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Canonical metric on a mildly singular Kahler varieties with
an intermediate log Kodaira dimension

HASSAN JOLANY

Existence of canonical metric on a canonical model of projective singular variety
was a long standing conjecture and the major part of this conjecture is about
varieties which do not have definite first Chern class(most of the varieties do not
have definite first Chern class). There is a program which is known as Song-Tian
program for finding canonical metric on canonical model of a projective variety
by using Minimal Model Program. In this paper, we apply Song-Tian program
for mildly singular pair (X, D) via Log Minimal Model Program where D is a
simple normal crossing divisor on X with conic singularities. We show that there
is aunique C*° -fiberwise conical Kihler-Einstein metric on (X, D) with vanishing
Lelong number which is twisted by logarithmic Weil-Petersson metric and an
additional term of Fujino-Mori [72] as soon as we have fiberwise KE-stability or
Kawamata’s condition of Theorems 2.28, or 2.30(in C case). In final we highlight
that how the complete answer of this question can be reduced to CMA equation
corresponding to fiberwise Calabi-Yau foliation(due to H.Tsuji) which is still open.

53C44, 32Q15, ; 53C55, 58J35, 14E30,

1 Introduction

In this paper we study conical Kéhler metrics. This analysis uses the language and the
basic theory of Kéhler currents which extensively studied by Jean-Pierre Demailly ,
Claire Voisin, Nessim Sibony, Tien-Cuong Dinh, Vincent Guedj, Gang Tian, and Jian
Song, see [1, 2, 3, 4, 5] and references therein. Conical Kéhler metrics introduced by
Tian on the quasi-projective varieties X \ D where X is a smooth projective variety
and D C X is a simple normal crossing divisor and also by Thurston in connection
with geometrization conjecture. Conical Kdhler metrics have recently become a key
ingredient in the solution of the Tian-Yau-Donaldson conjecture about the existence
of Kéhler-Einstein metrics of positive first Chern class [6, 7, 8, 9]. Conical Kéhler-
Einstein metrics are unique, i.e. canonically attached to pair (X, D). These type of
metrics can be used to probe the paired variety (X, D) using differential-geometric
tools, for instance Tian’s proof on logarithmic version of Miyaoka-Yau Chern number
inequality.
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One of the applications of conical Kihler Ricci flow on holomorphic fiber spaces is
in Analytical Minimal Model Program (AMMP) which introduced by Song and Tian
[10],[11] and a different approach by Tsuji [13] also by using dynamical systems of
Bergman kernels and finding singular canonical measure which its inverse is Analytic
Zariski Decomposition. Robert Berman in [14], also gave a new statistical-mechanical
approach to the study of canonical metrics and measures on a complex algebraic variety
X with positive Kodaira dimension. He has showen that the canonical random point
processes converges in probability towards a canonical deterministic measure on X,
coinciding with the canonical measure of Song-Tian.

Firstly, we give an overview on Analytical Minimal Model Program and explain how
we can use of conical Kihler Ricci flow on holomorphic fiber spaces in AMMP to get
a log canonical measure and hence a canonical metric in pair (X, D).

We assume in this paper (X, g) is a Kdhler manifold. We say the Kéhler metric g is
Kihler Einstein metric on X, if it satisfies in Ric(g) = A\g € ¢1(X) where A is constant
and it can be normalized as A € {—1,0, 1}.

Now, given a metric g, we can define a matrix valued 2-form €2 by writing its expansion
in local coordinates, as follows

n
A =" gPRyadd A d7!
i,p=1
In fact, this expansion for €2 gives a well-defined (1, 1) form to be called the curvature

form of the metric g.

Nex, we consider the following expansion

det <Id + ’Vz;lﬂ> = 1+ 1h1(g) + Pba(g) + ...

each of the forms ¢;(g) is a (i,7)-form and is called i-th Chern form of the metric g.
The cohomology class represented by each ¢;(g) is independent on the metric g. Since
we need the analysis of first Chern class, we restrict our attention to

=1 "o ~
P1(8) = o Z Q= Z glpRikade NdZ
i=1 ip=1

but the right hand side is just Ric(g). So we have c{(X) = [Ric(g)]
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The Ricci curvature of the form w = v —1g;dz; A dz;, is satisfies in the following
identity

Ric(w) = —V/—1001og detg; = —v/—1091og "

It is clear that w” can be seen as a section of Ky ® Ky, in other words, w" is a Hermitian
metric on the holomorphic line bundle Ky ! Note that by Chern-Weil theory, because
Ricci form of any Kéhler metric on X defines the same de Rham cohomology class,
we can define the first Chern class by Ricci form ¢ (X) = ¢1(Ky 1) = [Ric(w)].

The Kéhler condition requires that w is a closed positive (1, 1)-form. In other words,
the following hold

Ogix _ 0%, Osu _ 98y

o7 o7

o7 07
Now, because we are in deal with singularities, so we use of (1, 1)-current instead of
(1, 1)-forms which is singular version of forms. A current is a differential form with
distribution coefficients. Let, give a definition of current here. We recall a singular
metric hgjng on a Line bundle L which locally can be written as hgjng = e®h where h
is a smooth metric, and ¢ is an integrable function. Then one can define locally the
closed current 77 p,, by the following formula

1 -
TLvhSing = wL,h + ﬂaa 10g ¢

The current Geometry is more complicated than symplectic geometry. For instance in
general one can not perform the wedge product of currents due to this fact that one
can not multiply the coefficients which are distributions and in general the product of
two distributions is not well defined. However, in some special cases one can define
the product of two currents. Here we mention the following important theorem about
wedge product of two currents

Theorem 1.1 Let © be a positive (p, p)-current and T be a positive (1, 1)-current.
Assume, for simplicity, that one of these currents has smooth coefficients. Then the
wedge product © A T is a positive (p + 1,p + 1)-current

In the theorem above it is important that one of the currents is of type (1, 1). Note that
for currents of higher bidegree this theorem is not true. Dinew showed that the wedge
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product of two smooth positive (2,2)-currents in C* may fail to be positive. One then
simply defines the space of currents to be the dual of space of smooth forms, defined
as forms on the regular part X,., which, near Xj;,, , locally extend as smooth forms on
an open set of CV in which X is locally embedded. -

The topology on space of currents are so important. In fact the space of currents with
weak topology is a Montel space, i.e., barrelled, locally convex, all bounded subsets
are precompact which here barrelled topological vector space is Hausdorff topological
vector space for which every barrelled set in the space is a neighbourhood for the zero
vector.

Also because we use of push-forward and Pull back of a current and they can cont be
defined in sense of forms, we need to introduce them. If f : X — Y be a holomorphic
map between two compact Kdhler manifolds then one can push-forward a current w
on X by duality setting

{few,m) = (w.f"n)

In general, given a current 7 on Y, it is not possible to define its pull-back by a
holomorphic map. But it is possible to define pull-back of positive closed currents of
bidegree (1, 1). We can writes such currents as T = 6 4 dd“p where 6 € T is a smooth
form, and thus one define the pull-back of current T as follows

[ T:=f"0+dd°pof

Let X and Y be compact Kéhler manifolds and let f : X — Y be the blow up of Y with
smooth connected center Z and w € HY'(X, R). Demailly showed that

w=f*fiw + \E

where E is the exceptional divisor and A\ > —v(w,Z) where v(w, Z) = infcz v(w, X)
and v(w, x) is the Lelong number.

As an application, the pushforward f,) of a smooth nondegenerate volume form {2
on X with respect to the holomorphic map 7 : X — X, is defined as follows: From
definition of pushforward of a current by duality, for any continuous function 1 on
Xcan, We have

/X o= /X (0 = /y e
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and hence on regular part of X.,, we have

758} :/ Q
™10)

Note that if w is Kéhler then,

dVol,, (Xy) = dfi(w") = fi(dw") =0

So, Vol(X,) = C for some constant C > O for every y € X.,, where 7y = X, .
See [1][2]. Moreover direct image of volume form f.wy = owy ~where o € L'*¢ for
some positive constant ¢, see[32],[11].

Theorem 1.2 If T is a positive (1, 1)-current then it was proved in [2] that locally one
can find a plurisubharmonic function u such that

V—100u =T
Note that, if X be compact then there is no global plurisubharmonic function u.

Here we mention an important Riemann extension theorem for plurisubharmonic func-
tions:

Riemann extension theorem [2] : Let D is a proper subvariety of X and ) is a
plurisubharmonic function on X \ D. Assume that for each point x € D, there exists a
neighborhood U such that 1) is bounded from above on U \ (U N D). Then 1) extends
uniquely to a plurisubharmonic function over X. Here 1| X\D = )

The central problem in Kéhler geometry is to finding existence and uniqueness of
Kihler Einstein metrics and more generally finding canonical metrics on Kidhler man-
ifolds. The canonical way to finding Kihler Einstein metrics is deforming metrics by
Hamilton’s Ricci flow[76] and in Ké&hler setting this flow is named as Kihler Ricci
flow by S.T.Yau in his celebrating work on the proof of Calabi conjecture [15]. The
Kihler Ricci flow is defined by

0 .
ag(t) = —Ric(g)

The nice thing on running Kéhler Ricci flow on Kihler manifold is that if the initial
metric is Kéhler, as long as you have smooth solution, then the evolving metric will
be Kihler and in fact we can say the Kéhler condition is preserved by Kihler Ricci
flow. The important fact on Ricci flow is that Ricci flow does surgeries by itself and the
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Kihler Ricci flow with surgeries should be a continious path in the Gromov-Hausdorff
moduli space even can be stronger after rescaling. Our general philosophy on surgery
theory is that PDE surgery by Kéhler Ricci flow is exactly the same as Geometric
surgery and also Algebraic surgery by flips and flops, albeit algebraic surgery may not
exists.

By rescaling metric in the same time, we can define the normalized Kéhler Ricci flow
as follows

0
5&70) = —Ric(gj) + A&

So, if this flow converges then we can get Kéhler Einstein metric. We have classical
results for existence of Kédhler-Einstein metrics when the first Chern class is negative,
zero or positive. Cao [16] by using parabolic estimates of Aubin [17] and Yau showed
that if ¢;(X) < O or canonical line bundle is positive then the normalized Kihler Ricci
flow corresponding to A = —1 converges exponentially fast to K&hler Einstein metric
for any initial Kéhler metric. Cao also showed that if canonical line bundle be torsion or
c1(X) = 0, then the normalized Kéhler Ricci flow corresponding to A = 0 converges
to the Ricci flat Kdhler metric in the Kéhler class of the initial Kéhler metric which
gives an alternative proof of Calabi conjecture. Perelman [18][19] showed that when
the canonical line bundle is negative or c¢{(X) > 0, (such type of manifolds are called
Fano manifolds) the normalized Kéhler Ricci flow corresponding to A = 1 converges
exponentially fast to Kéhler Einstein metric if the Fano manifold X admits a Kihler
Einstein metric and later Tian-Zhu [20] extended this result to Kéhler Ricci soliton.
In Fano case, there is a non-trivial obstruction to existence of Kahler Einstein metric
such as Futaki invariant [22], Tian’s «-invariant [21]. In 2012, Chen, Donaldson,
and Sun [6][7][8] and independently Tian [9] proved that in this case existence is
equivalent to an algebro-geometric criterion called Tian’s stability or called K-stability.
So in these three cases we always required that the first Chern class either be negative,
positive or zero. But the problem is that most Kédhler manifolds do not have definite or
vanishing first Chern class. So the question is does exists any canonical metrics on such
manifolds and how does the Kéhler Ricci flow behave on such manifolds.J.Song and
G.Tian started a program to give answer to this question which is known as Song-Tian
program now. For answering to these questions let first give a naive description on
Mori’s Minimal Model Program [23, 24]. Let X, be a projective variety with canonical
line bundle K — X of Kodaira dimension

log dim H%(X,, K®Y)

Kk(Xp) = limsup log !
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This can be shown to coincide with the maximal complex dimension of the image
of Xy under pluri-canonical maps to complex projective space, so that x(Xp) €
{=00,0,1,...,m}. Also since in general we work on Singular Kihler variety we
need to notion of numerical Kodaira dimension instead of Kodaira dimension.

Knum(X) = sup |lim sup ogdimg H™(X, mKx + kL)
k>1 m— 00 log m

where L is an ample line bundle on X .Note that the definition of k,,,,,(X) is independent
of the choice of the ample line bundle L on X. Siu formulated that the abundance
conjecture is equivalent as

ﬁkod(X) = Knum (X)

Numerical dimension is good thing.

It is worth to mention that if f : X — Y be an algebraic fibre space and x(X) > 0,
Kk(Y) = dimY , (for example litaka fibration), then x(X) = x(Y) 4+ x(F), where F is a
general fibre of F.

A Calabi-Yau n-fold or Calabi-Yau manifold of (complex) dimension n is defined as
a compact n-dimensional Kéhler manifold M such that the canonical bundle of M is
torsion, i.e. there exists a natural number m such that Ksm 18 trivial. In the case when
we have the pair (X, D), then log Calabi-Yau variety can be defined when m(Ky + D) is
trivial for some m € N as Q Cartier. As for the adjunction formula, it definitely works
as long as Kx + D is Q-Cartier and it works up to torsion if it is Q-Cartier. If it is not
Q-Cartier, it is not clear what the adjunction formula should mean, but even then one
can have a sort of adjunction formula involving Ext’s but this is almost Grothendieck
Duality then. The log Minimal Model and abundance conjectures would imply that
every variety of log Kodaira dimension «(X) = 0 is birational to a log Calabi-Yau
variety with terminal singularities.

From the definition of Gang Tian and Shing-Tung Yau [25]. In the generalization of
the definition of Calabi-Yau variety to non-compact manifolds, the difference (Q A2 —
w" /n!) must vanish asymptotically. Here, w is the Kihler form associated with the
Kihler metric, g.

For singular Calabi-Yau variety we can take ky,,,(X) = O as definition of singular
Calabi-Yau variety when Kx is pseudo-effective.
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1.1 Song-Tian program

A compact complex m-manifold Xy is said to be of general type if «(Xo) = m. If
Kx, > 0 then X, is a Minimal Model by definition. Now, let the canonical line
bundle Ky, is not be semi-positive, then X can be replaced by sequence of varieties
X1, ..., X,y with finitely many birational transformations, i.e., X; isomorphic to Xj
outside a codimension 1 subvariety such that

Kx, >0

and we denote by X,;;, = X, the minimal model of Xy. Hopefully using minimal
model program Xy of non-negative Kodaira dimension can be deformed to its minimal
model X,,;, by finitely many birational transformations and we can therefore classify
projective varieties by classifying their minimal models with semi-positive canonical
bundle. To deal with our goal, we need to explain Abundance conjecture. Roughly
speaking, Abundance conjecture tells us that if a minimal model exists, then the
canonical line bundle X,,;, induces a unique holomorphic map

7 Xmin — Xean

where X.,, is the unique canonical model of X,,;,. The canonical model completely
determined by variety X as follows,

Xean = Proj | @ HOX, KR,

m>0

So combining MMP and Abundance conjecture, we directly get

X — Xmin — Xcan

which X here might not be birationally equivalent to X.,, and dimension of X4, is
smaller than of dimension X. Note also that, Minimal model is not necessary unique
but X4, is unique. Note that if the canonical Ring R(X, Kx) is finitely generated then
the pluricanonical system induces an algebraic fibre space 7’ : X — X, . For example
if Kx be semi-ample then R(X, Kx) is finitely generated and we have an algebraic fibre
space ™ : X — Xcan.

Now we explain how it is related to Kdhler Einstein metric and normalized Kéhler Ricci
flow. By Song-Tian program it turns out that the normalized K&hler Ricci flow doing
exactly same thing to replace X by its minimal model by using finitely many geometric
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surgeries and then deform minimal model to canonical model such that the limiting
of canonical model is coupled with generalized Kéhler Einstein metric twisted with
Weil-Petersson metric gives canonical metric for X. Song-Tian program on MMP is
that if X be a projective variety with a smooth Kéhler metric go, we apply the Kihler
Ricci flow with initial data (Xp, go), then there exists 0 < T} < Tp... < T4 < oo for
some m € N, such that

t—T, t—T> t—Tm
(Xo0,80) — — (X1,81) — —> ... — — (Xin, m)
after finitely many surgeries in Gromov-Hausdorff topology and either dimcX,, < n, or
X = Xpmin if not collapsing. In the case dimcX,, < n, then X,, admits Fano fibration
which is a morphism of varieties whose general fiber is a Fano variety of positive
dimension in other words has ample anti-canonical bundle. In the case X,,;, = X, is
a minimal model and after appropriate normalization, we have long-time existence for
the solutions of normalized Kéhler Ricci flow to canonical metric

t—00

(Xmina gm) — (Xcana gcan)

Now we are ready to give Song-Tian algorithm via MMP along Kéhler Ricci flow.

[-Start with a pair (X, go) where X is a projective variety with with log terminal
singularities. Apply the Kéhler Ricci flow

0

—g({) = —Ri

58" ic(g)
starting with go and let 7 > 0 be the first singular time

IT- If the first singular time is finite, 7 < O , then

X, g@) X (v, dy)

(G-H here means Gromov-Hausdorff topology). Here (Y, dy) is a compact metric space
homeomorphic to the projective variety Y. Now there is three possibilities which we
mention here.

A -In the case dimY = dimX. Then (X, g(¢)) is deformed continuously to a compact
metric space (X, gy+(¢)) in Gromov-Hausdorff topology as ¢ passes through T, where
is a normal projective variety satisfying the following diagram
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()" lom

N /
\ Tt

Y

X Xt

and X is 7T -ample. 77 : X — Y is a general flip of X and we have

Xt = Proj (@ w*(OX(Kg‘?’”))>

m

So essentially the Kéhler Ricci flow should deform X to a new variety Y in Gromov-
Hausdorff topology and if Y has mild singularities then the Kéhler Ricci flow smoothout
the metric and we continue the flow on Y. In fact Kihler Ricci flow is a non-linear
parabolic heat equation and so it must smoothout singularities and in this case Y and
X are the same thing. If Y has very bad singularities then we can still apply the Ricci
flow on Y and the flow immediately resolve the singularities to a new variety X and
the resolution of singularities is in Gromov-Hausdorf topology and we have continuous
resolution of singularities and Y continuously jump to X' and we can continue the
Kihler Ricci flow. Gang Tian jointly with Gabriele La Nave started a program to
studying finite time singularity of the Kéhler-Ricci flow, for those varieties that flips
can be achieved through variations of symplectic quotients via V-soliton metrics.

