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Abstract

In this note, we exhibit a three dimensional structure that permits to guide waves. This structure is obtained
by a geometrical perturbation of a 3D periodic domain that consists of a three dimensional grating of equi-spaced
thin pipes oriented along three orthogonal directions. Homogeneous Neumann boundary conditions are imposed
on the boundary of the domain. The diameter of the section of the pipes, of order € > 0, is supposed to be small.
We prove that, for € small enough, shrinking the section of one line of the grating by a factor of \/ (0 < pn < 1)
creates guided modes that propagate along the perturbed line. Our result relies on the asymptotic analysis (with
respect to €) of the spectrum of the Laplace-Neumann operator in this structure. Indeed, as € tends to 0, the
domain tends to a periodic graph, and the spectrum of the associated limit operator can be computed explicitly.
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1 Statement of the problem

Let wi, we and ws be three Lipschitz bounded domains of R? of same area (|w;| = |wa| = |ws3|) containing the origin
(0,0), let € > 0 be a parameter (that is going to be small), and let a1, az and ag be three positive real numbers.
We denote by (e;);c{1,2,3}, the standard basis of R3. For any (k,f) € Z?, we consider the three dimensional domain
Dy, , 5 defined by

Dj 5 = { (1,22, 23) € R? such that ((z1 — a1k)/e, (w2 — axl)/c) € w3},

which is an unbounded cylinder of constant cross section ews. It is infinite along the ez direction (invariant with
respect to x3) and contains the point (aik, azf,0). Similarly, for any (k, /) € Z2, we define the domains

D5, o1 = { (21,22, 23) € R? such that ((z2 — azk)/e, (x5 — asl)/c) € wi},

Dj o = {(z1,20,23) € R? such that ((z1 — a1k)/e, (23 — asl)/e) € w2},

and we consider the periodic domain €. given by

Qe = U U Dz,@,i‘ (1)

1€{1,2,3} (k,0)€Z?

The domain 2. is a three dimensional grating of equi-spaced parallel pipes (of constant cross section) oriented along
the three orthogonal directions e;, ep and es3. It is aj-periodic with respect to x;,j = 1,2,3. Moreover, the points
(kay, Las, ma3), (k,£,m) € Z3, belong to €)..

In order to create guided modes, we introduce a linear defect (see [1]-[5]-[2]) in the periodic structure by modifying
the section size of one pipe of the grating (it is conjectured that guided modes cannot appear in the purely periodic
structure, see [4] for the proof in the case of a symmetric medium). More precisely, we assume that the domain
D§ 5 1s replaced with the domain

Dy = {(x1,22,23) € R? such that (z1/(y/pe), 22/ (V/Re)) € wi},
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(a) The perturbed domain Q¥ (b) The graph G.

Figure 1: Illustration of the perturbed periodic domain Q# and the limit graph G.

where (1 is a positive parameter. In other words, we enlarge (> 1) or shrink (0 < p < 1) the section of one pipe of
the domain by a factor p (see Fig 1a). The corresponding perturbed domain is denoted by Q£. Tts precise definition
is given by

Qr = U U Divi U U Dios UDS:S,& (2)

i€{1,2} (k,0)€z? (k,£)€Z2\{(0,0)}

QF is still as-periodic with respect to x3. However, the presence of the perturbed pipe DS:{{O breaks the periodicity

with respect to 21 and xo. We emphasize that the domain QF (as well as €.) tends to a 3D periodic graph as e
tends to 0.

