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WELL-POSEDNESS OF THE SCALAR AND THE VECTOR
ADVECTION-REACTION PROBLEMS IN BANACH GRAPH SPACES.

PIERRE CANTIN

Abstract

An extension of the well-posedness analysis of the scalar and the vector advection-reaction
problem in Banach graph spaces of power p € (1,00) is proposed. This analysis is based on
the sign of the associated Friedrichs tensor, taking positive, null or reasonably negative values.

1. Introduction. Let Q be a domain of R? with Lipschitz-continuous boundary 99 and
consider u :  — R and u : Q — R3 solving the following first-order homogeneous boundary
valued problems

B-Vu+pu=s ae.in €, (1a)
u=0 ae.on 00, (1b)
and
V(Bu)+ (Vxu)xB+ pu=s ae.in Q, (2a)
u=0 a.e.on 90 . (2b)

In this paper, B denotes a Lipschitz-continuous R3-valued vector field on €2, and x and g denote
two bounded reaction coefficients taking R and R3*3 values, respectively. The inflow boundary
00~ is defined as 00~ = {x € IQ| B(x)-n(x) < 0}, with n the exterior unit normal of 0.

These problems (or variants) have been studied several times in the literature. We mention in
particular the pioneering work of Bardos (1970) and Beirao da Veiga (1988) for the well-posedness
analysis in smooth domains with regular model parameters and also the work of DiPerna & Lions
(1989) when the problem is expressed in unbounded domains with irregular model parameters.
More recently, Girault & Tartar (2010) proved (using a viscous and a Yosida regularization) the
well-posedness of these problem in LP() for all p > 2 under the assumption 3 € W2(Q), and
also the W1P(Q)-regularity of solution of (1) if s € WP(Q) and if 3 € W*°(Q) is sufficiently
small.

In this paper, we analyze the well-posedness of problems (1) and (2) in Banach graph spaces of
power p € (1,00). Observing that these problems define two Friedrichs systems, it is well-known
(see Ern & Guermond (2006a) or Ern et al. (2007)) that the well-posedness is a consequence of
the positivity of the R-valued Friedrichs tensor

1
TBup =T VB, (3)

for the first problem (1) and of the positivity of the lowest eigenvalue of the R3*3-valued Friedrichs

tensor
ptpt VB+VET 1
O8,up = 9 + 9 - ];

for the second problem (2). The first contribution of this work concerns the well-posedness in
Banach graph spaces. Following the analysis of Friedrichs system in Hilbert space proposed in

the aforementioned works, we establish the well-posedness of these two problems for positive
(in the above sense) Friedrichs tensors (3) and (4). The second part of this work is devoted to

(V-8)1d, (4)



the analysis when these assumptions are not satisfied. Introducing a so-called potential (whose
existence follows from the regularity and the trajectory of the vector field in €2, see Devinatz et al.
(1974)), we prove that one may extend the Friedrichs positivity assumptions so as to consider
null or reasonably negative tensors.

This paper is organized as follows. First, some notations are introduced and we recall the
classical statement of the Banach-Necas-Babuska (BNB) theorem. Section 2 is concerned with
the scalar problem (1); we prove that this problem is well-posed in the Banach graph space of
power p € (1,00) if the infimum of the Friedrichs tensor (3) takes positive values and we extend
this result to consider null or reasonably negative values. In Section 3, we extend these results to
prove the well-posedness of the vector problem (2) under similar assumptions on the Friedrichs
tensor (4).

1.1. Notations. In this paper, p denotes any real number in (1,00) with p’ its conjuguate
number such that % + [% = 1. The inner, the cross and the tensor products in R? are denoted by
-, x and ® respectively. To alleviate the notation, |-| denotes either the Lebesgue measure of a
set, the absolute value of a real number, the Euclidean norm of a vector or the Frobenius norm

of a tensor. As usual, the Banach space LP(2) collects all measurable functions v : Q@ — R whose
1
the absolute value raised to the power p is Lebesgue integrable, i.e., |v|r) = (fq [v[F)? < oo.
Similarly, the Banach space LP(f2) collects all measurable functions v :  — R3 whose the
1
Euclidean norm raised to the power p is Lebesgue integrable, i.e., |v|prq) = ([ [v]")? < oc.
We denote C*®(2) (resp. C*°(2)) the space of infinitely differentiable R-valued functions (resp.
R3-valued) on  and C°(9) (resp. C2°(€2)) the subspace of those that are compactly supported
in Q.

