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Construction of dynamical semigroups

by a functional regularisation a la Kato

A.F.M. ter Elst and Valentin A. Zagrebnov

In memory of Tosio Kato on the 100*" anniversary of his birthday

ABSTRACT. A functional version of the Kato one-parametric regularisa-
tion for the construction of a dynamical semigroup generator of a relative
bound one perturbation is introduced. It does not require that the minus
generator of the unperturbed semigroup is a positivity preserving operator.
The regularisation is illustrated by an example of a boson-number cut-off

regularisation.
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1 Introduction

The majority of papers concerning the construction of dynamical semigroups use the Kato
regularisation method [Katb4], which goes back to 1954. This method allows to treat the
case of positive unbounded perturbations with relative bound one and to construct minimal
Markov dynamical semigroups [Dav76], [Dav77].
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Later a similar tool of the one-parametric regularisation allowed Chernoff [Che72] to
prove the following abstract result in a Banach space X for a perturbation of a contraction
Co-semigroup with generator A and domain D(A). Let B be a dissipative operator with
domain D(B) D D(A) and relative bound one, that is, there exists a b > 0 such that

[Bzllx < [[Az]x +b|[z]|x,

for all z € D(A). If the domain D(B*) of the adjoint operator B* is dense in the dual space
X', then the closure of the operator A + B is the generator of a Cy-semigroup. Note that
the hypothesis on B* is superfluous if the Banach space X is reflexive. See also Okazawa
[Oka71] Theorem 2 for the reflexive case.

The aim of the present paper is to put this tool into an abstract setting that covers the
Kato regularisation method as a particular case. Our main result is a functional version
of the Kato regularisation for the construction of generators when perturbations are with
relative bound equal to one.

To produce an application of this result, we construct the generator of a Markov dynam-
ical semigroup for an open quantum system of bosons [TZ16a] [TZ16b]. For this system
the abstract Kato regularisation corresponds to the particle-number cut-off in the Fock
space.

Let H be a Hilbert space over C. Consider the Banach space of bounded operators
L(H) and the subspace €; = €;(H) of all trace-class operators. Let u,v € L(H). We say
that an operator u is positive, in notation v > 0, if (uz,x)y > 0 for all x € H. We write
u<vifv—u>0. Let € ={u€ & :u >0} Then € is a closed cone with trace-norm
|u|le, = Tru for all u € €.

Let €5* be the Banach space over R of all self-adjoint operators of €;. An operator
A: D(A) — €5 with domain D(A) C €5* is called positivity preserving if Au > 0 for all
u € D(A)T, where D(A)* := D(A)N €. A semigroup (S;);~0 on €5 is called positivity
preserving if the map 5, is positivity preserving for all ¢ > 0.

Let D C €5* be a subspace and let A, B: D — €§* be two maps. Then we write A > 0
if A is positivity preserving and we write A < B if B — A > 0. Obviously < is a partial
ordering on L£(€5%).

Let —H be the generator of a positivity preserving contraction Cy-semigroup (e=),-q
on €. Let K: D(H) — €5 be a positivity preserving operator and suppose that

Tr (Ku) < Tr (Hu)

for all w € D(H)". We shall prove in Lemma 2.2 that this implies that the operator K is
H-bounded, but with relative bound equal to one. Hence it is an open problem whether
operator —(H — K), or a closed extension of this operator, is again the generator of a

Cy-semigroup.



Kato [Kat54] solved this problem for Kolmogorov’s evolution equations when the op-
erator H is a positivity preserving map. To this end he proposed a regularisation of the
perturbation K by replacing it by the one-parametric family (7K ),¢jo,1) and by taking
finally the limit r 1 1.

The aim of the present paper is twofold. First, we wish to consider a more general
(functional) regularisation a la Kato. Secondly, we aim to remove the condition that the
operator H is positivity preserving and merely assume the condition that —H is the gen-
erator of a positivity preserving semigroup. It is the positivity preserving of the quantum
dynamical semigroup which is indispensable in applications. We require that the pertur-
bation K of H admits the following type of regularisation.

Definition 1.1. Let (K, )acs be a net such that K,: D(H) — €3 for all a € J. We call
the family (K,)acs a functional regularisation of the operator K if the following four
conditions are valid.

(I) K, is positivity preserving for all o € J.

(II) For all o € J there exist a, € [0,00) and b, € [0, 1) such that

Tr (Kou) < aq Tru + b, Tr (Hu)

for all w € D(H)™.

(Il) K, < Kz < K for all a, f € J with a < .

(IV) Forallu € D(H)" there exists a dense subspace V' of H such that lim, (K u)x, x)y =
((Ku)x,x)y for all z € V.

As an example one can take J = [0,1) and K, = rK for all r € J, i.e. a, = 0 and
bo = r. This was used in [Katb54] under the additional assumption that H is positivity
preserving.

The main theorem of this paper is the following.

