N
N

N

HAL

open science

Rigidity results for Riemannian spin® manifolds with
foliated boundary
Fida El Chami, Nicolas Ginoux, Georges Habib, Roger Nakad

» To cite this version:

Fida El Chami, Nicolas Ginoux, Georges Habib, Roger Nakad. Rigidity results for Riemannian spin
manifolds with foliated boundary. Results in mathematics = Resultate der Mathematik, 2017, 72 (4),

pp.-1773-1806. 10.1007/300025-017-0734-0 . hal-01412760

HAL Id: hal-01412760
https://hal.science/hal-01412760
Submitted on 8 Dec 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01412760
https://hal.archives-ouvertes.fr

Rigidity results for Riemannian spin® manifolds
with foliated boundary

Fida El Chami? Nicolas Ginoux! Georges Habib! Roger Nakad ®

Abstract

Given a Riemannian spin® manifold whose boundary is endowed with a
Riemannian flow, we show that any solution of the basic Dirac equation
satisfies an integral inequality depending on geometric quantities, such
as the mean curvature and the O’Neill tensor. We then characterize the
equality case of the inequality when the ambient manifold is a domain of
a Kahler-Einstein manifold or a Riemannian product of a Kahler-Einstein
manifold with R (or with the circle S*).

Key words: Manifolds with boundary, spin® structures, Riemannian flows, Ba-
sic Dirac equation, Kahler-Einstein manifolds, parallel spinors.

Mathematics Subject Classification: 53C27, 53C12, 53C24.

1 Introduction

The spectral properties of the Dirac operator on a Riemannian spin manifold
have led to several geometric and rigidity results. For example, spinorial tech-
niques have been used to give simple proofs of some classical results, as the
Alexandrov theorem [I8] [T5].

On a compact spin manifold N"*2 with boundary M satisfying some curvature
assumptions, O. Hijazi and S. Montiel [13] proved that there exists a one-to-
one correspondence between Killing spinors on M and parallel spinors on V. In
particular, the boundary has to be connected and totally umbilical. This result
has led to the following characterization of the round sphere as the boundary of
the disk by: A complete Ricci-flat Riemannian manifold of dimension at least 3
whose mean-convex boundary is isometric to the round sphere is a flat disc [I3]
Cor. 6]. In a more general setting, S. Raulot showed in [26] that the correspon-
dence occur between parallel spinors on N and solutions of the Dirac equation on
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M, i.e. a spinor field ¢ satisfying Dy = "THHogp for some particular function
Hy with Hy < H where H denotes the mean curvature of M. As an application,
he proved the following rigidity result [26] Cor. 4]: If N has vanishing sectional
curvature along the boundary (assumed to be simply connected), it has to be
flat.

In a different geometric context, the authors in [4] established rigidity results
for spin manifolds whose boundary carries a Riemannian flow [30]. That means
the boundary is foliated by the integral curves of some unit vector field, say
&, in a way that the metric on M stays constant along those curves. We will
refer to the word basic to say objects that are constant along the curves (called
also leaves). The idea is to check whether solutions of the so-called basic Dirac
equation on the boundary, that is, a spinor field ¢ satisfying the equation

Dy = Hoep, (1)

are in correspondence with parallel spinors on the whole manifold N. Here, Dy,
is the basic Dirac operator (see [9][10]) and Hy is a basic function defined on the
boundary. It turns out that, under some assumption relating the mean curvature
to the O’Neill tensor of the flow [25], this correspondence is valid. In particular,
this characterizes the Riemannian product S! x S™ as the boundary of S' x B,
where B is the closed unit ball in R"*! [4 Cor. 4.7].

The aim of this paper is to get similar rigidity results for manifolds endowed
with spin® structures. Recall that those structures are the complex analogue to
spin structures. They had real importance since the announcement of Seiberg-
Witten theory [7] (see references therein) whose applications to 4-dimensional
geometry and topology are already notorious. From an intrinsic point of view,
spin, almost complex, complex, Kéhler and Sasaki manifolds have a canonical
spin® structure. From an extrinsic point of view, the restriction of spin® spinors
is an effective tool to study the geometry and the topology of submanifolds [16].
When shifting from spin to spin® geometry, the situation becomes more general
since the Dirac operator will not only depend on the geometry of the manifold
but also on the connection of the auxiliary line bundle associated with the spin®
structure. Thus, new examples appeared in several classification results [20] [11],
less geometric and topological restrictions are imposed on the manifold and more
flexibility is offered on the choice of a connection (and hence on the curvature
2-form) on the auxiliary line bundle defining the spin® structure.

Throughout this paper, we will consider spin® manifolds with foliated boundary.
We will look at the solutions of the basic Dirac equation on the boundary, i.e.,
Equation (), where Dy is now the spin® basic Dirac operator. First, we start
by restricting the spin® structure on N to the boundary M and define a spin®
structure on the normal bundle @ of the flow by taking the same auxiliary bundle
as the one on M. Then, we define a connection 1-form on @ by modifying the
one on M in a way to get a basic connection. It turns out that the parameter
chosen to make the connection one-form basic is related to the curvature FM
of the auxiliary bundle of M via Equation (B]). Second, we show that solutions
of the basic Dirac equation satisfy a spin® integral inequality derived from [14]
Prop. 9]. Indeed, if we denote by FV the curvature 2-form on the auxiliary line
bundle defining the spin® structure on N, we have:



Theorem 1.1 Let (N"*2 g) be a compact spin® manifold with boundary. As-
sume that the scalar curvature Scal™ of N satisfies Scal’™ > Cnia| FN| (cnyo =
2[”;2]%), that the boundary M of N carries a minimal Riemannian flow given
by a unit vector field & and that the mean curvature H is positive. Assume also

that the connection on Q is basic, i.e., [@) is fulfilled for some basic function 0
as well as the existence of a basic section ¢ of XM such that Dyp = %gp
for some non-negative basic function Hyg on M. Then the following inequality

holds:

1 .
0< [ g (02 (B3 = B 1P + |(@as ~i0)0P)duy, (2
M
where € is the 2-form associated to the O’Neill tensor field.

We mention that spin manifolds correspond to the case where the function 6
vanishes everywhere and therefore Inequality (2]) is the same as in [4, Thm. 3.1].
However, the equality case of Inequality (2] is characterized by the existence
of two parallel spinors on N that project (through some orthogonal pointwise
projection, see Proposition B.1]) to the solution . Therefore and according to
A. Moroianu classification of spin® manifolds with parallel spinors [20], it turns
out that, besides spin manifolds, two natural categories of manifolds occur in
the limiting case: Either N is a domain in some Ké&hler-Einstein manifold of
nonnegative scalar curvature (n is even) or in some Riemannian product of a
Kihler-Einstein manifold with R (n is odd) (see Proposition B3).

In the even dimensional case, i.e. N is a Kahler manifold endowed with its
canonical spin® structure, the limiting case of (2 is characterized in the following
theorem:

Theorem 1.2 Under the assumptions of Theorem[L ], let furthermore (N, g, J)
be Kdihler, endowed with its canonical spin® structure. Then (N, g) is Einstein
with nonnegative scalar curvature and Inequality [2)) is satisfied by . Moreover,
@ is an equality for some nonzero ¢ if and only if the following properties hold:

1. Up to changing & into —& and hence 6 into —0, we have & = —Jv. In
particular, [J, A|,] = 0 and the vector field £ is a pointwise eigenvector for
the Weingarten map A, that is, AL = X§ for some X € C°°(M,R).

2. The function 6 is constant and equal to \ + %tr (A|Q).

If those properties are fulfilled, then the spinor field ¢ is the restriction of a
parallel spinor of N and is itself transversally parallel, in particular Hy = 0.
Furthermore, £(\) = € (tr (4),)) = 0.

In particular when N is a domain in either CP"%* or (CHTLTH, then the equality
holds in (@) if and only if M is a tube around a totally geodesic CP* (0 <
k< %4) or a tube around a totally geodesic CH* (where 0 < k < %), see
Proposition On the other hand and under some assumption relating H,

Hy, Q and 0, we show that the equality in ([2]) is realized and in this case, the



flow is transversally Einstein-Kahler and the manifold M is n-Einstein Sasakian
manifold (see Corollary (.4)).

In the odd dimensional case, i.e. when NN is a domain in the Riemannian product
N; x R or Ny x S! where N; is a closed Kéhler-Einstein manifold, we obtain
the following result:

Theorem 1.3 Under the assumptions of Theorem [[1], assume furthermore N
to be a domain in the Riemannian product Ny x R or Ny x S' where Ny is a
closed Kdahler-Einstein manifold. Then the equality case is realized in [2)) if and
only if N is isometric to the Riemannian product A x S' with & = +0t where
A is a domain in Ny. If those conditions are satisfied, then  is some pointwise
projection of a parallel spinor on N1, 0 =0 and Hy = H.