B -In the case 0 < dimY < dimX.

(X, D) admits log Fano fibration over Y. Then (X \ D, g(#)) collapses and converges to
a metric space (Y, gy) in Gromov-Hausdorff topology as t — T and we replace (X, go)
by (Y, gy) and continue the flow.

C -In the case dimY = 0.

Then (X, D) is the log Fano and the flow becomes extinct at ¢+ — 7T and if we rescale
it then the flow converges to general version of conical Kéhler Ricci soliton.

So the previous situations were for finite time singularity 7 < oo. If we have long
time existence T = oo, then we also have the following three situations.

A -In the case k(X,D) = dimX.
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Then % g(#) converges to unique conical Kihler Einstein metric ggz on X2, in Gromov-
Hausdorff topology as ¢ — oo.

In the case when X has log-terminal singularities, then Song and Tian gave an affirma-
tive answer to this part and later Odaka [60] showed that If (X, L) admits Kihler Ricci
flat metric then the singularities of X must be mild.

B -In the case 0 < k(X,D) < dimX.

Then X admits a Calabi-Yau fibration over its canonical model X.,,. Moreover,
% g() collapses and converges to the unique generalized Kéhler Einstein metric g4,
satisfying to the generalized kdhler-Einstein equation on X4, in Gromov-Hausdorff
topology as ¢t — oo as soon as we have fiberwise KE-stability or Kawamata’s condition
of Theorems 2.28, or 2.30(for C?-case).

Ric(Wean) = —wean + witp + Y _(b(1 = ip)[7*(P)] + [B]
P

where BP is Q-divisor on X such that W*OX([iBQ]) = Op (Vi > 0). Here s,l? =
b(1— t,? ) where t}D, is the log-canonical threshold of 7*P with respect to (X, D — B /b)
over the generic point 7p of P. i.e.,

2 ;= max{r € R | (X, D—BP/b+ t7r*(P)) is sub log canonical over 7p}

and w.q, has zero Lelong number. We conjecture that w4, is a good metric in the
sense of Mumford

Recently Song and Tian [26] solved the weak convergence in the case when X has sin-
gularity and canonical bundle is semi ample. They showed that the flow converges and
collapses with uniformly bounded scalar curvature. Note that if we accept Abundance
conjecture then it is always true.

C -In the case k(X,D) = 0.

Then the conical Kdhler Ricci flow converges to the unique Ricci flat Kdhler metric in
the initial Kéhler class in Gromov-Hausdorff topology as t — oco. Song-Tian solved
the weak convergence for this case.

So if we have long time existance 7' = oo then the main goal of this paper is to extend
the case B when 0 < k(X, D) < dimX for pair (X, (1 — S)D) where D is divisor on
X, 0 < B < 1 and we can write
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Ric(Wean) = —Wean + wipp + Y _(b(1 — E)[7*(P)] + [B”]
P

where B” is Q-divisor on X such that 7,Ox([iB]) = Op (Vi > 0). Here 52 :=
b(1— tg ) where t,? is the log-canonical threshold of 7* P with respect to (X, D — B /b)
over the generic point 7p of P. i.e.,

tp ;= max{t € R | (X,D — B” /b + t7*(P)) is sub log canonical over 7p}

and wcq, has zero Lelong number and 7 induces a function f : Xo — MLC)Y where X
is a dense-open subset over

XP = ProjR(X; Kx + D) = Proj ®,,>0 H'(X,mKx + |mD|)
which the fibers of m are smooth. Note that the moduli space of log Calabi Yau

pair M?CY is essentially smooth (if exists!)and admits a canonical metric, that is, the
logarithmic Weil-Peterson metric.

It is worth to mention that in Minimal Model Program

X=X - -—Xx =Y

1) If k(X) = —oo then X; — Y is Mori fiber space with fiber being Fano variety of
Picard number 1.

DIf 0 < k(X) < n then X; — Y is a Calabi-Yau fiber space, i.e., fibers are Calabi-Yau
varieties

3)If k(X)) = n then Y = X° is a canonically polarized variety.

1.2 Lelong number:

Let W C C" be a domain, and © a positive current of degree (g, g) on W. For a point
p € W one defines

1 C|,12\n—
Wﬁnﬂzﬂmwﬁpm@@AWHd)q

The Lelong number of © at p is defined as

v(0,p) = limv(©,p,r)
r—0
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u

Let © be the curvature of singular hermitian metric # = e™*, one has

0(©,p) = sup{A > 0: u < Alog(|z — p|») + O(1)}

Siu’s Decomposition[61]: Let X be acomplex manifold and T a closed positive current
of bidimension (p, p). Then, there is a unique decomposition of 7" as a (possibly finite)
weakly convergent series

T=> NAI+R, )>0,
>1
where [A/] is the current of integration over an irreducible p-dimensional analytic set
A; C X and where R is a closed positive current with the property that dim E.(R) < p
for every ¢ > 0. Here E.(R) is the set of point x € X such that the Lelong number
V(R,x) of R at x is greater than or equal to c¢. Later, when we study AZD and Zariski
Decomposition, we can see the importance of this decomposition.

Lelong number give a lot of information to us. See [13][40].

A1) If the line bundle L — X be a nef and big then there exists a hermitian metric on
L with vanishing Lelong number.

A2) Let X be a projective manifold and (L, #) a positive , singular hermitian line bundle
, whose Lelong numbers vanish everywhere. Then L is nef.

A3) Let X be a smooth projective variety and let D be a nef and big R-divisor on X.
Then the first Chern class ¢;(D) can be represented by a closed positive (1,1)-current
T with o(T) =0

A4) Let X be a smooth projective variety and let D be a R-divisor on X such that
c1(D) can be represented by a closed positive (1, 1) current 7" with v(7T) = 0. Then D
is nef.

AS) Suppose that there exists a modification f : ¥ — X such that there exists a Zariski
decomposition f*L = P + N of f*L on Y. Then there exists a closed positive (1, 1)
current S such that ¢1(P) = [S] and v(S) =0

By using previous A1-AS5, we have the following remark.

Theorem: Canonical metric (Kéhler Einstein metric, constant scalar curvature, twisted
Kéhler Einstein metric along X — X4, ) has zero Lelong number.
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2 Generalized Kihler-Einstein metric along Long Canonical
Model

In this section by assuming finite generation of log canonical ring, we try to construct a
unique logarithmic canonical measure and hence we try to find a unique twisted Kahler
Einstein metric on pair (X, D). When the log canonical ring is finitely generated, the
canonical model can be defined by Proj of the log canonical ring as follows

X2 = ProjR(X, Kx 4 D) = Proj @,,>0 H'(X, mKx + |mD|)

can
here |x| = max {m € Z | m < x}. If the log canonical ring is not finitely generated,
then ProjR(X, Kx 4+ D) is not a variety, and so it cannot be birational to (X, D); in
particular, (X, D) admits no canonical model. If the log canonical ring be finitely
generated, then the log canonical model X2 is unique. Moreover we show that our
log canonical measure is birational invariant.

Recently, Birkar, Cascini, and Hacon,[27] and independently Siu [28] showed the
following theorems

Theorem 2.1 Let X be a smooth projective variety. Then the canonical ring R(X; Kx)
is a finitely generated C-algebra and hence canonical model exists and is unique. If D
be a smooth divisor on X then log canonical ring is finitely generated also.

A pair (X, D) is said Kawamata log terminal if for any proper birational morphism
¢ : Y — X we may write

Ky + Dy = ¢"(Kx + D)

where Dy is a Q-divisor whose coefficients are strictly less than one.

Theorem 2.2 Let (X, D) be a projective Kawamata log terminal pair. Then the log
canonical ring R(X; Kx + D) is finitely generated and hence log canonical model exists
and is unique

Because we are in deal with singular Hermitian metrics, for our next results, we need to
consider a kind of Zariski decomposition which is called by Analytic Zariski Decompo-
sition (AZD). In fact for our purpose, we are interested to study H(X, Ox(mL)QZL(h™)).
Now, If a line bundle L admits an Analytic Zariski Decomposition /, then to study
H(X, Ox(mL) it is sufficient to study H°(X, Ox(mL) ® Z(h™)). In fact this definition
of Analytic Zariski Decomposition of Tsuji [13] is inspired by Zariski. Zariski for
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considering the finite generation of canonical rings introduced the notion of Zariski
decomposition, which says that if X be a smooth projective variety and D be a pseu-
doeffective divisor on X, then D = P 4 N is said to be Zariski decomposition of D, if
P be nef and N be effective and we have isomorphism

H(X, Ox([mPY)) — H(X, Ox(ImD])).

So if the divisor D be Zariski decomposition then R(X, Ox([P])) ~ R(X, Ox([D)]))
holds true.

Definition 2.3 Let L be a line bundle on a complex manifold X. A singular Hermitian
metric A is given by

h=e %.hy

where hg is a C°°-Hermitian metric on L and L}OC(X) is an arbitrary function on X.
The curvature current O, of the singular Hermitian line bundle (L, 4) is defined by

Oy = @ho =+ —165@

where 99 is taken in the sense of a current as introduced before.

To give an another equivalent definition for singular hermitian metric. Let L — X be a
holomorphic line bundle over a complex manifold X and fix an open cover X = UU,, for
which there exist local holomorphic frames e, : U, — L. The transition functions
8ap = eg/eq € Ox(Uy N Up) determine the Cech 1-cocycle {(Uq,gap)}. If his a
singular Hermitian metric on L then h(eq, eq) = e 2%>  where the functions Ya €
L}()L,(Ua) are called the local weights of the metric 7. We have ¢, = g + log|gas]
on U, N Ug and the curvature of #,

ci(L, Wy, = dd pq
is a well defined closed (1, 1) current on X.

One of the important example of singular hermitian metric is singular hermitian metric
with algebraic singularities. Let m be a positive integer and {S;} a finite number of
global holomorphic sections of mL. Let ¢ be a C*°-function on X. Then

1

hi=e ¥ ———
SN DR
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defines a singular hermitian metric on L. We call such a metric / a singular hermitian
metric on L with algebraic singularities. To giving another examples: Let S € H(X; L)

then h := hge ¥ = | ;"2 by taking ¢ := log|S \io give a singuar hermitian metric. Let
ho

D be a Q-effective divisor on smooth projective variety X and S € HY(X, Ox(mD))
be a global section then,

e
(s, )"

defines an singular hermitian metric on mD where A means smooth hermitian metric
on mD. See [2].

h =

For defining Analytic Zariski Decomposition we need to introduce the notion of mul-
tiplier ideal sheaf.

Definition 2.4 The L?-sheaf £?(L,h) of the singular Hermitian line bundle (L, k) is
defined by

LXL,h) := {0 € T(U, Ox(L) (o, 0) € L}, (U)}

where U runs over open subsets of X. There exists an ideal sheaf Z(/) such that

LAL, h) = Ox(L) ® Z(h)
More explicitely, by taking h = e~ ¥.hg the multiplier ideal sheaf can be defined by

Z(h) = L2(Ox, e %).

If / is a smooth metric with semi-positive curvature, then Z(h) = Oy, but the converse
is not true. In general, let (L, ;) be a singular Hermitian Q-line bundle on a smooth
projective variety X, then (L, hy) is said to be Kawamata log terminal, if its curvature
current is semipositive and Z(h) = Ox. For instance, for Weil-Petersson metric we
have Z(hwp) = Ox, so (Lwp, hwp) is Kawamata log terminal Hodge Q-line bundle.

Remark:It is worth to mention that the corresponding Monge-Ampere equation of the
Song-Tian metric
Ric(Wean) = ~Wean + wipp + Y _(b(1 — 2)[7*(P)] + [B”]
P
where BP is Q-divisor on X such that m(’)x([iBQ]) = (’)Xgm (Vi > 0). Here s,l? =
b(1— tIQ ) where tI[,’ is the log-canonical threshold of 7* P with respect to (X, D — BP /b)
over the generic point 7p of P. i.e.,
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tp :=max{t € R | (X,D — B” /b + t7*(P)) is sub log canonical over 7p}

Wean €an not have algebraic singularities.
Note that Z(h) is not coherent sheaf of Ox-ideals but if ©) be positive then Nadel
[29, 30] showed that Z(h) is coherent sheaf of Oy -ideals

Now we are ready to define the notion of Analytic Zariski Decomposition.

Definition 2.5 Let X be a compact complex manifold and let L be a line bundle on
X. A singular Hermitian metric /& on L is said to be an analytic Zariski decomposition,
if the following hold.

1. the curvature ©j, is a closed positive current.

2. for every m > 0, the natural inclusion

H(X, Ox(mL) @ Z(W™)) — H*(X, Ox(mL))

is an isomorphism, where Z(4™) denotes the multiplier ideal sheaf of 4™.

Now, we mention one of the important theorems of Tian-Yau and Tsuji about AZD and
existence of Kéhler Einstein metric on pair (X, D) where D is simple normal crossing
divisor and Kx + D is ample.

Let op be a nontrivial global holomorphic section of divisor D. We denote the singular
hermitian metric on D by

_ b h

~ Nlopl> ™ ho(op, op)

where hyg is an arbitrary C°°-hermitian metric on D. We can define the Bergman kernel
of H'(X, Ox(D) ® Z(hp)) with respect to the L?-inner product:

hp

(0,0') = (vV—1)" / hp.o A G
X

as

N
K(Kx +D,hp) = |oi]?
i=0

where {0, 01, ...,on} is a complete orthonormal basis of H*(X, Ox(D) ® Z(hp)).
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Theorem 2.6 Let X be a smooth projective variety and let D be a divisor with simple
normal crossing on X such that Kx + D is ample then there exists a Kihler Einstein
current wg with Ric(wg) = —wg + [D]. The metric

hi= (W)™
is a singular hermitian metric on Kx + D with strictly positive curvature on X. Let
D = ), D; be the irreducible decomposition of D and let S; be a nontrivial global
section of Ox(D;) with divisor D;. Then h is analytic zariski decomposition on Kx + D

and h has logarithmic singularities along D which means there exists a C* -hermitian
metric on hg on Kx + D such that

h=ho [ [ Ilog |ISi[II”

where ||S;|| denotes the hermitian norm of S; with respect to a C°° -hermitian metric
on Ox(D;) respectively. Hence this show that the singular hermitian metric h blows
up along simple normal crossing divisor D.

As an application, let w be a complete Kdhler-Einstein form on M with dimX = n
such that Ric(w) = —w + [D], then

h= w”.hD

is an Analytic Zariski Decomposition on Ky + D.

Definition 2.7 We say a line bundle on a projective complex manifold X is pseudo-
effective if and only if it admits a singular Hermitian metric hg,, whose associated
Chern current TL hgng is positive

J.-P. Demailly in [2] showed that a line bundle L on a projective manifold X admits an
Analytic Zariski Decomposition, if and only if L is pseudo-effective.

For the Kawamata log terminal pair (X, D) such that X is smooth projective variety
and Kx + D is pseudoeffective then there exists a singular hermitian metric h¢,, on
Kx + D such that h¢,, is Analytic Zariski decomposition on Ky + D.

Tsuji in [13] showed that under some certain condition, AZD exists. He proved that if
L be a big line bundle, i.e.,

dim HO(X, L®™)

Vol(L) = lim sup e
m

m—00

>0

then L has an analytic Zariski decomposition.

To state our results we need also to introduce log-litaka fibration.



Canonical metric on a mildly singular Kdhler varieties with an intermediate log Kodaira dimension19

Definition 2.8 We say (X, D) is a Kawamata log-terminal pair or shortened as klt pair,
if X is a normal projective variety over C of dimension n, and D is an arbitrary Q-
divisor such that Kx+ D is Q-Cartier, and for some (or equivalently any) log-resolution
7 : X — X, we have:

Ky = 7" (Kx + D) + Z a;E;

where E; are either exceptional divisors or components of the strict transform of D,
and the coefficients a; satisfy the inequality a; > —1.

Log litaka fibration is the most naive geometric realization of the positivity of the Log
canonical ring.

Definition 2.9 Let X be a smooth projective variety with Kod(X) > 0. Then for a
sufficiently large m > 0, the complete linear system |m!Kx| gives a rational fibration
with connected fibers :

fiX— Y.

Wecall f : X —- .. — Y the litaka fibration of X. litaka fibration is unique in the sense
of birational equivalence. We may assume that f is a morphism and Y is smooth. For
Iitaka fibration f we have

1. For a general fiber F, Kod(F) = 0 holds.

2. dimY = Kod(Y).

Similary, the log-litaka fibration of the pair (X, D) gives the asymptotic analysis of the
following rational mappings.

¢ 1 X— — Y C P (HX, (Kx + D)®N¥)

Theorem 2.10 Let (X, D) be a normal projective variety such that log-Kodaira di-
mension

logh'°(X, Kx + D

k(X, D) = lim sup ogh (X, Kx + D)

>0
meN 10g m

Then for all sufficiently large in semigroup k € N(Kx +D) := {m > 0 : WX, m(Kx +
D)) # 0} there exists a commutative diagram
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u
Xoop—= X
@oo,Di Pk,D

litaka(X, Kx + D) ——= Im(yy.p)

where the horizontal maps are birational. One has dim(litaka(X, Kx + D)) = k(X, D).
Moreover if we set (Kx + D)o, = u}s (Kx 4+ D) and F is the very general fiber of ¢os p
, we have Kk(F,(Kx + D)|r) = 0.

