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Abstract
We study the convergence in total variation distance for series of the form

N
SN(C, Z) = Z Z C(ily---yil)Zil---Zil

=1 41<...<14g

where Zi, k € N are independent centered random variables with E(ZZ) = 1. This enters
in the framework of the U-—statistics theory which plays a major role in modern statistic.
In the case when Zy, k € N are standard normal, Sy (¢, Z) is an element of the sum of the
first N Wiener chaoses and, starting with the seminal paper of D. Nualart and G. Peccati,
the convergence of such functionals to the Gaussian law has been extensively studied. So
the interesting point consists in studying invariance principles, that is, to replace Gaussian
random variables with random variables with a general law. This has been done in several
papers using the Fortet—Mourier distance, the Kolmogorov distance or the total variance
distance. In particular, estimates of the total variance distance in terms of the fourth order
cumulants has been given in the part I of the present paper. But, as the celebrated Fourth
Moment Theorem of Nualart and Peccati shows, such estimates are pertinent to deal with
Gaussian limits. In the present paper we study the convergence to general limits which
may be non Gaussian, and then the estimates of the error has to be done in terms of the
low influence factor only.

Keywords: invariance principles, nonlinear Central Limit Theorem, Malliavin calculus.
2010 MSC: 60F05, 60H07.

Contents
1 Introduction and main results

P
2 Proofs of the main results
2.1 Notation and preliminary results . . . . . . . .. ... ... .. L.
2.2 Estimate of the covariance matrix. . . . . . . . . . . . ... ... ... ... .. Ia
2.3 Proof of the main results. . . . . . . . . . . . .. ... ... ... .. |ﬁ|
*Université Paris-Est, LAMA (UMR CNRS, UPEMLV, UPEC), INRIA, F-77454 Marne-la-Vallée, France.
Email: bally@univ-mlv.fr.

TDipartimento di Matematica, Universitd di Roma - Tor Vergata, Via della Ricerca Scientifica 1, 1-00133
Roma, Italy. Email: caramell@mat.uniroma2.it



http://arxiv.org/abs/1607.03703v1

3 Examples
3.1 Approximation with a chi-squared law . . . . . . ... ... ... ... .....
3.2  An example of quadratic CLT . . . . . . . . . .. ... .. .. .. .. ......
3.3 A variance-type estimator . . . . . . . .. . ... ...

A An iterated Hoeffding’s inequality

B Computations around an integral

Bl B Bl BEEEE]

References

1 Introduction and main results

Let us introduce the objects involved in our paper. We consider a sequence of independent
random variables Zy, k € N with E(Zy) = 0 and E(Z?) = 1. We assume that the law of each
of them is locally lower bounded by the Lebesgue measure, that is P(Z; € dy) > edy for
y € B(zk,2r). More precisely, there exists r,e > 0 and z; € R such that, for every measurable
function f: R — R

E(f(Z) > ¢ / () La0an (2 — 21)dz. (1.1)

All along the paper we will fix some 7, ¢ € (0,1) and an increasing sequence M, € (1,00),p € N.
These are arbitrary but fixed (without any supplementary mention). We use the notation
L((Mp)pen, r,€) to indicate the sequences of independent random variables Z = (Z)ren with
E(Zy) = 0 and E(Z?) = 1 which verifies (II)) with r,e and such that 1Zkl, < M, for every
k,p € N. Notice that the random variables Z; are not identically distributed. However, the
fact that we may choose (M)),en, T, € to be the same for all of them represents an uniformity
property.

We consider a family of coefficients ¢ = {c(a) : @ € N™ m € N} and for a multi-index
a = (a1,...,ap) € N™ we denote |o| = m the length of o. We also denote Z¢ = Z,, - -+ Z,,,,.
We denote by C the class of the coefficients ¢ which are symmetric and null on the diagonals.
And we look to stochastic series of the following type:

Sn(e,Z)= Y cla)z” (1.2)
1<|a|<N

This enters in the framework of U-statistics introduced by Hoeffding [12] and Fisher [I1], which
play a major role in modern statistics (see for example Lee [I5]). Moreover we denote

N
1/2 _
_ _ 2 _
b1(¢) = max|e(k)],  dm(c) = max (I Z E (o, k:)) m>2 dn(c) = ;am(c). (1.3)
on(c) is the so called “influence factor”: > lal=m—1 c%(a, k) may be considered as the measure

of the action of the particle k on all the other particles, at level m. And if dy(c) is small we
say that we have “low influence”.
We will also use the following semi-norms

_ 2 1/2 2 _ - 2
el = (D2 @) and ellf =Y lef, (1.4)
m=1

|a|=m



We are now able to give our first result:

Theorem 1.1 We consider a sequence Z" = (Z!)ken € L((Mp)pen,r,€). Let N € N be fized
an let ¢, € C be a sequence of coefficients such that

lim sup Z c2(a) < . (1.5)

We assume that they verify the “low influence condition”:

lim O (c,) = 0. (1.6)

n— o0

We also assume that the following non degeneracy condition holds:

lim inf c2(a) > 0. (1.7)
|a|=N

Let u be a probability measure. Then lim, o Sy (cn, Z) = X in law implies (and so is equiva-
lent to) convergence in total variation distance.

Remark 1.2 This is a generalization of the celebrated Prohorov’s Theorem (see [29]) concern-
ing convergence in total variation in the CLT (which corresponds to N =1). And as it is clear
from Prohorov’s theorem, the condition (I1l) appears as natural when dealing with convergence
in total variation distance (in contrast with convergence in law or in Kolmogorov distance when
such a condition is not necessary). A more particular variant of this result has already been
obtained recently by Nourdin and Poly in [23].

Remark 1.3 Notice that the non degeneracy condition (I.7) is much stronger than the one
in [3] where 32, _y c2(a) is replaced by 2 lal<N c2(a). So here we ask that the higher line of
SN is non degenerated while in [3] all the coefficients c(a) in the sum contribute to the non
degeneracy condition. But there we also need that the cumulants tend to zero (not only the

influence factor) and if this is true then u is a Gaussian probability measure.

We will now give some (non asymptotic) estimates for the errors involved in the limit in total
variation distance. We denote N, the set of the positive integers and given N € N, we will use
the following constants:

s\/F)2N 1
cy(re) = | —= — 1.8
Ve = (5) % (18)
and we use the generic notation Cn(r,¢) for every constant of the form

Cy(r,e) = C(N)T et2Mp =372 (1.9)

where C,p,q; € N,,i =1,...,4 are universal constants (independent of the parameters M,, e, r
and on N) and which may change from a line to another.

