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Abstract

The present paper is devoted to a comparison of numerical methods for

the convective part of a two-phase flow model. Four explicit schemes are

tested using Riemann problems or smooth solutions. The main criteria

for comparing the methods are: the accuracy for a fixed size of mesh, the

convergence, the robustness and the CPU time cost necessary to reach

a fixed error. The conclusions of this study are the following. The clas-

sical Rusanov scheme is not competitive, as expected. The relaxation

scheme seems to be more efficient than the VFROE-ncv method, espe-

cially regarding robustness. The staggered scheme, recently investigated

for this model, is sometimes less accurate for a fixed size of mesh than the

VFROE-ncv and relaxation schemes but is the most acurate for a fixed

run time.

Key words : Baer-Nunziato model, benchmark study, explicit schemes.

1 Introduction

Within the context of water-steam flows simulation for civil nuclear applications,
the simulation of a two-fluid model introduced by Baer and Nunziato [3] is consid-
ered. There is no general agreement about the modeling of such flows, and from a
general point of view about two phase flows modeling. Since the compressibility of
fluids is still considered, the fluid may be described using several kinds of model:
the homogeneous one - which uses the same velocity and pressure for both phases -
or the two-fluid one. The homogeneous models are Euler-type models with specific
closure laws. Two-fluid models are composed of two systems of PDEs - one for each
phase - coupled through non-conservative interfacial terms and relaxation source
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terms. Since the pressures are chosen equal in the whole space-time domain in the
two-fluid model, the eigenvalues of the Jacobian matrix are not always real and thus
the Cauchy problem is not uniquely solvable.

We consider thus a two-fluid model - the Baer-Nunziato model - where pressures
are not assumed equal. There are several versions of this one, in particular with
different choices of interfacial velocity and pressure ([23], [10], [12]). Extensions to
a porous medium [11] and to multi-phase flows with three or more phases ([15],
[14],[20]) have been made. In this paper we will only consider the initial model: the
interfacial velocity is the velocity of one of the phases while the interfacial pressure
is the pressure of the other phase.

The set of equations of the model is composed of a convective part and source
terms: relaxation terms and external forces. The relaxation source terms may be
very stiff, and from a numerical point of view they can be handled in different ways:

• A first way to deal with stiff source terms is to use asymptotic-preserving
(AP) schemes: such schemes must be built in an ingenious way in order to
ensure consistency with the asymptotic model when relaxation time scales -
included in relaxation terms - vanish. This kind of scheme ensures an accurate
approximation if source terms are stiff, but depends on modelling choices. This
is still an open problem for the whole Baer-Nunziato model, while a first AP
scheme has been developped for the barotropic version of this model [1].

• A more common way of proceeding is to use a splitting method for the source
terms (see [17] for the model considered and [18] for the general framework):
for each time iteration, convection and source terms are resolved successively.
It is thus necessary that the Cauchy problem for the convective part has a
solution. This is ensured by the fact that the convective part is strictly hy-
perbolic, except when resonance occurs, which is a specific case that cannot
happen in our applications. This kind of method is very convenient: it only
requires a solver for the convective part, for which there are a lot of schemes
([22], [10], [7], [17] which will be tested in this paper, but also [9], [24], [2], [25]
this list is not exhaustive), and source terms solvers. This modular method is
very useful from an industrial point of view. Naturally it is expected that the
convective solvers be accurate and robust.

In this study the stability, the accuracy and the CPU times - which is im-
portant from an industrial point of view - of several numerical schemes for
the convective part of the Baer-Nunziato model are thus compared and their
convergence is checked.

The outline of the paper is as follows. First the governing equations and the
properties of the model are mentioned. Then some elements to build exact solutions
- a smooth solution and Riemann problems - are given. Next, comparative tests are
done, with ideal gas (IG) equation of state (EOS) for the two phases in the first
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instance and then with stiffened gas (SG) equation of state for one phase and IG
EOS for the other one. Finally we will conclude on the results.

2 The Baer-Nunziato model

Assuming one-dimensional flow, the equations of the convective part of the Baer-
Nunziato (BN) model [3] are as follows:

∂α2

∂t
+ VI

∂α2

∂x
= 0 (1)

∂

∂t
(αkρk) +

∂

∂x
(αkρkuk) = 0 (2.k)

∂

∂t
(αkρkuk) +

∂

∂x
(αkρku

2
k) +

∂

∂x
(αkPk)− PI

∂αk
∂x

= 0 (3.k)

∂

∂t
(αkρkEk) +

∂

∂x
(αkρkEkuk + αkPkuk) + PI

∂αk
∂t

= 0 (4.k)

Statistical fractions αk are such that 0 < αk < 1 and α1 + α2 = 1.

ρk, uk, Pk and Ek (k = 1 or 2) denote the density, the velocity, the pressure and the
total energy of the kth phase. The last one is defined by:

Ek = ek +
1

2
u2k where ek denotes internal energy of the kth phase.

The pressure of each phase is given by different equations of states: Pk = Pk(ρk, ek).
In this article we assume ideal or stiffened gases EOS for each phase:

Pk = (γk − 1)ρkek with γk > 1 (IG)
Pk = (γk − 1)ρkek − γkPk,0, with Pk,0 a given positive constant and γk > 1 (SG).

