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The development of numerical methods for the direct numerical simulation of two-phase flows with phase change, in the framework of interface capturing or interface tracking methods, is the main topic of this study. We propose a novel numerical method, which allows dealing with both evaporation and boiling at the interface between a liquid and a gas. Indeed, in some specific situations involving very heterogeneous thermodynamic conditions at the interface, the distinction between boiling and evaporation is not always possible. For instance, it can occur for a Leidenfrost droplet; a water drop levitating above a hot plate whose temperature is much higher than the boiling temperature. In this case, boiling occurs in the film of saturated vapor which is entrapped between the bottom of the drop and the plate, whereas the top of the water droplet evaporates in contact of ambient air. The situation can also be ambiguous for a superheated droplet or at the contact line between a liquid and a hot wall whose temperature is higher than the saturation temperature of the liquid. In these situations, the interface temperature can locally reach the saturation temperature (boiling point), for instance near a contact line, and be cooler in other places. Thus, boiling and evaporation can occur simultaneously on different regions of the same liquid interface or occur successively at different times of the history of an evaporating droplet. Standard numerical methods are not able to perform computations in these transient regimes, therefore, we propose in this paper a novel numerical method to achieve this challenging task. Finally, we present several accuracy validations against theoretical solutions and experimental results to strengthen the relevance of this new method.

Introduction

Boiling is the phase change of a pure liquid into a saturated vapor. It arises when the liquid is heated (or depressurized in the case of cavitation) beyond its boiling point. To start, it requires the activation of a nucleus, either in the bulk (homogeneous nucleation) or on a heated wall (heterogeneous nucleation). Many previous works on the direct numerical simulation of two-phase flows propose numerical methods which allow dealing with boiling flows [START_REF] Esmaeeli | A front tracking method for computations of boiling in complex geometries[END_REF][START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF][START_REF] Juric | Computations of boiling flows[END_REF][START_REF] Kunkelmann | Numerical simulation of the transient heat transfer during nucleate boiling of refrigerant HFE-7100[END_REF][START_REF] Sato | A sharp-interface phase change model for a mass-conservative interface tracking method[END_REF][START_REF] Son | Numerical simulation of film boiling near critical pressures with a level set method[END_REF][START_REF] Son | Dynamics and heat transfer associated with a single bubble during nucleate boiling on a horizontal surface[END_REF][START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF][START_REF] Welch | A volume of fluid based method for fluid flows with phase change[END_REF].

Unlike boiling, evaporation does not require any nuclei activation to start. Indeed, it occurs spontaneously, whatever the pressure and the temperature conditions, at the interface between a liquid and a gas whose chemical compositions are different, such as the evaporation of liquid water in air, or the evaporation of fuel droplets in an ignitable mixture. A few previous works [START_REF] Duret | DNS analysis of turbulent mixing in two-phase flows[END_REF][START_REF] Hardt | Evaporation model for interfacial flows based on a continuum-field representation of the source terms[END_REF][START_REF] Houim | A ghost fluid method for compressible reacting flows with phase change[END_REF][START_REF] Lee | A level-set method for analysis of particle motion in an evaporating microdroplet[END_REF][START_REF] Ma | Numerical modeling of thermo-capillary two-phase flows with evaporation using a two-scalar approach for heat transfer[END_REF][START_REF] Schlottke | Direct numerical simulation of evaporating droplets[END_REF][START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF] propose numerical methods able to compute the evaporation of a liquid in the framework of the direct numerical simulation of two-phase flows with moving and deformable interfaces.

The direct numerical simulation of liquid-vapor phase change is a powerful and promising tool to perform accurate predictions and to improve the understanding of various physical phenomena which are involved in many industrial applications. For example, nucleate boiling is a topic of interest for the optimization of heat exchangers, since it is well-known that the heat transfer can be strongly favored by the nucleation of vapor bubbles on the wall of a heat pipe. On the other hand, if the wall heat flux reaches a critical value, the formation of a film of saturated vapor occurs and leads to a drastic decrease in the heat transfer coefficient. This phenomenon, known as the boiling crisis, is feared particularly in nuclear power plant. Other existing industrial applications, e.g. the fluid management of cryogenic liquids in microgravity conditions inside the tanks of space launchers, further motivate accurate studies of nucleate boiling.

The evaporation of droplets is also a topic of interest which is involved in many practical situations. For instance, it is an important step in the description of the combustion in automotive and aircraft engines. The prediction of this complex phenomenon requires an accurate description of the interaction between a cloud of moving and vaporizing droplets and flame fronts. As the dynamics of droplets can be strongly affected by thermal, chemical and collective effects, performing direct numerical simulations of such flows with a well-resolved description of the droplets would be a step forward in the description and the understanding of these flames. The evaporation of a droplet spray is also a significant phenomenon in the steel industry for cooling systems using liquid jet impingements. This latter involves the description of the interactions of vaporizing droplets with a very hot steel plate. This situation seems even more difficult than spray combustion. Indeed, many complex phenomena arise during the impact of a droplet on a hot wall. For example, in the so-called "Leidenfrost regime", which occurs when the wall superheat is high, the formation of a thin layer of saturated vapor between the impinging droplet and the hot plate leads to the droplet levitation during its spreading; no contact line is formed during the impact. This regime is quite similar to the film boiling regime.

The main motivation of this paper is to present a novel numerical strategy to perform direct numerical simulations of the Leidenfrost droplets. Some previous works propose various strategies to achieve this difficult task. In [START_REF] Harvie | A hydrodynamic and thermodynamic simulation of droplet impacts on hot surfaces, part 1: theoretical model[END_REF][START_REF] Harvie | A hydrodynamic and thermodynamic simulation of droplet impacts on hot surfaces, part 2: validation and application[END_REF][START_REF] Nikolopoulos | A numerical investigation of the evaporation process of a liquid droplet impinging onto a hot substrate[END_REF], Volume-Of-Fluid simulations are carried out with a microscopic model for phase change. This microscopic model, which is based on the Schrage's law from the kinetic theory [START_REF] Carey | Liquid-Vapor Phase Change Phenomena: An Introduction to the Thermophysics of Vaporization and Condensation Processes in Heat Transfer Equipment[END_REF], allows deducing the local mass flow rate of phase changes from the discontinuities of local thermodynamics properties (temperature and pressure). Whereas it can provide acceptable results in some situations, many criticisms can be addressed to that kind of approaches. First, this microscopic model has been designed to describe the phase change in non-equilibrium thermodynamic conditions, thus the local mass flow rate of phase change will be different from zero if the interface temperature is different in the liquid and in the vapor. However, assuming the local thermodynamic equilibrium, the jump condition on the entropy points out that the temperature must be continuous at the interface [START_REF] Ishii | Thermo-Fluid Dynamics of Two-Phase Flows[END_REF]. Let us note that this last assertion is not strictly exact if the pressure is discontinuous at the interface, but the corrections resulting from the influence of the pressure jump condition on the temperature continuity are weak, see [START_REF] Juric | Computations of boiling flows[END_REF] for more details on this other topic.

Moreover, it appears that using the Schrage's law does not allow for accounting on the dependence of the local mass flow rate of phase change with the local temperature gradient at the interface. Instead, it depends on the temperature discontinuity and on an accommodation coefficient, whose value is not always perfectly known. To summarize, we think that using this law in numerical simulations, based on a local thermodynamic equilibrium assumption, leads to a disagreement with the first law of thermodynamic (mass flow rate of phase changes does not depend directly on the heat flux jump condition), and/or with the second law of the thermodynamic (the temperature is not considered continuous at the interface in contradiction with the jump condition on the entropy). Moreover, since the local mass flow rate of phase changes can be deduced from the jump condition on the thermal flux if the temperature is continuous at the interface, considering an additional law which involves an accommodation coefficient leads to an over-determined problem. Nevertheless, the Schrage's law is still frequently used in various contexts, since it allows determining much more easily a mass flow rate of phase change than by the classical approach based on the assumption of local thermodynamic equilibrium. Indeed, in the latter case the thermal gradient at the interface must be accurately computed which is a much more demanding task.

In [START_REF] Ge | Three-dimensional simulation of impingement of a liquid droplet on a flat surface in the Leidenfrost regime[END_REF][START_REF] Ge | Three-dimensional direct numerical simulation for film-boiling contact of moving particle and liquid droplet[END_REF], another approach has been developed to perform numerical simulations of Leidenfrost droplets. In these papers, a Level Set Method, used to describe the droplet motion in an isothermal domain, is coupled to a lubrication model to account to thermal transfer in the vicinity of the hot wall through an ALE auxiliary grid. Although many interesting results are provided in this study, this technique does not address the overall problem, since the thermal effects and the phase change are only solved in the vicinity of the hot wall. Moreover, a lubrication model in the thin vapor layer is not able to fully describe the complex and unsteady fluid dynamic in this microscopic region, which is strongly coupled to the interface motion.

