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10—plectic formulation of gravity
and Cartan connections

Dimitri VEY °

Abstract — We give a Hamiltonian formulation of Weyl-Einstein—Cartan grav-
ity which is covariant from the viewpoint of the geometry of the principal fiber
bundle. The connection is represented by a 1-form with values in the Poincaré
Lie algebra, which is defined on the total space of the orthonormal frame bundle
fibered over the space-time. Within the 10-plectic framework we discover that
the local equivariance property of the Cartan connection is a consequence of the
Hamilton equations.
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One of the guiding ideas rooted in this paper is that the physical laws (in partic-
ular General Relativity) are independent of the point of the space-time manifold
and the pseudo-orthonormal (or reference frame) in which they are expressed.
This viewpoint is adopted in the approach to field theory based on the space of
reference frames, which is developed by Toller [28-30]. This standpoint echoed the
work initiated by Lurcat [24] towards a Quantum Field Theory on the Poincaré
group (see also [14,33]). The original motivation of Lurgat was to put the dynam-
ical role of spin in the foreground. Accordingly, in gauge theories of gravitation
the local model of Minkowski space is replaced by the Poincaré group [1,27]. We
present a Hamiltonian formulation of first order gravity which is covariant from
the viewpoint of the geometry of the principal fiber bundle, i.e. which does not de-
pend on choices of space-time coordinates nor on the trivialization of the principal
bundle'. We work with the multisymplectic approach, which goes back to the dis-
covery of generalizations of the Hamilton equations for variational problems with
several variables by Volterra [34,35]. These ideas were first developped in the thir-
ties [2,8,23,36] and later in the seventies of the last century [11-13,20-22,26]. The
multisymplectic theory has many recent developments (see e.g. [3,10,15-17]) The
basic concept is the notion of a multisymplectic (m+1)-form w on a smooth mani-
fold N, where m corresponds to the number of independent variables. The form w
is always closed and one often assumes that it is non degenerate: V¢ € T'(N, TN),
EJw = 0 = & = 0. The solutions of the Hamilton—Volterra—De Donder—
Weyl (HVDW) equations are given by oriented m-dimensional submanifolds 7y
of N which satisfy the condition that, at any point m € N, there exists a basis
(X1, -, Xpn) of Ty such that XyA---AX,, Jw = (—1)"dH, where H : N — R
is a Hamiltonian function. Analogously one can replace w by its restriction to the
level set H1(0) and describe the solutions as the submanifolds  of H~*(0) such
that X; A---A X, Jw = 0 everywhere and S (X; A--- A X,,) # 0, where ™
is some volume m-form, see [16].

Organization of the paper — In Section 1.1 we describe the space-time dynamical
fields (e, A) for Weyl-Einstein—Cartan (WEC) gravity. The multisymplectic for-
mulation of the WEC functional Syec[e, A] is delicate because the dynamical fields
(e, A) are the components of a Cartan connection (see [4-6,25]) and subject to
gauge invariance. In Section 1.2 we lift the connection defined on some manifold
X representing the space-time to the principal bundle P over X with structure
group the Lorentz group. The connection is represented by a 1-form («,w) on P
with value in the Poincaré algebra p = g @ t, which satisfies normalization and
equivariance hypotheses, see Equations (2). Although a priori mandatory the
equivariance condition has the shortcoming of being a non holonomic constraint,
i.e. on the first order derivatives of the field.

IFor a formulation which is covariant from the viewpoint of the geometry of space—time only,
we refer to [31,32] and references therein.



The geometrical background for the 10-plectic formulation of WEC gravity is
presented in Section 2. The covariant configuration space is Z := p ® T*P, the
space of p-valued 1-forms over P. Section 2.1 is dedicated to present the WEC
10-form, the first order jet bundle J'Z and the De Donder-Weyl (DW) bundle
AOT*Z . In the following, we compute the Legendre transform for the WEC action
by treating connections as normalized and equivariant p-valued 1-forms on P (see
Section 2.2). We find that the natural multisymplectic manifold can be built from
the vector bundles p @ T*P and p* ® AST*P over P, where 10 is the dimension of
P, p is the structure Lie algebra and p* its dual vector space. These vector bundles
are endowed with a canonical p-valued 1-form n and a canonical p*-valued 8-form
1 respectively (see also [19]). Then the multisymplectic manifold corresponds to
the total space of the vector bundle M := R @&p (p @ T*P) &p (p* @ AST*P),
equipped with the 10-form 61?0 = ¢3®W A 4©) £ o) A (dn + 1 A1), where < is a
coordinate on R, ¥ A ~v(©) is the volume form on P and p @ T*P C p @ T*P is
the subbundle of normalized forms.

Finally, the DW formulation of the Hamilton equations is given in Section 3.
Any solution of the Hamilton equations is given by a 10-dimensional submanifold
of NV, more precisely a section ¢ of N over P. In Section 3.1, we compute the
11-plectic form w := d#?. In Section 3.2, we finally discover that the dynamical
equations constrain the p-valued 1-forms to be equivariant, see Proposition 3.1.
In addition, the formalism yields Einstein—Cartan type equations:

{Gba = 30 P o )
Tflcd = — (hde g/(sg + 5521(5%@ - 5?hde)) pPj* pc,eaj’

where G?, is the Einstein tensor and 7% is the torsion tensor, see Section 4.3 in
the Annex. In addition, p; is a left invariant vector field acting on the multimo-
menta coordinates p,* and p,°? which are given in Proposition 3.2.

Aknowledgements — I am indebted to F. Hélein for having been the co—architect
at the origins of this work and for corrections on preliminary variations of the
paper. This note is a digitized image of unpublished parts of erstwhile versions of
the 10-plectic palimpsest of gravity, which has led us, during Eastertide 2015, to
discover the road to curved space-time by crystallization (see [19]).

