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Abstract

We consider a diffusion process under a local weak Hormander condition on the coeffi-
cients. We find Gaussian estimates for the density in short time and exponential lower
and upper bounds for the probability that the diffusion remains in a small tube around
a deterministic trajectory (skeleton path), explicitly depending on the radius of the tube
and on the energy of the skeleton path. We use a norm which reflects the non-isotropic
structure of the problem, meaning that the diffusion propagates in R? with different
speeds in the directions o and [0, b]. We establish a connection between this norm and
the standard control distance.
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1 Introduction

In this article we consider the following stochastic differential equation on [0, 7:

t t
X, = a9 +/ o(Xs) o dWs +/ b(Xs)ds (1.1)
0 0

where the diffusion X is two-dimensional and the Brownian Motion W is one-dimensional.
odWy denotes the Stratonovich integral, and we suppose a certain geometric property for
the diffusion coefficient (which holds true in particular for the equation associated with the
Asian option). Since o is just a column vector, the ellipticity assumption fails at any point,
and the strong Hormander condition fails as well, so we investigate the regularity of this
process assuming a hypoellipticity condition of weak Hormander type. The prototype of
this kind of problems is a two dimensional system where the first component X' follows a
stochastic dynamic, and the second component X? is a deterministic functional of X!, so the
randomness acts indirectly on X 2. Besides the natural application to the Asian option, there
are others such as in [23], [22]. In these papers the functioning of a neuron is modeled: X? is
the concentration of some chemicals resulting from a reaction involving the first component
X1, Differently from our setting, though, there are several measurements corresponding to
the input X!, so X? is multi-dimensional. The pattern, however, is similar.

We find Gaussian estimates for the density in short time, supposing the process satisfies a
weak Hormander condition. Ben Arous and Léandre investigate the decay of the heat kernel
of a hypoelliptic diffusion over the diagonal in their celebrated paper [I0]. Their framework
is different because they work under a strong Hormander condition and because they are
interested in asymptotic results, whereas we provide results holding for finite positive times.
In [27] explicit two-sided bounds for the density of diffusion processes are established under
strong Hormander conditions, if the drift is generated by the vector fields of the diffusive
part. On the opposite, the problem we consider here is of weak Hormander type, meaning
that the drift has a key role in the propagation of the noise. In this case, the drift gives an
additional specific contribution which is usually difficult to handle when trying to estimate
the density of the solution. In [7] and [18] bounds are provided for the density of the Asian
type SDE and for a chain of SDEs, in a weak Hérmander framework. An analytical approach
to a similar density estimate is given by Polidoro, Pascucci and Boscain in [34], [32], [12].

In this paper, we obtain a more general result than those known in the cited literature,
as we allow for a more general coefficient for the Brownian Motion. Indeed we suppose that
locally the vector field ¢ has the same direction of the directional derivative 9,0, whereas
the works mentioned above would apply for o = (o1, 0) which is a more restrictive condition.
Moreover, our coefficients are just locally hypoelliptic. The other novelty is that thanks to our
short time non-asymptotic result we are able to find exponential lower and upper bounds for
the probability that the diffusion remains in a small tube around a deterministic trajectory.
More precisely we consider (ILT)) and introduce the associated skeleton path solution of the



following ODE:
t t
2(9) = w0 + /0 o (2s()) bsdls + /0 (s (6))ds,

for a control ¢ € L%[0,T]. We assume the following weak Hérmander condition: o, [0, b]
span R? locally around z(¢). This is enough to ensure the existence of the density in the
case of diffusions (see [31], [36]). Similar results are also available for SDEs with coefficients
with dependence on time, under very weak regularity assumptions ([16]), SDEs driven by a
fractional Brownian Motion ([8]) and for rough differential equations ([15]).

We prove here a tube estimate for (II), meaning that we find upper and lower bounds
for P (supg<s<7 [| Xt — 24()|| < R), explicitly depending on the energy of the skeleton path
and on the radius of the tube, that can be time-dependent. Several works have considered
this subject, starting from Stroock and Varadhan in [37], where such result is used to prove
the support theorem for diffusion processes. In their work || - || is the Euclidean norm, but
later on different norms have been used to take into account the regularity of the trajectories
(about this, see for example [9] and [20]). This problem is interesting for physicists because
of the Onsager-Machlup functional (see [24], [13]), and is also related to large and moderate
deviation theory (see [11], [21]).

Since we work under Hormander-type conditions, in order to give accurate estimates we
consider a norm accounting for the non-diffusive time scale of the process. Indeed, thanks to
the Hérmander condition, the noise propagates in the whole R?, but with with speed ¢!/2 in
the direction o and ¢%/? in the direction [0, b]. We also introduce a suitable control metric,
adapting the classic control-Carathéodory distance, which is equivalent to this norm.

We apply techniques based on the recent work by Bally and Caramellino ([1], [2], [3])
on density estimates for random variables. In Section 3 we recall some of these results and
derive an upper and a lower bound for the density in a fairly abstract framework, starting
from the Malliavin-Thalmaier representation formula for the density. The importance of
these abstract estimates may go beyond our particular problem.

This paper is organized as follows. In Section 2 we introduce notations and state our
main results: the short-time density estimate and the tube estimate. In Section 3 we develop
the Malliavin calculus techniques that we apply to estimate the density of our diffusion.
In Section 4 we apply these techniques, finding the short-time density estimates mentioned
above. In Section 5 we use the short-time result and a concatenation procedure to prove the
tube estimate.

2 Notations and results

2.1 Notations

We start introducing some notations. We write o = (aq,...,a) € {1,...,n}* for a multi-
index with length |a| = k and 0% = 0y, ...05,, . For f,g: R™ — R™ we recall the definition

oy -+ Oray, -
of the directional derivative of f in the direction g as

gf( ) Zg 83&,f

The Lie bracket [f,g] in x is defined as
[/ 91(x) = 9pg(x) — 9y f ().

3



We denote by M7 the transpose of a 2 x 2 matrix M. We also use the notation (M) for

the smallest singular value of M, and \*(M) for the largest one. We recall that singular

values are the square roots of the eigenvalues of M M7, and that, when M is symmetric and

semi-definite, singular values coincide with the eigenvalues of M. In particular, when M is

a covariance matrix, A,(M) and \*(M)) are the smallest and the largest eigenvalues of M.
If M is invertible we also associate to M the norm on R?

€l = \JAMMT)1g,6) = M1
For two 2 x 2 positive semi-definite symmetric matrices By, Bo, we write By < By for
ETBE < ¢TByg,  for all € € R

As we said, we consider the diffusion
t t
Xy =x0+ / o(Xs) o dWs —i—/ b(Xs)ds, (2.1)
0 0

where X is in dimension two, W is in dimension one. For 2 € R?, we set

A(z) = (o(2), [0, b](z)) (2.2)
and, for any R > 0,
Ap(z) = (Rl/%(x), R3?g, b](x)) (2.3)

2.2 Density estimate

In the first part of the paper we prove an estimate for the density of the solution of (ZI]).
We consider the following assumptions on the coefficients:

A1 The “first order” weak Hormander condition holds at the initial point of the diffusion:

Ae(A(zo)) >0
A2 o,b € C°(R?) and there exists a constant p > 0 such that, Yz € R?:

S [980(@)] +[5b()] < p

1<|a|<5

A3 There exist a neighborhood V' C R? of zy and a differentiable scalar function r, :
V' — R such that for all z € V

0,0(x) = Ky (x)o (). (2.4)

We suppose that |4 <1 |07 ko (20)| < p. If o(z) = (01(2),0), the Asian option
stochastic differential equation, this property holds true with sk, = 0,,071.

We prove the following Gaussian bound:



Theorem Suppose A1, A2, A3 hold. Let (Xi)cpo,1] be the solution of ), and for
t € [0,7T], let py(xo,y) be the density of Xy at y. Then there exist constants L,C,6* such
that, for anyr >0, if 0 < § < §* exp (—Lr?), setting &9 = xo+ b(x0)d, for |y — 20| ay(z0) S 7

1 R C . R
052 €xp (—C\y - 900!316(10)> < ps(wo,y) < 52 exp (—C l\y - 360\?45(1«0)) (2.5)

This estimate is local around the point £y = xg + 0b(zg). Since we assume the weak
Hoérmander condition only at xg, it is not possible to obtain global lower bounds. Indeed
the “local” weak Hérmander condition ensures the existence of the density ([25]), but not
its positivity. See Example for more details on this aspect.

2.3 Tube estimate
We suppose o, b € C°(R?). For 2 € R? define

5
n(x) =3 Y |02b()| + |00 ()],
k=0 |a|=k

and set A(z) = A\(A(z)). We take now a control ¢ € L?[0,7], and the associated skeleton
path solution of

t t
x(¢) = xo +/ a(ws((b))(bsds—i—/ b(xs(¢))ds. (2.6)
0 0
We denote by L(u, h) the class of non-negative functions which have the property
ft) <uf(s) for|t—s| <h. (2.7)

These functions have been used in [7], in the choice of an“elliptic evolution sequence”, and
in [6]. They allow us to control the variation of the quantities we are concerned with, along
the skeleton path. In section [ when considering the tube estimate, we assume that:

H1 There exists a function . : [0,7] — (0, 1] such that
AMy) >N, Vy—xz(o)| <1, Vtel0,T].
H2 There exists a function n. : [0,7] — [1,00) such that
n(y) <ni, Yy —wi(9)| <1, VEe[0,T].
H3 There exists a differentiable scalar function k, : RZ — R s. t.
950 (y) = ro(y)o(y), Vly—mz(e) <1, Vte[0,T]

We suppose also that |k, (y)| < n(y), |Ves(y)| < n(y).

H4 We suppose |¢.|%, A\, n., R. € L(u, h), for some h > 0, > 1.



Notice that the above hypothesis do not involve global controls of our bounds on R?: they
concern the behavior of the coefficients only along the tube, and may vary with ¢ € [0, 7.
We stress that also R., the radius of the tube, may vary with ¢, but that H4 implies that
inf;cjo, 71 Rt > 0. This means that we cannot “squeeze” the tube to 0 at any time.

For K,q, K.,q. >0, for 0 <t <T, we denote

q
K
H=K|—
t <)\t>,

qx t+6
RZF(@ = €xp <_K* (M)\—th> ,U'2q*> (h N Ogi%lih {5//15 ‘¢5‘2d8}> .

Theorem B3l Let X; be given by 1), x(¢) by (Z8), and suppose H1, H2, H3, H4.
There exist positive constants K,q, K., q. such that, for Hy and Rf(¢) as above, if Ry <
Ri(¢) for0<t<T,

T 1
exXp (—/ Ht (ﬁ —+ ‘¢t’2> dt) S P <Sllp ’Xt — mt((b)‘ARt(%&((b)) S 1)
0 t t<T

T 1
< exp <—/0 et <E + \@!2) dt) .

In general, even if R. does not satisfy Ry < Rf(¢) for 0 <t < T, the lower bound holds in
the form

T 1 1
e — H [ -4+ — + 2dt>>§[[” sup | Xy — " <1l].
xp( /0 t(h z, (oA thT)’ t — 2t(D)| Ag, (2:(6))

Remark 2.1. Notice that estimate (28] holds for the controls ¢ which belong to the class
L(p, h), and p is involved in the definition of Hy. In this sense, H; depends on the “growth

property” (2.7) of ¢.