Therefore, we present in this paper some new developments in order to perform simulations of Leidenfrost droplets with fully-resolved computations of the vapor layer dynamic, of the heat transfer and of the phase changes. The key-points to achieve these difficult simulations are the development of a phase change model which can deal both with evaporation and with boiling, as well as the use of very refined grids close to the hot wall. Such refined grids must be used with implicit algorithms for the temporal discretization of all the diffusion terms. Moreover, we will see that a semi-implicit temporal solution of the extrapolation techniques based on a PDE approach [START_REF] Aslam | A partial differential equation approach to multidimensional extrapolation[END_REF][START_REF] Gibou | A fourth order accurate discretization for the Laplace and heat equations on arbitrary domains, with applications to the Stefan problem[END_REF] can also be required to alleviate the number of temporal iterations of these extrapolations when the interface crosses grid cells with very different resolutions.

We will also present, in the numerical results section, several benchmarks in order to assess the accuracy of the numerical methods described in this paper. To our knowledge, these benchmarks have never been considered with an interface capturing method coupled to a numerical solver dedicated to droplet evaporation.

Formalism

In this section, we first present the conditions of local thermodynamic equilibrium. Next, the conservation equations for two-phase flows are presented. As we will use sharp interface methods for the computation of all singular terms, the conservation equations will be expressed with the "jump condition formulation" [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF][START_REF] Scardovelli | Direct numerical simulation of free-surface and interfacial flow[END_REF][START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF].

Thermodynamic local equilibrium conditions for a pure liquid in contact with a gas mixture

We consider an interface between a pure liquid and a gas mixture which is composed of the vapor of the liquid component (species 1) and of another component (species 2), for example steam water in nitrogen. We assume that the two gaseous components behave as an ideal gas mixture. Therefore, the total pressure P 0 of this gas mixture can be expressed as the sum of the partial pressures of the two components

P 0 = P 1 + P 2 , ( 1 
)
where P 1 and P 2 are respectively the partial pressures of the chemical species 1 and 2, which can be defined as

P 1 V = n 1 R T , ( 2 
)
P 2 V = n 2 R T , ( 3 
)
where V and T are respectively the volume and the temperature of the gas mixture, R is the ideal gas constant (R = 8.31 J mol -1 K -1 ) and n is the number of moles of the chemical species. We now define Y 1 to be the mass fraction of the chemical species 1

Y 1 = n 1 M 1 n 1 M 1 + n 2 M 2 , (4) 
with M 1 and M 2 the molar masses of species 1 and 2, respectively. From these relations, we can express the mass fraction of chemical species 1 with the total pressure of the gas mixture and the partial pressure of this chemical species:

Y 1 = P 1 M 1 P 1 M 1 + (P 0 -P 1 )M 2 .
(

) 5 
We consider now an interface Γ between a liquid and a gas. By writing the Clausius-Clapeyron law, we can determine the saturated vapor pressure of the liquid component at the interface, which provides the partial pressure of this chemical species at the interface:

P 1 | Γ = P 0 e - Lvap M 1 R 1 T | Γ -1 T sat . ( 6 
)
In this equation, L vap is the mass latent heat of vaporization of chemical species 1, T | Γ is the interface temperature and T sat is the saturation temperature (or boiling temperature) of chemical species 1. L vap and T sat depend on the external pressure which will be assumed constant in this study (isobaric phenomena). When the local thermodynamic equilibrium is respected, the inequality on the entropy jump condition resulting from the second law of thermodynamics implies that the temperature is continuous across the interface, provided the pressure is continuous at the interface. Let us notice that various effects can involve weak jump conditions in the interface temperature related to the pressure jump condition which can be induced by capillary, viscous or phase change effects. In [START_REF] Juric | Computations of boiling flows[END_REF], the authors present a detailed study to assess the corrections due to these different effects. As we have checked that the contribution of these different effects was negligible in the situations which are presented in this work, we will not consider any jump condition in the interface temperature in the present study. Therefore, we will consider in the rest of the paper that:

[T ] Γ = 0, [START_REF] Esmaeeli | A front tracking method for computations of boiling in complex geometries[END_REF] with [.] Γ denoting the jump condition operator defined by

[ f ] Γ = f liq -f gaz . ( 8 
)

Mass conservation

Strong thermal gradients and mixing of different chemical species can involve density variations in the gas phase. However, in the interest of simplification, we will restrict our study to incompressible flows with a constant density. Therefore, we will not need any equation of state for the gas phase or for the liquid phase. The mass conservation will be satisfied by imposing a divergence-free condition in the velocity field in each phase ∇ • V = 0 [START_REF] Ge | Three-dimensional simulation of impingement of a liquid droplet on a flat surface in the Leidenfrost regime[END_REF] and the appropriate jump condition in the velocity field at the interface will be imposed by taking into account the phase change [START_REF] Nguyen | A boundary condition capturing method for incompressible flame discontinuities[END_REF]: [START_REF] Ge | Three-dimensional direct numerical simulation for film-boiling contact of moving particle and liquid droplet[END_REF] with ṁ the local mass flow rate of phase change, ρ the density, and n the normal vector pointing to the liquid phase.

[ V ] Γ = -ṁ 1 ρ Γ n,

Momentum conservation

The momentum conservation is expressed with the Navier-Stokes equations for an incompressible flow:

ρ D V Dt = -∇ p + ∇ • (2μD) + ρ g, ( 11 
)
where p is the pressure, μ the dynamical viscosity, D the tensor of deformation, and g the acceleration due to gravity. An appropriate jump condition in pressure must also be satisfied at the interface to account for capillary, viscous and phase change effects [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF]:

[p] Γ = σ κ + 2 μ ∂ V n ∂n Γ -ṁ2 1 ρ Γ , ( 12 
)
where σ is the surface tension coefficient, and κ is the interface curvature.

Energy conservation

Several formulations can be used for the energy conservation equation. Indeed, the first law of thermodynamics can be expressed with the total energy, the internal energy or the enthalpy. As only quasi-isobaric phenomena are considered in this paper, we will use a formulation based on the enthalpy to express the energy conservation. The contribution of the viscous dissipation on the energy balance will be neglected in this paper, therefore the following simplified relation can be used to compute the temperature evolution in each phase:

ρC p D T Dt = ∇ • (k∇ T ), ( 13 
)
where T is the temperature, C p is the specific heat at constant pressure, and k is the thermal conductivity. A jump condition in the thermal flux at the interface can be deduced from the first law of thermodynamics:

[k∇ T • n] Γ = ṁ L vap + (C pliq -C pvap )(T sat -T | Γ ) . ( 14 
)

Chemical species conservation

The conservation of chemical species 1 can be expressed with the following convection-diffusion equation: [START_REF] Hardt | Evaporation model for interfacial flows based on a continuum-field representation of the source terms[END_REF] where D m is the diffusion coefficient of the species 1 in the gas phase. The following jump condition must also be satisfied at the interface:

ρ DY 1 D t = ∇ • (ρ D m ∇Y 1 ),
[ρ D m ∇Y 1 • n] Γ = -ṁ[Y 1 ] Γ . ( 16 
)
For a mono-component liquid, this jump condition can be expressed as a Robin boundary condition at the interface:

ṁY 1 | Γ + ρ g D m ∇Y 1 • n| Γ = ṁ. ( 17 
)

Solving the incompressible Navier-Stokes equations for two-phase flows with a prescribed velocity jump condition at the interface

In this section, we provide details on the implementation of the Navier-Stokes solver for incompressible flows with a prescribed velocity jump condition at a moving and deformable interface. The method used in this paper has been developed by Nguyen et al. [START_REF] Nguyen | A boundary condition capturing method for incompressible flame discontinuities[END_REF] to describe the propagation of flame front. This method has also been used for the direct numerical simulation of boiling flows in [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF][START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF]. In [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF], the authors point out that it is not perfectly suited for the simulation of evaporating droplets. To overcome this issue they propose an improvement on the velocity field extension to insure the liquid velocity extension satisfies the divergence-free property at the interface. Since the simulations which are presented in this paper involve droplet evaporation, this divergence-free extrapolation will be used in all the computations presented in this paper.

On the computation of viscous terms with Level Set/Ghost Fluid Method

The computation of the viscous terms at the interface is another issue to be addressed for simulations with phase change in the framework of the Ghost Fluid Method. Indeed, in the first work of [START_REF] Kang | A boundary condition capturing method for multiphase incompressible flow[END_REF] on the Ghost Fluid Method for incompressible two-phase flows, the authors have developed a specific treatment of the viscous terms at the interface which is based on the jump condition of the viscous stresses. However these jump conditions cannot be applied to simulations with phase change because their determination is not possible if the velocity field at the interface is not continuous.

Let us notice that in the case of the simulations of boiling flows in [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF], the authors propose to compute the viscous terms at the interface by using the smoothed delta function [START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF], whereas the overall algorithm for phase change is based on a sharp interface formulation. Also in the framework of boiling flows, the authors in [START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF] use a different Ghost Fluid approach to compute viscous terms. This method, which has been firstly presented in [START_REF] Sussman | A sharp interface method for incompressible two-phase flows[END_REF], does not require that the velocity field is continuous at the interface.