1 Weyl-Einstein—Cartan

Let M be the Minkowski vector space endowed with the Minkowski metric h. We

—

fix a pseudo-orthonormal basis (F,)o<a<s of (M, h). In addition, T is the Abelian
Lie group of translations on M, t its trivial Lie algebra, with basis (t,)o<a<3
and t* the dual of t with basis (t*)o<a<3. We denote by & the Lorentz group

SO(3,1), g its Lie algebra, i.e. g := so(3,1) and g* the dual of g. We denote
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by (I;)1<j<¢ a basis of g and (F);<;<¢ a basis of and g*, respectively. Finally,
® x T is the Poincaré group 150(3,1) := SO(3,1) x T, p := gD t its Lie algebra
and p* is the dual of p. We fix some basis ([4)o<a<o = (to, - ,t3,[1,- -+, lg) and
(Mo<acog = (1% - 3,11 .-+ [16) of p and p*, respectively.

1.1 Space-time dynamics

In WEC formulation of gravity, dynamical fields can be defined locally as being
pairs (e, A), where e = (€%, ¢!, €2, €®) is a moving coframe on X and A is a g-valued
connectlon 1- form on X. We set a volume 4-form e® := e® A el A e? A €e® and

((j)) = (3% A %) 2 e®. The WEC action reads
Swecle, A] = / eﬁ) A F = / uf eflb) A FY (1)
X X

where F := dA+ AA A is the curvature form and Fed := h? Fe . Elsewhere, this
action is termed the < Palatini > action functional, which is inexact [9].

Torsion and curvature — The torsion and curvature 2-forms, which are denoted
by T® and F®, are related to the dynamical field (e, A) by the Cartan structure
equations: 7% = de® + A% A e’ and F% = dA%, + A% A A%, respectively. We
introduce the torsion tensor T%.; such that 7% = lTac ecd = ;Tﬁyﬂﬂ” where the
components Ty, = T4¢, ed are given by 1y, = Ouey, — e, + Aj e, — el A In
addition, the Curvature tensor F'%.q 1S such that F @y = 1F @ bed€ ecd = F “bc ec ed
where the components are written as F“b 0, A% — 9, A“b + A¢ Ad’ A% A,

ne 1/ vet ot
Ricci and Einstein tensors — We denote by Ricyy := F 4y = hyy F¥Y 1, the Ricci
tensor. Then, G, = Ricy, — %habS is the Einstein tensor, where S is the scalar

Oea

. . . . IAN) ’
curvature, which is given by S = h®Ricy, = h®hay F@Y o = F¥ 0,

1.2 Bundle dynamics

In addition, the WEC functional is invariant by gauge transformations of the form
(e, A) — (g te gildg—i—g*lAg) which are written in indices as e® — (g71)%ye®
and A% — (g7 )% dg” 4+ (g7 1) 0 A” yg"y, where g : X — &. In order to fully
consider the gauge invariance, we now lift the theory to the total space of the
principal fiber bundle (P, X, &), where X is the base space, P is the total
space, & is the Lorentz structure group and wy : P — X is the fibration map.
We assume that & is acting on the right on P:

Ry,: Px® — P
(z,9) = z-g9=Ry(z)

This induces an infinitesimal action of g, to any £ € g, we associate the vector
field pe(z) = z- & on P defined by: V z € P,V € g, pe(z) := d/dt(z - €%)]i0.

4



For any z € P the orbit of the & action containing z is the fiber P,, where
x = 7p(z). The tangent vector subspace to P, at z is the vertical subspace
V,P := kerd(my), and is isomorphic to the Lie algebra g of &. By choosing a
section o0 : X — P which induces a trivialization z = o(x) - g ~ (x,g), we set
0u(z) == d(Ry 0 0)x(0,(x)) =~ Ou(x) - g,for 4 = 0,---,3, where (9,)o<u<s is a
moving frame on X. We consider also the family of independent tangent vector
fields (p;)1<i<¢ on P induced by the right action of u; on P, which, at every point
z € P, spans the vertical subspace V,P. Then (0, pi)o<u<sa<i<o is a moving frame
on P. The dual frame (dz",7")o<,<34<i<o 1s the family of sections of T*P such
that dz*(0,) = 6% and ~*(p;) = 0}

To picture geometrically the gauge invariance we lift the variational problem
on the total space P of the principal bundle of orthonormal frames. We represent
each pair (e, A) by a pair of 1-forms (a,w) on P with values in p, i.e. « takes
values in t and w takes values in g. However, («,w) needs to satisfy the following
normalization and equivariance hypotheses:

pi -« 0 Lya+u-a = 0 (2)
pi Jw = uy, L,w+ [u,w] = 0,

where L, is the Lie derivative with respect to a vector field p;. We can lift the
action Syec[e, A] to a functional on the space of p-valued 1-forms (o, w) by setting:

Swec [, w] = / aﬁ) A QP AAO) = / u?ba(ﬁ) A QA O (3)
P P
where a® = a% A o’. By setting aﬁ) = (82a A %) Ja®, Q= dw+ w A w,

Q% = Qo h" and 4O := 41 A---A45. Then critical points of Syec[e, A] correspond
to critical points of Syec|v, w] under the constraints (2).

For any p-valued 1-form (o, w) on P which satisfies (2) and for any local section
o : X — P, we obtain a pair (e, A) on X simply by setting e = o*a and A = o*w.
Conversely, given a pair (e, A) on X and a local section o : X — P, this provides
us with a local trivialization 7 : P — X x & : z — (x, g), where (x, g) is such
that z = o(x) - g. We associate to (e, A) a p-valued 1-form (a,w) on P which
satisfies (2), given by a = 7*(g7'e) and w = 7*(¢7 ' Ag + g~ 'dyg).

(aw) = (g7"e,g7'dg+g ' Ag) = (a,w)=(0,97"dg)+Ads1(e, 4), (4)
where (e, A) is a p-valued 1-form whose coefficients depend only on the x variables.
In particular, by using the representation w = g~ 'dg+ ¢ 'Ag and o = g~ 'e, then

we obtain dw +wAw =g ' (dA+ AN A)gand da+wAa =g ' (de+ ANe).
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2 Towards the 10-plectic formulation

2.1 Geometrical background

The covariant configuration space is the 110-dimensional vector bundle p ® TP
over P, whose fiber at point z € P is the tensor product p ® T;P. Note that
dim(P) = 10 and dim(p ® T;P) = dim(p) - dim(7,P) = 100. A point in p ® T*P
will be denoted by (z,y), where z€ P and y € p @ T,P.