Both these theorems can also be stated in a variant of the Carathéodory distance which
looks appropriate to our framework. Here we just briefly give the definition, for more details
see Appendix 62 For ¢ = (¢}, ¢2) € L%((0,1),R?), set

1
1 1 3
16125 = /0 161 2ds + ( /0 |¢z|2ds)

and define the class of controls

(2.8)

Calz,y) = {p € L*((0,1),R?) : dvs = A(vs)sds, © = vo, y = v}

(recall A= (o,[0,b])). We set dc(z,y) = inf{||¢]1,3: ¢ € Ca(x,y)}. Just remark that ||¢|; 3
accounts of the different speed in the [o,b] direction. We define also the following quasi-
distance on Q = {x € R? : \,(A(z)) > 0}. For x,y € Q,

d(z,y) < VR & |z — Ylap@) < 1.

In Appendix we prove that d and d. are equivalent quasi-distances, and that Theorem
(.11 also holds in the following form:



Corollary 2.2. Let X; be given by 1), z(¢) by Z8), and suppose H1, H2, H3, H4.
There exist constants Cp > 0 and Ry > 0 depending on o, b, i, h such that, if Ry < R, for
every t € [0,T], it holds

o (~0r [ (3410 ) <P (aXiw() < VR vie0.7])

Ry
1 [T/ )
< —— — + dt
<ew(-g; [ (7 +10d*) )

Example 2.3. As mentioned before, assuming the weak Hérmander condition only in the
initial point xy ensures the existence of the density ps(zo,y), but not its positivity. It does
not even ensure that the density is positive locally around zg. In [I§], a multidimensional
system under a weak Hormander condition is studied, and a global lower bound for the
density is provided, but the coefficients are hypoelliptic uniformly on the whole space where
the diffusion propagates.

The fact that we have lower bounds for the density supposing only A1 might appear
contradictory. In fact, our estimates are local around Z(, the translated initial condition,
and there is no contradiction, as we see in the following classical example (see for instance
(3.2.6) in [I7]). Take

2.4 Examples and comments

t
X =1+W,,  X?= / bo(X1ds,
0
where B
ba(€) = E%1je1<1y + D(E)1fjej>1y

and b is chosen non-negative and such that A2 is satisfied. Weak Hérmander holds at
1

Xo=1x0= < (1) ) , but for any y = < Zy/2 > with y? < 0, ps(zo,y) = 0, V6 > 0. We have

w=( o) He=( )= (V) o= (50)=(3)

In fact, for any fixed r > 0, the set {y : [y — 0| 45(z0) < '}, on which Theorem [L.3] holds, is
included in R x RT, the support of X;. Indeed y satisfies

) 1
ly — 20l a;(z0) = \/51(y1 1P 02 -8 s

For 42 < 0,

1 1
[y — 2ol ag(ze) ST = 55*1/2 <r=94> 2 > §* exp(—2Lr?)

if * < 1 and this is in contrast with condition § < §* exp(—Lr?) of Theorem

Example 2.4. Looking at the geometric condition d,0(x) = ko(x)o(x) (see A3 and H3)
on the coefficients, it is easy to see that it holds if ¢ = (01,0). We give here some other
simple examples of diffusion coefficient o satisfying this condition, but with o9 # 0:



e If 0 = (01,02), with 09 = Co; for some constant C, we have that the condition is
satisfied with k, = 0,01 + 0z,02. Remark that with C' = 0 we recover the Asian
option SDE.

e If for «, 3, constants,

aza + 7y

(21, 22) = (

the condition is satisfied with k, = a.

Ole—i-,@)

e If for «, C constants,

o (1, 22) = c( ((”“/””)221 )

r1/19
the condition is satisfied with x, = 0.

These examples show that our estimates are applicable to systems where the regimes of
propagation are not completely separated, meaning that the one-dimensional Brownian Mo-
tion W can act on both the components of X (improving in this sense the results in [7] and
[18]). On the other hand, the condition required on d,0 has in some sense the same role of
“separating” the different speeds of propagation. Indeed, we need this assumption to deal
with a term of order ¢, which is hard to handle because of its fast speed of propagation, in
comparison with the speed #3/2 associated to [o, b].

For this reason, a multidimensional extension of these results looks quite hard to obtain,
especially if we want to consider systems where W is multi-dimensional. This would produce
terms of order ¢, associated to the brackets [0, 07/]. To handle these terms we could imagine
a generalization of the condition on 0,0, but we believe that this is not an easy task. On the
other hand, similar results on a multidimensional system, but of strong Hormander type,
are the subject of the recent work with Bally and Caramellino ([4, []), and the techniques
used in this paper are also applicable to the system studied in [I8] (cf. [33]).

Example 2.5. Consider the geometric Asian option with time horizon 7" on the Black &
Scholes model ([19]). This can be expressed as

Xl
dX} = g o dW; +rdt = adW; + rdt; X} =€, dX}? = ?tdt; X2 =o.

In this case, for R > 0 fixed constant,

RY2 0 N 1/= o0
A ) = ° ——( rP7
w () < 0 %R?’/z ) g < Rgm )

does not depend on z. We take as control ¢y = 0 so x4(¢) = (§ +rt, M) We have

1 /|1 XE—=(E+rt)|2 T2 X2 — (&t +rt2/2)/T|?
rXt—mtw)rAR(mt(@):;\/' L= (€ rof | THXE- (4 r/2)/T)

_ Ll o [ Wds|?
o R R3 ’



and (28] gives

2 t 2
e~ T/R < p [ sup | Wi n | Jo Wads| 1| <R
t<T R R3

Example 2.6. Consider a system given by the Black & Scholes model for the price of an
asset, and an (arithmetic average) Asian option on that asset with time horizon T' (see for
instance [39], 14} 19]). This is a model of real interest in mathematical finance. The associated
SDE is

Xl
dX} = X} (o 0 dW; +rdt); X} =€ >0, dX? = Ttdt; X2 =0,

and X} = £e?WtH7t The stochastic integral is in Stratonovich form so to recover the classical
formulation r — r + 02 /2. In this case, for R > 0 fixed constant,

iy (o RY2 0 N1 (s 0
r ()= 0 ozl R/ o\ 0 L

Remark that this matrix is invertible for #! # 0. Since we are working under local non-
degeneracy assumptions, our tube estimates hold for any initial condition £ > 0, provided
that R > 0 is small enough, since this implies the positivity of the first component of
the skeleton path at any time ¢ > 0. On the other hand, results requiring “global” non
degeneracy, such as the density estimates in [I8], do not hold for this model. We take as

control ¢ = 0 so x(¢) = & (e”t, % Otersds). We have

| \/ X} gt | THXP = § [y erdst

[ Xt = 2(D) | Ap(2i(0)) = oert R "

1 é‘Q’ert(eaWt _ 1)‘2 N 52‘ fg erstoWsdgs — fOt €r8d8’2
oert R R3
_ 1)

! lert (eoWe 2 N ’fot ers(e?Ws — 1)ds|?
et R R3

and (28] gives

oWe _ 112 tor(s—t) Ws _ 2
e—ClT/R < P (Sup { ’6 t 1‘ + |f0 el'\s (60' 1)d5| } < 1) < e—CQT/R.

t<T RO'2 R3 O’2

3 Malliavin calculus and density estimates

3.1 Notations

Our main reference for this section is [31]. We consider a probability space (2, F,P) and a
Brownian motion W = (W}, ..., W);>0. We denote by D*? the space of the random variables
which are k times differentiable in the Malliavin sense in LP, and DF> = ﬂ;il D*P. For a



multi-index o = (a1, . .., ) we denote by D F' the Malliavin derivative of F' corresponding
to the multi-index a.
DFP is the closure of the space of the simple functionals with respect to the Malliavin

Sobolev norm
k

. 1
IFllep = [EIF[P + > E[DYFIP)»
j=1
where
1/2
DU FR| = / D F|*dsy...ds;
’ ’ Z [O,T]J" 8154585 ’ 1 J

lau|=3

For the special case j = 1, we use the standard notation

d
|DF| = DY F| = (Z /
m=1 [

1/2
|DTF|%ds | .
0,7

Hereafter, for j € N\ {0}, we write DU) for the “derivative of order j” and D7 for the
“derivative with respect to W37,

As usual, we also denote by L the Ornstein-Uhlenbeck operator, i.e. L = —§ o D, where
¢ is the adjoint operator of D.

For a random vector F' = (F1, ..., F},) in the domain of D, we define its Malliavin covari-
ance matriz as follows:

vy = (DF;, DF})y = Z/ DFF; x DFFjds.
k=170

We say that F'is non-degenerate if its Malliavin covariance matrix is invertible and
E(|detvp|™?) <00, VpeNlN. (3.1)

We denote by 4 the inverse of ~vp.

3.2 Localization

The following notion of localization is introduced in [2]. Consider a random variable U € [0, 1]
and denote
dPy = UdP.

Py is a non-negative measure (not a probability measure, in general). We also set Ey; the
expectation (integral) w.r.t. Py, and denote

1]l = Eu(IFP) = E(|F[PU)
k
1FIE 0 = IFlp s+ > Ev(DDFP).
j=1
We assume that U € D?* and for every p > 1
my (p) := 1+ (Ey|DInUP)'? + (Ey|DP m UP)/P < .

10



(notice that our definition of my is slightly different from the definition in [2]: we are taking
p-norms instead of moments, and we also consider D?, whereas in [2] only the first order
derivative D appears in my). For F = (F' ... | F") such that F! ...  F" € D?>* and
V € DY, for any localization function U we introduce the localized Malliavin weights

Hiy(F,V) Zv WLFI — (D(VAY), DFTy — VA2 (DInU, DFY)

and the vector

Hy(F,V) = (H;u(F, V))z‘:l,...n'
The following representation formula for the localized density has been proved in [1].

Theorem 3.1. Let U be a localizing r.v. such that under Py B1) holds, i.e.
Ey[|detyr|P] < 00, VpeN.

Then, under Py the law of F' is absolutely continuous and has a continuous density pru
which may be represented as

pru(z ZEU [0Qn(F — ) Hyy(F,1)] (3:2)
where Q,, denotes the Poisson kernel on R", i.e. the fundamental solution of the Laplace
operator AQ,, = dy. This is given by

Qi (z) = max(x,0); Qa(z) = Ay In|z; Qu(x) = —A x> ™, n > 2,
where A, is the area of the unit sphere in R™.

This is a localized version of the formula
ZE 0;Qn(F — 2)H;(F,1)]

where the Malliavin weights are given by
H(F,G)=GAr x LF — (D(7rG), DF)

for which we refer to [28]. We recall the following relation between localized weights, which
can be easily checked (a similar formula is proved in [2]). For any U,V localizing r.v.s,
F,G € D*»>

Hy(F,VG) =VHyy(F,Q) (3.3)

Example 3.2. The following example of localizing function is taken from [2]. Consider the
function depending on a parameter a > 0:

2
a
Ya(@) = ljzj<q + €xp (1 - m) La<ja|<2as

11



which is a smooth version of the indicator function 1y,/<41. For ©; € Db §=1...n, and
r > 0, we define the localization r. v.

n

i=1
For this choice of U, we have that for any p > 1,
1el3,
mUr(p) < Cp 1+ T (35)
and N
1=Ushp<C(1+ 1612 > P(|6] > )t (3.6)
o " i=1 -

The proof of ([3.5]) follows from inequalities

4p Cp
sup | (In ) (2) P () < — sup(tel ) < 22 < o (3.7)
x aP >0 aP
and
8P 3 2P 2p 1—t Cp
sup (i) (@) 4 (2) < g SUp(17e ™) 4 o sup(iel ) < <o (39
Indeed

U | DInU, P = Hmnz§jmmﬂ i)
=1

oS o) (Siosr)
i=1 i=1 =1

<cp(§n:| (In4,)' (©) [P (© ))|D@|p.