In fact, this Ghost Fluid approach is quite similar to the original Delta Function Method to compute the viscous terms, except that the sharpness of the method is preserved by using an interpolated viscosity on the border of the cells which are crossed by the interface. The interpolation of the viscosity consists in a harmonic average typical of the Ghost Fluid Method for incompressible flows [START_REF] Kang | A boundary condition capturing method for multiphase incompressible flow[END_REF][START_REF] Lalanne | Effect of rising motion on the damped shape oscillations of drops and bubbles[END_REF][START_REF] Liu | A boundary condition capturing method for Poisson's equation on irregular domains[END_REF].

In a recent study [START_REF] Lalanne | On the computation of viscous terms for incompressible two-phase flows with Level Set/Ghost Fluid Method[END_REF], an overview on the computation of viscous terms with Level Set Methods is presented. In this paper, it is demonstrated that the Delta Function Method [START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF], the Ghost Fluid Method of [START_REF] Kang | A boundary condition capturing method for multiphase incompressible flow[END_REF] (named GFPM for Ghost Fluid Primitive viscous Method), and the Ghost Fluid Method of [START_REF] Sussman | A sharp interface method for incompressible two-phase flows[END_REF] (named GFCM for Ghost Fluid Conservative viscous Method) are formally equivalent. Moreover, due to several test-cases it is shown that the two Ghost Fluid Methods have a comparable accuracy and that these two methods outclass the Delta Function Method. A new method is also proposed to deal with viscous terms in the framework of the Ghost Fluid Method.

The main interest of this new method (named GFSCM for Ghost Fluid Semi-Conservative viscous Method) lies in its ability to deal easily both with phase changes (as the GFCM) and with an implicit treatment of the viscous terms. Indeed, the direct numerical simulation of vaporizing droplets in the Leidenfrost regime requires an implicit temporal discretization of viscous terms due to the refined grid close to the hot wall.

We will present in what follows the adaptation of the original method of [START_REF] Nguyen | A boundary condition capturing method for incompressible flame discontinuities[END_REF] to an implicit temporal discretization of the GFSCM with a jump condition on the velocity field.

Implicit temporal discretization of the Ghost Fluid Semi-Conservative viscous Method with a jump condition in the velocity field

As it is presented in [START_REF] Lalanne | On the computation of viscous terms for incompressible two-phase flows with Level Set/Ghost Fluid Method[END_REF], the following implicit temporal discretization of the viscous terms can be developed when the Ghost Fluid Semi-Conservative viscous Method is used with a projection method for solving incompressible flows

ρ n+1 V * -t∇ • μ∇ V * = ρ n+1 V n -t A V n -g (18)
with the following definition of A( V n ) to account for convective terms if phase change occurs

A V n = V n l • ∇ V n l if φ > 0 (19) A V n = V n g • ∇ V n g if φ < 0. ( 20 
)
Let us notice that this temporal discretization, Eq. ( 18), is like a Helmholtz equation. Its main advantage lies in its simplicity, since it allows to compute separately each component of the velocity field. This would not otherwise be possible by using the GFCM or the Delta Function Method. Indeed, a fully implicit treatment of viscous terms with the GFCM or the Delta Function Method leads to a large and complex linear system since all the components of the velocity field must be computed simultaneously.

Finally the projection of Eq. ( 18) on the x-axis and the y-axis leads respectively to the following relation on a staggered grid:

ρ n+1 i+1/2 j u * i+1/2 j -t ∇ • μ∇u * i+1/2 j = ρ n+1 i+1/2 j u n i+1/2 j -t A V n • e x i+1/2 j -g , ( 21 
)
ρ n+1 ij+1/2 v * ij+1/2 -t ∇ • μ∇ v * ij+1/2 = ρ n+1 ij+1/2 v n ij+1/2 -t A V n • e y ij+1/2 -g . ( 22 
)
The following scalar equations, Eq. ( 21) and Eq. ( 22), must be respectively solved with the two following scalar jump conditions to respect the mass conservation across a reactive interface:

u * i+1/2 j = -ṁi+1/2 j 1 ρ Γ n x i+1/2 j , ( 23 
)
v * ij+1/2 = -ṁij+1/2 1 ρ Γ n y ij+1/2 . ( 24 
)
That can be done by using the spatial discretization proposed in [START_REF] Liu | A boundary condition capturing method for Poisson's equation on irregular domains[END_REF] to impose jump conditions when solving a Poisson equation. The next step consists in computing an extension of the velocity field in each side of the interface:

⎧ ⎨ ⎩ V * l = V * if φ > 0 V * ghost l = V * -ṁ 1 ρ Γ n if φ < 0 (25) ⎧ ⎨ ⎩ V * g = V * if φ < 0 V * ghost g = V * + ṁ 1 ρ Γ n if φ > 0 (26) 
Next, this extension of the velocity field will be used to compute the right hand side of the Poisson equation for the pressure:

∇ • ∇ P n+1 ρ n+1 = f , ( 27 
)
where the right hand side f is computed as follows:

⎧ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎩ f = ∇ • V * l t if φ > 0 f = ∇ • V * g t if φ < 0 ( 28 
)
and with the following pressure jump condition which is imposed with the numerical methods proposed in [START_REF] Kang | A boundary condition capturing method for multiphase incompressible flow[END_REF][START_REF] Liu | A boundary condition capturing method for Poisson's equation on irregular domains[END_REF]:

[P ] Γ = σ κ + μ ∂ V n ∂n Γ -ṁ2 1 ρ Γ . ( 29 
)
The final correction step can next be applied:

V n+1 = V * - t ρ n+1 ∇ P n+1 -σ κ + μ ∂ V n ∂n Γ -ṁ2 1 ρ Γ nδ Γ . (30) 
A sharp approximation of the Dirac distribution δ Γ , based on the work of [START_REF] Liu | A boundary condition capturing method for Poisson's equation on irregular domains[END_REF], must be used to compute this correction step, see [START_REF] Lalanne | On the computation of viscous terms for incompressible two-phase flows with Level Set/Ghost Fluid Method[END_REF] for more details on this last point.

Divergence-free extrapolation of velocity field for evaporating droplets

Finally to restart the next time step, a velocity field extrapolation of the corrected velocity field is required, both to evolve the interface when the Level Set equation is solved, and also to compute A( V n ). In [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF], the authors have developed a specific extension of the liquid velocity field which preserves the divergence-free property at the interface. It consists in solving an additional Poisson equation for a ghost pressure P ghost :

∇ • ∇ P ghost ρ n+1 = ∇ • V * l t . ( 31 
)
This ghost pressure enables the definition of an extrapolated velocity field for the liquid velocity field

⎧ ⎨ ⎩ V n+1 l = V n+1 if φ > 0 V ghost l = V * l -t ∇ P ghost ρ n+1 if φ < 0 ( 32 
)
whereas the extension of the gas velocity can be defined with Eq. ( 26). This divergence-free extrapolation of the velocity field leads to significant improvements on the mass prediction of evaporating droplets [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF] and slight improvements on the mass prediction in the context of boiling flows [START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF].

Phase change model

In the previous section of this paper, the numerical methods involved to impose a jump condition on the velocity field have been detailed in the framework of the Ghost Fluid Method, assuming that the mass flow rate of phase change was known. In this section, we will present the different models that can be used to determine the mass flow rate of phase change.

Ghost Fluid Thermal Solver for Boiling (GFTSB)

We present here the numerical model which is proposed in [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF] to deal with boiling flows. This sharp interface model will be referred in the rest of this paper as the Ghost Fluid Thermal Solver for Boiling (GFTSB). Considering that the interface temperature is continuous and uniform, the authors propose to solve separately the temperature in each phase by imposing a Dirichlet Boundary condition at the interface [START_REF] Gibou | A second-order-accurate symmetric discretization of the Poisson equation on irregular domains[END_REF]. It consists in first solving the following equation in the liquid domain:

ρ l Cp l T n+1 l -t∇ • k l ∇ T n+1 l = ρ l Cp l T n l -t V n l • ∇T n l if φ > 0 (33) 
T | Γ = T sat [START_REF] Osher | Fronts propagating with curvature-dependent speed: algorithms based on Hamilton-Jacobi formulations[END_REF] and the corresponding equation in the gas phase:

ρ g Cp g T n+1 g -t∇ • (k g ∇ T g ) = ρ g Cp g T n g -t V n g • ∇T n g if φ < 0 (35) 
T | Γ = T sat [START_REF] Renksizbulut | A mass transfer correlation for droplet evaporation in high-temperature flows[END_REF] next with the jump condition Eq. ( 14), the boiling mass flow rate can be determined:

ṁ = [k∇ T • n] Γ L vap . ( 37 
)

Ghost Fluid Thermal Solver Method for Evaporation (GFTSE)

We present now the phase change model proposed in [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF] to deal with evaporating droplets in the framework of Level Set/Ghost Fluid Method. It will be referred to in the rest of this paper as the Ghost Fluid Thermal Solver for Evaporation (GFTSE). Let us notice that similar models have been developed next in [START_REF] Schlottke | Direct numerical simulation of evaporating droplets[END_REF] and [START_REF] Ma | Numerical modeling of thermo-capillary two-phase flows with evaporation using a two-scalar approach for heat transfer[END_REF] with Volume Of Fluid methods. As the evaporation of droplets strongly depends on the chemical composition of the gas mixture, an additional equation for the conservation of chemical species must be solved (for a binary mixture in the gas phase). The equilibrium thermodynamics conditions at the interface Eq. ( 5) and Eq. ( 6) define the mass fraction of evaporated species at the interface.