Note that if Ky + D be a semi-ample line bundle over a projective manifold X. Then
there is an algebraic fibre space @, : X — Y such that for any sufficiently large
integer m with m(Kx + D) being globally generated, Y,, = Y and &, = ®,,, where
Y is a normal projective variety and ®,, : X — P (HO(X, (Kx + D)®’") and here
Y, = ®,(X). Here @, is called litaka fibration. In particular if Kx 4+ D be semi-
ample then the algebraic fibre space f : X — X4, is called Iitaka fibration. It is worth
to mention thatif f : (X, D) — Y be litaka fibration then the logarithmic Weil-Petersson
metric wyp indicate the isomorphism

R(X,Kx + D)™ = R(Y, Ly p)"™

for some positive integer m, where for graded ring R = @:° R;, we set

o
R™ = (D) R
i=0

and here

1 k%
Lx)yp = p (£ Ox(m!(Kx y + D))

here m choosen such that m!(Kx + D) become Cartier. We set Ky Y = Kx ® Ky !
and call it the relative canonical bundle of 7 : X — Y. Note that the direc image
[ Ox(m!(Kx sy + D)) can be realized as the pull back of an ample vector bundle on the
moduli space of Calabi-Yau fibers via moduli map.

Eyssidieux, Guedj, and Zeriahi in [32] showed that if (X, D) be a projective variety
of of general type (which in this case log canonical ring is finitely generated), then
Xc.an Will have only canonical singularities and there exists a Kihler Einstein metric on
Xcan With a continuous potential. Furthermore it is continuous on X and smooth on a
Zariski open dense set of X. Note that only condition of finite generation of canonical
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ring doesn’t give Kihler Einstein metric. For example, take CP' x Y, where X, is a
curve with positive genus, then it has no Kéhler Einstein metric, but its canonical ring
is finitely generated. Our main goal of this section is to prove the following theorem

Theorem 2.11 Let X be an n-dimensional projective variety with a simple normal
crossing divisor D and with log Kodaira dimension 0 < xk < n. If the log canonical
ring is finitely generated, then there exists a unique canonical measure Q2 on the pair
(X, D) satistying:

vy

(1)- We have 0 < o~ < oo where

can

M dy

=3 1Swln

m=0 j=0

where {SmJ}Jflgo spans H'(X, Ox(mD) ® Z(mhp))

(2)- QP is continuous on X and smooth on Zariski open set of X

(3)-Let®: (X,D)— — Xgm be the pluricanonical map. Then there exists a

. ., . D . . D
unique closed positive (1, 1)— current w,,,, with bounded local potential on X, such

that ®*(wP,) = V/—19001og QL = outside of the base locus of the pluricanonical

can can

system. Furthermore, on X2, ,

((v‘-)c[-zm)H = <I>>k Qcan

and let we have fiberwise KE-stability or Kawamata’s condition of Theorems 2.27, or
2.28, then

Ric(Wean) = —Wean + wipp + Y _(b(1 — 2)[7*(P)] + [B”]
P
where BP is Q-divisor on X such that W*Ox([l'B?_]) = Oxp (Vi > 0). Here sB =

b(1 —8) where t2 is the log-canonical threshold of * P with respect to (X, D — BP /b)
over the generic point np of P. i.e.,

2 ;= max{r € R | (X,D - BP/b+ t7*(P)) is sub log canonical over np}

(4)- QP is invariant under birational transformations.
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For proving parts 2),3), and 4) of Theorem 2.11., we need to prove some lemmas. Part
1) of Theorem 2.11 by the same method of Song-Tian is trivial and we get the desired
result. So we prove parts 2),3), and 4)

Definition 2.12 Suppose that X is an n-dimensional projective variety with simple
normal crossing divisor D of log Kodaira dimension 0 < x < n. Let the log canonical
ring R(X, Kx + D) is finitely generated and ® : (X, D) --» X2 be the pluricanonical
map. There exists a non-singular model (XT,DT = *D) (where 2 : XT — X is the
normalization) of (X, D) and the following diagram holds:

1, Dh : (X, D)

N /
\ P

XD

can

where 71 is birational and the generic fiber of ®' has Kodaira dimension zero.

Note that x(X, D) := r(XT, DY) and of if k(X ,D) = dim X — 1 then the general fibers
are elliptic curves, and of if x(X, D) = dim X — 2 then the general fibers are surfaces
of log Kodaira dimension zero.

1. Let QP be a measure associated to a orthonormal base of the

HY(X, Ox(mD) ® Z(mhp))

then the pushforward measure ®,QP on X2

is defined by
2.0 = @, (= 0?)
2. Let & = ®,, be the pluricanonical map associated to a basis {oj, ;1”:":0 of the linear
system | m(Kx + D) |, associated to the H(X, Ox(mD) ® Z(mhp)), for m sufficiently
1
large. Also let QP = <|S2(1,_ﬁ) ;f;":o Ojy & 5jm> and wrs be the Fubini-Study
hp

metric of CP% restricted on X,,, associated to ®,,. Then the generalized log Weil-
Petersson metric is defined by

1 _
e = s — V—10010g ®,®P
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In particular, @), coincides with w%, which introduced before on a Zariski open set
of X2

can

Lemma 2.13 ®,0P is independent of the choice of the diagram in Definition 1.4

Proof Let p be a test function on X2 . Then

can*

/ p3.0P — / (@i p) hya? = / (@ )P
can XT X

O

Since the log generic fiber of ®' has log Kodaira dimension zero, we can derive the
following lemma. Let us recall Hartogs’ extension theorem which is as same as Serre’s
S2 property in general setting.

Lemma 2.14 Let f be a holomorphic function on a set G \ K, where G is an open

subset of C" (n > 2) and K is a compact subset of G. If the relative complement

G \ K is connected, then f can be extended to a unique holomorphic function on G.
dﬂ

Lemma2.15 Let {JJS) o and {0}(12) Zqzo be bases of the linear systems |p(Kx +Dl)]

and |q(Kx+D)|, for p and q sufficiently large. Let QY = <S|2p(ll_ 2 ;ff:o gj, ® 5jp> " and
hp

QP = (5% o ® T; ’ Then (mt)* & is constant on an ic fib
= i, @, | - ap y generic fiber

R
0P o,.0P
* )4 _ * p
(1) (Q(,1)> = (®h) <¢*Q,q)>

D

Proof Take F = % then F is smooth. We consider the following diagram
q

and so

', ph L~ (x,D)

o

t, D)) — x5,

can
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where ®' is an log Titaka fibration. A very general log fiber of ®' is nonsingular of
log Kodaira dimension zero. Let Fy, = ((@T)_l(so),DIO) be a very general log fiber.
Take B as an open neighborhood such that for every s € B log fiber is nonsingular.
Let n be a nowhere-vanishing holomorphic x-form on B. Then

(1) 0y,
s € HOX, mi(Ky + D))

and

(Yo,
—

i e H(x], q'(Kyy + D))

D

But dim IP’HO(XJ07 k(KXT + D}LO)) = 0 for any k > 1 and hence % must be constant on
50 q

each log fiber F,. Hence f*F is constant on very general log fiber of ®f. Therefore, by

applying Hartogs extension theorem, f*F is smooth on X' and so f*F is the pullback

of a function on a Zariski open set of ¥T.bBy commutative diagram, on a Zariski open

set of X, F is the pullback of a function on X

.o and so F has to be constant on a very
general fiber of ®.

Now we show that our definition of &%, only depends on (X, D).

Theorem 2.16 The definition of generalized logarithmic Weil-Petersson metric &%y
only depends on pair (X, D).

Proof Because @, is independent of the choice of the diagram in

(X', Dh (X, D)

N /
\ P

XD

can

so the generalized logarithmic Weil-Petersson metric @k, does not depend on the

choice of the diagram. Let {a(l) % and {UJ(.;) Zqzo are bases of the linear sys-

Jp Jjp=0
tems |p(Kx + D)| and |g(Kx + D)|, for p and ¢ sufficiently large. Let Q) =



Canonical metric on a mildly singular Kdhler varieties with an intermediate log Kodaira dimension25

1

1 dp g D __ d . 7 ’
(W d o%®%> and €3 = W 4=0 %y ® 0j, | . Assume that

hp

w}ls) P and wl%)’D are the log Fubini-Study metrics of (CPdP, D) and (CP%, D) restricted
associated to ¢, and ®,. Then by avoiding the base locus of R(X', Kyt + D),

on X2
there exists a Zariski open set V of X', such that

(‘PT)* (I)D v—l@élog(ﬁ)*ﬁf

and

7(<I>T)* wP = V=100 log(nt)* QP

and hence there exists a Zariski open set U of X4, such that,

Lwo 1 op S [
S _ 100 /T8
prs quS og 0P

But fw%)D and 1 JWF.

L°(XP

can
wg,w)g and proof is complete. O

. o,.00N .
(Z)D are in the same cohomology class and log (ﬁ) is in

), hence previous equality holds true everywhere on X2 and we have w%,}) =

Now, we are ready to prove Theorem 2.11. First we prove part (3).

Proof Since the log canonical Ring R(X,Kx + D) is finitely generated, hence the
following diagram exists

1, Dh : (X, D)

N /
\\ P

XD

can

- 1s the log canonical model of the pair (X, D), and (XT, DT) is the log resolu-
tion of the stable base locus of the pluricanonical systems such that (7Y* (m(Kx + D)) =
L + E for sufficiently large m, where L is semi-ample, so it is globally generated and
E is a simple normal crossing divisor. Here, (X', D) is a log Iitaka fibration over the

where XP
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log canonical model X2 such that the log generic fiber has log Kodaira dimension
zero. Let {Jj}fgo be a basis of H (X, m(Kx + D) ® Z(h})) and {Q}jgo be a basis of
H°(X, (L + E) ® Z(hg)). Take

m  dy
% 2
Q=@ [ DD logl>
n=0 j,=0
be a degenerate smooth volume form on (X', D) and w = % v/—10010g (Z]@o \C]|2> .
Then the following Monge-Ampere equation has a unique continuous solution ¢ on

D
Xcan >

o ISEli
Spl7,

where wl)p is the logarithmic Weil-Petersson metric and N is an effective divisor
correspond to the canonical bundle formula of Fujino-Mori [72] . So by taking v/—190
on both sides, we get

(e 'whp 4+ (1 — e wy + Ric(hy) +V—1oGp)" = e (@,

Ric(wcan) = —Wean + WVDVP + [N]
here whp = v/—10010g © — %\/—lﬁélog |Sg|?, where © = W.

Now, by taking

e

d
D i Zm Z 2
Qcan = h ’O-jn | "
N 0

n=0 Jn=

and using the definition of pullback of current, we can see that

m dy
V=189 10g Qean = V—18010g [ Y3 |0y, |+ |~V =100 log hy+v/~1008*p = &*wE,,

n=0 j,=0
where w2, = e 7wl p + (1 — e wp + Ric(hy) + vV —105¢

Hence

V _105 10g Q(X,D)/Xgm = (I)*CULDan
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Note that, we write the relative canonical volume as

QD = Q(X,D)/XD

can - can

Now, we prove the uniqueness of Q2 . Assume that there exists two log canonical mea-

sures Q2 and Q2 | then Q2 = QP but /—1991log AL — /=10510g QL
is a pullback from X2 then on a generic fiber of ®f, we have \/—19dlog 2.2, —
V—19001og QP = 0 hence v/ —10p0p(nT)*’ = 0 hence ¢ desends to X2, and
satisfies the following Monge-Ampere equation:

ISE7,

N

Now we show that log canonical

(e "whp + (1 — e Nwo + Ric(hy) + V—106¢0)" = &' XY

D :Q’D

but this equation has unique solution, so {2, can -

measure is invariant under birational transformation.

Consider the following diagram

XD, D) (X@, D)

0]

. el

XD

can

where f is birational and ® and ®® are the log pluricanonical maps.Fix Q” in
XD D). Let QN = 20 QP and QP = eror* (QD) be the unique canonical
measures on (X, D) and (X», D). Then (1) and () descend to X2 and satisfy

2
|SEl7,

2
N
so the uniqueness of the solution of this Monge-Ampere equation implies that ¢y =

¢, and hence f* (V) = Q@ and so the log canonical measure Q2
under birational transformation f.

(e 'whp + (1 — e wo + Richy) +V—105p)" = e (@1, 0P

is invariant

O

The relation between the Existence of Zariski Decomposition and the Existence
of Initial Kihler metric along relative Kihler Ricci flow:

Finding an initial Kéhler metric wg to run the Kéhler Ricci flow is important. Along
holomorphic fibration with Calabi-Yau fibres, finding such initial metric is a little bit
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mysterious. In fact, we show that how the existence of initial Kidhler metric is related
to finite generation of canonical ring along singularities.

Let m : X — Y be an litaka fibration of projective varieties X, Y ,(possibily singular)
then is there always the following decomposition

1
KY + ﬁﬂ*ox(m'Kx/y) =P +N
nm.

where P is semiample and N is effective. The reason is that, If X is smooth projective
variety, then as we mentioned before, the canonical ring R(X, Kx) is finitely generated.
We may thus assume that R(X, kKx) is generated in degree 1 for some k > 0. Passing
to a log resolution of |kKx| we may assume that |kKx| = M + F where F is the fixed
divisor and M is base point free and so M defines a morphism f : X — Y which is the
Iitaka fibration. Thus M = f*Oy(1) is semiample and F is effective.

In singular case, if X is log terminal. By using Fujino-Mori’s higher canonical bundle
formula[72] , after resolving X', we get a morphism X’ — Y’ and a klt pair K}, + B, .
The Y described above is the log canonical model of K}, + B, and so in fact (assuming
as above that Y/ — Y is a morphism), then K} + B}y ~g P+ N where P is the pull-back
of a rational multiple of Oy(1) and N is effective (the stable fixed divisor). If Y/'— — ¥
is not a morphism, then P will have a base locus corresponding to the indeterminacy
locus of this map.(Thanks of Hacon answer to my Mathoverflow question [57] which
is due to E.Viehweg [58])

So the existence of Zariski decomposition is related to the finite generation of canonical
ring (when X is smooth or log terminal). Now if such Zariski decomposition exists
then, there exists a singular hermitian metric A, with semi-positive Ricci curvature
vV/—10; on P, and it is enough to take the initial metric wy = V=10, + [N] or
wo =V —10), +v/—1600||Sy||*” along relative Kihler Ricci flow
dw(t)
o

with log terminal singularities.

= —Ricy /v (w(1)) — w(t)

So when X, Y have at worst log terminal singularities(hence canonical ring is f.g and
we have initial Kdhler metric to run Kéhler Ricci flow with starting metric wy) and
central fibre is Calabi-Yau variety, and —Ky < 0, then all the fibres are Calabi-Yau
varieties and the relative Kéhler-Ricci flow converges to w which satisfies in

Ric(w) = —w + ffwwp

To get higher estimates of Ric(w) = —w + f*wwp We need just to think about central
fiber to control singularities of general fibers and total space. In fact from Kawamata,
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Let f : X — S be a flat morphism from a germ of an algebraic variety to a nonsingular
germ of an algebraic variety, and suppose that the central fiber Xy = f~!(0) has at worst
canonical singularities (respectively, terminal singularities). Then X itself has at worst
canonical singularities (respectively, terminal singularities). In particular, every fiber
X, = f~!(s) has at worst canonical singularities (respectively, terminal singularities).

For the existence of Kihler-Einstein metric when our variety is of general type, we need
to the nice deformation of Kihler-Ricci flow and for intermidiate Kodaira dimension
we need to work on relative version of Kéhler Ricci flow. i.e

a—w = —Ricyy(w) —w

ot
take the reference metric as J; = e fwy + (1 — e‘@Ric(W) then the version
of Kéhler Ricci flow is equivalent to the following relative Monge-Ampere equation

% _ l()g (CLNJ; —+ —185¢I)n A W*wfzm . ¢
ot Wepp N TFWI !
Take the relative canonical volume form Qy /y = %% and w; = &, +/—100¢;,
then
awt 8&7[ = 8¢[
Ger _ 99 /79590
ot ot + ot

By taking weo = —Ric(§x/y) +V/ —100¢, we obtain after using estimates

By taking —/—100 of both sides we get

Ricy jy(Woo) = —Woo

hence by the definition of relative Kédhler-metric and higher canonical bundle formula
we have the Song-Tian metric[23, 24, 25, 26]

Ric(weo) = —Weo + T (wwp) + [N]

Uniqueness result of Relative Kéhler-Einstein metric: Uniqueness of the solutions of
relative Kahler Ricci flow along litaka fibration or 7 : X — X, or along log canonical
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model 7 : (X,D) — Xgm. Let ¢ and vy be be w-plurisubharmonic functions such
that v(¢g,x) = 0 for all x € X, let ¢;, and ), be the solutions of relative Kéhler
Ricci flow starting from ¢g and g, respectively. Then in [48] it has been proven that
if ¢o < 9o then ¢, < 1), for all ¢. In particular, the flow is unique. So from the
deep result of Tsuji-Schumacher[40], it has been showen that Weil-Petersson metric
has zero Lelong number on moduli space of Calabi-Yau varieties, and by the same
method we can show that logarithmic Weil-Petersson metric has zero Lelong number
on moduli space of log Calabi-Yau varieties, hence by taking the initial metric to be
Weil-Petersson metric or logarithmic Weil-Petersson metric and since Weil-Petersson
metric or logarithmic Weil-Petersson metric are Kahler and semi-positive hence we get
the uniquenessof the solutions of relative Kahler Ricci flow.

Conjecture: The twisted Kihler-Einstein metric Ric(w) = —w + a where « is a
semi-positive current has unique solution if and only if « has zero Lelong number

For the log-Calabi-Yau fibration f : (X, D) — Y, such that the fibers (X;, D;) are log
Calabi-Yau varieties, if (X, w) be a Kéhler variety with Poincaré singularities then the
semi-Ricci flat metric has wsgr|x, is quasi-isometric with the following model which
we call it fibrewise Poincaré singularities.

k

1512”: dy Adi V-1 1 ( da dz'k>
T k=1

+ -
larl*doglarl®y ™ (log |2 — S0 log|a?)? \i & o

We can define the same fibrewise conical singularities and the semi-Ricci flat metric
has wsgr|x, is quasi-isometric with the following model

\/—lidzk/\dz'k V=1 1 ( du <& dz'k>
=AY

p 3
T = |2 T (loglr? =X loglz?)” \imd & 1o &

Remark:Note that the log semi-Ricci flat metric w&- is not continuous in general. But
if the central fiber has at worst canonical singularities and the central fiber (Xg, Do) be
itself as Calabi-Yau pair, then by open condition property of Kahler-Einstein metrics,
semi-Ricci flat metric is smooth in an open Zariski subset.