Here we apply ([B.7), and find

|DOJP
re

U./DInU, P < C, (3.9)

This implies (Ey, |DInU,|P)Y/P < Cp%. We also have, using ([B.7) and (3.8]),

D(Z]MWH ﬂmof

=1

‘Zln% // 2‘ +‘Zlnwr ) (2)@i‘p

(Z\ )" (©0)"4,(6:) ) DO + cp(z (n) (©:)P(64) ) DD O
=1

<ID®|2” L ®|”>

r2p rP

U DP U, P =[] (©
i=1

S%H%(

IN

Cp
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and so

r

2
@@AD@HHUHQUpSCb<<H@MW> +H9hm>_
T
This proves ([B.5) Moreover, since DsU, =0 on (,{|©;| < r} = (Uz{‘ez’ > T})c7
Ds(l — Ur) - _1{U1{|@z‘27“}}DSUr
and from Holder inequality
E’Ds(l - Ur)’p < (El{Uiﬂ@i\Zr}})l/Q(E‘DsUer)lm

We control the first factor with the tail estimate
n
(Bl o= < CD P10 = r)'/2,
i=1

and we also have
|D U < U,|DInU,|?,

and from (39)
@ n
©10,(1 Uy < ¢, 102 5 ey = i
i=1

Moreover

El—Uff <PA-U, >0) <P(|6;] >r,Ji=1,...n) <> P(|6;] > 1),
=1

so ([B.6)) is proved.

3.3 The distance between two local densities

We discuss some techniques, based on Malliavin calculus, for estimating the density of a
random variable. These ideas are based on the recent work of Bally and Caramellino ([2],

[31)-

In what follows for a given matrix A we consider its Frobenius norm, given as
1AlF = [> 1421 = /Tr(ATA).
i7j

We will employ the fact that the Frobenius norm is sub-multiplicative. Take a square d X d
matrix -, symmetric and positive definite. Recall that we denote by A*(v) and A.(vy) the
largest and the smallest singular values of -y, which in this case coincide with the largest and
smallest eigenvalues. From the equivalence between Frobenius and spectral norm we have

) < Illee < VAN ().
Denoting 4 = 71, it holds A*(%) = 1/A.(¥). So

1 X Vd
Mwswmng.
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For two time dependent matrices Ay, By, we have the following “Cauchy-Schwartz” inequal-

ity:
|| / ABuds|3, < / | Au3ds / |Bal3, ds.

In particular, if By = v, is a vector,

| / Agvds] < / | Aul[3ds / v, 2ds.

We fix some notation. Let W be a Brownian Motion in R%. For two random variables
F=(F,...F,),G=(Gy,...Gy,) in D*>*® and a localizing r. v. U, we denote

Tru(p) = 1+ By (ye) ?)”

_o\ 1
Traup) =1+ sup (Evh(yoie(r-c))?) v
0<e<1

nraup) =1+ [|Flspu + [1Gllspu + I LEF v + [ LG1pu

Ao(F,G) = |D(F = G)| + |DPN(F - G)| + |L(F - G)]
We also write ng(p) for ngou(p). Moreover, in all the above notations, when U = 1, i.e.
the localization is “trivial”, we omit it in the notation. Remark that notations ngy and
nr,q, although similar, denote different things. Since we are differentiating with respect to

a Brownian Motion, as a direct consequence of Meyer’s inequality (see for instance [31]), we
have

neauP) <1+ C([|Flzp +[Gllsp)

for every F,G,U.
We now give the main result of this section, comparing the densities of the laws of two
random variables under Py.

Theorem 3.3. Let U be a localizing r.v. with my(32n) < co. Let F = (Fy,...,F,), G =
(G1,...,Gy) € D332, Suppose ' 7(p) < o0 and T'py(p) < oo for any p > 1. Then there
exists a constant Cy such that

pe,u(y) — Cil|A2(F, G)[s2nu < pru(y) < pr(y)
If, in addition, Tp(32n) < oo, there exists a constant Co such that
pr(y) < pau(y) + Col|A2(F, G)llsznu + 11 = Ull1,14n)
Remark 3.4. We can take
Cy = C [mu(32n)T . (32n)npu (320)] 27
Cy = C [my (32n)T ¢ (32n)npc(32n)] 2"
where C'is a constant depending only on the dimension n.

The lower bound for ppr is a version of Proposition 2.5. in [2], where here we have
specified as possible choice for the exponent p = 32n. Moreover, we find here that in my
and ng gy we need to consider one more order of derivatives with respect to [2]. Similar
estimates can be found also in [3].

Before proceeding with the proof we need some preliminary results. We start with an
estimate for the localized Malliavin weights and for the difference of weights:

14



Lemma 3.5. Let U be a localizing r.v, V € DY F = (Fy,...,F,) € D%*®. Suppose
I'ru(q) < oo forany g > 1. For fitedp > 1, p; > 1,i=1,...,4, with%: p%—l—é—l—p%—i—p%,
there exists a constant C' depending only on p and the dimension n such that

1Hy (F V) lpv < ClIVIpimu (p2)T ru (ps)*ney (pa)’ (3.10)
Moreover if L =L 4 L+ 3 4 B gpg v e D2,
[Hy (F, V) l1p.0 < CIV l2pemu (p2)T e (p3)* e (ps)®, (3.11)

Let now G = (Gq,...,Gy) € D¥®. If Tpau(q) < oo for any q¢ > 1, for fized p; > 1,1 =
1,...,5 wz’th%:pil%—p%—l—p%—{—pi—l—i it also holds

4 ps’

|Hy (F.V) = Hu(G, V)|, iy < ClIV [l pymu (p2)T rev(p3)*nreu(pa) | A2(F, G)|lps v-
(3.12)

Proof. Consider the weight:
Hy(F,V)=V[r x LF — (Dp, DF)] — (4 (DV + VDInU), DF) (3.13)

Recall that D®*) means “derivative of order k” and D* means “derivative with respect to
Wk We first consider Dy and have the following estimate:

d
> [ 1Dkl ds
=1

2

d d ¢

- Z/ (Z/ D.DyF; x DiFy + DLF; % DlsDﬁFjdu> ds
= = ’ .3 Fr

< 4| DX F|?|DF|?

We now consider Dyp. From the chain rule and the derivative of the inversion of matrices,
D*yp = —4r(D"yp)Ap. (3.14)
So, applying also the previous estimate

d d
>~ [1D5lds < w3 [ 1Dvelds < alfelh DFPD® FP
k=1 k=1
From (B.I3]) we see that
A d e 1/2
1y (E V)] < VI (1ele 281+ (X [10%5l,ds) " IDF
k=1
T 1Bellee (IDV] + VI U)) | DF
d 1
. ko 112 /2
< C(VI+ 1DV + [DWUNDF| + |LF) (el + (Y [ 10%613,ds) ")
k=1
< C(V|+ DVI)(1 + DU+ |DF| + [DOF| + [LE(1 + |4l pr)?

15



Now
[1Hy (F, V) |lpr < ClIV[[1pymu (p2)T i (ps)nro (pa),

1 _ 1 1 2 3 . . . . .. e
for 5= T Tt follows easily applying Holder and Minkowski inequalities for L,
norms.

The estimate of || Hy (F, V)1 v follows using very similar techniques. The part giving

the “main” contribution is D®4p, for which, iterating (314, it is not difficult to see
|D@4p| < C(IDF| + -+ + | DO FN* |7,

This term is also multiplied by |DF|, so we have the estimate of the term giving the main
contribution. We leave out the similar estimate of the other terms.

When considering the difference ||Hy (F,V) — Hy(G,V)||p,u, we use similar arguments
and the following property of norms: |ab — cd| < |a — ¢||b| + |¢||b — d|. As before the main
contribution comes from D(4p — 4¢), so we consider this and leave out the estimates of the
other terms. We remark that

r — ¢ = (V¢ —F)iG
and differentiate this product, finding

ID(F —4¢)| < C+ |3Fllee V 1AcllFr)?
(1+ |Dvr| V |Dyel) (Ive — vl + |D(vr — 7a)))

where , )
1+ |Dyp| V|Dyel < C (1 +> [DYF|v ID“’GI>
i=1
We have
lvF —ya| < CID(F = G)[|D(F + G)
and

DOr =16)| < C (IDF = @) + [DO(F = @)) (ID(F +6)| + [DP(F +6))

Multiplying with |DF|, and applying Holder inequality, we prove the statement. O

Lemma 3.6. Let U be a localizing r.v., F = (Fy,...,F,),G = (Gy,...,G,) € D>, If
I'reu(q) < oo for any g > 1, there exists a constant C' depending only on the dimension n
such that

pru (W) — peu ()| < C Imy(320)Tra.u (32n)ne6.0(32n)] 2% || Ax(F, G)||s2n.u

Proof. We write the densities using (3.2)):
pru(y) = pau(y) = Euv((VQn(F —y), Hu(F,1)) = (VQnu(G —y), Hu (G, 1))
= Eu(VQn(F —y), Hy(G,1) — Hy(F,1))
(

+ EU<VQn G- y) - in(F - y)aHU(G7 1)>
—T+J

16



We recall the following inequality proved in [I]. For p > n, with p’ = p/(p — 1),
/ ’ n—1
(Eu|VQu(F = y)l" )7 < Cpu(Bu|Hu (F, 1)P)P o=

In particular, for p = 2n (fixed from now on), applying B.I0) with &k = 0,p; = ps = p3 =
pg = Tp = l4n,

(Ey|VOn(F — y)|2n/(2n*1))(2n*1)/(2n)
< C(Ey|Hy(F,1)[*")*=) (3.15)
< C [mo(14n)T gy (14n) 0 (140)3] 070
We use now Lemma B3] to estimate I and J. From Hoélder inequality
I =Ey|(VQu(F —y), Hy(G,1) — Hy(F,1))|
<VQu(F = y)ll_2n_yllHu(G,1) = Hy(F,1)|2n,0

and we have just provided the estimate for the first factor. For the second we apply (B.12])
with p1 = p2 = p3 = ps = ps = 20n

|Hy (F,1) — Hy(G,1)||2n,0
< Cmy(20n)Tp6,0(20n)°np.6u (200) | A2 (F, G) 2000,
We now study J. For A € [0,1] we denote F\ = G + A(F — G). With a Taylor expansion,
applying Hélder inequality, integrating again by parts and denoting Vj, = H; (G, 1)(F —
G)g.

