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LOWER BOUNDS FOR MAASS FORMS ON SEMISIMPLE GROUPS

FARRELL BRUMLEY AND SIMON MARSHALL

ABSTRACT. Let G be an anisotropic semisimple group over a totally real number field F.
Suppose that G is compact at all but one infinite place vg. In addition, suppose that
Gy, is R-almost simple, not split, and has a Cartan involution defined over F. If Y is a
congruence arithmetic manifold of non-positive curvature associated to GG, we prove that
there exists a sequence of Laplace eigenfunctions on Y whose sup norms grow like a power
of the eigenvalue.
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1. INTRODUCTION

Let M be a compact Riemannian manifold of dimension n and with Laplace operator
A. Let {¢;} be an orthonormal basis of Laplace eigenfunctions for L?*(M), which satisfy
i)l = 1 and (A + A2)y; = 0. We assume that {¢;} are ordered by eigenvalue, so that
0 =X < A < .... It is an important question in harmonic analysis to determine the
asymptotic size of v, i.e. the growth rate of ||;||» in terms of A\;. The basic upper bound
for [|1;||co was proved by Avacumovié [1] and Levitan [19], and is

(1) [9illoo < A2,

Moreover, this bound is sharp on the round n-sphere.

Our interest in this paper is in lower bounds on sup norms. One way of viewing the
existence of large eigenfunctions on S is via the link between the asymptotics of ¢; and the
geodesic flow on M provided by the microlocal lift. Roughly speaking, this implies that the
eigenfunctions on M should exhibit the same degree of chaotic behaviour as the geodesic flow.
On S™, for instance, the geodesic flow is totally integrable, and this is reflected in the fact
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that one can both write down an explicit basis of eigenfunctions, and find eigenfunctions with
large peaks. Conversely, if M is negatively curved then its geodesic flow is highly chaotic,
and one expects this to be reflected in the asymptotics of ;. One example of this is the
Quantum Unique Ergodicity (QUE) conjecture of Rudnick and Sarnak [24], which predicts
that the measures |1;|2?dV tend weakly to dV for these M.

In light of this, one would like to know to what extent the upper bounds (1) can be
improved when M is negatively curved. When n = 2, Iwaniec and Sarnak [13] conjecture
the strong bound

This is often referred to as a Lindelof type bound, as it implies the classical Lindelof conjec-
ture on the Riemann zeta function in the case of the modular surface. Their conjecture is
consistent with the Random Wave model and is supported by numerical computations as well
as a power improvement over (1) established in [13]. Moreover it is generally believed that
generic sequences of L2-normalised eigenfunctions on a negatively curved manifold satisfy a
Lindel6f type bound. Any sequence violating (2) will then be called ezceptional.

Unlike the setting of the QUE conjecture, compact manifolds M of negative curvature
which support exceptional sequences in the above sense do in fact exist. Rudnick and Sar-
nak were the first to investigate this question, proving in [24] the existence of an arithmetic
hyperbolic 3-manifold Y and a sequence of L?-normalised eigenfunctions ¢; on Y for which
|Gilloc > /\3/ 7€ This result was generalised to n-dimensional hyperbolic manifolds for
n > 5 by Donnelly [4], and an alternative proof, valid in a wide class of arithmetic hyper-
bolic 3-manifolds, was given by Mili¢evi¢ [22]. Finally, in the spirit of the above example
involving the Riemann zeta function, Lapid and Offen in [18] discovered a series of higher rank
arithmetic manifolds supporting exceptional sequences through the link with automorphic
L-functions (conditionally on standard conjectures on the size of automorphic L-functions
at the edge of the critical strip). A synthesis of these developments, as well as a general
conjecture restricting the possible limiting exponents for exceptional sequences, can be found
in the influential letter [29].

In this paper, we extend these results to a wide range of compact congruence manifolds.

Theorem 1.1. Let F' be a totally real number field, and let vy be a real place of F. Let
G/F be a connected anisotropic semisimple F-group. We make the following additional
assumptions on G.

(1) Gy, is noncompact, not split, and R-almost simple.
(2) G, is compact for all real v # vy.
(3) There is an involution 0 of G defined over F' that induces a Cartan involution of G, .
LetY be a congruence manifold associated to G as in Section 3.8. Then there exists 6 > 0
and a sequence of linearly independent Laplacian eigenfunctions v; on'Y that satisfy

[illa =1, (A+ X)) =0, and ||l > A

Theorem 1.1 goes some distance toward answering the basic question of determining the
precise conditions under which one should expect a Lindelof type bound on a compact
congruence negatively curved manifold. The three numbered conditions on the group G are
a particularly convenient way of asking that a large enough compact subgroup of G, admits

a rational structure, which is a key ingredient in our proof. Although the condition that G,
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is not split should be necessary, one should be able to relax the other conditions somewhat.
For example, throughout most of the paper, the condition that G,,, is R-almost simple could
be weakened to G being F-almost simple. The stronger form of this condition is only used
in Lemma 6.1, to simplify the application of a theorem of Blomer and Pohl [2, Theorem 2]
and Matz-Templier [21, Proposition 7.2].

Note that Theorem 1.1 includes the examples of Rudnick-Sarnak, Donnelly, and Mili¢evic,
although without explicit exponents. It is unable to reproduce the examples of Lapid
and Offen due to the compactness requirement, but it can produce compact quotients of
SL(n,C)/SU(n) with an exceptional sequence of eigenfunctions.

We address the question of whether one can find many groups satisfying the rationality
hypothesis of Theorem 1.1 in Section 9. One consequence of the results proved there is that,
for any G/R that is connected, R-almost simple, not compact, and not split, Theorem 1.1
produces a manifold Y of the form I'\G /K with an exceptional sequence of eigenfunctions.

Finally, while our approach was largely inspired by that of Mili¢evi¢, we have made an
effort to emphasize (in Section 2) the common features it shares with the techniques of
Rudnick-Sarnak and Lapid-Offen.

1.1. A hybrid result in the level-eigenvalue aspect. We in fact prove a stronger result
than that described in Theorem 1.1, establishing a lower bound in the level and eigenvalue
aspects simultaneously. We present this separately, as it requires more care to state; indeed,
any notion of non-trivial lower bound must overcome the lower bound one may prove when
the eigenspaces have large dimension. More precisely, if M is a compact Riemannian manifold
and V is the space of ¢ € L?(M) with a given Laplace eigenvalue, one may show that there
is ¢ € V satisfying ||| = Vdim V|9 2.

If we consider a tower of congruence covers Yy of Y, then the Laplace eigenspaces will have
growing dimension because of multiplicities in the corresponding representations at places
dividing N. Computationally, one observes that this (and its stronger form involving Arthur
packets) is the only source of dimension growth. Although we believe that the dimensions of
the joint eigenspaces we consider should be small (partly as a result of our choice of “large”
congruence subgroup), we do not know how to prove this in general. As a result, we shall be
satisfied if we can beat the bound v/dim V', where V' is now a space of Hecke-Maass forms
with the same Laplace and Hecke eigenvalues. This motivates the following definitions.

Let G be as in Theorem 1.1. Let H be the identity component of the group of fixed points
of 6. We let D be a positive integer such that G and H are unramified at places away from
D and oo; see Section 3 for a precise definition. Let K and Kx be compact open subgroups
of G(Ay) and H(Ay) that are hyperspecial away from D. If N is a positive integer prime
to D, we let K(N) be the corresponding principal congruence subgroup of K, and define
Yv =G(F)\G(A)/K(N)Ky K. We give each Yy the probability volume measure.

Let A C G, be a maximal R-split torus with real Lie algebra a and Weyl group W. We
let ac = a® C. Let G% be the connected component of G, in the real topology. Any
unramified irreducible unitary representation of GY gives rise to an element ¢ € af/W via
the Harish-Chandra isomorphism, where we have normalised so that the tempered spectrum
corresponds to a* /. We let || || be the norm on a and a* coming from the Killing form, and
if p, A € a*/W we will sometimes abuse notation and write || — Al| to mean the minimum

of this norm over representatives for the orbits.
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By a Hecke-Maass form we mean a joint eigenfunction ¢ € L?(Yy) for the Hecke algebra
(away from N and D) and the ring of invariant differential operators D on Yy. We may view
the associated eigenvalues as elements in the unramified unitary dual of G, at finite places
v (via the Satake isomorphism), while at infinity they determine an element & € af/W. We
define a spectral datum c for (G, N) to be a choice of element £(c) € a*/W and an element
Ty(c) in the unramified unitary dual of G, for all v { NDoo. Given a spectral datum ¢ for
(G, N), we define V(N ¢) to be the space of Hecke-Maass forms on Yy whose D-eigenvalues
are given by &(c) (the spectral parameter) and whose Hecke eigenvalues at v { NDoo are
given by m,(c). In particular, we require that these Maass forms are tempered at infinity.

Theorem 1.2. With the notation and hypotheses of Theorem 1.1, there is o > 0 and Q) >
1 with the following property. For any positive integer N with (N, D) = 1 and spectral

parameter £ € a* such that N(1 + ||£]|) is sufficiently large, there is a spectral datum c for
(G, N) with ||£(c) — &|| < Q and a Hecke-Maass form ) € V(N,c) such that

1]l > N°(1 + €]’/ dim V(N, o) [ ¢

Note that a Hecke-Maass form as in Theorem 1.1 has Laplacian eigenvalue of size roughly
1+ l)?.

The only previous results giving lower bounds in the level aspect are for G Ly over a number
field, due to Saha [25] and Templier [32]. They use the fact that local Whittaker functions
of highly ramified p-adic representations are large high in the cusp, and in particular rely on
the noncompactness of the manifold.

1.2. An example: complex hyperbolic manifolds. We now give an example of a family
of manifolds to which our theorem can be applied, and which to our knowledge does not
already appear in the literature. Let F' be a totally real number field, and let E be a CM
extension of F'. Let the rings of integers of these fields be O and Op respectively. Let vy
be a distinguished real place of F', and let wy be the place of E over vg. Let V be a vector
space of dimension n + 1 over £ with a Hermitian form (-,-) with respect to £/F. Assume
that (-,-) has signature (n, 1) at wy and is definite at all other infinite places of E. Let G be
the F-algebraic group SU(V;, (-,-)), so that G,, ~ SU(n, 1).

Let L C V be an Og lattice on which the form (-, -) is integral. Let L* be the dual lattice
L*={zx eV :(x,y) € Og for all y € L}. Let I" be the group of isometries of V' that have
determinant 1, preserve L, and act trivially on L*/L. If F' # Q, completion at wq allows us
to consider I' as a discrete, cocompact subgroup of SU(n, 1), which will be torsion free if L
is chosen sufficiently small.

One may associate a complex hyperbolic manifold to I' in the following way. Let D denote
the space of lines in V,,, on which the Hermitian form is negative definite. SU(n, 1) acts on
D, and D carries a natural SU(n, 1)-invariant metric under which it becomes a model for
complex hyperbolic n-space. The quotient Y = I'\ D is then a compact complex hyperbolic
n-manifold, and is an example of a congruence manifold associated to G as in Theorem 1.1.

If n > 2, G satisfies conditions (1) and (2) of Theorem 1.1. We now show that (3) is
satisfied. Let W C V be a codimension 1 subspace defined over E such that the Hermitian
form is positive definite on W,,,. Let € be the isometry of reflection in W. Then g — 0gf~!
gives an F-involution of GG that is a Cartan involution on G,,, as required. Theorem 1.1 then
implies that there is a sequence of Laplace eigenfunctions {t;} on Y satisfying |[1)i]|c >

Albill2.
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1.3. The method of proof. There are several methods that may be used to prove power
growth of eigenfunctions on arithmetic manifolds. The original proof of Rudnick and Sarnak
uses a distinction principle. This means that, for certain period integrals, if an automorphic
form ¢ has a nonzero period then ¢ is exceptional in some sense, which can mean being a
transfer from a smaller group, or being nontempered. We illustrate this in a special case,
taken from Rudnick and Sarnak’s proof.

Let Q be the quadratic form Q(z) = 23 +ax3+22—7z2. fwelet V ={z € R*: Q(z) = -1},
then V is a two-sheeted hyperboloid and the upper sheet is a model for H3. If we let " be
the intersection of O(Q,Z) with the identity component of O(Q,R), then Y = I'\H? is a
compact hyperbolic 3-manifold. The distinction result that Rudnick and Sarnak prove is
that if ¢ € L?(Y) is orthogonal to all theta lifts of cusp forms of weight 1 on T';(28), then
¥((2,1,1,1)) = 0. The result then follows from the local Weyl law and a counting argument.
Indeed, the local Weyl law says that the average size of [((2,1,1,1))|*> must be 1. However,
the number of eigenfunctions on X with eigenvalue A < R is roughly R, while the number
of theta lifts in this range is roughly R?. Because the number of nonvanishing eigenfunctions
is small, their values must be large to make up the right average.

The generalisation of this principle, namely that an automorphic form on SO(n, 1) that is
orthogonal to theta lifts from S Ly must have vanishing SO(n) periods, was used by Donnelly
[4]. Tt is likely that this could be used to prove Theorem 1.1 on other groups of the form
SO(m,n), U(m,n), or Sp(m,n). Another distinction principle that one could apply is due
to Jacquet [14] (and later refined by Feigon, Lapid, and Offen in [6, 18]), which states that a
form on GL(n,C) with a nonvanishing U(n) period must come from quadratic base change.
See [15] for a general discussion of these ideas.

The proof of power growth for H? by Mili¢evi¢ [22] does not use distinction, and instead
compares an amplified trace and pre-trace formula. Our proof works by extending this
method to general groups. The main work is in proving asymptotics for the trace formula.
While writing this paper, Erez Lapid pointed out to us that there was another approach
to proving Theorems 1.1 and 1.2 based on a theorem of Sakellaridis on the unramified C'*
spectrum of symmetric varieties. We have included a discussion of this in Section 2. We have
also included an explanation of why the condition of G being nonsplit at v, is natural, and
motivated our choice of test functions in the trace formula, based on a related conjecture of
Sakellaridis and Venkatesh on the L? spectrum.