2.1.1 Weyl-Einstein—Cartan 10-form

We consider the canonical p-valued 1-form 7 (a section of p@T*(pRT*P)) defined
by:

\V/(Z, y) €EpP® T*P,\V/U € T(z7y) (p & T*P)v N(z,y) (U) = y<d7T(z,y) (U)),

where 7 : p ® T*P — P is the canonical projection map. This p-valued 1-form
can be decomposed as n = [4n?, where each n? is a 1-form on P. Any pair (o, w)
as considered in previously is a section of p @ T*P over P. In the following we
identify such a pair with a map ¢ from P to the total space of p @ T*P such that
mop(z) =1z, Vz € P, by letting

(o, w) = ™. (5)

We introduce the following coordinates on p @ T*P. (Zl)lgjgl() are local coordi-

nates on P; thus they provide us with locally defined functions 2/ ~ 2/ o7 on

p®T*P. In a given trivialization 7: P — X X & : z — (x,¢g), we denote by

=it d =

SIhylxi >

Furthermore, by using the splitting 7 = 747 and the standard representation (see
Section 4.1 in the Annex) we write equival@ntly (;]flﬂ, ;]flj, nz, nj) for the coordinates
on p ® TFP in the basis (ud ® dx*, ué ® 4, t. ® dz*,t.®~’). The bundle p @ T*P
is endowed with local coordinates (z*, g, ﬁflu, 7072].,717;,7175). In these coordinates 7
reads (1,7) = (ﬁguuf ® dzt + %gjugl ® ¥, 717,‘1250 ® dzt + 7175150 ®y)epTiP.

We define the following 10-form on p @ T*P (a section of AT (p @ T*P)):

A= u®n@ A (dy+ 7 AR AR, (6)

where ﬁfb) = (8;; A a?lyb) W = Lepen® An?. Then, the WEC action (3) is

written as Syeca, w] = J» ©*A, where ¢ is such that (5) holds.
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2.1.2 First jet bundle

We introduce the first jet bundle J'Z := JY(P,p@T*P). A section ¢ of the fiber
bundle p&@T™P can be seen as amap ¢ : P — p@T™P such that mygr-pop = Idp.
The first jet space J'Z is the manifold of triplets (z,y,y), where (z,y) € p @ T*P
and y is the equivalence class of local sections ¢ of p ® T*P over a neighborhood
of z such that ¢(z) =y, for the equivalence relation: o ~ @y iff d(n7* o 1), =
d(ng o ¢a),, VI, A. We then write [p],, the class of ¢. Local coordinates on
JYUP,p @ T*P) are (2!, ni',nf\,), where

A o
() = 2 E)

Equivalently, the first jet space J'Z is identified (see [18]) with T*P ®@pgrp (T (p®

P)/TP), the bundle whose fiber at (z,y) € p ® T*P is the space of linear maps
0 T,P — Ty (p @ T*P) such that d(7p)(,y) o £ = Idgp, which is canonically
identified with T*P, @ (Tpy) (p @ T*P)/TyP)).

where y = [¢]zy,

2.1.3 De Donder—Weyl bundle

Consider the fiber bundle A1°T*Z of 10-forms over Z := p ® T*P. By using the
fibration 7z : A'T*Z — Z we define a canonical 10-form #19 on A°T*Z by
Y(z,y) € Z,Vp € AlOT(*Z’y)Z, VX1, Xig € Tinyp) (AT Z),

6 (X1, -+, Xu0) = p((7m2) X1, -+, (72)X10). (7)

(z,y,p)

The 46 897 636 624 091-dimensional universal Lepage-Dedecker manifold A10T*Z
is far too big. We define the subbundle of 9-horizontal forms (following the ter-
minology used in [3,10])

AT Z —{zy, GAIOT*ZVvl,WEV”Zvl/\vng—O}

where the projection map nz : Z — P defines in each tangent space T;Z
a vertical subspace V(,,)Z := ker(rz,). We denote by Npy := A°T*Z the DW
bundle, the < multimomentum phase space >> of the DW theory Local coordinates
Ol /Vpw are ($ﬂ7 9, 77;;47 77] 7S ,4/} V NJ ) where (§ ¢ V fj}]a @D%k) are the
components of 1) € AiOT(*Z’y) (p®T*P) in the basis (8™ Ay 6), d% /\ﬁﬁg) AY©) dn A\
B A, dnd A B A, dit A BD A,

The canonical 10-form (7) restricted to Npy is denoted by 619 € Q0(A0T*Z)
and reads

900 = BH A6 4 Wwdm /\5(3) © 4 ¢£/d77jA /\553) A~©
+ @yt A W 5) + gt A B Ay

(8)



Since we are interested in normalized sections of p @ T*P, we actually work on the
bundle AT (p @ T*P) over p @ T*P, which is constructed through a reduction
of AI°T*(p®T*P) (see [18]). This amounts to impose ' = §7 if A =i and n;' = 0
otherwise. We note that, when these constraints are assumed, the terms with LZ)%”
and wi,k vanish and actually don’t play any role in the following, so that we may
forget about coordinates ( f;f’,wff). Denoting simply by #(*%) the restriction to
AT (g @ T*P) of §10) given in (8), this leads to the simplification:

010 = B AN g dnt A BD A +plidnt ABD AT (9)

2.2 Legendre transform

Let (z,y,y) € JY(P,p @ T*P) and let ¢ be a section such that [p],, =y. In order
to compute the Legendre transform at (z,y,y, p) we need to determine the value of
the quantity W (z,y,y, p) which is defined by * (009 —X) = W(z,y, y, p)3™ A+,
where we denote B A 4O = o*(BH A ~O)) (see [17] for details). Using the
standard representation of p = g @ t, the canonical form (9) is then given by:

910 — B AAO) 4 ;P?“”df?é“ ABD A~ @Z?“dﬁéu A B A %(_5)

45)

Lo Ve (10)
+ i A B N + b di A B AP

The problem we start with concerns gauge fields on the space-time manifold X
which are not only normalized but also equivariant sections, i.e. such that:

7072#;3‘ + [Ijﬂo?u]; - 07 7172;]’ + IZ ’ 7172 - 07 (11)

To simplify the computation we choose the right coframe, as we learned from

Cartan. Here given some (z,y,y, p), we replace the arbitrary coframe (dz*, %, dnﬁ‘)
(10)
(zy,p)’

St = dnt — o (dn) = dnt — ik, da” — A7, (12)

by (dz*,~", 577;‘) in the expression of ¢ where 57];‘ is given by
since nﬁj(y)dz‘] = d(n}4 °0p), = (gp*anA)z. Then,
Y e T,P, &n)(t(v)) =0. (13)

We compute the Legendre correspondence along equivariant sections, i.e. which
satisfy the condition (11). Therefore, the change of coframe (12) is given by

6;72;1, = d;ﬁlp - ;]Sl,u?l’dxl/ + [[J7 ;]u]?lryj7
ony, = dnj, — ., dz” +Lngy,

8



Note that, by using the standard representation of the WEC form (6) (and since
ndn 4 ndl’“ = 0), we obtain

* Lduv °c 1
PN = —n (ndu;u = 5073 > BW A~©. (14)

It follows that:
W(z,y,y.p) = (sop) + (W‘” o 90) 105, + (wé“‘” op— ﬁ?"”) s
— (wz”“‘ o w) [, m.)5 — (W o so) e — S0, 0,5

The Legendre correspondence holds on the points with coordinates (z,y,y,p)
which are critical points of W with respect to infinitesimal variations of y which
respect the constraints, i.e., such that W /9n%,.,, = 0 and GW/dﬁZ;V = 0. The
Legendre condition yields:

W op=0 and Yoy =i, (15)

The image of the Legendre transform is denoted by

N = {(z,y.p) € APT"(p @ T*P) /i = ift i = 0} (16)

Thus, the value of the Hamiltonian function is then the restriction of W at the
points where (15) holds, i.e. simply:

1 1 Ij ° y (s C L y lC
H(z,y,p) =< — 577?” [0, 1,)5 — (1/)?” 1, m,)q + wcmynu) :

We change the coordinates on N in order to simplify the Hamiltonian function
and in such a way that #(1° depends onn umquely through the quantity dn+nAn.

We set s := ¢ — L@, 7,15 — (09I [L, 7,15 + wc%m) so that H(z,y,p) = s.
The canonical 10-form 6119 on N then reads

1 1 o 1 c
00 = B A4O 4 §wc DAY 495 A A ) A (i) + ) A )
+ W”Bm O 4 I B3 A 4 ) A (dn + 1 AD)S-

The multisymplectic manifold (N, w) has another construction (see also [18,19]).
We choose, as suitable submanifold of AT*(p ® T*P), the total space of the
fiber bundle M := R @p (p* @ AST*P) @p (p @~ T*P) over P. The base P is
equipped with the volume form S® A 4% and < is a coordinate on R. Denote
by (", H 1p3k) the p*-valued coordinates on the fibers of p* @ AST*P in the

9



basis ( ,(3,) Ay©), 6&3) A %('5)7 BW A 7](.:)). The bundle p* @ AST*P is endowed with
the canonical p*-valued 8-form 1 defined by (see [19]): V(z,p) € p* @ AST*P,
le, <o Wg € T(LP) (p* X AST*P),

77Z}(Z7p) (wlv e 7w8) = p(dﬂ-(z,p) (wl)v e 7d7T(Z,p) (U)g)),

where ™ = mMpgpspep : p* @ A®T*P — P is the canonical projection map. This
p*-valued 8-form decomposes as ¥ = Y414 where 14 is written as:

1 v j 5 1 ij 4
Va = GV B A+ OB A+ SulBY A, (17)

The final multisymplectic space under consideration is the submanifold N, :=
N N H71(0) of M which is the intersection of the image of the Legendre corre-
spondence, defined by the constraints (15), with the level set H~!(0). Thus, the
canonical 10-form on N, has the simple structure: 019 := 4 A (dn +n A n)A.

3 The Hamilton equations

We consider a point (z,m,m) € JY(P, (p @ T*P) &p (p* @ AST*P)), where z € P,
m € (pRNTP) D (p* @ AST,P) and m represent the tangent space to a section of
the first jet bundle J'(P, (pQNT*P)Dp (p*@¥AST*P)) at (z, m). Local coordinates
on (p @V T*P) @p (p* @Y AST*P) are (2,9, v, K7), where n? = nitdz!. We
identify m with the equivalence class of sections ¢ of (p @ T*P) Gp (p* QN AST*P)
over P such that ¢(z) = m, for the equivalence relation:

d(ni' 0 ¢1)(z) = d(j o 62)(2),
P~ ¢y iff d(at 0 ¢1)(z) = d(¥a o ¢2)(z),
A" 0 ¢1)(z) = d(pa™ o ¢2)(z).