The interfacial velocity and pressure are chosen as follows:
(VI , PI) = (u1, P2) or (VI , PI) = (u2, P1)

The sound velocities ck are defined by c2k =
1

∂Pk
(ek)

(Pk
ρ2k
− ∂ρk(ek)

)
In particular, for IG or SG EOS the sound velocity can be written:

ck =

√
γkPk
ρk

(IG) ck =

√
γk(Pk + Pk,0)

ρk
(SG)

Some well-known properties of this model are reminded:

Property 1 The system (1-4) is weakly hyperbolic. The seven real eigenvalues are:
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λ1 = VI λ2 = u1 + c1 λ3 = u1 − c1 λ4 = u2 + c2 λ5 = u2 − c2 λ6 = u1 λ7 = u2

The associated eigenvectors span the whole space R7 unless |u2 − u1| = cl, where l
is the phase such that PI := Pl.

The characteristic fields associated with eigenvalues λ1,6,7 are linearly degenerate
while the fields associated with eingenvalues λ2,3,4,5 are genuinely nonlinear.

The phasic entropies sk(Pk, ρk) are defined by c2k∂Pk
(sk) + ∂ρk(sk) = 0

The choice of (VI , PI) is important to define jump conditions across the wave asso-
ciated with λ1 [10].

Property 2 The following entropy equality holds for smooth solutions:

∂t
( ∑
k=1,2

(mksk)
)

+ ∂x
( ∑
k=1,2

(mkuksk)
)

= 0

where mk = αkρk. The introduction of viscous contributions [13] and source terms
[19] enables to derive an entropy inequality that reads:

∂t
( ∑
k=1,2

(mksk)
)

+ ∂x
( ∑
k=1,2

(mkuksk)
)
≥ 0

The source terms correspond to pressure, velocity, temperature, Gibbs potential
relaxation effects. Recall that temperature and velocity relaxation are associated with
heat exchange between phases and drag effects respectively. Gibbs potential unbalance
is responsible of mass transfer.

3 Exact solutions

In this section some elements are given to build a smooth solution when both EOS
are ideal gases, then a reminder concerning the method of construction of solutions
to Riemann problems is given.

3.1 Smooth solution manufacturing

We have been interested in testing the schemes using a smooth solution. The follow-
ing proposition is dedicated to the building of some smooth solutions. The meaning
of the proposition is the following: for some specific given properties of the solution,
what are the initial conditions that allow these expected properties?

The main idea is to find a basic solution with constant (in time and in space)
material velocities. Short enough times are considered so that perturbations stay
away from boundaries.

International Journal on Finite Volumes 4
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Proposition 3.1

Let T > 0, x0 < x1 given real numbers.

Let W : (x, t) 7→W (x, t) = [wi(x, t)]i∈[[1;7]] ∈ C1([x0, x1]×[0;T [, ]0; 1[×(R+
∗ )4×R2)

such that:

• ∀t ∈ [0;T [ ∀i ∈ [[1; 5]] x 7−→ ∂x(wi(x, t)) ∈ C0c (]x0, x1[)

• w6(x, t) = w6 ∈ R ∀(x, t) ∈ [x0, x1]× [0;T [

• w7(x, t) = w7 ∈ R ∀(x, t) ∈ [x0, x1]× [0;T [

Let (BN IG) the system (1-4) - which unknown is W = [α2, ρ1, ρ2, P1, P2, u1, u2]
- closed with VI = u1, PI = P2, Dirichlet boundary conditions and ideal gas equa-
tions of states for both phases: Pk = (γk − 1)ρkek.

If there exists T ∈ [0;T [ such that W|[x0,x1]×[0,T ]
be a solution of (BN IG) then

initial conditions are given by:

α2(x, 0) = α0

mk(x, 0) = mk(x) for k = 1, 2 (Type 1)

Pk(x, 0) = Pk for k = 1, 2
uk(x, 0) = uk for k = 1, 2

or, if w6 = w7:

α2(x, 0) = α(x)
mk(x, 0) = mk(x) for k = 1, 2

P2(x, 0) = P2 (Type 2)

P1(x, 0) =
p0

1− α(x)
+ P2

u1(x, 0) = u2(x, 0) = u1

where α0 ∈]0, 1[, u1 = w6, u2 = w7, P1 > 0 P2 > 0 and p0 > −P2

(
1−max

x
(α(x))

)
are real constants. α (resp mk, for k = 1, 2) is a smooth function of one real variable
defined on R to ]0; 1[ (resp R+

∗ ) whose derivative is a function with compact support
on ]x0;x1[.

Moreover, the solutions for (x, t) ∈ [x0, x1]× [0;T ] are thus:

α2(x, t) = α0

mk(x, t) = mk(x− ukt) for k = 1, 2 (Type 1)

Pk(x, t) = Pk for k = 1, 2
uk(x, t) = uk for k = 1, 2

or:
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α2(x, t) = α(x− u1t)
mk(x, t) = mk(x− u1t) for k = 1, 2

P2(x, t) = P2 (Type 2)

P1(x, t) =
p0

1− α(x− u1t)
+ P2

u1(x, t) = u2(x, t) = u1

It is easy to check that these functions are solutions of the system. The proof of
the proposition is not more difficult and is left to the reader.

We are not interested in type 1 solutions because the fraction is constant. We
will consider type 2 solutions (see test 5.1.1). Notice that compatibility conditions
are needed: equality of velocities and also an equation between P1, P2 and αk.

Remark 1 It is possible to generalize type 2 solutions with discontinuous α(x) or
m1(x) if ρ2 is continuous. Indeed, the assumptions u1(x, t) = u2(x, t) = u1 ∈ R,
P2(x, t) = P2 ∈ R and the continuity of ρ2 ensure jump conditions at a contact

discontinuity compatible with P1(x, t) =
p0

1− α(x− u1t)
+ P2.