Acknowledgements. We would like to thank Tobias Finis, Erez Lapid, Zeev Rudnick,
Yiannis Sakellaridis, Sug Woo Shin, Nicolas Templier, and Akshay Venkatesh for helpful
conversations during the elaboration of this paper. The first author benefited from many
enlightening discussions with Nicolas Bergeron and Djordje Milic¢evic.

2. RELATIONS WITH THE SPECTRA OF SYMMETRIC VARIETIES

In this section, we describe how a conjecture of Sakellaridis and Venkatesh on the L? spec-
trum of symmetric varieties relates to the method we have used in this paper, in particular
our choices of test functions in the trace formula. We also describe an alternative approach
to proving Theorems 1.1 and 1.2 based on a theorem of Sakellaridis on the unramified C'*>°

spectrum.
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2.1. Symmetric varieties. Let F' be a field of characteristic 0. A symmetric variety over
F is a variety X = G/H where G is a reductive F-group, # is an involution of G over F,
and H is an open F-subgroup of the fixed point group G?. We say that a torus A C G is
(F, 0)-split if it is F-split and @ acts on it by —1. All maximal (F,#)-split tori are conjugate
in GG, and we define the #-split rank of G to be their common dimension. We say that G
is @-split if its #-split rank is equal to its absolute rank, that is if G contains a (F,#)-split
maximal torus. We say that G is 6-quasi-split if G contains a Borel subgroup B over F' such
that B and 0(B) are opposed. If A is a maximal (F, 0)-split torus in G, G is f-quasi-split if
and only if Z5(A) is a torus.

2.2. Plancherel measures. We now let F' be a p-adic field. We will denote G(F') by G
etc. in this section. We assume that G is split (and therefore unramified) over F', and let
K be a hyperspecial maxirr/l\al compact subgroup. We let H beAthe spherical Hecke algebra
with respect to K. We let G be the unitary dual of G, and let G be the spherical unitary
dual with respect to K. We recall the existence of a Plancherel measure px associated with
the separable Hilbert space L?(X), viewed as a G-representation; roughly speaking, this is

a measure on G satisfying

L0 = [ M(x) @ dux(m)
a
where M () is some multiplicity space. Notice that pux is only defined up to absolutely
continuous equivalence (we shall only be concerned with its support).

We let 1Ty : L'(G) — L'(X) be given by integration over H. If we let v° = I15 (1), there
is a second measure, the spherical Plancherel measure /Li?h, which satisfies

) = [ B0 )

for all w € H. In particular, the support of ,ui?h is contained in the support of ux. Note
that, here and in Lemma 2.1, w - v° denotes the action of w on v°, given by

W = / w(g)(g - v")d.
G

The next lemma shows that ,ui?h determines the period of w along H.

Lemma 2.1. The measure /@?h satisfies

HHw(l):/@SPh () du (v)
for any w € H(G).

Proof. First note that for any wy,ws € H(G), we have

(3) <]:[HCL)1,HH(A}2 L2(X // wl CL)Q gh dgdh,



by unfolding the integral in I1zw;. We then have

HHw(l):/Hw(h)dh:/H/K(w-lk)(kh)dhdk;

— [ ] (o 1o Licla)dhdg = oo+ 110, o)
¢JH
where we have used (3). But Iy (w-1x) = w-1°, by the G-equivariance of the map g. O

2.3. The conjecture of Sakellaridis and Venkatesh. Let A% be a maximal (F, 6)-split
torus in G. By [12, Lemma 4.5], our assumption that G is split implies that A% is also a
maximal §-split torus in G x F. This implies that G is #-(quasi-)split if and only if G x F is.

Let G be the complex dual group of G. In [28, Section 2.2], Sakellaridis and Venkatesh
define a dual group Gy, which is a reductive complex algebraic group associated to X, and
a homomorphism ¢ : Gx x SL(2,C) — G whose restriction to G'x has finite kernel. (Note
that this requires imposing certain conditions on X, which we shall ignore as this section
is purely expository.) In our special case where X is symmetric, and again under technical
assumptions that we shall ignore, L(é x) is equal to the group H constructed by Nadler in
[23]. (Note that Nadler works over C rather than a p-adic field, but passing to F as in the
remark above allows us to compare the two constructions.) We recall the following facts
about Gy and ..

e The rank of Gy is equal to the #-split rank of G.
e 1(Gx) = G if and only if G is #-split.
e ¢ is trivial on the SL(2,C) factor if and only if G is #-quasi-split.

The first claim is stated in [23, Section 1.1] and proved in Proposition 10.6.1 there, and the
second may be shown by examining the construction in [23, Section 10]. The third follows
from the condition that ¢ be a distinguished morphism in the sense of [28, Section 2.2].
Indeed, by the comment before Theorem 2.2.3 there, if we define L to be the Levi Zg(A%),
then ¢ is trivial on SL(2,C) if and only if py, is trivial, i.e. L is a torus. Sakellaridis and
Venkatesh conjecture that the support of x may be described in terms of the tempered dual
of Gx and the map ¢. They define an X-distinguished Arthur parameter to be a commutative
diagram

GX X SL2
EF X SL2 G
where Lr is the local Langlands group of F', and ¢ is a tempered Langlands parameter for
G x. This naturally gives rise to an Arthur parameter for G. We shall say that an Arthur

parameter for G is X-distinguished if it arises from such a diagram, and likewise for an
X-distinguished Arthur packet.

Conjecture 1 (Sakellaridis-Venkatesh). The support of px 15 contained in the Fell closure
of the union of the X -distinguished Arthur packets for G.

Note that this conjecture has been proved for ,ui?h in [27] under certain combinatorial

assumptions. Let us now discuss what Conjecture 1 implies for ui?h under the assumptions
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that G is #-split, A-quasi-split, or neither. We say that p" is strongly tempered if 2" <
CuP" for some C' > 0, where p£?" is the spherical Plancherel measure on G.

e If G is f-split, then t(G'x) = G and ¢ is trivial on SL(2,C). Conjecture 1 then implies
that px is supported on the tempered dual of G. In fact, it may be shown in this
case that " is strongly tempered.

e If GG is #-quasi-split but not #-split, ¢ is still trivial on the SL(2,C) factor. This
implies that gy is still tempered. However, because rank(Gy) < rank(G), if we
identify the tempered spherical dual of G with a quotient of a compact torus by the
Weyl group, the support of /fph will be contained in a union of lower dimensional
tori. In particular, uXh will not be strongly tempered.

o If G is not #-quasi-split, then all X-distinguished Arthur parameters have nontrivial
SL(2,C) factor. It follows that if ¢ is X-distinguished with packet II,, and = € I,
is spherical, then 7© must be non-tempered. From Conjecture 1 we deduce that the
same is true for any 7 in the support of pf};h.

2.4. The relation to this paper. As mentioned in §1.3, we prove Theorems 1.1 and 1.2
by comparing a trace formula for G with a trace formula for G relative to H. After proving
asymptotics for both, the problem reduces to finding w in the global Hecke algebra with
the property that ITy(ww*)(1)/(ww*)(1) is large. This may in turn be reduced to a local
problem, namely that of finding k¥ € H, with k(1) = 0, ||k|]2 = 1, and xk(1) > 1, for v
in a set of places having positive density Let v be a finite place at which G is split and all
data are unramified. We let ,uG and ,uX denote the spherical Plancherel measures of G,
and X, = G,/H,. If we rephrase our conditions on k in terms of the Satake transform using
Lemma 2.1, they are equivalent to

(4) / () a2 (o / R Pdit (v) = 1, / R)dp () > 1.

We also note that G, is (quasi-)split over R if and only if G, x C is 6-(quasi-)split, and by
the comment at the start of Section 2.3 this is equivalent to G, being 6-(quasi-)split. We
obtain the following consequences of Conjecture 1 for the existence of the required function
k.

o If GUO is not quasi-split, ,uX has non-tempered support. The exponential growth

of k(v) away from Giptemp
obtain (4).

o If G, is split, the oscillation of ¥ and the strong temperedness of ,ui?}j} should prevent
one from satisfying (4).

e If G,, is quasi-split but not split, the existence of k satisfying (4) depends on how

should make it easy (barring unforseen cancellation) to

singular ui?}; is. By the remarks below, it seems that ,ui?}; is still singular enough to
allow (4) to be satisfied.

In practice, we take a much easier approach to constructing k. In [20], it is shown that
G, being non-split is equivalent to a certain inequality on the roots of G and H. We refer to
this by saying that H is large in G; see Definition 3.1. (Note that the proof of this involves
studying the spectra of symmetric varieties.) It is then straightforward to show that if H is

large in GG then a function k of the required type exists; see Section 6.
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2.5. A result of Sakellaridis on the unramified C*> spectrum. We now describe a C'*°
version of the above ideas that we expect would provide an alternative approach to Theorems
1.1 and 1.2 in the case when G, is not quasi-split. We begin by stating a local result, due
to Sakellaridis. As in Section 2.2 we let F' be a p-adic field, and assume that G is split over
F.

We again let A% be a maximal (F,6)-split torus of G, and let A be a maximal split torus
containing A%. It is f-stable. We let Ay be the quotient A/AY which is also a quotient of
A% Let Ay and A be the dual tori, so that we have a map Ay — A with finite kernel. In
fact, Ay is a maximal torus of Gx, and the map Ax — A extends to the map ¢ : Gx — G of
Section 2.3. Let W be the Weyl group of A and A. Then irreducible admissible unramified
representations of G are in bijection with A /W, via the map taking 7 to its Satake parameter.
Let B be a Borel subgroup of G containing A, and let § denote the modular character of A
with respect to B. One may consider the positive square root 6/ as an element of A. The
following theorem is an immediate consequence of [26, Theorem 1.2.1]; note that the torus
denoted A% there is equal to +(Ax).

Theorem 2.2. If an wrreducible admissible unramified representation @ of G occurs as a
subrepresentation of O (X), then the Satake parameter of m lies in the image of 6~ '/21(Ax)

It is known that 6'/2 € «(Ay) if and only if G is §-quasi-split. Combined with the above
theorem, this gives the following.

Corollary 2.3. If G is not 0-quasi-split, any irreducible admissible unramified representation
7w of G that occurs as a subrepresentation of C*°(X) must be non-tempered.

2.6. Period integrals. We now describe how one might use Corollary 2.3 to prove asymp-
totic lower bounds for periods. The argument is in the same style as that of Rudnick and
Sarnak described in Section 1.3.

Let G/Q be a semisimple group. Assume that G(R) has a Cartan involution 6 defined over
Q. If we let H = G?, then H(R) is a maximal compact subgroup of G(R). Let K; = [[ K,
be a compact open subgroup of G(Ay), and let Ko, = H(R). Define Y = G(Q)\G(A)/K.
The image of H(A) in Y is a finite number of points, and we shall assume for simplicity
that it is a single point p. Let Py : C*(|G]) — C be the period map f — f[H] fdh. (Here
[G] denotes the usual adelic quotient G(F)\G(A).) When restricted to C>°(Y'), Py is just
evaluation at p.

Suppose that G is not quasi-split over R. If G is split at a finite place v, then passing
between places as before and applying Corollary 2.3 gives that any unramified representation
m, occurring in C*(G,/H,) must be non-tempered.

Let 7 be a cuspidal automorphic representation of G, and let ¢ € 7 be invariant under K.
If Pu(¢) # 0, this implies that each factor 7, admits a non-zero smooth linear functional
invariant under H,. This is equivalent to the existence of an embedding m, — C*(G,/H,),
so that if v is finite, G splits at v, and all data are unramified, then 7, is non-tempered.
The strategy would then be to use the trace formula to show that the number of such ¢ is
a power smaller than the total number of ¢. Combining this with the local Weyl law would
then produce asymptotic growth. Note that this approach does not deal with the case when

G is quasi-split but not split over R, unlike Theorems 1.1 and 1.2.
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2.7. Higher dimensional periods. One advantage of the method described in Section 2.6
is that it applies equally well to periods along positive dimensional submanifolds of Y arising
from rational subgroups. Note that this would produce a result of the form “there are certain
eigenfunctions whose periods are larger than the average by a power of the eigenvalue”, while
determining the size of the average period is a separate problem. It should be pointed out
that the average size of a positive dimensional period should be a negative power of the
eigenvalue, so even if one could improve over this one would not necessarily obtain power
growth of sup norms as a result.

In comparison, the relative trace formula approach we use is more difficult in the positive
dimensional case, because the analysis of the error terms becomes much more complicated.
In the case of a point, one needs to bound the value of a spherical function ¢, away from
its center of symmetry. In the positive dimensional case, one needs to bound the value of
an oscillatory integral whose kernel is constructed from ¢,, and which is taken over two
copies of the submanifold in question. Moreover, the bound obtained must be uniform as
the submanifolds move.

3. NOTATION

3.1. Algebraic groups. Let O denote the ring of integers of F'. Let A and A be the adeles
and finite adeles of F.

Let G and 0 be as in Theorems 1.1 and 1.2. Let H again denote the identity component
of the group of fixed points of §. We let T C G and Ty C H be maximal tori defined over
F with Ty € T. We fix an F-embedding p : G — SLy. We choose an integer D > 1 such
that G, H, T, and Ty extend to smooth group schemes over O[1/D], all of whose fibers are
connected reductive. We assume that all the inclusions we have defined over F' extend to
inclusions of smooth closed subgroups over O[1/D]. Let Z be the center of G.

Let X*(T) and X,(T) denote the group of characters and cocharacters of T xp F. Let A
be the set of roots of T in G, and let AT be a choice of positive roots. Let W be the Weyl
group of (G, T) over F. We define

XHT)={pe X (T): (n,a) > 0,a € AT}

Similarly, we may define Ay, Af,, Wy, and X (Tx). Letting p and py denote, as usual, the
half-sum of positive roots for G and H, we introduce the norms

lpl* = max(wp, p)
lillzr = max (wp, prr)

on X,(T') and X, (Tx) respectively. (Note that these are in fact norms; the condition that
|l = || = w||* follows from the fact that p and —p lie in the same Weyl orbit.)