1.2. Banach-Necas-Babuska (BNB) theorem. Consider the following abstract variation-
nal problem
FindueU st. a(u,v)=(f,v)yr v, YveEV, (5)

where U and V are two Banach spaces equipped with |-|i7 and |-|v, respectively, V' is reflexive,
a € L(UXV;R), f € V' and (-,-)yr v is the duality pairing between V' = L(V;R) and V. A
necessary and sufficient condition for (5) to be well-posed is given by the (BNB) theorem, see
e.g., Ern & Guermond (2004).

THEOREM 1 (Banach-Necas-Babuska). The abstract problem (5) is well-posed if and only if:
(BNB1) There exists Cu > 0 such that

Coxa| V| < sup a(v’w), Yo € U.

wevifor lwlv
(BNB2) For allw eV, (Vv € U, a(v,w) =0) = (w = 0).

2. Scalar advection-reaction problem. This section analyzes the well-posedness of the
continuous problem (1) in Banach graph spaces and generalized the sign condition on the Friedrichs
tensor 0 . defined by (3).

2.1. The graph space. The Banach graph space of power p associated with (1) is defined
by
Va,p(Q) :={v e LP(Q) | B-Vv € LP(Q)}, (6)

and is equipped with the norm [v]y, (o) = (”v||72p(9) + H,B'VUHJZP(Q))% for all v € V3,,(€2). This
space defines a reflexive Banach space owing to the first and the second Clarkson inequalities
(see Brezis (1983)) where for all v € Vg,,(R2), 8-Vv € LP(2) means that the linear form

(@) 5 ¢ s /Q v V-(Be), (7)
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is bounded in L?' (), so that B3-Vuv is the Riesz representative of (7) in LP(Q). To specify the
meaning of the trace of a function in Vg,,(£2), we introduce the space L (|3-n|;0Q) given by

LP (|B-n|;00Q) := {v : 02 — R is Lebesgue measurable on 0 | / |1B-n||v|P < oo} . (8)

which is a Banach space when equipped with the norm [v] 2o (|g.np00) = ([5q 187 |v\p) » forallv e
L (|B3-n|;08). As observed by Ern & Guermond (2006a), the existence of traces in L (|3-n|; 09)
for function in V.2(2) is not always guaranteed. A necessary and sufficient condition is the well-
separation of the boundary 92 with respect to the vector field 3, i.e.,

dist(9Q~,0Q%) > 0 with 90T = {x € 90| + B(z) n(x) > 0}. (9)

In this following, we always assume that this condition is satisfied. Let us adapt the proof of (Ern
& Guermond, 2006a, Lemma 3.1) to the general case p € (1,00) to prove the existence of such
traces.

LEMMA 1 (Trace in L? (|3-n|;09)). The trace map v : C°(Q) — LP (|8-n|;9Q) with v(p) =
Qo for all ¢ € C(Q), extends continuously to Vg, (Q), i.e., there exists C, > 0 such that

v ze(pnon) < Glvlvs, @ Vv € Vap(Q).