Remark:So by applying the previous remark, the relative volume form

m
can

| S

(w?RF)” A T*w

9 =
X.D)/Y T
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is not smooth in general, where S € H°(X,Ly) and N is a divisor which come from
canonical bundle formula of Fujino-Mori [72].

Now we try to extend the Relative Ricci flow to the fiberwise conical relative Ricci
flow. We define the conical Relative Ricci flow on pair 7 : (X, D) — Y where D is a
simple normal crossing divisor as follows

Oow )
o —Ric pyy(w) —w + [N]
where N is a divisor which come from canonical bundle formula of Fujino-Mori[72] .

. - _ _ . W AT W .
Take the reference metric as J; = e 'wo + (1 — e Ric(—E——) then the coni-
can

cal relative Kiahler Ricci flow is equivalent to the following relative Monge-Ampere
equation

¢ _ log (& + Ric(hy) +V/=100¢)" A m*wle, | Sy [P

ot (Whep)* A T,

b1

With cone angle 273, (0 < 8 < 1) along the divisor D, where & is an Hermitian
metric on line bundle corresponding to divisor N, i.e., Ly. This equation can be
solved. Take, w = w(f) = wp + (1 — B)Ric(h) + V/—100v where wg = e 'wy + (1 —
e*t)Ric(M) = e 'wy + (1 — e wwp, by using Poincare-Lelong equation,

* i
T Wean

V—19d1og |sy|7 = —ci(Ly, h) + [N]

we have
Ric(w) =
= —v/—1001logw™
= —V/=100log 7. Qx pyy — V—180v — (1 — B)e1(IN], h) + (1 — B){N}
and

V —laélog W*Q(X,D)/Y + V —185\/ =
= +v/—1001og T8Qx,py/y +w — wp — Ric(h)
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Hence, by using
D *
(wsrr)" A T Wean
* 2
T Wegn | S |

)

whp =v—1901og(

we get

V —laélog W*Q(X,D)/Y + V —185\/ =
=w —wiyp — (1 = Ber1(N)

So,

Ric(w) = —w + whp + (1 — B)[N]

which is equivalent with
Ricix p)jy(w) = —w + [N]

Consider the followwing relative Kdhler Ricci flow

Oow )
o —Ric py)y(w) —w + [N]

where N is a divisor which come from canonical bundle formula of Fujino-Mori.[72]

. ~ _ _ . Wi AT W .
Take the reference metric as J; = e 'wp + (1 — e t)ch(W) then the coni-
can

cal relative Kahler Ricci flow is equivalent to the following relative Monge-Ampere
equation

i log (@ + Ric(hy) +V/=100¢)" A m*wle, | Sw P

ot (Whep)t A T,

b

Now we prove the C-estimate for this relative Monge-Ampere equation due to Tian’s
CV-estimate

By approximation our Monge-Ampere equation, we can write

- % ]_
Opc _ 1o, Wi+ VZ10000" Nty (ISIF + )7

ot (wSDRF)m A ﬂ-*w?an

(ISIP + )7 = 1.
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So by applying maximal principle we get an upper bound for ¢, . as follows

1—
WA T (Wean)" (HSHz—i—ez)( B)

1€
(ngF)m N T*Wegp

)
—supp, < suplog — 5 (|ISIP+ )”

ot
and by expanding w;', we have a constant C independent of € such that the following
expression is bounded if and only if the Song-Tian-Tsuji measure be bonded, so to get
CY estimate we need special fiber has mild singularities in the sense of MMP

Wi'e N T (Wean)" (||S||2 + 62)

(W?Rp)m N T*Wegp

(1-5)
~C

and also 6 — 0 so & (||S|]* + 62)6 is too small. So we can get a uniform upper
bound for ¢, . By applying the same argument for the lower bound, and using maximal
principle again, we get a C* estimate for .. Moreover if central fiber X has canonical
singularities then Song-Tian-Tsuji measure is continuous. So this means that we have
CV-estimate for relative Kihler-Ricci flow if and only if the central fiber has at worst
canonical singularities.

Note that to get C>°-estimate we need just check that our reference metric is bounded
and Song-Tian-Tsuji measure is C*° smooth. So it just remain to see that wyp is
bounded. But when fibers are not smooth in general, Weil-Petersson metric is not
bounded and Yoshikawa in Proposition 5.1 in [39] and Tian[69] showed that under the
some additional condition when central fiber X, is reduced and irreducible and has
only canonical singularities we have

V—11s|* dsAds
| s[> (—log | s )?

0 <wwp <

So we can get easily by ancient method! the C°°-solution.

Note that the main difficulty of the solution of C* for the solution of relative Kéhler-
Einstein metric is that the null direction Vafa-Yau semi Ricci flat metric wsgr gives
a following Tsuji’s foliation [62] along litaka fibration 7w : X — Y and we call it
fiberwise Calabi-Yau foliation and can be defined as follows

F = {9 S TX’WSRF(Q,H_) = O}
and along log litaka fibration 7 : (X, D) — Y, we can define the following foliation

F'={0e TX/|W§)RF(07 6) =0}
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where X’ = X \ D. In fact the method of Song-Tian (only in fiber direction and
they couldn’t prove the estimates in horizontal direction which is the main part of
computation) works when wsgr > 0. For the null direction we need to an extension of
Monge-Ampere foliation method of Gang Tian in [51]. It will appear in my new paper
[52]

A complex analytic space is a topological space such that each point has an open neigh-
borhood homeomorphic to some zero set V(fi,...,fi) of finitely many holomorphic
functions in C", in a way such that the transition maps (restricted to their appropriate
domains) are biholomorphic functions.

Lemma: Fiberwise Calabi-Yau foliation is complex analytic space and its leaves are
also complex analytic spaces. See [52][62]

Lemma:(See [52][62]) Let £ be aleaf of £, F', then L is a closed complex submanifold
and the leaf £ can be seen as fiber on the moduli map

n:yY - M~
where MP
singularites and

is the moduli space of log calabi-Yau fibers with at worst canonical

Y = {y € Yy|(X;, Dy) is Kawamata log terminal pair}

Now we apply Theorem 1.12. when (X, D) is a minimal elliptic surface of kod(X, D) =
1. Let first recall Kodaira’s canonical bundle formula for minimal elliptic surfaces.

Now we can have the following definition of KE-stability due to Takayama-Tosatti and
Wang [67] (when dimension of base is one) and when dimension of base is bigger than
one, then Takayama-Tosatti result does not functional and we need to consider C*°
smoothness and boundedness of Song-Tian-Tsuji measure as follows which seems to
be natural.

Now if the dimension of smooth base be bigger than one, then we don’t know the
semi-stable reduction and instead we can use weak Abramovich-Karu reduction [66]
or Kawamata’s unipotent reduction theorem[42]. In fact when the dimension of base is
one we know from Fujino’s recent result[73] that if we allow semi-stable reduction and
MMP on the family of Calabi-Yau varieties then the central fiber will be Calabi-Yau
variety. But If the dimension of smooth base be bigger than one on the family of
Calabi-Yau fibers , then if we apply MMP and weak Abramovich-Karu semi-stable
reduction [31] then the special fiber can have simple nature as stable variety with slc
singularities at worst. But if the dimension of base be singular then we don’t know
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about semi-stable reduction which seems is very important for finding canonical metric
along litaka fibration.

Definition 2.17 Let 7 : X — B be a family of Kihler-Einstein varieties, then we intro-
duce the new notion of stability and call it fiberwise KE-stability, if the Weil-Petersson
distance dwp(B,0) < oo (or boundedness of Song-Tian-Tsuji measure when the di-
mension of base is bigger than one)and also Song-Tian-Tsuji measure be C*°.Note that
when central fiber has at worst canonical singularities then Song-Tian-Tsuji measure
is C-continuous.

Note when fibers are Calabi- Yau varities, Takayama and Tosatti, by using Tian’s Kéhler-
potential for Weil-Petersson metric for moduli space of Calabi-Yau varieties showed
that Fiberwise KE-Stability is as same as when the central fiber is Calabi-Yau variety
with at worst canonical singularities(after base change and birational modification ).
Note that when the dimension of base is bigger than one, we can replace the bounded-
ness of Weil-Petersson distance with boundedness of Song-Tian-Tsuji measure.

So along canonical model 7w : X — X4, for mildly singular variety X, we have
Ric(w) = —w + wywp if and only if our family of fibers be fiberwise KE-stable

Theorem 2.18 (Song-Tian [10]) Let f : (X,D) — > be a minimal elliptic surface
such that its multiple fibres are (X;, = miF1,Dy,), (X5, = maF2,Dy,),...,(Xy, =
mka,Dsk).Then

Kx+D =" Lo Ox (3 (1 —m)Fy)

where L is a line bundle on )

Song and Tian [10], by using Kodaira’s canonical bundle formula for minimal elliptic
surface f : (X,D) — > showed that there exists a unique twisted Kihler Einstein
metric we, on regular part of ) such that

) 1
Ric(Woo) = —Woo + whyp + Z(l - ;i)[Di]

So, if in Theorem 0.8, we take (1 — 8)[D] = > (1 — 3)[D;] and f§; = L and using

mi
Kodaira’s canonical bundle formula, then we see that we have Song-Tian’s theorem

about twisted Kéhler Einstein metric on minimal elliptic surfaces.
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Theorem 2.19 Let f : (X,D) — )_ be a minimal elliptic surface of log Kodaira
dimension kod(X, D) = 1 such that its multiple fibres are (X, = mF1, Dy,), (X;, =
maF>, Dy,), ..., (X, = myiFy,Dy). Then for any initial conical Kihler metric, the
conical Kéhler{Ricci flow has global solution w(t,.) and there exists a unique twisted
Kihler Einstein metric ws, on regular part of »  such that

) 1
Ric(Woo) = —Woo + whyp + Z(l - %)[Di]

Moreover, Let Z be a smooth projective complex threefold that admits an abelian
surfaces fibration onto a curve C,i.e wm : Z — C. Then

1
Ky=m"[Ke+> (1——)p+Mc+Re
pEB Mp

where Mc, called moduli part correspond to j*Opi(;) where j is the j-function asso-

ciated to the elliptic fibration and

pEB (l — m%) p + Rc is called the discriminant
part.

and in this case we have also

) 1
Ric(Woo) = —Woo + whyp + Z(l - E_)[Di]

Example: A Kodaira surface is defined to be a smooth compact complex surface X
admitting a Kodaira fibration, that is, there exists a connected fibration 7 : X — C over
a smooth compact Riemann surface C such that 7 is everywhere of maximal rank, and
the associated Kodaira-Spencer map p, : 7,C — H 1(Xt, TX,) at each point t € C is
non-zero. Here, X; := 7~ !(¢) denotes the fiber of 7 at . It is known that each fiber X,
is necessarily a smooth compact Riemann surface of genus g > 2

By identifying a point x in a fiber X, with the corresponding punctured Riemann
surface X; \ {x}, one obtains a map from X to the moduli space M, ; of punctured
Riemann surfaces of type (g, 1). The map lifts to local immersions to the corresponding
Teichmuller space 7g 1, and this enables us to induce a metric on X from the Weil-
Petersson metric gwp on T, 1} .

So on Kodaira fibration surface f : X — C with C has negative first Chern class then
on total space we have
Ric(w) = —w + ffwwp
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which Weil-Petersson metric is a metric on moduli space M, ;. We have the same
result also for log Kodaira fibration surface

Remark: In the papers of Song-Tian [10],[11], they asked that if for holomorphic
submersion 7 : X — B fibers and base are of general type then we can apply the same
method of Song-Tian to get twisted Kdhler Einstein metric on X, but the fact is that
we don’t need such twisted metric. Let m : X — B be a holomorphic submersion
where B and the general fibers of 7 are of general type. Then X is of general type due
to E. Viehweg and hence we have unique Kéhler-Einstein metric on X with negative
Ricci curvature. In fact this is a special case of litaka conjecture, which was proved by
Viehweg, see [33]

Now, we try to obtain the relation between first Chern class of X and cohomology
class of [7*wg]. Lets first mention the Grauert’s theorem which will be essential for
deriving our next theorem.

Theorem 2.20 Let 7 : (X, D) — B is a holomorphic submerssion map with connected
fibers and for every y € B, (X,,D,) are log Calabi-Yau manifolds , then the relative
log pluri-canonical bundle L = T, ((KX B+ D)") is a Hermitian semi-positive Line
bundle on B and logarithmic Weil-Petersson form satisfies in [wﬁ)vp] = %cl(L) where
m is a smallest positive integer such that (Ky, + Dy)®’" be trivial

Theorem 2.21 Let 7 : (X, D) — B is a holomorphic submerssion map with connected
fibers and for every y € B, iy = (Xy,Dy) are log Calabi-Yau manifolds and
c1(B) < 0. Then we have

[ wp] = —c1(X, D) + (1 — B _(b(1 — D)[*(P)] + [B”))
P

Proof By the definition of relative pluri-canonical bundle, we have
e ((Kx +D)") = m. (Kx/ +D)") @ Ky

and by using Ky = 7*m, ((K}’{) and Grauert’s theorem we conclude that ¢ (X, D) =
m*c1(B) — [w*w‘?vp] and we have 7*ci(wp) = —[7*wg] + [w*wﬁ,P] + (1 — B)[D] so,
by combining these two relations we get the desired result. a

Theorem 2.22 The maximal time existence T for the solutions of relative Kéhler
Ricci flow is

T = sup{t | e '[wo] + (1 — e c1(Kyyy + D) € K((X,D)/Y)}
where K ((X,D)/Y) denote the relative Kéhler cone of f : (X,D) — Y



38 Hassan Jolany and

Now we give a motivation that why the geometry of pair (X, D) must be interesting.
The first one comes from algebraic geometry, in fact for deforming the cone angle we
need to use of geometry of pair (X, D). In the case of minimal general type manifold
the canonical bundle of X, i.e., Kx is nef and we would like Kx to be ample and it is
not possible in general and what we can do is that to add a small multiple of ample
bundle %A, ie., Kx + %A and then we are deal with the pair (X, %H) which H is a
generic section of it. The second one is the works of Chen-Sun-Donaldson and Tian
on existence of Kihler Einstein metrics for Fano varieties which they used of geometry
of pair (X, D) for their proof .

On pair (X, D), when the first Chern class is definite we can formulate Kéhler-Einstein
metric as

Ric(w) = \w + [D]

On pair (X, D), when log Kodaira dimension is positive and first Chern class has no
sign we can not formulate the generalized Kéhler-Einstein metric on holomorphic fiber
space 7 : (X,D) — X as

Ric(w) = Aw + a + [D]

we must explicitly find the additional term along singularities which comes from fibers.
In fact Song-Tian showed that along holomorphic fiber space X — X, the generalized
Kihler Einstein metric is

Ric(w) = —w + wwp

We can expect that on pair (X, D) we have
Ric(w) = —w + wwp + [D]
but it is not true

The fact is that the Weil-Petersson metric wyp changes to logarithmic Weil-Petersson
metric wh, and current of integration [D] also must be replaced to something else and
we will find it explicitly.

Now we explain Tian-Yau program to how to construct model metrics in general, like
conical model metric, Poincare model metric, or Saper model metric,....

Tian-Yau program:Let C" = C"(zy,...,2,) be a complex Euclidian space for some
n > 0. For a positive number € with 0 < € < 1 consider

X=X.={z=(1,.z) €C"| |zi| <€}



Canonical metric on a mildly singular Kdhler varieties with an intermediate log Kodaira dimension39

Now, let D; = {z; = 0} be the irreducible divisors and take D = ) . D; where
D={z€eX| zizo...7% = 0}

and take X = X \ D. In polar coordinate we can write z; = rie Let g be a Kihler
metric on D such that the associated Kihler form w is of the following form

1
w=v-—1 ——dz; N dZ;
12 gt
Then the volume form dv associated to w is written in the form;

1
\dZ,‘|2

1
- ‘dZ,‘|2

dv = (\ﬁ)"ﬁ
i=1

Hdz,-/\dz'i Y
i

Let L be a (trivial) holomorphic line bundle defined on X, with a generating holomor-
phic section S on X. Fix a C> hermitian metric & of L over X and denote by [S|? the
square norm of S with respect to 4. Assume the functions |S|? and |dz;|*> depend only
onr, 1 <i<k. Set

d(ry, ...,re) = |S|*v. H ri

1<i<k

and further make the following three assumptions:

A1) The function d is of the form

d(ri,...,r) = ri'...r,*(log 1/r)Pr....(log 1 /r)P*L(ry, ..., i)'

where

k
L=L(r,...r) = Zlog 1/r;
i=1

and c;, bj, t are real numbers with ¢ > 0 such that ¢; = b; +t # —1 if ¢; is an odd
integer. We set a; = (¢; + 1)/2 and denote by [g;] the largest integer which does not
exceed a;.

A2)If 1 < i <k, then |dz;]|? is either of the following two forms;

|dzi>(r) = r2(log 1/r)?, or |dzi|*(r) = r}L?
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In fact, A2) implies that the Kihler metric g is (uniformly) complete along D.
A3)Ifk+ 1 <i<n,then |dzi\*2 is bounded (above) on X.

Now, we give some well-known examples of Tian-Fujiki picture, i.e, conical model
metric, Poincare model metric, and Saper model metric.

A Kibhler current w is called a conical Kéhler metric (or Hilbert Modular type) with
angle 273, (0 < B < 1) along the divisor D, if w is smooth away from D and
asymptotically equivalent along D to the model conic metric

dzi Ndzy
wg = v/—1 ( LT Zdz, /\dz,)

here (21,22, ..., 2») are local holomorphic coordinates and D = {z; = 0} locally.

After an appropriate -singular- change of coordinates, one can see that this model
metric represents an Euclidean cone of total angle 6 = 275, whose model on R2? is
the following metric: d6? + 3%dr*. The volume form V of a conical Kihler metric wp
on the pair (X, D) has the form

V=[P w"
J

where f € C°.