We first estimate the error which is done by replacing a sequence Z = (Zi)ren with another
sequence Z = (Z})ren : this is the invariance principle. We recall first Theorem 3.1 from
[3] which which concerns smooth test functions (notice that here the hypothesis () is not
necessary):



Theorem 1.4 Let Z = (Zy)ren and 7 = (7k)k€N be two sequences of centered independent
random variables such that E(Z?) = E(?i) = 1. We also assume that E(|Z]*) < Ms and
E(|7k|3) < Ms. Then for every f € C3(R) and every c € C

[E(f(Sn(e, 2)) = E(f(Sn(c, 2)))] < (N + 1)EMN || £"]|  llellvdn (c)- (1.10)

The aim of the present paper is to obtain a similar estimate but to replace || f"”| ., by ||fll
that is to work in total variation distance. This has already been done in [3] (see Theorem 6.1
therein) but there the estimate involves the fourth cumulant (and not only dx(c)). So, if we aim
to use such estimates in order to study the convergence of a sequence Sy(c,, Z),n € N, then
the limit has to be a Gaussian random variable (this is a consequence of the Fourth Moment
Theorem of Nualart and Peccati [19]). In the present paper we prove the following estimate in
terms of dx(c) (which is allows to study the convergence to general laws):

Theorem 1.5 Let Z = (Z)ren and Z = (Z)ren be two sequences of random variables which
belong to L((Mp)pen,r,€) and let ¢ € C. Then, for every N and for every bounded and mea-
surable function f:R — R

[E(f(Sn(e, 2)) —E(f(Sn(e. )| < On+a(r,e) 1fllo (1 + llclln)

SW (c) 4 exp < B en(rye) |C|?V>> (1.11)

X —
5 (c)

|C|j4v+3P*N

with ||c|| y and ||y defined in ({IZ) and ps is the universal constant which appears in (Z.8).

Similar but less precise results have been obtained before. Assume for a moment that we
replace Sy (¢, Z) by ®n(c, Z) := ZM:N c(a)Z“. A first result, concerning convergence in law,
has been obtained in the pioneering papers of de Jong [9] [10]. Afterwards, in [I7] the authors
prove convergence in Kolmogorov distance, that is

sup |E(L(—oon) (PN (e, Z))) = E(L—oon)(Pn(c. Z)))| = 0 as dn(c) — 0.

These results hold for general random variables Zj, condition (1)) being not needed. And
recently, Nourdin and Poly in [23] assume (I.I]), and they prove that

”fS”UP<1 E(f(®n(c, 2))) —E(f(®n(c, Z)))| =0 as dn(c) = 0.

A first progress in our paper is that we consider a general sum Sy (¢, Z) and not only ®x(c, Z).
And more important, we obtain an estimate of the error - and this is not asymptotic, but holds
for every fixed c € C.

The drawback of the estimate (LII]) is that it rapidly degradates as N becomes large. This point
is a consequence of the techniques we use here: we use a stochastic variation calculus (analogues
to the Malliavin calculus) and the delicate point is to estimate the Malliavin covariance matrix
associated to our series; in order to do this we use Carbery-Wright inequality which concerns
general polynomials and which make appear 1/N as a power of x(c). One may compare this
estimate with the similar one which is given in Theorem 6.2 in [3]. There the upper bound
is given in terms of the fourth cumulant k4 n(c) of ®n(c,G), where G = (Gk)ren with Gy,



are independent standard normal random variables. And that upper bound is of the form
Cn(r, E)/@ll/]%,(c) when ¢(a) = 0 for |a| = 1, otherwise the power is no more 1/2 but 1/4. In any
case, the ﬁower of k4 n(c) does not depend on N. However we stress that the two estimates
may not be directly compared because dy(c) < k4 n(c), and it is possible that dy(c) is much
smaller than x4 n(c) (see e.g. the example developed in in Section B.2)).

The estimate of the Malliavin covariance matrix is done in [3] using some martingale techniques
which take into account the specific structure of the stochastic series at hand and so are more
powerful than estimates concerning general polynomials (as in the Carbery-Wright inequality).
But they make appear the fourth cumulant x4 n(c) which does not converge to zero, except in
the case when we focus on a Gaussian limit (as it is pointed out by the fourth moment theorem
of Nualart and Peccati [27]). So, if we aim to general limits, we have to come back to the
Carbery-Wright lemma (which does not involve cumulants).

We give now some estimates of the error in the convergence in total variation of a sequence
Sn(en, Z),n € N to a probability measure u. We will work with the metrics

dp(F,G) = sup{[E(f(F)) —E(f(@)] : [[fllj00o <1} (1.12)
where
k
£ llk00 =D 1F P loo- (1.13)
p=0

In particular dy = dpy is the total variation distance and di = dpjps is the Fortet Mourier
distance (which metrizes the convergence in law).

Theorem 1.6 Let X be a random variable which is the limit in law of (Syr(¢n, Z))n, for some
M € N, where (Z1)ken € L((My)pen,r,€) and, for every n € N, ¢, € C satisfies (L3), (L0)
and (1.7) with N replaced by M. Set

Crx =limsup|len|lir and  Cyp x = liminf e, |y (1.14)
n ’ n

Then for every ¢ € C and (Zy)ken € L((Mp)pen,r,€) one has

dQ(SN(C, Z),X) < CN\/M(lT, E)(l + ”C”N —l—UM,X)

< d12+p*NvM (SN(Ca Z),X) +exp < _
NVM

(’C’%N /\Q%K)Q:ZZ NV M

en(rye)|ef? (1.15)
N5]2V(c) N))’

en(r,e) and Cn(r,e) being as in (I.8) and (1.9) respectively and p. is the universal constant

from (28).

We can rewrite Theorem by using the concept of “M-attainability”.

Definition 1.7 Given M € N and (M,)pen,e,r > 0 we say that X is M-attainable of class
(Mp)pen, e,r if there exists a sequence of coefficients ¢, € C which satisfy (LA),(10) and
(I77) with N replaced by M and a sequence Z" = (Z}')ken € L((Mp)pen,r,€) such that
limy, Sps(cn, Z2™) = X in law. If X is M—attainable, we set Cprx and Ch x as in (I.1]).

We denote by Anr((Mp)pen,€,r) this class.



If M = 1 the CLT for non identically distributed random variables shows that the only 1-
attainable random variable is the standard normal one. And if M = 2 a characterization of
the 2-attainable laws is given in [24] (see also [30]). Of course they include random variables
equal in law to elements in the second chaos. And more generally, elements in a fixed M chaos
are M-attainable. So, as an immediate consequence of Theorem we obtain the following

Corollary 1.8 Let Z € L((My)pen,1,€), ¢ € C and X € Apn((My)p>1,7,€). Let pi be the
universal constant from (2.8). Then do(Sn(c, Z), X) satisfies inequality (Z.17).

The proofs of the above results are given in Section

Finally we give several examples of applications.

First, in Theorem B.2] we estimate the distance between ® (¢, Z) and a xo law with m degrees
of freedom. This significantly straighten a result of Nourdin and Peccati from [20] concerning
approximation of the law of a multiple stochastic integral by a x5 law with m degrees of freedom:
the result in [20] concerns Wiener multiple integrals and the estimate is in d; distance, while
here we have a general sequence of random variables Z; and the estimate is in terms of dj.

