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Calculus of the coarse Ricci curvatures k and & on
an example of degenerated diffusion

Laurent Veysseire

This work is about studying an example of a degenerated diffusion on
which the Ollivier’s generalization of coarse Ricci curvature is positive, thus
allowing to get a Poincaré inequality.

In section 1, we give the formulas to compute the two different curva-
tures, x and &, introduced in [4]. The curvature s is the classical Ollivier’s
coarse Ricci curvature, whereas the curvature & is a modified version of it,
which only exists in special cases and is always smaller than k. In the exam-
ple presented in this paper, the curvature & is less usefull than the curvature
K to get a good constant in the Poincaré inequality, because, due to the sym-
metries, the curvatures will be the same everywhere on the manifold, so the
harmonic mean of £ will always be smaller than the infimum of .

In section 2, the example of degenerated diffusion is introduced by defin-
ing its generator, along with a lot of notations which will be used in the
further sections.

Section 3 describes the eigenvalues and eigenvectors of the generator, and
in particular, this gives the true optimal Poincaré constant for the diffusion
we are studying here. This section is mostly independent from the other
sections and is quite long, so it can be skipped by the reader if he is more
interested in the curvature computations than in the spectral analysis of the
generator.

Section 4 is where the curvatures x and K are actually computed thanks
to the formulas given in section 1.

In the section 5 is a discussion about the regularity of the optimal cou-
plings used to define the curvatures x and K in this particular example of
diffusion, and how it behaves differently than is the non-degenerate case.

The final section 6 shows that the more classical Bakry—Emery curva-
ture approach fails in the example we study here, proving the utility of the
Ollivier’s coarse Ricci curvature.

This work was supported by the Ecole Normale Superieure de Lyon
(France), the mathematics laboratory LAMA (UMR 8050) at the university



of Marne-la-Vallée (France) and the TECHNION (Haifa, Israel).

1 Formulas for x and &

The coarse Ricci curvatures x and & we are computing here are the ones
introduced in [4] for diffusions. We first recall the formulas for computing
them.

Let (M, g) be a smooth Riemannian manifold, and let

1 .. .
L= AN, + F'V;

be the generator of a diffusion on M, with A a smooth symmetric nonnega-
tive tensor field, F' a smooth vector field, and V the Levi-Civita connexion
on M.

We take = and y two different points on M, such that (x,y) is not
on the cut-locus of M. Then there exist u(z,y) € T, M and u(y,z) €
TyM two unit norm vectors such that y = exp,(d(z,y)u(z,y)) and =
exp, (d(z,y)u(y, r)), and they are unique.

geodesic from x to y

The distance admits the following Taylor expansion in the neighborhood
of (z,y):

d(expy(ev), expy (ew)) = d(z,y) — elg(x)(u(z,y),v) + 9(y) (u(y, 2), )]
£2

Zd(:l/‘, y) [q(l) (l‘, y) (U, U) + Q(Q) (q;, y) (w, w) + 2q(12) (33, y)(v, ’UJ)] 4 0(83)

+




where ¢ (z,7), ¢ (z,y) and ¢"'?(z,y) are quadratic forms, and can be
computed by integrating the Jacobi field along the geodesic joining x to y.

Then the coarse Ricci curvature x between z and y takes the following
form:

K(z,y) = i) (9(z)(u(z,y), F(z)) + g(y)(u(y, z), F(y)))
- %(tr(A(rc)q“)(x, )+ tr(A)g® (2. 4))

wor (VAW ) A0 )

The curvature < is only defined when the tensor field A satisfies the
following condition:

(H):V;iAjp+ VA + Vi Ay =0,
with A;; = gikAklglj. In this case, we take
p(z,y) = (9(x)A(2)g(2)) (u(z, y), u(z,y)) = (9(¥) A(Y)9(v)) (u(y, ), u(y, z)).
If p(x,y) # 0 we define

p(x,y)

and

: Ay)g()uly, z)u” (y, 2)g(y) Aly)
p(z,y) '

The tensor A(z) corresponds to the orthogonal projection of A(z) on Im(A(z))N
(g(x)u(z,y))*, with respect to the scalar product induced by A(z) on Im(A(z)),
and the same holds by replacing A(z) with A(y), A(z) with A(y) and
g(x)u(z,y) with g(y)u(y,z). Then the curvature & can by computed us-
ing the following formula:

(9(z)(w(z,y), F(x)) + 9(y)(uly, z), F(y)))

R($7y) = d
(z,y)
¢ (A(z)g(x)u(z,y), A(y)g(y)uly, ©))

_%(tr(A(:B)q(” (z,9)+tr(A(y)q? (=, 9)))+ p(z,y)

w1 (VA @) A @)




(Sorry, I wrote a wrong formula in the first version of [4].)

In the case when p(z,y) = 0, the variance term of the distance is 0
for every coupling, so the maximal decay rate of the distance under the
constraint that this term cancels (which was the definition of &) is given by
K, so if p(z,y) = 0, we have

i(z,y) = K(z,y).

2 Our example of degenerated diffusion

In our example, the manifold M will be the sphere of odd dimension S~ 1,
and the diffusion will be a Brownian motion restricted to the directions
orthogonal to the fibers of the Hopf fibration on S?*~!. Due to the symme-
tries, this diffusion is reversible with respect to the usual normalised volume
measure. We will denote by o9,_1 this measure.

So we will assume that n > 2, because the resulting diffusion in the case
n =1 is a bit too degenerated.

We will work on C" equipped with an hermitian product (y,z). Here,
we take the convention where this product is semilinear with respect to y
and linear with respect to . We identify 5?1 with the unit sphere of C"
for the hermitian norm. The Hopf fiber of z € S~ ! is {e¥.2,0 € [0,27)}.
The quotient space is naturally the complex projective space of dimension
n—1.

The hermitian scalar product on C" inducts an Euclidean one, which is
its real part, and a symplectic form, which is its imaginary part. We denote
by go the symmetric tensor corresponding to the Euclidean norm, and by &
the antisymmetric one which corresponds to the symplectic form. For any
orthonormal C-basis (z1,...,z,), we have:

n
go =Y i@} + (iz)* ® (iz;)"
7=1

and

n
&= ij ® (ixj)" — (izj)* @z},
j=1

where x* = gg.x is the R-linear form on C™ defined by z*(y) = Re({(z,y)).

Beware, the tensor products are here over R, so for any two non-zero
vectors x and y, the four tensors z ® y, x ® iy, iz ® y and iz ® iy form a
linearly free system, even if x = y!



The metric we put on $2"~! is the one induced by the Euclidean norm,
and the tensors of the diffusion are:

Alz) =gyt —2®@ 2 — (ir) ® (i) and F(z) = 0.