Theorem 1.2. Let —H be the generator of a positivity preserving contraction Cy-semigroup
on €. Let K: D(H) — €* be a positivity preserving operator and suppose that

Tr (Ku) < Tr (Hu) (1.1)

forallu € D(H)". Let (Ka)aes be a functional reqularisation of K. Set L, = H — K, for
all o € J. Then one has the following.

(a)  Forall o € J the operator — L, is the generator of a positivity preserving contraction

Co-semigroup (T} )10 on €.

(b)  Ift >0, then lim, T/ u ezists in €5 for all u € C3.



For allt > 0 define T;: €3 — €3* by Tyu = lim, T u.

(¢c)  The family (T})i=0 is a positivity preserving contraction Cy-semigroup on €5 for

which the generator is an extension of the operator —(H — K).

As a corollary we obtain the regularisation theorem of Kato invented in [Kat54] and
which was extended to dynamical semigroups with unbounded generators by Davies in
[Dav77].

For completeness we recall that the concept of the dynamical semigroups was motivated
by mathematical studies of the states dynamics of quantum open systems, see [Dav76]. In
a certain approximation it can be described on an abstract (Banach) space of states by
a Cp-semigroup of positive preserving maps. These semigroups are often called quantum
semigroups if in addition the Kossakowski-Lindblad—-Davies Ansatz (see [AJP06]) is satis-
fied.

In this paper a dynamical semigroup is defined to be a positivity preserving contrac-
tion Cp-semigroup on the Banach space €5*. The abstract space-states which we consider
in this paper consist of self-adjoint trace-class operators over a complex Hilbert space H.
In Section 3 this Hilbert space is the boson Fock space .%. A semigroup (7;);~0 on €5 is
called trace preserving if Tr (Tiu) = Tru for all v € €* and ¢t > 0. Then a Markov
dynamical semigroup is a dynamical semigroup which is trace preserving.

We prove Theorem 1.2 in Section 2. It turns out that the semigroup (7)o constructed
in Theorem 1.2 is minimal in the sense of Kato [Kat54]. We conclude Section 2 with
sufficient conditions for (7;);~0 being a Markov dynamical semigroup.

In Section 3 we present an example where the functional regularisation of the operator
K is a particle-number cut-off in the Fock space .%. We show that the semigroup which is
constructed by this regularisation method is a Markov dynamical semigroup and that it is
minimal. Moreover, the operator H is not positivity preserving.

2 The regularisation theorem

We start with a lemma concerning bounded positivity preserving operators on €3*.
Lemma 2.1.

(a)  Letu € €. Then there are unique v,w € € such that u=v —w and |u] = v+ w,
where |u| is the absolute value of .

(b)  Let A € L(€F) be positivity preserving. Then || Aulle, < ||Alu|||e, for all u € €.

(c) Let A,B € L(€5?) be positivity preserving. Moreover, suppose that Tr Au < Tr Bu
for alluw € €. Then ||A]] < ||B]|.

(d) Let A € L(E®) be positivity preserving and let M > 0. Suppose that Tr (Au) <
M Tru for allu € €f. Then ||A]] < M.
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(e) Let A, B € L(C¥) be positivity preserving and suppose that A < B. Then A™ < B"
for allmn € IN.

(f)  Let (ua)acs be a met in €. Suppose that u, < ug for all a, B € J with a < 3.
Moreover, suppose that sup{Tru, : a« € J} < 0co. Then the net (uy)aes s convergent

Wlel.

Proof. Statement (a) follows from the spectral representation of the self-adjoint operator
u € ¢
(b). Let u € €5*. Let v,w € €] be as in Statement (a). Then Av, Aw € €. So

[Aulle, = [[Av = Awlle, < [[Av]le, + [[Awlle, = Tr Av + Tr Aw = Tr Afu| = [[Aful |[¢,

(c) Let u € €5*. Note that |u| € € and Tr (B — A)|u| > 0 by assumption. Therefore
(b) gives

[Aulle, < Tr Alul + Tr (B — A)|u = Tr Blu| = || Blul lle; < [[B [Iullle; = [ Bl lulle,

and the statement follows.
(d). Choose B = M I and use Statement (c).
(e). The proof is by induction. Let n € IN and suppose that A" < B™. Then

B"" > A" Bu= A" (B — A)u+ A"y > A"y

for all u € €, since A" is positivity preserving and (B — A)u > 0.

(f). Let M =sup{Tru, : o € J} < 00. Let x € H. Then a — (u,z, )y is increasing
and bounded above by M ||z||3,. So lim,(uaz,x)s exists. By the polarisation identity
lim,, (uqz, y)y exists for all z,y € H. Define the operator u: H — H such that

(uxvy)ﬂ ::hgn(uax7y)ﬂ

for all x,y € H. It is easy to see that u is symmetric and is an element of £L(#H). Clearly
(ux, )y = limy(uqx,x)y > 0 for all x € H. So u > 0.