Eg(VQn(F —y) — VQnu(G —y), Hy(G, 1))

d 1
= > /0 B (0r0; Qn(Fx — y)Hju (G, 1)(F — G)r)dA

k,j=1

d 1
_ Z /0 Ey (0 Qn(F\ — y)Hy,u(Fx, Hjp(G,1)(F — G)i))dA
b1

d 1
=Y / Ey (0 Qn(Fx — y)Hi,u(Fx, Vik))dA
k,j=1"0

Now, applying first (B.10) and then (B.I1]), with some computations in the same fashion as
before, it is possible to show

[(Hy,o (Fx, Vigk))j=1,...nll2n,0
< Omy(32n)°Treu(32n)°nrcu(32n)° | F — Gllis2nu-

From (B.I5]) and Hoélder as before,

4 2
17| < C [mu(32n)Tre,u(32n)*npau(32n)’]™ ||F — Gll1smo-

The statement follows. O
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Lemma 3.7. Let U be a localizing r.v., F = (Fy,...,F,),G = (G1,...,G,) € D>, If
I'ru(q) < oo, T'gulq) < oo for any g > 1, there exists a constant C depending only on the
dimension n such that

lpru(y) — pa,u(y)]
<Cimy32n)Try Vv FG7U)(32n)nF7G,U(32n)]24n2 | A2 (F, Q) ||32n,U

Proof. We denote in this proof M = ¢ (yr, — 7a), and define, as in ([3.4)),

V=TI viee (M. (3.16)

1<i,j<n

We have from Lemma B.6l that if I'r ¢ v/ (¢) is finite for ¢ > 0

lpruv(y) — peuv(y)l

2 (3.17)
< Clmyy (32n)T rauv (32n)npauv (32n)]2" | As(F, G)|ls2m,0v
Remark
ﬁ/G - ’?F)\ = ’AVG(’VFA - r}/G)ﬁ/F)\?
SO
197, — Ycllrr < [Fa(vr, — Y6 lpe | VE | Fr
On V' # 0 we have [|[Y¢(vr, —va)||Fr < 1/2, because of definition ([B.I8]), so
197, lPr < 2[5c ] Fr

and therefore

FF,G,UV(?)Qn) < QFG,UV(?)Qn) < QFG,U(32TL). (3.18)

Now, using (3.3) with G =1,

prua-v)(y) =Eua-w)[VQF —y), Hya_v)(F,1)]
=Ey[VQ(F —y),(1 = V)Hyq_v)(F,1)]
- EU[VQ(F - y)7HU(F7 1- V)]

which implies, using as before (B10) and (BI3)

Pru-v)(¥) = Eya—v(VQa(F —y), Hy(F,1 = V))
< C [my(14n)Tpy (14n)np (140)3] " | Hy (F,1 = V) |lanw

8n(n—1)+1
S C [mU(24n)FF,U(24n)2nF7U(24n)3] ( )+ Hl — VHlAn,U

and, using (3.6]),
11 = Vi1anu < Cllie(vr, — ve)ll1an,u

Now, we first apply Holder inequality and then

Ve — 6l < CID(Fx = G)|[D(Fy + G)|

18



and
DO, =16)| < € (1D = @) + DO (Fy = @) (IDEs+ G| + DD (F + G

We find
11 = Vl14n,v < CTgu(12n)npgu(12n)||F — Gll2120,0

SO
8n?
prua-v)() < C [my(24n)(Cru V Daw)(24n)*nrcu(24n)’]™ (| Aa(F, G) 3200
We conclude writing
lprv () — pe,uvW)| = lpruv(y) + Prua—v)(¥) — Pe.uv(y) — paua-v)(Y)]
< |pruv(y) — peuv¥)| +prua-v)(y) + Paua-v)(y)

and the statement follows easily. O
Proof. (of Theorem[3.3). Let V as in the last proof. We can write

pru(y) = pruv(y) = peuv(y) — Ipruv(Y) — peuv(y)]
=pcu(y) —pauva-vy(¥) — lpruv(y) — peov(y)l-

From BI0) and BI5) as before

8n?
peua-vy(y) < C [my(14n)Leu(14n)npco(14n)® ] |A2(F, G)|ls2n,u -

Using also ([B17)) and (BI8]) we obtain the desired lower bound for pp.
For the upper bound we apply Proposition localizing on 1 — U. We have

pri-v(z) =Eq_p) [VQu(F — 2)Ha 1) (F,1)] = E [VQu(F — 2)Hq vy(F,1) (1 - U)]
From B3), H(F,1-U) = (1-U)H_y)(F,1), so
pra-—v(z) = E[VQu(F —z)H(F,1 - U)]
Now we apply Holder and find
pri-v(2) = [VQu(F = z)[|_2n [|H(F, 1 —U)ll2n
We use (B8], with U = 1, to deal with the gradient of the Poisson kernel:
(E|V Qu(F — y)[2n/Cn=1)@n=0/C) < 0(T p(14n)?npe(14n)%) "7V
Now consider the non-localized version of (3.10):
IH(F, V)l < ClIV 11427 # (140) npe(140)°
and take V' =1 — U. We obtain

4n?

pri—u < C||1 = Ull1,1an [Tr(14n)?np(14n)?) (3.19)

We apply now the lower bound result to pg 17, interchanging the roles of F' and G, and find

pEu(Y) < pau(y) + [mu(320)T k(320 nk6(320) 27 | As(F, G)||320,07-

Putting together this inequality and (8.19]), we have the upper bound. O
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3.4 Density estimates via local inversion

We recall some results from [4]. We see how to use the local inversion theorem to transfer a
known estimate for a Gaussian random variable to its image via a function n such that

n € C3R™R"), 0(0) =0, \(V(0)) <

N | =

Define, for h > 0,
¢(n,h) = sup max |Gin (z)|
|z|<2h B
and
co(n) = max sup [95n(z)|, c3(n) = max sup |9m(x)],
Z7j—1,..,n‘x‘§1 z,j,kzl,..,n‘x‘gl
Let now © be a n-dimensional centered Gaussian variable with covariance matrix ), non-
degenerate. Denote by A and A the lower and the upper eigenvalues of (). Suppose to have
r > 0 such that

1 /A 1
c(n, 167) < %\/%, r<h,= 162 () + Vool (3.20)
We take a localizing function as in B4): U, = [[;_, ¥»(0;). We also define ®(0) = 6 +n(6).
Lemma 3.8. The density pa,u, of
G:=9(0©)=0+17(0)

under Py, has the following bounds on B(0,r):

; g| |2 < ( )< L L| |2
Cdet @iz P\ TR 1F ) s Peu =)= qiraie P\ TR

This result is proved in [4] under a slightly stronger constraint on r, but going trough
the proof it is easy to see that what we suppose here is enough. For details see [33]. The
proof is quite standard and follows from the local inversion theorem (see [35] for a standard
version of this theorem).

4 Density estimates of the diffusion process

In this section we prove lower and upper bounds for the density of Xj.

4.1 Development

In this section, in order to lighten the notation, we do not mention the dependence of the
parameters on the initial condition (so, for example, we write A instead of A(z¢), and so
on). We need to introduce some notation. Consider a small time ¢ € (0, 1]. We define

e The translated initial condition

To = x0 + b(x0)5.
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The matrices A and As as

A = (04 60y0,0,b))

and

As = (51/2(0 + 68y0), %20, b]) .

Recall ([22]), [23]), and remark that A1 implies that these matrices are always invert-
ible if ¢ is small enough.

o — @1 . 571/2W5
S\ 6y )\ 582 f06(6 —s8)dWs |

The polynomial of degree 3 and direction o(x¢) (recall k., defined in (2.4))):

Ko (z ko + K2) (2
n(u) = < (2 0)u2 + (@ +6 o) 0)u3> o(zo). (4.1)

The Gaussian r.v.

The principal term
G =0 +1;(0) (4.2)

where 75(0) = A5 'n(6Y/20).

The remainder Rj:
6 ps
Ry — / / (0y0(Xa) — Byo(x0)) du o AW,
o Jo
6 s
4 / / (05b(Xa) — Dob(wo)) 0 dWods
o Jo
6 ps
+ / / b(X ) duds (4.3)
o Jo
6 s ru
+ / / / (050,0(Xy) — 8y0s0(20)) 0 AW, 0 W, o AWV,
o Jo Jo

6 rs ru
+ / / / O0y0(X,) o dv o dW,, o dW.
o Jo Jo

Notice that Rs ~ O(62). We also denote Ry := AglR(g.

We now prove that the following decomposition holds:

Xs =29+ Ag(G + R(g) (4.4)

This is a main tool in our approach. Indeed, we find Gaussian bounds for the density of
the variable F' := flé_l(X(; —29) =G+ Rg in the Euclidean metric of R2. The fact that in
Theorem [L.5] the bounds for the diffusion are in the As(zp)-norm follows from the change of
variable suggested by (£4)).

Let us prove ([@4]). We write the stochastic Taylor development of X; with a remainder

of order t2:

Xt =z + b(xo)t + U + Ry,
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where

t
Up = o(xg) Wi + g0 (x0) / Wy o dW,
0
t S
+ 0,050 (x0) / / W, o dW,, o dW,
0 Jo

t t
+ Bba(aco)/ sdWs + 0yb(z0) / Wds
0 0

t t
/ Wsds:/ (t — s)dWs
0 0
t

t
/ sdW, = —/ (t — s)dWs + tW;
0 0

Now we write

Therefore

Ut = (0'(1'0) + tabd(m'o))wt + (306(1'0) - 8{,0’(.%’0)) /Ot(t — S)dWS

2 3
+ 800'(560)% + 80800(3:0)%

So we have the following decomposition of X;:
t
X, = 20 + b(zo)t + (0(20) + 10y (w0))Ws + [0, B] () / (= $)AW, +n(Wy) + R (4.5)
0

where xg is the initial condition. Remark that A3 implies that both the coefficients of n
have the same direction as o(zg):

) 0o0(w) p | DaDa0(wo) 5 (mg(xo)ug G mi)(xo)u?,) o (o).

n(u 2 U 6 9 6

4.2 Preliminary estimates

We introduce the following class of constants:

C:{C>O:C:K<m>q,3[(,qzl} (4.6)

We stress that the constants defined above depend on the parameters of the diffusion through
the ratio p/A«(A(zg)) (cf. A1, A2), but K, ¢ do not depend on o,b. We will also denote by
1/C={6>0:1/0 € C}.

We keep using the notations of the previous development.

Lemma 4.1. There exist L1, Lo, K1, Ko positive constants not depending on the parameters,
0* € 1/C such that: for any fired r > 0 and 0 such that § < 6" exp (—2L1r2), let G =
©+175(©) be the r.v. defined in [A2); let U, be the localizing r.v. defined in [B4), and pa v,
the local density of G; then the following estimate holds for |z| < r:

Ky exp (—L1|z|2) <pau,(z) < Kyexp (—L2|z|2) . (4.7
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Proof. In what follows, C' € C, and may vary from line to line (meaning that K, ¢ may vary
in ([A6])). We start by computing the derivatives of #:

Ko Oykg + /{?7
n(y) = (7212 + T?f‘) o

Opkiy + K2
' (y) = (nay + %f) o

0"(y) = (ko + (Osko + K2)y)o
1" (y) = Ok + K2)0.

By the definition of flgl,
Therefore
ASlo = 67Y2(1, 0)F — A7L500.

By (6.2) and (64) (see the appendix) we have |A; 00,0 < C~/2, so that [A5'o| < Co1/2.
We stress that this upper bound is 6=1/2 in contrast with 6=3/2 in [62), because As works
in the specific direction 0. Now we can estimate the norms of 75 and its derivatives. Since
they are collinear with o, we have

75 (w)| = | A5 (6" Puy)| < C(Jua 6" + [ua [6)
10y 715 (u)| = [A5 1620/ (61 2un)| < C(|ua[6"% + Jua |*6)
102,715 (u)| = [A5 " (6" %un)| < C(6Y% + |ua]6)
|0, 715 (w)| = \A L3 (61 2uy)| < C6
’8u2n5(u)’ =

So, referring to the notation of Section B.4], we have

c+(fls,h) = sup max amg(u)\ < Chs'?

|lu|<2h %I

ca(ifs) = max sup |97 ;s (u)| < C6'/ (4.8)
b jul<1

cs(ils) = max sup |9 45 (u)| < C3.
bk u<1

We first want to apply Lemma B8 to G = © +1)5(0). Here n = 2, and the covariance matrix

of © is
(112
=12 13 )
It has 2 positive eigenvalues, 0 < A\; < Ao, and det(yo) = 1/12. We are supposing here

0 < d*exp (—2L1r2) < §*/r?. Since

1 1 ,
64(ca(iy) + v/ea(io)) ~ Cn/a — Ono

hﬁ& =
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and

e (75, 167) < CorV/s < CoV/o,
choosing §* < %i—; L the conditions [F20) are satisfied:

703
1 /X
cu(5,167) < =4 /=5, 7 < hy, (4.9)
1V

So there exist Ly, Ly, K1, K5 universal constants, such that for |z| <r,

K exp (—L1|z|2) <pgu,(z) < Kyexp (—L2|z|2) .

