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SEMI-FREDHOLMNESS OF THE DISCRETE GAUSS-BONNET OPERATOR

HELA AYADI

ABSTRACT. In the context of an infinite locally finite weighted graph, we give a necessary and sufficient
condition for semi-Fredholmness of the Gauss-Bonnet operator. This result is a discrete version of the
theorem of Gilles Carron in the continuous case [5]. In addition, using a criterion of Anghel [2], we give
a sufficient condition to have an operator of Gauss-Bonnet with closed range. Finally, this work can be
considered as an extension of the work of Colette Anné and Nabila Torki-Hamza [3].
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1. INTRODUCTION

Dirac type operators have become of central importance in many branches of mathematics such as
PDE’s, differential geometry and topology (see [4], [7], [12]..), since the introduction in 1928 by the
physicist Paul Dirac of a first-order linear differential operator whose square is the Laplacian operator.
In particular, this paper focuses on the conditions to have semi-Fredholmness of the discrete Gauss-
Bonnet operator needed to approach the Hodge decomposition theorem [3]. In fact, we present a discrete
version of the work of G. Carron [5], which defines a new concept "non-parabolicity at infinity" to have
the Gauss-Bonnet operator with closed range. Indeed, G. Carron’s condition is quite weaker than the
one given by Anghel [2]. Moreover, we provide a new sufficient condition to obtain a Gauss-Bonnet
operator semi-Fredholm. Finally, we give two explicit examples one example verifying the property of
non-parabolicity at infinity, and the other not.
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2. PRELIMINARIES

2.1. Definitions and notations.

e A graph G is a couple (V, &) where V is a set at most countable whose elements are called
vertices and £ is a set of oriented edges, considered as a subset of V x V.

o If the graph G has a finite set of vertices, it’s called a finite graph. Otherwise, G is called infinite
graph.

e We assume that £ is symmetric without loops:

veV=(vv)¢ & (vi,v2) €& = (v3,v1)€E.
e Choosing an orientation of G consists of defining a partition of £: ET LU E™ = &€
(v1,v2) € ET & (vo,v1) € E™.
e For e = (v1,v2), we denote
i

e =wvy, e =vyand —e = (vy,v1).

e The graph G is connected if, any two vertices x,  in V can be joined by a path of edges v,,, that
means,

Yoy = {€kth=1,..n with e] = x, el =yandifn>2,vj;1<j<(n—1)= ej =€j41-

e The degree (or valence) of a vertex z is the number of edges emanating from x. We denote
deg(z) :=t{ec & e =ua}.
o If deg(z) < oo, Vx € V, we say that G is a locally finite graph.

2.2. The weighted graph. The weighted graph (G, ¢, r) is given by the graph G = (V, £), a weight on
the vertices ¢ : V —]0, oo[ and a weight on the edges r : £ —]0, co[such that r(—e) = r(e).

Examples: - An infinite electrical network is a weighted graph (G, ¢, r) where the weights of the
edges called resistances r; their reciprocals are called conductances. And the weights of the vertices
givenby c(z) =,y le) < o0, Vz e V.

-The graph G called a simple graph where the weights of the edges and the vertices equals 1.

All the graphs we shall consider on the sequel will be weighted, connected and locally finite.

2.3. The notion of subgraph. A subgraph of a graph G is a graph G := (K, k) such that K C V
andEx :={e€& e, et € K}.
For such a subgraph we define:

o the vertex boundary :
OK :={z € V\K;Jy e K, (z,y) € £},
o the edge boundary:

0k ={ec& e €Kande" ¢ Koret € Kande™ ¢ K}.
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2.4. Functional spaces. We denote the set of real functions on V by:
CV)={f:V =R}
and the set of functions of finite support by Co(V).

Moreover, we denote the set of real skewsymmetric functions on £ by:

C'E&) ={p: € 2 R;p(—e) = —p(e)}
and the set of functions of finite support by C§(E).