The HVDW equations in (N,,w) consists in a condition on a 10-dimensional
oriented submanifold 4 of (p @ T*P) &p (p* @ A¥T*P) which says that, for any
point m of coordinates (zl,nﬁ‘,qﬂﬁ”, ﬁj) of v, if (X1, -+, Xj0) is a basis of the
tangent space to 7y at m such that 34 A~y (X,,---  Xj0) = 1, then

Xl/\'--/\XlonQ(w) =0, (18)

(see [17]). The independence condition 3™ A 4©®) (X, -+ X10) # 0 means that
such sub-manifolds are locally the graph of some section ¢ of the fiber (p ®~
T*P)Dp(p*@AST*P) over P. For any section ¢, we denote by ¢®df#9) the 10-form
on P, such that the fiber at z € P is T}, [(p @ T*P) ®p (p* @ A’T*P)], which
is defined by: VZy, -, Zig € TP, Yo € Ty [(p @ T*P) ©p (p* @ AST*P)],

(@) ) (D Z1, -+ s D Zro,v) = ((¢%dOUD),(Z1, -+, Z1g),v)

10



or equivalently ((¢®d019),,v) = (—1)"%*(v 1 d#?). The HVDW equations
then read ¢®df#'% = 0. The 11-plectic form w = dO19 on N, is

w=da A(dn+nAn)"*+[dy Anlt Ada (19)

where we denote [dnAn] := dnAn—nAdn. Following the same steps as in [18], we
evaluate separately the terms in (19) in view of finding the Hamilton equations.
Given some point m of 4 of coordinates (27, 77;4, i ), we replace the coframe

(dz*, dn/‘;‘, Ay dy') at m by the coframe (dz?, 577;‘, oYY o), where:

oy = dn, — ¢*dn;;
SO =l — gyl (20)

o = dvl — gy

which is equivalently written as:

dy = 0my g, dat
dply’ = P+l daf + (21)

dty = SU + i da 4 At

Since vy, (y)dz" = d(nf' 0 ¢). = (¢"dnj'), and Vi (y)d=" = d(vi 0 @), =

(¢*dvl).. Note that in the following, we abuse notations 7 := ¢*n/, P} :=

Ol and vl = ¢yl

3.1 Computation of the 11-plectic form w

Let us denote by w, := dia4 A (dn +n An)? and w, := [dn A n]* A4 such that
wi=w, +w,.

3.1.1 The computation of w,

Recall that we work on normalized sections i.e. on the space (p @~ T*P) ®p (p* @

ABT*P) over P. Then using the change of coframe (20), we have

(dn+nAn)t = oy Adet + 5 (niuA— M + [y ) B
- (Uu;j um ) dzt N7,
which in the standard representation is written as:

(

(dn+nAan) = 0t Adat+ 5 (92, — i, + [ i) ) B
- (ﬁfm- - [707ualj]a) dz* N7,
(d77 +nA 77)? = 573?/1 A dat + % (%gvm - 707?#;11 + [;hu ;711]?> B
— (s = o LJE) da A 7.

11



Note also that dis = Ldyh’ A B2} Av© +di’ A B AP Then, we apply the
change of coframe (20) and algebraic relations which are given in Section 4.2 of
the Annex:

dba = F0U8 A B AA© ' sut, (a6 m@)
+ oul A Y /\79 +qu s /\’Yg(‘ - A;jﬁu A~

We translate this expression by using the standard representation and imposing
the constraints (15):

b, = 60" A B AN 4,180 A 73 — Patin* A O A,
dyt = gabcdéﬁz A da:“ AP A 7( ) + eapen) W,ﬁ”“ N fy( )
+ (5¢dw A 5(3 A % + ¢dujﬂ (5) ¢dmﬁ

Finally, the expression of w, := dy A (dn +n A n), is given by:
wy = €wont AP A5 A BT AY®
|Gk A G, + S0 A 6] A B A
+ 57172 A [%Eabcd (707517 o ndJT + [7707 777] ) pom /\ @Z)a } A 7( )
80 A et (1 = 2,) B0 NP — G B 4>} AY©
+ 0089 A (#ra = [, Ul ) B9 A7
+ 00 A (= e 1)) BO A7,
(22)
3.1.2 The computation of w,
Let us compute w, := [dn An]* A 4. First, note that [dn An]* = [dn, n,)4 Adz" +
[dn,1;]* A 47, then
w, = %[Ch% 771/]’4 w ((Vﬁu - 61}5 )
v 3
A AVESBD A [dn, ] NS Ay,

so that:

w, = [dn, ) A B Ay + [dn, mal* AWEEBD Ay — [dn, L1 A 8P A O,

(23)
By using the change of coframe given in Equation (20), we are able to simplify
Equation (23) such that:

w, = (V4 [, 0] + 1, 0m) ) A B AA©) (24)

12



In Equation (24) we have a duality product between v/ and (adny(énu))A =
[771,,577H] , which is equivalently seen as the product between (ad; (¢*¥))4 and
577;” where ad; is the adjomt of ad,,. We have also the duality product between

- and (ady, ((577,)) = [l;,dm,]4, which is equivalent with the product between
(ade (")) a and e We refer to Section 4.1 in the Annex for further details on
adjoint and coadjoint actions. Hence (241) reads:

w, = ((ad;, (")) 4 + (adf () ) 4) gt A B9 AA©. (25)
which, in the standard representation, is equivalently given by
W, = ((ad;;y(wﬂu)) a4 <adf‘j(w“j)> g) 5 A SO A 4©)
+ (e (0w (adf (999)) ) 8 A B9 A7®).

Working on the submanifold of constraints N, see (15), and using Lemma 4.10
(see Section 4.3), Equation (26) yields:

(26)

w, = 67072# (dl‘”‘ A eabcdﬁg A 717(1/ A 717b + [1/1’”7 [j]gﬁ(4)> A 7(6)

(27)
+ 81 A ()69 A7,
3.2 HVDW-WEC equations
Collecting (22) and (27), the 11-plectic form w := d#"1? is then written as:
w = non linear terms in 57}ﬁ and 5¢“ J
8 A (200 A dat = (7 mﬁl>ﬁ | Ay©
8 A28 A dar = (907 — [, L]2) B0 A4© (g

o+ 808 A (g + [ 75 ) B A7
+ 5¢CM A (77 " +770[k) ﬁ )/\7(6).