Proof. Owing to the separation of the boundary from assumption (9), there exist 1+, ¢~ € C>°(f)
such that ™ + ¢~ =1 on 99, ¥+ > 0, wrgm_ = 0 and 1/1|799+ = 0. Proceeding as in Ern &
Guermond (2006a), we infer that

/mw-nw: /m< )|l (1 / VBl (Wt — 7)), Ve € CO@),

where we have used the partition of the unity on the boundary and the Stokes formula. Applying
now the Leibniz product rule and recalling that V|p[P = py|p[P~2Vp, we obtain

/ Bl ol = p / (" — ) (BVe)elolP 2 + / PPY-(BT — ).
o0 Q Q

Next, Holder’s and Young’s inequalities together with the identity |¢|pP~ 2” () Hgo]]]zp(m

yield
1
| 18w e)otelr | < 18-V elwmlelny < T8V elig + 1ol

1 1
It follows that || 8.n)00) < C'(18- V<p|| +p||g0||Lp )P With the constant C' = 27 (|¢p+ —
p—1

V™ ooy + IV-(BWT = ¥7)) e ) Then observing that pp <7 <e, we obtain

lelze(anio0) < Clelvs, @), Yo €C®(Q),

with C, = eC’. Finally, recalling that C>(Q) is dense in Vj,,(£2) for all p € (1,00) (see (Jensen,
2004, Theorem 2)), this inequality holds as well for any function in Vg, (). O

Owing to the existence of traces in LP (|3-n|;0%2), the following integration by parts formulae
hold.

LEMMA 2 (Integration by parts). For all v € V3,,(Q2) and for all w € Vg, (£2),
/(,B'Vv) w + / (B-Vw)v + / (V-8)vw = / (Bm) vw. (10a)
Q Q Q o0N
In addition, for all v € Vg.,(Q) and for all z € Wh*(Q),

/ (B-Vv) vlof? 2 + = / (V-8) o]z + ~ / Bz = /a (@mppz (100)



Proof. These formulae follow from the density of C*°(€2) in Vg,,(2) for all p € (1,00). The first
one results from the Leibniz product rule while the second one is a consequence of the identity

B-V(plelP%2) = olelP?B-Vz + (p — D[Pz 8-V, (11)
for all ¢ € C*°(Q) and for all z € WH>(Q). O

2.2. Weak formulation. To examine the well-posedness of (1), we introduce the bilinear
form ag ., € L(VE,, ()X LV (Q);R), where V() := {w € Vgy(Q) | wpo- = 0}, and such that
for all v € V() and all w € L’ (),

pualvw) = [ (B0t [ wow. (12)

Observe that, for all p € (1,00), Vﬁo;p(Q) is a closed subspace of V3,,(Q2) owing to Lemma 1.
Assuming that s € LP(Q2), the weak formulation of (1) in the graph space Vg‘p(Q) is:

Find u € Vg;p(Q) st. agup(u,v) = /st, Yo € LV (Q). (13)

It is readily seen that if u € Vﬁo;p(ﬂ) solves (13), the equation (la) holds in LP(2) and the
boundary condition (1b) holds in LP(|3-n|;0f2). Note that the boundary conditions are strongly
enforced in (13).

2.3. Well-posedness for positive Friedrichs tensor. To examine the uniqueness of the
weak solution v of (13) in the graph space Vj3.,(€2), we recall the R-valued Friedrichs tensor

IB,up = K ]19 V8. (14)
Hereafter, we assume that this tensor satisfies the so-called Friedrichs positivity assumption (H)):
(H,p) ess infq 0, > 0. We define the reference time 7 = (ess infq g ,.)
PROPOSITION 1 (Uniqueness under (#,)). Assume that (Hp) holds. Then,
a57u;p(v,v|v|p_2) > T_1||v||ip(9), Yv € Vg;p(Q). (15)

Proof. Let v € Vﬂo;p(ﬂ). Observing that v|v[P=2 € L¥ (Q), the quantity ag,.,(v,v|v[P~2) is well-
defined. Owing to the integration by parts formula (10b) with z = 1 on §2 (so that 3-Vz = 0),
we infer that

1 1
aseplv bl ) = [ <u -2 V-ﬁ) i+t [ @l

whence, using the definition (14) of the Friedrichs tensor og ., and the fact that vjgo- = 0, we
obtain

_ 1
ag usp(v, v[v[P7%) = / oguplvl” + / (B-n)|vf”.
Q P Joa+
The desired bound then follows from (H,) and the definition of Q7. O

In the proof of the well-posedness of (13) under the assumption (#,), we need to introduce
the two following Lipschitz spaces

Lipy(Q) := {v: @ = R| v € Lip(Q) and vjpo- =0}, (16)
and
Lip,(097) := {v: 90 — R | v € Lip(9€2) and v is compactly supported on 9Q* } (17)

which satisfy the following Proposition.