Obviously 0 < Tru, < Trug < M for all o, 5 € J with o < 5. So lim, Tru, < M.
Let N € N and let {e, : n € {1,..., N}} be an orthonormal set in H. Then

N N N

Z(uen, en)H = Zlim(uaen, en)y = lim Z(uaen, en)n < lim Tru, < M.
« « «

n=1 n=1 n=1

So u € QT and Tru < lim, Tru,. Clearly Tru, < Tru for all @ € J and hence Tru =
lim,, Tr u,. Since u—u, > 0 for all a € J, it follows that lim,, [[u—uy||e, = lim, Tr (u—uy) =
0. Therefore lim, u, = u in €;. O

A trace inequality together with positivity preserving gives H-boundedness of a per-

turbation.



Lemma 2.2. Let —H be the generator of a positivity preserving contraction Cy-semigroup
on €. Let K: D(H) — € be a positivity preserving operator. Suppose that Tr (Ku) <
Tr (Hu) for allu € D(H)". Then K (A + H)™ ' is bounded and |K (AN + H)™ || <1 for
all X > 0. Moreover, ||Kulle, < ||Hulle, for all w € D(H) and in particular the operator
K is H-bounded with relative bound one.

Proof. Let A > 0. Then the resolvent
AN+ H)' = / e M S, dt
0

is a positivity preserving bounded operator on €5*. Therefore by composition the operator
KA+ H)™': €&* — € is positivity preserving, hence bounded by [Dav76] Lemma 2.1.
Moreover,

TTKMN+H)  u<TTHMN+H) 'u=Tru— ATt (M + H)'u < Tru

for all u € €. So [|[K (A + H)™!|| <1 by Lemma 2.1(d). Therefore ||Kulle, < [|[(A +
H)ulle, < M|ulle, + ||Hu|le, for all w € D(H) and the lemma follows. O

Inequalities between positivity preserving contraction Cy-semigroups are equivalent to
inequalities between the resolvents.

Lemma 2.3. Let (Sy)i~0 and (T})i>0 be two positivity preserving bounded Cy-semigroups
with generators —H and — L respectively. Then the following are equivalent.

(i) Sy <T; forallt>0.
() \I+H) <O\ +L)" forall x> 0.

If, in addition, D(H) C D(L), then (i) is also equivalent to
(iii)  The operator H — L is positivity preserving.

Proof. ‘(i)=(ii)’. This follows from a Laplace transform.
‘(ii)=(i)’. It follows from Lemma 2.1(e) that (A + H)™" < (A + L)™" for all n € IN.
Let t > 0. Then the Euler formula yields
Swu=lim (I+ L H)™"u < lim (I + £ L)"u = Tu

n—0o0 n—oo

for all u € €. So S; < T;.
‘“(i)=(iii)’. Write K = H — L. Let w € D(H)" and z € H. Then

(Ku)z, o)y = lim (= 500200 (= Tu)e, )

tl0 t t
i (@ =Sz
tl0 t
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So Ku > 0 and K is positivity preserving.
‘(iii)=(i1)’. Let A > 0. Since the product of positivity preserving maps is positivity
preserving, we obtain that

AN +L) ' =N +H) "=+ L)(H-LAI+H)™">0.
So M +L)"'>(\I+ H)™. O

Our first result is a perturbation theorem where the relative bound is less than one.
We emphasise that we do not assume that the operator H is positivity preserving.

Proposition 2.4. Let —H be the generator of a positivity preserving contraction Cy-
semigroup on €. Let K: D(H) — €* be a positivity preserving operator. Suppose there
exist a € [0,00) and b € [0,1) such that Tr (Ku) < aTru+ bTr (Hu) for allu € D(H)*.
Define L = H — K. Then one has the following.

(a)  The operator L is quasi-m-accretive. Moreover, the semigroup generated by —L is a

Positivity Preserving Semigroup.

(b)  If in addition Tr (Ku) < Tr (Hu) for all uw € D(H)", then L is m-accretive. So —L
1s the generator of a contraction semigroup.

c) If again Tr (Ku) < Tr (Hu) for allu € D(H)", then
(c) g :

N
lim (AI+H)*1<K(AI+H)*1> w=(\+L)"u
N—o0

for allw € € and X > 0.
Proof. First suppose in addition that
Tr (Ku) < Tr (Hu) (2.1)

for all w € D(H)*.
Let (S;)¢>0 be the semigroup generated by —H. Let A > 0. Then HAI + H)™' =
I—X\I+ H)™' <TIsince (A + H)™! is positivity preserving. Hence

Tr(KAT+H)'u) <aTr (M + H) 'u) +bTr (HN + H) 'u)

<l + H) e, + 0T (HO T+ B) ) < (% 4) Tra

for all u € €, where we used that (A\[ + H) 'u € D(H)". Moreover, K(A\I + H)™" is
positivity preserving as a composition of two positivity preserving maps. Therefore

KO+ H) < S+

7



by Lemma 2.1(d).
Let A € R and suppose that A >
is invertible and

i & - Then A + L= (I — KA+ H)")(\+H)
N[+ L)'= Z(AI+H)*1(K(A[+H)*1>R. (2.2)
n=0
If n € Ny, then (AT + H)™! (K()\] + H)’l)n € L(€5?) is positivity preserving. Hence
(M + L)' is positivity preserving. Moreover, if u € € then (2.2) yields (AT + L)~!
D(H)". Now by the addition assumption (2.1) one obtains

Tru=Tr(AN +LYN+ L)}
=ATr AT+ L) u+Tr (H—-K)MN+ L)
>ATr (AN + L)

Therefore Tr (A + L) 'u) < A™! Tru. Since (A I+ L)~ is positivity preserving, it follows
from Lemma 2.1(d) that [[(A] + L)7'] < A7! for all A > ;. Hence the operator L is
m-accretive and —L is the generator of a contraction Cy-semigroup.