In the particular case where n = 2, we can identify S3 to the set of
unit norm quaternions, and we may approximate our diffusion by Markov
chains as follows. Let ¢ > 0, we discretize the time by taking intervals of
length €. At each step N, we randomly choose py = 1 and gy = +1,
independently and taking the value +1 with probability % and the value —1
with probability %, and we jump to X(y41).2 = es(pNjJquk‘)XNEz, where the
exponential function and the product are the ones in the set of quaternions.
Our diffusion is the limit of this random walk when € tends to 0. Then, with
this interpretation, we see a simple coupling between pathes: we take one
path Z; of the diffusion starting at 1, and for any two starting points z and
y, we set Xy = Zy.x and Y; = Z;.y. This is an isometric coupling between
the pathes starting at « and those ones starting at y. The simple fact that
such a coupling exists implies that A satisfies the (H) condition, and that
R(z,y) > 0 (and thus that x(z,y) > 0, since k > K). This remark also
holds more generally for diffusions unvariant by right multiplication (which
means that P!f(y.x) = P'f.(y), with fz(2) = f(z.x)) on finite dimentional
Lie groups equipped with a metric which is unvariant by left multiplication
(i.e. d(z,y) = d(z.x, 2.y)).

For n > 2, we saw in Example 22 in [4] that the A which satisfy (H) on
S2n=1 could be defined thanks to a four dimensional tensor in 7' € R?" ~ C"
having the symmetry of a Riemann tensor in the following way:

A(z)(g(x)u, g(z)u) = T(z,u, z,u)
for every u € T,S5%"1, that is, for every u go-orthogonal to z. Now let us

consider the four dimensional tensor defined by:

T(x,y,2,t) = go(x, 2)g0(y, t)—go(,t)go(y, Z)—%(Qﬁ(fv, Y)§(z,t)+E(x, 2)€(y, 1) +E(@, 1)(2,y))-
It has the symmetry of a Riemann tensor, i.e.

T(x,y,z,t) = -T(x,y,t,z) =T(z,t,x,y)
T(x,y,z,t) + T(x,2,t,y) + T(x,t,y,2) = 0.
Checking this equalities is easy and is left to the reader. Now, we have, for
any u go-orthogonal to x, T'(x, u, z,u) = go(u,u)—(£(x,u))?, and A(x)(u,u) =
go(u,u) — ((iz)*.u)?, but we have

(iz)*u = Re((iz,u)) = =Im((x,u)) = —&(x,u)



so the tensor T' defines the tensor field A in the way stated above, thus A
satisfies (H).

3 Eigenvalues and eigenvectors of the generator

A positive lower bound of the curvature x or & implies a positive lower bound
for the spectral gap of the generator, as seen in [4].

In this section, we give the whole spectrum and a nice basis of eigenvec-
tors of the generator of our diffusion. So we can get its spectral gap, and we
will compare it later to the bounds obtained by computing x and k.

3.1 A simple description of the eigensubspaces

We first remark we can write our generator as a difference or two more
simple operators:

1 1
L=-Ag—-A
PR

where Ag is the classical Laplacian operator on the 2n — 1-dimensional
sphere, and A is the Laplacian operator on the Hopf fiber (more explicitely,
Apgf(x) = dd—; o f(e?z)). As we will see below, the operators Ag and
Ay commute, the nontrivial inersections of an eigensubspace of Ag and
an eigensubspace of Ay form an orthogonal decomposition of the space
L?(02,_1) on subspaces of eigenvectors of L.

Let us remind the eigensubspaces and the eigenvalues of the classical
Laplacian A on the sphere SV, which can be found in [3], for example.

Definition 1 Let N € N, N > 1. We denote by Il the space of restrictions
to SN of polynomials of degree d on N +1 variables o, ..., xyn. We also set
Ey=1ly and E4 =1IzN (Hd,l)L for d > 1, where the orthogonal of Ilg_1 is
taken with respect to the scalar product of La(on).

The following proposition gives us the eigenvalues and eigensubspaces of
A.

Proposition 2 The subspaces Ey4 are the eigensubspaces of A, and the cor-
responding eigenvalues are —d(d + N — 1).

Proof : Let f be a smooth function on RN*1 and 2 € SY. We want to
compute Af(zx), where f is the restriction of f to S™. Let ey,...,ex be an



orthonormal basis of T,,S~. Then we have:

- d?
Af(@) =) qple=of(i(t)
prll

where ;(t) = exp,(t.e;) = cos(t)x + sin(t)e; is the geodesic starting at x
with speed e;. We have
d2
@f(cos(t)x +sin(t)e;) = — cos(t)Vy f(cos(t)x + sin(t)e;) + sin(t) Ve, f(cos(t)x + sin(t)e;)

+ sin(t)2V2,, f(cos(t)z + sin(t)e;) — 2sin(t) cos(t)Vieif(cos(t)x + sin(t)e;)

+ cos(t)QVSieif(cos(t)x + sin(t)e;),

where V and V? are the usual gradient and hessian in RV, So we get:
Af(z) = ~NVaf(x +Zv% = Aof(x) = NV f(z) = V2, f(2),

where Ag is the usual Laplacian on RV*! | and the last equality is due to
the simple fact that Agf = V2, f + Zfil Vzieif, because z,eq,...,ey is an
orthonormal basis of RNV+1,

Let us apply the precedlng formula for f being a monomial of degree d:

f(x):]_[fvo z%, with SN o @ = d. We have

N N
Af(x) :Z (o — 1)z%i~? H m?j —NZ;UZ- it H x?j

i=0 JE[IO,N],57i i=0 JE[0,N|],5#
— E E zixj | Limjou(oy — 1):6?72 H zp*

=0 j=0 ke[|0,N|],k#£i

1 —1 04]_1 (652
+ z;,,gja,oz] T, x,

ke[\o N, k;éz' k#j

N
=g(x) + f(x)(—= Z ZZ @iy — li=jy))
1= =0 5=0
=g(w)—d(d+N—1)f(w)

where g = Agf is an homogenous polynomial of degree d — 2 (or g = 0 if
d<2).



By linearity, we get that Il; is stabilized by A, and more precisely, for
any f € Iz, we have Af +d(d+ N —1)f € Il_1. Let f € Ey, we set g =
Af+d(d+N—-1)f € Ilj_1. We have [on gAfdoy = [gn G(—d(d+N—1)f+
g)doy = [on lg|?don because f € Ey, so f is orthogonal to g. But A is a
symmetric operator of Ly(on), so we have [y gAfdon = [on fA(g)don =
0 because Ag € II4_1, so it is orthogonal to f. Thus [gy lg|?doy = 0, hence
g=0and Af = —d(d+ N —1)f, that is to say, provided f is not 0, it is an
eigenvector of A with the eigenvalue —d(d + N — 1).

The linear span of the E, is the set of the restrictions of polynomials to
SN which is dense in the space of continuous functions on SV, and thus in
Ls(on), so we have found all the eigenvalues.[]

One can also compute the dimensions of the spaces Ey to get the mul-
tiplicity of the eigenvalues. As IIz_; C IIg, we have dim(Ey;) = dim(IIg) —
dim(II4—1). Two distinct polynomials can have the same restriction on SN,
in which case their difference is a polynomial that cancels on SV, so it is

a multiple of Py = (Zi]\io :L',?) — 1. So the kernel of the linear map which

associates to a polynomial of degree d or less its restriction to SV is exactly
the set of the products of Py and a polynomial of degree less or equal to
d—2.