PROPOSITION 2 (Surjectivity of traces). For all v € Lip,(0Q"), there is w € Lipy(Q) such
that wipn = v.

Proof. In order to stay general, we denote d = 3 the dimension of Q. Let v € Lip,(9Q")
and denote K its compact support on 9Q". Owing to the Borel-Lebesgue property, we define
{Bi},<;<x the finite family of open sets in R? covering K, i.e.,

Kc |J (Binoat) coat, (18)
1<i<N

and we denote {6;},.,., the partition of the unity subordinate to this covering, i.e., for all

1<i<N,wehave 0<0; <1, 0 €C(B;) and 3 ;e bijx = 1.
Recalling that the boundary 92 is assumed to be Lipschitz-continuous, we introduce, for all
1 <4 < N, the local bi-Lipschitz charts ¢; : Q — B; where Q := {(2/,z4) € RIxR| |2/| <
1 and |z4| < 1}, such that ;(Q1) = B; N Q with Q; = {(z,z4) € R™IxR| |&'| < 1 and 0 <
zq < 1} and ¥;(Qo) = B; N QT with Qo = {(z,0) € R¢"!xR| |z/| < 1}. Denoting v; =
U|B;noq+, We introduce the function v; : @+ — R defined as the extrusion of v; o ¢; in @+, ie.,
for all (x',24) € Qy, v;(x', 24) = vio;(x’,0). Next, mapping back to €2, we consider w; : Q — R
such that w;(z) = 9; o] '(x) for all x € B; N Q and w;(x) = 0 for all x € Q\B; N Q. Finally,
collecting these functions {w;}1<i<n, we observe that the function w =), .,y 0iw; satisfies the
desired conditions. o O

THEOREM 2 (Well-posedness under (H,)). Assume that (H,) holds. Then the problem (13) is
well-posed.
Proof. We apply Theorem 1. Adapting the proof of (Ern & Guermond, 2004, Theorem 5.7), the
condition (BNB1) follows from Proposition 1 with the constant C... = (77 + (1 + ||'LLHLOO(Q)7-)p)%.
Let us prove the second condition (BNB2). Consider w € LP'(Q) such that ag,,.,(v, w) = 0 for all
NS ng(Q). Owing to the inclusion C2°(Q2) C Vg;p(Q), it follows that pw —V-(Bw) = 0 a.e.in €2,
so that the dense inclusion C°(Q) C L¥ (Q) implies that 3-Vw = (u — V-8)w € L¥ (Q), whence
w € Vg, (). Applying now the integration by part formula (10a), we observe that

/m(ﬂn) VW = ag up(v, W) — /Q(u —V-B)vw + /Q(,@-Vw) —

for all v S ‘./g;p(ﬂ). In particular, observing that Lip,y(2) C Vg;p(ﬂ) for all p € (1,00), and owing
to Proposition 2, we have

/ (Bn)vw =0, Vv € Lip, (9QT).
o0t

Owing to the vanishing integral property (see (Brezis, 1983, Lemma IV.2)), this identity yields
wiag+ = 0. Now, testing the identity pw — V-(Bw) = 0 by an arbitrary y € LP({2) and using the
chain rule V-(Bw) = B-Vw + (V-B)w, we infer that