We look for guided modes, i.e. solutions to the wave equation 02u—Au = 0 in Q¥ satisfying homogeneous Neumann
boundary conditions on 9Q¥ (see [7] for the investigation of the Dirichlet case), that propagate along the defect
pipe DS:g,O (i.e. in the ez direction) but stay confined in the transversal directions. More precisely, denoting by B
the restriction of the domain Q¥ to the band |z3| < a3/2,

BE = {(x1,x2,x3) € QF such that |z3| < a3/2}, (3)

we search solutions of the form u(x1, z9, 3,t) = v(x1, T2, x3)e™t =573 where 3 is a real parameter and v(x1, 2o, 13) €
Lo(BY) is an az-periodic function in x3. In fact, it is easily seen that the S-quasiperiodic fonction v(x1, 23, :cg)e_lﬂw?’
is an eigenfunction of the operator

AL(B) : D (AL(B)) C L2 (BY) — Lo (BL),  AL(B) = —Au in BY, (4)

€

with D (A% (B)) = {u € H) (B¥), ulg: = e Py, Opgulsy = e P Opuls Oulypr pe= 0}, where
HX(BY) = {u e H'(BY),s.t. Au € Ly(B¥)} and >* = {(z1, 22, 23) € OB*, x5 = +a3/2} .

To study the spectral properties of A¥(3), we investigate its (formal) limit A*(3) as e tends to 0. The operator
AH*(B) is defined on the limit graph G (see Fig. 1b) and its spectrum can be explicitly computed. In particular,
its spectrum has infinitely many gaps (Lemma 2.1), i.e. open intervals (a,b) C R such that the intersection of
[a,b] with the spectrum is reduced to {a,b}. Moreover, for u < 1, there is at least one eigenvalue in each gap
(Lemma 2.5). Since, in addition, for € > 0 sufficiently small, the spectrum of A#(f3) is close to the spectrum of
AHM(B), the existence of guided modes is guaranteed (Theorem 3.1).



2 The spectrum of the limit operator A*(5)

2.1 Definition of the limit operator A*(j)

The limit operator A*(3) is defined on the infinite periodic graph G = (.., BY obtained as the limit of B as ¢
tends to 0: G is made of the vertices {vg, = (ka1,£a2,0)7’02:7£ = (kay,laz, +a3/2), (k,¢) € Z*} connected by the
edges

{ernt12.0 = ke Vet1,0)s €rerrje = Wk Vker1)s €p = (ks viry), (k1) € Z%}.
It is a;-periodic with respect to 21 and ag-periodic with respect to 25 (see Fig. 1b).

For any function u defined on G, we denote by uy, (resp. uki,e) its value at the vertex vy, (resp. vki’g). The
restriction of u to the edge eji1/2,¢ (resp. ey ¢q1/2 and e:,;z) is denoted by wujy1/2,¢(x1) (resp. up eq1/2(72) and

g (73)).

The definition of A(f3) also requires the introduction of the function spaces L4 (G) and H?(G) defined as

14(G) = {u: lulpyg) < +o0},  H2(G) = {ue C(G): Jullmeg) < +o0} (5)
where,
+
llByigy= S (whe S, e )+ Mg el o+ s By 1) ): (6)
(k,0)€Z2 + ' 2 2
+
lul=ig) = 2. (; i oo+ s el o+ Tesy B, ) )- (7)
(k,0)€z?

and, for any (k, /) € Z2, U’Z,e is the weight coefficient equal to p for k = £ = 0 and 1 otherwise.
The unbounded limit operator in L4(G) has domain
D) = {ue B G): kO, wf,=cPug, (uf,) (as/2) = ) (~as/2),

Uy s p(kan) = wl_y  (kar) + s (Fao) =,y (faz) +wlt, ((,)'(0) = (ug)'(0)) =0}, (8)

and is defined by
VueD(A*B)), A*(B)u=—u" on any edge of the graphG. (9)

The functions of D (A*(5)) are continuous on G and 8 quasi-periodic. Moreover, they satisfy the Kirchhoff condi-
tions (8) that enforce the weighted sum of the outward derivatives of u to vanish at each vertex vx ¢ ((k,£) € Z?). We
point out that the perturbation, which results from a geometrical modification of the domain for the problem (4),
is taken into account at the limit by means of the Kirchhoff condition (8) at the vertex vo o (wfy = ). The formal
derivation of the limit model can be found in [6]. It is easily verified that the operator A* () is self-adjoint (for the
weighted scalar product associated with (6)), see also [3]. The objective of the following two sections is to study
the spectrum of A*(f3).