In a second application we prove that

n! 1

Sn(2) = Vnlnn

1<i<j<n

converges to the standard normal distribution and the total variation distance to the limit is
upper bounded by (n~!In?n)1/43(042P<) We notice that if the interaction potential |j — i|~*/2
is replaced by [j —i| 7P with p € (0,1/2), then (with a suitable renormalization) the above sum
converges to a double stochastic integral. So, if p = 1/2 we have a contraction phenomenon
whereas such a phenomenon does not exist if p < 1/2.

Finally, in the third example we consider

I - 1 -
Xi=—) ———Z; and V,(2)=) X?-EX?
? \/ﬁ ]zz:l m J n( ) ; 7 )
J#

and we prove that V,,(Z) converges to a double Wiener integral and the total variation distance
is upper bounded by (n~!1n?n)!/4B+2p-)
Finally in Appendix[A]l we prove an iterated version of Hoeffding’s inequality (which may be of
own interest) and in Appendix [Bl we give some estimates for integrals needed in the last two
examples.

2 Proofs of the main results

2.1 Notation and preliminary results

All along we consider some sequence (Mp)pen and some €, > 0 to be given, and we employ
the notation already settled in the introduction. We consider a sequence of random variables
Z = (Zy)ken € L((Mp)p>1,7,€), so each Z, satisfies (II]). Then we construct a function ¢, in
the following way:

— (z — 1)2 wr(z) = 1{|z\§r} + 1{T<|Z|S2T}€€T(|Z|). (2.1)



We denote

== Z22 r v\Tr) = ! 22 2225 L
= [Pz <2van o) = o [Ptz S )

Then m(r)~14,(|2]?) is a probability density and the corresponding random variable has mean
zero and variance v(r).

Since 9 < 1p(g2r), the inequality ([LI)) holds with 1p(g 2,y replaced by .. This allows to use
a splitting method in order to give the following representation of the law of Z;. We consider
some independent random variables xx, Ug, Vi, k € N, with

Plxe = 1) =em(r), Pluw=0)=1-em(r),

P(U, € dz)= %wr(\z — z)?)dz
P(V € do) = %m(r)(lp(zk € dz) — (|2 — z|P)dz

(we stress that in in [3] the role of U and V are inverted).
Then Uk + (1 — xx) Vi has the same law as Zj so from now on we assume that

Z = xxUr + (1 — x) Vi

We will work with stochastic series based on Zj, which we introduce now. We denote I';,, = N
Any o € T, is named a multi-index and we define |a| = m its length. We set I' = U,,,I";,. For
J € N, we denote I'),(J) = {a €Ty, : 1 < a; < J} and T'(J) = U T',,(J). Moreover, for
z € Ryi e Nand a = (aq, ..., a4y ) € Ty, we denote 2 =[] zq,. We denote by C the class of
the coefficients ¢ : I' — R which are symmetric and null on the diagonals. Then we consider
a family of coefficients ¢ € C and we work with the stochastic series

N
Sn(e,Z)= Y dw)z®=> > )2 (2.3)

1§‘Q|SN m=1a€cly,

In [3] we developed a stochastic variational calculus based on Uy, k € N (the explicit expression
of the density of the law of Uy is central in that calculus) but here we do not need to recall all
this — we will just recall some consequences which are used in the present paper. We denote

cj(a) = (1 +[al)e(e, j) (2.4)

with the convention that, if « is void, then |a| = 0 and c¢j(c) = ¢(j). Then we define

AN = Asy(e2) : Zx] |0z, Sn(c, 2)|” ng )+ Sn-1(ey, 2) (2.5)
7=1

This is the “Malliavin covariance matrix” (in our one-dimensional case, this is a scalar) associ-
ated to Sy(c, Z) and plays a central role in our estimates. Moreover we recall the seminorms
|¢|m and ||¢||x in (L4) and we define

N
Ny(e, M) = (Z M™1 x ( xml 3 & ) <NlexMefly.  (2:6)

m=q laj=m



where ||c||y is defined in (). In [3] (see (4.17) therein we have defined the Sobolev norms

[[Sn (e, Z)|ll,, and in [3] Proposition 5.5, formula (5.14), we have proved that
c (=2
1S5 (e, 2l < =5 (D lel + Nale, M22)).
n=1
So, using (2.6]) we have
C
1S3 (e, 2)lllgp < —=5 N1e™/lcl| v (2.7)
In fact the only way in which |[[Sn(c, Z)|l|,, comes on in the present paper is just by means

of the above inequality, so the reader does not need to go further in the knowledge of this
quantity.

We use now a regularization lemma from [3]. Let ¢); be the function defined in (Z1I), m(1) the
normalization constant from ([2.2]) (with » = 1) and, for 6 > 0, let

1
/7(5(2) = m(l)\/g

For f : R — R we set f x5 the convolution between f and s, whenever it is well defined.
Using the regularization Lemma 4.6 from [3] and (27]) we obtain

1071 [2]?).

Lemma 2.1 There exist some universal constants C,p. > 1 such that for everyn > 0,6 > 0
and for every bounded and measurable f : R — R one has

\/‘_5) (2.8)

[E(f(Sn(c, 2))) = E(f x75(Sn (¢, 2)))] < Cn(r.e) llelly 11l (IP’(/\N <n)+ T

with Cn(r,e) = Cr=2NlezMr-

We will use the following easy consequence, which is a slightly more precise version of Theorem
2.7 from [2].

Lemma 2.2 Let Z,7 € L((Mp)p>1,7,€) and ¢,¢ € C. Let p, be the universal constant from
(Z8). For every k € N, N, M € N, there ezists a universal constant Cnvar(r,€) (depending
on k) such that for every n > 0 one has

do(Sn(c, Z2),Sm(c, Z)) < Cnvm(r,e)(1+ llelly + el ) x
x (g (e, 2), 814(e. 7)) + PO < 1) + B(Rar <))

nk+1

(2.9)
where AN = Agy(e,z) and Ay = Asy(ez) ore defined in (Z3), dy is defined in (LI2) and
Cn(r,e) is a constant of the form (1.9).

Proof. To simplify the notation we put Sy = Sy(c, Z) and Sy = Sy (€, Z) and C a constant
of the form Cnvar(r,e)(1 + |[c[| v + ||I€lly;) (which changes from a line to another). Let 6 > 0
and let f € C(R) with [|f||,, < 1. Since [|f * 755 o < C6~ %2 we have

IE(f *v5(Sn)) — E(f *75(Sm))| < C67*/2dy (S, Su).-

8



Then, using ([2.8)),

_ _ /
IE(f(Sn)) — E(f(Sm))| < C6~F/%dy(Sn, Sur) + C(]P’()\N <n)+Py < n)+ nlpf).

We optimize over §: we take _
sE+1/2 — di (S, S)nP~.