Note in particular that equality can only occur if N lies in Ny x S!, the case
where N C N; x R leading to the noncompactness of M, see proof of Lemma
The proof of Theorem [[3lis splitted into several steps. First, we prove that
N is isometric to the product A x S' for some compact domain A with boundary
M, (see Lemma [0.6]). Second, we show after some technical computations that
the vector field ¢ defines a Riemannian flow on M; by some vector field &;. In
this case, the normal bundle @1 (of even rank) of the flow is a subbundle of Q.
After restricting the spin® structure on N to the bundle @)1, we prove that the
spinor ¢ defines another spinor field ¢, which is a solution of the basic Dirac
equation on M; and realizes the equality case in (2) for the even dimensional
case (see Lemma [B.TT]). This last part is proved with the help of Theorem
Finally, we show that this leads to £ = +£0t and H = Hj.

2 Preliminaries on Riemannian flows and man-
ifolds with boundary

In this section, we recall some preliminaries on spin® Riemannian flows (see [30],
[12]) and the geometry of manifolds with boundary. For more details, we refer

to [19], [7], [8] and [3].

2.1 spin® Riemannian flow

Let (M™*1, g) be a Riemannian manifold endowed with a Riemannian flow given
by a unit vector field £. That is, the Lie derivative of the metric with respect to
§ satisfies Leg) , =0 (see [27]). Tt is now well-known that, if that condition is

fulfilled, then there exists a metric connection V on the normal bundle Q = &+
which is called transversal Levi-Civita connection and which is defined, for any
section Y € I'(Q), by

TX,Y] i X =¢
VxY = (3)
(VMY) i X L€,



where 7 : TM — @ denotes the orthogonal projection [30]. The transversal
Levi-Civita connection is related to the usual Levi-Civita connection via the
following Gauss-type formulas [12]: for all sections Z, W in I'(Q), we have

VYW =V W —g(h(2), W),

(4)
VMZ =VeZ +1Z) - K(Z)E,

where h := VM¢ is the O’Neill tensor and x := h(£) is the mean curvature of
the flow.

From now on, we assume that M is a spin® manifold. That means, there exist
a Spinj, , -principal bundle Spin“(M) and a U(1)-principle bundle Py, M over
M (called the auziliary line bundle of the spin® structure) together with a
double covering 1 : Spin“(M) — SOM x Py, M such that n(ua) = n(u)ne(a),
for every u € Spin®M and a € Spin{, | ; where 1o : Spin{_ ; — SO, 41 x S* is the
2-fold covering. Here, SOM denotes the SO,,;1-principal bundle of orthonormal
direct frames on T'M. As for the spin case, the decomposition of the tangent
bundle of M into TM = RE & @ allows to induce the Spin® structure on M
to a Spin® structure on the normal bundle @ (see [2l [4] for details). The spin©
structure on @ is given by the pull-back of the one on M via the inclusion map
SOQ — SOM, where SOQ denotes the SO,,-principal bundle of orthonormal
direct frames on Q). The auxiliary line bundle of the spin® structure of @ is
chosen to be the same one as on M.

Choice of connections: We choose a connection 1-form A on the auxiliary
line bundle Py, M — M and define a connection 1-form on the auxiliary line
bundle of the spin® structure of @) by modifying the connection 1-form on the
auxiliary line bundle of the spin® structure of M: Pick any real 1-form on M,
say «a, and define a new connection 1-form on Py, M — M by

AQ =AM _jq. (5)

This makes sense since the difference of any two connections 1-forms on a U;-
bundle is given by an imaginary-valued form on the base M. Since, we need to
have an F-bundle Py, M in the sense of [5, [6] (in order to define later the basic
Dirac operator), we wish the connection A% to be basic, which is equivalent to
the condition £ JF? = 0 on M, where F9 € Q?(M,iR) is the curvature 2-form
associated to A9, see e.g. [5, p.328]. This last identity means that

EFM =it do.

For the sake of simplicity, we assume « to be proportional to £”, that is, that
a = a€) - €. Setting 0 := a(¢) € C°(M,R), the condition to be fulfilled for
A® to be basic becomes equivalent to

ELFM = —idf + ik’ +i£(0)E° (6)

on M. Namely, . FM(¢) = 0= (—idf + 0k +i&(0)€") (€) (we have g(k, &) =0



because of g(£,€) = 1) and, for any X € I'(Q),

(i€ada) (X) = ida(, X)

i{ (X)) = X (a(€)) — a (€ X])
——

0
i{=X(0) = g([¢, X],£)a(8)}
= i{-X(0)+g9(X,V)0},

which implies (@).

Coming back to spin® structures, the spinor bundle XM is canonically identified
with the spinor bundle of @, denoted by @, for n even and with the direct
sum 2Q & XQ for n odd. In the same way, one can also identify the Clifford
multiplications “-3;” in XM and “g” in £Q) as follows: For any section Z € I'(Q)
and ¢ € I'(XM), we have

Z-mp=2-qQep for n even

EMmMZ-me=(Zq®—2Z-q)p, fornodd

The Levi-Civita connections on XM and XQ satisfy the formulas [I2] eq. (2.4.7)]

V¥p =Vep+3Q-me+38mr-me+ %o
(7)
Ve =Vzo+3&-mhMZ) m e,

where ) is the 2-form associated to the tensor h defined for all Y, Z € T'(Q) by
QY,2) =g(h(Y),2).

Next, we define the basic Dirac operator (see [9] and [10]) as being

n
1
Db = Zei Q Vei - EH'Q,
i=1

where {e;}i=1,... » is a local orthonormal frame of I'(Q)). Here and in the follow-
ing, we assume the mean curvature to be basic (otherwise, we might work with
its basic projection [28]), i.e. Vex = 0. Recall that the basic Dirac operator Dy
is defined on the set of basic sections (sections of the spinor bundle Q) satis-
fying Ve = 0) and it preserves that set. It is also a transversally elliptic and
essentially self-adjoint operator, if M is compact. Therefore, it has a discrete
spectrum by the spectral theory of transversal elliptic operators [5] [6].

As a direct consequence of Equations (), the transverse Levi-Civita connection
commutes with the Clifford action of £. In particular, this allows to prove the
following identities for the basic Dirac operator. For n even (resp. n odd) and
for any basic spinor field ¢, we have

Dy(& -ar 0) = =& 1 Dy (vesp. Dy(€ -ar 0) = & -mr Dygp). (8)



Finally, we recall the relation existing between the Dirac operator on M and
the basic Dirac operator:

Dy =Dy~ 16 Qu +§€.M, for n even

(9)
Dy =€ v (Dy® —Dp) — 2& 0 Qg +2&-0y,  for noodd.

2.2 Manifolds with boundary

We review some well-known facts about Spin® manifolds with boundary (see
[13, 17, [I8] for the spin case). Let (N"*2 g) be a Riemannian Spin® manifold
of dimension n + 2 with smooth boundary M = ON. As before, the existence of
the (inward) unit vector field v normal to the boundary allows to define a Spin®
structure on M by taking the pull back. We can define two spinor bundles on
the boundary, the intrinsic bundle ¥M and the extrinsic one S = X N),,. The
data of the extrinsic bundle is related to the one on N by:

Xsp = X-v-p
1
VX% = Vie+ SAX) s ¢ (10)
n+1
Dsp = — He—v-Dyp— Vo,

“oom

where is the Clifford multiplication on N, the tensor A is the Weingarten
map given for all X € T'(TM) by A(X) = —V¥v, the spinor field ¢ is a section
inSand H = %HTrace(A) is the mean curvature of M. The operator Dg, called
the extrinsic Dirac operator, acts on sections on S as Dg = ?;1 ei.svi_, where
{e1,-++ ,ent1} is a local orthonomal frame of T'M.

On the other hand, the extrinsic spinor bundle can be identified with the intrinsic
one in a canonical way depending on the dimension of N. Namely, if n is odd, the
tuple (S, “-s”, VS, Dg) can be identified with (XM, “ 3,7, VM D)) whereas for
n even it can be identified with (EMEBEM, Cud—”, VI\/[@VM, D]V[@*D]\/[).
Moreover, using the first two equations in (I0) and the Gauss formula, one can
prove that the following relations hold for all X, Y € T'(T'M)

VS(Y)=VYY . +Y - VS,

(11)
Vi) = v VS

and that,
Ds(V-) = —UV- Ds. (12)

Equality (I2) means that the spectrum of Dg is symmetric with respect to zero
and if n is even the Dirac operator on M commutes with the action of v, that
is,

for any spinor field ® € T'(XM).



We define the operators Py as being the pointwise orthogonal projections from
S onto the +1-eigenspaces corresponding to the +1-eigenvalues of the operator
iv-on S, i.e. Py := 1 (Id +iv-). They satisfy

Pi(X-)=X-Py and Pi(v)=v-Ps,
for all X € T'(T'M). This implies that DgPy = P+Ds.