3.2 Solutions of Riemann problems

Some elements to build solutions of Riemann problem are given in this section. The
solution of a Riemann problem is composed of constant states separated by shock
waves, rarefaction waves or contact discontinuities. We set VI = u1 and PI = P2.
Eingenvalues are thus:

λ1,6 = u1 (double) λ2 = u1 + c1 λ3 = u1 − c1 λ4 = u2 + c2 λ5 = u2 − c2 λ7 = u2

Unlike the Euler equations, waves are not naturally ordered, we just know a
priori that λ3 < λ1,6 < λ2 and λ5 < λ7 < λ4. Consequently to build a Riemann
problem and its solution, it is easier to start from a left state and to cross each wave
successively to obtain intermediate states and right state than to start from left and
right states and resolve the Riemann problem.

Notice that except for the wave associated with λ1,6 the two phases evolve inde-
pendently: the solution for each phase is locally that of the Euler equations. The
wave’s parametrisation is the same as the single-phase case:

• As the fields associated with λ2,3,4,5 are genuinely nonlinear, each wave can
be a shock wave or a rarefaction wave. The shock waves are thus built using
Ranking-Hugoniot jump relations and complying with Lax entropy criterion,
while the rarefaction waves are parametrized by the Riemann invariants.
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• The field associated with λ7 is linearly degenerate. The discontinuity is parametrized
using the same Riemann invariants as the Euler equations: u2 and P2.

The field associated with λ1,6 is linearly degenerate. It is typical of this model
and permits the coupling between the two phases. The discontinuity associated is
parametrized by the following Riemann invariants:

I11,6 = u1 I21,6 = m2(u1 − u2) I31,6 = m2u2(u2 − u1) + α1P1 + α2P2

I41,6 = m2(u1 − u2)
(
e2 +

P2

ρ2
+

1

2
(u1 − u2)2

)
I51,6 = s2

Notice that the previous smooth solution preserves these invariants.

4 Numerical schemes

Four numerical schemes have been tested on several benchmark tests. The first one
is the classical Rusanov scheme (see [21] for the historical approach, then [17] for
the adaptation to the BN model). The second one is a VFROE-ncv scheme (see
[4] for the general approach and [10] for the BN case with the same set of non-
conservative variables). The third one is a relaxation approximation (see [6] for the
barotropic case and [5] for the model with energy equations). The last scheme [7],
called BN SSIEE and described in appendix A, uses discretisations of the internal
energy equations instead of the total energy ones and a staggered mesh for the ve-
locities. This scheme is adapted from a scheme previously developed for the Euler
equations [16].

Some properties of these schemes are reminded:

4.1 Rusanov scheme

The main idea of the Rusanov (or local Lax-Friedrichs) finite volume scheme is to
use a centred flux to which enough dissipation is added to ensure the stability. The
viscosity coefficient included in the numerical fluxes is chosen as the maximum ab-
solute value of the local wave speeds, that makes the scheme very diffusive. The
fluxes are then easily evaluated, and the CPU time is low since the maximum abso-
lute values of the local wave speeds are memorized when the time step is evaluated.
The positivity of the void fraction and the partial masses is ensured by CFL-like
conditions.

4.2 VFROE-ncv scheme

The VFROE-ncv scheme is an approximate Godunov scheme. The main idea of this
scheme is to solve exactly an approximate linear system to evaluate the fluxes of a
finite volume scheme.

International Journal on Finite Volumes 7
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First, an admissible change of variables is adopted: Q = [α2, u1, u2, P1, P2, s1, s2].
The model is then written using this new set of variables:

∂t(Q) +B(Q)∂x(Q) = 0

At the nth time iteration and at the interface i+ 1
2 , B(Q) is approximated by B(Q)n

i+ 1
2

using Qni and Qni+1. The following system is then resolved exactly:

∂t(Q) +B(Q)n
i+ 1

2

∂x(Q) = 0

As all fields are linearly degenerate, this system is easy to solve, but the considerable
number of computed approximate wave speeds makes this scheme more costly (in
CPU time) than the Rusanov scheme.

At last, interfacial approximations Q∗ are used to compute the fluxes of a finite
volume scheme (in conservative variables).

4.3 Relaxation scheme

The relaxation scheme is a finite volume scheme based on the Suliciu approach.
This scheme [5] has been extended from the barotropic version [6] of the relaxation
scheme using Entropy-Energy duality. A larger system in which the pressures have
been linearized is firstly introduced. This relaxation system, which depends on a
relaxation parameter, tends to the convective part of the BN model when this pa-
rameter tends to 0. The first step of the algorithm is to solve the Riemann problem
of the homogeneous relaxation system; that requires a fixed-point resolution. The
second step consists in an instantaneous relaxation sending instantaneously this pa-
rameter to 0. The relaxation scheme is an entropy-satisfying scheme which preserves
the positivity of the statistical fractions, the densities and the pressures (for ideal
gas EOS) under a CFL-like condition. Moreover it has been recently proved that
the specific enthalpies remain positive for stiffened gas EOS.