We insert this in the previous inequality and we obtain (29)). O

2.2 Estimate of the covariance matrix

Our aim is to estimate P(Ay < n) with Ay defined in (23] and this will be done using the
Carbery-Wright inequality (we follow here an idea from [23]). In order to do this we need the
following lemma.

Lemma 2.3 We denote by Ev,,, the conditional expectation with respect to o(V;, xi,1 € N). Let
v(r) be as in (223). Then

Ev(An) > )

> Pa)x™. (2.10)
la|=N

Proof. We denote

so that

N
Il
x
=
+
=
|
)
e
Il
o
o
4
=

Then we define

and we write B B
7% =7" +x°U".
Notice that for every multi-indexes a € I'y,, with m < N — 1 and 0 € I'y we have

Evy(Z°T )= Y X’Ev,(T'T) x V" =0. (2.11)

B:y)=a,
v#0

This is because |3 < m < N — 1, so there is at least one 0; ¢  and IEV;X(UGZ') = 0. We take
now k € R and we consider the r.v. X = k+ Sn(c, Z). We write write k + Sy (¢, Z) = 5"+ 5"
with S =37, Zn c(a)x*U" and S” = k + Sn(c, Z) — S'. By (211, S’ and S” are orthogonal
in L?(Py,,) so that

Evy (5 + Sn(c, 2))?) > Evy (87) = 3 vV (r)e?(a)x®, (2.12)
la|l=N

the last equality being a consequence of E(U;) = v(r).



Consider now Ay: by @), Av = 3772, xjle(f) + Snv-1(cj, Z)|?. We use ZIZ) with s = ¢(j)
and c replaced by ¢; (see ([24)) and we obtain

Evy(Ay) = ZXJEVX 3)+ Sn-1(e;, 2)P) =" ) Y g Y Aax®

j=1 |a|=N-1
1 n
= Zx; >, Alaix®=50") Y O
7=1 \a\ N—-1 |ﬁ‘=N
0

We are now able to give our estimate:

Lemma 2.4 Let ¢ € C. For every n > 0,
n N en(rye) ey
POy < 1) < Cy(r, <— <—7 2.13
Ow=mzentma((gr)  +ew (-5 57) (2.13)
with Cn(r,€) denotes a constant of the type (1.9) and cy(r,€) is given in (1.8).

Proof. We chose J sufficiently large in order to have

3 ) 2% S () :%\c\?\,. (2.14)

ael’n(J) a€cl'y

We will use the Carbery—Wright inequality that we recall here (see Theorem 8 in [§]). Let
1 be a probability law on R which is absolutely continuous with respect to the Lebesgue
measure and has a log-concave density. There exists a universal constant K such that for every
polynomial Q(z) of order N and for every n > 0 one has

e Q)] < m) < KN(n/Vu(Q)N (2.15)

with V,(Q) = (f Q*(«)dp(x))"/>.
We will use this result in the following framework. We recall that Py, is the conditional
probability with respect to o(V;, x;,¢ € N) and we look to

QU1 Us) = > x;j|0z,Sn(clr(). ) =: Avg

i=1

as to a polynomial of order N of Uy,...,Uy. It is easy to see that the density of the law p of
(U1, ...,Uy) (under Py, ) is log-concave. So we are able to use (ZI5). Using (2.10)

@ = ([ @@ / Q@) du(s EVXij\aZSclm 7))
vV (r) 2 8
> ¥ Z c(B) 1 (B)x”
|Bl=N

10



We take now 6 > 0 (to be chosen in a moment) and we use ([ZI5)) in order to obtain

]P’()\NJ § T]) = P(Q(Ul, ceey UJ) § T])
< P(VU(Q) <0) +E(Py (QU1, .-, Us) <)y, @)>6})

< B FEnmeN < tgy) +EN@OYY. (210
|Bl=N

The first term in the above right hand side is estimated in Appendix [Al we apply Lemma [A]
with & = §N/vV~1(r) and with the coefficients ¢;(a) = c(a)lp (sy(a), so that Sy(c%,x) =

> g=n (B)1re) (8)x°. By (@ZIA) we have
% < H— 2 152 < (o2

We recall that in Lemma [AJ] we use p = em(r) and that we need (see (A])) that

o UN_I(T) UN_I(T) (Z>2N ‘c’?v

xr <

TS o (2.17)

We take 6 equal to the quantity in the right hand side of the above inequality so that

ON 1 P 2N 2
T = () |C|N-

"o 2\

Then ([A2) gives

ON 2e3 1 /p\4N 1
P(Sy(@4,x) < —— ) < —Nexp( - =(= eld — .
( (€7, X) UN_l(T)> 9 ( 4<4) | ‘NN(S?V(EJ)HEJH?V)

Since g?\[(é]) < 6% (c) and |[e/]|3 < |¢|3 we upper bound the above term with

2¢3 1 /p\4N |cf3
sVer (- 5(7) 72{)
o P aN\1) 80

Inserting this in (ZI6]) we obtain

PAny < n) <P(Ang <n)

2¢3 1 sem(r)\4N |c|3 KN
< = _
< Ve 4N< )

) 771/N.
9 4 o (c) v(r)52m2(r)|c|%]v

and the proof is completed. [J

2.3 Proof of the main results

Our basic lemma is the following:

11



Lemma 2.5 Let Z,Z € L((M,)p>1,7,¢) and c,¢ € C. We denote Sy = Sn(c, Z) and Sy =
Sy (S, Z). Let py be the universal constant from (Z8). For every k € N there exist a constant
Cnvm(r,e) as in (L9) such that

1
E 1+ kpx NVM =
dk = (SN, SM)

do(Sn,Sn) < Covwnn(r,2)(1+ el + lellan)

(I[N A efiM et g g
en(rye) ey en(rye) [el3
+exp ( 5%,(¢) ) e 52.@) )):

cn(e,r) being given in (I.38).

Proof. We use Lemma and in the estimate ([2.3), we replace P(detog, (. z) < 1) by the
expression from (ZI3]). So, we obtain

1 _
d;;“ (SN, Sar)+

kps

nk+1

do(Sn.Su) < Covwne(re)(1+ el + [[2llan)

2 2
! 3731 (771/N + 771/M) + eXp(—m) + eXp(_M))

+ =
ERA 63, (©)

Nel s 5% (c)

This holds true for every n > 0. We optimize over n and we obtain ([2.I8]). O

Proof of Theorem [I.1l Let Sy(c,, Z™),n € N, be the sequence considered in the statement
of the theorem. Since this sequence converges in law to pu, it follows that it is a Cauchy
sequence in d;. And since dy(c,) — 0, and liminf, o |c|3 > 0 the inequality (ZI8) says that
the sequence is Cauchy in dy. It follows that it converges to p in dy. J

Proof of Theorem By Theorem [L4], d3(Sn(c, Z), Sn(c,Z)) < Cn(r,e)dn(c), so, using
@I8) with £ =3 and N = M we obtain ([L.I1]). O

