. We tested two sets of parameters:

1. optimal parameter for the unaccelerated ADMM: 7 = 7' = 4/\/i;
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2. optimal paramters for the accelerated ADMM:

(AT AT

These choices respectively lead to the convergence rates 1/(y/p/8+1) and (/1 + 32/u—
1)/(V1+32/pn+1).
6.2.4 PDHG and FISTA
The primal-dual formulation of problem (159) is given by

min  sup {E o~ ulf + (T, 0) — h*(9)} (169)

vER3N= Ny e (R3N=Ny)2 2
Hence using the PDHG algorithm to solve it leads to the following iterations:
/ . P 1 ’ ’ _ 2
Pppr = argmin  §hY(¢) + —[|¢' — ¢, — o V|
¢/E(R3N1Ny)2 20’

1
Upy1 = argmin {g v — ul|® + % lv = v, + TV*¢>;+12} (170)

veRSNz Ny

'Dn-&-l = Un+41 + 0 (Un+1 - Un)
which are computed thanks to the EULER equation:

(Pn)ij +0 (VUn)iy
1+o

[T+ pu— Ve,

> and V41 = Ut

(Phs1)ij = Proji_q 1) (
(171)
The best choice of parameters for this algorithm is (Theorem 2):

T—H‘/H?’Q/” VA VA & Ty | 172)
16 ’ 16/ VI+32/p+1

If we apply FISTA to this problem, this leads to the following updates:

1
argmin {g lv — ul|® + > [lv =0y + TV*V(Vh(Un))HQ}

Un4+1 =
veR3Nz Ny (173)
77n+1 = Un+1 + en (Un+1 - Un)
which leads to the explicit update
Un, — V*V(Vh(v,
oy /7= VY (Th(,)) -

/7 +p

The variable relaxation parameter follows the update rule (21) with 7 = 1/8.

6.2.5 Results

To measure the convergence of the algorithm, we used the same two tools as in the
previous case: the solution error and the objective error.

Figure 5(a) displays the evolution of the objective error, while Figure 5(b) shows
the decay of the solution error, for the accelerated ADMM and the PDHG method.
In the latter, the theoretical linear rate w is also plotted for comparison. We chose
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i = 10. The solution error decreases as expected for all methods except FISTA, for
which we did not estimate a finer theoretical rate for the solution error. In practice, it
seems that it converges with same rate as the PDHG. Hence, in terms of solution error
convergence, the accelerated ADMM provides the best empirical decay. For the objective
error, the accelerated ADMM, the PDHG method and FISTA yield comparable decay
rate. However, one should keep in mind that both the unaccelerated ADMM and the
accelerated ADMM require an operator inversion, unlike the PDHG method and FISTA.
Hence, even if comparable number of iterations are needed to achieve convergence, the
ADMDMs iterations are more time consuming than the other methods and should be used
only when the inversion of the operator can be implemented efficiently.

7 Conclusion

In this work, we studied the convergence of the PDHG scheme in the case where the
composite problem has a strongly convex part and a differentiable with a Lipschitz con-
tinuous gradient part. Using the equivalence between this algorithm and the ADMM, we
provided a new convergence analysis of the latter. This analysis allowed us to introduce
an accelerated variant of the ADMM, which is proved to have same convergence rate as
the PDHG method. Experimental results confirmed this theoretical analysis. In partic-
ular, it has been observed that the accelerated ADMM does not introduce oscillations in
some cases, unlike the PDHG algorithm and FISTA, which are known to be in practice
more efficient than the ADMM-like scheme, since they require no operator inversion.
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