Therefore, the conservation equation of chemical species can be solved in the gas field with an imposed Dirichlet boundary condition at the interface

ρ g Y n+1 1 -t∇ • ρ g D m ∇Y n+1 1 = ρ g Y n 1 -t V n g • ∇Y n 1 if φ < 0, ( 38 
)
Y 1 | Γ = P 1 | Γ M 1 P 1 | Γ M 1 + (P 0 -P 1 | Γ )M 2 , ( 39 
)
where P 1 | Γ is the partial pressure of saturated vapor of species 1 which can be determined with the Clausius-Clapeyron law:

P 1 | Γ = P 0 e - Lvap M 1 R ( 1 T | Γ -1 T sat
) .

(

) 40 
Next, once the mass fraction field has been determined, the mass flow rate of phase change can be computed through the jump condition for the conservation of chemical species Eq. ( 16)

ṁ = - [ρ D m ∇Y 1 • n] Γ [Y 1 ] Γ , ( 41 
)
which can be simplified for a mono-component liquid which evaporates in contact with a binary mixture in the gas phase

ṁ = ρ g D m ∇Y 1 • n| Γ 1 -Y 1 | Γ . ( 42 
)
Once ṁ has been determined, the energy conservation equation can be solved simultaneously in the two domains with the appropriate jump condition in the thermal flux

ρCpT n+1 -t∇ • k∇ T n+1 = ρCp T n -t B V n , T n , [k∇ T • n] Γ = ṁ L vap + (C pliq -C pvap )(T sat -T | Γ ) , ( 43 
) with B V n , T n = V n l • ∇T n l if φ > 0 B V n , T n = V n g • ∇T n g if φ < 0 . ( 44 
)

Ghost Fluid Thermal Solver for Boiling and Evaporation (GFTSBE)

We describe here a novel numerical method which allows the treatment of both evaporation and boiling. Indeed, very heterogeneous conditions of vaporization occur during the interaction of vaporizing droplets with hot plates (above the boiling temperature) whether for levitating droplets in the Leidenfrost regime or for sessile droplets with a contact line. This new method captures implicitly the spatial transition between regions where evaporation occurs and regions where boiling occurs. It will be referred to in the rest of this paper as the Ghost Fluid Thermal Solver for Boiling and Evaporation (GFTSBE). The main idea consists of solving the thermal field in a similar way as in the GFTSB method. However, instead of a uniform Dirichlet boundary condition on the interface temperature, a non-homogeneous Dirichlet boundary condition is imposed. This boundary condition is determined by reversing Eq. ( 5) and Eq. ( 6), to define an interface temperature depending on the local mass fraction in the gas phase:

T | Γ = L vap M 1 T sat L vap M 1 -R T sat ln P 1 | Γ P 0 , ( 45 
)
with P 1 | Γ determined from Eq. ( 5):

P 1 | Γ = -Y 1 | Γ P 0 M 2 (M 1 -M 2 )Y 1 | Γ -M 1 . ( 46 
)
Let us remark that the temperature varies along the interface but remains continuous across the interface as stated by the second law of thermodynamics. Next, once the temperature field has been determined separately in each domain by using this non-homogeneous Dirichlet boundary condition, the mass flow rate of phase change can be computed in the same way as for the GFTSB with the Eq. ( 37). It is noteworthy that if the mass fraction is equal to 1 in the gas phase, this thermal solver becomes strictly identical as the one in the GFTSB since

T | Γ = T sat if Y 1 | Γ = 1.
As the mass fraction is required to determine the interface temperature, the next step consists of solving the equation of the mass fraction, Eq. ( 15), with the suitable jump condition, Eq. ( 16). The mass flow rate of phase change is known from Eq. ( 14) and the equations of thermodynamics equilibrium at the interface have already been used with the thermal solver. Then the mass fraction field can be computed by solving this equation with an imposed Robin boundary condition at the interface:

ρ g Y n+1 1 -t∇ • ρ g D m ∇Y n+1 1 = ρ g Y n 1 -t V n g • ∇Y n 1 if φ < 0, (47) 
ṁY 1 | Γ + ρ g D m ∇Y 1 • n| Γ = ṁ. ( 48 
)
With this new formulation, we solve exactly the same set of equations as for the GFTSE, but the overall algorithm has been reversed. It avoids using Eq. ( 42) which can lead to indeterminacy when the gas phase is vapor saturated (Y 1 | Γ = 1). Indeed, in this critical case Eq. ( 42) diverges due to the division by 0. Unlike the GFTSE, this new method is stable even if the gas phase is saturated of vapor since in this situation Y 1 | Γ = 1 and ∇Y 1 | Γ = 0. In this case, the Robin boundary condition is automatically satisfied since both sides of the equation are equal to ṁ. This method does not present any singularities if the interface temperature is equal to the saturation temperature, and we will see in the results section that it is perfectly suited for simulations involving heterogeneous regimes of vaporization with transient regions between evaporation and boiling.

Spatial discretization and details on the numerical implementation of the overall model

Usual spatial numerical schemes are used to solve the PDE far from the interface (fifth order WENO scheme [START_REF] Jiang | Efficient implementation of weighted essentially non-oscillatory schemes[END_REF] for the convective derivatives and second order finite volume for the diffusive derivatives). The temporal integration is carried out with a second order Runge-Kutta scheme. Classical time step constraints, in relation with convective terms, surface tension terms and viscous terms (except if an implicit temporal discretization is used for the latter), must be satisfied to ensure the temporal stability. The Black-Box MultiGrid [START_REF] Dendy | Black Box multigrid[END_REF] method has been implemented and used to speed up most simulations (compared to a ICCG solver) due to its great efficiency to solve linear system involving heterogeneous physical properties [START_REF] Maclachlan | Fast and robust solvers for pressure-correction in bubbly flows problems[END_REF]. However, this solver is not efficient in the case of the Leidenfrost droplet where a very refined grid is used close to the hot wall.

Second order spatial discretization of a boundary condition on an immersed interface

In [START_REF] Gibou | A second-order-accurate symmetric discretization of the Poisson equation on irregular domains[END_REF], the authors propose a rather simple discretization to impose Dirichlet boundary conditions on an immersed interface when a Poisson or a Helmholtz equation is considered. This method has many attractive features since it is second order in space and the matrix discretization remains symmetric positive-definite and simple (5 diagonals in 2D and 7 diagonals in 3D). This second order discretization is also used in the GFTSB [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF] to compute the temperature field and in the GFTSE [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF] to compute the mass fraction field. In this work, the method is used in a similar way as for the GFTSB, except that the interface temperature is not homogeneous and depends on the local mass fraction.

Moreover, as it has been previously explained, we need to solve the conservation equation of chemical species with an imposed Robin boundary condition at the interface. In [START_REF] Papac | Efficient symmetric discretization for the Poisson, heat and Stefan-type problems with Robin boundary conditions[END_REF], the authors have presented an efficient spatial discretization to solve a Poisson or a Helmholtz equation with a Neumann or a Robin boundary condition at the interface. This new method, which is based on a finite volume formulation, also preserves the matrix symmetry and a simple stencil of discretization with 5 points in 2D and 7 points in 3D. A sub-cell interface reconstruction [START_REF] Min | Geometric integration over irregular domain with application to level-set methods[END_REF][START_REF] Min | Robust second order accurate discretization of the multi-dimensional Heaviside and Dirac delta functions[END_REF] is required to compute the interface geometrical properties for the computational cells which are crossed by the interface. For the purposes of this study, this method has also been implemented to solve Eq. ( 47) with the immersed Robin boundary condition, Eq. (48).

Temperature and mass fraction extension based on PDE resolution

Some discontinuous variables must be extrapolated across each side of the interface in order to populate ghost cells. This extrapolation can be done by solving iteratively some partial differential equations which propagate the information that must be extrapolated along the normal direction at the interface. More details on the extrapolation method and its implementation are provided in [START_REF] Aslam | A partial differential equation approach to multidimensional extrapolation[END_REF]. Let us notice that the influence of this extrapolation on the global accuracy of theoretical problems has been extensively and successfully assessed in [START_REF] Gibou | A fourth order accurate discretization for the Laplace and heat equations on arbitrary domains, with applications to the Stefan problem[END_REF][START_REF] Gibou | High resolution sharp computational methods for elliptic and parabolic problems in complex geometries[END_REF] for Stefan problems and in [START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF] in the framework of boiling flows.