This asymptotic behaviour of metrics can be translated to the second order asymptotic
behaviour of their potentials

wg = —v—1901loge™

where u = J (ﬁ!zllw + 2?4+ ... + |an2).
Moreover, if we let z = re?® and p = r® then the model metric in wg becomes
(dp+ V=1Bpd0) A (dp — V=1Bpd0) + > dz; A dz;
i>1
and if we set ¢ = e\mﬁe(dp + v/ —1Bpd0) then the conical Kihler metric w on

(X, (1 — B)D) can be expressed as

w=v=1(fe N+ fe NdZj + fidzj N €+ fdz A dZ))
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By the assumption on the asymptotic behaviour we we mean there exists some coor-
dinate chart in which the zero-th order asymptotic of the metric agrees with the model
metric. In other words, there is a constant C, such that

1
— < < C
Cwﬁ_w_ wg

In this note because we assume certain singularities for the Kdhler manifold X we
must design our Kéhler Ricci flow such that our flow preserve singularities. Now fix
a simple normal crossing divisor D = > .(1 — 3;)D;, where 3; € (0,1) and simple
normal crossing divisor D means that D;’s are irreducible smooth divisors and for any
p € Supp(D) lying in the intersection of exactly k divisors Dy, Ds, ..., Dy , there exists
a coordinate chart (U, {z;}) containing p, such that D;|y, = {z; = 0} fori =1,...,k.

If S; € HO(X, Ox (LD[.)) is the defining sections and #4; is hermitian metrics on the
line bundle induced by D;, then Donaldson showed that for sufficiently small ¢; > 0,
w; = wo + qﬁf)@]&\i? " gives a conic Kéhler metric on X \ Supp(D;) with cone
angle 273; along divisor D; and also if we set w = Zf\]zl w; then, w is a smooth
Kihler metric on X \ Supp(D) and

k
ISP =TT ISl
i=1

where S € H(X, O(Lp)). Moreover, w is uniformly equivalent to the standard cone
metric

k _ N
v —1dz; N\ dz;
wp:E A St AT E v —1dz; N\ dz;

2(1=8i)
i=1 2l i=k+1
From Tian-Fujiki theory, |dz|*> = r? for 1 <i<kand |dz[*=1fork+1<j<n
so that A2) and A3) are again satisfied.

From now on for simplicity we write just "divisor D" instead "simple normal crossing
divisor D".

We give an example of varieties which have conical singularities. Consider a smooth
geometric orbifold given by Q-divisor

1
D=>) (1- —)D;

jeJ J
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where m; > 2 are positive integers and SuppD = Nj¢c;D; is of normal crossings divisor.
Let w be any Kahler metric on X, let C > 0 be a real number and s; € H® (X, Ox(D)))
be a section defining D;. Consider the following expression

wp = Cw +v—1 Z 85|sj|2/mj

=

If C is large enough, the above formula defines a closed positive (1, 1) -current (smooth
away from D). Moreover

Wwp > w
in the sense of currents. Consider C" with the orbifold divisor given by the equation
1—1/m;

J
J=1

=0

(with eventually m; = 1 for some j). The sections s; are simply the coordinates z; and
a simple computation gives

dz; A\ dz;
Wp = Weucl +v = Z aa‘z |2/mj = Weucl +v— Z Y Y

z‘z |20=1/m)

Here we mention also metrics with non-conic singularities. We say a metric w is of
Poincare type, if it is quasi-isometric to

k
ws = V=1 (Z GndG N g /\dz,)

|zi]? log |zif? ikt 1
It is always possible to construct a Poincare metric on M \ D by patching together local
forms with C* partitions of unity. Now, from Tian-Fujiki theory |dz;|> = r?(log 1/r;)?,
1<i<kand \dzj|2 =1, k+ 1 <j<nsothat A2) and A3) above are satisfied; we
have

v= ][ r0ogi/ry?

1<i<k

Let Qp be the volume form on X \ D, then, there exists a locally bounded positive
continuous function c(z) on polydisk D" such that
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dz; N\ dz
Qp =)V — ( M + Nikg1dzi A dZi>
Zi|~10g™ |%;

holds on D" N (X \ D)

Remark: Note that if (2p be a volume form of Poincare growth on (X, D), with X
compact. If c(z) be C? on D", then —Ric(€p) is of Poincare growth.

We say that w is the homogeneous Poincare metric if its fundamental form wg is
described locally in normal coordinates by the quasi-isometry

1 dzi Ndz; _
wg =vV— ( Z Z|Z'|2 £ Zdzi A dzi>
! i=1

(log |z122--2x]%)?* 4

and we say w has Ball Quotient smgularltles 1f it is quasi-isometric to

dzi NdZy dz; N\ dz;
wa — /1 /1 AN
A (|z1] 10g(1/|21|))2 Z log 1/]z1]

It is called also Saper’s distinguished metrics.

\dzi|* = ri(log 1/m)?, |dz|* =logl/ri, k+1<j<n

so that A2) and A3) are satisfied; also we have the volume form as

V= rfz (log l/rl)_("+1)

If w is the fundamental form of a metric on the compact manifold X, and wy,, be
the fundamental forms of Saper’s distinguished metrics and wp j,,m be the fundamental
forms of homogeneous Poincare metric, on the noncompact manifold M \ D, then
Wsap + w and wp o, are quasi-isometric.

Definition 2.23 A Kéhler metric with cone singularities along D with cone angle
273 is a smooth Kéhler metric on X \ D which satisfies the following conditions when
we Write Wying = J g,-j\/—ildz,- A dz; in terms of the local holomorphic coordinates
(z1; ---3Z4) on a neighbourhood U C X with DN U = {z; = 0}

1. g7 = Flz1|*2 for some strictly positive smooth bounded function F on X \ D
2. gy =gi1 =0l

3. g5=0() fori,j#1
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Now we shortly explain Donaldson’s linear theory which is useful later in the definition
of logarithmic Vafa-Yau’s semi ricci flat metrics.

Definition 2.24 1) A function f is in C7#(X, D) if f is C? on X \ D, and locally
near each point in D, f is C7 in the coordinate (( = pel? = Z1|Z1|6_1,Zj).

2)A (1,0)-form « is in CVA(X ,D) if ais C? on X \ D and locally near each point in
D, we have «a =f1€+zj>1]§'dzj withfj e C"P for 1 <i<n,andfy - 0asz — 0
where € = e\mﬂe(dp + vV —18pd0)

3) A (1,1)-form w is in Cmﬁ(X, D) if wis C” on X \ D and near each point in D we
can write w as

w= V=1 (fe NE+fie Nz + fidz NE+ fydzi A dz))
such that f,f;, £, f; € C7P, and f;,f; — 0 as z; — 0

4)A function f is in C>VA(X, D) if f,0f ,00f are all in C:7"8
Fix a smooth metric wy in c¢;(X), we define the space of admissible functions to be

cx,p)=cxu | U Px,p
0<B<1 \0<y<B~1-1

and the space of admissible Kéhler potentials to be

H(wo) = {¢ € CX,D) | wy = wo + V—103¢ > 0}
Note that

H(wo) C H(w) C PSH(wo) N L¥(X)

Where PSH (wp) N L (X) is the space of bounded wy-plurisubharmonic functions and

PSH(wo) = {¢ € L}, (X) | ¢is ws.c and wy + v/ —109¢p > 0}

The Ricci curvature of the Kihlerian form wp on the pair (X, D) can be represented
as:
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Ric (wp) =27 Y (1 = B)IDj] + 0 + V—190¢
J

with ¢ € C°%(X) and 6 is closed smooth (1, 1)-form.

We have also dd°-lemma on X = X \ D. Let  be a smooth closed (1, 1)-form in the
cohomology class ¢1(Ky 'e LBI). Then for any € > 0 there exists an explicitly given
complete Kihler metric g, on M such that

Ric(g) — Q= Vzilaéfe onX
YIS

where f. is a smooth function on X that decays to the order of O(]|S||). More-
over, the Riemann curvature tensor R(g.) of the metric g, decays to the order of

0 ((=ntog s[> )

Now we explain the logarithmic Weil-Petersson metric on moduli space of log Calabi-
Yau manifolds(if it exists. for special case of rational surfaces it has been proven that
such moduli space exists). The logarithmic Weil-Petersson metric has pole singularities
[7] and we can introduce it also by elements of logarithmic Kodaira-Spencer tensors
which represent elements of H' (X , Q}((log(D))v) . More precisely, Let X be acomplex
manifold, and D C X a divisor and w a holomorphic p-form on X \ D. If w and dw
have a pole of order at most one along D, then w is said to have a logarithmic pole
along D. w is also known as a logarithmic p-form. The logarithmic p-forms make up
a subsheaf of the meromorphic p-forms on X with a pole along D, denoted

Ok (log D)

and for the simple normal crossing divisor D = {z;22...zx = 0} we can write the stalk
of QL (log D) at p as follows

dzx

d
Qk(logD), = Ox, L & - @ Oy, =%
4| Zk

& Ox pdzr+1 @ - -+ & Ox pdzn

Since, fibers are log Calabi-Yau manifolds and by recent result of Jeffres-Mazzeo-
Rubinstein [71], we have Ricci flat metric on each fiber (X, D,) and hence we can
have log semi-Ricci flat metric and by the same method of previous theorem, the proof
of Theorem 0.8 is straightforward.
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Theorem 2.25 Let (M,wy) be a compact Kihler manifold with D C M a smooth
divisor and suppose we have topological constraint condition ci(M) = (1 — B)[D]
where 5 € (0, 1] then there exists a conical Kéhler Ricci flat metric with angle 278
along D. This metric is unique in its Kéahler class. This metric is polyhomogeneous;
namely, the Kihler Ricci flat metric wy + +/—10dy admits a complete asymptotic
expansion with smooth coefficients as r — 0 of the form

Njk

0(r,0,2) ~ > > a0, 2 /P log r)f

j k>0 1=0
where r = |z1|° /3 and 6 = argz; and with each a;; € C*

Now we can introduce Logarithmic Yau-Vafa semi Ricci flat metrics. The volume of
fibers (X, Dy) are homological constant independent of y, and we assume that it is
equal to 1. Since fibers are log Calabi-Yau varieties, so c¢(X,, D)) = 0, hence there is
a smooth function Fy such that Ric(wy) = V—100F y - The function F), vary smoothly
in y. By Jeffres-Mazzeo-Rubinstein’s theorem[71] , there is a unique conical Ricci-flat
Kihler metric wsgry on Xy, \ Dy cohomologous to wy. So there is a smooth function
py on X, \ Dy such that wy | X,\Dy +v—-1 85py = wsgr,y s the unique Ricci-flat Kéhler
metric on X, \ D,. If we normalize p,, then p, varies smoothly in y and defines a
smooth function p” on X \ D and we let

wigr = wo + V—109p”
which is called as Log Semi-Ricci Flat metric.

Let f : X\ D — S, be a smooth family of quasi-projective Kihler manifolds. Let
x € X\D, and (0, 22, ..., Zn, st ..., s%), be acoordinate centered at x, where (o, 22, ..., Zn)
is a local coordinate of a fixed fiber of f and (s', ..., s%) is a local coordinate of S, such
that

f(O', 22, "'7ZH7S17 "'7Sd) = (S17 --~7sd)

Now consider a smooth form w on X'\ D, whose restriction to any fiber of f, is positive
definite. Then w can be written as

w(o,2,5) =V~ (wzds' NdF + w;gds' N dz’ + weidz® N d5 + wypdz® N dZP + wedo A dF
+ wigds' A dG + wesdo N ds + wydo A dZ + wisdZ A dG)



Canonical metric on a mildly singular Kdhler varieties with an intermediate log Kodaira dimensiond7

Since w is positive definite on each fibre, hence

Z wadea AdZ® + Wesdo N\ dd + Z Weido N a7 + Zwiadzi Ndc
o,8=2 =2 i=2

gives a Kéhler metric on each fiber X; \ D;. So

Wos Wgs .. Woi

W5 Wh3 e W
det(u);ﬁl (0,z,5)) = det

Wha Won e Wi

gives a hermitian metric on the relative line bundle Ky /s and its Ricci curvature can
be written asy/—190 log detwy;(a, z, s)

2.1 Vafa-Yau’s semi Ricci-flat metric

The volume of fibers 7—!(y) = X, is a homological constant independent of y, and we
assume thatitis equal to 1. Since fibers are Calabi-Yau manifolds so ¢;(X,) = 0, hence
there is a smooth function F, such that Ric(wy) = MjlaéFy and fX‘_(eF Y — l)w;_’” =
0. The function F, vary smoothly in y. By Yau’s theorem there is a unique Ricci-flat
Kihler metric wsgr,y on X, cohomologous to wp. So there is a smooth function p,
on ﬂ_l(y) = X, such that wy | X, +Jj185py = wsrF,y 18 the unique Ricci-flat Kahler
metric on X,. If we normalize by ny pywq |x,= O then p, varies smoothly in y and
defines a smooth function p on X and we let

wsrr = wo + vV —190p

which is called as Semi-Ricci Flat metric. Such Semi-Flat Calabi-Yau metrics were first
constructed by Greene-Shapere-Vafa-Yau on surfaces [24]. More precisely, a closed
real (1, 1)-form wggr on open set U C X \ S, (where S is proper analytic subvariety
contains singular points of X) will be called semi-Ricci flat if its restriction to each
fiber X, N U with y € f(U) be Ricci-flat. Notice that wsgr is semi-positive in fiber
direction but in horizontal direction it is not known the semi-positivity of such relative
form.

Define

nRic(w) A w1

wn

Scal(w) =
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and take a holomorpic submerssion 7w : X — D over some disc D. It is enough
to show smoothness of semi Ricci flat metric over a disc . Define a map F :
D x C>(r~ (b)) = C=(x~! (b)) by

F(b, p) = Scal(wo|p +V—19,0p)
By using Lemma 2.9 in [34] we can extend F to a smooth map D x L,% +4(Tr_l(b)) —
L3(7~'(b)). From the definition F(b, p,) is zero.
Recall that, if L denotes the linearization of p — Scal(w,), then
L(p) = D*D(p) + VScal.Vp
where D is defined by
D = JoV : € — Q"N(T)
and D* is L? adjoint of D. The linearisation of F with respect to p at b is given by
DDy : C (771 (b)) — C= (x (b))
Leading order term of L is A2. So L is elliptic and we can use the standard theory
of elliptic partial differential equations. Since the central fiber is Ricci flat metric and

hence such Laplace has zero Kernel, hence D; Dy, is an isomorphism. By the implicit
function theorem, the map b — p;, is a smooth map

D — Li(x~Y(b)) ;Vk.

By Sobolev embedding, it is a smooth map D — C’(7~!(b)) for any r. Hence p; is
smooth in . So semi Ricci flat metric wsgr is smooth (by assuming central fiber is
smooth CY ).

Remark A: Semi Ricci flat metric wsgr is smooth(by assuming central fiber is smooth
CY).

Moreover, by the same method and using perturbation(when fibers are singular), log
Semi Ricci flat metric wky is continuous when central fiber has canonical singularities
and is CY itself .

Song-Tian introduced a new volume by using semi-Ricci flat metric and since volume
is semi-positive , hence we must show that semi-Ricci flat metric is semi-positive when
K(X) = dimX — 1 = n— 1 or wsgp is semi-positive when dimX — x(X) is odd number.

Remark B: Semi Ricci flat metric wsgr and Log semi Ricci flat metric why is semi-
positive in both smooth(as form) and singular (as current) when Kodaira dimension
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and log Kodaira dimension is positive respectively when dimX — x(X) is odd number.

In general w%’rx—”(x) is semi-positive which is enough to show that Song-Tian volume

is well defined.

Proof. R. Berman[14], showed that for litaka fibration ' : X — Y a canonical sequence
of Bergman type measures
v = / 0
XNkfl

1
pNo = Z]S(k)(zl, o an) PR dzy A dzy..dzy, N d2y,

where

and Ny, is the normalizing constant ensuring that ;¥ is a probability measure, and

S®(xy, ..., xn,) := det (sgk)(xj))lgl.JSNk

where sgk) is a basis in HO(X, kKx)
then v converges weakly to Song-Tian measure

px = F*(wp)™™ A wier™

We know, if (a,) be a convergent sequence of positive real numbers then the limit is
semi-positive. So px is semi-positive.

Now 7 : X — Xean = Proj(R(X,Kx)) and ' : (X,D) — D G Proj ®m>0

can
HO(X,mKy + |mD|) are litaka fibrations and since fibers are Calabi-Yau varieties
and log Calabi-Yau varieties respectively. Hence wgpy % and (whep ) RED) are

semi-positive.

Remark C: A result of Demailly implies that every Kéhler current can be approximated
(in the weak topology) by Kéhler currents with analytic singularities(we introduce it
later) in the same cohomology class. So the semi-Ricci flat metric as current has non-
algebraic singularities due to variation of Hodge structure. So such Kéhler currents
with analytic singularities for wsgp are as same as Berman’s sequences vy.

Remark D: We know that, for X be a smooth variety such that the logarithmic
Kodaira dimension of X zero. Then the quasi-Albanese map o : X — A =
HO(X, Q}()* /H{(M, Z) is dominant and has irreducible general fibers and hence general
fibers are connected. Note that when log Kodaira dimension is zero, we have quasi-
Albanese map such that general fibers have zero log Kodaira dimension. If we assume
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fibers be semi-ample, then fibers are log Calabi-Yau varieties. Hence we have smooth
and positive semi-Ricci flat metric in this case.

Conjecture: When the log-Kodaira dimension is negative, then the general fibers
are log Fano varieties and if we assume they admit Kihler-Einstein with positive
Ricci curvature then the semi-Kéhler Einstein metric(a form on total space which its
restriction to each fiber is Kéhler-Einstein metric with positive Ricci curvature) is no
longer positive.

Note that Kx,y + D is nef and pseudoeffective. By a theorem of Boucksom[37],

for pseudoeffective class a« € H ég (X,R), « is nef if and only if the Lelong number
vanishes v(a, x) = 0 for all x € X.