Let (T});>0 be the semigroup generated by —L. If ¢ > 0, then the operator (I + £ L)™'
is positivity preserving for all large n € IN. Hence by the Euler formula one obtains
that Tyu = lim,, o (1 + %L)*”u € ¢ for all u € €. Therefore the semigroup (7})¢so
is positivity preserving. This proves Statements (a) and (b) of the the proposition if in
addition (2.1) is valid. Note that in particular we have proved Statement (b).

We next prove Statement (a) without the additional assumption (2.1). We may assume

that b > 0. Choose w = {. Then
Tr(Ku) <aTru+bTr (Hu) = bTr <(wI+H)u> <Tr ((w]—i—H)u)

for all w € D(H)". So by the above the operator (wl + H) — K is m-accretive and is
the minus generator of a positivity preserving semigroup. Therefore L is quasi-m-accretive
and it is the minus generator of a positivity preserving semigroup.

Finally we prove Statement (c). The proof is inspired by the proof of Lemma 7 in
[Kat54]. Fix A > 0. Let N € N and r € (0,1). Then ||[r K (A I+ H)™'|| <r by Lemma 2.2.
So the Neumann series gives

XN:()\IJrH) (er(quH ) i/\IJrH (rK(A[—i—H)’l)n

=M +H-—rK)'<\[+H-K)"

where we use Lemma 2.3 in the last step. Let u € €. Taking the limit » 1 1 gives

i(u + H)! (K(/\I + H)—1>"u <O+ H-K)'u=O\I+L)"

n=0



In particular,
N n -
(; W+ ) (KO T+ ) W) < T (A T+ D)),

Then Lemma 2.1(f) gives that v = limy_, Zn oA+ H)™? (K M+ H)~ ) u exists in
€. Then v < (A + L) 'u. Conversely, if N € N and r € (0, 1), then

ZN:(AHH) (rK(MJrH ) ZN:>\I+H 1<K()\I+H)’1)nu§v.

So .
W+ H=rK) =Y (M +H) 7 (r KO+ H)_1>nu < (2.3)

n=0
If p > %, then it follows from (2.2) that limyq (uf+H —r K)™' = (u]+H—K)~" in the

strong operator topology. Since —(H — r K) is the generator of a contraction semigroup
for all € (0,1], it follows from [Dav80] Theorem 3.17 that lim.(ul + H —r K)™! =
(ul + H — K)™! in the strong operator topology for all 4 > 0. Then taking the limit
r+1in (2.3) gives A + H — K)™'u <wv. Sov = (A + H — K) 'u and the proof is
complete. O

We are now able to prove Theorem 1.2 regarding the functional regularisation of the

perturbation of H and we shall prove that the perturbed semigroup is a dynamical semi-
group.

Theorem 2.5. Let —H be the generator of a positivity preserving contraction Cy-semigroup
on €. Let K: D(H) — €3 be a positivity preserving operator and suppose that

Tr (Ku) < Tr (Hu)

for allu € D(H)". Let (Ka)aes be a functional reqularisation of K. Set L, = H — K, for
all « € J. Then one has the following.

(a) If a € J, then the operator L, is m-accretive and the semigroup (T )io generated
by — L, s a positivity preserving contraction semigroup.

(b) Ifa,BeJanda <, then T* < TP for allt > 0.
(¢) Ift >0, then lim, TP u ezists in € for all u € T3
For allt > 0 define T;: €5 — &3 by Tyu = lim, T u.

(d) Ift >0, then the map T} is positivity preserving.

(e)  (Ti)i=0 is a contraction Cy-semigroup on €.

9



Now let —L be the generator of the Cy-semigroup (T})i>o-

et A > 0. en lim,, + Ly) u = + L) " uwn & for allu .
Y LetA>0. Then li AN 4+ L) ! AN+ L)1 &1 for all (S

(g)  The operator L is an extension of operator H — K.

Proof. (a). Condition (1.1) and Definition 1.1(III) imply that
Tr (Kqu) < Tr (Hu)

for all w € D(H)*. Using Definition 1.1(I) and (II), we may apply Proposition 2.4 to H
and K, in order to obtain the statement.

(b). Let a,8 € J with o < . Then L, — Lg = Kz — K, > 0. Moreover, D(L,) =
D(Lg). Now the statement follows from Lemma 2.3(iii)=(i).