3 Integral inequality on manifolds with bound-
ary

In [I4], O. Hijazi and S. Montiel prove an integral inequality relating the Dirac
operator on the boundary M of a spin manifold N applied to a spinor field to
the norm of that spinor. In the following, we will state a similar inequality for
spin® manifolds.

Proposition 3.1 Let (N""2 g) be a compact spin® manifold such that Scal™ >
cn+2|FN|, where FN is the curvature of the auxiliary line bundle and Cpta i=
2[”7”] 3. If the mean curvature H of the boundary M is positive, then any spinor
field ¢ € T'(S) satisfies the inequality

1 (n+1)2
0< (—D 2 Ty 2)d , 14
N (14)
where dvg is the volume element on M. Moreover, the equality holds in (I4)
if and only if there exist two parallel spinor fields ¥, € T'(XN) such that
Py = Py and P_yp = P_9 on the boundary. In that case, the scalar curvature
of N is equal to cni2|F™|, in particular is nonnegative.

Proof: The proof of the inequality is based on the spinorial Reilly formula estab-
lished in |22 p.142] and an appropriate boundary value problem. We will prove
the inequality for n odd and will use the different identifications according to
Subsection The same can be done for n even.

For any spinor field ¥ € T'(XN), one has [22] p.142]

n+1 1
| (ube) = mPs, = 7 [ (Seal® - coual YDl
M 2 4 /N

n+1 9
- D . 15
o | 1owub, (15)

Equality holds in (I3 if and only if ¢ is a twistor spinor and

PN o = —ZE2 PNy, (16)
Recall here that a twistor spinor ¢ is a section of the spinor bundle of N sat-
isfying the differential equation V¢ = —=5X - Dyt for any X € T(TN). In

the following, we will follow the same proof as in [I4] p.11]. For this, consider
for any spinor field ¢ € T'(S), the following boundary value problem:

Dyyp=0  onN,

P+’l/):P+QO on M.



The uniqueness and the smoothness of the solution of the boundary problem is
shown e.g. in [I4] Prop. 6]. By inserting the solution ¢ into Inequality (IT]), we
get after using Scal”™ > ¢, 1o FN| that

| Dari) = 5= HlwR)s, > 0 (17)

Here, we notice that the equality in () is realized if and only if the spinor v is
parallel. In that case, Equality (I6]) is automatically satisfied as a consequence of
the Schrodinger-Lichnerowicz formula. Now by decomposing the spinor field
. o . . . . . 1

into ¥ = P11 + P_1 and using the pointwise inequality 0 < |@DMP+1/) -

\/ 2L P_1)|?, Inequality ([Z) becomes

1 n+1)?
[ Gioupee - P P g)s, > 0 (18)

Finally, considering a boundary problem for Dy where we replace the condition
boundary Py by P_, we get a similar equation as ([I8) with the minus sign.
Summing the two equations, we deduce the desired inequality. O

As we have seen, the limiting case of (7)) is characterized by the existence of
parallel spinors on the ambient manifold. Recall that the boundaryless complete
Riemannian spin® manifolds carrying parallel spinors were classified by A. Mo-
roianu in [20, Thm. 1.1]: The universal cover of such a manifold is isometric to
the Riemannian product of a simply connected Kéahler manifold with a simply
connected spin manifold carrying parallel spinors; the classification remains true
even locally. In the following, we will determine which family of such products
satisfies the condition Scal”™ > 2| FN| required for Proposition B} We begin
with examining that condition on Kéahler manifolds:

Proposition 3.2 Let (N"*2 g, J) be a Kdihler manifold endowed with its
canonical spin® structure, in particular FN = —iRicy o J is the complexified
Ricci form of N. If Scal™ > ¢,4o| FN| holds, where ¢pqo = 2["T+2]%, then that
inequality is an equality and N is Finstein with nonnegative scalar curvature.

Proof: Choose a local o.n.b. (e;), ..., ., of TN made out of pointwise eigenvec-
<j<n+2

tors for the Ricci tensor of N, that is, Ricy(e;) = ;- e; for some real eigenvalue

w; and all j € {1,...,n+ 2}. Then Scaly = Z?if p; and we have

nt2 1%
Cnya |FN| = 244/ = §Z|RicN(J€j)|2
j=1




But, by the Cauchy-Schwarz inequality, Z?LQ pi < Vn+2- 27;2 15.

Therefore, we necessarily have the equality 27;2 i = Vn+2- 1/27212 13
and therefore all y; are equal and nonnegative. This means precisely that the
Einstein condition is satisfied and that the Einstein constant is nonnegative. [J

Using this result, we deduce:

Proposition 3.3 Let (N™,g) be a Riemannian spin® manifold carrying a par-
allel spinor such that Scal™ > ¢, |FN| where FN is the curvature of the auil-
iary line bundle of the spin® structure. Then N is locally isometric to either a
spin manifold with parallel spinors, a Kdahler-FEinstein manifold of nonnegative
scalar curvature or the Riemannian product of a Kdhler-Einstein manifold of
nonnegative scalar curvature with R.

Proof: Since all requirements are of algebraic type, we may assume that N is
simply connected. As mentioned before, we know that N is locally isometric
to the Riemannian product N X Ns where N; is Kahler and Ny is a spin
manifold carrying parallel spinors (and which is in particular Ricci flat). Assume
that N7 is not a point, otherwise we are reduced to the spin case. Then the
condition Scaly > cm|FN| can be written in terms of the data of N;. Namely,
Scaly = Scaly, and |FV| = |[FM|. Hence if we denote by n; the dimension of
Ny, we get
Scaly, > | FN| > ¢, |FN.

Since N; is Kahler, we deduce from Proposition 3.2 that N7 is Einstein-Kahler
and also the fact that ¢, = ¢,,. Mainly, that means either m = n; orm = n;+1.
Therefore, N is locally Kéhler or the product of a Kahler manifold with R. [

4 Hypersurfaces of Kahler-Einstein manifolds

In this section, we consider real hypersurfaces in any Kéhler manifold. We first
characterize the condition for the naturally induced flow-structure to be Rie-
mannian and minimal and then study the n-umbilicity condition on the hyper-
surface.

Proposition 4.1 Let M"*! be any immersed real oriented hypersurface in a
Kdéhler manifold (N"*2 g, J). Denote by v the unit normal inducing the orien-
tation along M, by & the tangent vector field —Jv on M and by Q := &+ C TM
the horizontal distribution on M. Then the following holds:

1. For every X € TM, we have VY ¢ = JAX — g(AE, X)v. In particular,
(M, g,€) is a minimal Riemannian flow if and only if [J, A|Q} =0 and M
is Hopf, that is, that there is a function X on M such that A& = X on M,
where A := —VNv is the Weingarten map of M.

2. If (M, g,€) is a minimal Riemannian flow, then the complex structure J
induces a Kdhler structure on the normal bundle Q) of the flow with respect
to the transversal Levi-Civita connection defined by (3)).

10



3. If (M,g,§) is a minimal Riemannian flow and N is Einstein, then
¢(tr (Agg)) = 0.

Proof.

1. First note that ¢ has unit length, in particular A := V¢ induces an
endomorphism field of Q. For every X € I'(T'M),

NE=VRE—g(AX, Qv = —J(VXv) — g(AL, X)v = JAX — g(AE, X)v.

In particular, Vé” & = 0 if and only if A¢ is pointwise proportional to &,
that is, if M is Hopf. Furthermore, h is pointwise skew-symmetric if and
only if (JA)* = —JA on @, where (-)* denotes the pointwise g-adjoint;
but (JA)* = A*J* = —AJ on Q, which implies the first statement.

2. Since ¢ = —Jv, the complex structure J maps the normal bundle @ to
itself. To prove that J defines a Kahler structure, it is sufficient to show
that it is parallel with respect to the transversal connection V. But for
any section X € I'(Q),

(VeJ)(X) Ve(J(X)) = J(VeX)

VI(I(X)) = h(J(X)) = J(VIX) + J(h(X))
VE(J(X)) — g(A(€), J(X))v — J(VIX) — g(A(£), X)¢
= (VEJ)(X) = Ag(&, J(X))v — Ag(&, X)g

= 0.

g

The next to last equality comes from the Gauss formula and the first
statement. Now, for Y, Z € T'(Q)), we compute in the same way

(VyI)(Z) = vy<J<z>>—J<vyz>
D VY IZ) + g(h(Y), J(Z)E - T(VH Z) = g(h(Y), Z)v
= vNJ<z> gAY, J(Z)) + g(h(Y), J(2))E — J(VY Z)

79( (Y>aZ>§ g( ( )7Z)V
07

from which VJ = 0 follows.