Definition 3.1. We say that G is H-large if there exists a nonzero p € X.(Ty) such that
(5) 2| allzr =l

It follows from [20, Prop 7.2] that a group G satisfying the hypotheses of Theorem 1.1 is
H-large. Indeed, by that proposition it is equivalent to know that G xz F' is not 6-split.
However, this is equivalent to G,, x C not being #-split, and this is equivalent to G,, not

being split over R.
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3.2. Local fields. If v is a place of F, we denote the completion by F,. If v is finite, we
denote the ring of integers, uniformiser, and cardinality of the residue field by O,, =,, and
q» respectively. If v 1 Doo, we have the following consequences of our assumptions on D and
p above.

e We have G(O,) = p ' (p(G,) N SLy(O,)) and H(O,) = p~*(p(H,) N SLy(O,)), so
that G(O,) N H, = H(O,)

e G(O,) and H(O,) are hyperspecial maximal compact subgroups of G, and H, re-
spectively.

e If T (and hence T4 ) split at v, the subgroups G(O,) and H(O,) correspond to points
in the Bruhat-Tits buildings of G, and H, that lie in the apartments of T and Ty
respectively.

We let P be the set of finite places of F' that do not divide D and at which T splits. If
v € P, our assumptions imply that G, has a Cartan decomposition

Gv = H G(OU)M(W’U)G(OU)

pEXT(T)

with respect to G(O,) and T.

3.3. Metrics. For any place v of F' and g € G(F,) let ||g|l, denote the maximum of the
v-adic norms of the matrix entries of p(g). For g € G(Ay), let [[g]l = [T 00 [l90]lo. Fix a
left-invariant Riemannian metric on G(F,,). Let d(-,-) be the associated distance function.
We define d(z,y) = oo when z and y are in different connected components of G(F,,) with
the topology of a real manifold.

3.4. Compact subgroups. We choose a compact subgroup K = [[, K, of G(A) such that

Ky, = Hy,,

K, = G, for all other real places,
p(K,) C SLy(O,) for all finite v,

K, = G(O,) for finite places v { D, and
Ky =[]0 Ko is open in G(Ay).

We shall suppose that K, for v|D is sufficiently small to ensure that the finite group Z(F)NKy
is reduced to {e}.

The following lemma implies that the compact subgroup K,, = H,, is connected in the
real topology; it will then follow, by passing to the Lie algebra, that K,, is a maximal
compact connected subgroup of G,,.

Lemma 3.2. Let K/R be a Zariski-connected reductive algebraic group such that K(R) is
compact. Then K(R) is connected in the real topology.

Proof. Because K is a connected algebraic group, it is irreducible, and [30, Ch. VII §2.2]
implies that K(C) is a connected Lie group. Now K (R) is a compact subgroup of K(C);
it is therefore contained in some maximal compact subgroup K’, which must be connected.
However, K’ and K(R) must have the same Lie algebra, so that K’ = K(R).

U
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3.5. Measure normalizations. For any place v of F', let p&” be the canonical measure on
G(F,) as defined by Gross in [9, Section 11]; we recall this construction in Section 5.2. Then
for all finite places v { D one has u@%(K,) = 1. We may then form the product measure
pEt =11, n@& on G(A). All convolutions (local and global) on G will be defined with respect

to these measures. If f € C°(G(A)), we define the operator 7(f) on L*(G(F)\G(A)) by
7(Pel) = [ olag)f(a)du" (o)
G(A)

If f € C®(G(A)), we define f* by f*(9) = f(g™'), so that 7(f) and 7(f*) are adjoints.
The choice of canonical measure for GG is imposed by the use of the Arthur-Selberg trace
formula in Section 5; indeed one wants a uniform way of normalizing measures on the col-
lection of connected reductive groups appearing as centralizers. We can afford to be more
casual with measure normalizations for H, in light of our treatment of the geometric side of
the relative trace formula in Section 4. For finite places v we choose Haar measures dh, on
H(F,) so that H(F,)N K, is assigned measure 1. Because H, is compact for archimedean v,
at these places we choose Haar measures dh, so that H, has volume 1. We set dh = ®,dh,,.

3.6. Hecke algebras. If S is any set of places prime to Doo, let Hg be the convolution
algebra of functions on G(Fs) that are compactly supported and bi-invariant under Kg. We
identify Hg with a subalgebra of C2°(G(Ay)) in the natural way. We define H; to be Hg
with S the set of all places prime to Doo. If G° denotes the connected component of the
identity in G, in the real topology, we define H, to be the subspace of C2°(G2,) consisting
of functions that are bi-invariant under K, and define H = H, ® H;. We will sometimes

denote H, = H(G,).

3.7. Lie algebras. Let g be the real Lie algebra of G(F.,), and let g = £+ p be the Cartan
decomposition associated to K. Let a C p be a Cartan subalgebra. We let Agr be the roots
of a in g, and let Af be a choice of positive roots. We let Wr be the Weyl group of Ag.
For o € Ag, we let m(a)) denote the dimension of the corresponding root space. We denote
the Killing form on g and g* by (-,-), and let || - || be the associated norm on a and a*. For
¢ € a*, we define

56 = [T @+ Ka o).

ozeA;{

3.8. Congruence subgroups and adelic quotients. Fix an integer N > 1 prime to
D. For v { Doo we write K,(N) for the level N principal congruence subgroup, given by
K,(N) = G, N SLy(O,)(N), and likewise for H, where SL4(O,)(IN) denotes the principal
congruence subgroup of SL4(O,).

Then, recalling from §3.4 the choice of compact open subgroup K, for v | D, we put

EN)=[] &) [[&, and  KS(N)= [] K.(N) ] Ko
vtDoo v|D v’(gg'o U!g?g

For every finite v we define Ky, = H, N K,. Letting
Ky=][Kuo and  Kj= [] Kno

vfoo vgSUoo
12



then the congruence manifold of interest to us is
Vi = GUPNG(A)/K (N) K K.

Let Voly be the volume assigned by [, p#& to the compact open subgroup K (N)Kp. For
convenience, in the following proposition we use the standard notation

[G] = GIFN\G(A)  and  [H] = H(F)\H(A)

for the automorphic spaces associated with G and H. We shall identity L?*(Yy) with the
functions in L*(|G]) fixed under K(N)Ky K.

3.9. Hecke-Maass forms. Let D be the algebra of differential operators on G% /K, that
are invariant under the left action of G2 . Note that if we define K & to be the group of fixed
points of § on G, and let K1, be the group obtained by replacing K,, with K} in K, then
KT is a maximal compact subgroup of G, we have G.,/K} ~ G% /K., and the elements
of D are also invariant under the larger group G.. It follows that D descends to an algebra
of operators on Yy in a natural way.

We define a Hecke-Maass form to be a function on Yy that is an eigenfunction of the
ring D on Yy and the Hecke algebra #H; (and hence of #). If ¢ is a Hecke-Maass form
and w € H, we define @W(y)) by the equation m(w)y = W(Y)y. We define the spectral
parameter of ¢ to be the unique £ € af/Wg such that ) has the same eigenvalues under the
action of D as the associated spherical function ¢¢. The Laplace eigenvalue of 9 is given by

(A + CL(G) + (£,£))v = 0 for some Cy(G) € R.

4. THE AMPLIFIED RELATIVE TRACE FORMULA
For ¢ € C*(G(F)\G(A)) we consider the H-automorphic period

Prleh) = / (h)dh.
H(F)\H(A)

In this section, we examine the average size of these periods over an orthonormal basis {1}
of Hecke-Maass forms for L?(Yy).

4.1. Statement and reduction to off-diagonal estimates. Our first task is to define a
certain class of test functions to insert into the relative trace formula.

Let S be a finite set of finite places v of F' such that v t D. Let N be a positive integer prime
to S and D and let £ € a*. We shall consider test functions of the form ¢ = 1%, ® kg ® ke,
for kg € Hg and k¢ € Ho, where we have put

(6) 115;7 = 1KS(N)KI§-
We assume that
(Ps) : there is R > 1 such that ||g||s < R for all g € supp(ks),

(Px) : k¢ is supported in {g € G(F) : d(g, Hy,) < 1}, and satisfies
ke(g) < B+ |I€lld(g, Hyp)) ™2,

The resulting formula will be expressed in terms of the averaging map

Iy : L'(G(Fs)) —1>3L1(G(Fs)/H(Fs))



given by
pks(g) :/ ks(gh)dh.
H(Fs)

Proposition 4.1. There is A > 0 such that the following holds. Let S, N, and & be as
above. Let ks € Hg satisfy (Ps) and ke € Hoo satisfy (Ps). Then

Vol Y ks ® ke (1) [P (1)
120
= vol([H])yks (1)ke (1) + O (#(supp ks/Ks)B(€) (1 + 1€ NTVARA [ ks|oo)
where {1;} runs over an orthonormal basis of Hecke-Maass forms for L*(Yy).

Proof. For ¢ = 1%, ® ks ® ke we let
Koy = 3 6ty  and  Ka(ny) = 3 o).

YEG(F) YEH(F)
Integrating the spectral expansion
K(z,y) = Voly Z ks @ ke(vi)vi(z)i(y)
i>0

over [H] x [H], we obtain

/ K, y)ddy = Vol S K5 ® Re(w) [Par ()"
[H]x[H]

i>0

On the other hand, by unfolding we have

/ Ky (i, y)dady — / k() dx = vol([H]) ks (1)ke (1).
[H]x[H] H(A)

We have used the fact that K¥(N)K5 N H(A%) = K7 and the volume of this is vol K3, = 1.
For the remaining terms, first observe that

#{G(F) Nsupp(k)} < #(supp ks/Ks),

uniformly in N. Indeed, suppose g, ¢’ € G(F)Nsupp(k) lie in the same coset in supp kg/Kg.
Then g'¢., lies in a fixed compact set and g;l g} € Ky, so there are finitely many possibilities
for g'¢’. Therefore the map G(F) Nsupp(k) — supp ks/Ks has O(1) fibers. Using this, we
simply estimate

/ > k(e yy)ddy
[H)x|

il yea(r)-H(p)
with the pointwise bounds of Corollary 4.3. U

4.2. Bounding the off-diagonal contributions. In this section we establish Corollary
4.3, which was used in the proof of Proposition 4.1 above. It is based on the following
Diophantine lemma which shows, roughly speaking, that any v € G(F) — H(F') cannot be
too close to H, for various v. We shall use the notation introduced in §3.3.

Lemma 4.2. There are A, C' > 0 such that the following properties hold for any v € G(F)—
H(F):
14



(1) d(v,Hy) = Clnl7%;
(2) if (N, D) =1 is such that N > C||y||#, and d(v, Hy,) < 1, then there is a place v|N
such that v, ¢ K(N),Kp,.

Proof. We consider H and G as subvarieties of F' 4 via the embedding p. Let py,...,pr €
O[1/D,xy,...,z4] be a set of defining polynomials for H that are integral over O[1/D].
Now if v € G(F) — H(F') then p;(7) # 0 for some i.

There are A,Cy > 0 such that for all v € G(F) one has [, [pi(7)|o < C'1||7||?. For
v € G(F) — H(F) the product formula applied to p;(y) € F* implies that the archimedean
norms satisfy [, . [pi(7)]e = ||'y||J7A/C’1. Because G, is compact for all v | co other than

vo, |pi(7)]» is bounded for all such v. But then we have |p;(7y)]y, = CH’yH;A for some C' > 0,
and so d(v, H,,) satisfies the same bound. This establishes (1).

As above there are A;,C1 > 0 such that [[, y[pi(7)]s < ClH'yH?l for all v € G(F).
Moreover, we have |p;(y)|, < 1 for v|oo by our assumption d(v, H,,) < 1. Now suppose
Y € K(N),Kpy, for all v|N. Then p; descends to a map K,/K(N), - O,/NO, which is
trivial on Ky, and so [p;(7)|s < [N1,. It follows that [T,y [pi(y)]e < N-IFQLIf N > Clvls
for suitable A, C' > 0, we obtain a contradiction by again applying the product formula to
pi(y) € F*. This establishes (2). O

Corollary 4.3. There is A > 0 such that the following holds. Let S, N, and & be as in §4.1.
Let ks € Hs satisfy (Ps) and ke € Hoo satisfy (P). Put ¢ = 1%, ® ks ® ke. Then for all
v € G(F)— H(F) and all z,y € H(A), we have

d(z " yy) < BEL+ €NV NV R ks o

Proof. Let Qg C H(A) be a compact set containing a fundamental domain for [H]. We
assume that Qp = Qm peo X [[1pa, Kne after possibly enlarging D. Because G(F) — H(F)
is bi-invariant under H(F'), we may assume that z,y € Qp.

We may also clearly assume that k(z71yy) # 0. It then follows from Property (Pg) that
|z~ 'vylls < R; in fact we have ||z~ 'vy||; < R, using the condition = 'yy € K(N)K% C
K?®. When combined with x,y € Qg this gives ||7|; < R. We may now apply part (1)
of Lemma 4.2, to find that d(v, H,,) > R™™. All together, since z,y € H,,, we deduce
that d(z~1yy, H,,) > R~. Similarly, from k¢(x~1yy) # 0 and Property (P,) it follows that
d(z 'y, H,,) < 1, and hence d(v, H,,) < 1.

Suppose that 1+ ||| > N. We have (ks ® ke)(z 7 vy) < ||ks|looke(z71yy). We then
combine (Py) with d(z~ vy, H,,) > R~ to get

ke(x M yy) < BE) A+ [|€lld(z yy, Hy,)) 2
< BE)(1+ [lgCRA)~12

< B+ 1)~ RA?

< BE)(L+ [lgl)~ANTARA2,

which completes the proof in this case.