4.4 BN SSIEE scheme

The BN SSIEE scheme (see appendix A) is an extension to the Baer-Nunziato model
of a scheme proposed in [16] for the Euler equations. A staggered mesh is used to
define the velocities. The internal energy equations are discretized instead of the
total energy equations. A corrective term is then ”added” in the discretizations of
the internal energy equations to offset a residual term that appears in the discrete
kinetic energy balances in order to converge to the expected solution. The fluxes are
easily (and low costly in CPU time) computed since they are approximated by the
upwinding technique (with respect to the material velocity and not with respect to
the wave velocities) or by the centered technique. The statistical fractions remain
between 0 and 1, the densities, the specific enthalpies (at least for ideal or stiffened
gas EOS) remain positive under CFL-like conditions.

International Journal on Finite Volumes 8
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4.5 General comments

Regular meshes are used for all the tests (for colocated schemes and the staggered
scheme, for which the center of dual cells is located at the border of primal ones’).
The time step is computed for all schemes using:

∆tn =
CFL

maxi,k
(
|uk|+ ck

)n
i

× h (2)

It is convenient to mention for the following simulations that a parameter con-
cerning the accuracy of a fixed-point resolution (a dichotomy) has to be fixed for
the relaxation scheme unlike the other schemes. The choice of this parameter affects
the results (accuracy, CPU time). We have chosen to fix this parameter - named ε -
constant for each test, independently of the mesh size. ε is chosen small enough so
that the error related to the fixed point resolution would be small with respect to
the concistency error on the finest meshes. CPU times obtained on coarse meshes
should thus be shorter if ε is bigger, but it doesn’t seem to be really sensitive in
actual pratice.

Notice that the results are obtained using unidimentional codes. The VFROE-
ncv, Rusanov and BN SSIEE schemes have been programed using FORTRAN 95
unlike the relaxation scheme has been programed using C. CPU times obtained may
be thus affected.

5 Test cases and numerical results

In this section, several test cases are considered. First, ideal gas laws are consid-
ered for the two phases. The first test case is the simulation of a smooth solution.
The following ones are Riemann problems. The second test is a λ1-isolated contact
wave. The solution of the third test case contains two shock waves and a λ1-contact
discontinuity.
Then a stiffened gas law is considered for one of the phases and an ideal gas law
is considered for the other one. Two test cases have been carried out: a stationary
contact discontinuity and another Riemann problem which includes all the waves.

The notation Xdisc refers to the initial position of the discontinuity of the Rie-
mann problem.

Whenever possible and useful the study of the schemes’ convergence with respect
to mesh refinement has been performed. The convergence curves are plotted using
the logarithm to base 10 and L1 discrete errors have been normalized. These curves
show:

Log10

( ||sa − se||L1

||se||L1

)
as a function of Log10(h)

International Journal on Finite Volumes 9
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with sa the approximate solution obtained with a space step h and se the exact
solution.

The CPU time TCPU between the beginning and the end of time iterations of
each simulation has been measured. Each simulation has used an unique processor
(the same for every computations). It is important to notice that measured CPU
times are meaningless if considered alone, because depending on the processor used:
it is the ratio between CPU times obtained for the different schemes which is signif-
icant. Numerical results show:

Log10(TCPU ) as a function of Log10

( ||sa − se||L1

||se||L1

)
We must remark that some CPU times obtained for Rusanov and BN SSIEE

schemes with the coarsest meshes are not very significant due to the shortness of
these times and the lack of accuracy of very short CPU times measurements. We
must also note that the ratio between CPU times obtained for Rusanov and those
obtained for VFROE-ncv may differ significantly according to the test: most of the
CPU time of VFROE-ncv is used for the computation of interfacial states, and the
cost of those ones depends on the pattern of the waves of the linearized problem
(simple upwinding or many root computations).

The parameter ε of the relaxation scheme has been set to 10−9 for the tests 1,
2, 3 and to 10−6 for the tests 4 and 5.

5.1 Ideal gas - Ideal gas

In this part, the equations of state are the following:

Pk = (γk − 1)ρkek with γk > 1

5.1.1 Test 1: A smooth solution

A type-2 solution (see section 3.1) is considered. The following property concerning
approximate solutions obtained with Rusanov and BN SSIEE schemes holds:

Let Mn be a connected set of cells of the (primal) mesh, not necessarily regular,
such that for each mesh of this set the approximation of the variables at the nth

iteration is independent of boundary conditions (ie those cells are far enough from
the boundary). Let Mn

D be the largest set of dual cells such that the volume covered
by those cells is included in Mn (see appendix B of [8] for an example of sets and
the proof of the following property).

Proposition 5.1 We set VI = u1 and PI = P2 and we consider an ideal gas law
(this is also available for stiffened gas equations of state). Let u1 be a real constant,
P2 > 0 and p0 ≥ 0 be constants.

International Journal on Finite Volumes 10
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We assume that ∆tn is small enough to ensure the positivity of the different variables
which have to be.

If at time t = 0 these conditions hold:

(P2)
0
K = P2 ∈ R (P1)

0
K =

p0
(α1)0K

+ P2 ∀K ∈M0

and (u1)
0
K′ = (u2)

0
K′ = u1 ∈ R ∀K ′ ∈M0( resp. K ′ ∈M0

D)

then the discretization obtained after n time iterations using the Rusanov scheme
(resp. BN SSIEE scheme) verifies:

(P2)
n
K = P2 (P1)

n
K =

p0
(α1)nK

+ P2 ∀K ∈Mn

(u1)
n
K′ = (u2)

n
K′ = u1 on each cell K ′ of Mn (resp. Mn

D)

This result means that the velocities and the interfacial pressure are exactly re-
solved for type-2 solutions with the Rusanov scheme and BN SSIEE, and that the
relation between α1 and P1 is maintained. This result is also useful for some kinds
of contact discontinuities (see section 5.2.1).