3. We make use of the following well-known formula, valid as soon as the
ambient manifold is Einstein:

5A=—(n+1)dH, (19)
where §A := — zjj(vng)(eJ) for any local o.n.b. (ej)1<j<n41 of TM.
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Choosing this local o.n.b. such that e, 1 = £, we have

n+1
=D 9(V AL e))
j=1
n+1 n+1

_ _Zg VJMA Zg VJM e;)

n+1

= —Zg (VI A)(e)),€) — g(A(VETE), € Zg (hej),

= (5A)(E) —Ag(VE'E,€) —g(A)g. 1)

0 0

0(AE)

(64)(€)
= —(n+1gH) by (@
—E6(0) € (tr (4)))

On the other hand,

548 = 50
= 6 A0

n+1

= €M) =AY gV )

= =) = A-)_glheje) =X g(VYEQ)
.:1%,—/ N—_———

0

Comparing both identities, we obtain
€ = €M)+ (tr (4),))

from which £ (tr (4),)) = 0 follows.

O

Next we look at conditions for certain real hypersurfaces in Kéhler manifolds to
have constant principal curvatures:

Proposition 4.2 Under the assumptions of Proposition [d.1], let N be Einstein,
the flow induced by & := —Jv be a minimal Riemannian flow and 6 be constant
and equal to )\—l—%tr (A|Q). If Ay, = p-1dq for some p € C*°(M,R), then unless
n = 2 both A and p are constant. In the case where N has constant holomorphic
sectional curvature, the same conclusion holds even in the case where n = 2.

Proof: We compute dA using ([[9) and choosing (€;)1<j<n+1 with Ae; = p - e;
for all 1 < j < n and e, 11 = &, so that Ae,y1 = X - e,r1. Note that, for
any 1 < j < n, the (local) vector field Vévjfej is transverse: for g(Vé\fej,f) =

12



fg(VéVj[ &, e;) = 0 since h is skew-symmetric. We compute, also using the fact
that x = 0:

64 = Z( (- ej) — AV e))) — V() + AVYE)

o3 (e + T es - uTes) - (¢
=1
= —dp, —ENE.
Comparing with ([I9), we obtain the following identity:
ndp + d\ = dpuy, +E(N)E.
Putting X = ¢, we first deduce that £(u) = 0, so that the last identity becomes
(n—1)dp + d\ — E(N)E = 0.

But, since we have assumed 6 = A-"4* to be constant, we also have §du-+d\ = 0,
from which we deduce that £(A\) = 0 and (n—2)du = 0. If n # 2, we can conclude
that du = 0 = dA.

In the case where IV has constant holomorphic sectional curvature 4c with ¢ > 0,
its curvature tensor is given by the following identity [23] Theorem 1.1]:

RYyZ =—4c(X NY +JX ANJY +29(JX,Y)J) Z, (20)

where (X AY)Z = g(X, 2)Y — g(Y, Z)X. Now we can compute (VY A)(Y) —
(VM A)(X) and use the Codazzi identity: for any X,Y € T'(Q),

(VXA)(Y) = VY(AY) - A(VYY)
= VYY) - AVY¥Y) where VXY = VxY — g(hX,Y)¢

= XY +u(VxY — g(hX,Y)E) — A(VxY — g(hX,Y)E)
= XY +pu(VxY —pg(JX,Y)E) = pVxY + Aug(J X, Y)E
= XY + pA = p)g(JX,Y)E,

where we used that h = JA and A¢ = M. Hence, we deduce that for any
XY eT(Q),

(VXAY) = (V¥ A)(X) = X (0)Y =Y ()X + 2u(X — n)g(J X, Y)E.

Now Codazzi formula states that (Vi A)(Y) — (V3 A)(X) = —RY yv, so that
0D yields, still for any X,Y € I'(Q),

X(p)Y =Y ()X +2p(A — p)g(JX,Y)é = —RY yv = —8cg(JX, V),

from which X (u) = 0 follows (choosing X,Y € I'(Q)) pointwise linearly inde-
pendent, which is always possible if n > 2). We can conclude that p and hence
also A are constant on M. O

The condition 0 be constant and equal to A+ %tr (A‘Q) comes from Proposition

BT below.
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Proposition 4.3 Under the assumptions of Proposition 1], let the flow in-
duced by § := —Jv be a minimal Riemannian flow. If A, = p-1dq for some

1w ERX, then (M, % “9¢ D 90, u§) 1s a Sasakian manifold.

Proof. Recall that a Riemannian flow is Sasaki if and only if it is minimal
and h = VM¢ is a transverse Kihler structure on @, that is, h? = —Idg and
Vh = 0. Recall also that, for any ¢t € R*, the triple (M, g: := t>g¢ ® gq, %«E) is
a Riemannian flow with h; = th, k; = k and V! = V on Q. In our situation,
if Aj, = p-Idq for some p € R, then h = JA|, = pJ with VJ = 0, so that
%h = J defines a transverse Kéhler structure on ). This concludes the proof of
Proposition O

5 spin® manifolds with foliated boundary

In this section, we consider a compact Riemannian spin® manifold (N"*2, g)
with nonempty boundary M = ON and assume that M is endowed with a
Riemannian flow induced by a unit vector field & on M. After restricting the
spin® structure to the normal bundle of the flow, we will consider solutions of
the basic Dirac equation and will show that it satisfies an integral inequality
coming from (7). Then, we will study the limiting case of this inequality and
characterize the geometry of the manifold N and its boundary M based on the
results in Section @l

We have seen that the limiting case of Inequality (7)) is characterized by the
existence of parallel spinors on the whole manifold N. In view of Proposition[3.3]
we will consider two families: Kéhler-Einstein domains and domains in products
of Kahler-Einstein manifolds with R or S!. Therefore, we will split our study
into two cases: The even- and odd-dimensional case. The even-dimensional case
will correspond to the first family of manifolds while the odd-dimensional one
will correspond to the second.

5.1 The even-dimensional case

As mentioned before, we will consider in this subsection the case where the
ambient manifold is Kéhler-Einstein and is endowed with its canonical spin®
structure. First, we need to characterize the condition (@) for an F-bundle in
this setting.

Proposition 5.1 Let M™t! be any connected immersed hypersurface in a
Kdhler-Einstein manifold (N"*2,g,J). Let N carry its canonical spin® struc-
ture, M carry the spin® structure induced by the inner unit normal v and
Q = (Jv)r NTM in turn carry the spin® structure induced by & = —Jv.
Assume (M, g,€) to be a minimal Riemannian flow. Choose a connection 1-
form on the line bundle K;,HM = Py, M — M associated to the spin® structure
of Q with the help of a basic function § € C*°(M,R) as given in (Bl).

Then the following holds:

14



1. The induced connection 1-form on Py, M s basic if and only if 0 is con-
stant on M.

2. The connection 1-form A® given in @) is induced by the transverse Levi-
Civita connection V of Q if and only if § = A+ %tr (A‘Q), where AE = A
on M. This is also equivalent to the restriction of a parallel section 1 €
T(XoN) to M being basic, which is also equivalent to it being transversally
parallel.

8. If 0 = N+ %tr (A|Q) and is constant on M, then the transversal Ricci
tensor of the flow satisfies Ric¥ = RicY + 20A. In particular, if = 0
or A, = puldg for some p € R, then the flow is transversally Einstein-
Kahler.

4. If0 = A+ %tr (A|Q) and is constant on M, the curvature of the line bundle

of Q is equal to —iRicY oJ. Mainly, that means the induced spin® structure
on Q from N s the canonical spin® structure on @Q (the one induced by
J).

Proof. The statements follow from elementary computations. Note before com-
puting anything that the existence of a Riemannian flow on M implies that
complex structure J is transversally Kahler as shown in Proposition [T1

1. Since the line bundle of the canonical spin® structure on N is K](,l and
the connection is the Levi-Civita one, its curvature form is given by FV =
—iRicy o J and hence £ JFM = ¢, FN = —iRic" (v) = 0 along M because
of the Einstein condition on N. By (@), the connection 1-form on @ is
basic if and only if 0 = —df + £(0)€’, that is, df = 0 since 6 is assumed to
be basic here.

2. First note that we can express AY and then A? with the help of a local
Hermitian o.n.b. of TN. Namely let (-,-) := g(-,-) —ig(J-,-) be the Her-
mitian metric associated to g, let (eq, . .. ,enTH) be any local (-, -)-o.n.b. of

TN, or equivalently, such that (eq, Jeq, ..., ent2, JenTH) is a local g-o.n.b.

of TN, then s := e A ... Aek,, is a local section of K" and hence, for
2

any X € I'(T'N),

N § N
VXS — <VX€;’€;> 6?/\/\62;2
Jj=1

n

H
N

[

—

N
(Vxej,e) | ef A A e";;g

Jj=

N

2

n+
2
= Z( 9(VX(Jej)ef) | er A Aeh,

<.
Il
—_

n+42

so that —iAN (s, X) =32, g(V&(Jej), e;). Restricting to M and choos-
ing for instance Ent2 = ¢ and hence JenTM = v, we obtain, still picking a
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—1

local section s of Ky7|,,,

—iAM (5. X) = > g(VX(Jej), e;)+9(VRv, &) = > g(V¥ (Jej), e5)—g(AE, X).