We define on the weighted graph (G, ¢, r) the following function spaces endowed of the scalar prod-
ucts.

a):
V)= {f eCV); Y cl@)f(z) < OO},

ey
with the inner product

(foghy = 3 ela) fla)g(x)

eV

”f”lQ(V) =\ (fs Fhy-

(€)= {90 €C(E): 5 Y e) < oo},

eef

and the norm

b):

with the inner product

(o t)e = 5 3 H(EP(E)

ec&

||80Hz2(5) = (@, 0)¢-

As a consequence, we define the direct sums of 2(V) and [(€) by:
PG =PV @ €)= {(f,¢), feP(V)andp € *(E)},

and the norm

with the norm
2 2 2
1(F o)z = 1 iy + lellizge -
2.5. Operators and properties. The difference operator: it is the operator

d:Co(V) — Cy(E),

given by
d(f)(e) = f(e*) = f(e).
The coboundary operator: it is § the formal adjoint of d. Thus it satisfies
2.1 (df,p)e = ([, 00)y
forall f € Cop(V) and for all ¢ € C§(E).

As consequence, we have the following formula characterizing ¢ :
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Lemma 2.1. The coboundary operator § is characterized by the formula

forall p € C§(E).

Proof
For f € Co(V) and ¢ € C§(E), using (2.1), we get

[Af.o)e = 5 or(edf(e)ele)

ecé

_ % S r(e) (fle) = f(e7)) le)

ec&
= 2@ ( > rlee(e) = 3 r<e>¢<e>)-
TEVY e,et=x €.e” =T

But, r(—e) = r(e) and Z r(e)p(e) = — Z r(e)p(e).

e,et=x e.e”=x

So we have,

rele = 3 e@)f(@) (f) 3 7“(6)90(6))

We introduce now a very important result inspired by [11].

Lemma 2.2. Let x and x in V, then there exists a positive constant Cyy,, such that
22) @) < Coag (1£ @)l + 1] i) ) -

forall f € Co(V).

Proof
As G is connected, then we can find a path v, joining z to x, i.e,

Yozo = {€k k=1, n withe] =z, e} =zpandifn >2,Vj;1<j<(n—1)= ej =

Then, using the triangle inequality, we have

[f(@) = flwo)l = [f(x) = flel) + flef) = flex) + .+ flen_y) — f(20)]|
< \df(el)!+!df ea)| + .. +!df(en)!
< > \/ e) |df(e)

66"/11
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Applying the Cauchy-Schwarz inequality, we obtain

3 (1)) (Z r<e><df<e>>2)

e€Yxx( €€V

[f(z) = fzo)|l < (

IN

S (Zr<e><df<e>>2)

ec&
Saao 1A f12(ey »

IN

with Sy = ( > r(le)) :

e€Yzx

Thus, we deduce that

|f(z) — f(x0)| + | f(0)]
S:c:r;g deHl2(5) + ’f(330)‘

Csy (14 i) + | £ (o)1)

=
)
IAIA

IN

with Cygy = maz(Szz,, 1).

Before giving another important result, for f € Co()), we define the mean value f of f by

flet) + f(e7)

Toy= 11

foralle € £.

And we have from [10] the following derivation property:

Lemma 2.3. For f,g € Co(V) and ¢ € C§(E), it follows

(2.3) d(fg)(e) = f(e)dg(e) + g(e™)d(f)(e).
2.4) 5(Fe)(x) = f(a)op(x) — 21@ S re)d(f)(e)p(e).
Proof

For f,g € Co(V) and e € &,

d(fg)(e) = (fo)(e*) —(fg)(e7)

Flet) ( (e7))
= fleh)d(g)(e) + gle)d(f)(e).
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On the other hand, for ¢ € C§(E) applying the characterization of § from Lemma (2.1) to the function
fo € C(E), we have

Fae) = 5 X )
- L 3 (L)
- = e,;;(e) FE)ee) + 3 o (f(e—) - f(e+)> o)
= )C(lx)&;:mmaso(e) e 3 Aot
= I - g5 X N