Proof of Theorem The hypotheses ensure that lim, dy/(c,) = 0, limsup,, |lc,|[y =
Cu,x, liminf, [len|lar = Cpyx > 0 and limy, dy(Sar(cn, Z), X) = 0. Notice that by Theorem

LT we know that lim,, do(Sar(cn, Z), X) = 0. We write

dQ(SN(C, Z),X) < dQ(SN(C, Z), SM(Cn, Z)) + d()(SM(Cn, Z),X)

71 —
d12+p*NVM (SN(C7 Z)? SM(cm Z))

< Cme(r2)(1+ el + llenllan)

(e A el 5
powp (- WOy | o (-l laliyy 4 g6y, 7, %)
exXp 5]2\[(6) exp 5]2\4((3”) 0 M Cn, ’

the second inequality being (ZI8]). Since dy(Sps(cn, Z), X) — 0 then dy(S(c, Z), Sy (cn, Z) —

2
d1(S(c, Z), X). We also have exp(—%) +do(Sn(en, Z), X) — 0 so (LIF) is proved. [
M mn

Proof of Corollary I8l Since X € Ay ((M,)p>1,7,€) we may find a sequence Z(™ =

(Z,gn))keN € L((Mp)p>1,¢,7) and a sequence (¢p), C C that verifies the requests of Theorem
So, the statement holds by repeating the proof of Theorem O

12



3 Examples

3.1 Approximation with a chi-squared law

In [20], Nourdin and Peccati give sufficient conditions in order to estimate the Fortet-Mourier
distance (d; in our notation) between a multiple Wiener integral and a random variable with a
centred Gamma distribution. It is not clear if the Gamma distribution with fractional coefficient
is attainable in the sense of Definition [[7] so we are not able to use our results in the general
case. But for an integer parameter v = 2m, the Gamma distribution coincides with the y?
distribution with m degrees of freedom, and this law is clearly attainable (just represent it as

iy 1 2 f a WsdWs + m and then use approximation with Riemann sums). So we restrict
ourself to this case. One looks to

On(e, Z)= > cla)Z®
acl'y
If Zy., k € N, are standard Gaussian random variables, then ®x (¢, Z) is a multiple stochastic
integral and in this case Nourdin and Peccati in [20] have proved the following result. In
order to present it we have to introduce some notation. For 0 < r < N and «,8 € I'y_,
one denotes ¢ @, c(a,8) = > p, c(a,y)c(B,7) with the convention that for r = 0 we put
¢ ®g c(a, ) = c(a)c(B) and for r = N, c®n ¢ = > . c(y)e(y). Notice that even if ¢ is
symmetric, ¢ ®, ¢ is not symmetric, so we introduce ¢®,.¢ to be the symmetrization of ¢ ®, c.
Finally, if N is an even number, we introduce

Emn(c) = (m— N! |C|?\7)2 + 4N! |9N X c@Npc - Cﬁv
2 2 N-1Y\" 2
+N? > (2N = 2n)l(r — 1)) o1 ) le®rcy
re{l,..,N—1}
r#N/2
with Oy = 1(N/2)! ( N]\/72 > . Combining Theorem 3.11 and Proposition 3.13 from [20] one

obtains the following:

Theorem 3.1 Let N be an even integer and let F(m) = > jL, G3 —m with Gy, independent
standard Gaussian random variables. Assume also that Z.,k € N are independent standard
Gaussian random variables. Then

i (@y(c, 2), F(m)) < Ky (m)r %y (c)

with K1(m) = max{;/7/m,1/2m + 1/2m?}.
As an immediate consequence of Corollary [[L§ we obtain the following result:

Theorem 3.2 Let N be an even integer, m € N, and let F(m) = Y[ G2 — m with Gy,
independent standard Gaussian random variables. Assume also that Z € L((Mp)p>1,7,€), and
ceC. Then

1
TF2p NV )

2
m en(r,e)|c
do(S(e, 2),X) < Cvvalr ) (1 + el v) ("N + exp (- 7“32 Helny).
’ ’N(2+p*Nv2 N(C)

13



3.2 An example of quadratic CLT

An easy way to construct examples of invariance principles is to take a double stochastic
integral, to discretize it, and then to replace the Brownian increments (renormalized) with
some general random variables. So, for example, starting with fol fg f(t, s)dW Wy we construct

the approximation VA A
[FAYEN)

with A;,7 € N independent standard Gaussian random variables. Then we replace A; by some
general Z; and we obtain our invariance principle. Notice however that using this strategy
double sums give double integrals - so we remain in the same chaos. This is true if f is a
square integrable function. In contrast, if we work with some f which is not square integrable
then we may pass from a double sum to a Gaussian limit (so to an element of the first chaos):
a construction phenomenon is at work. In this section we give an example which illustrates
this fact. We will study the convergence to normality of the following stochastic series. We
denote

Sn(Z) =

1 itV 2ilj.
\/2nlnn Z (i3}

Notice that

1 1
V2ninn /[i - Lzt Lagersm

Sp(Z) = So(cn, Z) with  ¢,(i,)) = (3.1)

Theorem 3.3 A. Let Z = (Z;)ien € L((Mp)p,r,€) and let G = (G;)ien be a sequence of
standard normal random variables. Then

Ca(r,e)

do(Sn(2), 5n(G)) < —70050

(3.2)

where Cy(r,e) = C(Myr~te™1)? with some universal constants C,p,q, and p, is the universal

constant from (2.8)

B. Let W be a standard normal random wvariable. Then

02 (7", 5)
Inn

do(Sn(Z2),W) < (3.3)

Remark 3.4 Using the strateqy mentioned in the beginning of this section we may easily prove
that, for p < %,

1 1 1 Zi Zj r 1t 1
nl-p Z (j—z')pZng— Z @\/ﬁ% — /0 /0 deSth.

1<j<n i<j<n \n

Notice that in this case we start with the function f(t,s) = |t — s|™? which is square integrable
forp < % So, with a soft singularity (p < 1/2) we remain in the second chaos. But with a
strong singularity (p = 1/2), a contraction phenomenon is at work and we pass in the first
chaos.

14



Proof. A. We apply Theorem [[L5l Here, N = 2, |[cu|l2 = |en]2 and d2(c,) = d2(cn). So, by
using (LII)) we have

ca(r,€) |enl3

(50 2),52(@) < Core)(1 + fenle) (g oxp (- 2
2\Cn

4+6px

[enly

and ([32]) immediately follows by using the estimates in (B.6]) e (B.1).
B. Let us prove ([33]). We notice that

00 t
&ﬂnéA AﬁﬁﬁWﬂﬂWZQMJ

where (W}); denotes a Brownian motion and

n

Jn(s,t) = Z cn (i, 7)1 (a,i41) (8) 15411 (8)-

,j=1

Then we can use the results in [20] and we have that d(S,(G),W) < C+/k(f,) where &(f,)
is the fourth cumulant of I5(f,). And since £(fn) < C||fn @1 full32 = O ilen @1 cn)?(i, ),
[B3) is a consequence of (B.13]). O

3.3 A variance-type estimator

We denote

||M

IZ—J

and we study the asymptotic behavior of

n

Va(2) = S (X7~ E(XP)).