The following lemma is a slight modification of Lemma 2.3.1. in [31].

Lemma 4.2. Let v be a symmetric non-negative definite n x n matriz. We assume that, for
fixedp > 2, E [H’y”’}tl} < 00, and that 3eg > 0 s.t. for e < e,

sup P[(y¢,€) <] <"
l§1=1
Then there exist a constant C' depending only on the dimension n such that
E ()] < CE [l 5™
We consider now
F=A;Y (X5 — 3o). (4.10)

We will use the general estimates of section Bl We denote by D the Malliavin derivative
with respect to W, the Brownian motion driving (2.1]). We first prove that the moments of
M (") = A(yr) ™! are bounded, and these bounds do not depend on 6. This result looks
interesting by itself, since it means that we are able to account precisely of the scaling of the
diffusion in the two main directions o and [o, b]. In this particular case this is a refinement of
the classical result on the bounds of the Malliavin covariance under the (weak) Hérmander

condition (cf. [31], [26], [30]).

Lemma 4.3. Let F = 14_16_1(X5 — Zg). For any p > 1, there exists C' € C such that for any
§ <1, Tr(p) < eC.

Proof. Following [31] we define the tangent flow of X as the derivative with respect to the
initial condition of X, Y; := 0,X;. We also denote its inverse Z; = Yfl. They satisfy the
following stochastic differential equations

t t
Y, = Id +/ Vo(X,)Ys o dW, +/ Vb(X,)Ysds
0 0
t t
7y = Id—/ ZVo(X,) 0 dW, —/ Z,Vb(X,)ds
0 0

The Malliavin derivative of X is

D X; = Y}ZSO'(XS),
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SO
DyF = DAY (X5 — #0) = Ay Y5 Z50(Xs).

We define s
s = /0 A1 Z0(X)o(X)T 2T A7 ds.
Then
v = (DF,DF) = A5 'Y Asy5 AT YE AT
Remark that
Tp = AT 2 AT A Zs A,
and that in this representation we have both As and its “perturbed” version As. We have

to check the integrability of A«(y#)~' = \*(77'). Recall that A\*(-) is a norm on the set of
matrices, and that for two 2 x 2 matrices My, My, A*(MyMs) < 2X\*(M7)X\*(Ms3). We have

Ae(vp) T < AN (3 DN (A 1 Z5 As) 2,

We need to bound Anggfl(g, which we expect to be close to the identity matrix for small §,
and '76_1.

We take care first of the moments of )\*(ﬁgl). We use the following representation,
holding for general ¢, which follows applying Ito’s formula (details in [31])

1

Lo lo, <z>n} (X)ds  (4.11)

20(x) = o(e) + [ Zulo,l(xpaw + [ 2ol + 3

Taking ¢ = o the representation above reduces to

Zyo(Xy) = o(xo) —|—/O Zs|b, o](Xs)ds

= 0'(1'0) + t[b, 0'](1‘0) + Ly,

(4.12)

with L; = f(f Zs[b,0)(Xs) — Zob, o] (x0)ds. Notice that L; ~ O(t3/?). Using A2 one gets

de q de
\* ( / LSLSTds> <E / L,LTds
0 0

(e¢" comes from Gronwall inequality). We have

q
E

] < ecl(5€)4q, Yg>0, 3IC"ecC
Fr

A1 Z0(Xs) = A5 (o (x0) + s[b, o(0) + L)
1 1 1
e < —s/0 ) + 45 Ls
For constant ¢ and fixed e, we introduce the stopping time

S. = inf {s >0: A" </ LuLgdu> > 6(56)3} A6,
0
We have

"

Se Se
A" (Agl / LuLgduAgl’T> <A\ (A7) a0 ( / LuLfdu> < %0(58)3
0 0
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where C” € C. We fix ¢ = SO

1
64C"">
5 1,T 2
A* (Agl / L, L duAs™ ) < (4.13)
0 64
Now we suppose to be on the event {% > ¢}. Applying first inequality

(0 + B)o + RY'€,6) > ("6, 6) ~ (RRYE,6),

which holds for any vectors v, R, £, and then (£12]), we obtain
é
s = / A\ Z,0(X,)o (Xo) T 27 AT ds
0

Se
> /0 A Zoo (X )o (Xo) T 28 A7 ds

1[5 1 —s/8 T, 41T
> = — L
_2/0 6<—5/5 (5/5 >d5 As / L,LdsAj
We have

Se1/ 1 —s/s 1/ 1 —s/s e -2 €3

= > = > 2 > Idy —

/0 5 ( _s/5 (s)3)? )ds —/0 5 ( s/ (s/5)2 )ds S T
so, from (AI3)),

, & 2_5_3 2 o
(506.8) = 2 S2leP — el = e, viel = 1

=216
Now, remark that ¢t — \* <f0 LSLst) is increasing. For any ¢ > 0

P(S: < de) <A* ( /O i’ LTds> > cq(56)3q)

[A* ( Jy© Lo1Tds)’]
q(de)3a
C,(5€)4q - e_C,
c1(0e)3a — ¢4

(6e)? < £1/2

for § <1, for e < eg = e " with C" € C. Therefore, for any ¢, for any e < e, 6§ < 1,
P((s€,€) < €3/64) < P[S. < §¢] < 92
Now we apply Lemma We obtain
EX* (75 1) = EX(35) 77 < ©

ford <1, C eC.
We consider now Anggfl(;. Applying (A1) and A3, one can prove that

Zro(xg) = (1 — ke (x0)Wy)o(xo) + Jt,
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with J; ~ O(t). So
Z(gA(g = <\/S(1 - /ﬁlg(m'o)W(;)O'(m'o), O> + M5

where Mj is a 2 x 2 matrix with EX*(M;)? < e€§%9/2, C' € C. This estimate follows again
from A2. Since As = (620 (x),6%/%[0, b](x0))

45" (V3(1 — o w0) Wa)a (o), 0) = ( et g )

and E|1 — i, (29)Ws|? < C € C. Clearly EX* (A5 'M;)? < €@, C € C, so

EX (A5 ZsA5)1 < e, Cec.

4.3 Two-sided bound for the density of Xj

In this section we prove the short time density estimate ([2.5]). We start with the following
lemma, which is a density estimate for the “renormalized” random variable F' (see (ZI0)).
We use Theorem to recover estimates for pp from ([A7). We will need the preliminary
estimates of Section

Lemma 4.4. Recall (L0), the definition of C, and that, for fized 6 > 0, we set F' = flgl(Xg—
Zo) and pp is its density.

(1) There exist C,C*, L € C such that the following holds. We set 6* = e~ For any
fized r >0, if § < 6" exp (—L’I“Q), for |z| < r we have

1
ol exp (—C’|z|2) < pr(2)
(2) There exists 6* € 1/C; C, L € C such that: for any fized r > 0, if § < 6" exp (—er),
for|z| <r, we have
pr(z) < eexp (—=C7'z).

Proof. We apply Theorem Here n = 2, so 32n = 64.

(1) (lower bound) Let L; be the constant in Lemma A1l We first prove the lower bound

1 =
forrZ\/—L_l—.r.

We start checking that C in Remark B4 is in C. From(B.X) and r > \/%’

1913 64
my,.(64) <C |1+ 2 <CeCl.

Recall that G = © +175(0), where O is a Gaussian with covariance (and also Malliavin
covariance matrix) given by
(112
=\ 12 173 )
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This matrix has 2 positive eigenvalues, 0 < A; < Ag. Recall also that the Malliavin
derivative D is taken with respect to the Brownian motion W driving (21]). We con-
sider Ty, = 1+ (Ey, M (va) P) VP,

)
(166, €) = /0 (D.G,¢)?

d
1 -
> [ 30067 — (Dais0).%0s
= S7 + 5.
We have

5 1)
5= [ (Vis(©)10.0.6%s = [ (D.0.915(0)76%s < Xl Vis(©) Il

and Sl 2 >\1/2’ S0
1 X N
M) = M (5 = 2Vise))%, ) -
2 0\

Recall ¢, (75, h) = supjy|<g), max; ]@ﬁg(aﬂ)\, so on the event {U, # 0} we have |O] < 4r
and [|[V75(0)||rr < 2¢4(7s,167). We proved in (£9) that c. (75, 16r) < i\/i—;, so it

follows
. 1 /A
< =, /2L
Vs (©)llFr < 5 "
and therefore A\ (vg) > A1/4, which implies I'q 7, (64) < C. Recall ([£4) and @I0).
Standard computations usign A2 and Gronwall lemma give np gy, (p) < e, Cec,

so from Theorem [33] we have that 3C' € C such that for |z] <r

pr(2) = pau, () — €| Rs|leau, > K1 exp (—Li|z[*) — || Rs|loa,v, -

Recall ([@3). By using A2, one can show that ||Rs||2, < €82, with C' € C. So, from
6.10) with As instead of As,

1Rsll6a,0, = || A5 Rslloa,u, < e“6%/6%% = e“V/3,

so there exists C' € C such that pp(z) > Kj exp (—L1|2|*) — /5. We have that, for
r>r,if

5 < <K1 exp(—C_Y)zexp(—Ll?“?)>2 _ <w>2 exp(—2L172) (4.14)

the following lower bound holds for |z| < r:

K
pr(z) > 71 exp (—L1]2\2)

and this implies Lemma E4+(1) for » > 7. We take now 0 < r < 7. Remark that
- 2
exp(—2) = exp(—2L17?). We can suppose §* < <W) , SO

< (K exp<2—c - 1))2 ~ <K+<—c> >2€Xp<_2Llfz)_
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If |z| < r, then |z] <7, and we apply what we have just proved for r > 7, taking 7 as
radius. The following holds:

K
pr(z) > 71 exp (—L1|z|?).

(2) (upper bound). The proof of the upper bound follows again from Theorem 3.3l We deal
with Cy exactly as for the lower bound, with the difference that we need a bound for
r F(64) instead of I' 7, (64). This is proved in Lemma 3] As before, we first suppose
r> \/L_, where Lo is the constant in Lemma [£.J] We obtain

pr(2) < Kyexp (—Lo|2?) + eé(\/g + |1 = Ur|l1,28)

C € C. We fix L € C and take § < exp(—Lr?), and we also need to prove that
|1 — Uy|l1,28 decays as Cexp(—C~1|z|?) for |z| < r. This follows from @.6): IC € C
such that ,

11— Uplios < S P10 > 1)5C(1+1/r) < Ce™ O
i=1,2

We have the desired result for » > —1. Now, we take r < —:. If |2| < 7, then

VL2 Vi@
lz| < \ﬁ’ and we can apply the result already proved for r > \/%, taking \/% as

radius.. Then, we prove as in (1) that the result can be extended to all r > 0.

O
We are now ready to prove the main theorem in short time.

Theorem 4.5. Suppose A1, A2, A3 hold. Let (X;)cjo,1) be the solution of 1)), and for
t € 10,7, let py(xo,y) be the density of X; at y.