2.2 Characterization and properties of the essential spectrum of A*(f3)

By a compact perturbation argument, one can prove that oess(A*(3)) = o(A(B)), where A(3) = A*(3) is the purely
periodic operator corresponding to A* () for u = 1. The computation of its spectrum relies on the Floquet-Bloch
theory (see [9]). More precisely, we can prove that A = w? € o(A(B)) if and only if either w = 0 and 8 =0 or w # 0
and there exists (ki1, ko) € [0, 7]? such that

sin (waz) sin (was) (cos (way) — cos ky) + sin (wag) sin (waq ) (cos (waz) — cos ko)
+ sin (way ) sin (waz) (cos (wag) — cos B) = 0. (10)

Based on the previous characterization, we prove that the operator A(S) has a countable infinity of gaps that can
be separated into three categories (see [10] for the proof):



Lemma 2.1 The following properties hold :
1- 01 UoaUos C o(A(B)), where

o; = {(Wn/ai)2 ,n € Z} forie {1,2}, andos = {((:I:B—l—27m)/a3)2 ,nE Z}.

2- For any € [0, 7|, the operator A(B) has infinitely many gaps whose ends tend to infinity.
3- Let W(B) = {mn/as, n e N*}if 8 ¢ {0,7} and W(B) = {B/as + (2n+ 1)n/as, n € N*}if 8 € {0,7},.
If an interval (w?,w?) is a spectral gap of A(B), then, one of the following possibilities holds:
(i) wi ¢ o1 Uoa, wi ¢ o1 Uos, and there is a unique wy € (wp,wt) N W(B).
(ii) wi € o1 U0, w? ¢ o1 Uoe and W(B) N (wp,wt) = 2.
(iii) wi & o1 U0z, w} € 01 Uay and W(B) N (wp, wy) = 2.

2.3 Computation of the discrete spectrum

Let us now determine the discrete spectrum of A#(B). If A = w? is an eigenvalue of A*(3), then the corresponding
eigenfunction u € D(A*(B)) satisfies the linear differential equation u” + w?u = 0 on each edge of the graph G.
Solving explicitly this equation (on each edge), taking into account the quasi-periodicity of v and the Kirchhoff
conditions (8), we can replace the eigenvalue problem A*(S)u = Au with a set of finite differences equations for

(e (e, p)ez2:
Lemma 2.2 Assume that w ¢ {nZ/a1} U{rZ/as} U{nZ/as}. uw € D(A*(B)) is an eigenfunction of A*(5) if and
only if (W) (ke)ezz belongs to lo(Z?) and satisfies

Uk+41,¢ Up—1,¢ Uk r+1 Uk, r—1
sin (way) = sin(way)  sin(wag) = sin (was)

—2gs (@) =0, ¥(k0) € Z2\{(0,0)},
(1)

ui o u_ip ug 1 up,_1 cos (wag) — cos 8

sin (way) = sin(wap) = sin(waz)  sin (wag

)~ 2g5(w)ugp = 2(p — 1) ug,o,

sin (wag)

1 1 cos (wag) — cos

h h d d =
where we have defined gg(w) tan (way)  tan (was) sin (was)

As well-known, finite difference schemes may be investigated using the discrete Fourier transform
Fiv=idmpezz = F(v) =¥, V(&)=Y Fy, (&m) € [0,27)?, (12)
k,eZ
where F is an isometry between f5(Z?) and Lo((0,27)?). This, together with Lemma 2.2, provides the following

characterization for the discrete spectrum of A*(5):