1 J

'Mm
'Mm;

1

J

As for A9, we first have, for any X € I'(Q),

—iA9(5,X) = —iAM (5. X) =) g(V¥(Jej),ej)—Ag(€, X) =
=1 =

9(Vx(Jej), €;).

' M wlz
[

For X =&, we have
—iA9(s,8) = —iAM(s5.6) — a(€)

= Zg(vg[(Jej),ej) — g(AEaQ -0
j=1

= > 9(Ve(Jes),e5) +g(h(Jej) e5) —A— 0 with h=JA=AJ
j=1

n

= > 9(Ve(Jej),e5) — g(Aeje;) — A — 0
j=1

n

= Zg(Vg(Jej),ej) - %tr (4,) —r—6.

j=1

This shows that A? is associated to V if and only if § = \ + %tr (A|Q).
As for the second equivalence, note that ¢» € T'(30Q): because of ¢ €
['(XoN) and hence & - v - ¢ = —it), we have

(n+2)

Q0= QN vy = —i i = iz,

where Q% and QY are the 2-forms associated to J on @ and N respectively.
For any X € I'(Q), using that JY -¢ =iY -4 for any Y € I'(T'N) because
of p € T'(XoN), we write

Vxtp = vﬁ?wf%g-h()()-qp with h = JA

= V%wflA(X%v-w—léJA(X)-u) with v = J¢
—— 2 2
0

= LAX) Eu - leAX .y

=0 since A = AE,

so that Vxv = 0. In particular, 1 is transversally parallel if and only if
Ve = 0, that is, if and only if ¢ is basic. On the other hand, we can
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make use of the following formula to relate V¢t with Vé.v :

1 1 0
Vey = V¥Y—CAS- v p—-Q-p— S with AE = X
T 2 2 2
i(A—10) 1
= _ZQ-
—y- 20,
so that V¢o = 0 if and only if Q-9 = i(X — 6)1. But we can compute the
action of {2 in another way, using h = JA|, as well as ¢ € T'(¥9V): choose
(€j)1< <, to be any local orthonormal basis of @ made out of eigenvectors
for A, where Ae; = pje;, then

1 n
Qo = 52% M hej
=1

1 n
= 526]‘ ']MJAej'M’lb

j=1

1 — . .
= EZujej-MJej ']M’L/J WlthJej ']M’L/leej'M’lb
7j=1

I

|
N | =,
(]
=

<
<

I

I

I
—
-+

A
—
B
=

[

Q
~
o
o
M
-
=
<

= Lt DH),

so that 2 (A — (n+1)H) = i(A — ), which yields A\ —20 = —(n+1)H and
this is equivalent to 6 = XA + Str (4),).
. Let v be any parallel spinor on N which is then a transversal parallel

spinor on ). Using the spin® Ricci identity on the normal bundle, we
write for any Y € I'(Q)

RicVY ¢ = (YoF9)-qi =) FOY,ep)er ¢
=1

= Y PNV er)er g — i0dE(Y, ex)er g ¥
k=1

= FN(Y, ex)er - 1 — 2i0h(Y) -g 9.
k=1

Therefore by the fact that (Y FY)(¢) = (YFY)(v) = 0 and since 9 is
parallel on N, we deduce that

RicVY -9 = Ric"Y - —20Jh(Y) -
RicVY - 4p + 20A(Y) - 4,

and the proof follows.

17



4. Using the previous computation for the Ricci curvature, one can evaluate
the curvature of the auxiliary line bundle of ) as follows

FRY,Z) = FN(Y,Z)+2i0g(h(Z),Y)

—iRicN(JY, Z) + 2i0g(h(Z),Y)

= —iRicV(JY, Z) + 2i0g(A(JY), Z) + 2i0g(h(Z),Y)
= —iRicY(JY, 2).

This ends the proof of the proposition. O
Before we state our main estimate, we need the following lemma:

Lemma 5.2 Let (N""2,g) be a spin® manifold. Assume that n is even and the
boundary M of N carries a minimal Riemannian flow given by a unit vector
field £&.Then, for any basic spinor field ¢, one has

60

1
M(& ) ==& Dyp + PLAR U S 2

Proof: Since the manifold NV is spin®, the manifold M and the normal bundle @
of the flow are also spin®. Because n is even, the spinor bundle of () is identified
with the one of M, which is also identified with one subbundle of XN, say T N.

Therefore we can think of any ¢ € T'(XQ) as a section in one subbundle of S,
say ST. We compute

Dyu(§-9) = Duv-§-v-9)=Du-(§ M)

T Dyl we)
@ 1 0
= v (D€ mep)— 55 M Qm(§m ) + 35 (€0 )

1 0
e v (=& m Do+ 52w 0 = 59)

1 0
= =& -Dpyp+ V" Q- (,07%1/ ©.
This finishes the proof of the lemma. (]

Now, we can prove Theorem [Tl for n even.

Proof of Theorem [l for n even: As in Lemma [5.2] we will think of any ¢ €
I'(XQ) as a section in the subbundle ST of S. Using Equation (@), we compute

n+1

DsgDZDI\/IQD— HOQO*_f SVELE IV150+ gM‘P

Hence, by taking the norm of Dgyp, we get

(n+1)2 1
Ds¢l® = ———Hglo* + 710 m ¢ +

02 n+1
1 — ol —

4 2

Ho(p, &m0 Q-m )

n+1 . 0 .
+TH09<<PJ§ M) — §<Q ‘M P, 1p).
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On the other hand, using Lemma [5.2 we have

1 )
Ds(¢-¢)=—Du(-9) = & Dyp—gv-Q-p+0v-¢
n+1 1 i
= 5 H0§~<pf§l/~ﬂ~ga+§91/~<p.
As before, the norm is equal to
n+1)2 1 02 n+1
Ds(&-9)> = %HOQRQF + Z'Q SYRCIREE ZMQ + TH0<<P,§ M Qo)
n+1 . 0 .
- Hof(,i& a1 ) — 5 (201 5 ip).

Thus, by applying Inequality (7)) to the spinors ¢ and & - ¢, we find the desired
result after summing both inequalities. 0

Proof of Theorem [[.Z We know from Proposition B1] that if ([2]) is an equality,
there exist parallel spinor fields ¥, ¢, ¥, ® on N such that P, = Py, P_p =
P_¢, P.(§-p) =PV and P_(£ ) = P-® on M. Note that ¢ € T'(X¢N) and
that all other parallel spinors are multiple scalars of ¢, since the manifold N is
assumed to be Kéhler. But Pr¢) = (¢ + iv - ); since 1 € I'(S4N), we have
iv-1 € I'(X_N). The same holds for ¢ (always true for n even). We can thus
deduce from P;p = P, that ¢ = on M.

Of course, we also have ¥ = ¢ from P_p = P_¢. The identity P (- @) = P4V
yields in the same way £ - ¢ = iv - U and hence iv - £ - ¢ = U. Letting ¥ = by
for some b € C, we have b = +1 because of (iv - £-)? = 1. Up to changing ¢ into
—¢ (and hence 6 into —6), we can assume that iv - £ - ¢ = —1) = —p. Notice
now that, if X and Y are two real vectors in T, /N for some point x € N with
(X +14Y) - ¢ = 0 for some nonzero ¢ € 3N, then Y = JX: just combine
the identity with (X + ¢JX) -4 = 0, which holds true because of ¥ € ¥oN.
Therefore, i -v-¢ = @ being equivalent to (v —i) -1 = 0, we can conclude that
& = —Jv. The last identity P_(¢-¢) = P_® does not bring any new information.

Since by assumption (M, g,& = —Jv) is a minimal Riemannian flow, Proposi-
tion [Tl implies that [J, A,] = 0, that A = A{ on M for some A\ € C*°(M,R)
and that J defines a transversal Kahler structure on the normal bundle of
the flow. Furthermore, & (tr (A‘ Q)) = 0 because N is Einstein by Proposition
The connection 1-form A? on Py, M — M being assumed to be basic,
the basic function # must be constant by Proposition Bl Because ¢ is the
restriction of a parallel spinor field on N and is assumed to be basic, Proposition
BT also implies that ¢ is transversally parallel, which is also equivalent to
9 = )\+ %tr (A|Q)

Conversely, if £ = —Jv, [J,;4),] = 0, AL = A for some A and 6 is con-
stant equal to A\ + %tr (A‘Q), then Hy = 0 and, as we computed in the
proof of Proposition [ — and this computation holds true in general —
Qume=4%A—(n+1)H)p=—%tr(A,) ¢. Therefore,
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(n+1)2 (H§ = H?) |l + [ a0 + 02[p]* — 2i60(p, Qa1 ) =
2 1 2 1 2
— (A tr (Aig)) el + Jtr (A1) lel” + </\+ St (AQ)> ||

1
n (A e (AQ)) r (A,,) 16l = 0,
and thus () is an equality. This concludes the proof of the proposition. O

Note that the compactness assumption on N is actually no more necessary for
the case where () is an equality since that equality case actually holds point-
wise. In particular, we may look for examples in non-compact Kéahler-Einstein
manifolds such as complex hyperbolic space.