The Gauss-Bonnet operator: it is the endomorphism

D=d+§:Co(V)@eCy(E) — Co(V) B CH(E)
with,
D(fa QD) = 690 + dfa \V/(f, QD) € CO(V) D Cg(g)
And it is a symmetric operator.
3. NON-PARABOLICITY AT INFINITY

Now we introduce the discrete result of Carron [5]:

Definition 3.1. We say that D is non-parabolic at infinity if there is a finite subgraph G of G such that
for all finite subset U of G\ Gk, there exists a positive constant C = C(U) such that holds the following
inequality

Cl(f o)y < 1D lizar) > Y(9) € (VN K) x CG(E\ Ek).

Remark 3.1. We call a finite subset U of G a couple U := (Vy, Ey) such that Vi is a finite subset of V
and &y is a finite subset of £. And, we denote

1 D@y = 1 1y + lellEe,) -
Definition 3.2. G is a neighborhood of G if Gz := (I? ,E5) is a finite subgraph of G such that
i) K C K finite,
ZZ) Ex UOEK C 5[?,

iii) e = (v,y) € £ = x, yeK.

Since we can define the smallest neighborhood of G by G %o where G %o is a finite subgraph of G
contains G and its boundary.

Remark 3.2. In [9], G Ro is called a combinatorial neighborhood of G.
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Lemma 3.1. If D is non-parabolic at infinity then, for every finite subset U of G there exists a positive
constant C' = C'(U) such that

3.5) I D) < 1Dl + 10l » Y 9) € Co(V) @ CG(E),
where G 7 is a neighborhood of G .
Proof

Since U is a finite subset of G it can be reduced to a point or an edge.

Let x any vertex of G, we start by proving
C'1f @) < 1S iy + 1 fllagzey - VI € CoV).

G i is a finite subgraph of 7, so according to Lemma 2.2, we obtain

(3.6) 72@) < &1 (1112 + 14713 e))

where (] is a positive constant which depends on x and K. Indeed:
letx € V and z¢ € K, using Lemma 2.2, we obtain

G7) F3(2) < Cra (£2(20) + £ lage)) -

Multiplying (3.7) by ¢(zp) > 0, we get
(o) f2 () < Cuay (c0) 2 (0) + o) 14 e )
< Cauo (I ) + o) [4F e
< Clay (1) + 1S ey )

where C},,. . = max(Cyzy, ¢(70)Cry)-

Then, we have
!

@) < 2 (11 + 1))

(o)

Finally, we obtain
@) < & (171 + 147 o))

/
zTQ

where C = EEDE

On the other hand, we want to show the following inequality, for any edge e € £
C"p(e)| < ”&:OHZQ(V) + H‘PHP(@’R) ; Yo € Co(€).

For e € £ C & finite, we have

2 2 2
p?(e) < ez < llellize.) + 10elew) -
Andif e € £\ €k, we consider the indicator function of K¢, denoted by x

Oifze K

(3.3) x(x) =
1 otherwise.
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which gives

Oife € &k, Oife € &k,
dx(e) =< +life€ 0k, & ¥X(e)=1 3ife€ Ik,
0 otherwise. 1 otherwise.

Let ¢ € C§(E), we have then Y with finite support in € \ Ex. Thus, applying the definition of the
non-parabolicity at infinity of D to the function (0, X¢), we obtain

IXeliwy < ClSG) )

‘H

where C' = ooy

~

Since we have e € £ \ €k, this implies that

(3.9) p*(e) < ClI6(x) 2y -
The derivation property of Lemma (2.3), gives

1

3(Te)(w) = x(@)3p(a) ~ 3o

And by the inequality (a — b)? < 2(a? + b?), we obtain

6D Py = D cl@)(6(x9)

ey
2
1
< 2| efx) (x(@)dp(x)* + ) e(x) 50(2) > r(e)d()(e)p(e)
ey eV e,et=x
L 4 J ]
So, for the first term we have
(3.10) I= Y cx)(6p)” < (160l
zeV\K
and for the second one, we get
2 2
1 1
Gy T=2 oo | 2 r@dE@e) | + D g | 2 r@d)Ee(e)
zeK e,et=x zeV\K e,et=x