(¢). Fix t > 0. Let u € ¢}. Then (b) yields 0 < TPu < T u for all a, 3 € J with
a < B. Moreover, Tr (TPu) = || TP ulle, < ||ulle, for all a € J, since T is a contraction
by Statement (a). So lim, TP u exists in € by Lemma 2.1(f). Then the statement for all
u € €3 follows from Lemma 2.1(a).

(d). Since the semigroup (7))o is positivity preserving for all @ € J by Proposi-
tion 2.4, the assertion follows from (c) and from the limit Tyu = lim,, Tfu for all u € €.

(e). Let ¢ > 0. Then TrTiu = lim, Tr (Tfu) = lim, [|[T ulle, < |Julle, = Tru for all
u € €F. Since T} is positivity preserving by Statement (d), it follows from Lemma 2.1(d)
that 7T} is a contraction. Next, taking the limit (c) one verifies the semigroup property of
the family (7});>o-

To check the strong continuity of the semigroup (7})~o, let u € €/, ¢t > 0 and « € J.
Then S; < T by Lemma 2.3(iii)=(i) and Definition 1.1(I). So T}* — S; > 0. Since T is a

contraction, it follows that
T w — Spulle, = Tr (T — Sp)u) < Tru — Tr Spu = Tr (1 — Sp)u).

Taking the limit over « one gets ||Tyu — Syul|e, < Tr ((I — S¢)u). Since (S;)i>o is a strongly
continuous semigroup on €5* and Tr is continuous from €5 into R, one deduces that
limy g | Tyu — Sulle, = 0. But limg g Syu = w in €. So limy o Tyu = u in €5*. The extension
of the last limit to all u € €§* follows from Lemma 2.1(a).

(f). Let u € €. Let a,8 € J with @ < 3. Then (b) and the definition of T' give
0<THu < T,{Bu < Tyu for all ¢ > 0. Hence

0< A+ L) 'u <A+ Lg) 'u <M+ L) . (2.4)

Therefore by Lemma 2.1(f) it follows that lim,(\ I + L) 'u exists in €;. We next show
that the limit is equal to (AT + L) 'u.
Let z € H and N € (1,00). For all « € J define f,, f: [0, N] — [0, 00) by

falt) = e (Tfuw)z,x)y and  f(t) = e (L), 2)n.

10



Then f,, f are continuous. Moreover, (fq)acs is increasing and lim, f, = f pointwise.
Since [0, N] is compact it follows that lim f, = f uniformly. Therefore

N N
lim/ e M ((TPu)z, x)y dt = / e M ((Tyu)z, )3 dt.
> Jo 0

This is for all N € (1,00). If @ € J, then the semigroup (7)%);~o is a contraction by
Statement (a). Hence || T ullzi) < || T ulle, < ||ulle, for all t > 0. Similarly ||Tiul|zp <
||u||le, for all £ > 0. Hence

Hm((A + Lo) 'u)x, 2)y = lim/ e M ((TPu)z, ) dt
« « 0

= /00 e M (Tw)z, )y dt = (N + L) 'u)x, ).
0
This is for all € H. Polarisation gives
(O + La) ™ )2, b = (AT + L))z, )
for all z,y € H. Since we know that lim, (AT + L) 'u exists in €;, we conclude that
lign()\f +Lo) tu=A\I+L) " u

in &;.

Finally Lemma 2.1(a) implies that limq(AT + Lo) 'u = (AT + L) tu for all u € €52
and the proof of Statement (f) is complete.

Before we can prove Statement (g), we need two lemmata. In the next lemma we use
for the first time the convergence in Definition 1.1(IV).

Lemma 2.6. Let A > 0 andu € €*. Thenlim, Ko (AN +H) 'u= K (AN + H) 'u in €.
Proof. By Lemma 2.1(a) we may assume that u € €. Then the net (K, (A I+ H) 'u)acs
is increasing and Tr K, (AT + H) 'u < Tr K (A + H) 'u < |Jul|¢, by Definition 1.1(III)
and Lemma 2.2. So v = lim, K, (A + H) 'u exists in €; by Lemma 2.1(f). By

Definition 1.1(IV) there exists a dense subspace V' of ‘H such that lim,((K,u)z,z)y =
(Ku)z,z)y for all x € V. If x € V| then

(vr, )y = h;n((Ka A+ H) 'w)x, )y = (KN + H) 'u)z, 2)x.

So by polarisation one deduces that vz = (K (A + H) 'u)x in H for all € V. Hence
v=K (A + H) 'u by continuity and lim, K, AN+ H)'u= (K (A + H) 'uin ¢;. O

Proposition 2.4(c) is applicable to the operators K,. We next show a version for the
full perturbation K.