In the case where N has non-zero constant holomorphic sectional curvature, it
already follows from a well-known result (see e.g. [23, Theorem 2.1]) that, any
Hopf hypersurface must have constant principal curvature A — and hence also p
—if A, = pldg and § = X + tr(A|,) is constant.

Theorem implies that the list of possible examples where (2)) is an equali-
ty cannot be long since the geometric conditions are restrictive. Actually, the
list is relatively short, at least in Kahler manifolds with constant holomorphic
sectional curvature: by [23] Theorem 4.1] — which summarizes [24, Theorem
4.3] (based on [29]) for hypersurfaces in complex projective space and [21] for
hypersurfaces in complex hyperbolic space — every real hypersurface in a Kéahler
manifold with constant nonvanishing holomorphic sectional curvature for which
M is Hopf and where [A, J|,] = 0 holds must be an open subset of a so-called
hypersurface of type A. Since hypersurfaces of type A in complex projective and
hyperbolic spaces are completely classified (see e.g. [23] Theorems 3.7, 3.8, 3.9,
3.13 & 3.14] and references therein), we can conclude with the following:

Corollary 5.3 Let (N""2 g..J) be a domain with smooth nonempty connected
boundary M in either CP"%* or CH"* . Assume (M, g) carries a Riemannian
flow given by a unit vector field . Let N carry its canonical spin® structure, M
carry the spin® structure induced by the inner unit normal v and Q := &+ NTM
in turn carry the spin® structure induced by £. Choose a connection 1-form on
the line bundle K;/1|M = Py, M — M associated to the spin® structure of Q
with the help of a basic § € C>°(M,R) as above. Assume moreover that:

1. the Riemannian flow (M, g,§) is minimal,

2. there exists a section ¢ of XM such that Ve = 0 and Dyp = %gp
for some nonnegative basic function Hy on M.

Then (n+1)? (Hg — H?) [o]* + [(Q-a —i0)* = 0 holds pointwise on M if and
only if M 1is either

e qa tube around a totally geodesic (CPk, where 0 < k < "7_2, in case N lies

m (CPHTH, or
e a tube around a totally geodesic CHF, where 0 < k < 5, in case N lies in
n+2
CH =z
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Examples include geodesic hyperspheres (case where k& = 0). Note that all hy-
persurfaces of type A have two or three distinct principal curvatures.

Corollary 5.4 Let (N"2,g,J) (for n > 2) be any compact Kdhler manifold
such that Scaly > cn+2|FN|, where FN is the curvature form of the canonical
spin® structure. Assume that the boundary M of N is connected of positive mean
curvature H and carries a minimal Riemannian flow given by a unit vector
field &. Assume moreover that there exists a basic section ¢ of XM such that
Dyp = %(p, where Hy 1s a non-negative basic function on M satisfying the
2
condition HZ + (2(n—\/fl)|ﬂ| + n+_1|9|) < H?. Hence, the equality case in (@) is
realized and moreover Alg = pld for some real number p. Mainly that means the

flow is transversally Finstein-Kdhler and the manifold M is n-Einstein Sasakian
manifold (up to some rescaling on the metric).

Proof: We estimate the two terms |2 37 ¢|? and 0(Q -y ¢, ¢) in Inequality ().
We have

1 n
Q- p]? < Zl Zei - h(ed) -ar ol?
i=1

n 2_ Mo 2 T2 2
< Zzi]@i a hles) - l” = LIRFlel” = 51910l

Recall here that we use the formula [Q]*> = 1|a|%. For the second term, we
compute
f

. n
020 @, 0) <0112 a1 ]| < |9IEIQII<PI2-

Therefore, Inequality (2) reduces to the estimate

1 2 2 2 2 2 \/ﬁ 2
< —. — — ~_ )
0_/MH ((n+1) (H§ H)+2|Q| +0 +2|9|ﬁ|9| lo|?dv.  (21)

2
Since the condition HZ + (2(71—@1)|Q| + #1“90 < H? is fulfilled, we get the
equality case in both (2I)) and (2)). That means all above inequalities are sharp.
In particular, one gets

M

Combining the last relation with the equality © -y ¢ = i(A — 0)p, one deduces
that

1 vn vn vn

—Str(Alg) = A — 0= — o] = — L2 jp = — XD Al

2 NG 2 2
That is, |[Alg = ﬁtr(A|Q) which is the equality in the Cauchy-Schwarz inequal-
ity. That yields to A|g = pld for some function p. With the help of Proposition
432 one deduces that both p and A\ are constant. In view of Proposition 3] the
manifold M is a Sasakian n-Einstein manifold from the fact that the transverse
metric remains invariant. O
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5.2 The odd-dimensional case

In this section, we look at the case where the normal bundle has odd rank. As
mentioned above, we will be interested in the family of manifolds N that are
domains in Riemannian products of Kihler-Einstein manifolds N7 with R or S*.

Let M be the boundary of any domain N in N; x R or N; x S! and carry a
Riemannian flow. Since the rank of the normal bundle @ is odd, we have the
identification

YQOXQ ~XM ~8S,

where in the first isomorphism, we use the following identifications for the Clif-
ford multiplications

(Zq&—-Z)Y=mZ u T,

for any Z € T'(Q) and T € S = XN|p;. For the second isomorphism, we have
X -y YT =X -v-7T. Now the action of iv on S is determined by the action
of the complex volume form w of XM, that is for any spinor Y on S, we have
iv-Y =w-Y =7, where T = T, — T_ with T4 are eigensections of w
corresponding to the eigenvalues £1. Thus, from the definition of the projections
Py, we deduce that PLY =T 4.

Proof of Theorem [I1] for n odd: Let us define the spinor field T = ¢ + & -1 ¢
where ¢ is considered as a section in ¥.Q ~ XTM, i.e. Py = . Using (@), we
have

DsY =DuY = Duye+ Dy -mp)

n+1 1 i

= Hoé’mr@*gf'MQ'M@+§9§'M‘P

1 )

+&-m Dy(§ v ) + 59 M @—5990
n+1 1 i

B 5 Hoé’mr@*gf'MQ'M@+§9§'M<P
n+1 1 7
_ H, Q- ——fo. 22

5~ Hop + 503 p—50p (22)

It is easy to check from ¢ € T'(XTM) that the identities (£ -ar Q a1 0, ¢0) = 0
and (€ -y ¢, ¢) = 0 hold. Hence by taking the norm of the spinor field [DgY|?,
we find that it is equal to

(n+1)?

DsY|* = 5

1 0? ,
Hilpl* + 5192 a0 o” + S lof* = i0(0, Qs ).

Inequality (Id]) applied to the spinor field Y finishes the proof by plugging the
last equality and using the fact that |T|? = 2|¢p|%. O

The proof of Theorem [[3]is technical and will be splitted into several lemmas
(Lemmas B8 5.6, 5.9, 510, E.1T] B.12). First, we have

Lemma 5.5 If the equality case is realized in ([2)), then

~h(X) o+ (o — DA 0 = T9(AC), 6
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for all X € T(TM) and for some b € C. In particular, we get (5 —2)?|A(&)[?
—9(A(§),6)*.

Proof: Assume that the equality is realized in ([2)) and recall that T = o +&- a1 0,
then by Proposition B.1] there exists two parallel spinors ) and 9 in XN such
that PLY = ¢ =14 and P_Y = &£ -5y ¢ = ¥_. Since the dimension of the space
of parallel spinors on N; x S' is one (those are being identified with parallel
spinors on N; corresponding to the canonical spin® structure), we deduce that
¥ = by for some b € C. Now differentiating the equation £ -y ¢ = bip_ in the
direction of any vector field X € T'(T'M), we get that

h(X) m @ — %E m AX) - = —%A(X) M P

Here, we used the fact that V¢, = féA(X) M Y, since 9 is parallel on N.
Replacing now ¢ _ by %f M @, the above equation reduces to

1 b 1
S (X) ot (p — DAX) o= ToAX)OEw e (23)
To prove the second part of the lemma, we take X = £ in (23] and use the fact
that the mean curvature k = Vé” ¢ vanishes to deduce that

1 b 1

(% - 5)14(5) M= EQ(A(@,OS M - (24)

By taking the Clifford multiplication of [24) by ¢ and applying the rule £ -5/
A m = —A(§) -m & v —29(A(€), ), we get that

1 b
(55 = ) AE) ar & ar = bg(A(E) ). (25)
Now if g(A(€),€) = 0, then either (& — 2) = 0 or A(¢) = 0 from which the
relation in the lemma is proved. If g(A(€), ) is different from zero, we use again
Equation (24) divided by the term 1g(A(€),€) to replace & -ar ¢ by its value in
@8). The result then follows. O

Lemma 5.6 If the equality case is realized in [2)) and M is connected, then
g(v,0:) = 0,|b] = 1. Moreover, there exists a smooth compact domain A with
boundary M in Ny such that N = A x S', in particular M = M; x S'.