J1 J2
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Using that supp(dx) = €k C £ and the Cauchy-Schwarz inequality, we obtain

2

h= Y am| X
zeK

e,et=x
ecsupp(dx)

2

= Cx| > r(e)le)

ecsupp(dx)
< Cg > r(e) > r(e)¢i(e)
e€supp(dy) ecsupp(dx)
< CrCi Y r(e)¢p’(e)
6651‘%
2
= Callelipe,

where C = rneax ( 3 Cyx =€z rrelgx r(e) and Cy = CC.

K

And for Jo, we have e = (e, e") € supp(dx) = 0€k, soife” € K, et € OK.

2

B Y g X e

re0K eet=zx
e€supp(dx)
2
= C}Q( Z T(e)np(e))
ecsupp(dx)
< Cr |l Do r(e) > r(e)e(e)
ecsupp(dx) ecsupp(dy)
< CRCK Y r(e)¢?(e)
6651}

2
= H‘»OHIQ(ER) )

where C7, = max and C) = C.C.

20(1’)
Thus, (3.11) becomes
(3.12) T <G lleliae,)

where CY = max(Cs, C%).
So by (3.10) and (3.12), we get

(3.13) 16620 ) < maz(2,268) (160l + I9lEe,)) -
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Finally, (3.9) and (3.13) give

() < C (I8¢l + I liage))
where C = w
]

Proposition 3.1. If D is non-parabolic at infinity, then we can construct a Hilbert space W such that :

(1) Co(V) & C§(E) is dense in W.
(2) The injection of Co(V) & C§(E) to C(V) & C*(E) extends by continuity to W.
(3) D : W — [*(G) is a bounded operator.

Remark 3.3. In 1) and 2) we use the topology of ponctual convergence on C(V) @ C*(E), it means, the
sequence ( fr, pn) converges ponctually to (f,p) on C(V) & C*(E) if fn(x) converges to f(x), Vx € V
and py,(€) converges to ¢(e), Ve € E.

Remark 3.4. In Carron’s paper [5], the injection of the space of functions with compact support to ll2()c

extends by continuity to W. But, in our case we didn’t need to introduce the space ZIQO . because in discrete
case this notion is trivial.

Proof
Let us denote by W the closure of Co(V) @ Cg (&) for the norm

1
Ne(£,9) = (10,9, + 1D e )
where G - is a neighborhood of G i (see Definition (3.2)).

Aim i): N is a norm on W, we just look at the nullity, we have

Neg(f;0) =0 < [[(;9)liz@.) = 0and [D(f; @)z =0
& iy =05 lellize.y =0, ldfllze) = 0and [|5p]2(,) = 0.
For any x € V and as jjf( < 00, from Lemma (3.1), we get
(3.14) 72@) < &1 (I + 14 lEe)) -
But,

f||lg(1~() = Oand [|df[|;2(g) = 0. So it follows immediately that f = 0 on V.

It remains to show that if ”90||12(gl~() = 0 and [|6¢]|;2(1)y = 0 then ¢ = 0. We suppose that ¢ # 0.

¢ is a finite support function in £ \ €5 and therefore, by Lemma (3.1) where U equals to the support
of ¢, there exists a positive constant C' such that

Clielieey) < lellize,) + 1000wy -

But, ||‘P”l2(51~() = [|6¢0[l;2(1) = 0, since we get ¢ = 0 on Ey, which is impossible.
Aim ii) Show that the space IV is independent of the choice of G ;.
Let G 7 be another neighborhood of G'i such that K C K, 0o C K 1.