The dimension of the space of polynomials of degree d or less in N + 1

variables is the binomial coefficient (NJiTl) So the dimension of Il; is

(N]—\"[_jl:{l) - (Nﬁifl) = (N&Fd) + (N+J\‘?_1). And thus the dimension of Ej is

(N+d) o (N+d—2) _ (N—i—d—l) + (N+d—2)
N N J = UN-1 N-1 /)
Classical Fourier analysis gives us the eigenvalues and eigenvectors of

Ag.

Definition 3 Let k € Z, we set F}, the set of L? functions on S?"~! satis-
fying f(e®x) = ek f(x) for all x € S and 0 € [0, 27).

Proposition 4 Any non 0 element of F}, is an eigenvector of Ay for the
eigenvalue —k>. The eigensubspaces of Ay are Fy, and the Fy, ® F_;, for
k>—1.

Proof : The fact that the vectors of F} are eigenvectors of Ay is trivial.
Let f € L?(02,_1), then, by Fubini, the restriction of f on alomst every
Hopf fibers (with respect to the quotient measure of o9,_1 on the set of
Hopf fibers PC") is L?. One can use the classical Fourier decomposition on
each Hopf fiber for which the restriction of f is L?, so using Fubini again, we
have f =", fr, where fi.(2) = fo% e £ (e 2)df, which is well defined
for almost all z, and f; € Fj.[J



Polynomials on the real and imaginary parts x; and y; of the complex
coordinates z; (j € [|1,n|]) can be written as polynomials on the z;’s and
their complex conjugates z;’s.

Remark 5 For any monomial H?:1 z?jfjﬁj , its restriction to S*"~1 belongs
to Fy, with k =", aj — B;.

Definition 6 Let Mgy, be the set of monomials H?:1 z;yjz*jb)j of degree d =

Z?:l aj + B whose restriction to S*"~1 belongs to Fy.

Well note that My, is empty if d and £ do not have the same parity or
if |k| > d. More precisely, we have

M, = # +n—1 % +n—1 1
dk = n—1 n—1 d+k€e2Z,|k|<d>
since the «;’s and (3;’s are nonnegative integers satisfying Z?:l aj = #

and Z?:l B = %'

Definition 7 We denote by Ilg; the vector space of the restrictions to
S2n=1 of the polynomials which are linear combinations of the monomials in
Md,kz-

The dimension of Il is #Mgy, because the restriction to S2n=1 of
homogeneous polynomials of degree d is injective. We remark that Il;; C
IIg42 %, since when one multiplies a monomial of M, by the polynomial
Z?Zl 2jZj, whose restriction to 52—l ig 1, every monomial of the product
belongs to My y2 k.

Definition 8 We set Ey; =y, NILE ., where Iy_oy = {0} if d < 2.

The dimension of Egy is #Myy — #My_2, which is non-zero if n > 1,
k+de2Z and |[k| <dorn=1and |k| =d.

Lemma 9 Let E; be as in Definition 1, with N = 2n — 1 Then, we have
Ede =FE;NF.

Proof : We first prove Fq ) C Eq N Fj,. The inclusion Fq C Fj, is trivial,
let us prove that Fqj C E4. Let f € Egp, and g € II3_;. We trivially
have f € II;, it only remains to check | g2n—1 fg = 0. The function g is the
restriction of some polynomial P(z1,%7,...,2n,%,) of degree smaller than



d — 1. The restriction of each monomial of P belongs to some Fjys, with
|K'| <d—1. So we can write P = Zi;l_dﬂ Py, where each monomial of
Py belongs to some My jr, with d’ < d — 1. The restriction gy of Py to
S?n=1 helongs to Fjs (actually, gy is the orthogonal projection of g on Fy).
Thus f is orthogonal to all the gy with &' # k (remember f € Fy). So
it suffices to show that f is orthogonal to gx. If d + k ¢ 27Z, then f = 0,
and this is trivial. If d + k € 2Z, every monomial of P lies in some Mgy p,

d
with d <d—1and d + k € 2Z. Thus g € ZJLZJ Og—gjr = g9k, so f
is orthogonal to g, since f € Ey;. So we have just proved the inclusion
Ed,k c EgN Fy.

It remains to prove EgNF), C Eqy. Let f € EgNF}. Since f € Eg, there
exists a polynomial P of degree at most d such that f is the restriction of P
to $?"~1. One can use the same decomposition as above P = Zi,:_d Py
As f € F}, the restriction of Py to S?"~! must be 0 for all k' # k, so we
can assume P = Pi. If P has no term of degree d, then f € II;_1, but since
f € E4, f must be orthogonal to f, and then f =0,s0 f € Eg;. If P =P,
has at least one term of degree d, then k + d € 27, and every monomial
of Py lies in some My with d +k € 2Z and d' < d, thus f € ILg.
Let g € Ig_o) C g9 C Ilz—q. Since f € Ey, f is orthogonal to g, so
fe g N HgllQ,k = Eg4). Hence EgN Fy, C Eg.

So the lemma is proved.[]

Now we are able to prove the following theorem, which gives the eigen-
values and eigensubspaces of the operator L:

Theorem 10 For n > 2, the eigenvalues of L are non-positive integers,
and more precisely those ones which can be written

d(d +2n —2) — k?
2 )
where d is a mon-negative integer and k an integer such that k + d € 27

and |k| < d. For a such eigenvalue X\, the corresponding eigensubspace is
®(d,k)|>\d =x Edk, which has finite dimension.

Adj = —

Proof : According to Lemma 9, any non-0 vector of E;; belongs to Ey,
and then is an eigenvector of Ag for the eigenvalue —d(d + 2n — 2) and also
belongs to Fj, and then is an eigenvector of Ay for the eigenvalue —k?2.
Thus such a vector is an eigenvector of L for the eigenvalue \j. As we
remarked just below the definition 8, if n > 2, such a vector does exist as
soon as d and k have the same parity and |k| < d. The eigenvalue Ay, is an
integer because d(d + 2n —2) — k? is an even integer if k and d are both odd
integers or both even integers.

10



Doing as in the proof of Lemma 9, we can write each polynomial of degree
less than d as a sum of polynomials of degree less than d whose restriction to
S?7=1 belongs to F}, so I = Zd/SdJde/ ILy j. Furthermore, we trivially
have, by induction Il = @OSPS 4K Eq—2p ks 50 the linear span of the Eg

is nothing but the set of the restrictions of polynomials to S?"~!, which is
dense in L?, so Ay and Ag commute, and any eigenvalue of L is a Ad -

It remains to check that the \;j are non-positive, and that for a given A,
the equation A = \; has a finite set of solutions among the set of pairs of
integers (d, k) satisfying k + d € 2Z and |k| < d. For a fixed d, the maximal
possible Ay, is obtained when k = d or —d, so Agp < Agg=—(n—1)d <0,
so the Ay are non-positive. If we have A = Mg, we get A < —(n — 1)d,
so d < ﬁ, thus we have a finite number of possible d, and for each one a
finite number of possible k.[]

Corollary 11 The spectral gap of L isn — 1.