Proof: As in the previous lemma, we know that ¢ = ¢, and £ -y ¢ = bip_,
where ¢ is a parallel spinor of norm assumed to be equal to 1. Therefore, we

deduce that |p|? = ¢4 |? = O and that [p_|? = Hence, we get that

[b[>+1 \b|2+1
T
<ZV waw> - |1/J+| |1/J | |b|2 +1

Now, for every X € TN = TN; @ RO;, we may split X = X7 + g(X,0;)0;,
where X7 is pointwise tangent to the Ni-factor. In particular X -¢ = X7 -4 +
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g(X, 0;)0;-1p; but because of ¢ € XNy pointwise, we have X7 1) = —iJ(XT)-1),
so that, using also i0; - ©» = ¥ (because of 1 € T'(X¥ N1) pointwise), we get

X - =—iJ(XT) - —ig(X, ). (26)

As a consequence, (iX -, 9) = (J(XT) -, 9) + g(X,d)[|?; but since both
(iX 4, 1) and g(X, 9;)|¢|? are real whereas (J(XT)-1), ) is purely imaginary, we
deduce that in fact (J(X7T)-9,) = 0 and (iX -1, 9) = g(X, 0)|v|? = g(X, d;).
This implies first that g(v, ;) = g(v, 9)|¥|? = (iv -, ) = mz—ﬂ, in particular
g(v,0) is constant on M. Now if M is connected, then we may apply the
divergence theorem and obtain for the parallel vector field 9; on N

0:/ SN (Op)dpl) = i/ g(v, 0p)dpl",
N M

from which g(v, 9;) = 0 follows. In particular, |b| = 1.

It remains to show the existence of a domain A of N such that N = A x S!
(and hence M = M; x S!, where M, := OA). For this, we show that, for any
t € R, the flow ¢; of 9; preserves N, that is, that ¢;(N) = N. First consider the
case where N C Ny x R. We may assume that 0 € ¢(N) and identify N; with
Ny x {0} C Ny xR, so that N7 becomes the preimage of the regular value 0 for
the function t on N7 x R. Since 0; is parallel on N7 x R and V; is assumed to
be complete, so is N1 x R and the flow ¢ of 0; is defined on N x R; actually, ¢
is the identity map on N7 X R. Moreover, because the restriction of d; onto M
is tangent to M, the flow ¢4 preserves M for all s € R, that is, ¢s(M) = M. Let
x € N, then either x € 9N = M and then ¢;(x) € M C N as we have just seen;

or z €N, but then ¢;(x) can lie neither on M (otherwise z = ¢_;(¢¢(z)) € M)
nor outside N (otherwise the integral curve s — ¢s(z) linking x with ¢:(x)

must cross M and thus lie in M for all time), therefore ¢;(z) € NC N. On both
cases, ¢¢(x) € N. Therefore ¢:(N) C N; changing t into —t gives N C ¢¢(N)
and hence N = ¢;(N).

Now because ¢; preserves N for all t € R, we may set A :=¢t"1({0})NN C N,
which is a smooth domain with boundary M; = ¢=1({0}) N M in Ny x R (it is
smooth up to the boundary because of g(v, 9;) = 0). Because 0; is parallel on N,
the flow ¢ induces an isometry A x R — N, in particular A must be connected.
Since ¢ is the identity on Ny x R, we have actually shown that N = A x R.
Note that this case cannot happen here since N is assumed to be compact.

In case where N C N; x S!, we may lift N to a smooth manifold with boundary
N in N; xR via the covering map Ny x R — N x S' — which is not the universal
cover of N7 x S', unless N; itself is simply-connected. Since that covering map
preserves O, that parallel vector field is tangent to M = ON and therefore
N = A x R for some smooth domain A in N; by the above argument. Now
because the Z-group action on N; X R underlying the covering map is trivial
on N; (it only acts on the R-factor), we can conclude that N = A x S!. This
concludes the proof. O

The computation in the sequel will be devoted to show that in the equality case
of (@), the vector field ¢ defining the flow will be equal to £9;. The main idea
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is to show that the T'M;-component of £ corresponding to the decomposition
TM = TM; ® RO, (according to Lemma [5.6) defines a Riemannian flow on
M; and the solution ¢ of the basic Dirac equation defines as well a solution of
the basic Dirac equation corresponding to that flow (which has even-dimensional
normal bundle). It turns out that such a solution realizes the equality case of the
integral inequality established in the previous section. We begin with a remark
of algebraic nature:

Lemma 5.7 Let Z,W € TN be such that (Z +iW) -4 = 0, where ¢ comes
from a nonzero constant section of XoN1. Then
ZT + J(WT) - g(Z7 at)l/ - g(Wa at)‘](y) - 05
where (-)T is the orthogonal projection onto TNj.
Proof: Because of 1) € XgN; and hence id; - 1) = 1, we have X -¢p = X1 . ¢) +

9(X,00)0; -1 = XT - 9p —ig(X, )¢ for every X € TN. As a consequence, we
can write

Zpy = S(Z-4+Z-iv-y)

N = N

ZT p —ig(Z,0) b +iZ - v b+ g(v,0,) Z -
N—_——

0

(Z7 b —ig(Z, 000 +iZT VT - +ig(Z,0,)0; - VT - )

(27w —ig(Z,00)0 +iZT - v" o — g(Z, 0" - 0),

N = N =

which yields

(Z+iW) e = S (27 —ig(Z,0) +iZ" - vT b — g(Z,0)v" - ¢)

(W —ig(W. 0y +iWT - vT g — g(W, 0,07 - )

Nl= 4+ Nl

AN N

(ZT +iWT) ap —ig(Z +iW, ;)¢
(2T +iWT) T — g(Z +iW, 0 .1/)),

where g has been extended as a complex bilinear form on 7'V ® C. Now we can
make use of identity (20]), that uses specifically ¥ € 3y Ny: for every X € TN,
X = —iJ(XT) -y —ig(X,0)v. Since (Z + iW) -1y, = 0 if and only if
Oy - (Z +iW) -4, = 0, we obtain that (Z + iW) - ¢ = 0 is equivalent to

0 = 0-(ZT" +iWTh) - —ig(Z +iW,0:)0 -
+i0y - (ZT +iWT) N, v N, —g(Z +iW,0,)0; - vT -
€Y Ny

= —(ZT+iWT) n b — g(Z +iW, 000 + (ZF +iWT) n, v N
+9(Z +iW, 0)v" N, ¥

= —(ZT+IWT) Ny ¥ —g(Z +iW, 00 + (Z7 +iWT) §y T N, W
+9(Z,00)v" N, b+ g(W,0) T (") N, .
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Identifying the degree-1-terms on both sides and using ¥ # 0, we obtain 0 =
—(ZT 4+ TJWT) +g(Z,0,)v" + g(W,0;)J ("), which by v = T is the result. (]

Lemma 5.8 If g(v,0;) = 0, then (§ + bd:) - ¢ = 0, from which follow that
g(&,0:) = —Re(b) and

T = Sm(b)Jv. (27)

In particular, hX = —3m(b)J(AX)T™ for all X € TM.

Proof: Since v is orthogonal to 0y, one can easily check that i0; - P11 belongs to
¥ _ M (here ¥_ M denotes the eigenspace of the action of iv corresponding to the
eigenvalue —1). Hence, by using the fact that id; - ¢ = ¢ and the decomposition
1 = Py + P_1, where Pyy = ¢ and P_v¢ = %5 ‘M @, we deduce that

1
op=—7E % (28)

which gives the first identity. Setting Z := £ + Re(b)d; and W := Sm(b)0;,
this identity becomes (Z + iW) -, = 0, so that ZT + J(W7T) — g(Z,0,)v —
g(W,0;,)J(v) = 0 by Lemma B1 Because of ZT = ¢T' and WT = 0, this
identity is equivalent to 7 — (g(&, 9;) + Re(b))v — Im(b)Jv = 0, which itself is
equivalent to g(&,0;) = —Re(b) (thing we can anyway read off the real part of
the inner product of (€ +b9;) - ¢ = 0 with ) and 7 = Sm(b)Jv, which is 27)).
As an immediate consequence, for every X € TM, hX = V¥¢ = V¢TI =
Sm(b)VY (Jv) = —Sm(b)J(AX)TM. O

Lemma 5.9 Assume that the equality in (@) is realized, then by writing b = e*#
for some B € R, there exists an ¢ € {+1} such that

[A©lsing = eg(A(©).€) and 6=~ ((n+ 1) Hsing + | A())

Moreover, cosf3 = —%.