0= [ (o= VB = [ (1= V-~ [ pTwy

Hence, the particular choice y = w |w|p/72 along with the identity (10b) with p replaced by p’

and with z = 1 yields

/ 1 / 1 / / 1 ’
0= [w=ve)ul’ += @B = [ @l = [ opplul = [ (@)
Q P Ja P Joa Q P Joa
—1 p’
Z T ”w”Lp/ (Q)’
where we have used that wjpo+ = 0 and the assumption (Hp). As a result, w = 0 a.e.in Q,
so that the condition (BNB2) is satisfied. Owing to Theorem 1, there exists a unique solution
solving the problem (13). O



2.4. Well-posedness for non-positive Friedrichs tensor. Summarizing the results ob-
tained so far, we have proved under assumption (#,) the well-posed of (1) in the graph space
Vg;p(Q). This section aims to extend this result under the new assumption (#,,) so as to include
the situation where the infimum of the Friedrichs tensor og ., takes null or slightly negative
values.

(H,) essinfq 0g,; <0 and there exists a non-dimensional function ¢ € Lip(Q2) such that
. 1
ess infq €* | o8 up — E,BVC > 0. (19)

We define the reference time 7 = (ess infq ¢ (O’g“u;p — %,8~VC>>_
PROPOSITION 3 (Uniqueness under (H,,)). Assume that (H,,) holds. Then,
ag,up(v, er|v|p—2) > 1||UHLP(Q Yo € Vg;p(Q). (20)
Proof. Let v € VBO;p(Q). Observing that
ag,uip (v, evlvP~?) = GBVﬁ;p(’U, vlofP~?),

where we have denoted B = ¢‘B and i = eSpu, the identity (20) follows from Proposition 1 if

ess infg 0z >0, ie.,if (#},) holds since we have

ﬁ:y

1
TBp ¢t <Uﬂ7u;p - pﬁ-VC) :
[l

REMARK 1 (Using integration by parts). Instead of using Proposition 1 in the proof of Propo-
sition 8, it is also possible to obtain this result by applying the general integration by part for-
mula (10b) with z = eSv|v|P~2.

EXAMPLE 1. Assumption (H,,) indeed generalizes the assumption (H,) since it is now possible
to consider situations that cannot be handled under (H,). For example, considering the rotating
field B = (y,—x,z + 1) expressed in the Cartesian coordinates of R® and a reaction coefficient
€ R, we have 0g,.p = pp— 5. If p <3 , this Friedrichs tensor does not satisfy (Hp), whereas

(H,,) does, for evample with the potentml C( ) = a1+ 2)? for all o € R such that 8 < up — 1.

REMARK 2 (Existence of ¢). Following Devinatz et al. (1974) and considering a continuously
differentiable field B € C*(R?), the existence of the potential ¢ relies on the assumption that every
solution of the Cauchy problem dyx(t) = B(x(t)), (0) = xo € Q remains in the domain Q for a
finite time only. Observing that the proof in this reference is based on the flow box theorem, the
extension to a less regular field (e.g. B € Lip(2)) is a priori not obvious.

We are now in a position to state the well-posedness of (13) under assumption (#,).

THEOREM 3 (Well-posedness under (H,,)). Assume that (H;,) holds. Then the problem (13) is
well-posed.

Proof. We follow the same ideas as in the proof of Theorem 2. The condition (BNB1) is inferred
1 .
from Proposition 3 with C... = (“eCHPm(Q)TP + (1 + HILL”LOO(Q)T”eCHLoo(Q))p)p. Turning to the

second condition (BNB2), we consider w € L () such that a%’u;p(v,w) =0 forall v e V,eo;p(Q)-
Proceeding as in the proof of Theorem 2, this implies that w belongs to the graph space V., (£2)



and that it satisfies pw — V-(Bw) = 0 a.e.in  and wjpo+ = 0. Let us prove that w =0 a.e. in
Q. First, we observe that replacing p by p’ and choosing z = e$(1=7") in (10b) yields

/ / 1
/(ﬁ-Vw)wwV’ =2 ,C0=p) — / (8- )|w,p Ca-p') _ /(V B) |w|p ¢(1-p')
Q oQ 24

p/
1 - , / /
E [ BVl <0
Q

Hence, testing the identity pw — V-(Bw) = 0 with the function w |w\pl72 e$(1=P") " we infer that
0= [ (=Bl 0 — [ (B:5w)wfup’ 21
1 / /
= L=Vl <05 [ (@ gyl 00— (350 €0

_/ |w|p ¢(1-p").