Now suppose that 1 + [[£]] < N. Because ||v]|; < R, part (2) of Lemma 4.2 implies
that there are A,C' > 0 such that if N > CR#, then there is a place v|N for which 7, ¢
K(N),Kp,. Because z,y € Qp, we have x,y € Kp,, and so 27 'yy ¢ K(N),Kp,. It
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follows that if N > CR*, then ¢(x~!yy) = 0. We may rephrase this as saying that
(™" y) < llkskello N CRY < ksllcB(E)NT'CRY,
and the bound N=' < N=V2(1 + ||€|])~"/? completes the proof. O

5. THE AMPLIFIED TRACE FORMULA

In this section we establish a trace formula asymptotic with uniform error term. Our
proof relies crucially on recent work of Shin-Templier [31] on bounding centralizer volumes
and p-adic orbital integrals as well as work of Finis-Lapid [7] bounding intersection vol-
umes of conjugacy classes with congruence subgroups. We must supply our own bounds on
archimedean orbital integrals; these are proven in Sections 7 and 8. Note that in this section,
we can and will relax our condition that G,, is R-almost simple to the condition that G is
F-almost simple.

5.1. Statement of main theorem. To control for the degree of Hecke operators in our
estimates, it will be convenient to work with the truncated Hecke algebras ”H%’i defined in
[31]. Recall the Weyl-invariant norm || - ||* on X.(7"). Let v be a finite place not dividing
D. Because (G, is unramified, we may let A, be a maximal F,-split torus in G, such that
K, corresponds to a point in the apartment of A,. We may conjugate A, inside T xp F,
over F',,, and obtain a norm || - ||, on X,(A,) that is independent of our choice of conjugation
by the Weyl invariance of || - ||*. If p € X.(A,) we define 7(v, ) € H, to be the function

supported on G(O,)u(m,)G(O,) and taking the value g, lille there. We then define

Hy" = spanc {7(v, ) : p € X[ (A,), ||l < w},
and if T is any finite set of places not dividing D, H3" = @,erHS".
If U is any finite set of finite places, we define g =[],y v

Theorem 5.1. There are constants A, B,6,n > 0 such that the following holds. Let T be a

<K

finite set of finite places away from those dividing D and N. Let £ € a*. For any kr € H}
and any ke € Hoo satisfying (Ps) we have

Voly 37 kr @ k() = & (G ke (Dke(1) + O(N g P 5(E) (1 + €)™ lkr ),

120
where {1;} runs over an orthonormal basis of Hecke-Maass forms for L*(Yy). The implied
constant depends only on G and the cardinality of T

5.2. Canonical and Tamagawa measures. If GG is a general connected reductive group
over I, Gross [9, (1.5)] attaches to G an Artin-Tate motive

Mg = @ Ma(1 - d)
d>1

with coefficients in Q. Here (1 — d) denotes the Tate twist. We let ¢(M¢) be the e-factor of
this motive, which is given by

e(Mg) = |dp| "™ T [ Nejo(F(Ma.a)) =72,
=1
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where f(Mg4) denotes the conductor of the Artin motive Mg g (see [9, (9.8)]). We let
L(M¢ (1)) denote the L-function of the local motive Mg (1), and L(M(1)) and A(Mg(1))
denote the finite and completed L-functions of Mg(1). Then L(My; (1)) is a positive real
number, and L(M(1)) and A(M(1)) are finite if Z(G) does not contain an F-split torus
(see [9, Proposition 9.4]). From now on we shall assume that G satifies this condition.

In [9, §11] Gross defines a canonical measure |wg,| on G, at any place of F. We define
pey = L(Mg (1)) - |wg,| as in [9]. When v is finite and G is unramified at v, u&%, assigns

volume 1 to a hyperspecial subgroup of G(F,), and so we can define the measure u&" =

[, p&% on G(A).
Now let w be a nonzero differential form of top degree on GG defined over F. For each v,
one may associate to w a Haar measure |wl|, on G(F,). For almost all v, L(M¢ (1)) - |wl,

assigns volume 1 to a hyperspecial subgroup of G(F,). Let u&™ be the Tamagawa measure
on G(A), which is defined by

pE™ = ML) el Q) LM, (1),

(see [9, (10.2)]) and satisfies
HE™ (GIPN\G(A)) = |mo(Z(G)")|| ker (F, Z(G))[ "

Tam

The comparison between p&™ and p ™ is given by [9, Theorem 11.5],

can

(7) Ha

Tam
G

= e(Ma)A(Mg(1)).

5.3. The trace formula. The trace formula is a distributional identity

spec<¢7 can) = Igeom(g25 ,ucan)’
for ¢ € C°(G(A)). More precisely,

can 2
spec (bv m tI‘

where 7 runs over all irreducible subrepresentations of L?(G(F)\G(A)) occuring with mul-
tiplicity m(m), and

i (1 (F)\L (4))
> "

Igeom<¢> :ugm) = ’G ‘ O'y(¢)>
v -y

{7}

where {7} runs over all G(F')-conjugacy classes, G, is the centraliser of v in G, I, is the
connected component of G, and

o) = [ e, 2 @)

The measure p., above denotes the quotient measure dug"/ dpg™.

We shall bound the terms in Iyeom (¢, &™) using the Weyl dlscriminant. For any v and
~v € G,, this is defined by

Dy(v) = | det(1 — Ad(7)jg, /g, )|os

where g, , denotes the centraliser of v in g,. If S is any set of places and v € G(F), we
define Ds(3) = TTes Du(3) and D) = Logs Dul3):



5.4. Bounding volumes. We again let G denote a group satisfying the conditions of The-
orem 1.1. Throughout this rest of this section, A, B and C will denote sufficiently large
positive constants that may vary from line to line, and will never depend on a choice of place
of F.

In preparation for the following result, we introduce some additional notation. Given
k> 0 and a finite set of finite places T', we write U" for the open compact subset supp H3".
Furthermore, we denote by C3" the set of G(F)-conjugacy classes of elements in G(F)—Z(F)
whose G(A)-conjugacy classes have non empty intersection with K7 - U;“ -G(Fx).

Proposition 5.2. There exist A, B > 0 such that for any k > 0, any finite set of finite
places T away D, and any {7} € C3*, we have

HEN L (L (A)) < g™
The implied constant depends only on G.

Proof. Let Sp denote the set of places dividing D. Put S, = {v ¢ SpUoo : D,(y) # 1}. We
begin by noting that for any v € G(F) we have

(8) (L (F\L () < g5,

where the implied constant depends only on G. Indeed, from the proof of [31, Corollary
6.16] we have

e(My) LMy () <[] ¢ <4,
vERam(I,)

where Ram(/,) is the set of finite places where I, is ramified. Note that the last bound
follows from the inclusion Ram(I,) C Sp U S,. Moreover, from the definition of the local
archimedean factors in (7.1) and (7.2) of [9], combined with [31, Proposition 6.3], we find
that Lo (M (1)) < 1, the implied constant depending only on G. Finally, Corollary 8.12

and Lemma 8.13 of [31] imply M}Fj‘m(IW(F)\IV(A)) < 1. By combining these estimates with
(7) we obtain (8).
Now for {7} € C3" we have
g B forv e,
Dy(v) <4 C, for v | oo,
1, for v ¢ T'U oo.

From this and the product formula we deduce that
9) 1=112.(00 II Do(v) TI Do) <a7™ g5,
veT veSpUco vES, WET

since D,(7) < ¢, ! for every v € S,. Inserting this into (8) gives the proposition. 0]

5.5. Bounding adelic orbital integrals. Let T be a finite set of places away from those
dividing N, D, and co. Recall the definition of 1% from (6). Let ¢ € a*. For ky € H3" and
ke € Hoo satistying (P ) we put

¢ =1% @ kr @ ke.

We now look at O,(¢).
18



Proposition 5.3. There are constants A, B,d,n > 0 such that

O,(¢) < N7°B(E)(1 + 1€ ™"a7™ 7 |l kr [l
for every v € G(F) — Z(F). The implied constant depends only on G.

Proof. Note that we may write kr as a sum of at most q?HB pure tensors in H;“, whose

sup norms are all bounded by ||k7|/~. We shall therefore assume that k7, and hence ¢,
is a pure tensor product. This assumption implies that the orbital integral factorizes as
0,(9) =11, O,(¢,), where for any v, € G(F,) we have

0,.(60) = / oo (27 00 )dpi o (1)
I, (Fv)\G(Fv)

and fiy, = pg/ Pt It therefore suffices to work place by place.
In [31, Theorems 7.3 and B.1] it is shown that

O, (kr) < a7 P Dr() bzl
We may prove the following bound for the integral at infinity using the resuts of Section 7.

Lemma 5.4. We have the bound

O, (ke) < BE)(L + 1IN ™" Doo(7) ¢

Proof. Let Gepy and Geps,, be the groups associated to G and G, in Section 7.2. We begin
by showing that, as a consequence of Proposition 7.4, the following statement holds. Let
0 < n < min(ny, 1/2), and let ke € Ho satisty property (P). Then

(10) O, (ke) < B(E)(1 +[|€]N ™" Doc ()™

for every semisimple 7 € G — Gept.
To see how (10) follows from Proposition 7.4, first note that for any non-negative f €
C2°(Go) such that f(1) =1 on the support of k¢, we have

ke(g) < B+ [[€lld(g, Huy)) ™V f(9)
< B+ lI€lld(g, Hy,)) ™" f(9)
L BE)L+ €l "d(g, Huy)™"f(g).
Thus

Oy (ke) < BE) +[IEI)0,(fd(g, Huo)) ™),

to which we may apply (22). Indeed, since Z is finite, the function || X (g)|| used there satisfies
1X(9)]| < dlg, Hoy):

The proof of Lemma 5.4 then follows from (10) once we have verified that a non-central
element v € G(F') cannot lie in Gep. Because G = Hv‘oo Gy, we have Gepr = Geptuy X
H#UO G, and so it suffices to verify that v,, € Gept,u,-

In the case at hand, Gept,v, is @ compact normal subgroup of G,,; this is the content of
Lemma 7.2. If we let H* be the fixed point set of 6 in G (we write H* to distinguish it

from its identity component H), then H,f is a maximal compact subgroup of G,,, and so we
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have Gepiy C gH g™ for all g € Gy, Thus, if vy € Gepty,, We have v € gH' (F)g™! for
all g € G(F'). The group
) gH*(

geG(F)
is a proper normal F-subgroup of GG, and so (using the assumption that G is F-almost
simple) it must be contained in Z(G). We therefore have v € Z(F), a contradiction. O

It remains then to address the size of the orbital integral at finite places away from 7". We
claim that

(11) 0,(1%) < N70gamtB pTee(y)=¢,

Taken together (and using the product rule for the product of Weyl discriminants), the above
estimates imply the proposition.

Recall the sets Sp and S, from the proof of Proposition 5.2. Let Sy denote the set of
places dividing N. We are free to take v € C3", for otherwise the orbital integral vanishes.

olfv¢ SpUSyUS,UT Uoo, then K,(N)Kpy, = K, and we have O,(1k,) = 1; see, for
example, [16, Corollary 7.3].

e If v € Sp, then K,(N)Kpy, = K,Kp, and a general bound of Kottwitz [31, Theorem A.1]
establishes that O, (1x,x,, ) <, Dy(7) /2

elfve SyUS,, v¢T, we argue as follows.

We begin by estimating the orbital integrals at places v € Sy, for which we will use as a
critical input the work of Finis-Lapid [7]. As the setting of [7] is that of Q-groups, we shall
need to restrict scalars from F' to Q to properly invoke their results. We thus let p denote
the rational prime over which v lies, and we note that all places lying over p belong to Sy.
We set K, = [[,, Ko, and K,(N )KHp [, Ko(N) K. Factorize N = ][,y p"™ and put
N, =p"r.

Let pg, (vesp., pg™,) be the product measure on G, = [[,, Gv (resp., I, = [, L1.0)-
Write C, ¢, for the G-conjugacy class of . Letting i, = p¢/ u“an be the natural measure
on C, g,, we have

Ov(le(N)KHp) = N%p<C%Gp N KP(N>KHp)'
Now C, g, is closed since « is semi-simple. We may therefore break up the compact in-
tersection C g, N K,(N)Kp, into a finite number of (open) Kj-conjugacy classes meeting
K,(N)K 1,- Choose representatives z; € K, for these, and let C,, k, denote the correspond-
ing K,-conjugacy class. Then C, ¢, N K,(N)Kpy, =[] Cs, k, and we get

O'y(le(N)KHp) = Z Uv7p(cx¢,Kp N Kp(N)Kp)-

Note that for any open compact subgroup Kj, of G, and any = € K, we have
an (ke K,k 'ak € K
M%P(Cx Ky A K/) ’qu( can p)
ILLI p(]ﬂU,P N Kp)
We deduce from this, and the fact that u&? (K,) =1 for all v ¢ Sp U oo, that
N%p(CLKp N K;/))

/’L"/vp(cxpr)

=g (ke Ky k™'ak € K)).
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One can deduce from Propositions 5.10 and 5.11 in [7] (see Remark 5.5 below) that there
are constants €,0 > 0 (independent of p) such that for » € K, with D,(x) > N, one has

(12) p&n(k € Ky k™ 'ak € Ky(N)Kp,) <a, N, °.
(Here <, means that, in particular, the implied constant is independent of p.) On the

other hand ). 1 ,(Cy,. Kp) oy p(Crq, N Kp) = O,(1k,). Noting that Dy(y) = D,(x;) for
all 7, we deduce that for D,(v) > N, we have

(13) O’Y(]'Kp(N)KHp) <<G7P ‘]\']p_(s Z MV,P(C$17KP) = N})_(SO“/(]'KP)

In the remaining range D,(v) < N, ¢, we have
Ow(le(N)KHp) < Np_éDp('Y)_é/eO'y(le)'

We now return to the product of orbital integrals over all v € Sy U S, v ¢ T. Recalling
that O,(1k,) = 1 for v ¢ S,, we have just shown

I 0:Qkvrn,) [] O:(1k) < NDs ()¢ [] 0-(1x.).

vESN vESy VESy
’U%SNUT ’UﬁéT

since D, () < 1 for all v ¢ T'U oo (and we shrink § to absorb the implied constant in (13)).
For v € S, we again apply [31, Theorems 7.3 and B.1] to get O,(1g,) < ¢ZD, (7). Since
{7} € C3* we may invoke (9) to obtain

I 0:0k) < [ é?Du(v) @ < Ds,2(v) [ ¢ < ¢2**Ds,2(7).
VESy VESy VESy
vg¢T v¢T

Putting these estimates together completes the proof of (11) and hence the proposition. O

Remark 5.5. We make a few remarks on the various bounds we have imported into the above
proof.