Proof :If n = 1, L = 0, so it is trivial. If n > 2, we have \gp = 0 and
Ep, is the set of constant functions, and so has dimension 1. We have
M1 = Ai,—1 = —(n— 1), and for any d > 2, we have for any k such that
k+de2Z and [k| <d Ay < —d(n—1) < =2(n—1) < A1, so Ay is the
greatest non-zero eigenvalue.[

3.2 A nice orthonormal eigenvector basis

In this subsection, we give a nice orthonormal basis of E; . To check that a
given set of vectors of Eg, is an orthonormal basis, it suffices to show they
are orthogonal with each other, have norm 1, and that the cardinal of the
set equals the (finite) dimension of Eq .
We introduce some systems of coordinates to carry out the computations.
We set
rj = |z|? and 0; := arg(z;) for j € [|1,n]].

The angular coordinate ¢; is not uniquely defined if z; = 0, but this only
happens on a set of measure 0 with respect to o2,—1. The coordinates r;
are nonnegative and satisfy the relation

n
ZT’]‘ =1.
j=1

So we parametrize S2"~! with the 2n—1 coordinates 01, ...,60,, 71, ..., Tn_1,
where the 6;’s belong to [0, 27) and the n — 1-uple (r1,...,7,—1) belongs to

11



the domain D,, of R*"~1 defined by r; > 0 and Z;”:_ll r; < 1. This domain
D,, is the closed simplex whose vertices are 0 and the n — 1 vectors of the
canonical basis of R" 1.

If we denote by ¢ the parametrization:

[0,27)" x D, > G2l
v (913

1 ’9n, n—1 Aan
...,Qn,rl,...,rn,l) — (,/7"16Z 17,,,,,/T'n,1€;Z 1,\/@61 )

we have the following.

Proposition 12 The pulled back measure @y(oon—1) of oan—1 by @ is the
normalized Lebesgue measure on [0,271)" x D,,.

Proof : We compute the matrix GG of the pulled back metric, since the

density of the pulled back Riemannian volume measure with respect to the
Lebesgue measure is /det(G). We have for 1 < j <n

o9 _

20, =(0,...,0,i\/r;¢"7,0,...,0)

with 7, =1 — 37"/ rj, and for 1 <j <n-—1

8 eiej eien
i:(ow"aoai’ ) s Uy T )
87“j 2\/7 2%
We get then
G(o o . o) = Diag(ri,...,7rn) 0
1yeeesUnyT1yeeeyin—-1) — 0 Diag(%;---grn{1)+%1n—l
where Diag(ay, ..., ay) is the diagonal matrix whose diagonal coefficients are
ai,...,ar, and 1y is the k x k square matrix whose coefficients all equal to
1.
The determinant of G is thus
1 1 1 1
mte T i+l
111 : _1
det(G) =r1...1m, n T2 T , =T1...T "
1 . S TR 1
™ Th  Th—1 | Tn 1

where we have substracted the first line of the matrix to the other ones to
get the last equality.

12

).



Now we use the formula det(M) = > s  €(0) H;L:_ll m;j 4 ;) for the

determinant of a (n — 1) x (n — 1) square matrix. The last matrix has a
lot of zeros, and to get a non-zero term, the permutation ¢ must satisfy
o(j) = 1or j for every 2 < j < n — 1, which is only possible if ¢ is the
identity or a transposition (1, ). Thus we get:

n—1 n—1
det(G):rl...r — Ti Z 1;[ —?”n+7'1+27”j:1.

j=2 Ty j=2 j=2

Hence the pulled back Riemannian volume measure on S$%"~! by ¢ is the
Lebesgue measure on [0, 27r) x D,. We can remark that the Lebesgue
measure of [0,27)" x D, (( )1),, which is indeed the Riemannian volume
of §2n—1,
We only have to renormalize the measures to get the proposition.l]
The domain D,, can be parametrized on a simple way. For 1 < 7 <n-—1,

we set X = Zf?fﬁ:k € [0,1]. The Xj’s are all well defined as soon as r,_1

and 7, are not both 0, which occurs on a subset of Lebesgue measure 0. We
have r; = (1 — Xj) ch;ll X, for 1 < j <n—1. The application

¢'{ [0, 1]t — D,
(X X)) = (=X, X (1= Xo), e, X X (1= X))

is a diffeomorphism from (0,1)"~! to the interior of D,,. The matrix of its dif-

ferential is lower triangular, and its dlagonal coefficients are —1, — X1, — X1 Xo,..., —
So its determinant is (—1)" [[75 ! X777/, and thus we have:
n—1 )
depy(Lp,Leb™ ) = ] X711 (X;)dX;. (1)

To give the expression of our eigenvectors, we define the following poly-
nomials:

Definition 13 Let a and b be two real numbers greater than —1. For any
k € N, we set P, q the polynomial of degree d obtained by performing the
Gram-Schmidt orthogonalisation algorithm on the canonical basis of polyno-
mials for the following scalar product

/ f(z 41— 2)’d.
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Remark 14 The polynomials Py q have the following expressions:

+b+2d+1DI(a+b+d+1) 1 d¢
P, — (1) (a AT avdeq _ bt
pa(@) = (=1) \/ dT(a+dt T+ dr 1) (i —apded® =2

:(_1)d\/(a+b+2d+l)r‘(a+b+d+1) Zz:() klgfl)kd!F(a+d+1)F(b+d+l) xk(l—x)dfk

AT (atd+ )T (b+d+1) d—R) T (a+k+ DT (bFd—k+1)

=(—1)d (a+b+2d+ )T (atbtd+1) d (—DF AT (a+d+1)T (a+b+d+k+1) g
- AT (a+d+1)T(b+d+1) k=0 "KI(d—k)IT (a+k+1) D (atbrd+1) ©

= (_1)dpb,a,d(1 - l’),

where I'(x) = 0+°° t*~le~tdt is the Buler’s gamma function.

Proof: Let a and b be two real numbellris greater than —1. We first show
that the functions Qg p () = mﬁ(ac‘”d(l — 2)"*%) are polynomials
of degree d and are orthogonals to each other for (.,.), . After that, we will
compute HQa,b,dHZ,b to renormalize Qg p 4.