(1) There exist C,C*, L € C such that the following holds. We set 6* = e~ ¢". For any
fized T >0, if 0 < § < 6" exp (—L’I“Q), setting o = xo + b(20)d, for |y — Tolas(ze) < T
we have

1 N
tol7) exp <—C’y - xo‘ié(xo)) < ps(zo,y)
(2) There exists 6* € 1/C, L,C € C such that: for any fizedr > 0, if 0 < 6 < 6* exp (—Lr2),
setting To = wo + b(w0)d, for |y — To|as() < 7, we have
C
p5($0,y) 52 €Xp ( _1|y - j:0|,245(m0)) .
Proof. We write the expectation of f(Xj) for a function f with support included in B(0,r).
We get
I (X0)] = Elf (@0 + AsF)) = [ £(60+ As2hpr(2)de

With 4, r satisfying the hypothesis of LemmalL4] we can apply the previous density estimates
to pr. Then the change of variable y = &0 + As2 gives that, for |y —Zo| g (,,) <, we obtain
respectively

1 ~
(1) Craet Aoy P <—C|y - 330|,246(x0)> < ps(z0,Yy)
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eC —1 s 12
) ps(20,9) < (G gm0 P <_C ly - “Oyﬁa(mo)>

where ps(xo,y) is the density of X5 in y. These estimates and the equivalence between |- |4,
and |- |z, (see ([6.4) in the appendix) imply the thesis. O

Remark 4.6. In the proof of Lemma 4] we have used A2, the assumption of uniformly
bounded derivatives, to say that ng g, (p) < e and ||Rsll2, < €82, C € C. If we also ask
that

lo(z)| + |b(z)] < p, Vz e R (4.15)

we have that npgp, < C and |Rsll2, < C32, C € C. This holds because, supposing the
boundedness of the coefficients, we do not need anymore to use the Gronwall lemma to
estimate the moments, but a direct computation is enough. These are standard estimates.
In particular, in ([@I4]) we have 1/C instead of exp(—C). As a consequence, if we also suppose
(£13), the lower bound in Lemma [£4] and Theorem holds for §* € 1/C. In particular,
taking 7* = (L V C)~'/2 in Theorem EE5H(1) we can state that: 3r* 6* € 1/C, C € C such
that for 0 < 9%, for |y — 20| a;(ze) < 7

1
052 < ps(xo,y)

On the other hand, in the upper bound we cannot get rid of the exponential dependence in
the constant. Indeed, the estimate on I'p(64) of Lemma [£3]is involved (the estimate on the
“non-degeneracy” of the rescaled diffusion F'). This has an exponential dependence on the
parameters, even supposing (AI5]), because it involves the moments of Z;, the inverse of the
flow of X, and in this estimate we always need to use Gronwall lemma. Anyways, taking
7* = (L)~Y2 in Theorem E5H(2) we find that: 3r*,6* € 1/C, C € C such that for § < ¢*, for
ly — Zol ag(we) <77

eC

pé('%bay) S ﬁ
We put together those two inequalities in the following two-sided bound, which is the for-
mulation that will be used to prove the tube estimate:

Jr*, 6" € 1/C, C € C such that for § < 6%, for |y — Zo[a,(ze) < 7~

eC

1
52 < ps(wo,y) < 52 (4.16)

5 Tube estimates of the diffusion process

As an application of Theorem we prove the tube estimate. We suppose in this section
o, b € C°(R?) and set, for x € R?

5

n(z) =Y Y 108b(@)l + (0% (@), Ax) = A(Al)).

k=0 |a|=k
We consider the diffusion 1) on [0, 7], and the skeleton path (8]): for ¢ € L?[0,T], let
t t
xt(¢) = xo +/ o(zs(9P))psds +/ b(zs(¢p))ds, fort e [0,T].
0 0
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Recall H1, H2, H3, H4:

Ay) = A, nly) <ng, Op0(y) = koly)oly),  Viy—x(o) <1, Vtel0,T]
Moreover, defining (R;)¢c[o,7] the time-dependent radius of the tube, we suppose that
n.:[0,T] = [1,00) R.:[0,T] — (0,1]
A1 [0,7] = (0,1] 6.1+ [0,T] — (0,0)

are in € L(p, h), for some h > 0, u > 1, where L(p, h) is the class of non-negative functions
which have the property
f(t) <pf(s) for [t —s| <h.

Denote, for 0 <t < T, for K,, g, positive universal constants,

s t+6
Rz‘(¢) = exp <—K* <M)\_th> MQ%) (h A OSiI&lih {5//15 ‘¢5‘2d8}> (5.1)

Theorem 5.1. Let (X;)ejo,) be a process verifying 1)), and z(¢) the skeleton path defined
above. If H1, H2, H3, H4 are satisfied, there exist positive universal constants K,q such
that

T (un\? (1 1 9

Moreover, there exist positive universal constants K, G, Ky, . such that if R. < R*(¢)

P <Sup | X — xt(¢)’ARt (@(e) = 1)

t<T

Qqx
T 7 [ exp (—K* <“—T> >
< exp —/ K<ﬂ> ” + ol | dt
0

At Ry

Remark 5.2. Remark that for R; < R;(¢) < h exp <—K* (’&—T)q*> the statement in (2.8))
is implied by this one.

Proof. A main point in this proof is the choice a sequence of short time intervals in a way
that allows us to apply the short time density estimate. This issue is related to the choice
of a an “elliptic evolution sequence” in [7, [6]. We fix ¢ from the beginning and write x; for
x¢(¢) to have a more readable notation.

We introduce also the time-dependent version of (6]). For ¢ € [0, 7]

C={Cy>0:Cy=exp (K (ng/M\)?)),3K,q > 1} (5.2)

The constants defined above depend on o, b through the ratio ny /A locally along the skeleton
path. We stress that K, ¢ do not depend on o,b and do not depend on ¢ € [0,7]. We will
also denote by 1/C; = {d; > 0:1/6; € Ci}.

31



We start proving the lower bound.
STEP 1 (Time grid and notations): We set, for large g1, K to be fixed in the sequel,

@
wng 1 1 5
1) =K | — -+ = .
fr(t) 1<)\t> <h+Rt+|¢t|>
We use this function to split the time interval [0, 7] is short-enough sub-intervals (our time

grid). Recall H4: |¢ |, n, A, R € L(u, h), 3 > 1,0 < h < 1. This implies fr € L(p?@+L h).
We also define

) t+6 1
Since t+0(t) t+0(t)
6(t) 1 1
hoT / pds < / Trl(s)ds =

for any t € [0,T], 6(t) < h/u?1+t < h. Therefore we can use on the intervals [t,t + &(¢)] the
fact that our bounds are in L(u,h). If 0 <t —t' < h,

t+5(t) 1

t'+6(t)
PP fR(1)8(t) > /t fr(s)ds = 2l /t, fr(s)ds > p= ot fr(t)s(t),

so 6(t")/8(t) < p*®+2. Also the converse holds, and §(-) € L(u*? 72 ). We set

t4+5(t)
£(t) = </t \¢S\2ds>

1/2

We have 1 t40(t) t+0(t) f (t) f (t)
T = /t Fls)ds > /t s > 50400
SO
5 < —— < &t (L> (5.4)
r(t) 1\
Similarly,

1 t+4(t) s q1 ) 1 g q1 )
W Z/t K ( s ) |ps|7ds > ﬁKl (A—t> e(t)”,

and we can write both

5(t) < Kil <ﬁ>ql, and () < 1 (ﬁ)}l. (5.5)

U

We set our time grid as
to=0; tp=tg_1+0(tk—1),

and introduce the following notation on the grid:
0 =0(tr); er=-c(tr); ne=ng4; M= Xp=Xp: zp=x4; Rp=Ry.

We also define )
Xp = Xp + b(Xp)0r; & =z + b(1 )y,

32



and for ¢ <t < tgiq,
Xk(t) :Xk—i-b(Xk)(t—tk); i‘k(t) :mk—l—b(xk)(t—tk).

Moreover we denote
and 7} € Cj, the radius r* associated to (AI6), when taking as initial condition xo = .
Remark 5.3. Consider Dy = {supy, <y, ,, [Xt = @t|ap, () < 1}, and Ty = {[ X — aplp <
rk}, where 7y is radius smaller than 1 that will be defined in the sequel. We denote P the
conditional probability

Pe(:) = P (Wit <t T)
We will lower bound P <supt§T | X — xt(qﬁ)]ARt(xt((b)) < 1) computing the product of the

probabilities Py (D N T'x11), and this computation relies on the application of the density
estimate in short time. Remark that A1, A3 are local assumption, therefore it is enough to
ask for H1, H3 to apply Theorem What about A2 (global) and H2 (local)? Suppose
that we have a process X which, for some external reasons, verifies (2.1)) for ¢ <t < tgy1,
and such that sup;, <;<, [ X — 2¢[ap, (2,) < 1. From H2

n(y) <ny  for {y e R?: |y — x| < 1}

A classical theorem (see [38]) tells us that we can define &,b which coincide with o,b on
{y € R? : |y — x| < 1}, which are differentiable as many times as o, b but on the whole R?,
and for which

n(y) < any for all y € R?, with « constant.
Let X be the strong solution to

t

t
X, = X} +/ 7(Xs) o dWj +/ b(Xs)ds, t€ [ty tri1]

i 173

It is clear that

P(DxNThi1) =P({ sup Xy = zelap, (o) < 13N {IX0 = Thralien <7ipa}),
b <t<tpi1

and therefore we can equivalently prove our estimates supposing that n(y) is globally, and
not just locally, bounded by n;. From now on we assume that n(y) < ny for y € R2.

STEP 2 (Application of the density estimate): Lemmas [6.3] [6.5] [6.6], hold for &5 and e
small enough, and in particular Lemma says that

1
C_;|£|A5(xk) < €] as(arsn) < ChlElas(an)s (5.6)

for some C,i € C, for any 0 < d;. Recall (5.3]), and
Rip/p < Ry < pRy,  for ty <t <ty

so that Ry > 0y for ty, <t < tg41. Moreover we have |xp11 — Zg|r < Cr(ex V V/0k), and for
all t), <t <11, applying also @), |z: — 2 (t)|ag, (z) < Ckler V Vi) for tp <t < tyyr.
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Recall again (B.0]), and we fix g3, K3 such that, for ¢; > ¢3, K1 > K3, the Lemmas [6.3] [6.5]
[6.61 hold and

[ Thtr — Bl < 7ic/8 (5.7)
. 1
]mk(t) — xt’ARt(It) < Z for all try <t < tk+1, (5.8)
and moreover ¢ < 0} associated to (AI8]) with initial condition xj.

Now, 6(-) € L(p*2 h) implies 0; /0x 11 < p*1+2 and g1 /0p < p?@+2. This, (56) and

[EI) give
1
mmk < [€lkar < @O IEN (5.9)
K

where C’,i is in C, depending on K3, g3. We now set, for Ko, g2 to be fixed in the sequel,

1 >\k q2
k= Kop2a1+2a2+1 (n_k> ' (5.10)

and define as we said before

L = {1 Xk —arle <r}, De=A{ sup [Xi—2ifap, @) <1}
L <t<tpi1

and P as the conditional probability
Pr(-) =P ([Wit <tg;Tg).