So, we have
Nz (fi9) < Ng (f. ).
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Moreover, to show the existence of a constant C' > 0 such that N (f,¢) < CNg (f, @), it suffices
“122(1?1\1?6) < CNI%O(f, ). Indeed, we have
N2 (9) = 150, + IDUF.0) e

= DI gy + 1 I ) + 1D DB

= H(fv 90)H122([}1\f(0) + N??O(f, 90)'

to show the existence of a constant C' > 0 such that ||(f, ¢)

Using lemma (3.1) and as we have #(K; \ Ky) < oo, we get
2 2 2
1y < C (1 By + 147 Iece))
where C = C(I?l \I?O, I?o)
And
e Weey e ) < C (Ielaey, ) + 160l ) -
where C' = C(f(il \I?(),f(/—o).

So, we obtain

1(f, <P)||z22(cl~(1\cf<o) < CN% (f,9).

Thus, we have shown that the construction of a norm on W is independent of the choice of the
neighborhood associated to the subgraph G'x. We set:

=

10w = (I @), + 1P DNE)
for (£, 0) € Co(V) & C4(E).
Aim iii): By Lemma (3.1), we have the injection of Cy(V) & C§(€) to C(V) @ C*(E) extends by

continuity to W.
Aim iv): we have

ID(f, )2y < ()l + 1D Dy = 100 -

Consequently, D : W — [?(G) is a bounded operator.

4. SEMI-FREDHOLMNESS OF THE DISCRETE GAUSS-BONNET OPERATOR
Definition 4.1. An operator is semi-Fredholm if its range is closed and its kernel is finite dimensional .

Now we come to our main result:

Theorem. Let W be a Hilbert space satisfying:
(1) Co(V) & C§(E) is dense in W.
(2) The injection of Cy(V) @ C§(E) to C(V) & C*(E) extends by continuity to W.
(3) D : W — [?(G) is a bounded operator.
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Then, the following conditions are equivalent:
i)D: W — [?(G) is semi-Fredholm.
ii) There exists a finite subgraph G of G and a positive constant C' = C'ic such that

(4.15) ClIDllw < IDF Pz » V() € OV K) X CG(E N k).

Proof

We take the same arguments used by Carron [5]. We start by showing the direct implication, we
assume that the conclusion is false. Then, we can find an increasing sequence of finite subgraph {G ., }»
such that G = |J,, Gk, and a sequence {o, }, with finite support in V \ K, satisfying the following
conditions, foralln > 1

on = (frspn) € Co(V\ Kp) X Cg(g\gKn))

lonlly =1,

IDowllze) < 5

n

On the other hand, it was assumed that D : W — [?(G) is semi-Fredholm. Therefore, by [13] there
exists a bounded operator P : [2(G) — W such that

(4.16) PoD=Idw — H,

where H is the orthogonal projection onto the kernel of D, it is an operator with finite rank.
Then, we obtain

lonlly < I[(PoD)onlly + [[Honlly
< [P IDonllizc) + [ Honllw
| P
< <n+HHUn\W :
If
lim_ [[Hoylly, = 0= T [lo,|[y =0,

which contradicts the assumption ||o, ||y, = 1.

So, our aim is to prove that { Ho,, },, converges to 0 in W. Indeed, we set

(4.17) on =0p + 02
with ol (= Ho,,) € ker D and 02 € (ker D).

Such as
(Po D)o, =02

ns

[P o Donlly < [IP[|[Donllizq) —n—soc 0.
Then, for the norm of W

(4.18) lim o2 =

n—oo
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Moreover, {o}},, is a bounded sequence of ker D which is of finite dimension. So we can extract a
subsequence converging to o in W, which we denote {a;(n)}n.

Using (4.17) and (4.18), {aw(n)}n converges in W to o (as a sum of two converging sequences) and
as a consequence ||o||y, = 1.

_ 1 — T o1
Let us prove that 0 = 0 where 0 = lim o ,(,,) = lim T o(n)-

We suppose that o # 0. As W is injected continuously in C(V) @ C?%(E) , there exists € V such that
{0 4(n) (%) }n converges to o(x) # 0. But, by construction the sequence {o,(,) }, converges ponctually
to 0 ( the sequence {0, }» has a finite support outside of G, ). Hence, we conclude that o(z) = 0
which is absurd.