‘We have
_ 1 a4t
~z9(1 — 2)b dad

d\ 1 ik 1 db
(1) st = g g =

(Ia+d(1 o x)b—i—d)

Qa,b,d(x)

I
e
S]] M&
o

(1—2)F (2)

(_1)k<d>r(a+d+1) . T(b+d+1)

= k)T(a+k+1)" TO+d—k+1)

o

S0 (Qup,d is a polynomial of degree at most d.
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Let 0 < d; < dy. We have:

1
(Qabdi>Rapbds)ab = / (1 — 2)"Quapdy () Qa p,ay () da
0

' d® i btd
— a _ 2
= [ Quarla) gy @1 = a) s

d2 ddz—Fk

= [( 1)k 1Q£ﬁbd11( )dde_k (xa—&-dg(l_x)b—i-dz)]

/ Qa by (@ 2)zT2(1 — )P %2dy  (n — 2 integrations by parts)

1

[( 1)k lQakb 2 (@)a a+k(1*$)b+kQa+k,b+k,d2—k($)}

=0

TTM&

+ /Qabdl a+d2(1_x)b+d2dx
— (1) /Qédgf)dl( otz (1 — p)riadg, 3)

where the last equality occurs because when & > 1, a + k and b + k are
positive, so each term of the sum is 0. If d; < da, one gets 0 because Qg 4.4,
is a polynomial of degree at most di, so differentiating it do times, one gets
0. So Qqp,d, and Qg pd, are orthogonals for (.,.)q s, as announced.

Using equation 3 with dy = ds = d, one has

2ANe(Qupa)l(a+d+1)I'(b+d+1)
F(a+b+2d+2) ’

1Qapallzs = (=1)

where lc(Qqp,q4) is the leading coefficient of the polynomial Qg 4.
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According to equation 2, we have

d
Qupal(z) = Z(_l)k <d> Pla+d+1) , TO+d+1) (1 — z)t*
k=

k)T(atk+1)" T(o+d—Fk+1)

0

B
—
—_
SN—
Bl
T
L

N

d\ (d—k\ Ta+d+DTb+d+1) 4.
)\ | JT(a+k+)T(b+d—k+1)"

(_x)k’(d> Ta+d+ 1)I(b+d+1) '“Z (k:’) . Tla+b+d+1)

Dlat+b+d+1) &= \k)T(at+k+Db+d—k+1)

—zd:(—x)’“' d\T(a+d+1)T(b+d+1) T(a+b+d+k +1)
N k' Tla+b+d+1) T(b+d+1)l(a+k +1)

(4)

where the last equality occurs because of the identity

i <k’) (2 +1) B T(z1 + K +1)
v k F(ZQ —k+ 1)F(21 — 29+ k+ 1) - F(ZQ + 1)F(Zl — 2o+ k' + 1)7
which holds for any ¥’ € N, and for any z; and 25 in C such that z; is not a
negative integer.

This identity can be easily shown by induction on k’, using the fact that
(’Z/) = (’Z:ll ) + (k/k_ 1), but it also has a combinatoric interpretation when z;
is a nonnegative integer and zo is an integer not less than k’. In this case,

the identity can be written as

(00 -(2)
=0 k z9 — k Z2 '
The right hand term is the number of ways to choose z5 elements among a
set of z; + k' elements, and the generic term of the sum of the left hand term
is the number of ways to choose z3 elements among a set of z; + k' elements

with the constraint that k& of them belong to a fixed subset of cardinal k’.

So according to equation 4, we have lc(Qqp.4) = (—1)d%. Thus
we have

dT(a+b+ D)T(b+d+1)
(a+b+2d+1)(a+b+d+1)

1Qapallzs =
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Hence P, 4 = :I:\/ w;ggf;ﬂ%‘é;f;f#)Qa,bd. Because of its definition,

the leading coefficient of P, 4 is positive, so finally we have

Qap,d-

_ (—1) (a+b+2d+ 1) (a+b+d+1)
abod d(a+d+ 1)0(b+d+ 1)

Replacing Q¢ with its definition in this last equality gives us the first
equality of Remark 14. For the second one, one uses equation 2, and for
the third one, one uses equation 4. The last equality of Remark 14 is a
straightforward consequence of the first one or the second one.[]

Now our eigenvectors will be defined on the following way:

Definition 15 Let aq,...,a, be n integers, and dy,...,d,_1 be n—1 non-
negative integers. We set

i1 I _ i1 d.
Fay,..oand; .wdn_l(01,‘..,0n,X1,...,anl):\/ﬁ T [((1—Xj)1‘[§€_lxk) 2% | T {Paj,‘ajmj(xj)m:lxkﬂ :

where we take X, = 0 in the last term of the first product, and for 1 < j <
n—1,
n—1

aj=n—1—j+anl+ Y (o] +2dy).
k=j+1

The function fo,. .. andi,..d will be defined on almost all S~ by

n—1
foq,...,ozn,dh...,dn,l(Zb E) Zn) = Fal,...,an,dl,...,dn,1(917 o aena X17 cee 7Xn71)7

ZZ:;‘H |25

with 0; = arg(z;) and X; = SHE -
Then we have

Theorem 16 The functions fa, ... an.di,..dn 1, With Z?:l a; =k and Z?:l laj|+
22?;11 dj = d, form an orthonormal basis of Eg .

Proof : The fact that fu, . an.di...d, , belongs to Fo 4 +a, is rather triv-
ial, since when one multiplies z by ¢, one just adds § (modulo 27) to each
0;, and so the value of the function is multiplied by e(@1F+an)0,

To prove that fa,,  an.dy...d, , is the restriction to S?"~! of a polynomial
function, it suffices to check that the j-th term of the first product in the
definition of Fy, . a,.d,..d,_, is nothing but z?j if aj is nonnegative, and
S«

z;~ % else, and that the j-th term of the second product is an homogenous
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polynomial of degree d; of the |z|*’s (and thus an homogenous polynomial
of degree 2d; of the z;’s and Z’s). More precisely, according to Remark 14,
it is

dj—h.

4. [(ai+las|+2d;+1)(ai+]osi|+di)! —ds (—=D)Pd;1(a;+d ) (Jas|+d;)!
(O as e T s i i 2 (st )

Thus the product of these guys is an homogenous polynomial of degree
-1
Z?:l |aj| + 22?:1 dj-
Let us check the orthonormality of these functions. According to Propo-
sition 12 and equation 1, we have:

Js2n—1 fay, . an.di,..., dn,lfo/l ,,,,, YA d;71d02n—1:(n_1)!fFa1 ,,,,, anydyyedpy—1 (015300, X1,.. Xn—1)
Fol ooy oy (01500, X150 X 1)
Xf_QI...)I(n,ngjé..an,l%...%
=TI, fym e 52
i loglHedl noiogpsp kel ent
P (=X) T T X, ! ’ Paj,\aj\,dj(Xj)Pag.,|a;,|,d;.(Xj)de-

If the a; # a;- for some j, the j-th integral of the first product is 0. Now
assume that a; = a;- for all 1 < j < n. If for some j, we have d; # d;-, let’s
assume that j is the largest index satisfying this inequality. Then the j-th
integral of the second product is

1
/0 (1= X)) XE Py, o4y (X5 Pay o (X5,

and this integral is 0 because of the orthogonality of Py, a4, and Pajmj"d;
for the scalar product (.,.)4, |a,- Finally, if a; = o} and d; = d;, all the
integrals are 1, so our functions have norm 1.

It remains to prove that f,, . a,.di,..d,_. is orthogonal to every poly-
nomial of degree less than d = >"_, |ay] + 22?;11 dj, and that there are
dim(Egy) (2n — 1)-uples (au,...,an,d1,...,dy—1) satistying >0, |a;| +
23" dj =dand Y7} a; = k.