11



Lemma 2.7. Let A > 0 and u € €3*. Then

lim S (AT + H)! (K (N + H)*1>"u (N + L)

N—o0
n=0

m er'

Proof. For all A >0, N € N and a € J define

R\ =Y (A + H)! (Ka Yt H)*l)” and

n=0

Ry =3 AT+ H)™ (K (N + H)‘1>n.

n=0

Again it suffices to consider u € €. Let N € N. Then
w< S N+ H) ( ()\I+H)_1)nu — M+ L) < A+ L))
n=0

for all a € J by Proposition 2.4(c) and (2.4). Note that K, (AT + H)™! is a contraction
for all @ € J. Take the limit over a. Then Lemma 2.6 gives Ry(A)u < (A + L)™*

Therefore Tr Ry(A)u < Tr (A1 + L) 'u for all N € N. Tt follows from Lemma 2.1(f) that
v = limy_ o Ry(MNu exists in €. Then v < (Al + L) 'u. If N € N and a € J, then
Definition 1.1(IIT) and Lemma 2.1(e) give Ry x(AN)u < Ry(MNu <wv. So A+ Ly)tfu <wv
by Proposition 2.4(c) and consequently (A1 + L)™'« < v by Theorem 2.5(f). So v =
(A + L) 'u as required. O

Now we are able to prove Statement (g) of Theorem 2.5 as in [Kat54] Lemma 8.

Proof of Theorem 2.5(g). For all N € IN write

N
Ry =Y (1 +H) ™ (K (1+H)™)"
n=0
Then Ry = (I + H)™' + Ry_1 K (I + H) ' for all N € N with N > 2. Let u € D(H).
Then Ry (I + H)u = u + Ry_; Ku. Taking the limit N — oo and using Lemma 2.7
gives (I + L) *(I + Hu =u+ (I + L)' Ku. Hence (I + L)"'(I + H — K)u = u and
u € D(L). Moreover, (I +H — K)u = (I + L)u. So L is an extension of H — K. The proof
of Theorem 2.5 is complete. O

Let L and the semigroup (7;);~o be as in Theorem 2.5. Then (7});s¢ is a dynamical
semigroup. It satisfies the following minimality.
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Theorem 2.8. Let L' be an extension of the operator (H — K) such that —L' generates a
positivity preserving Cy-semigroup (1})i=o. Then T, > T} for all t > 0.

Proof. By adding a large constant to the operator H, we may assume that (7}):;s¢ is a
bounded semigroup. Let A > 0 and a € J. Note that the range Ran((A] + Lo)™!) =
D(H) C D(L,) N D(L"). Hence by the resolvent identity we have

AT+L)Y P (AN + L) =T+ L) (Lo — L)NT+ L)t
=M+ L) YK - K,)\I+L,) " >0,
since the resolvents and the operator K — K, are positivity preserving. Using Theo-

rem 2.5(f) one gets (A\J + L')"! > (AT + L)~'. Then the theorem is a consequence of
Lemma 2.3(ii)=(i). O

Theorem 2.8 states similarly to [Kat54] Lemma 9 that the semigroup (73);~0 constructed
in Theorem 2.5 by the functional regularisation (K, )aecs is minimal.

Corollary 2.9. Let —H be the generator of a positivity preserving contraction Cy-semigroup
on €. Let K: D(H) — €* be a positivity preserving operator and suppose that

Tr (Ku) < Tr (Hu)

for all w € D(H)". Let (Kq)acs and (K!)acsy be two functional regqularisations of K.
Let (T})i=0 and (T})i=0 be the semigroups as in Theorem 2.5 using (Ka)aes and (K.)acs,
respectively. Then T, =T, for all t > 0.

Thus the constructed semigroup is independent of the functional regularisation.

We conclude this section by a condition which ensures that the semigroup (73);~0 con-
structed in Theorem 2.5 is also trace-preserving and hence is a Markov dynamical semi-
group.

Theorem 2.10. Adopt the notation and assumptions as in Theorem 1.2. Suppose that
Tr (Hu— Ku) =0 (2.5)

for all w € D(H) and that D(H) is a core for the generator —L. Then the semigroup
(T})¢>0 18 trace preserving.

Proof. The proof is a variation of the proof of [Dav77] Theorem 3.2. Condition (2.5) states
that Tr Lu = 0 for all u € D(H). Because D(H) is a core for L one deduces that Tr Lu = 0
for all w € D(L). Let u € D(L). Since the semigroup (7}):~o maps D(L) into D(L), one
also gets Tr L Tyu = 0 for all £ > 0. Then differentiability of the function ¢t — Tiu from
(0,00) into €; yields 0, TrTyu = —Tr LTyu = 0 for all ¢ > 0. Hence TrTyu = Tru for all
t > 0. Since D(L) is dense in €3*, the latter also holds for all u € €5, O

13



3 Example

In this section we consider an example of a functional regularisation by boson-number cut-
off in a Fock space .%#. We construct in this way a dynamical semigroup which is minimal
and Markovian. The unperturbed positivity preserving Cy-semigroup in the example has
a (minus) generator which fails to be positivity preserving.

3.1 Open boson system

This example is motivated by the model of an open boson system studied in [TZ16a] and
[TZ16Db).