The four numerical schemes have been tested on a type-2 smooth solution. We
consider the space domain [0; 1]. The final time is Tf = 0.01. The EOS parameters
are γ1 = 2 and γ2 = 3. Initial conditions are as follows:

α2(x, 0) = 0.98/(0.5 ∗ 0.2− 0.5 ∗ 0.4)6 ∗ (x− 0.2)3 ∗ (x− 0.4)31[0.2;0.4] + 0.99
m1(x, 0) = (x− 0.3)5 ∗ (x− 0.5)51[0.3;0.5] + 0.01
m2(x, 0) = (x− 0.15)4 ∗ (x− 0.45)41[0.15;0.45] + 0.99

P2(x, 0) = 0.5 P1(x, 0) =
0.5

1− α2(x)
+ P2(x, 0)

u1(x, 0) = u2(0, t) = 0.8

For all the simulations the CFL number is equal to 0.5.

Figure 2 shows the results obtained with the four schemes using a 500 cells
mesh. The Rusanov and BN SSIEE schemes maintain u1, u2 and P2 constant as
expected. The relaxation scheme maintains these variables nearly constant too: the
errors obtained seem to vanish when ε tends to 0 (see figure 1). The VFROE-ncv
produces some oscillations on these variables. We note that the Rusanov scheme is
very dissipative on the other variables with respect to the other schemes. Moreover
the behavior of ρ2 is wrongly evaluated. VFROE-ncv, BN SSIEE and the relaxation
scheme have a close behavior on α2, ρ1, ρ2 and P1.

Figure 3 shows the convergence of the schemes. As regards u1, u2 and P2, only
the error obtained with VFROE-ncv is drawn; the meshes are not refined enough
to get the theoretical asymptotic rate of convergence. As regards the other vari-
ables the errors obtained for the relaxation scheme, VFROE-ncv and BN SSIEE are

International Journal on Finite Volumes 11
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approximately equal independently of the mesh size and the four schemes seem to
converge, with a h1 asymptotic rate of convergence.

The measured CPU times are now considered as a function of the errors (figure
4). We note some major differences among the schemes. The runtime of BN SSIEE
scheme is low (table 1). This can be explained by the fact that no expensive cal-
culations (root calculations for instance) must be made, except for the time step
obtained using the CFL condition (2). The long CPU time of the relaxation scheme
is due to some implicit resolutions and the high one of the VFROE-ncv scheme is
related to the considerable number of root calculations. The Rusanov scheme has a
low CPU cost if considered as a function of the mesh size, but is the most expensive
if considered as a function of the error.

Table 1: Test 1 - Measured CPU times for the 200,000 cells mesh (seconds)

Rusanov Relaxation BN SSIEE VFROE-ncv

CPU time 3311 s 32256 s 3948 s 103678 s

-10 -8 -6 -4 -2 0

-12

-10

-8

-6

-4

-2

P2

u1

u2

Figure 1: Test 1 - Relaxation scheme - 1,000 cells - log10 of the error with L1 norm
as a function of log10(ε)
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Figure 2: Test 1 - Results for 500 cells
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Figure 3: Test 1 - log10 of the L1 norm of the error as a function of log10(h)
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Figure 4: Test 1 - log10 of CPU time as a function of log10 of the error with L1 norm
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5.1.2 Test 2: Isolated coupling wave

The solution of this first Riemann problem is a contact discontinuity associated
with VI with a reasonable jump of αk. Initial conditions have been chosen such that
velocities are not equal and such that interfacial pressure PI is discontinuous, in
order not to have a specific contact (see test 1 and test 4) for which most numerical
schemes have a very good behavior due to those very specific initial conditions.

Table 2: Test 2 - model and simulation parameters

VI PI γ1 γ2 Domain Xdisc Tf CFL

u1 P2 2 3 [0; 1] 0.5 0.1 0.5

Table 3: Test 2 - inital conditions

α2 ρ1 ρ2 u1 u2 P1 P2

Left
state

0.2 1.5185185 1.25 0.3110988 0.1837722 1.2 1

Right
state

0.8 0.5 1.2539534 0.3110988 0.2793675 1.7771419 1.0095183

Even though all the four tested schemes converge (see figure 6), with a h
1
2 asymp-

totic rate of convergence as expected, we note that this kind of solution is wrongly
estimated by numerical schemes in a general way: a considerable error is produced
on coarse meshes.

Several kinds of behavior are observed among tested schemes. The results ob-
tained with a 1,000 cells mesh are shown in figure 5. The schemes produce some
oscillations located at the position of ghost waves uk ± ck (see [2] for another exam-
ple). The oscillations are considerable with the BN SSIEE scheme, in particular for
the variables ρ2, u1 and P2. Those obtained with VFROE-ncv make the results not
very accurate when coarse meshes are used, but they narrow rapidly during mesh
refinement. The results obtained for α2, ρ1 and P1 with BN SSIEE, VFROE-ncv
and the relaxation scheme are very close. The Rusanov scheme is very dissipative.
The relaxation scheme has a very good behavior and accuracy.