Proof. Because of |[b| = 1, we have Sm(b)?|A¢|? = g(AE,€)? by Lemma [5.5 so
that there is an e € {£1} such that |A(£)|sing = eg(A(&), E).

By tracing (23]) over an orthonormal frame on T'(T'M), we get that

—2Q -y ¢ +i(n+ 1)Hsinfp = %A(é) M &M P

But by (25, %A& v & m o = ie] A€] (this holds true whether A¢ vanishes or
not), so that

((n 4+ 1)HSm(b) — €| Ag]) . (29)

TR

Q-pme=

In order to compute 0, we use the first equation in (7)) and the fact that ¢ is a

26



basic spinor. In fact,

g(p = Véw(p—%Q ‘M P
i) ,%A(@ Y — i ((n+ 1)HSm(b) — £|A¢]) @
= —%A(f) M€ MSD—i((n‘f'l)H m(b) — el Ag]) ¢
@

7%|A(§)|50 — i ((n+ 1)HSm(b) — e| Ag|) ¢

72. ((n+ 1) HSm(b) + £| A€]) ¢

which gives the expression of 6. To compute the real part of b, we use the second
relation in (@) between the extrinsic Dirac operator of M and the basic Dirac

(n+1)H0

operator and the fact that Dyp = . Indeed,

n+1
2

1 0
Dsp=Dpp=— HOE'MQD—§§'MQ'M<,0+§E'M<P-
But recall that ¢ = Py on M where v is parallel on N. Therefore, the extrinsic
Dirac operator applied to ¢ is equal to

n—+1 n+1

Dsy = Ds(P11)) = P_(Dst) = HP_+ =

HE -pp .

Hence by comparing the above two equalities, we deduce that (n + 1)(Hy +
Re(b)H) = 0, from which Re(b) = —Z2 follows. O

Lemma 5.10 If @7) holds, then 6 is constant on M.

Proof: Using () along any vector field: for any X € I'(TM)

ScalN t

n+1

Mg, X) = FN(¢,X) = —iRicM (J¢T, X) = g(J (€M), X),

so that €, FM = —8@lL j(¢T)TM = 0 by (Z7). O

It is important to notice here that, computing the integrand on the r.h.s. of (2]
and using what we already know about 0, Q, Hy and H, we find

(n+1)(Hs — H?)|p|* + |(Q = i6) -ar oI
= (n+1)%(cos(B)? — 1)H?|p|*> + (n + 1)2H? sin?(B3)]|?
— 0,

in particular (@) is an equality. However, this does not suffice to conclude. We
shall indeed show that, if Im(b) # 0, then we are led to a contradiction.

From now on we assume that Sm(b) # 0, that is, that b # +1. By Lemma
B3R if Sm(b) # 0, then 0 = hE = —Sm(b)JJ(AE) TM implies that A¢ = A¢T is
proportional to 7. More precisely, A(¢) = |2§1§B)|£T' Mainly, that means the
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vector field & := ¢T is an eigenvector of A corresponding to the eigenvalue

A\ = g‘ﬁi%)‘. Moreover, the vector field & is of constant norm equal to |sinf)|

and defines a minimal Riemannian flow on the manifold M;, isometric to the
product, with O’Neill tensor

& 1

hy = VM1 = —_vM¢
1=V T g Y ¢

The manifold M is clearly spin® with a connection form AM: = AM|,, . Hence
as mentioned in Section 2 the normal bundle Q)1 carries also a spin® structure
with the same line bundle as for M;. Now, we choose a connection 1-form on

Q1 as
A9 =AM i, &

&’
where 07 := %. The relation (@) is clearly satisfied on My, since
51 M- 5 M _ . 0 .
JFT = JF —id(—) = —idb,.

(|§1|> (|€1|> (|€1|) '
Also, one can check by choosing sinf < 0 that TaT 5 = —Jv and from the expres-
sion of # in Lemma [5.9] that

A 1 :

— 260, = — A 1)H =— 1)H = —nH
A —20,=¢ S Sinﬂ(zs| &+ (n+ 1)Hsing) (n+1) nHy,

where H; is the mean curvature of M; into N;. Taking into account those
observations, we get the following lemma

Lemma 5.11 Assume that the equality in [2)) is realized and b # +1, then the
equality case of the Inequality @) on M is realized.

Proof: According to Theorem [[L2] in Subsection 5.1 it is sufficient to prove the
existence of a solution of the basic Dirac equation on M;. Let us denote by
v1(z) == p(x,1) for & € My, where ¢ is the solution of the basic Dirac equation
on M realizing the equality case in (2]). In the following, we aim to show that
1 is basic with respect to the flow on M; and is a solution of the basic Dirac
equation. For this, we use the first equation in (@) to compute

291

— My _ _Q =
Vign# v(‘ ¥t ML e
16
= |§|(V5 1 — QM%*;%) 0.

Here, we used the fact that ¢ is basic on M and constant along 0;. We also
mention that for an orthonormal frame {e!};—1 ... ,—1 of Q1 C Q, we have

n—1

1
Ql ‘M; P1 = 5 e% "My hl(ezl) "My P1
i=1
£ e
= e; (&)
2161] - ‘M M P1
1
= —Q-uer
&
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where {e;};—1.... n is an orthonormal basis of Q defined by {Z,e!};=1.... ,—1 and
Z is a linear combination of & and 9;, which gives h(Z) = 0.

The last part would be to compute the basic Dirac operator D; to ¢1. Using
Equation (@), we write

Dipy = Duer+ |§1 n Qa1 — 51 ‘M, 1

2|§1
= —0i-mDupr +

2|§ |

& 2, Qw01 — =1 a1

2|€ | 2|§ |

+1
D Hody €1+ = at £-Q- wl——at £ o1

na

2|€ |2§1 O Q-1 — mgl'at'@1

n+1 b 100
5 Hobpr + — Q w1 —

10
*m(f + COSﬂat) <O+ 1

B <n +1 I b6 6 i@cosﬂ)

8

1
- 1 + QSmQB(«E + cosB0y) - O 1

2 7 2 opsin?B | 2sin’f

b 1 cosf3
(s = Q-
(2 2bsin® 25in26) o1

Then, using ([29), we get

1 . . .
Dl — (n—i— Hob— ibo 1.92 29?0255)
2 2 2bsin“fB  2sin”f3
b 1 cosf3
+{ =+ n+ 1)Hsing — e|A(¢
<2 2bsin25 2sin’ ﬂ) 5 ) f—elAlEhen
By writing b = cosfS + isinﬁ and using the fact that —e|A(§)| = 20 + (n +
1)Hsinf and that cosf = —%2 from Lemma 53, we find after a straitforward
computation that D}y = 0 (I

Now, we deduce with the following lemma:
Lemma 5.12 Assume that the equality in ) is realized, then b= +1.

Proof: Assume that b # +1, then from Lemma[E.ITthe manifold M is a limiting
manifold for the even case. As a consequence the spinor field ¢, is the restriction
of a parallel spinor on N; and that zé—i‘ ‘v, 1 = 1. Then, we write (£ +
cosf0r) m Or - m p1 = —sinfey. That gives the following identity £-9; -1 = bps.
Now combining the last relation with Equation (£+b9;)-¢ = 0 gives that b? = 1.
O

Proof of Theorem As b = 41 from Lemma 512 we deduce from Equation
(& +00t) - ¢ = 0 that £ = £9;. In particular, the first equation in (7)) implies
that = 0 and the computation in Lemma [1.9] gives that Hy = H.
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For the converse, assume that N is isometric to A x S' where A is a Kéahler-
Einstein manifold with boundary M; and let £ = 0; be the parallel vector field
that defines the Riemannian flow on the boundary M = M; xS! (that is, h = 0).
Consider a parallel spinor field ¢ on A (which is then a constant section of LgA)
and let ¢ := P1. Then, the Dirac operator of M associated to ¢ is equal to

n+1
Dy =DgPriyp = P_Dgyp =

HP_.

The normal bundle @ of the flow is just the tangent space of M; and the
connection A? is the connection AM |y, , i.e. @ = 0. Since the spinor ¢ is clearly
basic (it is constant along the S'-fibers), we deduce that Dyp = "THH& mP_1.
But using the fact that i0; - ¢ = 1, we have that

Ooas Py =00 v Pp= L0, (4 —iv ) = Potb =

Therefore ¢ is a solution of the basic Dirac equation with Hy = H and the
equality in () is realized. O
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