Then, collecting these terms and using the fact that wjgo+ = 0, we obtain

0= / (7 <0B,u;p - 1B'VC> ’w‘p/ - 1// (Bn) ‘w’p/ et =7
Q p D Jaa

—p 1 /
> / eS(1=p") <gﬂau;p — 5.v(> lw[”" .
Q p

As a result, owing to (H,/) and the fact that wygo+ = 0, it follows that w = 0 a.e.in Q. Owing
to Theorem 1, we conclude that (13) is well-posed under assumption (H,). O

3. Vector advection-reaction problem. In this section, we apply similar ideas to analyze
the well-posedness of the vector-valued problem (2) in Banach graph spaces where we generalize
the assumption of the sign of the Friedrichs tensor og .., defined by (4). For the sake of brevity,
the proofs are omitted if they are straightforwardly adapted from those of the scalar case in
Section 2.

3.1. The graph space. Let us introduce the graph space
V() :={v e L*(Q) [ (B-V)v € L*(Q)}, (21)

where the i-th component in the Cartesian basis of (8-V)v is given by §;0;v; (where repeated
indices are summed) and where (8-V)v € LP(€2) means that the linear form

cx@ 3¢ - [ V(Bop). (22)

is bounded in L¥ (), so that (8-V)v is the Riesz representative of (22) in LP(§2). Equipped
with the norm |v|y, (o) := (Hva )+ [(B-V)v|?, Q))p for all v € Vg,,(€2), this space defines a
reflexive Banach space. The followmg proposition states that the problem (2) is well-defined in
the graph space V().

PROPOSITION 4 (Equivalent definition of Vi.,(€2)).
Vgp(2) ={v e LP(Q) | V(B-v) + (Vxv)xB € LP(Q)},
where V(B-v) + (Vxv)x3 € LP(2) means that the linear form

cx@ 30— [ (BV-4-+ Vx(pxp)) o, (23)

is bounded in LV ().



Proof. Let v € Vig,,(Q2). By definition, we have

/(ﬁv /v (Bop)v, Y e ().

Now, recalling the identity V-(B®¢) = BV-@ + Vx(¢x8) + (¢-V)B for all B € Lip(Q2) and for
all p € C°(Q), it follows that

[@Dwe=- [ (Ve Txexp)v- [ (e8)v, voeccx@)
Q Q Q
Hence, observing that ((¢-V)8)-v = ((VB)yp)-v, we obtain

/Q (B-Y) + (VB) "0) - / (BY -0+ Vx(oxB)) v, Vo CX(Q).

Hence, the linear form (23) is bounded, yielding V(8-v) + (Vxv)xB € LP(Q), so that the
inclusion holds. Note that we have the identity (8-V)v + (V3)Tv = V(B-v) + (Vxv)x 0 a.e. in
Q). Since the proof of the converse inclusion is similar, the proof is completed. O

Recalling now that the boundary 0f) is well-separated in the sense of (9), functions in the
graph space Vj.,(§2) have a trace in the space

LP(|B-n|;00) = {v : 0Q — R3 is Lebesgue measurable | / |IB-n||v]P < oo} . (24)
[2}9]

Equipped with the norm ||v||ip(|ﬂ.n|,am =[50 18| |vfP for all v € LP(|B-n|;0%), this space
defines a Banach space.

LEMMA 3 (Trace in LP(|3-n|;00)). Letp € (1,00). The trace map v : C>°(Q2) — LP(|3-n|;00Q)
with ¥(p) = @jaq for all ¢ € C>®(2) extends continuously to Va,,(Q), i.e., there exists €, > 0
such that

Iv()|zranio) < Glvlvs, @), Vv € V().