Lemma 2.3 Assume that w ¢ {nZ/a1} U{nZ/as} U{nZ/as}. uw € D(A*(B)) is an eigenfunction of A"(5) if and
only if the discrete Fourier transform U of (ug)ekyezz belongs to Ly((0,2m)?) and satisfies
(f(§,mw) — dp(w)) u(&,n) = (1 — 1)p(w)uo,. (13)

cos (wagz) — cos cos& — cos (way)  cosn — cos (waz)

where ¢g(w) = and f(&,n,w) =

sin (wag) sin (way ) sin (wag)

Under the assumption of Lemma 2.3, (10) can be written as f(&,n,w) — ¢g(w) = 0. It follows that A = w? does not
belong to oss(A*(B)) if and only if, for any (£,7n) € [0,27]?%, ¢g(w) — f(£,m,w) does not vanish. As a consequence,
as soon as A = w? ¢ oes5(A*(B)), the function (£,1) — ¢s(w)/(ds(w) — f(&,m,w)) is continuous and bounded.
Then, the inverse discrete Fourier transform can be applied to (13) to obtain

(1 pugg $5(w) —iREH) Jedn Y (K, 0) € 72
Ug.¢ 472 (0 !)2 ¢5(W) - f(gﬂnvw)e g " ( ’ ) ) .

Writing the previous relation for k = ¢ = 0 yields the following criterion of existence of an eigenvalue:



Lemma 2.4 Assume that w ¢ {7Z/a1} U {rZ/az} U {rZ/as} and that X\ = w? ¢ 0.5s(A*(B)). Then, X is an
eigenvalue of A*(B) if and only if

1
p= ) where B = (g5 [ i
(0,27)2

dédn )_1. (14)

The study of the behavior of the function Fj leads to the existence of at least one eigenvalue in each gap of A*(f)
as soon as 4 < 1, the minimal number of eigenvalues in each gap depending on the type of gaps (cf. Lemma. 2.1-3
for the classification):

Lemma 2.5 For p > 1, the operator A*(B) has no eigenvalue. For 0 < u < 1, let (w2, w?) be a spectral gap of the
operator A" (f3):

(a) If (w?,w?) is a gap of type (i), then A*(B) has at least two eigenvalues A1 = w? and Ay = w3 that satisfy
wp < wy <wp < we <wy (see Lemma. 2.1-3 for the definition of wy).

(b) If (wi,w?) is a gap of type (ii) or (iii), then A*(B) has at least one eigenvalue Ay = wi such that wy < wi < wy.

The sketch of the proof of the previous lemma is the following, a complete proof being available in [10] (Theorem

5.2.1): First, one can verify that Fz(w) > 0 in any gap, which, together with (14) proves that A*(3) has no

eigenvalue for g > 1. Then, if (w?,w?) is a gap of type (i), one can show that

lim (1 - Fg(w)) = lim (1 — Fg(w)) =1 and that lim (1 — Fg(w)) = 0.

w—nu;r w—w, w—wo

By continuity of Fjs inside the gap, (a) directly results from the intermediate value theorem and (14). If (w?, w?) is
a gap of type (ii), the intermediate value theorem also permits us to conclude since

lim (1 - Fg(w)) <0and lim (1 - Fz(w)) =1.

w—rwp wow,

A similar argument works for a gap of type (iii).

3 Guided modes for the operator A*(f): an asymptotic result

Finally, thanks to the general result [8] (Theorem 2.13 convergence of the spectrum of A#(5) toward the spectrum
of A*(f3)), we can prove the following result of existence of eigenvalue for the operator A¥(f):

Theorem 3.1 Let p € (0,1), (M\p, \¢) be a spectral gap of the operator A*(B) and Ao € (Mp, A¢) be a (simple)
eigenvalue of this operator. Then, there exists eg > 0 such that if € < eq the operator AX(B) has an eigenvalue A\
inside a spectral gap (N, X;). Moreover, Ao = Ao + O(\/e).
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