As the authors point out in [31, Remark 7.4, the bound [31, Theorems 7.3 and B.1] is
uniform in the place v ¢ Sp whereas the bound [31, Theorem A.1] of Kottwitz applies to
v € Sp but it not uniform in v. As we allow the implied constant in Proposition 5.3 to
depend on the group, this non-uniformity is not an issue.

We now explain how to extract from Propositions 5.10 and 5.11 of [7] the bound we stated
n (12). In what follows, we simplify notation by writing K, for K,(N)Kp,. We recall that
N =[],y p"™ and that z is taken to lie in K.

e We first remark that we may assume that x lies in K, for if there is no such representative
then the left-hand side of (12) is zero. We then have

pgh(k € Ky k7 'zsk € K)) = pu&h(k € K, : [k, 7] € K)).
If we let ¢x () be as in [7, Definition 5.1], then
Can(k c K [k‘,l’] € KI/?) <<G,p gbK;)(ac)

(Note that the two expressions are not necessarily equal because of the passage to G*! in
[7])-
e Define \,(z) as in [7, Definition 5.2]. We claim that one can deduce from Propositions

5.10 and 5.11 of [7] that for every € > 0 small enough there is § > 0 such that if \,(z) < en,
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then ¢ () <a,, p~""». The argument is already present in [7, §5.2] in the deduction of the
global result [7, Theorem 5.3] from these two local results.

From [7, Proposition 5.11] it follows that there are positive constants a,b > 0 and ¢ > 0
(depending on G and p) such that ¢/ (z) < pet2(@=bm) - The presence of the constant c
renders this bound useless for small n,. Taking e small enough to satisfy 0 < € < (c+1)7'b,
we shall apply this bound only in the range n, > €~'; we obtain ¢x; () < polb=elet)ny Iy
the remaining range n, < e~ we see that \,(z) < 1 so that in fact \,(z) = 0. In this case 7,
Proposition 5.10] ensures' that ¢x; (r) <a,, p~" < p~r. Taking § = min{e, a(b—e(c+1))},
we establish the claim.

e It remains to show that if D,(z) > p~“" then \,(z) < en,. To see this, we may assume
that x is semisimple. Write = (x,),p. As a point of reference, note that for z € K, we
have A\, () > 0, and D,(z,) < 1 for all z, € K,. Now if A\,(z) > en, then there is some
v | p and some eigenvalue of 1 — Ad(z,)|q/g,, With v-adic valuation at least e,en,, where e,
is the ramification index of F, over Q,. (As these eigenvalues may not lie in F),, we extend
the valuation on F), to the field containing the eigenvalue in such a way that restricting to
F, gives the original valuation.) This then implies that D,(z,) < |@,|s"""" = p~™, so that
Dy(z) < p= .

5.6. Proof of Theorem 5.1. We retain the notation for the test function ¢ from §5.5 and
for the set C;" from §5.4. Then

Ispec(gbv lchan) = VOIN Z kT ® k5(¢z)a
i>0
the sum ranging over an orthonormal basis of Hecke-Maass forms for Yy, and

can ([ (F)\I,(A
o0 = (ks (DRL1) }Z = <|Gi ;)>7| Do,0).

Here we have used the hypothesis on K from §3.5 that Z(F) N Ky = {e}. Now by [31,
Corollary 8.10] we have |C5"| < g2 2. From this and Propositions 5.2 and 5.3 we find

Lgeom (9. u&") = pE™([GN)kr(Dke(1) + O(gz PN B(E) (1 + 1)l kr[loo )
as desired. This completes the proof of Theorem 5.1.

6. COMPARISON OF TRACE FORMULAE AND THE PROOF OF THEOREM 1.2

In this section we prove our main result, Theorem 1.2. The argument is based on a
comparison of the trace formulae described in the preceding two sections. For this, we must
choose test functions k¢ € Hy and kg € Hg to insert into Proposition 4.1 and Theorem 5.1
and explicate the error terms in those results.

INote that [7, Proposition 5.10] assumes that G is simply connected. As was pointed out to us by Finis
and Lapid, this assumption can be dropped for those subgroups Kzlv not containing the intersection of K,
with G;. (The statement of [7, Proposition 5.10] provides bounds on ngK;)(x) for every proper subgroup K,
of K,.) Here, G; denotes the image in G, of the Qp-points of the simply connected cover of G),. That our
subgroups K, = K,,(N)Kp , satisfy this condition (for p large enough with respect to G and F') can be seen
from comparing indices. The subgroups K,(N)Kg,, have indices growing like a power of p, whereas those
containing K, N G; are of index bounded in terms of G and F.
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6.1. The archimedean test function. Let G% denote the connected component of the
identity in G in the real topology. If € ag, we define ¢, to be the corresponding spherical
function on GY,. If ke, € C°(GY), we define its Harish-Chandra transform by

Fool) = /G koo (9)0—n(9)duciag(9)-

We shall choose k¢ so that its spherical transform concentrates around £ € a*. For this
we first take a function hg € C'°(a*) of Paley-Wiener type that is real, nonnegative, and
satisfies ho(0) = 1. Let

he(w) = Y ho(wv =€),
weWr
and let k¢ be the bi-K-invariant function on G satisfying %5 = he. Note that Eg(ﬁ) =
he(§) = 1.

Lemma 6.1. The function ke satisfies property (Psy).

Proof. Note that k¢ is of compact support independent of ¢ from the Paley-Wiener theorem
of [8]; we may thus take hgy so that the support of k¢ lies in {g € G(F) : d(g, H,,) < 1} for
all £.

If ke is bi-invariant under K, we have the inversion formula

kelo) = 7 [ Feondletol

where ¢(u) is Harish-Chandra’s c-function; see [11, Ch. II §3.3]. We can now quote either
Theorem 2 of [2] or Proposition 7.2 of [21], and apply our conditions on G, to find
(14) pulr) <o (1+[|plld(z, K) ™2,

for 4 € a* and x in a compact set C' C G,. By inverting the Harish-Chandra transform and
applying (14) as in Lemma 2.7 of [20], it follows that

ke(z) < BE)(1+ [Iglld(w, Koo)) ™2,

whence the claim. O

6.2. The S-adic test function. Recall from Section 3.2 that P denotes the set of finite
places of F' that do not divide D and at which T splits. For v € P and u € X,(T'), we define

7(v, 1) € H, to be the function supported on G(O,)u(m,)G(O,) and taking the value go I
there. (Note that this is compatible with the conventions of the first paragraphs of Section
5 if we choose A, = T, there.) Let P be a positive integer and put

(15) S={veP:P/2<q, <P}
To define a test function at places in S, choose any non-zero v € X, (7), and let

(16) ws = T(v,v),

vES

where, as in §3.6, we are identifying H, with a subalgebra of Hg in the natural way. The
parameter P and the cocharacter v will be chosen later in §6.3. Then define kg = wsw§ € Hs.

Lemma 6.2. The following properties hold for the above function kg.
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(a) There is B > 0 such that ||g||s < P? for all g € supp(ks).
(b) We have ||ksl||s < P.
(c) There is C > 0 such that #(supp ks/Ks) < PC.

The exponents B and C' depend on the underlying choice of v in the definition of kg. All
implied constants depend on G and v.

Proof. (a) It may be shown as in [20, Lemma 2.4] that there is B > 0 such that for all v € P
and all g in the support of 7(v,v) one has ||g||, < ¢Z. From this one easily deduces that wg
satisfies the first property. As supports add under convolution, the same holds for kg.

(b) We note that
(17) ks = ZT(U, v)T(v,v)" + Z 7(v,v)T(w, ).

veS v, WES
vFEW
The bound is clear for the second sum, because the terms satisfy ||7(v, v)7(w, v)*||s < 1 and
the supports of the terms are disjoint. For the first sum, we have

|7(v, V)70, 1) |lee < |7 (v, v)|]3,
and [|7(v,v)]ls < 1 follows from #(K,v(m,)K,)/K, ~ q12)||1/||*.

(c) We may write the first sum in (17) as a linear combination of 7(v, i) with p lying in a
finite set depending on v. The bound now follows from the asymptotic # (K, u(m,) K,)/ K, ~

qi”“ " The second sum may be treated similarly. u

6.3. Proof of Theorem 1.2. We are now in a position to prove Theorem 1.2.

We first note that ke(1) =< B(&), where ke is defined as in §6.1. Moreover, 5(§) is bounded
above (and below) by a power of (1 + [|£]]).

We borrow the constructions from §6.2. Namely, we take S as in (15) (for a parameter P
to be chosen later) and wg € Hg as in (16) (relative to a cocharacter v € X, (T') to be chosen
in Lemma 6.4).

We now apply Proposition 4.1 with test functions kgke, where kg = wgwg. Moreover, for
every pair v,w € S we put 7' = {v, w} and apply Theorem 5.1 with test function krke where
kr = 7(v,v)7(w,v)*; we then sum over such pairs v, w. As a result, we deduce the existence
of constants A > 2 (depending on v) and § > 0 such that

(18) Voly D [@5 () [Phe(&) = wswi(1)B(€) + O(PANT2B(E)(1 + [IE]) )

120

and

(19)  Voly Y |@5(¢0)|*|Pu (i) Phe(&) = Mwsw(1)B(E) + O(PANTB(E) (1 + [I€]) ).
i>0

The error term in (18) was obtained by observing that 7(v,v)7(w,v)* € H3", for some &

depending only on v, and ¢r = ¢,q, < P?, so that q?’”B is bounded by a power of P; we

must also insert the L* norm estimate for kr coming from the proof of Lemma 6.2. The error

term in (19) was obtained by taking B as in Lemma 6.2 and setting R = PP in condition

(Ps), and inserting the L* norm estimate of Lemma 6.2. It remains then to explicate the

size of [Igwsw((1) and wsw§(1) (upon taking an appropriate v), truncate the spectral sums,
24



and choose the length of the amplifier P in terms of N and ||£]|]. We continue to use the
convention that the values of the exponents A, > 0 can vary from line to line.
We first examine (19). We begin by truncating the spectral sum about &.

Lemma 6.3. For any Q > 1 the left-hand side of (19) can be written as

Vol Z \@(¢i)’2\PH(wi)|2h£(§)
ll€:i—€1<Q

+ O (Igwsws(1)B(E)Q™M) + O(PANTB(E) (1 + [I€]) ).
Proof. Break the region in the positive chamber a’, defined by ||x—£|| > @ into an overlapping

union of O(1)-balls B(f,) centered at points i, € a*. On each ball we apply the rapid decay
estimate he(p) < [l — &)™ to obtain

D 1@ IPa (@) Phe(€) <ar i = &I D7 1850 P[Pa ().
&€B(n) &€B(pn)

We may use (19) with the test function h,, together with the positivity of the spectral terms
to show that

> @5 PIPu (i) P < Mpwsw(1)B(pn) + P23 () (1 + ) N7
&€B(pn)

Summing over n we obtain

D @@ PP () Phe(&) <nr Mawsws(1) Y llin = 17 B(un)
I&:—€l>Q n

+ PANTN i — &M )7 B1tm)-

From B(pi,) < ||ptn — &||*8(€), where k is the number of roots of G counted with multiplicity,
we may simplify this to

D @S W) PIPu (i) Phe(6) <ar Mawsws(1)BE) D [l — &7
€ —¢II>Q n

+BEPANTY o = &M+ [l

The first sum is <3y @~. We bound the second sum by breaking it into ||, | < [|£]|/2 and
the complement. The first sum is < (1 + [|£]|)™", and the second is < QM (1 + ||€]|)~°.
Both of these are dominated by (1 + ||£]])~°, which gives

Y 1@@IPIPH () Phe(&) < Mawswi(DBEQ™ + PANTB(E)(1+ [I€])°,
lei—€l>Q

as desired. 0
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We combine Lemma 6.3 (taking any M > 0 and large enough @) and (19) to obtain
Voly Y [@5(v0)PPu () Phe(&) = Muwswi(1)B(E) + O(PANTB(E)(1 + [IE]) 7).
llg:—€ll<@

We now make use of the critical assumption that G is H-large to bound from below the
right hand side.
Lemma 6.4. If v € X,(Ty) satisfies (5) then Mywswi(1) >, P>
Proof. Note that for any v € P and v € X, (Ty) we have

2|l

qﬂVII* / 7(v,v)(x)dr = vol(H, N K,v(m,)K,) = vol(Kp ,v(7y) K o) > qu ,

where we have used our assumption that 7', and hence Ty, are split at v. If v € X, (T') satisfies
(5), then so does —v, and applying the above bound with v, we get fH(FT) T(v,v)T(w,v)* >
1 if v # w. Summing over v, w € S yields the claim. O

We deduce from the above lemma that for such a choice of v we have
Voly Y 1@s(0)P1Pu(0)[*he(&) > PP BE)(1+ O(PAN (1 +[I€]) 7).
& —€lI<Q
We now treat (18). Lemma 6.2 (b) gives wsw¥(1) < P. By positivity we may truncate
the spectral sum to obtain the upper bound

Voly Y [@s()Phe(&) < PB(E)(L+ PANT (1 + [[€]) 7).

llgi—€ll<@
Choosing P to be a small power of (1 + [|£]|)N, we find § > 0 such that
(20) Voly Y 1@s(vi)*he(&) < BEL + [I€]1)°N?
llg:—€ll<@
and
(21) Voly > 1@s(wi)PIPa (40 Phe(&) > BE)(L+ €] N*.
ll§:—€ll<@

Comparing (20) and (21) we find that there is 6 > 0 and @ > 1 such that for every £ € a*
and every N there is a Hecke-Maass form v; on Yy with spectral parameter ||§; — &|| < @
and satisfying |Pg ()] > (1 +]|&|)° N°. This implies the same lower bound on [|1/;]|«0, and
in particular proves Theorem 1.1.