PROPOSITION 5 (Integration by parts). For all v € Vg.,(2) and for all w € Vg, (€2),

/Qw~(B~V)'v+/Qv~(B-V)w+/Q(Vﬂ)v-w: (Bn)vw. (25a)

In addition, for all v € Vg,(Q) and for all z € WH(Q),
/yvyp 2 0.(8-V)o + /(v B)vfPz+ = /,BVz]v]p— /m(,e-n)yvyp. (25b)
3.2. Weak formulation. Similarly to Section 2, we introduce the bilinear form ag ., €

E(Vg;p(Q)pr/ (Q); R) with Vg;p((l) ={w € Vg,(Q) | wpo- = 0} such that for all v € Vj,,(Q)
and for all w € LP' (),

ag up(v,w) = /Q (V(Bv) + (Vxv)x0) w +/Q;w-'w, (26)

with g : © — R3*3 the reaction tensor. Following the proof of Proposition 4, we observe that the
bilinear form (26) can be reformulated as

15,1y (0, W) = /Q w (V) + /Q w-(VB™ + ), (27)



and the writing g/ = VB" + p yields g/ € L*>(Q) and
apupvw) = [ (BVpw+ [ pow. (28)
Assuming now that s € LP(2), the weak formulation of (2) in the graph space Vg;p(Q) is:
Find u € V§,(Q) st agup(u,v) = /Q sv, Yve LV (Q). (29)
We readily see that if u € Vop(Q) solves (29), the problem (2a) holds in L”(€2) and the boundary

condition (2b) holds in LP(|3-n|;0Q).

3.3. Well-posedness for positive and non-positive Friedrichs tensor. The uniqueness
of the solution of problem (29) relies on the sign of the lowest eigenvalue of the R3*3-valued

Friedrichs tensor VB+VAT 1
+ -
P 2” (Ve Ta (30)

For all & € €, this lowest eigenvalue is denoted by ®,(x) and is defined as

Ry(z) = min {(ogup(x)y,y) |y € R¥st. |y| =1},

where (-,-) denotes the classical Euclidean inner product in R3. Hereafter, we assume that this
eigenvalue satisfies the following assumption.

(H,) ess infg R, > 0. We define 7 = (ess infg N,) "

PROPOSITION 6 (Uniqueness under (Hp)). Assume that (H,) holds. Then,
aﬁu;p(”ﬂ’ |'U|p72) > Tﬁl”””iv(g): Vv € Vﬁo;p(Q)'

Proof. Let v € Vg;p(Q) and consider ag (v, v [v[P~2) (since v [v[P~? € L” (Q)). Owing to the
identity (27), we infer that

ag up(v,v|v[P?) = /Q P2 v-(B-V)v + /Q P20 (VBT + p) v

Using now the integration by parts formula (25b) with z = 1, we obtain

1

—2 —2

ag up(v,v|vl’ ):/ " v og upv + / (B-n)|vl”, (31)
Q P Jaa

whence the result follows using (H,) and recalling that vjgo- = 0. O

To take into account the situation where the smallest eigenvalue X, takes null or slightly negative
values in €2, we consider the new assumption (’H;)

(’H;,) ess infg N, < 0 and there exists a non-dimensional function ¢ € Lip(£2) such that
: ¢ 1
ess infg e> (N, — =3-V( ] >0
p

We define 77! = ess infq €€ ( p — %B-VC).
PROPOSITION 7 (Uniqueness under (#,)). Assume that (H;,) holds. Then,

2 —
ag pp(v,eSv|vfP7?) > 7 1||’U||sz(Q Vv € Vg, ().