Remark: The Lelong number of semi-Ricci flat metric wsgr is zero
The Logarithmic Weil-Petersson metric along log canonical model 7 : (X, D) — X 4y

()

Ricyy (wsrr) =V/—190log(

m
can) — W€VP

(WEep)* A THw

*, ym
Q0 wcan

By the same computation in [38], the logarithmic Weil-Petersson metric on the moduli
space of log-Calabi-Yau varieties(if it exists) is Kdhler metric. The logarithmic Weil-
Petersson metric has pole singularities and we can introduce it also by elements of log-
arithmic Kodaira-Spencer tensors which represent elements of H ! (X , Q)l((log(D))v) .
More precisely, Let X be a complex manifold, and D C X a divisor and w a holomor-
phic p-form on X \ D. If w and dw have a pole of order at most one along D, then w
is said to have a logarithmic pole along D. w is also known as a logarithmic p-form.
The logarithmic p-forms make up a subsheaf of the meromorphic p-forms on X with
a pole along D, denoted

% (log D)
and for the simple normal crossing divisor D = {z)2;...zx = 0} we can write the stalk
of Q}((log D) at p as follows
dz dz,
Q)I((IOgD)p = Oxypzfl b---D OX,p7k S5 OX,dek—i-l DD Ox’pdzn
1 k

Now take f : X \ D — S where w on each fibre X; \ Dy is positive and S is one
dimensional. Now consider the form w"*!. It is well known that

O = cw).w" AV —1ds A ds



Canonical metric on a mildly singular Kdhler varieties with an intermediate log Kodaira dimension51

where c(w) is the geodesic curvature. In fact, if c(w) be positive then w is positive.
For proving the semi positivity of log semi Ricci flat metric, it is sufficient to show
that c(wkyr) is semi positive. By applying the same computation of Y-J.Choi [35], and
Berman[36], for the log semi Ricci flat metric wiy, we have the following PDE on
X, \ Dy

—Ap c(WiRp)W) = [0, |2 o~ Oui(f(Kx/s))

"JSRF

where ¥ € TS and © is the curvature of f.(Kx:/s).
where 89,5 = ~209" 4 @ 0 is a TON(X, \ D))- valued (0, 1)-form. By
integrating both sides of our previous PDE over X, \ D, we have

139,

WsRrF

|2D == @si

WsRrF
hence inf c(whkr) > 0 and so the log semi Ricci flat why,- is semi-positive and hence
is a Kéhler metric.

Singular Weil-Petersson metric has pole singularities. Because we are in deal with
singular varieties, so we must consider L?-cohomology and intersection cohomology.
Let M, be the moduli space of curves of genus g and M, be the Deligne-Mumford
compactification of M, then it is known that there is a isomorphism between L?
Cohomology of M, with respect to Weil-Petersson metric wwp and Instersection
cohomology and ordinary cohomology

Hy (Mg, wwp) = H*(My)

Note that if we take X" = X \ D where D is a divisor with normal crossings. Endow
X8 with a complete Kahler metric which has Poincaré singularities normal to each
component of D; in local coordinates, if D = (z, ..., Zx), the metric is quasi-isometric
to

dzi N\ dz; . -
§ > dundz
< [zi2(log |22 +i:k+1 oo

The isomorphism H{,(X \ D) = IH*(X) was proved by Zucker

The Weil-Petersson metric on M, is quasi-isometric with the following model,
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dz; N\ dz; é _
dz; N\ dz;
Z zi2(—log |z +,~:Zk;1 oo

But we don’t know yet that the Weil-Petersson metric on moduli space of Calabi-Yau
manifolds is quasi-isometric with wich model.

Remark A: Ken-Ichi Yoshikawa [39], found an asymptotic formula for Weil-Petersson
metric as follows

V4 1
- — 1+ 0 ——— vV —1lds \Nds
wr {\srzaogrsw+ (|s\2<1og\sr>3>} ShE

Remark B: If 7 : X — Y be a surjective holomorphic fibre space of projective varieties
X, Y (with dim Y = 1)where the central fibre Xy has canonical singularities, then the
hermitian metric /(can be seen as the inverse of Song-Tian volume) of f*wy A wgp !

has following expression
1
h=0 ((log ))
lop|"

where op is a local defining section of discriminant locus D of 7 and n is positive
integer. In fact this is trivial due to Ken-Ichi Yoshikawa’s expansion. We need it for
our estimates of Monge-Ampere equation to solve the twisted Kihler-Einstein metric,
Ric(w) = —Ww + wwp.

Remark C: Since we are in deal with moduli space of log Calabi- Yau fibres and it is hard
conjecture about the existence of such spaces and for special case of rational surfaces
it has been done. In the preprint "Moduli of surfaces with an anti-canonical cycle,
Mark Gross, Paul Hacking, Sean Keel" there is some discussion of the moduli space of
log Calabi-Yau varieties in case dimX = 2 in Section 6 of "arxiv.org/abs/1211.6367" .
Hence the existence of moduli space of log Calabi-Yau varieties is the hard conjecture
up to now.

By the same method of Theorem 2 of [40]

Remark D: The logarithmic Weil-Petersson metric on moduli space of log-Calabi-Yau
pairs has zero Lelong number, hence the double dual of direct image of relative line
bundle is nef.

We briefly explain about the Weil-Petersson metric on moduli space of polarized
Calabi-Yau manifolds. We study the moduli space of Calabi-Yau manifolds via the
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Weil-Petersson metric. We outline the imortant properties of such metrics here. The
Weil-Petersson metric is not complete metric in general but in the case of abelian
varieties and K3 surfaces, the Weil-Petersson metric turns out to be equal to the
Bergman metric of the Hermitian symmetric period domain, hence is in fact complete
Kéhler Einstein metric. Weil and Ahlfors showed that the Weil-Petersson metric is a
Kéhler metric and later Tian gave a different proof for it. Ahlfors proved that it has
negative holomorphic sectional, scalar, and Ricci curvatures. The quasi-projectivity of
coarse moduli spaces of polarized Calabi-Yau manifolds in the category of separated
analytic spaces (which also can be constructed in the category of Moishezon spaces)
has been proved by Viehweg. By using Bogomolov-Tian-Todorov theorem[25] , these
moduli spaces are smooth Kéhler orbifolds equipped with the Weil-Petersson metrics.
Let X — M be a family of polarized Calabi-Yau manifolds. Lu and Sun showed that
the volume of the first Chern class with respect to the Weil-Petersson metric over the
moduli space M is a rational number. Gang Tian proved that the Weil-Petersson metric
on moduli space of polarized Calabi-Yau manifolds is just pull back of Chern form of
the tautological of CP" restricted to period domain which is an open set of a quadric in
CPV and he showed that holomorphic sectional curvature is bounded away from zero.
Let X be a compact projective Calabi-Yau manifold and let f : X — Y be an algebraic
fiber space with Y an irreducible normal algebraic variety of lower dimension then
Weil-Petersson metric measuring the change of complex structures of the fibers.

Now, consider a polarized Kihler manifolds X — S with Kéhler metrics g(s) on
X;. We can define a possibly degenerate hermitian metric G on S as follows: Take
Kodaira-Spencer map

p:Tss — H'(X, Tx) = Hy (Tx)

into harmonic forms with respect to g(s); so for v,w € T(S) , we may define

G(v,w) = /X < p(v), p(W) >4s)

When X — § is a polarized Kihler-Einstein family and p is injective Gyp := G is
called the Weil-Petersson metric on S. Tian-Todorov, showed thatif wetake 7 : Yy — S,
7 10) = Xo = X, 7 (s) = X, be the family of X, then § is a non-singular complex
analytic space such that

dimeS = dimcH" (X, TX,)

Note that in general, if f : X — S be a smooth projective family over a complex
manifold S. Then for every positive integer m,

Pn(Xy) = dimH°(X,, Ox (mKy,))
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is locally constant function on S.

It is worth to mention that the fibers X; are diffeomorphic to each other and if fibers
X, be biholomorphic then 7 is holomorphic fiber bundle and Weil-Petersson metric is
zero in this case in other words the Kodaira-Spencer maps

p:Tss — H' (X, Tx,) = Hy'(Tx,)

are zero. In special case, let dimX; = 1, then the fibers are elliptic curves and
is holomorphic fiber bundle and hence the Weil-Petersson metric is zero. In general,
the Weil-Petersson metric is semipositive definite on the moduli space of Calabi-Yau
varieties. Note that Moduli space of varieties of general type has Weil-Petersson metric
also.

Remark: Let (E, ||.|[) be the direct image bundle f.(Ky:/s), where X' = X \ D, of
relative canonical line bundle equipped with the L? metric ||.||. Then the fibre E,
is HO(Xy \ Dy,KXy\Dy). Since the pair (X,,D,) is Calabi-Yau pair, hence HO(Xy \
Dy, Kx,\p,) 1s a 1-dimensional vector space. This implies that E is a line bundle.

Definition 2.26 (Tian’s formula for Weil-Petersson metric) Take holomorphic fiber
space 7 : X — B and assume W, be any local non-vanishing holomorphic section of
Hermitian line bundle 7, (Kgf / ), then the Weil-Petersson (1,1)-form on a small ball
N,(y) C B can be written as

wwp = —V/—10,0, log ((\ﬂ)n2 (T, A \py)}>

X,

Note that wyp is globally defined on B

Now because we are in deal with Calabi-Yau pair (X, D) which Kx + D is numerically
trivial. so we must introduce Log Weil-Petersson metrics instead Weil-Petersson metric.
Here we introduce such metrics on moduli space of paired Calabi-Yau fibers (X,, Dy).
Leti: D — X and f : X — Y be holomorphic mappings of complex manifolds
such that i is a closed embedding and f as well asf o i are proper and smooth. Then
a holomorphic family (X,,D,) are the fibers X, = f*IU) and D, = (f o N~ y).
There exists the moduli space of M of such family because any (X, D,) with trivial
canonical bundle is non-uniruled. Now X \ D is quasi-projective so we must deal with
quasi-coordinate system instead of coordinate system. Let (X, D) be a Calabi-Yau
pair and take X’ = X \ D equipped with quasi-coordinate system. We say that a
tensor A on X’ which are covariant of type (p, g) is quasi- C*-tensor, if it is of class
Ch* with respect to quasi-coordinates. Now we construct the logarithmic version of
Weil-Petersson metric on moduli space of paired Calabi-Yau fibers f : (X, D) — Y.[70]
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Formulating logarithmic Weil-Petersson metric

Now we are ready to state our theorem. We must mention that The result of Tian was
on Polarized Calabi-Yau fibers and in this theorem we consider non-polarized fibers.
[68][69]

Theorem 2.27 Let w : X — Y be a smooth family of compact Kahler manifolds
whith Calabi-Yau fibers. Then Weil-Petersson metric can be written as

wwp = —/—10,0, log/ Q|2
X,

where €, is a holomorphic (n, 0)-form on 7~ 1(U), where U is a neighborhood of y

Proof: For proof, We need to recall the Yau-Vafa semi Ricci flat metrics. Since fibers
are Calabi-Yau varieties, so ¢;(X,) = 0, hence there is a smooth function F, such
that Ric(wy) = V—100F y . The function F, vary smoothly in y. By Yau’s theorem,
there is a unique Ricci-flat Kéhler metric wsgr, on X, cohomologous to wy where
wo is a Kahler metric attached to X. So there is a smooth function p, on X, such
that wy | X, +\/j185py = wsgr,y 1s the unique Ricci-flat Kdhler metric on X,. If we
normalize py, then p, varies smoothly in y and defines a smooth function p on X and
we let

WSRF = wWo + V —lagp

which is called as semi-Ricci flat metric. Robert Berman and Y.J.Choi independently
showed that the semi-Ricci flat metric is semi positive along horizontal direction. Now
for semi Ricci flat metric wgsgpr, we have

wg';Fl = c(wsrF)-Wsgpdy N dy

Here c(wsgr) is called a geodesic curvature of semi wggr. Now from Berman and Choi
formula, for V € T,Y, the following PDE holds on X

_AWSRFC(WSRF)(V) = |5VUJSRF E)SRF - @VV(TF*(KX/Y))

Oy is the Ricci curvature of direct image of relative line bundle( which is a line
bundle, since fibers are Calabi Yau manifolds ). Now by integrating on both sides of
this PDE, since

/ A clwszr)(V) = 0
X
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and from the definition of Weil-Petersson metric and this PDE we get 7*wyp =
Ric(m(Kx/y)) and Choi showed that for some holomorphic (n, 0)-form 2, on = HO),
where U is a neighborhood of y we have

RiCuug, (2 (Kx /y)) = —/—1091og ||[;
Hence
wwp = —/—10,0, log/ Q|2
X,
and we obtain the desired result.

By the same method we can introduce the logarithmic Weil-Petersson metric on
m;(X,D) — Y with assuming fibers to be log Calabi-Yau manifolds and snc divi-
sor D has conic singularities, then we have

- Q,AQ
w%, = ﬂayay log/ Al Y

X\, ISV

where S € HO(XS,LDS).

Remark: The fact is that the solutions of relative Kéhler-Einstein metric or Song-Tian
metric Ric(w) = —w +f*wwp may not be C*°. In fact we have C* of solutions if and
only if the Song-Tian measure or Tian’s Kihler potential be C*°. Now we explain that
under some following algebraic condition we have C°°-solutions for

Ric(w) = —w + ffwwp

along litaka fibration. We recall the following Kawamata’s theorem. [49]

Theorem 2.28 Let f : X — B be a surjective morphism of smooth projective varieties
with connected fibers. Let P = Zj P;, Q = >, 0, be normal crossing divisors
on X and B, respectively, such that f~'(Q) C P and f is smooth over B\ Q. Let
D = Zj d;P; be a Q-divisor on X, where d; may be positive, zero or negative, which
satisfies the following conditions A,B,C:

A) D = D" + D" such that any irreducible component of D" is mapped surjectively
onto B by f , f : Supp(D") — B is relatively normal crossing over B \ Q, and
f(Supp(Dv)) C Q. An irreducible component of D" (resp. D" ) is called horizontal
(resp. vertical)

B)d; < 1 forall j
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C) The natural homomorphism Op — f.Ox([—DY)) is surjective at the generic point
of B.

D) Kx + D ~q f*(Kp + L) for some Q-divisor L on B.
Let

f o= Z wiiP;
J

C ditwy—1
g=9T" L ey = 0
Wij

& = max{d;;f(P)) = Oy}
A=Y 50
l

M=L-A.

Then M is nef.
The following theorem is straightforward from Kawamata’s theorem
Theorem 2.29 Let d; < 1 for all j be as above in Theorem 2.26, and fibers be log

Calabi-Yau pairs, then o
/ (_1)}’12/2 QS /\ QS
Xs\Ds | Ss |2

is continuous on a nonempty Zariski open subset of B.

Since the inverse of volume gives a singular hermitian line bundle, we have the follow-
ing theorem from Theorem 2.26

Theorem 2.30 Let Kx + D ~q f*(Kp + L) for some Q-divisor L on B and

o= szjpj
J

 diwy—1
g=9TYT0 ey =
wij

& = max{d;;f(P;) = Q;}.
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A=Y 50
1

M=L-A.

Then

.\ —1
/ (_1)}12/2 QS /\ QS
X \Ds | Ss ’2

is a continuous hermitian metric on the Q-line bundle Kz + A when fibers are log
Calabi-Yau pairs.

Remark: Note that Yoshikawa [50],and befor him Tian [69] showed that when the
base of Calabi-Yau fibration f : X — B is a disc and central fibre X, is reduced
and irreducible and pair (X, Xo) has only canonical singularities then Tian’s Kihler
potential can be extended to a continuous Hermitian metric lying in the following class

BB =Cc*S)@ P PDlsl”dogls)cx®

reQn(0,1] k=0

Remark: Note that hermitian metric of Yau-Vafa semi Ricci flat metric wggp is in the
class of B(B) as soon as the central fibre Xy is reduced and irreducible and pair (X, Xj)
has only canonical singularities

Now in next theorem we will find the relation between logarithmic Weil-Petersson
metric and fiberwise Ricci flat metric which can be considered as the logarithmic
version of Song-Tian formula [10, 11].

Theorem 2.31 Let 7 : (X,D) — Y be a holomorphic family of log Calabi-Yau pairs
(X, Dy) for the Kahler varieties X,Y. Then we have the following relation between

logarithmic Weil-Petersson metric and fiberwise Ricci flat metric.

)nfm

%, M D
V=100 10g N ok

e ) = —f*Ric(wy) + f*whp

where S € H'(X, O(Lp)).
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Proof: Take X’ = X \ D. Choose a local nonvanishing holomorphic section ¥, of
(K /Y) with y € U C X’. We define a smooth positive function on 7(U) by

n—m)? TR
/=D (W A Uy

D n_
(WSRF)n " ‘X),\Dy

u(y) =

But the Numerator and Denominator of u are Ricci flat volume forms on X, \ Dy, so
u is a constant function. Hence by integrating u(y)(whep)"" | x,\D, over Xy \ D, we
see that

/1) 2 (U ATy L
_1)(}’1 m) fX\\D} ‘Sv|2))

(W3 )n m
fx} \Dy Sy|2

u(y) =

where S, € H'(X', O(Lp))).

But y — fX \D, (S‘RSFiP is constant over Y. Hence the Logarithmic Weil-Petersson
y y v
can be written as

/190 logu = wip (*)

Now, to finish the proof we can write ¥V, = F(o,y,2)(do A dzm A ... N\ dz,—m)
where F' is holomorphic and non-zero. Hence by substituting Wy in u and rewrit-

ing\/—100 log(f%) and using (x) we get the desired result.

Now we show that Song-Tian-Tsuji measure is bounded if and only if central fiber of
Iitaka fibration has canonical singularities at worst. Not that Song-Tian just showed
that such measure is in L€ and they couldn’t prove the boundedness of such measure.

Theorem 2.32 Song-Tian-Tsuji measure

Qv v — <W§RF A 7T*Wgﬁm>
X/Y =

m
7T wcan

on litaka fobration is bounded if and only if the central fiber Xo has log terminal
singularities.

Proof: R. Berman in [14], showed that for Iitaka fibration F : X — Y a canonical
sequence of Bergman type measures
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b = / L0
XNkfl

1
pNo = Z]S(k)(zl, v av)|MRdzy A dZy...dzy, A dZy,

and Ny, is the normalizing constant ensuring that ¥ is a probability measure, and

where

SO, . xn) o= det (sV(x)) | <ij<N,

where s\ is a basis in H'(X, kKy)
then v; converges weakly to Song-Tian measure

px = F*(WY)K(X) A wg[;ﬁ’:”(x)

But from Proposition 1.17 [54],( [53] also), we know that If K, is a Q { Cartier divisor
then Xy has log terminal singularities if and only if Eiom = Oy, (m(Ky,)) forallm > 1
where L*™ is the sheaf of locally 2/m-integrable m-fold d-norms. So Song-Tian
measure is bounded if and only if central fiber has log terminal singularities (in log
Iitaka fibration case from Proposition 1.19 [54], we need to assume log canonical
singularities for central fiber to obtain boundedness of Song-Tian measure).