We have recognized the Einstein 3-forms Y, := %eabcd(dﬁf +n4 An¢) AnP and the
Spin 3-forms X4 := Leu d(dn® + 1% A n®) A nb, which are given by Definitions
(4.1) and (4.2), respectively (see Section 4.3 in the Annex). Since T, A da? =
%e”)‘“”Ta,\Wﬁ(‘*) and X4 A dat = e s 1y, Y, Equation (18) yields:

X e X 3000 = 4 6 ((3) € T = 0 + L)

+ 05 ((2) €Lt — 85 + [0, 1))
+ &Zg & (;Muk_F Ik?”# )

00 (R + 7l

(29)
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where the first line in the right hand side of (28) do not contribute because of
terms quadratic in d(-).

Proposition 3.1. The HVDW-WEC equations ¢®df'?) = 0 (see (18)) yields the
following system of equations:

( . N
(2) 60‘)\/“/2 b _ = bo

| a Auv —aq
’ A > Einstein—Cartan
2 oy .
HVDW-WEC < (51) €™ YLanw = Ze )

;}}L;k + [Ika 707#] = . .
» Equivariance

0
717u;k + Ikﬁu =0

\ J

o o . o . 1 1 . 1 .
where we use the notations S := ¢ # + [[;, ]2 and Z# = 1paly — L0

The Hamilton equations are composed of the Einstein—Cartan system of equations
together with the equivariance condition for the for the 1-form 7. Note that the
latter is not assumed a priori but is obtained by unfolding the dynamics: the fields

Y3 and .4 plays the role of Lagrange multipliers for the constraints given by
Equation (11).

Proposition 3.2. We denote p% := g4y &# (=) and p := " (g~ 1)¥. The
HVDW-WEC equations ¢®df1% = 0 yields the following Einstein-Cartan system
of equations:

{Gba = 3pj- P

T = — (haedy0S + 305(34hee — 82hae)) pj - pe?, (30)

e L
where p,’ = p,*7e¢ and p,% := p,7Iel.

Proof. The equivariance condition found in Proposition 3.1 is equivalent to say
that there exists g-valued functions A,(x) and t-valued functions e,(x), which
depends only on x € X such that (see Equation (4)) Vz € X, Vg € 8,

a/ ’

%Z#(ajag) = (g_l)g’AZa’(x)gb ) ,;]Z(J:ag) = (g—l)g/ez ('ZE)
Using Lemmata 4.2 and 4.5 of the Annex, T, := Ga/g“/a and ¥,.¢ := Hcrd/ggl (g_l)gl,

respectively.

[ o - B2 .

!
oAy f7 b — 12 b9j
3!) €7 Ha v = 3Pa R
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Then, we use Lemmata 4.4 and 4.7 so that the system of equation (31) is equivalent

to: A
Gba o _ 12 oj

bl o gp;cij‘ (32)
h (ch’ceg + chaegl + Tcab’ez> = Da ;jj-

The first line of the system (32) yields G’efe? = %]laa?jjeg’ =G¥, = %]laa%jef’,' =
%paz’;j . Analogously, f)ab;-j = gooab;gjj eg. Then, the second line in the system of

equations (32) yields:

Pa"7 g =0 (T 405 + Taalfy + T 05) = h*T g0 — hT g + hPT¢,q,
which is equivalent to T%4 = — (hdedg‘,égl + %53',((5%06 — (5ghde)) pcxe“’j;j (see [19]
for further details). O

Since the Lorentz group SO(3,1) is not compact we cannot conclude that
the right hand side of the HVDW-WEC equations (31) vanish in general (as
opposed to the case of the Yang-Mills system, see [18]). One way to overcome
this difficulty, (see also [19]), is to suppose that the field ¢*1,4 and ¢*1),°* have
compact support in P or decay at infinity. Then, the right hand side of (30) vanish
and the system of equations reduces to the Einstein—Cartan system in vacuum.

Conclusion

The approach of curved space-time by crystallization of liquid fiber bundles, which
is developed elsewhere (see [19]), is more fundamental and includes the one given
in this paper as a peculiar case. Hence, Proposition 3.2 reproduces partially
the results obtained in the broader context of liquid fiber bundles, where the
Hamilton equations contain in addition non homogeneous Maxwell type equations
(see Equations (88) in [19]). In the former, no a priori hypotheses are given to
settle the structure of the principal fiber bundle. Therefore, in the context of liquid
fiber bundles, it is difficult to give any meaning to a pre-determined space—time
topology. Nonetheless, the theory which is presented in this paper (as in Toller’s
approach [29]) allows to prescribe the topology of the space-time manifold (e.g.
globally hyperbolic space-times, where the topology is given by some foliation of
Cauchy hypersurfaces). In addition, the 10-plectic formulation of WEC gravity
might shed new light on cosmology and could open a road to the question of dark
energy. In particular, the point to address is to see whether the right hand side
of Equations (31) could be interpreted as a dark source. This would entails an
interpretation of the multimomenta p,*¥ and p,% and of the relevant hypotheses
to consider on those fields which would implicate that the right hand side of (31)
vanish or, within the perspective of the cosmological constant, is independent of
the point of the space-time manifold.
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4 Annex

4.1 Lie algebra and representations

We denote by R : & — GL(M) the standard representations of &. We fix
R(g9)(Ey) = E.g™, Vg € &,V0 < a,b < 3, where g%, are the coefficients of R(g) in
the basis (E,)o<a<s. We denote also R : g — gl(M) the standard representations
of the Lie algebra g of &. Analogously, V0 < a,b < 3, R(§)(Ey) = E.£%, where
€% are the coefficients of R(£) in the basis (E,)o<a<3. Note that £% 4 £ = 0,
where % = §ab/hb/b. In addition, V1 < i <6, [; is identified with the matrix with
coefficients u%; we also note u := u%,h”® and u® + ub* = 0. Then (ta,ul) :=
(to, -~ t3,uly, -+ ,ud) is a basis of p whereas (t,u®) := (¢, - 3, w2’ -+ u) is
a basis of p*.

Let consider the vector subspace M A M* = {t“bEab e M® M*;t“b/hblb +
tPyh¥® = 0}, where E,’ := E, ® E’. The standard representation R of & induces
the map & —s M A M*, g —> ¢%E,".