The errors obtained with the relaxation scheme, BN SSIEE and VFROE-ncv
are close for α2, ρ1 and P1 independently of the mesh size (see figure 6). If the
error is taken as fixed for one of these variables, then the BN SSIEE scheme thus
needs a lower run time than the other schemes to reach this error (figure 7) while
VFROE-ncv and the relaxation scheme need the same order of magnitude of run
time (VFROE-ncv is a little better than the relaxation scheme on fine meshes and
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a little worse on coarse meshes). In spite of a low run time with respect to the size
of the mesh, the Rusanov scheme is the slowest for a fixed error because of its dis-
sipative behavior. We now focus on ρ2, P2 and u1. The accuracy of the BN SSIEE
scheme is poor, as regards fixed mesh size or even fixed CPU time, due to the os-
cillations near the ghost waves. However adding some other waves in the Riemann
problem radically increases the accuracy (see section 5.1.3) compared to the other
schemes. The VFROE-ncv scheme is not very accurate, in particular with coarse
meshes, but converges in practice faster than expected until reaching the asymptotic
rate of convergence. Lastly, as regards u2 the most accurate scheme for a fixed mesh
size is the relaxation one while the most accurate for a fixed CPU time is BN SSIEE.

Table 4: Test 2 - Measured CPU times, simulations with 200,000 cells (seconds)

Rusanov Relaxation BN SSIEE VFROE-ncv

CPU time 6449 s 43425 s 7043 s 36768 s
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Figure 5: Test 2 - results with a 1000-cells mesh
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Figure 6: Test 2 - log10 of the L1 norm of the error as a function of log10(h)
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Figure 7: Test 2 - log10 of CPU time as a function of log10 of the error with L1 norm
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5.1.3 Test 3: Coupling wave and shock waves

The following test is a Riemann problem. The solution is made of two shock waves
and one contact discontinuity (the one associated with VI). The constant states
of the solution are given in table 6. The contact discontinuity separates the same
states as the ones considered in the previous test.

x

t

Left state

State 1 State 2

Right state

Figure 8: Test 3 - Pattern of the solution

Table 5: Test 3 - model and simulation parameters

VI PI γ1 γ2 Domain Xdisc Tf CFL

u1 P2 2 3 [0; 1] 0.5 0.1 0.5

Table 6: Initial and intermediary states of test 3

State α2 ρ1 ρ2 u1 u2 P1 P2

Left 0.2 1 1 0.8 0.5 0.5 0.5

1 0.2 1 1.25 0.8 0.1837722 0.5 1

2 0.2 1.5185185 1.25 0.3110988 0.1837722 1.2 1

Right 0.8 0.5 1.2539534 0.3110988 0.2793675 1.7771419 1.0095183

The results obtained with 100 cells are shown on figure 9. As in the previous
test, BN SSIEE produces oscillations near the ghost waves u1 + c1 and u2 + c2. The
relaxation scheme and VFROE-ncv have a similar behavior except near the ghost
waves and for ρ2 where the relaxation scheme is more accurate. The BN SSIEE
scheme is overall more accurate in the neighborhood of the shock waves, using L1

norm, but is not always monotone. As usual, the Rusanov scheme is very dissipative.

The errors obtained on meshes of 100 to 200,000 cells are drawn on figure 10.
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The errors obtained with VFROE-ncv and the relaxation scheme are very close.
The curves of BN SSIEE, VFROE-ncv and the relaxation scheme for α2 and ρ1
superimpose. As regards ρ2, P2 and u2 with the BN SSIEE scheme, the curves of
convergence are irregular. Errors obtained are lower between 100 to 10,000 cells and
higher with 50,000 and more cells than the ones obtained with VFROE-ncv and the
relaxation scheme.

CPU times as a function of the errors are considered on figure 11. In general,
the BN SSIEE scheme is by far the fastest scheme tested with a fixed error, despite
the presence of two ghost waves. This is due to the cheap CPU cost with a fixed size
mesh and to the accuracy near shock waves. VFROE-ncv is efficient on fine meshes
but is not on coarse meshes. The Rusanov scheme is in general less efficient, except
for ρ2 and P2. Cost estimates for each scheme for a fixed error are given in table 8.

Table 7: Test 3 - Measured CPU times, simulations with 200,000 cells (seconds)

Rusanov Relaxation BN SSIEE VFROE-ncv

CPU time 7079 s 43490 s 7171 s 29776 s

Table 8: Test 3 - Estimation of CPU time requisite (seconds) to reach a fixed error
(normalized)

Er(α2)= Er(ρ1)= Er(ρ2)= Er(P1)= Er(P2)= Er(u1)= Er(u2)=

10−3 5 ∗ 10−3 5 ∗ 10−4 10−3 10−4 10−4 5 ∗ 10−4

Rusanov 5910 30.5 1.25 533.9 291.2 547 881.4

Relaxation 923 6.5 1.84 95.7 297.0 160.5 268.2

BN SSIEE 134 0.9 0.05 15.3 73.6 50.1 39.9

VFROE-ncv 634 12.9 5.18 99.8 245.5 162.6 232.3
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Figure 9: Test 3 - Results with 100 cells
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Figure 10: Test 3 - log10 of the L1 norm of the error as a function of log10(h)
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Figure 11: Test 3 - log10 of CPU time as a function of log10 of the error with L1

norm
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5.2 Stiffened gas - Ideal gas

In this section, the equations of state are the following:

Pk = (γk − 1)ρkek − γkPk,0 with γk > 1

and with Pk,0 = 0 for one of the phases and Pk,0 > 0 for the other one.