Let b and b* be the boson annihilation and the creation operators defined in the Fock
space .# generated by a cyclic vector 2. That is, the Hilbert space .# has an orthonormal
basis (e, )nen, With eg = Q and the Bose operators b, b* are defined by

be, =+vne,_1 and b'e, =+vVn-+1le,

for all n € Ny, with domain D(b) = D(b*) = {¢p € F : 322 ;n|(¢,en)z|* < oo}, where
we set e_; = 0. The Bose operators satisfy the commutation relation (bb* — b* b)y) = 1) for
all v € D(b*b).

The isolated system that we consider is a one-mode quantum oscillator with equidistant
discrete spectrum with spacing E > 0 defined by

h=FEbb (3.1)

and domain

D(h) ={¢ € F : Y n’|(,en) 5> < o0},

The number operator
n:=0b"b,

with D(n) = D(h) C F, counts the number of bosons (71, 1)# in a normalised quantum
state vector ¢ € .Z, that is ||¢||# = 1.

We consider €; = & (%), the complex Banach space of trace-class operators on .# with
trace-norm || - ||¢,. Its dual space is isometrically isomorphic to the Banach space of all
bounded operators L£(.%). The corresponding dual pair is determined by the bilinear trace

functional
(@ | Aey(z)xeir) = Tr (9 A), (3.2)

where ¢ € €(%) and A € L(.F).
The quantum-mechanical Hamiltonian evolution of the isolated system (3.1) is deter-
mined by the unitary group (Usp,(t))ier, where Uy, (t) = e~ € L(F) for all t € R. For all
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t € (0,00) define W;: €5 — €52 by
Wip = Uin(t) pUin(t)". (3.3)

Then (W})~o is evidently a contraction Cyp-semigroup, which is positivity preserving and
trace preserving. The semigroup (W;);~o is called the Markov dynamical (semi)group for
the evolution of the isolated system (3.1). Let —L be the generator of (W;);so. Define
U: @ 5 ¢ by

U(p)=T+n)"p+n)"
Then ¥(¢}*) € D(L) and

LU(py)=ih(I+n) " po(I+n)" ' —i(I+n)" poh(I+n)"

for all py € €5*. Note that
Lp >ifh, p]

for all p € ¥(€F).

To illustrate an open system corresponding to (3.1), we consider the simplest model
when this system is in contact with an external reservoir of bosons b, b*. Then to describe
the evolution of this open system we follow the Kossakowski-Lindblad—Davies (KLD)
Ansatz for the dissipative extension of the Hamiltonian positivity preserving dynamics
(3.3) to a non-Hamiltonian positivity preserving evolution.

Fix o4 € [0,00). Define the operator Q: D(Q) — €* with domain D(Q) = W(€3®) by

Qp = o (b(1+2)72) po (b UI+2) /) oy (b7 (L+0) ) po (b7 (T+7) 72, (3.4)
where pg € €3 is such that p = U(py). Note that
QpDao_bpb "+, b pb

and that the operator p — QW(p) is continuous from €5* into €5*. Since n is densely
defined, it is not hard to show that W(€5*) N € = ¥(€]). Hence Q is a positivity
preserving operator.

Using the bilinear trace functional (3.2), the dual operator Q* acts in L(.%). It is
defined via the relation (Qp | A)e,(2)xc(2) = (P | Q(A))ey(#)xc(z)- If Ay € L(F) and
A= (I+n)"Y2Ag(I+n)"Y2 then A € D(Q*) and

Q(A) Do _b"Ab+ 0o, bAD".

If o4 +0_ > 0 then clearly I ¢ D(Q").
The non-Hamiltonian evolution equation 0;p(t) = —L,p(t) is defined formally in the

framework of the KLD Ansatz with the generator — L., where

Fop = il p] + 5(Q"(Dp+ p Q'(1)) — Q
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and formally Q*(I) = o_b*b+ o, bb*. Therefore formally

1
Lop=tilh,p]+ 5 ((0_ b'b+0, 00" )p+p(o_b" b+ oy bb*)) — Qp. (3.5)

We aim to give a mathematical sense of (3.5) and to define the corresponding semigroup.
To proceed we first consider the operator h,: D(n) — €5* defined by

ho =ih+3(o_b"b+ 0, bb").

Then h, is an m-accretive operator. Define U, (t) = e"the € L(F) for all t € [0,00).
Then similarly to (3.3) the contraction Cy-semigroup (Up, (t))¢~0 induces on the Banach
space €5 a positivity preserving contraction Cy-semigroup (S7);~o given by

S;Tp = Uho’ (t) pUhG‘ (t)*

Let —H, be the generator of the semigroup (S7);~0. Then D(H,) D W(€®). If p € U(€5?),
then ]
Hop S ilh,p] + 5 <(0_ b b+, bb)p+p(o_ b b+ oy bb*)). (3.6)

Moreover, the map p — H,¥(p) is continuous from €5* into €5*. Also, if p € U(€]), then
Tr H,p > 0. Since Sy commutes with the operator ¥, one deduces that

S7U(CF) C (e,

Hence ¥(€5?) is a core for operator H,.