Adjoint action — The restriction to & of the adjoint representation of 3 on p
reads V¢ € p,

Adg(gabEab7€aEa) = ((gaa’ga/b’(g_l)b/b)Eab7 gaa’fa/Ea> .

Coadjoint action — The coadjoint action of & on p* is defined by: Vg € &, VA € p*,
Ady\ is the vector in p* such that: V€ € p, (AdyA)(§) := A(Ad,&). Then

(AGN(E) = 5 (97 aha” (971 %) €% + (9% aAar) £
At the level of Lie algebra, the coadjoint action of p on p* is defined by: V¢ € p,
VA € p*, adgA is the vector in p* such that: V¢ € p, (adiN)(() = Made() =
A([€,¢]). This gives us:

(AdiN)(€) = = (€% — A€ — 2X0€°) ¢ + (€M) ¢ (33)

l\DI»—t

4.2 Coframe yoga
For any form a € Q*(&X), for any multivector field v := vy A --- A v, € XP(X),

we have v Ja= (1 A---Avy) Ja =0, J --- Ju; Ja. We consider a moving
frame (9, pi) := (0o, , D3, p1,- -, pe) and its dual moving coframe (dz*,~") :=
(dx®, -+ dx3,~', -+ %) defined on the total space of the pseudo-orthonormal

frame bundle (see Section 1.2). Consider the volume 4-form 4 := dz®A---Adaz®.
We define the family of basis p-forms ﬁm s, Such that:

3 2 3
5;8) = azu 14W ;(w) = Ba:” - B( )a 5Wp axp - ﬁ/wv Buww : aa;a - BMVP
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and we denote by gt Hr = dx* A - - - Adxtr. We have 57 A ﬂfﬁ) = 556(4) and the
following algebraic relations (see also [19]):

87 A B = o678 — opp,
B A ﬁ/()g) = Wﬁ(4)
o (1) — 5 + 60 (2) 460
B A Biwp Bup forn ﬁw,
oK 1 OR OK
875 A By = 8758 + 655 s =30,
4) _

where 017 := (040y — 0467). Analogously, we consider the volume 4-form e =

e’ A --- A e and define the family of basis p-forms egi)...a( iy such that:

D L, 533 BT I SN ST SR )
and e % = e A - . We have g7 A B(S) 5“5(4 , €9 N el = 6%¢™ and the

following algebraic relatlons (see also [19]):

ed N\ eﬁ) = 556&3) — 5ge§f’),
edh A eg) = §9e™,

eI Ael) = §9e) +57e) —I— 59,
eI N e(b) = 5gh6a + (59h )4 5gh @,

Finally, we denote 4 := 41 A .- A4S A817ia .= ~i1 Ao A yfa and we define the
family of basis g-forms fyi(f,)._%_q) such that:

5
YW = a9 = 05 A= e S Yo = g
We have also (using 6} := (.07 — 0i67)) the useful relations:
i 5 ‘
v Ay = 5]7‘6)
i 4
TN 7’(%) = 5 — i,
YA 71&1) = 5kﬁ
ii 3 g
YA Y = O, 7(5 + 07 + 6y

4.3 Einstein and Spin forms

4

Lemma 4.1. Vg € Qj, Eabcd(gil)z,(gil)g,gg/ = gZ/Ea/b/c/d

Proof. By definition of the Lorentz group we have, Vg € &, g,"hawg”, = hap s0
that Vg € &, (g71)a" = hawrg”yh”’. Note that Vg € &, det(g) = 1, then:

a/ b/ C/ d/ d// / ///
Eabed = Eavc!d'Yq 9p e 94 <~ Eabe = Eg'bc ’ ga gb gc d” hd”’d’
dd// ///
P Eabcd = 5a’b’ / ga gb C h d” hd’”d’
d __ N4 ’ 1\d
— Eabe = &g gg gy gc (g )d"
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4.3.1 Einstein 3-forms

Definition 4.1. The Einstein t*-valued 3-form is denoted by T = T, ® t*, where
Y0 S a S 3, Ta = %Gabcd(dﬁcd + 70760/ VAN 7076/(1) A 717b.

Lemma 4.2. Vx € X,Vg € Q5 if 78u(z,9) = (7 )p AL, (z)gy and 7%(z,g) =
(g hH%e ( ), then Y, = Gug?', where G, = Leuc? (dA% + Ay N AT y) N eb.

Proof. By using Lemma 4.1, we have the straightforward calculation:

[

T, = %Eal/)cd(gill)cl(g )2,g§I(dA+A/{\ A)f}///}ebl
= %gg €a/b/cld (dAc a + Ac ar N\ Ad d’) A eb .

Then, YT, = Ga/gg'. ]

Lemma 4.3. G, = G“'aefj’) = G“'aeg,ﬁ,(f’), where G%, are the components of the
Einstein tensor and e” := det(e)e”

1) _ 1Fbcb,d(eb’c’/\

abc

Proof. Note that G, = &Tabcde bAFed = —&Tabcded/\Fbc = 1Fbc/\

&l) By using algebraic relations in Section 4.2, we have the straightforward

calculation:

G, = 1 <Fbc cez(z + Fbcca 1(73) + Fbca 6((; )) — % (Fbcca + FCbac) + S (3)
= —hYFyel? + 186l = — (Ric, — 19) e
Then G, = —Gbael()?’). O

Lemma 4.4. We have the identity (%) PG e = GPuel.