For the first fact, we use induction on d. Assume the theorem is proved
for d' < d. Then the set of the fu o a4 o  such that 370, |af| +

2 Z;L;ll d; < d is an orthonormal basis of Il;_1, and each of this functions
is orthogonal to fu, . . an.di,...dn 1+ S0 far,...andi,der € Eq, and thus from
Lemma 9, we get fo,,..an,di,do1 € Fdk-

For the second fact, we associate to each (2n—1)-uple (aq, ..., ap,d1, ..., dp—1)
that satisfies > 7, || + 22?;11 dj = d and Z;‘;ll a; = k the monomial
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| z?jz*jﬁ;', where for each 1 < j < n we take o} = o +d; and 8} = d; if
a; > 0, and o) = d;j and B; = —a; + d; if aj <0, with d;, = 0. This is a
bijection between our set of (2n—1)-uples and the monomials in My ;, which
satisfy o), = 0 or 3, = 0. The monomials in My, which satisfy a;, > 0 and
B, > 0 are just z,%, times a monomial of My_s . So the cardinal of our set
of (2n — 1)-uples is #Mg, — #My_2, which is precisely the dimension of
Eg . So the theorem is proved.[]

Remark 17 If one wants a real valued eigenvectors basis, we can replace the
pairs of conjugated complex eigenvectors (fa,...am.di,..dn1sf—a1,—cndirdn_1)

by the pairs (ﬂ%e(fahm,amdl7”.7dn71),ﬂjm(fal7_._7an,d17__’dn71)) when the
a;’s are not all 0.

4 Calculus of Kk and &

Since our diffusion is degenerated, we can’t use the formulas given in [4]
for the close-points limit curvatures x(z,u) and £(z,u). We will compute
k(z,y) and R(z,y) and take the limit when d(z,y) — 0.

Now we assume that z and y are fixed on S?"~!, with y # 4. Then
there exists an unit norm vector z € C", C-orthogonal to z, such that
u(z,y) = cos(a)ir + sin(a)z, with « the angle between iz and u(z,y) (z is
unique if a ¢ {0, 7}).

We choose e3, ey, ..., e, an orthonormal C-basis of the C-orthogonal of
Vectc(w, z). The orthonormal basis of T,.S?"~! we choose for our computa-
tions will be

B(x) = (iz, z,iz, e3,ie3, €q,1€4, . . ., €p,1€p).
If we note d = d(z,y) € (0,7), we have y = cos(d)z + sin(d)u(z, y) and
u(y,x) = —cos(d)u(z,y) + sin(d)x. Then we get u(y,z) = — cos(a)iy —
sin(a)2’, with

2" = cos(d)z — sin(d) cos(a)iz — sin(d) sin(a)z.

z' is C-orthogonal to y, its norm is 1. Then Vectc(y,z') = Vecte(z, 2),
because the first one is clearly included in the second one and they have
both dimension 2. So the following basis of T;,S?"~! is orthonormal:

B(y) = (Zy7 2/7 izla €3, Z‘637 <oy En, Zen)
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The matrix of A(x) in the basis B(z) is the same that the matrix of A(y)
in B(y). They both are

0 0 O
01 0 0
A= 0 0 1
0 Iop—4

It remains to compute the matrices of ¢V, ¢® and ¢1?. For v €
T,8?" 1 and w € TySQ"_l, we have

21,12 21,012
exp,(ev) = <1 — 8”;”) z+ev+0(e%) and exp, (ew) = (1 — EH;”) y+ew+O0(e3).

Then, we have

d(exp, (ev), exp, (ew)) = arccos (go <<1 - 52”2'””2> z+ ev, (1 - 62”;””2> Y+ ew) + 0(53)>

2
g
= arccos(cos(d)+e(go(2, w)+90(v, )+ (290(v, w)—(||v]*+]w]|*) cos(d))+O(£?))
_ go(z, w) + go(y,v) , € (vl +[1wl2) cos(d) —2g0 (v.w) _ cos(d) (go (@,w)+90 (v.v))2 3
=d—¢ sin(d) +§ ( sin(d) 20 - 9051n3(d>90 ¢ )+O(5 )

As we have x = cos(d)y + sin(d)u(y, x) and y = cos(d)z + sin(d)u(z,y), the
linear term becomes
go(@, w) + go(y,v) _ cos(d)go(y, w) + sin(d)go(u(y, z), w) + cos(d)go(x, v) + sin(d)go(u(z,y), v)
sin(d) sin(d)
= gU(u(ya .’E), w) + go(U(.’L’, y): ’U)

since v € TyS?"" ! and w € TyS?" 1. That is well what was expected in
the Taylor expansion of the distance.
We identify the second order terms after simplification, and get:

(IeP=g0(o. ). 4w, ) = S50 (= ot uty. )

cos(d)
dsin(d)

¢ (v,0) =

and ¢ (v, w) = (—90(v,w) = cos(d)go(v, u(z,y))go(w, u(y, x)))-

dsin(d)

To get the matrices of ¢V, ¢® and ¢(® in the bases B(z) and B(y), we
only have to apply these quadratic forms to the vectors of the bases and so
we get the coefficients.
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The matrix of ¢! in the basis B( ) is the same that the matrix of ¢(?)

COS

in the basis B(y) and equals to 5 Q, where

sin?(a) —sin(a) cos(a) 0
B — sin(«) cos(a) cos?(a 0 0
@= 0 0 1
0 Ton—4

The matrix of q(12) in the bases B(ZL‘) and B(y) is le2’ with

—cos(d)sin®(a)  cos(d)sin(a) cos(a)  sin(d)sin(a)

Q1 = cos(d)sin(a) cos(a)  —cos(d) cos?(a)  —sin(d) cos(a) 0
— sin(d) sin(«) sin(d) cos(«) — cos(d)
0 _127174
To compute &, we also need the expressions of A(z) and A(y). Here,
we have A(z)g(x)u(z,y) = sin(a)z, A(y)g(y)u(y,x) = —Sm( )2z" and thus

p(x,y) = sin?(a). So we need to compute & only if a ¢ {0,7}, in which
case, the matrices of A(z) and A(y) in the bases B(z) and B(y) both equal
to the very nice

0 00
- 0 00 0
A= 0 01
0 12n74

Then, according to our formulas, we have

k(z,y) =0 — m&r(AQ) + tr(AQ)) + dsirll(d) tr <\/AQ12AQ%F2>

for any « and

cos sin?(a)q1?(z, 2/ = -
R(z,y) = O—Msiszj)(tr(AQ)—l—tr(AQ))— ( ,)q (2, )+dsirll(d) tr <\/AQ12AQ{2>

sin?(a)

in the case when sin(a) # 0, i.e in the case when = and y are not on the
same Hopf fiber. We have tr(AQ) = cos?(a) + 2n — 3, and ¢(1?)(z,2) =

__cos(d) cos? (a)
dsin(d)
The eigenvalues of the matrix AQ12AQY, are 0, r1, 72 and 1 with multi-

plicity 2n — 4, with

cos?(d) sin*(a) + 2 cos?(ar) — | cos(d)|sin?(ar)y/cos2(d) sin®(a) + 4 cos? ()
2

T =
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and

cos?(d) sin(a) + 2 cos?(a) + | cos(d)| sin?(a)y/cos?(d) sin?(ar) + 4 cos?(a)
2 :

Using a simple trick, we can simplify /71 + /r2: we have (/11 + /72)* =
r1 + ro 4+ 24/r1r2. Thus, we get

ro =

VT + /T2 = /71 + 1o + 2¢/r1m9 = \/cos?(d) sin?(a) + 2 cos?(a) + 24/ cos?(a)

cos2(d) sin* () + 4 cos2 ().