It remains to prove i) = 7).

First step: We construct a bounded operator Q : 1?(G) — W such that Q o D — Idyy is a compact
operator, this will show that D : W — [?(G) has a finite kernel and a closed range [13].

Let Dy be the restriction of D on G\ Gk, so D1 : W(G \ Gg) — [*(G) is bounded, where
W(G\ Gk)={o = (f,¢) € W; 0 =0on Gg}. Moreover, by assumption we have
Clfo)llw S IDUf o)l Y(fe) € Co(V\ K) x CG(E N\ Ek).
Then, D; is injective with closed range, which allows the existence of a left inverse P; such that
P1 e} D1 = Id.
On the other hand, we denote
Dy : X(Ky) — 12(G)

where K 1 is a neighborhood (see Definition (3.2)) of I7¢ 0, such that K o is the smallest neighborhood of
K.

Since l2(I~( 1) is a vector space of finite dimension, then Dy is continuous with closed range. We
denote P> "the parametrix" which is a continuous operator satisfying

PQODQZId—HQ,

where Hs is the orthogonal projection onto the kernel of Ds.

We consider now the indicator function x as in (3.8) by replacing K by K 0, which gives dy, X, 1 — x
and 1 — ¥ where

1if€€5]~(0,
lifzx € Ky

(I=x)(z) = and (1 —X)(e) =
0 otherwise.

ife e 85;(0,

N[ —

0 otherwise.

Furthermore, we define the operator x. depending on the domain by:

If x.: Co(V) — Cop(V) so we have x.f = xf, forall f € Cy(V).
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If x.: C§(E) — CH(E) we get x.p = X, forall p € CG(E).

If x.: Co(V) & C§(E) — Co(V) @ C§(E) hence we obtain x.(f, ») = (X[, X¥)s

forall (f,p) € Co(V) ® C§(E).

We set

where 0 = (f, ¢).

Qo := Po(1 - X)o + Pixo.

Second step: Let us check that the operator () o D — Id is compact.
We denote the following bracket for any two operators A and B:

Then, we obain

QoD

[A,B] = AB — BA.

P,(1—-x)D+ P xD

P,D(1 — x) + P2[1 — x, D] + P.Dx + Py[x, D]
PyDs(1 — x) + Po[1 — x, D] + PiD1x + Pi[x, D]
(Id = H2)(1 = x) + P2[1 = x, D] + 1d(x) + Pi[x, D]
Id — Hyo(1 — x) + P2[1 — x, D] + Pi[x, D).

We just calculate P5[y, D]. We have

[x, D] = [x,d] + [x, 9].

For the first bracket, we obtain

[, dlf(e) =

x(e)d(f)(e) = d(xf)(e)
% [x(e™) +x(e7)] d(f)(e) — x(eT)d(f)(e) — fe™)dx(e)

—SAX(@A((E) — fle)dx(e)

And for the second one, we get

[x; 0] ()

= xX(@)d(p)(z) = 6(xp) ()
= X($)5(90)(1’)—X($)5(¢)($)+% Y de)(e)p(e)

e,et=x

= 23T Al

]

e,et=x

But, the support of d(x) is included in 93 C K/ which is finite. Then, [x, D] has a finite range so

it is a compact operator.

Finally, Q o D = Id + H where H is a compact operator .

Remark 4.1. In the Theorem , we obtain D Fredholm if it is an essential-selfadjoint operator [5].
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Remark 4.2. There is a second method inspired from [2] to show ii) = i) of the Theorem . This can be
demonstrated with the aid of the following claim: "If oy, = (fn,on) € Co(V) x C§(E) is W-bounded
and (Do), is convergent in 12(G), then (0y,), has a W-convergent subsequence".

We have the following result:

Proposition 4.1. Let W be a Hilbert space satisfying:

(1) Co(V) ®C§(E) is dense in W.
(2) The injection of Co(V) @ C§(E) to C(V) @ C*(E) extends by continuity to W.
(3) D : W — [*(Q) is a bounded operator

Then if there exists a finite subgraph Gk of G and a positive constant C' = Ck such that

(4.19) Cl O < 1D @)l » Y(F.9) € CoV\K) x CH(E\ Ex).

so necessarily, the operator D : W — 12(G) is semi-Fredholm.