It remains to refine this power growth to obtain the stated lower bounds of Theorem 1.2.
For this, we will make a special choice of orthonormal basis of Hecke-Maass forms for L?(Yy).
First recall that we have a Hilbert direct sum decomposition

L2(Yiy) = @) m(m)a s,

the sum ranging over irreducible representations of G% x G(A;) in L*(G(F)\G(A)) with
al(NKnKes £ () each occuring with multiplicity m(r). Each 7 gives rise to a spectral
datum ¢, (as defined in the paragraph preceding Theorem 1.2), and this assignment 7 — ¢,
is finite to one. Given a spectral datum ¢ for (G, N), the space V (N, ¢) is the direct sum of

m(m)r KN KuKe gyer all 7 in the fiber over c.
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Let {¢;} be an enumeration of the spectral data, and for each ¢; write V; = V(N, ¢;) and
& = &(¢;). The automorphic period Py defines a linear functional on each finite dimensional
vector space V;, and its kernel is of codimension at most 1. If the kernel is codimension 1
we let ¢; € V; be a unit normal to it, and otherwise choose ¢; € V; to be an arbitrary unit
vector. We may complete this set of vectors to an orthonormal basis of Hecke-Maass forms
for L?(Yy), to which we apply (20) and (21). Since H acts as a scalar on V; we may write
the left-hand side of (20) as

Voly Y [@5(¢1)[*he(&) dim Vi,
l&i-€l<Q
and the left-hand side of (21) as

Voly > [@s(6:)PIPu(:)*he(&).
l&i-€ll<e
We obtain Theorem 1.2 by comparing the right-hand sides of (20) and (21) as before. [

7. BOUNDS FOR REAL ORBITAL INTEGRALS

The aim of this section is to the establish uniform bounds on real orbital integrals that
were used in the proof of the global bounds of Proposition 5.3.

7.1. Notation. We adopt the following notation in this section.

e (G is a (Zariski-) connected reductive group over R with real Lie algebra g.

e ( is a Cartan involution of GG

e K is the fixed point set of 8, so that K is a maximal compact subgroup of G.

e g =p + tis the Cartan decomposition associated to 6.

e A and Ag are maximal split tori in G and Z(G) respectively. We assume that 6 acts
by —1 on A and Ag.

e AY is the connected component of A in the real topology.

e a and ag are the Lie algebras of A and Ag.

o W = Ng(A)/Zc(A) is the Weyl group.

e a' is a choice of open Weyl chamber in a.

For a semisimple element v € G let G, be its centralizer. The Lie algebra of G, is denoted
by g,. By [17, Thm 7.39], G has a Cartan decomposition G = KA°K, and any g € G may
be written as g = kjefky for a unique H € @". We use this to define a map X : G — at by
g€ KeXWK. Let || - || be the norm on a/ag obtained by restricting the Killing form, which
we pull back to a function on a. We let D¢ (or D if there is no confusion) denote the Weyl
discriminant.

7.2. The subgroup G.p. It may be seen that Proposition 7.4 below cannot hold for all
semisimple v € G. For instance, if v lies in a compact normal subgroup of G then the
conjugacy class of v will be contained in K, and the function f||X(-)||™" will be singular
everywhere on the conjugacy class. We now define a subgroup of elements of G that we
will exclude, denoted G¢p. Note that in the following discussion we take care to distinguish

between an algebraic group and its real points.
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Let G* be the adjoint form of G, so that there is an exact sequence Z(G) — G = G2
of algebraic R-groups. The group G®¢ breaks up into a product of R-almost simple factors.
We let Gggt and G2 be the product of the compact and noncompact factors respectively. It
may be seen that G2 (R) is the maximal compact normal subgroup of G*/(R). We define
Gept = 7 H(G2

oi(R)) C G(R). We record two properties of Gy for later use.

Lemma 7.1. Let g,. be the product of the R-simple factors of g of noncompact type. Then
if g € G(R), Ad(g) is trivial on g if and only if g € Gept.

Indeed, it is clear that if g € G*(R), then Ad(g) is trivial on g, if and only if g € G.(R).
The lemma follows because m commutes with the adjoint action on g,.. The following is also
clear.

Lemma 7.2. If Z(G) is anisotropic, then Gy is a compact normal subgroup of G(R).

7.3. Statement of results and sketch of proof. The aim of this section is to prove the
following two propositions bounding O, (f) for semisimple v € G. We shall prove them
together, by induction on the semisimple rank of G.

Proposition 7.3. There is A > 0 depending only on G with the following property. Let f €
C(G) be bounded and compactly supported modulo center. Then we have O, (f) <; D(y)~4
for every semisimple v € G.

Proposition 7.4. Suppose that the semisimple rank of G is at least 1. There exists A > 0
depending only on G with the following property. Let 0 < n < 1/2 and let f € C(G) be
bounded and compactly supported modulo center. Then there is a constant c(n, f) > 0 such
that

(22) O, (FIXOIT™) < e(n, /YD)
for every semisimple v € G — Gpt.

We sketch the proof of Propositions 7.3 and 7.4; complete details will be given in the sub-
sequent paragraphs. We use an induction argument with three steps, based on the general
approach of [31, §7].

Step 1: We reduce to the case where Z(G) is anisotropic. This is simple; if A is the maxi-
mal split torus in Z(G), we simply push the orbital integrals forward to G/A¢.

To describe the remaining steps, we begin with a definition.
Definition 7.5. We say that v € G is elliptic if Z(G,) is anisotropic.

Step 2: If y is not elliptic, we may choose a nontrivial split torus S C Z(G,) and define M
to be the centraliser of S in G. Because we have assumed that Z(G) is anisotropic, M is a
proper Levi subgroup satistying G, C M, and we may apply parabolic descent to O.(¢).

Step 3: If ~ is elliptic, we may assume without loss of generality that v € K. For € > 0,
define K(e) = {g € G : || X(g)|| < €}. Proving the bound (22) is roughly equivalent to
controlling the volume of the conjugacy class of v that lies inside K (¢), uniformly for € and

D(7) small. This turns out to be equivalent to bounding the set of points in G/K that are
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moved distance at most e by the rotation . Note that this set will be noncompact if I, is
noncompact. We solve this problem by writing the metric on G/K in polar co-ordinates. A
key point is that the component of the metric in the angular variables grows exponentially.

7.4. Reduction to the case of Z((G) anisotropic. Let Ag denote the maximal split torus
in Z(G), and let G = G/Ag. We wish to show that if Propositions 7.3 and 7.4 hold for G
then they hold for G. We have an exact sequence 1 — Ag — G — G — 1 of algebraic
groups over R, and by Hilbert 90 this gives an exact sequence on points. If v € G, we
denote its image in G by 7. If G is the subgroup of G defined as in Section 7.2, we have
C, = Gept/Ac and so 7 still satisfies hypotheses of Proposition 7.4. We denote the connected
centraliser of 7 by 77. There is an exact sequence 1 — Ag — I, — 77 —1,and so G = G

can can

induces a bijection I,\G ~ I5\G. Moreover, this bijection carries pg&"/u i can

to ps /u%:“. It
follows that if f € C(G) is invariant under Ag, and we let f be its image in C(G), we have
05(f) = OZ(]).

Let f € C(G) be bounded and compactly supported modulo center. We may assume
without loss of generality that f > 0, by replacing f by its absolute value. We may choose
h € C(G) that is invariant under A and satisfies h > f, and let h be the image of h in C(G).
We have OS(f) < OS(h) = Og(ﬁ), and likewise for f||X(-)[|7". Because D(v) = D(%), if
Propositions 7.3 and 7.4 hold for G then they hold for G.

We may henceforth assume that Z(G) is isotropic. We may then take the function f of

can can

Propositions 7.3 and 7.4 to lie in C.(G). As in Section 5, we write f1, = g™ /ug™.

Remark 7.6. From this point on, we will only ever invoke Proposition 7.3 in our induction.
As a result, there is no need to worry about the extra hypotheses of Proposition 7.4 holding
after reduction to a parabolic subgroup.

7.5. Parabolic descent. We handle the case when + is not elliptic by the process of para-
bolic descent, which we now recall. Let P = M N be a semi-standard parabolic subgroup of
G, so that A C M. Choose Haar measures on N and K so that dk gives K measure 1, and

can can

we have dug™ = dugtdndk in Langlands M N K co-ordinates. The parabolic descent along
P is defined by

feNG)w e LN(M),
where

fE(m) = 6% (m) /N /K F(k™Ymnk)dndk.

If v € M, we define D§,(7y) by chosing a maximal torus v € T C M, letting A and Ay, be
the roots of T in G and M, and setting D§;(v) = [[aea_a,, l@(7) = 1]. It may be seen that

this is independent of the choice of T. We say that v € M is (G, M)-regular if D$;(7y) # 0.
We recall the descent relation between the orbital integrals of f and fF.

Lemma 7.7. If vy € M is (G, M)-regular and f € C.(G), we have

D§;()'?0,(f) = OM(f7).
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Proof. Because v is (G, M) regular, we have I, C M. Let p}f = par /pet. We may

parametrize [,\G in Langlands co-ordinates as (I7\M)NK, which allows us to rewrite
O,(f) as follows.

O'y(f) = f(xil'yflf)dl%/(w)

L\G

:/\ //f(k:_ln_lm_lymnk)duy(m)dndk

\m JNJK

:DAGJ(”Y)_l/25P(’Y)1/2/ //f(k_lm_lfymnk)duy(m)dndk
\mJIN Sk

= Dii(7) 203 (f7).
0

We shall need a version of Lemma 7.7 that can be applied to the singular functions
FIIX ()], which we now derive. Define the positive definite inner product (-,-); on [g, g
by (u,v); = —(Ou,v). It A € GL([g,g]), define *A to be the transpose with respect to
(-,-)1. Following [21, §3.2], we define the functions £,N : GL([g,g]) — R by L(A) =
log(tr(A*A)/dimg) and N(A) = tr(A'A)/ dim g.

Lemma 7.8. We have L(Ad(g)) < 2|| X (g)|| for all g € G.

Proof. We follow [21, Lemma 3.2]. It may be seen that ‘Ad(g) = Ad(f(g))~" for g € G. We
write g € G as kieXWky, so that Ad(g)'Ad(g) = Ad(gf(g9)™!) = Ad(ky 'e*XWk,). Taking
traces gives

N(Ad(g)) = tr(Ad(e2X@))/ dim g < 21X,

and taking logs completes the proof.
O

Lemma 7.9. Let By; C M and B, C n be compact. There is C' > 0 depending on By and
B, such that for all m € By, V € By, we have N(Ad(me")) > 1+ C||V]2.

Proof. Choose a basis for [g, g] subordinate to the root space decomposition g, g] = (Z,4(a) N
g9,9]) @ D,ca 9o that is orthonormal with respect to (-, )4, where A are the roots of a in
g. It may be seen that the nonzero entries of Ad(m) and Ad(m)(Ad(e") — 1) with respect
to this basis are disjoint, so we have

N(Ad(me")) = N(Ad(m)) + N (Ad(m)(Ad(e") — 1)) = 1 + N(Ad(m)(Ad(e") — 1)).

It follows that if A'(Ad(me")) = 1 then N(Ad(m)(Ad(e") —1)) =0, s0 V = 0. By a
compactness argument, we may therefore assume that ||V|| < 1. By applying the Taylor
expansion of e” and the fact that A is a quadratic form, we have

N(Ad(m)(Ad(e") = 1)) = N(Ad(m)ad(V)) + O, (IV]]).
By compactness, we have N (Ad(m)ad(V)) > C for all ||[V|| =1 and m € By;. As N is
quadratic, we have N (Ad(m)ad(V)) > C||V||? for all V and m € By, which completes the

proof. O
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Lemma 7.10. Let P C G be semi-standard. Let f € C.(G), and for 0 < n < 1/2 define
F,=fIIX()||™". We have
(i) F, € L'(G), and the parabolic descent Fl'(m) is well defined and finite for any m € M.
(it) There exists fy € Co(M) depending only on f and n such that |FY (m)| < fi(m) for all
m &€ M.

Proof. We are free to replace f by its absolute value, so that f > 0, and assume that f is
bi-K-invariant. The claim that F,, € L'(G) follows from the Cartan decomposition. Let
B C G be a compact set containing supp(f). There are compact sets By C M and B, Cn
depending only on B such that me" € B implies m € By, and V € B,. It follows that
supp(F,’) C By.

Lemma 7.8 implies

EP(m)s,'(m) = /N Flmn) || X (mn)||""dn < /N f(mn)L(Ad(mn)) "dn.

Writing n = €' and applying Lemma 7.9 gives

Ff (m)35m) < [ f(me")v|av:

The right-hand side is bounded by C(B,n)||f||co. This proves (i), and (ii) follows by com-
bining this with supp(F,") C By. O

Lemma 7.11. Let f € C.(G), and for 0 < n < 1/2 define F,, = f|| X()||™". Ify € M is
(G, M) regular, then the integral O (F,) converges absolutely, and we have

(23) DJC\;/1(7)1/2OV(F77) = Oéw(qu)
Proof. We first assume that f > 0. Define ¢. by

L IIX@I X)) > €
s)={ fien, X)) <e

The monotone convergence theorem implies that O,(¢.) — O,(F,) and ¢! — F monoton-
ically as € — 0. Another application of monotone convergence gives O} (¢F) — O} (FF).
Lemma 7.7 then implies that O, (¢.) = D ()20 (¢F) converges to D§;(v)"/2OM (ED),
which from Lemma 7.10 is finite. Therefore O, (F;,) converges absolutely and satisfies (23).