The eigenvalues of AQlQAQ{Q are 0 with multiplicity 2, cos?(d) and 1
with multiplicity 2n — 4.
So finally we get the following expressions of x and :

V/cos?(d) sin® (a) + 4 cos2(a) + 2n — 4 — cos(d)(cos? () 4+ 2n — 3)
dsin(d)
(2n —4)(1 — cos(d)) + | cos(d)| — cos(d)
dsin(d) ’

K(x,y) =

'%($7y) =

To get x(x,u) with u € T,5?"~!, we just make d tend to 0. The denom-
inator in the formulas is equivalent to d?, so we have to compute the second
order Taylor expansion of the numerator. For &, we get

R(z,u) =n—2

for every u not colinear to ix. For k, we have:

\/cos2(d) sin®(a) + 4 cos?(a) = /(1 — d2)(1 — cos2())2 + 4 cos2(ar) + O(d4)

= /(1 + cos?(a))? — d2(1 — cos?(a))2 + O(d4)
(1 — cos?(a))?
2(1 4 cos?(a))

=1+ cos®(a) — d? + O(d").

So we get
2n —3  3cos?(a) —1
2 2(1 4 cos?(a))
We see that k(z,u) is not the restriction to the unit sphere of a quadratic

form, but it is however the quotient of two quadratic forms. The maximal
value of x is n — 1, when o = 0 or 7, which is the half (remind the % factor

k(z,u) =
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in L) of the Ricci curvature of $?*~!. The minimal value of s is n — 2,
when o = 7, so exactly the value of #. Remark that & is not a continuous
function of u, because it jumps from the value n — 1 when w is colinear to iz
to the value n — 2 everywhere else. This is due to the fact that our optimal

coupling defining % is not continuous.

5 unicity and regularity of the optimal couplings

We first recall what happends in the non degenerate case.

We saw in [4] that the unicity of the covariance of the optimal cou-
pling is equivalent to rk(A(z)¢'? A(y)¢'DT) = min(rk(A(z)),rk(A(y))),
with rk(M) the rank of the matrix M. In this case, the optimal coupling
between the tangent spaces is unique and linear.

In the case of non degenerated diffusions, the optimal coupling defining
x was not unique. Outside the cut-locus of the manifold, the set of optimal
covariances was a segment [C~,C*"]. An optimal coupling for x realized a
kind of parallel transport between the A(z)-orthogonal projection of v on
the A(x)-orthogonal of u on one side, and the A(y)-orthogonal projection of
w on the A(y)-orthogonal of u on the other side. The coupling between the
remaining u components of v and w could be freely chosen.

In the case of a non degenerated diffusion which satisfied (H), the op-
timal coupling under the constraint that the variance terms vanishes was
unique and linear (for x and y close enough again). It sent A(x)g(z)u on
A(y)g(y)u and realized a kind of parallel transport between the g orthogo-
nals of v in T, M and Ty M (not the true one, because the gaussian measures
are not exactly the same ones). This linear coupling varied smoothly in a
neighborhood of each point such that rk(¢('?)) = dim(M) — 1.

In our degenerated diffusion, we have r17y = cos*(a), so rk(A(x)q(1? A(y)q17T) =
2n—2if a # 7, in which case the optimal coupling in the sense of x is unique
and linear. If o = §, then 71 = 0 and the optimal coupling is not unique,
and if furthermore d = 7, then ro = 0 too and the set of optimal couplings
is even greater.

With the constraint to cancel the variance term, the optimal coupling in
the sense of % is unique if and only if rk([lQulelTQ) = 2n — 3, which is the
case if and only if d # 7.

The following figure illustrates how do the Hopf fibers and thus the
hyperplanes of the diffusion evolve along a geodesic:

23



_._._parallel
transport

There are 2n — 4 more dimensions not represented on this figure, which cor-
respond to the e;’s and ie;’s (j = 3,...,n), but this vectors are orthogonal
to those ones represented, and are left unvariant by the parallel transport
along the geodesic joining x to y. While doing this parallel transport, we see
the Hopf fiber, which is directed by iz, revolving around the space of codi-
mension 2 generated by u(z,y) and the e;’s and the ie;’s, so the hyperplane
Im(A(x)) in which the diffusion moves revolves on the same way.

The couplings corresponding to the extremal covariances are the isome-
tries beween Im(A(x)) and Im(A(y)). Such a coupling will be optimal if he
maximizes the mean of the scalar product of the orthogonal projections of
v and w on u(x,y)* and u(y, z)*, these both spaces being identified via the
parallel transport, with v and w being standard gaussian vectors in A(x)
and A(y).

In the case a = 7, one optimal coupling consists in makig a rotation of
angle d or m —d (depending on whether or not d < 7), but the fact that the
functionnal to minimize does not depend on the v component allows to take
the coupling we can obtain from this last one by a reflection with respect
tout. fa=d= 5, then any coupling preserving the e;’s and the ie;’s is
optimal.

For o # 0,7, the supplementary constraint that the covariance term of
the distance cancels imposes that the coupling sends z to z’. It remains to
make the coupling between the remaining u' components of v and w. The
optimal coupling in the sense of & leaves the e;’s and ie;’s invariant, sends
z to 2/, as previously said, and sends iz to iz’ if d < T (in which case it is a
rotation), or to —iz’ if d > § (in which case it is a reflection).

When o — 0 or 7, with a fixed d # 0, 5,7, the optimal coupling in
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the sense of & tends to a rotation of angle d or a reflection (in fact, that
is not totally true, because the 2-plane of the rotation, or the hyperplane
of the reflection depends on the direction in which y approaches the Hopf
fiber except in the case when n = 2 and d < 7 ), which is not the optimal
coupling for o = 0 or m, this latter one being the parallel transport. This
explains the discontinuity of &.

6 The Bakry—Emery curvature of our diffusion

In this section, we prove that our diffusion does not satisfy any curvature-
dimension inequality C'D(p, N) in the sense of Bakry-Emery (these inequal-
ities were introduced in [1] and [2]).

In the non degenerated case, one usually take a metric adapted to the
generator of the diffusion. Here, it would imply that the metric takes the
value +oco in the directions which are not orthogonal to the Hopf fibers.
The distance we would obtain will be similar to the Carnot—Carathéodory
distance on the Heisenberg group. So we prefer to keep the usual metric on
S$27=1 to do our computations.