Proof
We start by proving the following claim: if 0,, = (fp,vn) € Co(V) x C§(E) is W-bounded and
(Doy,)p is convergent in [2(G), then (o), has a W-convergent subsequence.

Let G 7 be a neighborhood of the subgraph Gk (see Definition 3.2), then (o, | I?)n is a bounded
sequence in a vector space with finite dimension. Hence, it admits a convergent subsequence.

In G'\ G, we consider the indicator function y as in (3.8) by replacing K by K. Then, we obtain a
function yo,, with finite support in G \ Gx and we can apply the inequality (4.19) to xo,, in particular
to (x fn,0) and (0, Xy,). First, we obtain

Ixfullw < C A0l ey -
But, from the equality (2.3) of Lemma (2.3), we get

d(xfu)(e) = x(e")d(fa)(e) + fuleT)d(x)(e).

We have (d(f»))n is a convergent sequence and supp(dx) C £ is finite, thus, f,,(z) [ admits a con-
vergent subsequence.
Then we may conclude that x f,, admits a ¥ -convergent subsequence, i.e, (fy [V\ 7 )n admits a W-

convergent subsequence.

Second, we have
IXenllw < Clloen) 20 -

Since the equality (2.4) of Lemma (2.3) gives
_ 1
3(en) (@) = X()3(on) () = 5oy

> r(e)d(x)(e)enle), Yo € V.

e,et=x

Furthermore by assumptions the sequence (6(¢n))n is convergent and supp(dx) C £ is finite, hence,
(¢n le) admits a convergent subsequence. As a result, we deduce that the sequence (X, ), admits a
W -convergent subsequence. So, the sequence (, rg\gf()n admits a W -convergent subsequence.

Now we can show that our operator D is semi-Fredholm.
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(1) We start by proving that ker D is finite dimensional, which is equivalent to show that {oc €
ker D; ||o||y, = 1} is compact.

Let (0y,)n C ker D be such that |0y, ||, = 1 and Do, = 0. Then, by the claim, (oy,), admits
a convergent subsequence. So the result occurs.
(2) Let us show that ImD is closed.

Let (3, ) be a sequence of ImD such that (y,,),, converges to y in I2(G). Is that iy in ImD?

Since (yn)n C ImD, then there exist (o), C ker D+ and o, # 0 Vn, such that y,, = Do,.

(07,)n, must be bounded. If not, by extraction we can construct s,, = ﬁ, such that
nllw

(8n)n C ker D+

[/l =1
Ds,, — 0.
Using the claim, we can conclude that (s, ),, admits a convergent subsequence with limit denoted
s such that
s € ker D+
sl =1
Ds = 0.

Then, s € ker D Nker D+ = {0}. So s = 0, which is absurd.

Hence the sequence (oy,),, is bounded and since (Do, ), converges to y, using the claim, the
sequence (o, ), admits a convergent subsequence and let o be this limit. But, the operator D is
bounded. Then, Do, converges to Do and by uniqueness of the limit y = Do.

0

Corollary 4.1. D is non-parabolic at infinity if and only if there exists a finite subgraph G of G such
that if we complete Co(V) x C§(E) by the norm

[N

1)l = (I DIz + 1D D)

in order to obtain W satisfying
(1) Co(V) & C§(E) is dense in W.
(2) The injection of Co(V) @ C§(E) to C(V) @ C*(E) extends by continuity to W.
(3) D : W — [*(G) is semi-Fredholm.
5. EXAMPLES

5.1. A star-like graph.

Definition 5.1. The disjoint union of two graphs Go = (Va,Eq) and Gg = (Vg, Eg) is the disjoint union
of their vertex and edge with no edge joining V,, and V.