In the general case, define f = |f], and let F, and ﬁf be the corresponding functions on

G and M. Then ﬁn and ﬁf dominate F, and F’, and the integrals Ov(ﬁn) and Oy(ff)
are finite. We may then repeat the argument in the case f > 0, with monotone convergence

replaced with dominated convergence.
O

7.6. The case when 7 is not elliptic. We only prove Proposition 7.4, as Proposition 7.3
follows by a similar argument. Let 0 <7 < 1/2, and let f € C.(G) and F,, = f[|X(-)||7". We
assume that f > 0. Assume that v € G is not elliptic, and let M be a proper Levi subgroup

with G, C M. By conjugation, we may assume that M is standard. Because G, C M,
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Ad(vy) — 1 must be invertible on g/Lie(M), so that v is (G, M)-regular. Apply Lemma 7.10
to F, to obtain f; € C.(M) such that [F(m)| < fi(m) for all m € M. Lemma 7.11 gives

OS5 (Fy) = (D5;(v) 20 (ET) < (D§i(7)) /0 (fu)-

Because the semisimple rank of M is smaller than that of GG, we may apply Proposition 7.3
on M to obtain O (f1) < c(n, f)D(y)~*. Combining these gives

OS (Fy) < c(n, /)(Dip(7))/2DM (7) =4 < ¢ (n, f)D(7) 4,
which completes the proof.

7.7. The case of 7 elliptic. We first observe that, if v € G is elliptic, then it is conjugate
to an element of K. This is because if Z(G,) is compact, then v lies in the compact group
Z(G.), which is conjugate to a subgroup of K. We shall assume that v € K for the rest of
Section 7.

We next prove Proposition 7.3 in the case v € G¢py. By Lemma 7.2, G is a compact
normal subgroup of G. If v € Gy, the conjugacy class of 7y is a closed subset of Gp, hence
compact and of finite volume. We therefore have

O5(f) < [[fllooptr (ING).

Because there are only finitely many possibilities for I, up to conjugacy, we have p,(G/1I,) <
1.

We shall assume v € K — G for the rest of Section 7. Because 6(y) = v, g, is 6-
stable. We may then write g, = p, + £, where £, = €N g, and p, = pNg,. Let p# be the
orthocomplement of p., in p. We note that Lemma 7.2 implies that p, # p. Indeed, if p, =p
then Ad(7y) fixes p, and hence [p, p]. However, p+ [p, p| is the product of the R-simple factors
of g of noncompact type, see [10, Ch. V Thm 1.1] and the subsequent proof.

We next convert the problem to one on the symmetric space S = G/K. We extend || - ||
to all of p by setting it equal to the norm induced by the Killing form. Then ds will denote
the associated metric tensor on S. We note that the distance function dg attached to ds is
given by ds(g1, g2) = || X (g7 'g2)||- For € > 0 we put K(¢) = {g € G : | X(g)|| < €} and write
1k (e for the characteristic function of K (e).

To set up Proposition 7.3, we let f € C.(G) and take €; > 0 to be such that supp(f) C
K (ey); it follows that

(24) O (NI < Oy (Lrcep)) [ flo-

For Proposition 7.4, we may assume that f > 0, and choose fy € C.(G) with supp(fo) C
K (ef) such that

FIXOIT" < fo+ Z 2™ 1 ke (a-n)-
=1

We deduce that

Oy (FIX(IT) <5 Oy(1kiep) + D 270, (1 o))
k=1
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In either case, it therefore suffices to bound O, (1k() uniformly in € > 0 and v € K — Gps.
We note that for v € K — G, we have D(y) < 1, where the implied constant depends only
on G.

Lemma 7.12. There is A > 0 such that for ally € K — Gep, T2 1, and 0 < e < T, we
have

ehD(y)~h, if e<2D(y),
eAD(y)™,  if €>2D(y),

where d, > 1 is the codimension of I,K in G.

O,(1k() <r {

From Lemma 7.12 it follows that O, (1)) <. D (7)™ for all &; when combined with (24),
this proves Proposition 7.3 for elliptic ~.

To complete the proof of Proposition 7.4 we apply Proposition 7.3 and Lemma 7.12 to
deduce that

O,(FIXOIT™ < D)™+ > 2% D)+ Y 2Dy~
212D(7) ! 2+1<D(7) !

Our assumption that 0 < < 1/2 implies that both geometric series are bounded by D(v)~4.

This gives
O, (FIXOI™) < eln, £)D(7) ™,

as desired.

Proof of Lemma 7.12. We first observe that O, (1x()) = iy (I,\G(€)), where G(e) = {x €
G : 27 'yx € K(e)}. The set G(e) is right K-invariant, and G(e)/K is the set of points z € S
such that dg(z,vx) < e. Moreover, G(e) is left [,-invariant, and we will see it is roughly a
tube around I,. Bounding the volume of I,\G/(e) is therefore roughly equivalent to finding
the radius of this tube, in a way which we now make precise.

Let z € G(€). By [10, Chapter VI, Theorem 1.4], we may write x = e*7e*"k with X, € p.,,
X" € py, and k € K. The condition 2z 'vz € K(e) simplifies to e™*"veX" € K (e), which
(since v € K) is equivalent to e *"¢”*" € K(e). This implies that dg(e®”,e?X") < e
the element X’ is rotated by v by distance at most e. Proposition 8.1 below then states
| X7[] < 7y, for an expression r, > 0 depending on 7 and e. If we let B, (r) be the ball of
radius 7 around 0 in p3 with respect to || - ||, it follows that G(e) C I, exp( By (71,6)) K.

Let I C I, be a compact set such that ,u}jn([s) = 1. Note that we may assume that ~
lies in a fixed maximal torus in K, so that there are only finitely many possibilities for I,
and we may ignore the dependence of our bounds on I in what follows. We have

17 (G (€)) < pa(I5 exp(Byy (14.6)) K).

We now bound pig (I exp(By (r4,c)) i), using the radius estimates of Proposition 8.1 below.
We first take € < 2D(7). Let By(r) denote the ball in p of radius  with respect to || - ||. We
have

IS exp(Bys (1y,e)) K C I exp(By(ry,e)) K = ITK exp(By(ry.e))-

Proposition 8.1 gives 7, = CeD(vy)™! for some C' > 0. Since v ¢ G, we have p., # p, so
that the codimension d, of I, K in G is at least 1. Because I{K is compact and contained

in I, K, the result follows.
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For the remaining range, we will reduce the problem to well-known volume estimates for
expanding balls in the symmetric space S. Let Bg(r) = exp(By(r))K be the ball of radius
r around the identity in G with respect to dg. Then

IS exp(Bys () K C Iexp(By(r)) K = I{Bg(r).

We also have I[$Ba(r) C Bg(r + Ci) for some C; > 0. If 2D(y) < ¢ < T, Proposition
8.1 gives 7, = C'log(eD(y)™!) for some C' > 0. If r > 1, we have ug(Bg(r)) < e“*" for
some Cy > 0. We deduce that i (I¢Bg(ry.)) is bounded by e*D(y)~* for some A > 0, as
desired. O

8. RADIUS BOUNDS ON TUBES

This section is devoted to the proof of the following result, used in the proof of Lemma
7.12.

Proposition 8.1. Let y € K — Gepe. IfV €p, T > 1, and dg(e¥,e’) < e < T, then

eD()™", if eD(y)7' <2
Wl {1og<eD<v>—1>, § D) > 2

We shall prove Proposition 8.1 by expressing dg in polar co-ordinates. To deal with the
singularities of the Cartan decomposition, we will introduce a system of polar co-ordinates
for every conjugacy class of Levi subgroups in G.

8.1. Notation. We let || - || denote the norms on either p or £ obtained by restricting the
Killing form (resp. minus the Killing form). Let A be the roots of a in g. Let A C F be
a minimal parabolic subgroup of G. Let A" be the set of positive roots corresponding to
Py,. We may assume that the positive Weyl chamber a' chosen in Section 7.1 is the one
corresponding to AT. Let ® C AT be the simple roots.

We say that a parabolic subgroup P is standard if Py C P, and that a Levi subgroup L of
a parabolic P is standard if P is standard and A C L. Let £ be the set of proper standard
Levi subgroups of G. Then L contains exactly one representative of every conjugacy class
of proper Levi subgroups of G. L is in bijection with the proper subsets of ®, and we now
recall this correspondence. If &, C &, we define A;, C A to be the neutral component of the
kernel of all & € ®;. The Levi L associated to ®, is Zg(AL), which is Zariski-connected by
[3, Prop 18.4]. We introduce the following notation for L.

e [is the Lie algebra of L.

e K; = KN L. It is known that K is a maximal compact subgroup of L, and that
K1, meets every connected component of G in the real topology (see for instance [17,
Prop. 7.25] and [17, Prop. 7.33]).

e [ =¢; +p; is the Cartan decomposition corresponding to K7,.

e £ is the Killing-orthogonal complement of £ in €.

e q; is the Lie algebra of Ay, which is the center of .

e /A, is the set of roots vanishing on a;.

ea; ={Heca,:a(H)>0foraec At —Ar}.

e S, is the unit sphere in a.

o SF=5,na".
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e Let x> 0 be a constant to be chosen later. We define S} = {H € S, Na} : a(H) >
kfor a € AT — AL}

8.2. A system of approximating open sets. For each L € L, we choose open sets
Ur,U; C SI that approximate S} using the following lemma.

Lemma 8.2. There exist two collections of open sets {U, C S : L e L}, {U, CSt:Le
L} (for the relative topology on St ) with the following properties.

(a) U; cover ST.

(b) U, C Up.

(c) Uy lies in the ball of radius 1/2 around S .
(d) If a ¢ Ap, a does not vanish on Uy,

Proof. We let 6 > 0 to be chosen later. We define U;, C S} to be the subset of H satisfying
a(H) < 024%LH o e @,
a(H) > 624%Ll o ¢ @,
and U; C S to be the subset of H satisfying
a(H) < 624%Ll o e @y,
a(H) > 0240 ¢ @
It is immediate from the definition that U/L C Up. Because S; C S is the subset of H
satisfying
a(H)=0, a€cdyg,
a(H) >k, a¢dp,
it is clear that (c) holds if § is chosen small enough and we let k = 6. For (d), let a ¢ Ap.

We may assume without loss of generality that & € A™. We then have a = > seg B With

ng = 0 and ng > 0 for at least one § ¢ . It is then clear that « is nonzero on Uy.
It remains to prove (a). Let H € Sf. Let &, C ® be a set such that

(25) a(H) < 62%%t for all a € .

Note that at least one such set exists, namely (). Furthermore, suppose that ®; is maximal
with this property. Note that we cannot have ®;, = & if § is chosen small enough. If
aH) > 6221%H for all o ¢ &, then H € Uj,. If there is some 3 ¢ &, such that
B(H) < 6221%c1+1 then &, U {B} also satisfies (25), which contradicts maximality. O

8.3. A system of polar co-ordinates on p. Let Cp, = {tH : t > 0,H € U} be the cone
over Ur,. We define C? = Ad(K)Cp C pr and C;, = Ad(K)Cy C p, and define C}, CY', and
C; in the same way using U . It follows that CY is open in py, and Cy, is open in p, and that
Cy, cover p \ {0}.

We recall the definition of the principal bundle K X, pr, which is the quotient of K X py,
by the action of K, given by

kp - (k, V) = (kk;' kp.V).

Define P;, = K xg, C? C K xg, pr. The natural map K x C? — C; C p given by

(k,V) — k.V factors to a map Il : P, — Cr. We shall prove that II, is a diffeomorphism;
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this will provide us with a system of polar coordinates on C;, with angular variable in K/K,
and radial variable in C?. We shall then give a formula for the metric on S in these polar
coordinates.

To lift our polar coordinate map to a map of tangent spaces, define By, to be the quotient
of K x C? x €4 x pr, by the action

k- (k,V,X,Y) = (kk;' kp.V, k. X, k1Y),

We may naturally view By as a vector bundle over P, with fiber ¢ x py. There is a map
dlly, : B, — TCy, given by dHL(/{Z, V., X, Y) = (k)‘/, k[X, V] + k'Y)

Proposition 8.3. The map 11, : P, — Cy, is a diffeomorphism, and dll;, : By, — TCy, is an
1somorphism of vector bundles.

Proof. We first show that I1; is a bijection. Surjectivity is clear, to prove injectivity suppose
that (ky, V1), (ke, Vo) € K x C? satisfy k;.V) = ky.V,. By the definition of C?, we may write
Vi=Fk; H; with k; 1, € K, and H; € Cp, C a". Because H; and H, are conjugate under K,
we have Hy = Hy = H (see e.g. [17, Lemma 7.38] for the proof of this in our case where
the groups may be disconnected in the real topology). We then have kiky = kokor.H,
so that k1ki 1 € koko Ky where Ky is the stabilizer of H in K. Because H € Cf, we
have a(H) # 0 for all a ¢ Ay, and Lemma 8.4 implies that k; 'k; € K. It follows that
(k’g, ‘/2) = (k’l, (l{/’l_lk?2>‘/2) = (kh ‘/1) n PL.

Because P;, and C;, are smooth manifolds of the same dimension, to show Il is smooth it
suffices to show that its differential is surjective on tangent spaces everywhere. In addition,
because 11, is K-equivariant it suffices to check that this holds at a point (e, H) with H € C7,.
Let X € ¢ and Y € py, and consider the path (exp(tX), H +tY) in Pp. Applying I, and
differentiating at ¢t = 0 gives

%exp(tX).(H +tY)|imo = [X,H| + Y.
Because a(H) # 0 for all @ ¢ Ay, ad(H) is an isomorphism from €1 to p7, so the differential
of Il is surjective.

To prove the claim about dll;, we know that it is a map of vector bundles that lies over
a diffeomorphism. Moreover, the argument above implies that it is an isomorphism on each
fiber, and so it must be an isomorphism. 0

Lemma 8.4. If H € a satisfies a(H) # 0 for all « ¢ Ay, and Ky is the stabilizer of H in
K, we have Ky C K.