We first recall the definition of the Bakryf]:lmery curvature of a diffusion
process on a manifold. Let L = %Aijvivj + F'V; be the generator of
a diffusion on a Riemannian manifold. The carré du champ operator is
defined as

1 1.
L(f,9) = 5(L(fg) = fL(9) = gL(f)) = 5AYVifVjg.
The iterated carré du champ opérator is defined as

Ca(f.9) = 5 (L(T(f.9)) = T(f. Do) — (g ().

The general formula of I's is a bit long and usually people do not write it,
but here we need it, so it is given below

1 1 ) | N )
Do(f, f) = [8A’“kaVZA” + ZAUM““J%MJ + ZF’“VkAlf — iA”“VkFJ VifVif
1 . ) 1 . )
+ [QAJZVZA”f - ZA”VIAJ’“ VifV;Vif

1 ., .
+ ZAﬂwlvivj fVeVif.
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The diffusion is said to satisfy a curvature-dimension inequality C'D(p, N),
in the sense of Bakry—Emery, if for any regular enough function f, we have:

Calf, f) > P(F ) + (L)

1
So the optimal p for a given N is the infimum of (Fz(f’é)(;ﬁ)%i{)z)(z) (or

—oo if there exists a point z and a function f such that I'(f, f) = 0 and
Lo(f, ) < 0).

Thanks to the expressions of I' and I'y, we see that (I's(f, f)— % (Lf)?)(z) =
G2 (Vf(x),V2f(z)) and T(f, f)(z) = G1(Vf(z)), where G; and Gy are
quadratic functions, and G is nonnegative. At a given point z, for any
u* € TiM and any symmetric m € (T:M)®2] there exists a regular func-
tion f such that Vf = u* and V2f = m.

It seems then natural to try to minimize (a(f, f) — 4 (Lf)?)(z) with a
fixed Vf. So for any u* € TEM such that G (u*) # 0, we set

3 *
Hlme(TQZ/\/l)‘82 Ga(u*,m)
m symmetric

Gl(u*)

pn(z,u") =

We have
Gao(u*,m) = GV (u, u*) + 2G5 (u*, m) + G® (m, m),

with Gél), Gém) and G;2) three quadratic forms, and we can assume that
Ggl) and GéQ) are symmetric. We have to minimize this quantity over m
with a fixed u*.

If GgQ) is not nonnegative, then the infimum is —oo, by taking m = Amg,
with mg such that Gg) (mg,mp) < 0 and making A tend to +oco. In the
classical case where A% = g% it was the case if and only if % > %, with n
the dimension of the manifold.

If GgQ) is nonnegative, then the infimum is Ggl)(u*, u*) —Gélz) (w*, ) if
there exists a symmetric m,« € (T5M)®? such that Géw) (u*,.) = Gg2) (M, .,
because Ga(u*,m) = Ga(u*, —my») + GéQ) (m 4+ my»=, m + my+). In the case

when ng) is invertible, the minimum can be written as
D, o« % 2)—1, ~(12)/ 12),
Gy (w,ut) = GP NG (), 65 ()

so it is a quadratic function of u*.
If no such my» exist, the infimum is —oo because the non existence of
My is equivalent to the existence of a m/. such that G®(m/. m!.) = 0
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and Ggw)(u*, m.,.) # 0, and then we can take m = Am/ ., and make A tend
to +00 or —oo.

Now let us see what we get for our degenerated diffusion. We have
Alz) =gyt —z®@ 2 — (iz) ® (ir) = g(z) ™' — (iz) ® (iz). Then we have

G’gQ)(m, m') = f[tr(mg_l(x)m'g_l(x)) — 2g_1(m)(m(i:v), m/(ix)) + m(iz,ix)m’ (iz, iv)

2=

(tr(mg_l(:c)) — m(iz, i:c))(tr(m/g_l(a:)) —m/(iz,ix))].

If M and M’ are the matrices of m and m/ in the basis (iz, eg, ieg, . . ., en, iey)
of T,;5?"~1, with the e; chosen such that (z,es,...,¢€,) is a C-orthonormal
basis, then we have

G2 (m,ml) = (T, W07 s — < tx(80) (1),

with M and M’ obtained from M and M’ by removing the first line and the

first column. So Gg) is nonnegative if and only if % < ﬁ

To compute Gglz), we have to compute VA, and thus V(ix), since we

have
VAR = v, ((g_l)jk — (iz)? (i:n)k) = —V,(iz)i (iz)* — (iz)?V;(iz)".

As previously, we take u € Ty M an unit norm vector and y = exp,(du).
Then V,(iz) = %Tyx (1y)|d4=0, where 7y, is the parallel transport along the
geodesic joining y to x. This parallel transport corresponds to a rotation in
the 2-plane generated by x and u. We have:

Ty (1) = 1y + go(iy, x)((cos(d) — D)z — sin(d)u) + go(iy, u)(sin(d)x + (cos(d) — 1)u)
=cos(d) (iz)+sin(d) (iu)—sin(d)go (u,iz) ((cos(d)—1)z—sin(d)u)+cos(d)go (u,iz)(sin(d)x+(cos(d)—1)u)
= cos(d) (i) + sin(d) (iu) + go(u, iz)(sin(d)z + (1 — cos(d))u)

So we get
Vu(iz) = iu+ go(u,ix)x = iu — go(iu, z)z,

wich is the orthogonal projection of iu on T,S?"~!. Let us denote by
J(z) the endomorphism of T,.5?"~! which sends u to iu + go(u,ix)x. Then
g(x)J(z) is antisymmetric, J(x)J(x) = —1 + (iz) @ (iz)* and J(x)(ix) = 0.
We have

Vz(zx)] = JJZ
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Thus we get

. ) 1 . ;
Ggw)(u*,m) — 5Ajllezk _ ZAzllech U:mjk

(g9 —(iz)7 (iz)") (= JU(iz) F — JFy (iz)") — L (g% — (i) (i) ") (= JF 1 (i) * — T* (i) )| wg i,

I
1 o T

1 . N 1, PN
— —i(Jlngl(w:)}c + Jklgl](z:c) )+ Z(leg l(m:)k + Jklg l(zx)J) u;mip,

=m(J(x)(g" (x)u"), iz),

where we used the antisymmetry of J(z)g~!(x) and the symmetry of mj to
cancel the second term and to remark that the three other ones were equal
(up to the prefactor 3 or ).

Here we are in the case where m,» does not exist since for any «* not

colinear to (ix)* (in which case G1(u*,u*) = 0), we can take

1
mi = 5 ((J(@) ) @ (iz)" + (iz)" @ (J (@) u").
Thus py(z,u*) = —o0, and we have no Bakery-Emery curvature-dimension

inequality.

So in our example, it is useful to consider a metric not adapted to the
diffusion and to use the curvatures x and & (to get Poincaré inequalities
when n > 3, for example).
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