Proof. Let v € Vg;p(ﬂ). Denoting ﬁ = ¢B, 1t = ep and observing that

V(B-v) = e (V(Bv) + (VC®B)v) ae. in Q,

: -2 -2 -2 :
we infer that ag (v, eSv |v[P™%) = ag ;. (v,v [v|P™%) — ao vewpp(v, eSv [v|P 7). Owing to (31),

this identity yields

- - _ V(iR + BV
ag,u; (Uaecv\v\p 2) > [v[? 2v-0 ~ U — eglv!p 2o ¢ ¢ 0.
ke Q B,1;p . 2

In addition, observing that

1 v v
TBap et (aﬁ,u;p - p(/B‘VC)Id> + €t < C®,3—;—,8® C) 7

the expected result follows from assumption (). O

Finally, the well-posedness of (2) holds under assumption (H,) or (#,). The proof follows the
same ideas used to prove Theorems 2 and 3, this time using Propositions 6 and 7, respectively.

THEOREM 4 (Well-posedness). Assume that (H,) or (H,) holds. Then the problem (29) is
well-posed.

4. Conclusion. In this paper, we have extended the well-posedness of problems (1) and (2),
not only in Banach graph space of exponent p € (1, 00), but also under new assumptions regarding
the classical Friedrichs tensor, so as to consider the situation when it takes positive, null or slightly
negative values. Observing that equations (1a) and (2a) are the proxy of the Lie derivative in R3
of a 0- and a 1-form respectively, the present analysis could be extended in a future work within
the more general framework proposed by Heumann (2011) to treat the advection of a differential
k-form within a manifold of R?. However, the question of the existence of the potential ¢ in
such a more general context is still open. Another extension of this work concerns the case of
non-homogeneous Dirichlet boundary condition, requiring to establish the surjectivity of the trace
maps in these Banach graph spaces.

Acknowledgments. The author warmly thanks Alexandre Ern and Jean-Luc Guermond for
their advice and the fruitful discussions.

References.

BARrDOS, C. (1970) Problémes aux limites pour les équations aux dérivées partielles du premier
ordre & coeflicients réels; théorémes d’approximation; application & 1’équation de transport.
Annales scientifiques de I’Ecole Normale Supérieure, 3, 185-233.

BEIRAO DA VEIGA, H. (1988) Boundary-value problems for a class of first order partial differ-
ential equations in Sobolev spaces and applications to the Euler flow. Rendiconti del Seminario
Matematico della Universita di Padova, 79, 247-273.

Brezis, H. (1983) Analyse fonctionelle; théorie et applications. Masson.

DEvINATZ, A., ELLiS, R. & FRIEDMAN, A. (1973-1974) The asymptotic behavior of the
first real eigenvalue of second order elliptic operators with a small parameter in the highest
derivatives. II. Indiana Univ. Math. J., 23, 991-1011.

DIPERNA, R. & LioNs, P. (1989) Ordinary differential equations, transport theory and Sobolev
spaces. Inventiones mathematicae, 98, 511-548.

10



ERN, A., GUERMOND, J.-L. & CAPLAIN, G. (2007) An intrinsic criterion for the bijectivity
of Hilbert operators related to Friedrichs’ systems. Comm. Partial Differential Equations, 32,
317-341.

ERN, A. & GUERMOND, J.-L. (2004) Theory and practice of finite elements. Applied Mathe-
matical Sciences, vol. 159. Springer-Verlag, New York, pp. xiv+524.

ERN, A. & GUERMOND, J.-L. (2006a) Discontinuous Galerkin methods for Friedrichs’ systems.
I. General theory. SIAM J. Numer. Anal., 44, 753-778.

ERN, A. & GUERMOND, J.-L. (2006b) Discontinuous Galerkin methods for Friedrichs’ systems.
I1. Second-order elliptic PDEs. SIAM J. Numer. Anal., 44, 2363-2388.

GIRAULT, V. & TARTAR, L. (2010) LP and W' regularity of the solution of a steady transport
equation. Comptes Rendus Mathématique, 348, 885 — 890.

HEUMANN, H. (2011) Eulerian en semi-Lagrangian methods for advection-diffusion of differential
forms. Ph.D. thesis, ETH Ziirich.

JENSEN, M. (2004) Discontinuous Galerkin methods for Friedrichs Systems with irregular solu-
tions. Ph.D. thesis, University of Oxford.

11