5.2.1 Test 4: A stationary isolated coupling wave

The solution considered in this test is a stationary isolated contact wave taken from
[25]. The final time Tf is chosen shorter than in the original test, because of the
dissipative behavior of the Rusanov scheme. This kind of contact wave is generally
well approximated by the schemes, because u1 = u2 = 0 and PI is constant across
the contact discontinuity associated with VI . We establish the following proposition:

Proposition 5.2 Stiffened gas or ideal gas equations of state are considered. A
Riemann problem is considered where the solution Wexact is made of constant states
separated by a VI-contact discontinuity such that the initial state verifies:

(u1)L = (u1)R = (u2)L = (u2)R = 0 and (PI)L = (PI)R

Let Wn
K be the approximate solution obtained on a primal cell K at the nth time iter-

ation using the BN SSIEE scheme (we assume that the discretizations of the volume
fractions, the densities and the square of the sound velocities remain positive).

Then for all cell K in Mn: Wn
K = Wexact(xK , t

n)

where Mn is defined section 5.1.1 and xk is the center of the cell K.

The proof of this proposition is available in an appendix of [8].

Remark 2 This property is verified by a lot of schemes and is due to these specific
initial conditions.

Remark 3 We have shown (proposition 5.1) that the Rusanov scheme resolves ex-
actly the constant states u1, u2 and PI for this kind of problem. It should be
emphasized that the interfacial pressure PI may be discontinuous across a station-
ary contact discontinuity associated with VI , and in this case the velocities are no
longer resolved exactly by the Rusanov scheme.

Table 9: Test 4 - model and simulation parameters

VI PI γ1 P1,0 γ2 P2,0 Domain Xdisc Tf CFL

u2 P1 1.4 0 3 10 [0; 1] 0.5 0.05 0.9
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Table 10: Test 4 - inital conditions

α2 ρ1 ρ2 u1 u2 P1 P2

Left 0.6 1.4 1.4 0 0 1 2

Right 0.3 1 1 0 0 1 3

The results obtained with 100 cells are shown in figure 12. The BN SSIEE
scheme resolves exactly the solution as expected. These results are not visible be-
cause they coincide with those obtained with the relaxation scheme. The Rusanov
scheme, except for u1, u2 and P1, does not resolve the solution exactly; this is due
to the dissipative term added to ensure the stability.

Some oscillations occur on the constant states with VFROE-ncv. However these
oscillations don’t seem to hinder the convergence when the mesh is refined. We
note that other results may be obtained for VFROE-ncv; this is due to the choice
of the approximate value at the interface between two cells: indeed, if at least one
eigenvalue of the approximate linearized set of equations is equal to zero then the

interfacial states are undefined (see appendix A of [8]). If Q∗ = QL +
∑
j|λj≤0

ξjrj

or Q∗ = QL +
∑
j|λj<0

ξjrj or any linear combination of these terms is chosen then

oscillations will occur: in any case V ∗I is not equal to zero (near the initial location
of the discontinuity) since the first time iteration.
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Figure 12: Test 4 - results obtained with 100 cells
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5.2.2 Test 5: A general Riemann problem

This test is taken from [25]. Phase 1 has an ideal gas equation of state while phase
2 has a stiffened gas one. The exact solution is composed of two rarefaction waves,
one contact discontinuity and two strong shock waves.

Table 11: Test 5 - model and simulation parameters

VI PI γ1 P1,0 γ2 P2,0 Domain Xdisc Tf CFL

u2 P1 1.4 0 3 100 [0; 1] 0.8 0.007 0.9

Table 12: Test 5 - inital conditions

α2 ρ1 ρ2 u1 u2 P1 P2

Left 0.7 1 1 -19.5975 -19.5975 1000 1000

Right 0.2 1 1 -19.5975 -19.5975 0.01 0.01

We note that the Mach number Ma = |u1|√
γ1P1/ρ1

of phase 1 is initially approxi-

mately equal to 0.52 at the left and to 165.6 at the right. In applications, we most
often consider subsonic flows (ie Ma < 1); however this case is interesting to assess
the behavior of the algorithms on strong shock waves.

Regarding VFROE-ncv a loss of positivy on ρ1 occurs at the first time iteration.
This trouble is due to the strong jump of pressure P1: the approximate entropy at
the interface between left and right states is very small (0.01) because of the simple
upwinding of the entropy, whereas the pressure at the interface P ∗1 (500.005) is ob-
tained using left and right pressures. Consequently, the density at the interface ρ∗1
is very large (approximately 2272), hence the positivity is lost. We note that this
problem does not occur on phase 2 despite the same initial jump of pressure and
partial mass because of the use of a different equation of state: thanks to P2,0 the
entropy at the interface (100.01) is higher than the one of phase 1. The same test
has been carried out by increasing the CFL number slowly, and then with a very
small fixed CFL number (9∗10−9), but that turned out to be insufficient. This kind
of problem may also occur with the Euler equations.

Figure 13 shows the results obtained with the three other schemes. The Ru-
sanov scheme is very dissipative as usual and has some difficulties to approximate
the intermediary states, in particular the peak on ρ2. The results obtained using
BN SSIEE are better than using Rusanov, but an oscillating behavior is observed
on some states. However, these oscillations are reduced when the mesh is refined.
The relaxation scheme has good behavior, the results seem to be similar to the ones
obtained with HLLC in [25].
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Figure 13: Test 5 - Results obtained with 100 cells
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6 Summary of the results

A benchmark study has been carried out in order to compare four numerical schemes
on the convective and unidimensional part of the Baer-Nunziato model.