_ 3) . b 3)
Proof. Consider Lemma 4.3 and since ea =elpy (( ) €abcd€ 7 €€ pea) P
we obtain:
" 3)
Ga = —G° ae - (3') Ea/deeul’nga 61/6;060/6#

3
= — (&) Caeac” "G e B = 64 G e, B = Gl B,

Also, since G, = e FCy N e® = Legeae® N FP = LeyqedFpPv  then G, =

2 2 4 P opv
1 _ 1 o (3) _ (3 d 17b
ﬁGa,uupB'qu - 560 NVG&)\/,LV/BU ) where Ga,uzzp — (Z) 6abculepﬁjulc, 0

4.3.2 Spin 3-forms

Definition 4.2. The Spin g*-valued 3-form is ¥ := B 4@ uéyl!, where VO < a,b <
3, e = e (dn® + 0% AT) AP
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Lemma 4.5. Vx € X,Vg € &, if 7¢,(z,9) = (g _1)“Ab/ ,(2)gf" and ﬁZ(m,g) =
(g71)%e? (x), then S = Ho g¢ (g71)4, where H.* = leabc (de® + A%y Ne® ) N eb.

Proof. By using Lemma 4.1, we have the straightforward calculation:

»4 = %5abcd(g/’1)gl, (g7}, (de/—i— A /\, e)® /\,(/abl /
seave® (9)S (9710 (de™ + A% g Ae™ ) A e

Then, ¥4 = H. ¢ (g71)4.. O

Lemma 4.6. H,' =1 hbb (ch/ceg ) 4 chae,(),) — ch/ae((;?’)), where T¢,, are the com-
ponents of the torsmn tensor.

Proof. Note that H," := Leayeah™ e?ATe = 10 Tepnel) = LR Te . (e7¢ Aell)).
By using algebraic relatlons given in Section 4.2:

Hab = ihbb/Tca’c’ <5lz)1/c 5ac 3) + 5(1’0’ (3)>
— %hbb/ (chfce,(z) -+ chael(),) -+ TC /6&3)) .

O

Lemma 4.7. The identity (%) e“””"HabV,m7 = %hbb/ (ch,cég/ + T, g,’ + Tcabléé’/) e,
holds.

Proof. By using Lemma 4.6 and since el = e”ﬁ(g) = ((%) eabcde“”p"ege;ei) LS),
we have:
Hab - |: ch’ceu + chaeb/ + Tcab’eu>i| (3)
1

1

2
— (ﬁ) |:€HVpahbb (GadefT be + eb’defT ca T+ ecdefT ab’) eyepeg] ﬁ( )
= L (8T uet, + Tl bty + 85T e B
= LR (T 08 + Tl + Teuyd®) e 5.

where e, is such that e, (z)ef(r) = d5. Finally, since

1 1 / 1 /
Hab = _Ecdabed ANTC = Eecdab’hbb eNT" = Zeab’CdeCplhbb Tﬁyﬂl’/ﬂ/?

2
the Spin 3-forms H.? are given by H,* = L H, Wpﬁ“”p = 1! EJ)‘”VHab)\pyﬁgg), where
Hab;wp (i ) 6ab’cdepjjw/ O
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4.4 Coadjoint exterior yoga

U

Let us deIlOte by gabcd = ;]g/‘ga’bcd —'— ’f?glgab/cd + ’;}glgabcld — ’;]g,gabcd
Lemma 4.8. The identity ;.Y = 0 holds. Equivalently, fyg,aabcdl — g =
ﬁg/ea’bcd + 7e/glf‘:ab’cd

o ’ d'd" dd’ °© g oq . d'd
Proof. —n%eue? = apear (—N%h" ") = apear (N 05 = Eapearn? h??. Therefore:

d _ fa °p’ el d d’
gabc - 77@ 8a/bc + 771, 6ab’ + 77@ gabc nd’gabc
0 1! d/d
= (77@ Ea’bed"” + 77[) Eab’cd"” + nc Eabc'd" + nd/ gabcd”)h )
which is identically vanishing. 0

Lemma 4.9. On the submanifold of constraints N see (16), we have

1., o :
ad (U) = S A Juca adg () = ST + (L) 1

Proof. First, using Equation (33) in Section 4.1,
ady, () = & (Ve = i = 20 ) wq + (i) e
adf (7)) = 3 (g — gt M) wa+ (el ) 1
We conclude by using relations (15) i. wd’“’ = nd‘“’ and w’“’ = 0, where we
denote [, 0,14 = H4“E, — i, e and [0, 4] =AMLY — L4 ddm . O
Lemma 4.10. On N C N (see (16)), we have (ad; (¢*))¢ ) = e dna, An AP
Proof. Consider the 2-form @7} 2@/}’“’&(2) and the 1-form 7 = ﬁpdx”, Then:
] = 5 (DB A der — i rdee A5
= 1 (v, (028 - o) — e (0280 - a5 )
= i Y — e

= [™,5,18.

Finally, on the submanifold of constraints N, we have ¢d‘“’ = n% (see (15)),

therefore, we obtain 5@/}?””@01 = gsabcdnab, where 17 = 17 A 17 .

(adf, (p))e8Y =

o N

d 1 b o ./ d/ 1 b Dd
Eabc! 7]& AN 775 — Eabe na A 774/)
o ./ d Od d/ 1 b
772 Eabe!” — Ng€abe > A na

dO ! 1 b dOb/ 1b
Ea'be T}Z A na + Evac My A n a)
o do 1 /b
= Eac Ny A"

where in the second line we have used Lemma 4.8. O

NI= NI= N
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Lemma 4.11. Vg € &, 2% and =, are given by:

== (g (b)) o, B = () o (34

04,5 1, . . .. o .
where p? and p/Y are given in Proposition 3.2.

Proof. Note that Vg € &, (¢g~'dg)* is the component of the Maurer—Cartan 1-form
in the basis [;. Note also that dg~! = —g~'dgg~!. Straightforwardly:

¢

S = P (L,
= G (97 ) 02 de » (975 92)
= (g7 (908 (g7 + gdbtiri s (g

gL (g gha(o ) 9

= (o )d/(gdnwdff”(g e )9e

0 = @Da;j —¢b“J1ja
— T — I (g g
= (Gt (g = b (g Gslg V) 0

[1]+
Q

\ = (@ba”w(g 1) )Jga :
° ’ / 1 1 y /
Then, 2 = (g71)¢, <pg ;;J) g¢ and =, = (pZ/J;]) g4, respectively. U
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