Proof. Let k € Ky. The algebras a and k.a are both contained in Z;(H). The root space
decomposition and our assumption on H imply that Z;(H) C [. Therefore a and k.a are two
maximal abelian subalgebras in py, and so by [17, Lemma 7.29] there is k;, € K such that
krk.a =a. We have k;,.H = kpk.H € a, and because H, k;,.H € a there is an element of the
Weyl group of L that maps H to kp.H. It follows that we may assume kpk.H = H without
loss of generality. Because kpk.a = a and kpk.H = H, the action of kpk on a must be by an
element of the subgroup of the Weyl group of G generated by reflections in the roots with
a(H) = 0. The set of such roots is contained in Ay, which implies that this Weyl element

fixes ar. Therefore kpk € Zg(ar) = L, which completes the proof. O
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8.4. Lower bounds on angular displacement. From now on, we shall identify B with
the tangent space of Pp. Define © : C;, — K/Kj, to be the composition of the isomorphism
Cr, ~ P, with projection to the base. This is the angular variable of our polar coordinate
system.

Define a metric tensor dsx, on K/K as follows. For V € T.(K/K;) ~ €& we define
dsk, (V) = ||[V]|, and we extend dsk, to the whole manifold by K-invariance. We let d,
be the associated distance function. The next lemma gives a lower bound for how much ~
rotates any V € py.

Lemma 8.5. If V € C, Npz, then di, (©L(V),7OL(V)) > D(v).

Proof. We may assume without loss of generality that [|V| = 1. If we let V = k.H with
H € Up, we have O(V) = kK and dg, (©,(V),vOL(V)) = dk, (k,vk). By property (c) of
Uy, there exists Hy € S; with |H — Hy|| < 1/2. Let Vy = k.Hy, and let W be the projection
of Vg to ps. We have |[W|| > 1/2. Because I — v acts on p;- with determinant > D(v) and
all its eigenvalues are < 2 in absolute value, we have ||v.Vo — V|| = ||[v.W — W] > D(y).
We then have ||vk.Hy— k.Hg|| > D(7), and applying Lemma 8.6 to Hy, k, and vk completes
the proof. O

Lemma 8.6. If H € S} and ky, ke € K, we have dy, (ki, ko) > ||ki.H — ko H|.

Proof. Let Oy C p be the orbit of H under K. We let dsp be the metric tensor on Oy
obtained by restricting the Killing form, and we let dp be the associated distance func-
tion. Because do(ki.H, ko.H) > ||k1.H — ko.H]|, it suffices to prove that dg, (ki, ko) >
do(ki.H, ke.H). Because the map Ad : K/K — Oy is a diffeomorphism, this would follow
from knowing dsg, > Ad*dse. Because both metrics are K-invariant, it suffices to prove this
atee K/Kp. f V e tf ~T,(K/Kp), we have dsg, (V) = ||V and Ad*dso(V) = ||[H, V]||.
Our assumption that a(H) >  for H € S} and o € A* — A implies that ad(H) maps &
to p; with bounded distortion, and the result follows. O]

8.5. Metrics in polar co-ordinates. Let ds be the metric on S, ds, the pullback of ds via
the exponential, and dsp the pullback of ds, to P, under the map P, — C) < p. We shall
compare dsp to the (degenerate) metric dsy on Pj, obtained by pulling back dsk, under the
natural projection P, — K/Kp.

Proposition 8.7. There is ¢ > 0 such that
dsp(k,V,X,Y) = sinh(c||V||)dso(k, V, X,Y)
for all (k,V,X,Y) € TP, ~ By.

Proof. First note that dso(k,V, X,Y) = || X]||. Our immediate goal is then to give a similarly
convenient formula for dsp, allowing for a comparison with dsy. We will do so by expressing
ds, in polar coordinates.

We begin by picking a convenient basis of p. For each &« € A™, choose a basis Vo1, ..., Vi p(a)
for Ja such that <Va,¢, 9<Va,j)> = —5”/2 Let on,i = Va,i + 9<Va,i) and Yaﬂ' = Va,i — H(Va,i).
Let M = Zg(a), and let £;; be the complement of Lie(M) in €. Then the vectors X, ; for
a € AT (resp. a € AT —AL) form a basis for &3, (resp. £7) that is orthonormal with respect
to minus the Killing form. The vectors Y, ; are orthonormal in p, and together with a basis
of a they form a basis of p. Note that we will omit the index i from sums of the X, and Y,

from now on.
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We identify the tangent space to K/M at kM with €3, via the differential of the map
t1, @ X — kexp(X)M € K/M. The polar co-ordinate map K/M x a — p allows us to
identify the tangent space to p at a point k.H with &3, + a, and under this identification the
metric ds, becomes

ds; =da®+ > sinh’a(H)dX2,
aEAT
where da is the Killing metric on a, see for instance [5, Proposition 2.3]. If H € a™ then it
follows that the metric ds, at H with respect to the vectors Y, and the subspace a is given

by

sinh® o( H)
(26) ds? = da® + ——2dY?.
p aezAJr Oé(H)2

Returning to the proof of the proposition, note that from the left K-invariance of both
metrics, it suffices to check the claimed inequality at T, P, where x = (e, H) and H € Cp.
By continuity, we may also assume that H € C;, Na*. Consequently, condition (d) in the
definition of U ensures that

(27) a(H) > ||H|

for all o € AT — Ap.
Let (e, H,X,Y) € T, P;. We have dll (e, H,X,Y) = (H,[X,H] +Y). If

X= ) caXa,

aeAt—Ap
then
(X, H=— Y a(H)cYs € pp.
aeAt—Ap
Applying (26) we find that

dsy(H,[X,H|+Y) > ds}(H,[X,H])) = Y csinh®a(H).

acAt—Ap

From (27) it follows that sinh?® () > sinh?(¢||H]||) for some ¢ > 0. We therefore have
dsh(e HX.Y) 2 sl H]) Y e = sinb (el H]) | X
aEAT—Ap

as required. ([l

8.6. Proof of Proposition 8.1. Let 7,V ¢, and T be as in the statement of Proposition
8.1. Let 1/2 > 6 > 0 be such that for all L the j-neighbourhood of U} in p is contained in
Cr.

We first consider the case where ||V|| < max(76~1,1). Because dg o exp is quasi-isometric
to the Killing metric on the ball of radius 79! in p, we have dgs(e",e’V) >r ||[v.V — V||
where the implied constant depends only on 7" and G. Arguing as in Lemma 8.5 gives
7.V = V| > |[V|[D(y), and combining this with our assumption ¢ > dg(e",e*") gives
eD(v)~! > ||V| in this case.

We now assume that |V]| > max(7¢',1). Choose L € L such that V € C}. Let p

be a path of length < e from €' to ¢”" in S. Because the map X : S — @' is distance
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non-increasing, our assumptions that ||V|| > 79~ and e < T imply that p(t) € Cy, for all ¢.
We may therefore bound the length of p using Proposition 8.7. If p is the pullback of p to
Pr, we have

e> [asw®) = [ dsel (o).

Because [|[V|| > T6~' > 2¢, we have ||p(t)]| = ||V]|/2 for all t. We may therefore apply
Proposition 8.7 (after shrinking ¢) to obtain

e> /dsP(ﬁ’(t)) >sinh<c||V||)/dso(5'(t)).

The metric dsg computes the length of the projection of p to K/Kjp, or equivalently the
length of the path O (p(t)). Lemma 8.5 therefore gives

/ dso('(1)) > dic, (O1(V), 01(1V)) > D(3).

Combining these gives eD()~! > sinh(c||V]]).

To prove Proposition 8.1 in the case that eD(y)™' < 2 we use sinh(c||[V]]) = ¢||V] to
obtain eD(y)™! > ||[V|| for both ranges ||V| < max(76~!,1) and ||V]| > max(Td~1,1).

To prove Proposition 8.1 for eD(y) ™' > 2, note that we may assume that ||V|] > max(7T67',1).
The bound then follows from eD(y)~" > sinh(c||V]|) > eclVI.

9. CONSTRUCTION OF ADMISSIBLE GROUPS (G

This section is devoted to the proof of the following proposition, which provides examples
of groups satisfying the hypotheses of Theorem 1.1.

Proposition 9.1. Let G'/R be connected, simply connected, and R-almost simple. Let F' be
a totally real number field, and let vy be a real place of F'. There is a connected semisimple
group G/ F with G,, ~ G' that satisfies conditions (2) and (3) of Theorem 1.1.

It is an interesting question whether condition (3) on the existence of a rational Cartan
involution is automatic or not. We believe that it is not when G is almost simple of type
A,, D,, or Eg, but are unsure otherwise.

9.1. Lie algebra version. We begin by proving the analogue of Proposition 9.1 for abso-
lutely simple Lie algebras.

Proposition 9.2. Let g'/R be an absolutely simple Lie algebra. There exists a Lie algebra
9/Q with an involution T defined over Q such that g @R ~ ¢, and T is a Cartan involution
of g®@R.

Proof. Let g*/Q be the Q-split Lie algebra satisfying g* ® C ~ g’ ® C. We shall obtain the
Lie algebra g of the proposition by appropriately twisting g*, as we now explain.

There is a canonical Q-involution on g* inducing a Cartan involution of g* ® R. To define
it, first let h be a rational splitting Cartan subalgebra of g*, i.e. so that the adjoint action
of b is diagonalisable over Q. Let A be the roots of h in g*, and let g* = h B, g, be the
root space decomposition. Let {X, : o € A} U{H; : 1 < i < n} be a rational Chevalley
basis with respect to this root space decomposition. Let 8* be the involution of g* defined
by 0*(X,) = X_, and 0*(H;) = —H;. Then 6* induces a Cartan involution of g* ® R.
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Next let 6’ be a Cartan involution of g’ and write 7y for the involution on g* ® C obtained
by extending 6’ to g* ® C ~ g’ ® C. Lemma 9.3 below, applied with the pair (g*,7p), then
produces a Q-involution 7 of g* commuting with #* and conjugate to 7y in Aut(g* ® C).

We obtain g by twisting g* by 6*7. More precisely, we let g% and g* be the &1 eigenspaces
of 0*1 on g* and define g = g* +ig"” C g*®Q(7). It remains to verify the required properties
of g and to check that 7 defines a Cartan involution on g ® R.

Firstly, it is clear that g is a Lie algebra over QQ, and that 7 gives a Q-involution of g,
since 7 and 6* commute. Let ¢ denote the complex conjugation of g* ® C with respect to
g* ®R. Because 0* is a Cartan involution, the fixed-point set of 8*c is a compact real form u
of g*®C. The complex conjugation of g* ® C ~ g® C with respect to g®@ R is equal to 0*7c.
Because u is also the fixed point set of 7o (#*7¢), this implies that 7 is a Cartan involution
of g@R.

We now show that g ® R ~ ¢g’. Indeed, g ® R and g’ are both real forms of g* ® C. If we
let g R =¢+p and g’ = ¥ + p’ be the Cartan decompositions induced by 7 and ', we
have ¢ ® C ~ ¢ ® C because 7 and 0" are conjugate in Aut(g* ® C). As ¢ and ¢ are both of
compact type, this implies that € ~ # and [10, Ch. X, Theorem 6.2] implies that g@ R ~ ¢'.

O

Lemma 9.3. Let g*/Q be a Q-split Lie algebra with Q-involution 6% as above. Let 1o be an
imnwolution of g* ® C. Then there exists a Q-involution T of g* which commutes with 8* and
is congugate to Ty in Aut(g* @ C).

Proof. We shall use the classification of automorphisms of g ® C in [10, Ch. X, Theorem
5.15]. This implies that one of the following holds:

(1) 79 is conjugate to an involution 7 that satisfies 7(H) = H for H € h and 7(X,) =
€aX, Where €, = 1. Because 7 leaves b invariant, we must have €, = e€_,.

(2) 79 is conjugate to an involution 7 induced by an automorphism of the Dynkin diagram.
This means that there is a linear map o : h — b that induces a map on A, and 7
satisfies 7(H) = o(H) for H € b and 7(X,) = X, (q) for a € A.

In both cases, it may be seen that 7 commutes with #*. That 7 is defined over Q is clear in
case (1), and in case (2) it follows from the fact that o preserves A and hence the Q-structure
on f.

O

We may immediately extend Proposition 9.2 to allow g’/R to be R-simple. To do this,
we note that if g’ is R-simple but not absolutely simple, then g’ = Resc/rh’ where §'/C is
simple. We treat this case by finding a rational form b of ' such that h ® R is compact, and
then setting g = Q(i) ® b, considered as a Q-algebra.

Finally, we extend the above construction to totally real number fields, as in Lemma 9.1.

Lemma 9.4. Let F' be a totally real number field, and let vy be a real place of F. Let g'/R
be an R-simple Lie algebra. There exists g/ F with an involution 0 defined over F such that
v, = 0, 8y is of compact type for all real v # vy, and 6 induces a Cartan involution of gy, .

Proof. By Proposition 9.2 and the remark above, there exists go/Q and a Q-involution 6 of
go such that go ® R ~ ¢/, and 6 induces a Cartan involution of gy ® R. Let go = & + po be

the rational Cartan decomposition associated to §. Choose a € F' such that «,, > 0, and
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a, < 0 for all other real v. Define g = ¢ @ F + /apo @ F C go ® Q. We extend 6 to an
involution of g defined over F'.

We have g,, >~ go ® R ~ ¢’, and it is clear that € induces a Cartan involution of g,,. If
v # vy is real, we have g, = ) ® R 4+ ipg @ R C gg ® C so that g, is of compact type. O

9.2. Proof of Proposition 9.1. We now return to the proof of Proposition 9.1.

Let g'/R be the Lie algebra of the connected, simply connected, and R-almost simple
group G'/R given in the lemma. Apply Lemma 9.4 to g’ and the distinguished real place v
of I to obtain g/F and 0. Let Int(g) be the identity component of Aut(g), and let G be
the simply connected cover of Int(g). Then G has Lie algebra g, and 6 induces an involution
of G which we also denote by 0 (as the derivative at the identity of the former is equal to
the latter). Because G’ and G,, are connected, simply connected semisimple groups with
isomorphic Lie algebras, they are isomorphic. If v # vq is real, then g, is of compact type
and G(F,) is compact.

By Lemma 9.4, 6 induces a Cartan involution of g,,, and it follows that € also induces a
Cartan involution of G,, (in the sense that the fixed point set G? is a maximal compact
subgroup of G,,). This completes the proof.
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