• The first test case does not require a lot of robustness and allows the com-
parison of the accuracy and runtime of the schemes. We observe that the
proposed smooth solution verifies the Riemann invariants of a coupling con-
tact discontinuity. An interesting extension should be a solution which verifies
those invariants with u2 not constant in order to get P2 and α2 not constant
simultaneously. Such a solution coupled with a coupling contact discontinuity
should be useful to check the constistency of schemes with non-conservative
products.

• The second test case is an isolated coupling discontinuity. This test is impor-
tant because this kind of wave does not exist in the single phase framework
(Euler equations) and the behavior of schemes has been less studied for this
kind of wave than the other waves (shock, monophasic contact and rarefaction
waves). In a general way, schemes are not accurate for this kind of test.

• The third test uses the previous coupling contact discontinuity with two shock
waves. This test allows the comparison of the behavior of the schemes on those
waves but also to minimize results of test 2: in practice, it is unlikely a contact
wave be isolated.

• Tests 4 and 5 have been taken from literature and allow the comparison of the
schemes with stiffened gas EOS. It is important to emphasize that initial con-
ditions of test 4 are particular: velocities are both equal to zero and interfacial
pressure is constant across the contact. For these initial conditions, schemes
have an excellent behavior but these conceal the main numerical complexities
(see test 2). Test 5 is also singular because of a high Mach numbers configu-
ration, which is far from our applications. However, this test is interesting to
test robustness of schemes in the presence of strong shock waves.

We note that it would be interesting to carry out the following two test cases
to complete this study. A first test would be a one with a very strong jump of
void fraction. This kind of test is difficult for the schemes and is rarely shown in
literature. A second test would be a low Mach case with values near applications.

As regards numerical schemes, the following observations emerge from the study:

• The Rusanov scheme is the scheme which has the lowest CPU times for a fixed
size of mesh, but is also the one which produces the most errors for a fixed size
of mesh. The second point is not compensated by the first one, this scheme is
not competitive against the three other schemes.
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• The BN SSIEE scheme, which has been explored for reasons related to source
terms, in general is not the most accurate for a fixed size of mesh; this is due to
a poor accuracy near the ghost waves. However the low CPU time cost seems
to compensate the lack of accuracy that may sometimes occur. This scheme
- which is a very good scheme in the monophasic case - should be improved
in the case of the BN model to be more robust when strong jumps of void
fraction are considered and to be more accurate on coupling waves.

• The relaxation scheme appears to be the best candidate from an industrial
point of view. Indeed, this scheme is accurate, even on coarse meshes, with
an acceptable cost when compressible flows are considered and is robust, in
particular when the jump of the void fraction is near 1, a kind of test which
has not been shown in this article.

• The accuracy for a fixed size of mesh of the VFROE-ncv scheme is satisfactory
but this scheme is quite expensive in terms of CPU time. However, some
problems of loss of positivity may occur, in particular when strong jumps of
void fractions are considered. In a general way, this scheme does not seem to
have benefits with respect to the relaxation scheme.

The results obtained in this study provide information about the behavior, the
accuracy and the CPU cost of some convective schemes in the one-dimensional case
and provide trends as regards the multidimensional and full BN model. However,
the above conclusions must take the following remarks into account. In practice,
the relaxation source terms - which are not considered in this article - are handled
using splitting methods. The numerical resolution of these terms - on each cell of
the mesh - includes implicit methods, the CPU costs of which are significant. If only
convection is considered, a scheme may be faster and more accurate using a finer
mesh than a scheme which is more accurate for a fixed size of mesh. However, in
the case of the full model with source terms, the time step is still computed using
the CFL condition of the convective part, so to refine the mesh involves much more
implicit calculations. It would be interesting to carry out some tests on the full BN
model in order to have an estimation of the runtimes and the errors of the source
terms and convective parts.
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Appendix A: The BN SSIEE scheme

The BN SSIEE (Staggered Scheme using Internal Energy Equations for the Baer-
Nunziato model) scheme is briefly reminded. More details are given in [7]. The main
feature of this scheme is to use the discretization of the internal energy equations
(A.1.k) instead of total energy equations (4.k). The equations (A.1.k) may be a
substitute for the equations (4.k) in an equivalent manner when smooth solutions
are considered, but not in the attendance of (discontinuous) shock waves:

∂t(mkek) + ∂x(mkekuk) + αkPk∂x(uk) + ukPI∂x(αk) + PI∂t(αk) = 0 (A.1.k)

A corrective term is thus used in the discretization of (A.1.k) in order to get a
consistant weak discretization of the model (1-4) near the shock wave (see [16]).

A first mesh (primal mesh) is used to discretize (1), (2.k) and (A.1.k) (k=1 or
2), and a second mesh (dual mesh), built using the primal mesh, is used to discretize
the momentum balance equations (3.k). In this reminder, regular meshes are used;
otherwise the weight of average values of the variables and of the fluxes are not equal
to 1/2 anymore but depend on the volume of the cells (see [7]).

| || |• • •
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The mass fractions are first determined using the primal mesh:
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where the numerical fluxes are:
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i is then obtained using the following discretization on the

primal mesh:
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Internal energy equations (A.1.k) are then discretized using the primal mesh:
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where (Fek)
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The corrective terms (Sk)
n−1
i on the right handside of the discretization of inter-

nal energy equations enable to recover weak total energy balances. They are defined
as follows:
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The following fluxes are used to the resolve the momentum balance equations:
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The momentum balance equations (3.k) are then discretized using the dual
mesh:
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where the approximations of αkρk and PI on the dual mesh are defined by
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