According to [6], we have the following definition:
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Definition 5.2. An infinite graph G = (V, £) is called star-like, if there exists a finite subgraph G g of
G so that G \ G is the union of a finite number of disjoint copies G, of the graph N.

FIGURE 1

Proposition 5.1. In the case where c = r = 1, D is non-parabolic at infinity in the star-like graph.

Proof

By the definition of the star-like graph, there exists a finite subgraph G of G so that G\ Gx =
|lpcs Ga- Let U be a finite subset of G \ G'¢ then, there exists a € J such that U C G,. We look for a
positive constant C' = C'(U) such that

(5.20) CIE Dl < 1D Dl » Y(F ) € GV K) @ Ca(E\ Ex).

Let f € Co(V \ K) such that U is included in the support of f.

For U = {a}, we have
1720y = f*(a)-

For 0 € K and as (G is connected we can find a path 7,4 joining o to a. Suppose that this path is of length
n such that xop = a and x,, = o, using the Jensen’s inequality and f(x,) = 0, we obtain

fla) = (flxo) — fla1) + f(a1) — f(@2) + f(@2) — .. — f(@n—1) + f(@no1) — Fzn) + f(an))?
< n((fl@) = F@)) + (fl@r) = F@)) + o+ (f@n1) = f@a)’)

which implies

(5.21) F2(a) < nlldfllpq -

Remark 5.1. n depends only on U and K.
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Similarly, for ¢ € C§(€ \ £k ), we obtain

el e,y < Culldell -

Moreover, for U = {ay, ..., ay }, we prove the inequality (5.20).

By the inequality (5.21), forall i € {1,...,n}, we get

F2(ai) < mil|df 7o)

where n; is the number of edge of the shortest path between a; and any vertex of K.

For thus, we have
n

Zf2(ai) < an ||df||l22(V) )
=1

i=1
Hence
£y < Culldf ey -
And similarly, we show that

el e,y < Culldellie -

5.2. The triadic tree.

Definition 5.3. A tree is a connected graph containing no cycles. The triadic tree is the tree such that
all the vertices have degree 3.

FIGURE 2

Proposition 5.2. In the triadic graph the condition of "non-parabolicity at infinity" is not verified.
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Proof
We fix a vertex o, see the figure 2, we can find an increasing sequence of finite subgraph {G), },, such
that G, = {x € V; d(o,z) < n} and G = |J,, Gy. The contradiction of non-parabolicity at infinity
property could be: for all n there exists U outside of G, and a 1-form ,, with finite support outside of
G, such that §p,, = 0 and ||y ||;2 ) # 0. Such ¢, exist. Indeed one can construct a skewsymmetric
function ¢,, supported on the outward tree of every vertex z,, € G, with d¢,, = 0 in the following way:
let eg and by be the two outward edges of x,, (the third one rely x, to z,_1) and denote e,kn, m > 1,
1 <k < 2™, resp. b’fn, m 2 1,1 < k < 2™, the outward edges emanating from eg, resp. by, of
generation m. We define ¢,, to be 0 excepted on these edges where ¢, (eF,) = 5 and ¢, (b)) = — 5
(the edge are oriented outward). So, we deduce that § does not satisfy the property of non-parabolicity
at infinity.
O

Remark 5.2. We can generalize this example for the tree with degree d > 3, we can use the same
argument with p, = £(1)™.

Remark 5.3. a) The importance of non-parabolicity at infinity appears with the operator 6. In fact, this
property for the operator d is always true on any connected graph.

b) In probability [8] and potential theory [15] there exists an interesting notion of non-parabolic for the
graph which is equivalent ([1] Theorem 2.1) to the following statement: there exists x € V and C >0
such that

(@) < Clldflibey » VI € Co(G).
This notion is different from the non-parabolicity at infinity. Indeed, the graph 7. and 7. are parabolic,

but 7", n > 3 is non-parabolic. On the other side, we have 0 is non-parabolic at infinity in 7 but in 7.",
n > 2, § does not verify this property (since it has cycles supported outside any finite subgraph).
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