1=1

The limit will be given by the double stochastic integral

_ /O 1 /0 L S(t )WV,

where the function ¢ is defined in (B.2):

B ! du . n\/l—t—k\/l—s
R e e R v

Proposition 3.5 Let Z = (Z;)ien € L((My)p,7,€) Then

Vil 2), 1(0) < Ol ) (BT (3.4)

15



Proof. In this proof we refer several times to some computations and estimates which are
developed in Appendix Bl
Step 1. We denote

a(z’,j) = 1{2#]} ’Z _]’ 1/2
e 1 AP B U
(i) = —(a®1a)i,j) == ) ali,k)a(j, k).
n n
k=1
We recall that in (B.9),([B.10) and (B.II]) one proves that
In? . In?
2@ < T oo <P <C and DALY L Chn (3.5)
k=1 "
We decompose
Vi(Z) =V, (Z2) + V) (Z)
with
2
Viz) = = i Z2: 2y = ®o(Cp, Z d
n( ) nza@)la(j?]) 749 2(07 ) an

VINZ) = —Z(Za zy) —1).

Since V,/(Z) contains terms of the form Z ]2 we may not use directly the results from the previous
sections, and we are obliged to develop a slight variant of them.

Step 2. By (LI0)

_ In?
dy(V!(2),VI(G)) < CBa(@n) = Con(@n) < & 2 iy
And by the isometry property
1 n n ‘ ‘ 2
E(V/(2P) = =3 (D a¥.4)) B2 - 1))
j=1 i=1

IN
3w|
=
o
Jay
=
Ol
=
ing
—
@l\')
-~
<
=

j=1 =1
1 n
= m]aX(IE(Z;l) —1) Z cn(5,7)
j=1
Cln’n
<
n
So
Cln’n

(3.6)

E

Step 3. We will use the stochastic calculus of variations for V,,(Z) so we have to estimate the
Sobolev norms and the covariance matrix. First

Va2l < V2|, + N1V )], < Calri) [l (3.7)
q,p

p —

16



This is because the estimate of [|[V;(Z)]],,, is already given in ([2T) and the estimate of
11V (Z)Ill,, is analogous (it suffices to follow the computations in Proposition 5.3 and 5.4 in
[3]), so we skip it.

We estimate now the covariance matrix (scalar in our case) defined in (2.3):

~—

AV, (2) = ZXk 02, Vi(2)|

We have
02,Va(2) = 2) X0z, X;= 7 ZXN(% k)X
i=1 ]
= —sz a(i,k) ) ali,j)Z;
7j=1
- 1 < . . - .
= 2\ Z Zj(; Z a(i,k)a(i,j)) = 2xk Z Zjien(j, k)
7j=1 i=1 7j=1
so that

n

A, (2) = 42 Xk‘ Z Zjen (], k)‘z-
k=1 j=1

This expression is strongly similar to Ag,,,7) defined in (23), but there is one difference: we
do not have the property ¢,(j,j) = 0. So we have to eliminate the diagonal terms. We define
(i, 3) = 1izj3Cn(i, j) and we use the inequality (a + b)? > a? — b? in order to obtain

n n 2 n
2> | Do Zih G| =43 i k) ZE
k=1  j=1 k=1

= 2)\52(64“2)—42)(]@5%(]@]{3)2]%.
k=1

v

AV, (2)

Using (B, for n sufficiently large we have

*

v

1 - . Cln?
3> a3 = Y k) > 5 - ———= > =
k=1

Then, by (ZI3) first and by (B3] then, for every n > 0,

< 02(7',6)(771/2 + exp(—co(r,€)n)).

And again by (3.3)

<ZXkc k;k;Zk) Zc (k. k)  Oln*n

k=1

17



so that

PAv, 2y < n) < P<2/\52(04L,Z) < 277) + P(wai(k‘, k)Z} > 77)

k=1
C'In?
< COy(re) (771/2 + exp(—ca(r,e)n) + 771;1 n)
Cln’n
< Cg(r,s)(nl/2 + ™ >

Step 4. We have all the ingredients in order that the regularization Lemma 2T holds for V,,(Z)
and V,,(G) and we can prove for both of them an estimate as in (2.9]). By using it, we obtain,
for n < 1,

Ao(Va(2), Val @) < Ol (Va(2), Va @) + Bhvi ) < 1) + By < )

77310*/4 3

< () o ) <ol (58) ).

We optimize over n < 1 and we obtain

In n> 1/4(2p«+1)
vn

Step 5. Here we set Gy = n(Wy ), — Wi_1yn), where W; denotes the Brownian motion on
which I(¢) is written. We estimate

1 1
%66~ @)= [ [ Wl oo, oy

do(Va(2), V(@) < O

where
Un(x,y) =a®;a(i,j) for xe€l,yelj.
By (B.3) .
Yn(x,y z,y)| <
(as0) =0l < el i+
so that o
!
<_
V) - @) <

Since lim,, [|[V}/(G)|l, = 0 we conclude that lim, V,,(G) = I»(¢) in L.
Let m > n. Using exactly the same argument as above we obtain, as 7 < 1,

1
V(G Vin(G)) < C (=} (Va(G). Vil @) + B < 1) +PlAvi ) <)
11 12 In’n 11 12
<C(mmm 1+ ) < Cgm +02)
We optimize for n < 1 in order to obtain

C

Ao(Va(G), Vin(G)) £ — iy

So V,,(G),n € N is a Cauchy sequence in dy and consequently converges to some limit which
has to be Is(¢). And the estimate of the error is the one given above. [

18



A An iterated Hoeffding’s inequality

In this section we estimate P(Sy(c?, x) < x) with
mo
= Z Z Ala)x
m=1a€cl'y,

Essentially this amounts to an iterated application of Hoeffding’s inequality. In order to im-
plement this strategy we will use an extension of Hoeffding’s inequality to martingales, due to

Benktus [6]. We recall thatHcH?V = Z%:l |C|§n = Y 1<jal<N c?(a) and 52(0) is defined in (L3)).
Lemma A.1 Let p =P(x; =1) =em(r). If

p
v < PN el (A1)
Then 5 )
2
P(S(¢%,X) < @) £ <N exp(————). (A2)
No™(c) [lelln
Proof. We proceed by recurrence on N. If N =1 we have
]P(SN(C27X) < ZC X] < 33
< pz ) <22) + PO () p—x5) = ).
J
Since

4., 2z
c c T > —
Z = Jelly = ) )

the first term is zero (here comes on the hypothesis (AJ])). And by Hoeffding’s inequality

222
Zc (p—xj) =) < exp(— =7 ).

Zj ct(4)

Since
220) S max ) x 3 E0) aCIE
j
our inequality is verified.
Suppose now that (A2]) holds for N —1 and let us prove it for N. We recall that I';,,(j) = {a =
(o1, .y ) = oy < j} and we denote I'0,(j) = {a € ' (j) t a1 < ag < ... < oy }. We also set
o ={aecl, : a <ay <..<apy}. We write

Sn(c®,x) = Zm' Z

acl'o,

= ZC Jxi + Z m'ZXJ Z a, )X

a€cl? _ (j—1)
= ZXJ(C2(j)+Hj)
j=1

= A+pB

19



with

and

A= "(x; )+ H),  B=)Y () + Hj).

j=1 j=1
We take 2 which satisfies (A1) and we write

P(Sn(c?, x) < x) <P(B <2z/p) + P(—A>2z) =:b+a.