In this study, we will use linear extrapolations and quadratic extensions, which extend the extrapolated variable and respectively its first order normal derivative and its second order normal derivative, for the temperature field and for the mass fraction field.

For the purposes of this study on Leidenfrost droplets, a semi-implicit temporal integration has been used for the time advancement of these PDE in the longitudinal direction. Indeed, by using very refined grids close to a hot wall, if the interface crosses grid cells with very different sizes, the mesh points close to the interface in the very refined zones will be updated much more quickly than the mesh point located in a coarse region. This issue has been fixed by using an implicit temporal discretization in the longitudinal region to speed up the extrapolations in the whole domain. That semi-implicit temporal integration requires to solve a tri-diagonal linear system at each temporal iteration of the PDE resolution. It allowed us to reduce the number of temporal iterations from up to 2000 to about 50 to achieve a sufficiently steady state in the interface neighborhood in the case of the simulation of the Leidenfrost droplet.

Interface advection and re-initialization with a Level Set Method

The Level Set Method [START_REF] Fedkiw | A non-oscillatory Eulerian approach to interfaces in multimaterial flows (The Ghost Fluid Method)[END_REF][START_REF] Osher | Fronts propagating with curvature-dependent speed: algorithms based on Hamilton-Jacobi formulations[END_REF][START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF] is used to compute the interface motion. It consists of solving a convection equation for a Level Set Function φ:

∂φ ∂t + V int • ∇φ = 0. ( 49 
)
Positive values of φ represent the liquid field and the negative values the gas field. V int is the interface velocity:

V int = V liq + ṁ ρ liq n = V gas + ṁ ρ gas n. ( 50 
)
Next, a re-initialization step [START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF] can be performed to ensure that the φ function remains a signed distance in the computational domain. It can be done by solving iteratively the specific PDE

∂d ∂τ = sign(φ) 1 -|∇d| (51) 
with d the reinitialized distance function, τ a fictitious reinitialization time and sign(φ) a smoothed signed function defined in [START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF]. Two temporal iterations of the redistancing equation, Eq. (51), are required at every time step. Through this signed distance function, a good accuracy is preserved when computing the normal vector and the curvature at the interface, with the following simple relations:

n = ∇φ |∇φ| , ( 52 
) κ(φ) = -∇ • n.
(53)

Time step constraints

A classical time-step constraint [START_REF] Kang | A boundary condition capturing method for multiphase incompressible flow[END_REF][START_REF] Sussman | A level set approach for computing solutions to incompressible two-phase flow[END_REF] accounting for the stability conditions for convection, viscosity (in the case of an explicit temporal discretization) and surface tension is imposed.

t conv = x max V , ( 54 
)
t visc = 1 4 x 2 max(υ liq , υ gaz ) , ( 55 
)
t surf _tens = 1 2 ρ liq x 3 σ . ( 56 
)
Finally, the global time step restriction can be computed with the following relation:

1 t = 1 t conv + 1 t visc + 1 t surf _tens
.

(57)

Numerical results

We present in this section some numerical benchmarks in order to assess the relevance and the accuracy of the new method which is proposed in this paper. Firstly, in the next section we will describe an analytical theory of a static and isolated droplet in an infinite medium. This theory will provide us with an accurate reference solution that can be used to assess the different numerical solvers described previously.

Theory of the evaporation of a static droplet

The evaporation of a static droplet in an infinite medium can be modeled, see [START_REF] Spalding | Combustion and Mass Transfer[END_REF] for more details, by solving the following set of equations for the mass conservation, the energy conservation and the chemical species conservation in a 1D spherical coordinate system: (
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As the evaporation speed regression is very low for droplets (unlike boiling) in comparison to the Stefan flow which runs out in the normal direction at the interface, the unsteady terms can be neglected beside the convective and the diffusive derivatives.

The following boundary conditions, which can be deduced from the jump conditions Eqs. ( 10), ( 14), ( 16) must be applied on the droplet radius localized with r = R Γ (t):

V r r = R Γ (t) = Ṁ(t) 4π R 2 Γ (t)ρ g , ( 61 
) 4π R 2 Γ (t)k g dT dr r=R Γ (t) = Ṁ(t)L vap , ( 62 
) 4π R 2 Γ (t)ρ g D m dY dr r=R Γ (t) = Ṁ(t)(Y Γ -1), (63) 
where Y | Γ is the mass fraction at the interface, T | Γ is the temperature at the interface and Ṁ (t) is the total mass flow rate of evaporation. A first integration of these equations leads to the following relations:

u r (r, t) = Ṁ(t) 4π r 2 ρ g , ( 64 
)
Ṁ(t) C pg T (r, t) -T | Γ -L vap = 4π r 2 k g dT dr , ( 65 
)
Ṁ(t) Y (r, t) -1 = 4π r 2 ρ g D m dY dr . ( 66 
)
A second integration gives the temperature field and the mass fraction field:

T (r, t) -T | Γ - L vap C pg T ∞ -T | Γ - L vap C pg = e - Ṁ(t)C pg 4πkg 1 r , ( 67 
) Y (r, t) -1 Y ∞ -1 = e - Ṁ(t) 4πρg Dm 1 r , ( 68 
)
with the following far-field boundary conditions: 

T (r → ∞, t) = T ∞ , Y (r → ∞, t) = Y ∞ .
Ṁ(t) = - 4π rk g C pg ln T (r, t) -T | Γ - L vap C pg T ∞ -T | Γ - L vap C pg = -4πrρ g D m ln Y (r, t) -1 Y ∞ -1 , ( 69 
)
we obtain the following equation for T Γ :

T | Γ = T ∞ - L vap C pg 1 - Y ∞ -1 Y | Γ -1 Le , ( 70 
)
with Le the Lewis number defined by:

Le = D m ρ g C pg k . ( 71 
)
By using Eq. ( 39) and Eq. ( 40), we obtain two non-linear equations for the two unknowns T | Γ and Y | Γ , for which a numerical solution can be computed easily.

Next, the mass flow rate Ṁ(t) of the droplet can be deduced from Eq. ( 69) and we obtain the following relation for the temporal evolution of the droplet diameter:

D Γ (t) = D 2 0 - 4ρ g D m ρ l ln Y ∞ -1 Y | Γ -1 t, (72) 
which is most commonly used as follows:

D Γ (t) = D 2 0 - 4ρ g D m ρ l ln(1 + B M )t, ( 73 
)
with B M the mass transfer coefficient defined as:

B M = Y | Γ -Y ∞ 1 -Y | Γ . ( 74 
)
Let us remark that the global mass flow rate of evaporation can be expressed as follows:

Ṁ(t) = 2π R Γ (t)ρ g D m ShB M , ( 75 
)
where Sh is the Sherwood number, which is a non-dimensional mass transfer flux, defined by the following expression in the case of a static evaporating droplet:

Sh = 2 ln(1 + B M ) B M . ( 76 
)
As this theoretical solution assumes that the temperature is uniform in the liquid phase, the average temperature of the droplet is equal to the interface temperature T Γ . Let us remark that this theory provides a quasi-steady solution for the droplet evaporation since all unsteady terms have been neglected in the initial set of equations, however if the droplet is initialized with a temperature which is different from the steady temperature, the droplet temperature will initially vary (warming or cooling) until reaching the steady-state temperature. This last point will be illustrated in section 6.3.

Numerical simulations of the evaporation of a static droplet

A numerical test is proposed in this section in order to compare the accuracy and the relevance of the two numerical solvers for evaporation which have been described in this paper. The theoretical solution which has been derived in the previous section will provide a reference solution. As the characteristic time of droplets evaporation is very slow compared with the characteristic time of capillary waves, a large range of temporal scales must be solved to perform that kind of simulation. As a result, the number of temporal iterations, which are required to consider a sufficient duration of evaporation, is large (up to 100 000 iterations even if coarse grids are used). To reduce these drastic constraints, some physical properties of the fluid have been modified in order to speed up the numerical simulations. The physical properties of the liquid phase and of the vapor phase are summarized in the Table 1; these properties are close to those of the acetone for the liquid phase and to those of a mixing of acetone vapor and air for the gas phase. Some values have been increased such as the mass diffusion coefficient, in order to speed the evaporation rate, and other properties have been decreased, e.g. the surface tension and the viscosity coefficients in order to increase the time step restriction depending on these variables. Since the numerical test proposed here is based on a theoretical solution which does not involve any capillary effects or viscous effects, the modification of these values does not change the expected reference solution. The thermal conductivity of the liquid has been strongly increased to guarantee that the temperature field will be uniform inside the droplet, consistent with the theory described in the previous section. The simulations are performed with an axisymmetric coordinate system.

The initial diameter of the droplet is equal to D 0 = 100 μm. The dimensions of the computational field are l r = 2D 0 and l z = 4D 0 . The boundary conditions for the temperature field and for the mass fraction field are imposed as the values of the theoretical solution. As a result these boundary conditions evolve slowly with time when the droplet diameter is decreasing.