We find a lower bound for P(I'y41 N Dy) using our density estimate in short time. We
denote py(Xk,y) = ps, (Xg,y) the density of Xj4q in y with respect to P,. We prove that

on {y : |y — Txr1lpr1 < rry1} we can apply (LI6) to pr(Xk,-) and so there exists C), € Cx
such that

1
— < X 5.11
o < (X, ) (5.11)
We estimate
ly — Xile < |y — zir1le + |Te+1 — Zxle + |2 — Xilk- (5.12)

We already have (B51]). Since we are on |y — zp11|p+1 < k41, from (B9) and the fact that
Th1 /T < p2e2

Cl )\ q2

1, 2g1+1 1, 2g1+1 1, 2q1+2g2+1 k k

ly — pg1le < Cpp? Py — 2 |ogr < Cpp?® gy < G022ty < o)
2 k

It also holds |Z) — Xk|k < Cilrg — Xglk < Cyry, for some Cy € Ck. Similarly, since Ry > 0y,
from @) [2x(t) — Xk(t)|ap, @) < Ckri, for all tp <t < tpiq. Recalling (G.I0), we can fix

K5, qo such that |y — x4 < 75 /16, |Tf — Xk\k <r;/16, and
| Xk(t) = 21(D) ap, @) < 1/4,  for all t <t <ty (5.13)

From (512), (57 this implies |y — Xy|x < rf/4. We also have |z — Xg|x < 7%, so we can
also fix Ko, go such that r;, < « in Lemma [G.5l Therefore

1
1160k < [€lay, o) < 4]
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So \y—Xk\Aék (x,) < i, and ([EIE) holds (which means that (5.11]) holds). Now, from Lemma
and (5.9)

{I - =21l a,, (x) < et /(ACE D} Tl =gt < i /(Cpp™@H)}

CAl  —Trprlbt1 < it}

q2
and i1/ (ACHEPIHY) > ry J(ACHEP D) = e (26)7. S0
9 1 A a2 2
Leb(] - — < > 07 det A(X, — .
eb(| - —@py1lk41 < rpy1) > 6 det A(X) <4C,§Kzu4ql+4q2+2 (m) )

Now, from H1, det A(X}%) > Ag. So, from (G.11),

1 1 )\k; g2\ 2
i) 2 o (e () )

where C}. € C, is the constant in ([£I6]). This implies

20750 exp(— Ky (log pu + log ny, — log M) < Pr(Tg11)

for some constant K, (depending on Kj, K3,q2,q3; on the contrary, we keep explicit the
dependence in ¢, which is not fixed yet).
STEP 3 (Concatenation): Consider now tj <t < t;1. Recall the definition

L <t<tpi1

Dy, = { sup [ Xy — @t ap, (@) < 1} ’

and introduce

p 1
By = { sup ’Xt _Xk(t)’ARt(l't) < 5}

L <t<tp41

We decompose

Xt = | ag, (@) < 1K = Xkl ag, (@) + 1 Xu(8) = 21(0)] ap, (@) + 126() = 2| 45, (1),

and, from the previous part of the proof, (B.8) gives |24 () —¢[ap, (z) < 1/4, and (G.I3) gives

| X5 (t) — Tr(t)| Ap, () < 1/4. S0 | Xe = @ifap @) < | Xe — Xk(t)‘ARt(l't) + 1/2, and therefore
By C Dy. .
Now we have to estimate Ej. A development of X; — X (t) similar to (£4]) gives that the

diffusion moves with speed 5;/2 in the direction of o (xy), 52/2 otherwise. Taking the HARt (@)
norm we account precisely of this fact. Applying the exponential martingale inequality we

find that ) \ -
PL(ES) < - Z) =
N k>_exp( N (Mnk> 5k>

for some constants Kj,qs. From ([&4), Ri/d, > Ki(unk/A;)?. We recall that Ay < 1 and
ng > 1, so choosing and fixing now g1, K7 large enough we conclude

_ 1
Py(E}) < p= 51 exp(—Kq(log pu + log ny, — log Ay)) < S Pe(Lht1),
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SO

1
Pr(Lr1 N Dy) > Pp(Trgr N Ey) > Pr(Trgr) — Pu(ER) > §Pk(rk+1)

(5.14)
> exp (—Ke(log p + log ny, — log Ag)) ,
for some constant Kg. Let now N(T') = max{k : t;, < T'}. From Definition (5.3))
T N(T) Tk
N(T
/ frt)dt > )" / frt)dt > 2q(1+)1'
0 k=1 te—1 H
From (B.14]),
N(T)
P (Sup | Xt — 24(D)| ag, (2i(0) < 1) >P | ) Tker N Dy
= k=1
N(T)
> [ exp(—Ke(log 1t + log ng — log Ax))
k=1
N(T)
=exp | —Ks Z log i1 + log ny, — log Ak
k=1
Since
N(T) N(T) 441
Z (log pu + log ny, — log Ag) = p?+! Z / fr(s)ds(log pu + logny — log Ak,
k=1 k=1 "tk
T 3
< / ,U'2ql+1fR(t) 10g (M}:’%ﬁ) dt,
0 t
the lower bound follows.
STEP 4 (Upper bound): We define, with the same K1, ¢; as in STEP 1,
qx
a1 [exp (—K, w) ,u2q*)
K < ( At 2
1) = K, (H%
gr(t) 1 < y ) R, + ||
Because of (B5.1)), for all ¢ € [0, 77,
ne \ 4
(. (8" )
> — (5.15)
Ry h

We define now a new 4(t)

) t+48 1

t+6(t) 1/2
(1) = ( / |¢s|2ds>
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As in STEP 1, using also (B.I5]), we can check that (53] holds also for this choice of §:

h pY q1 1 A q1 1 A q1
5(t) < — (—t> < — (—t> ,and  e(t)? < — (—t> :
K \ uny K \ uny Ky \ pmy
In particular, §(¢t) < h. With these definitions we set a time grid {t; : £ = 0,...,N(T)}
and all the associated quantities as in STEP 1. As we did for the lower bound, since we
estimate the probability of remaining in the tube for any ¢ € [t, tx11], we can suppose that

the bound n(y) < ny holds Yy € R2. The short time density estimate (EI6) holds again.
Recall now that R € L(u, h), and this gives the analogous to (5.9):

1
m|£|ARk($k) < lelag,,, @) < Cirv/HE| Ag, (1)

We define
Ay = {| Xk — xk|ARk(mk) <1},

P, as the conditional probability Py(-) = P (-|W;,t < ti; Ag). Now, since 8(t) < h, we can
apply the fact that R, A\,n € L(u, h) and

t+4(t) Ns q1 ns\ 4 t+0(t)
[ () eas < (BR) [ tekas
t s t t

t+6(t) g\ €XP <—K* (“)\”S >q* ,u2q*>
/ Kl <_s> > ds
t

As R

Recall now (G1))

g qx ) t+6 )
< R¥¢) = - Al 2 i
e <on (52" Gt ).

which implies
t+5(t) qx (S(t)
<|%ds < ex <—K* <&> ) —
/t |¢s|"ds < exp N R,

We obtain

t+o(t) @ o
1= qu“q/ gr(s)ds < 20 " 2K (%) exp (—K* <@> > o)
t

t

Ry 4 png\ png\
— <ot (22 ~-K, == 1
(S(t) > 20 1 ( )\t > €xXp >\t (5 6)

As we did in STEP 1, if ¢, K, are large enough, R} is small enough and the upper bound
for the density holds on Ay;. Because of (5.6]),

SO

Leb(| - —k|ap, (zpy0) S 1) < Leb(| - —2x|ap, (@) < D(C)* = (Ch)? det(A(zy)) Ry,
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Now, using the density estimate,

B 2
M@Hnﬂ%fmmmw&(%).

where C}, is the constant in the upper bound of (@I8]). Recall (5.18]), for t = t;,

Ry, 4 png \ png \ &
= <oplntii (52 -K, ==
<ot (B5) exp -

so we chose now K., ¢, large enough to have

Pr(Agy1) < exp(—K7)
for a constant K7 > 0. From the definition of N(T')

N(T)

T b N(T
/0 gR(t)dt = ; /tk—1 gR(t)dt Iu,2q(1+)1 < N(T)

As before
N(T)
P (Sup [ Xt — 24(D)] g, @i(0) < 1) < 1 Pr(Aisa)
t<T k=1
N(T) T
< [ exp(=K7) = exp(—=K7 N(T)) < exp (—K7/ gR(t)> ;
k=1 0
and we have the upper bound. O

6 Matrix norm and control metric

6.1 Matrix norms

In this work we use a number of properties of norms associated to the matrix A and Ag.
Recall that in general we can associate a norm to a matrix M with full row rank via

lylas = \J(IMT) 1y, ).

Recall that, for R > 0,
A=(olob),  Ap= (R0, R0,0))
Lemma 6.1. For everyy € R? and 0 < R< R' <1,

(R/R')*2ly|ap (6.1)

1
m|y|

(R/R)Y|ylap > lylay,

>
mhﬂ < |ylap <
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Proof. Writing explicitly the inequalities (6.1I), we easily see that they are verified if 0 <
R < R' < 1. Taking R’ = 1, we have

RV ylap > lyla > R¥?|yla,

and so
el S Wlan € s
RUZx:(4) Y= WA = ey ()Y
]
Remark 6.2. Recall the following properties of matrices:
e, Clen > [¢fh < ¢ (BBT) ' > (44T) & BBT < C AAT
and, denoting with M; the columns of M,
(MMTE,€) = (M, 6)°,
so that
A(M)? = é'nfl (M;,©)*  and  A"(M)* = sup » (M, &)’
=17 l§l=1"
Taking M = A(x) = (o(z), [0,b](z)) we have in particular that
A(A@))2IEP < (o(2),6)% + ([0, b](2),6)” < A" (A(2))?[¢* VE € R? (6.3)

We prove now some equivalences between norms that will be needed especially in the
concatenation along the tube. We state them for ¢, = 5 = 0 to lighten the notation. Recall
that x¢ is the initial condition of (Z1]), and that in the concatenation (Section [) we have

H1 )\*(A(x)) > Ao, V|$ — $0| <1
H2 n(z) <ng, Vz €R? (this is justified in STEP 1 of the proof)
H3 0,0(z) = ks (x)o(z), Y]z —z0| <1, |Ks| < no, [VEo| < no

Moreover, we recall that A\g < 1 and ng > 1. In (5.2)) we define a class of constants that in
the case t = 0 is
Co={C>0:C=(K(no/M)?)),3K,q>1}

Lemma 6.3. There exists C' € Cy, 6" € 1/Cy such that for 6 < 6%, with £y = x¢ + b(x0)0,
for any € € R?

1€l as(w0) < 1€l a5(z0) < Clélasw0) (6.4)
1€l a5 (z0) < 1€l as(a0) < CIE A5 (o) (6.5)

Remark 6.4. This lemma is used also in Section d], when C; has not yet been defined. It is
clear that in that case the constants must be taken in C defined in (0.
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Proof. We take M = As(x) and M = As(xg) in Remark 621 Recall that \g < 1 and ng > 1
and notice that

2
4ng

Obor ()| < dnf < 3

)\*(A(m'o)) < C)\*(A(m'o)), with C € Cy

so, from (G.3))
33(Dpor(w0), €)* < S CAL(A(w0))[€]* < C(8{0(w0),€)? + ([0, b](20),€)%).
We have

§(o (o) + 00p0(0), €)% + 6% ([0, b](20), €)*
< 26(0(x0),£)* + 26°(Bpo(20), €)* + 6°([0, ] (w0), &)
< C(8{o(w0), €)* + 6% ([0, b (0),£)?),

1) ’5‘?45(10) < 0’5‘12215(960)' Analogously,

3(o(x0),€)* + 0°([0,0](z0), §)* < C ({80 (o) + 68p0 (o), €)* + 6° ([0, b] (20), €)?),

S0 |£|%5($0) < C|£|1245(x0)' From

&
lo(20) — o(xo)| = |o(zo + b(x0)d) — a(zo)| < /0 |Vo(xg + b(xo)t)b(xo)|dt < C6,

applying again Remark as in the previous point, also (6.5]) follows. O

The following lemma establish the equivalence of matrix norms of this kind when the
matrix is taken in two points that are close in such matrix norms.

Lemma 6.5. Consider xg,z,y € R?, with |x — x0| < 1. There exist o € 1/Cqy such that if
and |z — ylag@) < o,

i‘ﬂAg(m) < 1€l ay () < 4€lay () V¢ € R?
Proof. Remark that (62]) implies

|z —y| < 51/2(3’1]36 —Ylas@) < aC 812 < §1/2
for a« < 1/C;. A Taylor development gives

o(z) —o(y) = Vo(z)(z —y) + O(lz — yI),
S0)

(0(x),6)* < 4o(y).€)* + 4{Vo(x) (@ —y), £)* + Colz — y|*¢|*.