Let us estimate b. For o = (a1, ..., 4y,) We denote @ = maxj—1,m,a; and

=my_ c*(a.])

j>a
and we write
o) N 00 N 00
D H; = D> mb Y Y Flagxt =) D me
7j=1 m=2 aely _, j>a m=2a€l,—1 j>a

= > ) Pla)x"=Sn(@ x).

m=2a€l'y,_1
It follows that -
B = Z A(j) + Sn-1(@, x)-

Case 1. We suppose that

> 1
, 2
202(]) > B llelly - (A.3)
i=1
By (A.J)
o0
2 PNty oL o 2
2 < () el < 5 llellx < E0)
P 2 2 —
so that

oo

202 + Sn-1(@x) < =2) =0.

=N

Case 2. We suppose that

oo

> 0) < 5 el (A1)
j=1

Then ignore 3 72, c%(j) and we write

\)

b< ]P’(SN_l(Ez,X) < —x).

=
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We will use the recurrence hypothesis. Before doing this, we verify that

=2 _ =2 1 _
On1(€) <doy(e)  and o lell?y < I[ella_y < llell3 - (A.5)

Let m > 2. We have

62 (@) = max Z 2(a, 7) = maxm Z Z (a, 4, 1)

acly—1 a€l'y,—1 1>7Ve

< maxz (8,3) = 6 (©)-

BELm

. =2
Summing over m we obtain 0y _(¢) < oy (c).
We write now

N—-1 N—-1
[l = D oml > @)=Y m > m> i)
m=1 acl'?, m=1 acl’d,  i>am
N-1 Nolo
= m!m Z 02(5) = mi Z 02(5) < ”C”?V
m=1 BETy, 11 m=1 BElmt1
And, since %y > 5, we use (A) and we obtain
- 1
2 2
el = Z}}j 5 lel3 - > W) = g llely
m=1Bel,11 Jj=1

so ([A.9) is proved.
. - 2 . . .
We have to verify that 7 = s verifies (A.I). Using (A.I) for z and (A.5) we obtain

D\oN_ Pion_1) L D \o(N-1) 11—
z < (0PN ely < PNV llelR < DXV el

Now we may use (A2) and ([(A.5) and we obtain (notice that z? < T?)

2¢3 2
B(Sn-1(@x) < )< 25 (N - 1)exp(- ——— )
N 9 N DR @R
22N 1) expl—p ),
< — —1exp(—————
9 No%(©) [l

5]

We conclude that in both Case 1 and Case 2 we have
2¢3 22
ex(e)lleln

We estimate now a. We denote



Since 0 < xy® < 1 we have

Notice that

and

N 00
. Z m Z Z A(a,7)
j=1 j=1 m=2  j=laely_1(j—1)
N
>

2
*(B) = llelly -
€l

<
I
o
3
I
[\v]

=

In particular
o
Z o) [lell -

We use now Corollary 1.4 pg 1654 in Bentkus [Be] which asserts the following: if My, k € N is
a martingale such that |My — My_1| < hy almost surely, then, for every n € N,

2¢3 z?
P(M, > z) < ?exp( ST hi)
In our case this gives
a= IE"(i(p — X)) + Hy) > x) < 2%3 eXp(—_gx—22)-
j=1 Néoy(e) llelly
This, together with (A6) yields
3 2

2
Non () lelly

O

B Computations around an integral

In this section we compute the following integral:

1
Ve —z[ly — 2|

We also discuss the approximation with Riemann sums. We fix n € N, and we denote I; =

[:w 221) and z; = %

1
qﬁ(x,y):/o Ory(2)dz  with 6,,(z) = (B.1)
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Lemma B.1 For 0 < x <y <1, it holds

Vi—z+1—y
d(z,y) =7+2In (B.2)
Ve — Vil
Moreover, if x € I; and y € I; with i < j then
1< 16v2 1 8
- — Op . . B.
Bey) = D G| € I e (B.3)

k=1
ki k#j

Proof. Step 1. We consider the decomposition

x+y>2_ (y — )’

(z—2)(z—y) =22 —z2(z+y)+ay = <z— 5

and we write
1 1

ola,y) = dz+
D homvin T e T

By using the change of variable t = z — %ﬂ and the fact that

= 1n‘t+\/t2—a2‘+0, 2 > a?

ot
= arcsin—+C t? < ad?,
a

dt
/ Ve &
/ dt
Voo

straightforward computations give (B.2]).
Step 2. We set

a)z/@x,y(z)dz: Yy (a—z)(a—y)|, 0<a<uz,
_zty
2 s
/G,y )dz = arcsin = + =, z<a<y,
vz 2
+
v a— T

, r<a<y,

I(a )—/ Ory(2)dz = g — arcsin

/ 02y(2)dz =1In

The above formulas in the last right hand sides follows by using the decomposition and the
change of variable as in Step 1.
We first estimate [;(a) for a close to x or to y. First we notice that for = — % <a<z<y

a):/x dz < 1 / dz \/—a 2 1
o V@2 —2 V- Vi—z y—=z \f\/—

Y
2

a——+\/a—x a—y ‘ In? , y<a<l

(B.4)
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+ 1
and for z < a < FL N (x4 3)

“ dz 22 —a) 1 2V2

/ o “ dz 1 1
a)_/r \/(x—Z)(y—Z)é\/y_xTw Vi iz vavios 5P

Similar estimates hold for I (a) and for I3(a).
We are now ready to prove (B3]). We decompose

n
Z 9%7% (xk) -9 + S + g
k;éz kl;éj
with
1 i—1 1 7j—1 1 n
_529%%(“)’ S//:ﬁ Z O o; (2h) S//:ﬁ Z Oi s (Th)-
k=1 k=i+1 k=j+1

And we also decompose

1
I= / Opy(2)dz =T + 1"+ 1"
0

T Y 1
I':/O 0.y(2)dz, I":/ Oy (2)dz I"':/ Or.y(2)dz.
x y

Let use estimate I’ — S’. We have z; < & < x;41 and z; <y < ;41 so that

with

Tp =T ST —Tp ST — Tp—1, Tj—Tp <Y — Tk S Tj — T

so that

1 1 1
< < .
Vi — x|z — ol = Ve — x|y —a] — lwi — ]|z — ap

Since z — 0, ,(2) is increasing for 0 < z < = we have

— —I—/ Oy (2)dz.
Z\/W—xk\\y—wk’ Z wkHy—xk\ ; !