Mumford in his celebrated paper [55] introduced the notion of good metric (which
we call such metrics as Mumford metric) to extend the Chern-Weil theory to quasi-
projective manifolds. First we recall Mumford metrics. For fixing our notation. Let
E be a holomorphic vector bundle of rank / over X and E = E|x and h an Hermitian
metric on E which may be singular near divisor D. Now cover a neighborhood of
D C X by finitely many polydiscs {U, = (A", (z1, ..., 24))} such that V,, = U, \ D =
(A% x A" * Namely, U, ND = {z1...zx = 0}. Let U = U, U, and V = UV, then
on each V,, we have the local Poincaré metric.

Definition 2.33 Let w be a smooth local p-form defined on V,, we say w has Poincaré
growth if there is a constant C,, > 0 depending on w such that

p
|W(Z1, I, ..., IP)|2 < Cq H ||ti’|2
i=1

for any point z € V,, and #,...,7, € T, X where ||.|| is taken on Poincaré metric. We
say w is Mumford metric if both w and dw have Poincaré growth.
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Now we recall the notion Hermitian Mumford metric /& on the vector bundle E.

Definition 2.34 An Hermitian metric # on E is good if for all z € V , assuming
z € V, , and for all basis (eq, ..., e;) of E over U,, if we let hij = h(e;, €;), then

D[R], (deth)~! < C(Ef-‘:1 log |z;])*" for some C > 0

IT) The local 1-forms (Oh.h~")4y are Mumford on V,, namely the local

connection and curvature forms of & have Poincaré growth.

If h is a good metric on E , the Chern forms c¢;(E, h) are Mumford forms.

Theorem 2.35 Fiberwise Calabi-Yau metric on litaka fibration and hermitian metric
corresponding to Song-Tian-Tsuji measure (inverse of Song-Tian-Tsuji measure h =
Qy /1Y gives a singular hermitian metric) is a good metric in the sense of Mumford, i.e,
it is Mumford metric when central fiber has log terminal singularities at worst.

Proof: From the Berman’s formula in our proof of Theorem 2.33, and boundedness of
Song-Tian-Tsuji measure and using Theorem 30, Lemma 36 in [56], we get the desired
result.

Remark: Fiberwise log Calabi-Yau metric on log litaka fibration and hermitian metric
corresponding to Song-Tian-Tsuji measure (inverse of Song-Tian-Tsuji measure i =
Q&l D)JY gives a singular hermitian metric) is a good metric in the sense of Mumford,
i.e, it is Mumford metric when central fiber has log canonical singularities at worst.

The following Theorem, gives a result to the goodness of canonical metric in the sense
of Mumford, on moduli spaces of Calabi-Yau varieties with mild singularities in the
sense of Minimal Model Prgram.

Theorem 2.36 Since if a singular hermitian metric be a good metric in the sense of
Mumford (Mumford metric), its first Chern current is also good metric in the sense
of Mumford, hence from Theorem 2.32, the singular Weil-Petersson metric on moduli
space of Calabi-Yau varieties is a good metric when central fiber has log terminal
singularities at worst. Moreover if central fiber has log canonical singularities at
worst, then the singular logarithmic Weil-Petersson metric on the moduli spaces of log
Calabi-Yau varieties is a good metric in the sense of Mumford
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Conjecture: : If a singular Hermitian metric on a Kihler manifold be a good metric
in the sense of Mumford then it has vanishing Lelong number.

Invariance of Plurigenera via Song-Tian program

Now we talk about semi-positivity of logarithmic-Weil-Petersson metric via Invariance
of plurigenera.

Let 7 : (X, D) — Y be a smooth holomorphic fibre space whose fibres have pseudoef-
fective canonical bundles. Suppose that

dw(t)

o
be a Kihler ricci flow that starts with semi-positive Kihler form [w(f)] = e 'wo + (1 —
e whp and X’ = X \ D. Note that the logarithmic Weil-Petersson metric wh is
semi-positive.

= —RiCXI/Y(W(t)) - (U(t) + [N]

Then the invariance of plurigenera holds true if and only if the solutions w(f) =
e 'wo + (1 — e "wh, are semi-positive(see the Analytical approach of Tsuji, Siu,
Song-Tian). In fact an answer to this question leds to invariance of plurigenera in
Kihler setting which still is open. Thanks to Song-Tian program. If our family
of fibers be fiberwise KE-stable, then invariance of plurigenera holds true from L>-
extension theorem and also due to this fact that if the central fiber be psudo-effective,
then all the general fibers are psudo-effective.

Theorem 2.37 (L?*-extension theorem) Let X be a Stein manifold of dimension n, 1)
a plurisubharmonic function on X and s a holomorphic function on X such that ds # 0
on every branch of s71(0). We put Y = s7'(0) and Yo = {X € Y;ds(x) # 0} Let g
be a holomorphic (n — 1)-form on Yy with

Cn—1/ e_wg/\g<oo
Yo

where ¢; = (—l)k(k_l)/Z(\/ —1)* Then there exists a holomorphic n-form G on X such
that G(x) = g(x) A ds(x) on Yy and

cn/e—¢(1+|s\2)—zGAG< 16207rc,,1/ e VgNng
X Yo

Theorem 2.38 (Siu ) Assume 7 : X — B is smooth, and every X, is of general type.
Then the plurigenera P,,(X;) = dim HO(X,, mKy,) is independent of t € B for any m.
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After Siu, an \algebraic proof" is given, and applied to the deformation theory of certain
type of singularities which appear in MMP by Kawamata.

Definition 2.39 Let B be a normal variety such that K is Q-Cartier, and f : X — B
a resolution of singularities. Then,

Ky = f*(Kp) + Z a;E;

where a; € Q and the E; are the irreducible exceptional divisors. Then the singularities
of B are terminal, canonical, log terminal or log canonical if ¢; > 0,> 0,> —1 or
> —1, respectively.

Theorem 2.40 (Kawamata) If Xy has at most canonical singularities, then X, has
canonical singularities at most for all t € B . Moreover, if all X; are of general
type and have canonical singularities at most, then P,,(X;) = dimHO(Xt,mKX,) is
independent of t € B for all m

Remark: If along holomorphic fiber space (X, D) — B (with some stability condition
on B)the fibers are of general type then to get

Ric(w) = Aw+wwp-+additional term which come from higher canonical bundle formula

, (here Weil-Petersson metric is a metric on moduli space of fibers of general type)
when fibers are singular and of general type then from Theorem 1.35 we must impose
that the centeral fiber (Xo, Do) must have canonical singularities and be of general type
to obtain such result.

Theorem 2.41 (Nakayama) If X, has at most terminal singularities, then X, has
terminal singularities at most for all t € B . Moreover,If m : X — B is smooth and the
\abundance conjecture” holds true for general X;,then P,,(X;) = dim HO(X,, mKy,) is
independent of t € B for all m.

Takayama, showed the following important theorem

Theorem 2.42 Let all fibers X, = 7~ !(t) have canonical singularities at most, then
P,.(X;) = dim H°(X;, mKy,) is independent of t € B for all t

Theorem 2.43 Let m : X — Y be a proper smooth holomorphic fiber space of
projective varieties such that all fibers X, are of general type, then wyp is semi-positive
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Proof. Let w : X — Y be a smooth holomorphic fibre space whose fibres are of general
type. Suppose that

Ow(t)

o
be a Kahler ricci flow that starts with semi-positive Kihler form wy (take it Weil-
Petersson metric).

= —Ricy/y(w(t)) — w(t)

Then since Siu’s therems holds true for invariance of plurigenera,so the pseudo-
effectiveness of Ky, gives the pseudo-effectiveness of Kx,. The solutions of w(t)
are semi-positive. But by cohomological characterization we know that [w(f)] =
e 'wwp + (1 — e H[wo] and since wy and w(t) are semi-positive, hence wyp is semi-
positive.l]

We consider the semi-positivity of singular Weil-Petersson metric wwp in the sense of
current.

Theorem 2.44 Letm : X — Y be a proper holomorphic fiber space such that all fibers
X, are of general type and have at worse canonical singularities, then the Weil-Petersson
metric wyp is semi-positive

Proof. Suppose that

ow(t)

o
be a Kihler Ricci flow. Then since Kawamata’s therems say’s that "If all fibers X, are of
general type and have canonical singularities at most, then P,,,(X;) = dim H°(X;, mKy,)
is independent of t € B for all m " hence invariance of plurigenera hold’s true, and the
solutions of w(t) are semi-positive by invariance of plurigenera. But by cohomological
characterization we know that [w(f)] = e 'wwp + (1 — e H[wp] and since wy and w(t)
are semi-positive, hence wyp is semi-positive. [

= *Rl‘CX/Y(W(l‘)) - W(t)

From Nakayama’s theorem, if Xo has at most terminal singularities, then X; has
terminal singularities at most for all £ € B . Moreover,If m : X — B is smooth and the
\abundance conjecture" holds true for general X;,then P, (X;) = dim HO(Xt, mKy,) is
independent of ¢ € B for all m. So when fibers are of general type then the solutions
of Kéhler Ricci flow w(#) is semi-positive and hence by the same method of the proof
of previous Theorem, the Weil-Petersson metric wyp is semi-positive.
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Remark IT Now assume that fibers are Fano Kéhler-Einstein metrics and such family
is fiberwise KE-stable, then

Ow(t)

o
be a Kihler Ricci flow that starts with semi-positive Kéhler form wq(take it Weil-
Petersson metric). Then semi-Kéhler Einstein metric in fiber direction is semi-positive
and in horizontal direction is not positive conjecturally. The fact is that the solutions
of Kéahler Ricci flow is no longer semi-positive.

= —RiCX/Y(W(I)) + W(t)

So we give the following conjecture about Tian’s K-stability via positivity theory.

Let 7 : X — D be a proper holomorphic fibre space which the Fano fibers have
unique Ké#hler-Einstein metric with positive Ricci curvature. Let the family of fibers
is fiberwise KE-stable, then, there exists a unique Semi-Kéhler Einstein metric wsgg
on total space X (as relative Kéhler metric) such that its restriction to each fibre X is
Fano Kihler Einstein metric.

Conjecture: The Fano variety X is K-poly stable if and only if for the proper holomor-
phic fibre space 7 : X — D which the Fano fibers have unique Kéhler-Einstein metric
with positive Ricci curvature, then the fiberwise Kéhler Einstein metric (Semi-Kihler
Einstein metric) wsgxg be smooth and semi-positive. Note that if fibers are K-poly
stable then by Schumacher’s result we have

—Aw,c(wSKE) — c(wske) = ‘A‘ZJT

where A represents the Kodaira-Spencer class of the deformation and since wg‘[&l =

c(wskE)wskpdsAds so c(wske) and wskg have the same sign. By the minimum principle
inf wskg < 0. But our conjecture says that the fibrewise Fano Kéhler-Einstein metric
wske 1s smooth and semi-positive if and only if X be K-poly stable.

3 Analytical MMP program via Gromov Invariant of Ruan-
Tian

In this section we study the long-time behavior of the conical Kihler-Ricci flow on pair
(X, D). We consider the classification of the singularity type of the conical Kéhler Ricci
flow on pair (X, D). We classify the singularity type of the solutions of the conical
Kihler Ricci flow into two classes called IIb, III which extends the results of Tosatti-
Zhang [41]. We explain how the classification of the singularity type of the solutions
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of the conical Kihler Ricci flow on pair (X, D) is related to existence of a rational curve
and hence we explain how Song-Tian program is related to the Gromov-Invariants of
Ruan-Tian [75]

R. Hamilton[76](see also[77]) classified the solutions of the Ricci flow as follows
We say:

The long-time solution of the unnormalized conical Kéhler-Ricci flow
0 , D

aw = —Ric(w) + [D] ,w(0) = wy

is said to be of type IIb if

sup I|Rm(w(t))|w(t) = +00
X\Dx[0,00)

and of type HI if

sup  HRm(w(®))|we < +o0
X\Dx[0,00)

MOI’COVGI‘, we say:

The long-time solution of the normalized conical Kihler-Ricci flow

gtw — _Ricw) — w+[D] ,w(0) = P

is said to be of type IIb if

sup  |Rm(w(t))|w@ = +00
X\Dx[0,00)

and of type HI if

sup  [Rm(w(®))|wr < +00
X\Dx[0,00)

Note that if we replace r to T — ¢, then we can classify short time solution of unnormal-
ized conical Kéhler Ricci flow and we can classify them into two classes I, Ila when
SUPX\ px[0,00) (T — DIRM(W(N)|wiy < 400 and supy, py,00) (T — DIRM(W(D)|wiry =
+00.

Definition 3.1 A log rational curve on a log pair (X, D) is a rational curve f : P! — X
which meets D at most once.
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Existence of rational curves are very important in the classification of the solution of
Kéhler Ricci flows. Siu-Yau showed that when the bisectional curvature of a compact
Kihler variety is positive then there exists a rational curve. Birkar, et al, showed that
when X is a Moishezon manifold which is not projective. Then X contains a rational
curve. Moreover we have the same result when X is a normal Moishezon variety with
analytic QQ-factorial singularities.

Now we explain how the existence of rational curve is related to Gromov-Witten
Invariants.

Let X be a smooth projective variety over C. Fix a point x € X, a homology class
A € H>(X(C),Z) and very ample divisors in general position H; C X, i=1,....k.

Let yo, ..., yx € CP! be general points. Take maps f : CP! — X suchthat f,[CP!] = A,
SOo) =x and f(y;) € H;

Ruan-Tian, introduced an invariant
Fa x(x,Hy, ..., Hi; Yo, .., y) := number of such maps

Gromov-Witten theory of pseudo-holomorphic curves shows that one can make a
similar definition where X is replaced by a symplectic manifold (M,w). Then the
corresponding invariant is denoted by

@A’X(x, Hy,...,Hy; y0, ..., yx) := number of such maps

Ruan-Tian, showed that if ‘§A7X(X, Hy,...,Hg; yo, ..., yr) := number of such maps then
there is a rational map f : CP! — X such that £,[CP'] = A, f(yo) = x and f(y;) € H;

Moreover, ®a x(x, H, ..., Hi; Y0, - i) = Fax(x, Hy, ..., H; Yo, -, yi) if the follow-
ing conditions are satisfied.

e If Cy,...,C, C X are rational curves such that Y [C;] = A and x € Cy, then
m=1

o If g : CP! — X is any map such that g,[CP'] = A, g(yo) = x then
HY(CP', g*TX) =0

Existence of rational curves are very important for the classification of the solution
of Kahler Ricci flow. We think that existence of log rational curves is related to non-
vanishing of logarithmic Gromov-Witten invariant of Gross, and Ruan-Tian. We will
formulate it in future.



68 Hassan Jolany and

Definition 3.2 Let L — X be a holomorphic line bundle over a projective manifold
X. L is said to be semi-ample if the linear system |kL| is base point free for some
k € Z*. Lis said to be big if the litaka dimension of L is equal to the dimension of X.
L is called numerically effective (nef) if L.C > 0 for any irreducible curve C C X

Now we prove the following theorem which is the generalization of the result of
Tosatti-Zhang [?] on pair (X, D).

We need to the following lemma due to McDuff-Salamon|[?]

Lemma 3.3 Letr >0anda >0, Ifw: B, — R isa C? function that satisfies the
inequalities

s
Aw > —aw?, w >0, /W<
B, 8a

then 9
w(0) < 2/ w
r? Jp,

Theorem 3.4 Let X be a compact Kidhler manifold with simple normal crossing
divisor D with conic singularities. Let Kx + (1 — 8)D is nef and contains a possibly
singular log rational curve C C X such that |, ¢ €1(Kx + D) = 0 which is equivalent to
f c€ 1X) = f C[D]. Then any solution of the unnormalized conical Kéhler Ricci flow
on (X, D) must be of type IIb.

Proof Let Kx + (1 — 3)D is nef, Shen[74], showed that if w(¢) be the solution of the
normalized conical Kihler Ricci flow

20 — _Ric(w(t)) — w(t) + 2m(1 — B)[D]
wg (., 0) = wo +v/—1600||S||*

then w(f) exists for all the time. By the same method of Tosatti[41], by using Chern-
Gauss-Bonnet theorem and Lemma 4.3, if (X, D) contain a log rational curve and
fc c1(Kx + D) = 0, we have

sup Bisec,,r) > T >0
X\D 8 f c%¥

Take X’ = X \ D, if there are points x; € X', times #x — 0o, 2-planes mx C T\, X’ and
a constant k > 0 such that
Secu (k) > K
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for all k, then in particular supy, [Rm(w(t))|w(,) > # and so

sup |[Rm(w(t))|w@ = +00
X/

Now, by using the definition of bisectional curvature, and since bisectional curvature
is the sum of two sectional curvature, we get the result and proof is complete. a

For classifying the solutions of the conical Kéhler Ricci flow when logarithmic Kodaira
dimension is zero, we need to the Kawamata’s theorem on the quasi-Albanese maps
for varieties of the logarithmic Kodaira dimension zero which is based on Deligne’s
theory of mixed Hodge structures.

Theorem 3.5 (Kawamata[42]) Let X be a smooth variety such that the logarithmic
Kodaira dimension k(X) of X is zero. Then the quasi-Albanese map o : X — A =
Alb(X) is dominant and has irreducible general fibers.

In fact, by taking a suitable base {w}le of H'(X, Q4 (log D)) we have the following
Iitaka’s quasi-Albanese map

a:xeX\D— (/xwl,...,/xwp) eCr/r
= {(/wl,...,/wp,> ,)\eHl(X\D,Z)}
A A

The Abelian variety Alb(X) = CP /T is called quasi-Albanese variety which is semi-
Torus

where

We need to the following lemma to state the next theorem.

Lemma3.6 Let Kx+D be semi-ample and logarithmic Kodaira dimension x(X, D) =
0, then (Kx + D)™ is trivial for some m > 1

The non-logarithmic version of the following theorem is due to Zhang-Tosatti [?]