Since Aj(z) is invertible,

Vo(z)(z —y) = Vo(z)As(x) A7 () (z — y).
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From Cauchy-Schwartz inequality and |45 (z)(z — y)| < a,
(Vo(z)(@ —y). &) = (A5 (2)(z — y), (Vo (z)As(2))T€))|
< a|(Vo(z)As(x))"¢]
We are supposing H3, so 0,0 = k,0 holds in z, and
Vo(z)As(x) = Vo()(8"o(x), 6% [0,0](z))
= (6"ko(2)o(2),6%28) o (),

|(Vo(a)As ()T €* = 6r3 (2) (o (2), €)% + 6% (O o (@), €)°

and therefore

(Vo(z)(z —y),8)* < a?(6r2 () (0(x),£)* + 6% (05 0(x),£)?)
< C3025(0(x), €)% + C3025° €]

Now,
Cylz — y[*€]? < CoClats?(¢)?

So
(0(2),6)* < 4o(y),&)* +4C50°5(0(x), £)* + 4C3a°5%[¢* + CoCat %€

Taking a < this implies

(0(),€)* < 8(a(y),€)* + ad®|¢[*.

In the direction [0, ] we have [o,b](z) — [o,b](y) = O(|lz — y|)
{[o,0](2),€)* < 2([0,b](1), €)% + Culz — yPE* < 2([o, b)(y), €)* + CaCTadIE[.
We take now a < 1/(C4C?), and we conclude that
3o (x),6)* + 0%([0,b] (), €) < 85(0(y), €)* + 26°{[0,b](y), €) + 20:6°|¢[*.
Using now (6.3)) and H1,
€7 < C5((0(y),6)” + (o b (1), €)%)

So taking a < 4/C5 we have
§(o(x),€)* + 6%([o,b](2),€)* < 165(0(y), &) +166° ([0, b](y), )"

From Remark we have [€]4;z) < 4/¢|a,(@y)- The converse inequality follows from an
analogous reasoning. Remark that all the conditions we need on « are satisfied taking a €
1/Cp small enough, since |x — z¢| < 1 and H1, H2, H3.

O
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We prove now that moving along a control ¢ € L?[0,T] for a small time, the trajectory
remains close to the initial point in the As-norm. Define, for fixed §,

s 1/2
_ 2
€= </0 |os| ds> .

2(0) = a0+ [ ola@)ouds + [ baio)ds

Recall that we have

Lemma 6.6. There exist 6., € 1/Cy, C € Cy such that if § < 6x, € < &4
|25(6) = (20 + b(20)8)| 45(n) < CleV 872

Proof. Via computations analogous to Decomposition [£.4] it is possible to write
25(¢) — (20 + b(20)8) = A5(x0)(Gy + Ry,5)

where

52 [ ¢ods
Gy =04y +105(0p), Op=| _ ,,°% "
¢ ¢ ¢ ¢ §—3/2 fg(é—s)tbsds

and .
|Rg5) < C(eVv8Y/2).

Remark that, by Holder inequality,
1) 1)
502 [Couds| <o 15792 [ 6 - spouds| <
0 0
$0 |©4| < 2¢ and by @3] |7j5(04)| < 4¢2. Therefore |G4| < 4¢ and

| As(wo) " (@5(8) — (0 + b(x0)0))| = Gy + Rl < Cle v 672).

Lemma 6.7. There exist 6., € 1/Cy, C € Cy such that for 6 < d., e < &,

1
E’§\A5(x0) < 1€l as(@s) < ClEl as(a0)
Proof. Recall &g = xg + db(xg). Applying in this order ([G.5]), ([6.4]), Lemma [6.6] we obtain
|5 — @0l as(a9) < Clws = (20 + b(20)6)| g (ao) < Clars — (w0 + b(20)8)| 4, () < Cle V 8'/2).
Now, choosing 0, £, small enough, we can apply Lemma [65] to the points xs, Zg, and
1
115\,45(5@0) <1l A (zs) < A€l a5 (30)-

Now again (G.5]) concludes the proof. O
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6.2 The control metric

Recall (1)), 22]), 23]). In the spirit of [27], we want to express our results is some control
norm. Let

Q={zeR?: \z)=\(A(z)) >0}

A natural way to associate a quasi-distance to the matrix norm | - |4, () used in this paper
is to define
d(z,y) < VR & |z — Ylap@) < 1.

(we take VR because it is the“diffusive” regime). With this definition, d is a quasi-distance
on €, verifying the following properties (see [29]):

i) for every x € Q, for every r > 0, the set {y € Q : d(z,y) < r} is open
i1) d(z,y) =0if and only if x = y
iii) for every compact set K €  there exists C' > 0 such that d(z,y) < C(d(x, 2)+d(z,y))
holds for every x,y,z € K

We say that two quasi-distances dq : Q x Q — RT and do : Q x Q — R* are equivalent if for
every compact set K € () there exists a constant C' such that for every xz,y € K

Zdi(,y) < do(a,y) < Ol (). (6.6)

In particular if d; is a distance and dy is equivalent with d; then ds is a quasi-distance.
On the other hand, the distance usually considered in the framework of hypoelliptic
stochastic differential equations is the control distance defined as follows: denote, for x,y € §,

C(z,y) = {¢ € L*(0,1) : dvs = o (vs)¢sds, © = vg, y = v1 }. (6.7)

The control distance d. between z and y is

de(z,y) = int { ( / 1 |<z>s|2ds> vy c<x,y>} .

Geometrically speaking, this corresponds to take the geodesic (i.e. the length-minimizing
curve) joining z and y on the sub-Riemannian manifold associated with the diffusion coeffi-
cient o. In our case this notion looks inadequate: we are supposing just a weak Hormander
condition, and this means that we have to use the drift coefficient b to generate the whole
space R?. Therefore any reasonable associated distance should incorporate b as well. More-
over it should account of the different speed associated to the vector field [0, b]. This is the
reason for the following definition.

Definition 6.8. We first introduce a function which accounts of the different scale of prop-
agation in the direction [0, b]. For ¢ = (¢}, ¢?) € L?((0,1),R?),

1
1 1 3
16125 = /0 6L ds + ( /0 wir?ds)

Ca(z,y) = {p € L*((0,1),R?) : dvs = A(vs)psds, x = vy, y = v1}.

We generalize (6.1 to
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A classic result by Carathéodory says that for any x,y € ) there exist a piecewise smooth
¢ € Ca(z,y). We set
de(w,y) = inf {[|¢]|1,3 : ¢ € Calz,y)}

We are interested in establishing an equivalence between d, the quasi-distance defined
via the matrix-norm, and d., the quasi-distance in terms of the control.

Lemma 6.9. Let § € 2. Suppose that there exists a neighborhood Ug of & such that for all
x € Ug:

AT A (A(z)) > A > 0,
A2 3 ocja<s 070 ()] +[02b(z)] < pe,

A3’ 0y0(x) = ko(x)o(x), where ks is a differentiable scalar function, |kq(x)| < pe and
Vi ()] < pe-
Then there exist a neighborhood Ve of & and a constant Cg¢ such that, for any x,y € V¢

3

Remark 6.10. This implies, using the fact that every open cover of a compact has a finite
subcover, Corollary Moreover, again via a standard compactness argument, we have
that if A1’, A2’, A3’ hold for any & € ), then d and d. are equivalent quasi-distances on
Q.

Proof. We use in this proof some notions on similar metrics and pseudo-metrics for which
we refer to [29]. For any ¢ € L°°((0,7T),R?) we set

1
181,300 = sup |ps|+ sup [¢2]3
0<s<1 0<s<1

and define
p(z,y) =inf {[[¢[l1300 : ¢ € Calz,y)}

It is also possible to allow only constant linear combinations of the vector fields:
Cal(z,y) = {0 € R* : dvy = A(vs)0ds, x = vy, y = vy} (6.9)

Analogously, we define
pala.y) = it {16'] +16%'/* : 0 € Ca(e.y) }

In [29] the quasi-distances p and pq are defined in a slightly different way, but clearly equiva-
lent to ours. It is also proved that p and ps are locally equivalent. We use here only the trivial
inequality p < po. Remark that the difference between p and d. is that we take ||¢]]13 00
instead of ||@||1,3, so d. < p follows easily from the fact that the L?(0,1) norm is dominated
by the L>°(0,1) norm.

We prove that, for fixed &, there exist Ve and C¢ such that

d(z,y) < VR = pa(z,y) < CeVR,
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for z,y € V. Since z,y € V¢, we can suppose |z —y| < 7¢ small. By definition, d(z,y) < VR
means |z — y|AR($) < 1. We prove that this implies the existence of § € Ca(z,y) with
0] < CeRY2, 6| < C¢R*?. Indeed, for fixed =, consider the function

0— ®(0) = /1 A(vs)lds,
0

with v satisfying dvs = A(vs)0ds, vg = z. Remark that ® : R? — R2, ®(0) = 0 and V®(0) =
A(x), which is non-degenerate because of A1’. Therefore it is locally invertible: there exist
two neighborhoods of 0 such that ® is a diffeomorphism from one to the other, and therefore
for y — x in the neighborhood in the image we can find 6 such that ®(6) = y — x. Moreover,
from the fact that A1’ and A2’ are uniform around &, the size of the neighborhoods can
be taken uniformly in x. Therefore we can find a neighborhood of £ such that for given x,y
in this neighborhood, there exist € for which ®(f) = y — z. Again from A1’ and A2’ we
can also suppose that || < C$|®(6)|. So, there exists Ve neighborhood of £ such that, for
x,y € Vg, there exists § € C'a(x,y), and moreover

0] < C51@(0)] < Cfla — y| < Cie.

We now show

01| < CeRY?, |62 < CeR¥2.
It is clear from(6.2]) that |0!| < |6] < Cf\x —y| < C§R1/2. Now, with a development similar
to (@A), we can write

/1 A(vy)0ds = [o,b](2)0% + o(x)0' + n(6Y) + L(9),
0

with |L(0)] < C§\9[ (102| + |61]3) for |0] < leyg and 7 defined as in (ZI)):

Rg(T K Ii2 x
n(u) _ ( 02( )u2_|_ (80 o‘g 0)( )u3> O'(x) — (a(m)u2+ﬁ(ﬂ;)u3) O'(x)

(we have used again A3’). So

Az)™! /0 1A(vs)eds = ( a +a<x><91g§ +E@EY ) + A(z) "' L(0)

Since |0| < leyg and 01| < CSRI/Q,

AG) L0 < CS01 (67 + 19'F) < CSCSCS el + ) < 1T

=0y = G070 5 ,
choosing 7¢ < (2 C’gCg(Cg) )~L. In particular, the second component of A(x )_1L(9) is in ab-
solute value smaller than (|§%|+ R3/2)/2. Then the second component of A(z fo (vs)0ds
is in absolute value larger than ]02] — (\02\ + R3/2)/2 = (|#?| — R%/?)/2. As a consequence,
the second component of Ar(x fo (vs)fds is in absolute value larger than R~3/2(|62| —

R3/2)/2. Since |f0 (vs 9d5|AR = |7 = ylap@) <1, we have R™3/2(|6?| — R3/?)/2 < 1 and
so we conclude 6% < 3R3/2.
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We now prove

de(z,y) < \éﬁ =d(z,y) < VR.

3
6
We suppose ¢ € Ca(z,y) with ||¢[/1,3 < %, which implies

6
1 1 3
[loipas < and [ jepas <
0 (Cg) 0 (06)6

Developing as before and applying A3’,

1 1 1 1
At [ Ao < o B i ] e

| = Ylap@) = R
Therefore
|z~ Ylap@) < C§§ <1
6
if Cg is a large enough constant. O
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