Combining this with the previous inequality one gets

i—2

1 1 1
niz Vlwi—aplleg —ael T =Vl — ol ly — 2l
1 i—1 1 x
< I'<— +/ y(2)dz
[ \/‘xz — x| |75 — g z
One also has
1 1 - 1 1

S

<
|

8

n \/|£L"z — x| |z — 2
so that finally we obtain

i—1

! Lt o opct ! +/x9 (2)d
— z)az
n = o —allzy — 2] VAV @ ni i —alley =] Ju
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which, together with (B, yields

11 +/m9 ()< 3
vavy—a oy VY =

In a similar way one checks that

-9 <

‘IW _ S”/| < i 3

Vo=

In order to estimate |I” — S”| we note that z ~ 6, ,(2) is increasing for z < z < “¥ and

2
decreasing for xTer < z < y. So using similar arguments we obtain, with z; < x—;y < Xp41,

A

4 1 Ti+1 Yy Ti+1
- 8" < %\/y——a:+/ Hx,y(z)dz—i-/ 9x7y(z)dz+/ 0z y(2)dz
T Tj Ty
10v2 1 Tt
V2 N /

— X

<

02y (2)dz.

B

1

It is easy to check that, if L < L%

/

And if % > Y5% then I” does not appear, so the above integral does not exists. So

T

+

y+ 8

y+x

1
n

v ‘

Ory(2)dz < % X

+
<

1
2 n

10v2 1 N 8
Vo oJy—z  n(z+y)

We put all these inequalities together and we obtain

|I// _ S”| <

16v2 1 8

N T AR =)

O

We will use Lemma [B.I] in order to compute the following quantities which appear in our
calculus. We denote

o 1 . 1
a(i,j) = 1{i¢j}\/ﬁ’ c"(”):\/ﬁ

cn(i,g) = %Za(i,k‘)a(]’, k)= (2Inn) x (¢, ®1 ¢y)(i,7)-
k=1

a(i, j)

We also recall that

n

n
03(ca) = max Y cn(ing). lealy = D en(ig).
j=1

i,j=1
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Lemma B.2 A. We have

2
55(%) < n
1 ) 1
1——< <1 e
Inn — |Cn|2 S Inn
B. Let 1
Cy = — *(z,y)dxdy > 0.
16 J{ja—y|>1y

Then, for n > (%\@)2 one has

_ Cln’n
8 (en) < —

e <lenl3 < C,

n 2
SR kky < T
k=1

n

where C' 1s a universal constant.

Proof. We will first check that

n

Ini+1In(n—1i) < Zaz(i,j) <2+Ini+In(n —1).

j=1
Let us denote z; = % so that
(i) 1 1 " 1
a(t,j)) = —— = —= X ———
DTV VR Vo)
and then
1 n—1
d 1 1
In(n —1i) = /1 _y'g —— X — =
E'ﬁ‘xi Y T j=i+1 ‘TJ T
1
d
< 1+/ Y —1+1In(n—i).
Tia; Y i
and

S|
Il

z;—1/n d i—1 1
i — / Loy x
0 Y=o S0 T

zi—1/n d
< 1+/ Y —14mmi
0 Yy—x

Summing these two inequalities we obtain (B.I2]).
Since fol Inzdx = —1 we have

n(lnn —1) < Zlnz’ =n(lnn+ ;Zln%) <nlnn
i=1 i=1
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so that summing over ¢ in (B.I12]) we obtain

n n
2n(lnn—1) < ZZCL2(i,j) <2n+2nlnn
i=1 j=1

which gives (B7)). And by (BI12)

2(1+Inn) _ 2
< < —.
62(cn) mach (i,7) < onnn =1
so (B.G) is also proved.
We will nw check that .
Z (Cn ®1 Cn) (Z ,7) = (B13)
~ In’n’
i,0=1
We construct the function
Un(z,y) = (a®1a)(i,j) for xzel,yel;
so that
1
cp @1 ¢n)° (2 ——(a®1 a)%(i,j) = —5— ,2195, dxdy.
(en @1 ¢n)?(i,5) = oz, @ ®1a) () = e Mjw (z,y)dzdy
Recall the function ¢ defined (B]). Using (B.3)
Z ¢2azydazdy<2 Z / a:yda;dy
li—j|>2 LixI; l[i—j]>2
=D / [nla.) — Bl y)* dody
ji—jlz2 7l
, 1 1
<2 [ ¢*(x,y)dxdy + C + — sdrdy < C.
(le—yi>2y nly — 2| n?(z+y)
So
2 c
S (e 1 n)2(i,j) < —o (B.14)

In’n’
li—j|>2

And, for j € {i — 1,4,i + 1}

n

Z(Cn @1 Cn)2(iaj) = Z(ch(k,i)cn(k,j))2
i=1 =1 k=1

POBEACHNGBEACK))

=1 k=1 k=1
5(ca) [enl? < &
n)|enly = 0

IN

IN

So (B.13) is proved.
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Let us now prove that

41;*;” < Z:< @1 ¢n)?(i )
Using (B3) and (B2) |
Un(z,y) = O(@,y) —|o(2,y) — Ynlz,y)]
> 1<zﬁ(rc,y)+z 16v2 :

2

2 Vnz—y| n@+y)
Notice that, if |z — y| > % then z +y > i.T Then, if \/n > w we have

1612 _ 642
V/lz —yl

so that ¢, (x,y) > %qﬁ(x,y). It follows that

s 8 32
<-, and —F/———— < — <
4 nx+y) ~— n ~ 4

. o 1
D en@1e)?(0,4) = —2/¢3(fc,y)dfcdy
i 41n“n
> #/ % (z,y)dxdy = &
~ 161In’n {la—y|>1} Y v n?n

So (B3 is proved. And (B.I0) follows from (B.I4)) and (B.I5).

Let us prove (B.9). We fix i and we write

(B.15)

D (en @1 ¢0)?(i, ) <2Z/ :cydxdy+22/ (Y, y) — (. y)|* dady
I;x1I; Iix1I;

7> J>i j>i
=: A+ B.
We have
A< 2/ % (z,y)dxdy + 2 Z / % (z,y)dedy =: A’ + A",
I, ><L,+1 j>i+l 1. %1
Using (B2),
1 In?
A'<%+C In? dxdygcnzn,
n IiXIi+1 |':l7 - y|

2

Ti41 1
A" <C / / (@, y)dady < ¢
T Tip1+

Using the estimate (B.3)) we get similar estimates for B. And this gives (B.9).

We prove now (B.I1)). Using (B.6) and (B.7)

n

gﬁ%(k‘,k‘) - kizl <%§a2(i,k‘))2 < mﬁx}(%éa?(i,ky) X % Z a2 (i, k) < C@‘

k,i=1
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