Theorem 3.7 Let X be a compact Kihler n-manifold with snc divisor D with
conic singularities such that Ky + D semi-ample, and logarithmic Kodaira dimen-
sion x(X, D) = 0 and consider a solution of conical Kahler Ricci flow

% = —Ric(w() — w(r) + 2m(1 — B)[D]
wa(.,0) = wo +v/—1503|5||*
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e A)If X is not a finite quotient of a quasi-Albanese variety, then the solution is
of type IIb

e B) If X is a finite quotient of a quasi-Albanese variety, then the solution is of
type 111

Proof For the proof we apply the Zhang-Tosatti’s method [41]. From the Lemma 4.6,
Kx + D is torsion. From Jeffres-Mazzeo-Rubinstein’s Theorem 1.7 [71] , we have the
Ricci flat metric wy, in the class [w] which satisfies in Ric(ws,) = [D]. Let X is not a
finite quotient of a quasi-Albanese variety, then we is not flat. Let x € X’ := X\ D be
apoint and 7 C T, X" a 2-plane with Sec,,_(m) > x > 0 for some constant . Since
Woo 1s not flat and Ric(ws) = 0, there must be a positive sectional curvature at x. Now,
since by the result of Shen[74], w(f) converges to we, then also Sec,,)(m) > 0. We
know, if there are points x; € X', times f; — oo, 2-planes 7; C Tka’ and a constant
k > 0 such that
SeCu () (k) > K

for all &, then in particular supy, |Rm(w(t))|w,) > ~ and so

sup |[Rm(w(?))|we = +00
X/

When X is the finite quotient of the quasi-Albanese variety, then it is known that the
solution of the conical Kihler Ricci flow converges to wo, exponentially fast and we
have |Rm(w())|ws < Ce™™ and the flow is of type IIL |

Definition 3.8 Moishezon manifold M is a compact complex manifold such that the
field of meromorphic functions on each component M has transcendence degree equal
the complex dimension of the component:

dimc M = a(M) = tr.deg.c C(M)
Complex algebraic varieties have this property,

Lemma 3.9 Let X be a normal compact complex space, such that Ky is big line
bundle, then X is Moishezon. Moreover, if X be Kéhler then X is projective

Now, we need to recall the following theorem of Y. Kawamata

Theorem 3.10 (Kawamata [42])Let f : X — Y be a projective surjective morphism,
D an effective Q-divisor on X, and E an irreducible component of

{x € X;dim, f~'f(x) > dimX — dim Y}

Suppose that the pair (X, D) has only log-terminal singularities and that —(Kx + D) is
f-nef. Then E is covered by a family of rational curves
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Theorem 3.11 Let X be a compact Kéhler n-manifold with snc Q -effective divisor D
with conic singularities such that Kx + D semi-ample, pair (X, D) has only log-terminal
singularities, and (X, D) is of log general type, i.e logarithmic Kodaira dimension
k(X,D) = dim X and consider a solution of conical Kihler Ricci flow

%0 — _Ric(w(r) — w(t) +2r(1 — B)D]
wa(.,0) = wy +v/—1509| S

o A)If Kx + D is ample, then the soultion is of type I1I

e B)If Kx + D is not ample, then the solution is of type IIb

Proof For our proof, we apply the method of Zhang-Tosatti [41]. Let Kx+ D is ample,
then by the result of Tian-Yau, Cheng-Yau, the conical Kéhler Ricci flow converges to
conical Kahler Einstein metric wy,, Which satisfies in Ric(wyo) = —weo +[D]. We can
construct an initial metric which has bounded bisectional curvature and since sectional
curvature remain bounded along conical Kéhler Ricci flow, hence the flow has solution
of type II1.

Now, let Kx 4+ D is not an ample divisor. From Lemma 3.9. X is Moishezon and
Projective. Hence the linear system |m(Kx + D)| gives a rational map f : (X,D) —
CPN. Itis clear that f is not an isomorphism with its image f(X), since we assumed
Kx + D is not ample. Now, take a fibre F = (X, Dy) of f. From the Theorem 4.10,
F is uniruled and since for a log rational curve C C F = (X,, Dy), f(C) = {a}, so
f ¢ €1(Kx + D) = 0. By the Theorem 4.4, the solution of the conical Kéhler Ricci flow
must be of type IIb. |

Remark:It is worth to mention that when 0 < x(X) < n, we can extend the Tosatti’s
inequality as follows

T
sup Bisec,;) > >0

X\D 8 (Jow+ Jowwe)

where w(?) is the solution of relative conical Kéhler Ricci flow.

One of the main important problem in Kéhler geometry is to prove the same following
theorem for Kéhler varieties. We give one of applications of the classification of the
solutions of Kéhler Ricci flow

Theorem:Let X be a complex projective manifold. Then X is non-uniruled if and only
if its canonical divisor Ky is pseudo-effective.
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One of idea for the solution in Kéhler setting is to use Kéhler Ricci flow theory. In fact
we can translate is as follows. If X has Kodaira dimension zero, then Kx is pseudo
effective iff Kdhler Ricci flow has long time solution and when X is finite quotient
of Torus, then there is no rational curve in X and we get non-uniruleness. When X
is not finite quotient of Torus then we can not have uniruleness, since the solution is
of type IIb. When we have intermidiate Kodaira dimension, we can translate it in the
relative Kihler Ricci flow theory along litaka fibration. i.e. Ky,y is pseudo effective
iff relative Kihler Ricci flow has long-time solution. Note that

The long-time solution of the relative Kéihler-Ricci flow along litaka fibration when
O0<krX)<n

;W = —Ricyy(w) —w

ot
is said to be of type IIb if

sup [Rmy /y(w(t)]w() = +00

and of type III if
sup |Riy /v (W(B)]w(py < +00

Note that such solution exists when family of fibers is fiberwise KE-stable and central
fiber has canonical singularities at worst.

Stable family and Relative Kihler-Einstein metric

For compactification of the moduli spaces of polarized varieties Alexeev,and Kollar-
Shepherd-Barron,[63] started a program by using new notion of moduli space of "stable
family". They needed to use the new class of singularities, called semi-log canonical
singularities. See [60],[64][65].

Let X be an equidimensional algebraic variety that satisfies Serre’s S, condition and is
normal crossing in codimension one. Let A be an effective R-divisor whose support
does not contain any irreducible components of the conductor of X. The pair (X, A)
is called a semi log canonical pair (an slc pair, for short) if

(1) Kx + A is R-Cartier;

(2) (X", ©) is log canonical, where v : X¥ — X is the normalization and Kx» + © =
V(KX + A)

Note that, the conductor Cx of X is the subscheme defined by, condx := Homo,(v+Oxv, Ox).
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A morphism f : X — B is called a weakly stable family if it satisfies the following
conditions:

1. f is flat and projective
2. wy/p is arelatively ample Q-line bundle
3. X, has semi log canonical singularities for all b € B

A weakly stable family f : X — B is called a stable family if it satisfies Kollar’s
condition, that is, for any m € N

[m]
wy/pl%,

~ , [m]
:wX’Z.

Note that, if the central fiber be Gorenstein and stable variety, then all general fibers
are stable varieties, i.e, stability is an open condition

Conjecture: Weil-Petersson metric (or logarithmic Weil-Petersson metric)on stable
family is semi-positive as current and such family has finite distance from zero i.e
dwp(B,0) < oo when central fiber is stable variety also.

Moreover we predict the following conjecture holds true.

Conjecture: Let f : X — B is a stable family of polarized Calabi-Yau varieties, and
let B is a smooth disc. then if the central fiber be stable variety as polarized Calabi-Yau
variety, then we have following canonical metric on total space.

Ric(w) = —w + f*(wwp) + [N]
Moreover, if we have such canonical metric then our family of fibers is stable.

We predict that if the base be singular with mild singularites of general type(for example
B = X_.4,) then we have such canonical metric on the stable family and central fiber
need to be stable after base change and relative canonical model

Conjecture: The twisted Kdhler-Einstein metric Ric(w) = —w + « where « is a
semi-positive current has unique solution if and only if « has zero Lelong number
Now the following formula is cohomological characterization of Relative Kéhler-Ricci
flow due to Tian
Theorem 3.12 The maximal time existence T for the solutions of relative Kéihler
Ricci flow is

T = sup{t | e "[wol + (1 — e c1(Kyyy + D) € K((X,D)/Y)}
where K ((X,D)/Y) denote the relative Kéhler cone of f : (X,D) — Y
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4 Canonical metrics on Arithmetic varieties

In this section we give an Arithmetic version of Song-Tian program on arithmetic
varieties and call it Arithmetic Song-Tian program. We apply the Arithmetic Minimal
Model program which was introduced by Yuji Odaka[59], for finding twisted Kéhler
Einstein metric(canonical metrics) on Arichmetic varieties which do not have definite
Arithmetic first Chern class.

Philosophically, Song-Tian believe that

PDE surgery <= Geometric surgery <= Algebraic surgery <> Arithmetic surgery

For our purpos, we use the language of Arakelov geometry in Arithmetic geometry and
Arakelov-Gillet-Soule’s intersection theory. In final by applying Boucksom-Jonsson’s
works on Monge-Ampere equation, we give non-archimedean version of Song-Tian
program.

Arakelov theory, also known as arithmetic intersection theory, is used to study number
theoretic problems from a geometrical point of view. Arakelov defined an intersec-
tion theory on arithmetic surfaces over the ring of integers of a number field. He
showed that geometry over number fields in addition with dierential geometry on some
corresponding complex manifolds behaves like geometry over a compact variety

In 1987, P. Deligne generalized in [45] the arithmetic intersection theory of Arakelov.
Deligne opened the way to a higher dimensional generalization. In 1991, H. Gillet and
C. Soulé in [46] extended the arithmetic intersection theory to higher dimensions by
translating the theory of Green’s functions to the more manageable notion of Green’s
currents.

Broadly speaking, Arakelov geometry can be seen as

Arakelov geometry = Grothendieck algebraic geometry of scheme+Hermitian
complex geometry

Now, we review the fundamental notions of Arakelov geometry, as developed in
Arakelov’s paper [43] and Falting’s paper[44].

Definition 4.1 An arithmetic variety 7 : X — SpecOk is a reduced, regular scheme
X, which is flat and projective over SpecOg, where as usual Ok denotes the ring
of integers of a number field K. Moreover, we assume that the generic fibre X is
geometrically connected. Let d € N be the relative dimension of X', hence dim(X) =
d+1.Ifd=1,wecall X as arithmetic surface.
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Definition 4.2 Let X, = X(C) denote the set of complex points of the generic fibre
X.

x© = ] %(©

0. K—C

On X, let APD(X,.) be the space of smooth (p, g)-forms endowed with the Schwartz
topology. This means that a sequence (1), in A??(X,,) converges to 7 in APP(X,.)
if and only if there exists a compact set K such that for any n we have supp(n,) C K
and any derivation of 7),, converges uniformly to the corresponding derivation of n. The
space of (p, g)-currents DP9(X,) is the continuous dual space of Ad=PA=D(x).

An example of an arithmetic surface X is visualized in the following picture

(0) SpecZ (p) o

Definition 4.3 For an integer p > 0 let Z7(X) be the group of cycles Z in X of
codimension p. Any cycle Z = n;Z;, where n; € Z, is a formal sum of irreducible
cycles Z;, i.e. irreducible closed subschemes of X'. An irreducible cycle Z € ZP(X)
defines a real current dz) € DPP)(X) by integration along the smooth part of Z(C).
More explicitly, the current Z(C) is defined by

dzc)(w) = / ¥ (w)
Z(C)reg

where ¥ : Z(C),,, — Z(C) is a desingularization of Z(C) along the set of singular
points of Z(C). Such desingularization exists due to theorem of Hironaka.

Now we define Green current.
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Definition 4.4 Suppose Z € Z°(X). A Green’s current for Z is a current gz €
DP~=1P=1(x’) such that

dd gz + dzc) = w,]
for a smooth form wy, € APP(X).

Note that for any cycle Z there exists a Green’s current for Z. Consider the arithmetic
variety X = P% = ProjZ[xy, ..., x4] and the cycle

Z={<d% x>=. =<a?V x>=0}

of codimension p,where for 0 < i < p — 1 and x = (xo, .., xg) we set < a®, x >=
ag)xo + ..+ as)xd € Zlxy, ..., x4].The Levine form g associated to Z is defined by

_ . 1 p—1 J
ZP:1| <a? x> |? k . L
8z(x) = —log ( : Ozd 2 . E dd‘ log E | < a? x> |2 /\wf;s1 J
i=0 "1

j=0 i=0
where wrs = dd® (|xo|* + ... + |x4|*) is the Fubini-Study form on P%. The Levine

form gz associated to Z satises dd“gz + 0z«c) = [wrs].

Definition 4.5 Let Z(X) be the group of pairs (Z, gz), where Z € ZP(X) and gz is
a Green’s current for Z. Let RP(X) be the subgroup of Z”(X) generated by elements
of the form

i) (0, Ou + Ov), where u € DP~2P~D(X,.) and u € DP~1P=2(X,.)

2) (div(f ), [— log [f]z]) then the p-codimensional arithmetic Chow group of X is de-
fined by

CH'(X) := Z"(X)/RP(X)
From [67], there exists an associative, commutative, bilinear pairing,
CH'(X) x CHY(X) — CH'™(X)q := CH'™(X) @2, Q

([Y7 gY]7 [27 gZ]) — [Y7 gY][27 gZ]7
which makes EBpZO CH' (X )g into a graded ring.
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Definition 4.6 A line bundle £ = (£, h) is a C°°-hermitian line bundle over X if
L is a line bundle over X’ and £ is a C*-metric over L¢ that is invariant under the
complex conjugation, i.e., for x € X(C), let F, : L, — L3 be the isomorphism
induced by complex conjugation F,. Then # is said to be invariant under the complex
conjugation if hz(Fsos, Foot) = hy(s, 1) holds for any x € X'(C) and s, € L. Let s
and sc are non-zero rational sections of £ and L(C) respectively, then we have

. A . -1
¢1(L) = (div(s), [~ log h(sc, sc)]) € CH (X)
and we call it the arithmetic first Chern class of L.

When k£ = C , for every separated scheme of finite type X over C there is an
associated complex analytic space X*" , whose underlying topological space equals
the set of complex points X(C). The scheme X is proper over C if, and only if, X"
is compact. Also, X is a non-singular variety over C if, and only if, X*" is a complex
analytic manifold.

Now we give Yau’s theorem in Arithmetic setting.

Theorem 4.7 Let 7 : X — SpecOk be an arithmetic variety over SpecOk, where as
usual Ok denotes the ring of integers of a number field K . Suppose that the line bundle
Ky is ample line bundle, then, forevery o : K — C, Kx, . is ample and there exists a
unique Kéhler- Einstein metric on X,(C) with constant negative Ricci curvature —1.

For simplicity, throughout this section, we assume that X" is normal. We put Kysm /¢ 1=
NO pon S5m0, Where X¥ C X denotes the open dense subset of X' where 7 is
smooth. Then we further assume, for simplicity, the "@Q-Gorenstein condition" i.e.
with some m € Zsg, (Kxysm /C)®m extends to an invertible sheaf on whole X'. From

now on, instead of Ky c we just write Ky for simplicity.

Now, the arithmetic Kodaira dimension of an arithmetic variety X’ can be defined as

log dim HO(X, K ®™
A(X) = lim sup o8 mA (Y, Ky )
m—00 logm
where dim H(X, £5™) = dim{s € H'(X,L®™) | Vo : K — C,||s||o,sup < 1} Where
[5]losup = sSUPyex(c) IS

If Ky, > 0 then A} is a Minimal Model by definition. Now, let the canonical line
bundle Ky, is not be semi-positive, then X can be replaced by sequence of varieties
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X1, ..., X with finitely many birational transformations, i.e., &; isomorphic to *Xp
outside a codimension 1 subvariety such that

Kx, >0

and we denote by &,;, = A, the minimal model of &y. Hopefully using minimal
model program &} of non-negative arithmetic Kodaira dimension can be deformed to its
minimal model X),,;, by finitely many birational transformations and we can therefore
classify arithmetic projective varieties by classifying their arithmetic minimal models
with semi-positive canonical bundle.

By abundance conjecture, if the minimal model exists, then the canonical line bundle
Xnin induces a unique holomorphic map

T Xnin — Xean

where X, is the unique canonical model of &),;,. The canonical model completely
determined by arithmetic variety X as follows,

Xean = Proj | D HO(X, K%,
m>0

So combining MMP and Abundance conjecture, we directly get

X — Xmin — Xcan

which X here might not be birationally equivalent to X_,, and dimension of X4,
is smaller than of dimension X. Note also that, Arithmetic Minimal model is not
necessary unique but the arithmetic canonical model &, is unique.

and on
T X = Xean

when arithmetic Kodaira dimension is positive, we have
. *
Ric(Wean) = —Wean + T wwp

where w,q, is a canonical metric on X,,(C)

By Arithmetic Song-Tian program it turns out that the normalized Kihler Ricci flow
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0
o _ —Ric(wy) 4+ aw;

ot

(in the sense that w, are Kéhler currents of X;(C)) doing exactly same thing to replace
X by its arithmetic minimal model by using finitely many arithmetic surgeries and
then deform arithmetic minimal model to arithmetic canonical model such that the
limiting of arithmetic canonical model is coupled with generalized Kéhler Einstein
metric twisted with Weil-Petersson metric gives canonical metric for X'(C).

In fact when the arithmetic Kodaira dimension is semi-positive then the canonical
metric wq,, on arithmetic variety is a metric which is attached to arithmetic canonical
model X,,,.

Arithmetic Song-Tian program via Arithmetic Minimal Model program is that if A}
be a projective arithmetic variety with a smooth Kéhler metric wg, we apply the Kihler
Ricci flow with initial data (X, wp), then there exists 0 < T} < T... < Ty < 0
for some m € N, such that

t—T t—T, t—Ty,
(Xo,wo) — —> (X1,81) — —> ... — —> (X, W)

after finitely many surgeries in Gromov-Hausdorff topology and either dimcX,, < n,
or X, = X, if not collapsing. In the case dimcA),, < n, then A, admits Fano
fibration which is a morphism of varieties whose general fiber is a Fano variety of
positive dimension in other words has ample anti-canonical bundle.
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