The temperature and the mass fraction in the far field (beyond the computational domain) are T ∞ = 700 K and Y ∞ = 0 respectively. The initial conditions on the temperature field and on the mass fraction field are also imposed by using the theoretical solution. In particular, the droplet temperature is initialized by using the theoretical steady-state temperature. For the velocity field, outflow boundary conditions are used to let the evaporated gas out of the computational domain.

In this configuration, the theoretical steady-state temperature is equal to T Γ = 294.94 K. Several computations have been performed in order to assess the accuracy of the GFTSE and of the new method, GFTSBE, with four different computational grids (32 × 64, 64 × 128, 128 × 256, 256 × 512), which correspond respectively to 8 grid nodes/radius, 16 grid nodes/radius, 32 grid nodes/radius and 64 grid nodes/radius. Moreover, the influence of the order of the extensions which are used to extrapolate the temperature field and the mass fraction field has also been tested on the overall accuracy of the computation, since all the simulations presented in this section, have been performed with either linear extensions or with quadratic extensions. The computations are performed until the droplet diameter reaches 0.8D 0 , which corresponds to a mass evaporation of about 50% of the initial droplet mass.

In Figs. 1(a) and 1(b), snapshots of the simulations have been displayed to visualize the velocity field, the interface position and respectively the temperature field and the mass fraction field. In Figs. 2(a) and 2(b) the temporal evolution of the non-dimensional droplet diameter and of the non-dimensional droplet temperature is plotted for different computational grids if GFTSE is used in conjunction with linear extensions on the temperature field and on the mass fraction field. These figures clearly indicate that the simulations converge to the theoretical solution. A first order accuracy can be roughly extrapolated from Fig. 2(b), whereas Fig. 2(a) does not allow evaluating an accuracy order since the error is lower on the coarsest grid. This behavior is typical for simulations where opposite errors can be compensated and can lead to misleading conclusions if sufficient attention is not paid to the analysis of the simulation results. Indeed, that can be explained by noting that the temperature droplet is strongly overvalued on the coarsest grid which increases spuriously the evaporation mass flow rate, whereas an undervaluation of the droplet diameter speed regression can result from other errors. However, this non-monotonic convergence disappears if thinnest grids are used.

In Figs. 3(a) and 3(b), the same variables have been plotted with the same solver but with quadratic extensions instead of linear extensions. These results are very similar to the results obtained with linear extensions, but we can observe a slight gain in accuracy since, on the thinnest grid, the error on the average droplet temperature is about 0.1% (about 0.3 K) instead of 0.2% (about 0.6 K). Such trends have already been reported in [START_REF] Gibou | High resolution sharp computational methods for elliptic and parabolic problems in complex geometries[END_REF] for the Stefan problem or in [START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF] for boiling flows, whereas the gain in accuracy was much more important in the latter studies.

Next, we have plotted in Figs. 4(a) and 4(b), the numerical results obtained with GFTSBE and linear extensions. These numerical results also demonstrate that the GFTSBE converges to the expected solution. The order of accuracy seems to be approximately the same as with GFTSE. GFTSBE provides results which are slightly better on the average temperature but the error on the temporal evolution of the diameter is more important. We can remark that with this solver the temperature is slightly undervalued, unlike GFTSE which overestimates the average droplet temperature.

At last, in Figs. 5(a) and 5(b), the numerical results obtained with GFTSBE and with quadratic extensions are plotted. A gain in accuracy on the average temperature is observed in comparison with other solvers. For example, if the thinnest grid is used, the error on temperature is less than 0.1%, and the error on the temporal evolution of the droplet diameter is approximately in the same range as with GFTSE (less than 5% at the end of the simulation). In conclusion of this section, we can assert that this combination of numerical methods (GFTSBE + quadratic extension) is the most accurate of the four which have been tested in this paper.

In Fig. 6, a comparison, between the theory and the numerical simulations, of the radial evolution of the temperature and of the mass fraction, has been plotted both for GFTSBE and GFTSE. This comparison is convincing since the theoretical curves and all the numerical curves are superimposed in the neighborhood of the interface. Let us notice that a slight discrepancy appears close to the boundary condition. This slight discrepancy can be explained by considering that the outflow boundary conditions, which are used in the simulations do not perfectly maintain the spherical symmetry of the theoretical velocity field.

We can conclude from this first benchmark that both GFTSE from [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF] and GFTSBE, which is presented in this work, converge to a solution which is very close to the theoretical solution described in the previous section. A gain in accuracy is observed if GFTSBE and quadratic extensions are used. However, we must also remark that a more detailed quantification of the accuracy seems not to be possible in these simulations. Indeed the numerical simulations converge toward a solution which seems to be slightly different from the theoretical one, if the temporal evolution of the droplet diameter is considered. Various reasons could explain this slight discrepancy between the numerical simulations and the theory. For instance, unlike the numerical simulations, the unsteady terms are neglected in the theory. Another source of errors could come from the outflow boundary conditions which do not maintain perfectly the spherical symmetry of the problem. Finally, the droplet temperature is assumed to be uniform in the theory, whereas the simulations do not perfectly match this assumption.

Non-steady static droplet evaporation

In this section we present some numerical results which have been obtained with the same configuration as in the previous section, except for the droplet initial temperature which has been changed in order to check if after a transient step the droplet temperature will tend towards the theoretical steady-state temperature of evaporation. GFTSE has been tested with two different initial temperatures, one which is higher (T = 304.94 K) than the theoretical steady-state temperature and another which is lower (T = 284.94 K). The two computations have been performed by using quadratic extrapolations, since they provide more accurate results, and with two computational grids (64 × 128 and 128 × 256). The results are plotted in Fig. 7(a) and show clearly that all the computations tend to the correct theoretical steady-state temperature. Moreover, we can observe in this figure the good agreement between the simulations performed on the two grids, which further demonstrates the spatial convergence of the overall solver.

GFTSBE has been tested in the same conditions as GFTSE, but with three different initial temperatures, the same two as for GFTSE and a third temperature which is higher (T = 339 K) than the saturation temperature (T = 329 K). The objective of this last configuration is to show the stability of GFTSBE even in the case where superheated liquids are involved, unlike GFTSE which is unstable in this situation due to Eq. ( 42). The numerical results, summarized in Fig. 7(b), highlight the correct behavior of this numerical solver, even if a superheated liquid is considered. This second benchmark proves that GFTSBE is able to deal with both liquid evaporation and boiling whereas GFTSE fails to address this specific situation. More detailed investigations on the spatial convergence are proposed in an appendix with three different computational grids 32 × 64, 64 × 128, 128 × 256 for all of these configurations.

Moving droplet evaporation

In this section, we are now interested by the evaporation of a moving spherical droplet. The simulations are still performed with an axisymmetric coordinate system. The initial diameter of the droplet is equal to D 0 = 100 μm. The dimensions of the computational field are l r = 4D 0 and l z = 8D 0 in order to minimize containment effects. We use a uniform grid inside the drop and in the gas phase up to a distance D 0 /2 from the interface. Beyond this distance, a non-uniform grid is used to minimize the number of grid cells. In this way, the mesh is sufficiently refined with respectively 16 and 32 grid cells to discretize a droplet radius for the two computational grids which contain respectively 64 × 128 and 128 × 256 points. As the droplet will travel an important distance before a significant evaporation occurs, the computations are performed with a moving frame in order to ensure that the droplet is maintained at the center of the computational field.

A constant relative velocity V z = 2 m s -1 is imposed between the droplet and the gas phase throughout the computation.

The gravity is neglected, and the computation is initialized with the static theoretical solution for the temperature and the mass fraction fields. When solving the Navier-Stokes equations, we use an inflow boundary condition at the bottom of the domain to blow the droplet with the correct velocity, slip boundary conditions are imposed on the right side of the computational field and outflow boundary conditions are used at the top of the domain. We solve the conservation of the energy and of the species equations with a Dirichlet boundary condition at the bottom of the domain T ∞ = 700 K and Y ∞ = 0, and for these equations a Neumann boundary condition can be imposed on the right side and on the top of the domain since the computational field is large enough to avoid containment effects in the far-field. In this configuration, the value of the Reynolds number is around 20, and the Weber number is sufficiently small to ensure that the droplet will remain spherical. Therefore, in such a configuration some correlations can be used to build a reference solution to assess our numerical methods with this more complex benchmark. For example, the following correlation has been proposed in [START_REF] Renksizbulut | A mass transfer correlation for droplet evaporation in high-temperature flows[END_REF] to include the Reynolds number, Re, to correct the Sherwood number compared to the static theory

Sh

(1 where the Sherwood number Sh takes into account the modification of the mass transfer flux due to the convection and its coupling with evaporation and Sc is the Schmidt number defined by

+ B M ) 0.7 = 2 + 0.87Re 0.5 Sc 0.33 , ( 77 
)
Sc = μ g ρ g D m . ( 78 
)
This modified expression of the Sherwood number can next be used to compute a modified mass flow rate, Ṁ(t), depending on Reynolds number and Schmidt number in Eq. (75). The correlation, Eq. (77), is based on boundary fitted numerical simulations which guarantee a high accuracy but which are limited to a single spherical or steady shape droplet, unlike the numerical methods presented in this paper which can be used with an interface of moving and arbitrary shape. The numerical simulations performed in [START_REF] Renksizbulut | A mass transfer correlation for droplet evaporation in high-temperature flows[END_REF] involve a volatile liquid (n-heptane) in a hot gas (800 K) for a range of Reynolds number varying between 100 and 13.4.

Our numerical simulations have been carried out with the physical properties which are given in the Table 2, which are nearly identical to the Table 1. A more realistic value than in the previous section is used here for the thermal conductivity, since we do not compare our numerical simulation against a theoretical study which assumes that the droplet temperature is perfectly uniform. The surface tension and the viscosity have been increased in order to obtain realistic values of the Reynolds number and of the Weber number since this benchmark allows the computation of the influence of convection on the overall process of evaporation. As a result, the number of temporal iterations required to compute a significant evaporation of the droplet will be more important than in the static case. Therefore, these computations are more expensive than those presented in the previous section.

Comparisons between the correlation, Eq. (77), and direct numerical simulations with GFTSE and GFTSBE (with quadratic extensions in both cases) are now presented.

The temperature field, the streamlines and the interface location have been plotted at a given time in Fig. 8(a) for GFTSE and in Fig. 8(b) for GFTSBE to demonstrate the qualitative agreement between these two methods. Further results are presented in Fig. 9(a) and in Fig. 9(b) to show the agreement between the two methods for the mass fraction field. These depict the streamlines, inside the droplet and outside of the droplet, in order to bring out the coupling between the external flow and the radial velocity field due to evaporation (Stefan flow). Finally, in Fig. 10, the internal temperature field of the droplet is plotted to illustrate that it is slightly modified by the internal recirculating zone since a colder region is observed in the center of the axisymmetric vortex.

In Fig. 11(a) the temporal evolution of the normalized diameter is plotted until the diameter decreases by about 15%. This figure shows that the two numerical methods converge towards a solution which is very close to the results obtained by using the correlation in Eq. ( 77). The agreement between the numerical simulation and the correlation is good, especially if GFTSBE is used. The temporal evolutions of the average droplet temperature are plotted in Fig. 11(b). This figure further demonstrates the accurate behavior and the convergence of all numerical methods since the deviations from the theoretical steady temperature are very small (less than 0.5%) regardless of the solver and the computational grid used. Due to this third benchmark, the relevance of the two numerical solvers to compute the evaporation of a moving droplet has been demonstrated. As it is the case of the first benchmark, a gain in accuracy has also been observed if GFTSBE is used.

Levitation and bouncing of an impacting droplet on a hot plate (Leidenfrost effect)

We present here the numerical simulation of a droplet impacting a hot plate. In the Leidenfrost regime, a droplet never touches the plate because the high mass flow rate of vaporization leads to the formation of a very thin layer of saturated vapor. The pressure force resulting from the flow in this thin layer is sufficiently high to ensure the sustentation of the droplet above the hot plate. Several difficulties make the numerical simulation of this singular phenomenon challenging. A major issue to be overcome consists in designing a specific phase change model, which is suited both for evaporation and boiling, since the two phenomena occur simultaneously. Another difficulty, that must be addressed, results from the use of a locally refined grid to capture the formation of the thin vapor layer between the plate and the drop during the impact. Therefore, an implicit temporal discretization must be applied to compute all the diffusion terms (viscous terms, thermal conduction and mass fraction diffusion). In the same way, the resolution of the hyperbolic partial differential equations [START_REF] Aslam | A partial differential equation approach to multidimensional extrapolation[END_REF][START_REF] Gibou | High resolution sharp computational methods for elliptic and parabolic problems in complex geometries[END_REF][START_REF] Tanguy | Benchmarks and numerical methods for the simulation of boiling flows[END_REF], which results from extrapolation techniques, must also been discretized with an implicit scheme. For these equations, this implicit temporal discretization is useful only in the refined direction of the mesh. Thus, as it has been explained previously, that can be done by solving a tri-diagonal linear system for every time step of the extrapolation process. This implicit discretization allows the use of large time steps during the extrapolation. It ensures that the extrapolation will be advanced on a number of grid points sufficiently important both in the region where the grid is coarse and in the region where the grid is very refined.

In the simulation which is presented here, the initial droplet diameter is D 0 = 130 μm, the initial velocity is V 0 = 2 m s -1 which corresponds to a Weber number We = ρ l V 2 0 D 0 σ = 7.4. The initial temperature of the droplet is T 0 = 290 K and the hot plate is assumed to be isothermal T wall = 800 K. The following Neumann boundary condition, ∇Y 1 | wall = 0, is imposed for the mass fraction on the hot wall in order to ensure that the chemical species do not diffuse inside the solid domain. The physical properties of the liquid phase and of the gas phase are summarized in Table 3. Let us notice that, for sake of simplicity, the physical variables of the model are constant and therefore do not depend on the local temperature, nor on the local mass fraction. The size of the computational domain is l r = 2D 0 and l z = 3l r /2. The simulations have been performed with three computational grids 64 × 128, 96 × 192 and 144 × 288. As it is pointed out in Fig. 12, the simulations are performed on a non-uniform grid with an important concentration of grid cells in the region close to the wall in order to capture and solve accurately the thin vapor layer which is formed between the hot plate and the droplet. The radial direction is decomposed into two parts, a uniform zone between the center of the domain and the radial coordinate r = l r /2 with 40, 60 and 90 points respectively for the coarsest grid, the medium grid, and the thinnest grid, and a continuously stretched zone up to r = l r which contains 24, 36 and 54 grid cells. In the longitudinal direction, the mesh grid is also decomposed into two parts: a very refined grid containing respectively 20, 40 and 80 grid cells in the region close to the wall between the coordinates z = -l z /2 and z = -l z /2 + ε with ε = 0.06l z and a uniform one in the rest of the domain, which contains 108 points for the coarse grid, 152 points for the medium grid and 208 points for the refined grid. The transition between refined and uniform zone is continuous in order to preserve the accuracy of the spatial discretization. In Fig. 13, a comparison is presented between the numerical simulation and experimental data [START_REF] Castanet | High-speed shadow imagery to characterize the size and velocity of the secondary droplets produced by drop impacts onto a heated surface[END_REF][START_REF] Dunand | Energy balance of droplets impinging onto a wall heated above the Leidenfrost temperature[END_REF] on the temporal evolution of the droplet shape. This comparison shows the qualitative agreement between the simulation and the experimental data. The temperature field has been plotted at different times of the simulation in the whole domain, Fig. 14, and inside the droplet, Fig. 15, to highlight the ability of the numerical method which has been designed for this purpose. Some snapshots have been plotted in Fig. 16 in order to visualize the temporal evolution of the mass fraction field. The transition between the evaporation regime and the boiling regime is clearly visualized on these snapshots since the formation of a thin saturated vapor layer is observed between the hot wall and the liquid-gas interface, during the droplet spreading. Let us notice that the description of this transition between two regimes of phase change has been possible through the new algorithm, GFSTBE, as opposed to GFTSE which is unstable in such drastic conditions whereas GFTSB is unable to describe the evolution of the mass fraction field and, thus, of the internal temperature of the droplet.

Finally, snapshots of the velocity field during the impact have also been plotted in Fig. 17 to point out the resolution of the simulation presented, since the velocity field in the very thin vapor layer is accurately solved all along the simulation. Some quantitative comparisons between our numerical simulations and the experimental data from [START_REF] Castanet | High-speed shadow imagery to characterize the size and velocity of the secondary droplets produced by drop impacts onto a heated surface[END_REF] and [START_REF] Dunand | Energy balance of droplets impinging onto a wall heated above the Leidenfrost temperature[END_REF] are presented in Table 4. Specifically, we have focused our attention on three variables which have been measured in the experiments: the non-dimensional maximum spreading diameter β, defined as the maximum spreading diameter divided by the initial diameter of the droplet, the normal restitution coefficient r n , which is the ratio of the bouncing droplet velocity to the impacting droplet velocity, and the droplet heating T , defined as the difference of the average droplet temperature after the impact and before the impact. The numerical simulation performed with the coarse grid (64 × 128) is unstable because the number of grid points in the refined zone is not large important to capture the formation of the vapor layer between the hot wall and the droplet in the Leidenfrost regime. However this computation is used to check the spatial convergence of the simulations during the first part of the simulation (until t = 0.00014 s).

The comparison between the experimental results and the numerical simulations is satisfactory, especially for the dynamical parameters β and r n since the differences reported are respectively around 12% and 7%. Moreover we can remark that the simulations are well converged since very low differences are reported between the computations performed on the three different grids, see Figs. 18(a) and 18(b) to visualize respectively the temporal evolution of the non-dimensional spreading diameter of the droplet and the non-dimensional average droplet velocity for the two different computational grids. Concerning the droplet heating plotted in Fig. 19, the experimental measurements (Table 4) are much more approximate due to the important spatial variations of the temperature field inside the droplet. Finally, we can observe that our numerical results are close to the range of droplet heating which has been measured. In the absence of more accurate experimental data, it denotes a qualitative agreement, between the simulations and the experiments, on the droplet heating.

Conclusion

The main motivation of this paper is to present a new numerical model to deal both with boiling flows and evaporation of droplets in the framework of the direct numerical simulation of two phase flows with deformable interface. This new method is a generalization of the Ghost Fluid Thermal Solver for Boiling presented in [START_REF] Gibou | A level set based sharp interface method for the multiphase incompressible Navier-Stokes equations with phase change[END_REF]. Indeed a further equation for mass fraction species conservation is incorporated in the overall algorithm with the suitable jump condition as in the Ghost Fluid Thermal Solver for Evaporation presented in [START_REF] Tanguy | A level set method for vaporizing two-phase flows[END_REF]. However, unlike the numerical method presented in the latter, the new method, GFTSBE, deals with the droplet evaporation and with boiling flows. The key-point of this new method lies in the computation of the mass fraction field equation with an imposed Robin Boundary Condition at the interface. This formulation allows to capture continuously the transition between evaporation and boiling in thin regions of saturated vapor, as it can occur in Leidenfrost droplets or in superheated droplets. Let us notice that this numerical solver could also be used to perform numerical simulations involving a contact line between a liquid droplet and a superheated wall. The simulations, presented in this paper, demonstrate the efficiency of this method on several accurate benchmarks and demonstrate its relevance for simulating the dynamics of Leidenfrost droplets. Some numerical procedures, specifically developed to deal with the Leidenfrost droplet, are also presented in order to capture the thin vapor layer between the wall and the interface by using very refined grids. 

Table 4

Comparison between the numerical simulations and the experimental data from [START_REF] Castanet | High-speed shadow imagery to characterize the size and velocity of the secondary droplets produced by drop impacts onto a heated surface[END_REF][START_REF] Dunand | Energy balance of droplets impinging onto a wall heated above the Leidenfrost temperature[END_REF] obtained with GFTSE are presented in Fig. 20 and Fig. 21, and the results obtained with GFTSE are plotted in Fig. 22, Fig. 23 and Fig. 24. All these figures illustrate the spatial convergence of both methods for this benchmark.

Fig. 1 .

 1 Fig. 1. Snapshots of the velocity field, of the interface location (black line), of the temperature field (a) or of the mass fraction field (b) on the computational grid (256 × 512) with the GFTSBE.

Fig. 2 .

 2 Fig. 2. Comparison between the GFTSE with linear extensions and theoretical results of the temporal evolution of the dimensionless droplet diameter (a) and on the dimensionless average droplet temperature (b).

Fig. 3 .

 3 Fig. 3. Comparison between the GFTSE with quadratic extensions and theoretical results of the temporal evolution of the dimensionless droplet diameter (a) and on the dimensionless average droplet temperature (b).

Fig. 4 .

 4 Fig. 4. Comparison between the GFTSBE with linear extensions and theoretical results of the temporal evolution of the dimensionless droplet diameter (a) and on the dimensionless average droplet temperature (b).

Fig. 5 .

 5 Fig. 5. Comparison between the GFTSBE with quadratic extensions and theoretical results of the temporal evolution of the dimensionless droplet diameter (a) and on the dimensionless average droplet temperature (b).

Fig. 6 .

 6 Fig. 6. Comparisons between theory and numerical simulations of the radial evolution of the temperature and of the mass fraction in the gas phase with the GFTSBE and with the GFTSE at a given time with the grid 128 × 256.

Fig. 7 .

 7 Fig. 7. Temporal evolution of the average dimensionless droplet temperature with the GFTSE (a) for two different initial temperatures and with the GFTSBE (b) for three different initial temperatures.

Fig. 8 .

 8 Fig. 8. Temperature field, streamlines and interface position (thick black line) around a moving droplet which evaporates in a hot gas. Comparison between the GFTSE (a) and the GFTSBE (b).

Fig. 9 .

 9 Fig. 9. Mass fraction field, streamlines and interface position (thick black line) around a moving droplet which evaporates in a hot gas. Comparison between the GFTSE (a) and the GFTSBE (b).

Fig. 10 .

 10 Fig.10. Zoom on the temperature field in the liquid phase with the streamlines and the interface position (thick black line) around a moving droplet which evaporates in a hot gas with the GFTSE.

Fig. 11 .

 11 Fig. 11. Comparison between the GFTSBE, the GFTSE (both with quadratic extensions) and a semi-empirical correlation of the temporal evolution of the dimensionless droplet diameter (a) and of the dimensionless average droplet temperature (b).

Fig. 12 .

 12 Fig. 12. Strongly refined computational grid used in the simulation of the Leidenfrost droplet.

Fig. 13 .

 13 Fig. 13. Comparison between our numerical simulation and experimental data of the interface evolution during the impingement of a levitating droplet on a hot wall at different times with We = 7 (t 1 = 9.83 × 10 -5 s, t 2 = 1.36 × 10 -4 s, t 3 = 1.57 × 10 -4 s, t 4 = 2.69 × 10 -4 s).

Fig. 14 .

 14 Fig. 14. Temperature field and interface evolution (in black) during the impingement of a levitating droplet on a hot wall at different times (t 1 = 9.83 × 10 -5 s, t 2 = 1.36 × 10 -4 s, t 3 = 1.57 × 10 -4 s, t 4 = 2.69 × 10 -4 s).

Fig. 15 .

 15 Fig. 15. Temperature field in the liquid phase and interface evolution (in black) during the impingement of a levitating droplet on a hot wall at different times (t 1 = 9.83 × 10 -5 s, t 2 = 1.36 × 10 -4 s, t 3 = 1.57 × 10 -4 s, t 4 = 2.69 × 10 -4 s).

Fig. 16 .

 16 Fig. 16. Mass fraction field and interface evolution (in black) during the impingement of a levitating droplet on a hot wall at different times (t 1 = 9.83 × 10 -5 s, t 2 = 1.36 × 10 -4 s, t 3 = 1.57 × 10 -4 s, t 4 = 2.69 × 10 -4 s).

Fig. 17 .

 17 Fig. 17. Velocity field and interface evolution during the impingement of a levitating droplet on a hot wall at different times (t 1 = 1.36 × 10 -4 s, t 2 = 1.47 × 10 -4 s, t 3 = 1.72 × 10 -4 s, t 4 = 2.18 × 10 -4 s).

Fig. 18 .

 18 Fig. 18. Temporal evolution of the dimensionless droplet spreading diameter (a) and of the dimensionless average droplet velocity (b).

Fig. 19 .

 19 Fig. 19. Temporal evolution of the average droplet temperature (K ).

Fig. 20 .

 20 Fig. 20. Temporal evolution of the average dimensionless droplet temperature with the GFTSE and an initial temperature T = 284.94 K.

Fig. 21 .

 21 Fig. 21. Temporal evolution of the average dimensionless droplet temperature with the GFTSE and an initial temperature T = 304.94 K.

Fig. 22 .

 22 Fig. 22. Temporal evolution of the average dimensionless droplet temperature with the GFTSBE and an initial temperature T = 284.94 K.

Fig. 23 .

 23 Fig. 23. Temporal evolution of the average dimensionless droplet temperature with the GFTSBE and an initial temperature T = 304.94 K.

Fig. 24 .

 24 Fig. 24. Temporal evolution of the average dimensionless droplet temperature with the GFTSBE and an initial temperature T = 339 K.

Table 1

 1 Physical properties (SI) of fluids considered in the simulation presented in section 6.2 and section 6.3.

		ρ	M	C p	K	σ	T sat	L vap	D m	M
	Liquid acetone	700	3.26E-6	2000	100	0.005	329	5.18E5	5.2E-5	0 . 0 5 8
	Gas mixing	1	1E-7	1000	0.052	-	-	-	-	0.029
	Next by pointing out that								

Table 2

 2 Physical properties (SI) of fluids considered in the simulation presented in section 6.4.

		ρ	M	C p	K	σ	T sat	L vap	D m	M
	Liquid acetone	700	3.26E-4	2000	0.161	0.0237	329	5.18E5	5.2E-5	0 . 0 5 8
	Gas mixing	1	1E-5	1000	0.052	-	-	-	-	0.029

Table 3

 3 Physical properties (SI) of fluids considered in the simulation presented in section 6.5.

		ρ	M	C p	k	σ	T sat	L vap	D m	M
	Liquid water	1000	0.00113	4180	0.6	0.07	373	2.3E6	2E-5	0 . 0 1 8
	Gas mixing	1.226	3E-5	1000	0.046	-	-	-	-	0.029
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