Note that whenever o_+o, > 0, the semigroup (57 );~0 is not trace-preserving. Indeed,
if p € € is given by p(¢) = (p, e1)# e1, then H,p = (6_+20, )p. Hence S7p = e~ (7-+204+)t)
and Tr (S7p) = e~ (7-+200)t for all ¢ > 0.

Remark 3.1. The operator H, is not positivity preserving, even although the semigroup
(S7)i=0 is positivity preserving. An example is as follows. For simplicity assume that
E = 1. Using the commutation relation (bb* — b*b)y) = 1) for all » € D(b*b), one deduces
that )

Hop D i(fvp —pi) + (o= +04)(ip+ph) + oy p

for all p € U(€?). Let k € IN and A > 0. Choose 1) = €1 + i Aeg. Define p € ¥(€5)* by
p(p) = (p,¢)# ¢. Then

(Hop)p = i( () 2 = (20, 1) 5 )

+(0-+0) (e 0z + (9, ¥)5 V) + o4 (0, 8)5 ¥
for all ¢ € D(n). So

(Hop)p,9)5 = 21 ((,0) 5 (16, 0) )
+ (0 +0) Re (0. 0)5 (00,9)5 ) + 04 (0 0) 5]
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Now choose ¢ = e;+e,. Then (¢, %)z (N, )z = (1—i A\)(1+ik ) = 1+k N2 +i (k—1) \.
So
(Hop)ps )z = =2(k =) A+ (0- +04)(1+ kX)) + 0y (1+2%).

Choose A > 0 such that A (c_+04) < 1. Then ((H,p)p, ¢)# < 0 for large k € IN. Therefore
the operator H,p is not positive and the operator H, is not positivity preserving.

3.2 A particle-number cut-off regularisation

To make precise the meaning of the operator formally introduced in (3.5) we use (3.6) and
the next two lemmata for an extension of Q. The first lemma is about boundedness of
operators.

Lemma 3.2. Let A: U(C5*) — € be a positivity preserving operator and assume that
Tr Ap < Trp for all p € U(€]). Then [|Aplle, < ||plle, for all p € T(E5?).

Proof. Step 1 Let p € ¥(€5*) and £ > 0. We first show that there exist py, ps € ¥(€])
such that p = p; — pe and Tr p; + Trps < ||plle, + €.

The proof is a modification of [Dav77] Lemma 2.1. By assumption there exists a py € €5
such that p = (I +7)"! po (I +7n)~!. For all t > 0 define

pr=T+tn)(I+n)po(I+tn)([+n)"

Then p, € €§*. Moreover, limyjop; = p in €. Hence there exists a ¢ > 0 such that

locller < llplle, + e
By Lemma 2.1(a) there exist v,w € €] such that p; = v — w and |p;| = v + w. Write

pr={I+tn) vl +tn)™" and py= (T +tn) " w( +tn) "
Then py, p2 € U(€]) and
pr—p2 = (I+tn) ! (v—w) (T+tR) ™ = (I+tn) " p, ([+tn) = (T+7) " po (I+0)"1 = p.
Moreover,
Trp; + Trpy = Tr ((I +t0) " (v +w) (I + tﬁ)_l)

= (T +tn)™ (v +w) (I +ta) e,

<ot wlle, = ot ller = lloeller < llplle;, +€
as required.

Step 2 Now we prove the lemma. Let p € U(€5*). Let € > 0 and let p;, po € ¥(€]) be

as in Step 1. Then
[Aplle, < [[Apille, + [[Apzlle, = TrApy +Tr Apy < Trpyr + Trpy < [lplle, + ¢

and the lemma follows. O
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Lemma 3.3. The operator Q extends uniquely to a continuous operator Q: D(H,) — €3,
where D(H,) is provided with the graph norm. Moreover, Q is positivity preserving,

Tr (H,p — Qp) =0
and ||Qplle, < ||Hoplle, for all p € D(Hy).
Proof. Note that

Tr(H,p— Qp) =0 (3.7)
for all p € ¥(€5*). Let A > 0. The resolvent

()\I+HU)‘1:/ e S dt
0

is positivity preserving and (A I + H,) '¥(€5*) C ¥(E5*) since SY commutes with the
operator W. Then the map QA I+ H,) |y (ese): W(€F) — € is also positivity preserving.
Moreover, (3.7) yields

Te (QN T+ H,y) 7' p) = Tr (H, (A + Hy)™'p)
=Trp—ATr (M + H,) 'p < Trp

for all p € W(C]) = ¥(C) N €. Hence the operator QAT + H,) '|y(es) is bounded
by Lemma 3.2, with norm at most 1. Since WU(€$*) is dense in €5* one deduces that the
operator Q(AI + H,) '|y(es2) has a unique bounded extension Ey: €3* — €}*, which is a
positivity preserving operator. Then || E,| < 1.

Define the operator Qy: D(H,) — €5* by

O, = Ex(\I + H,).

Then ||Oxplle, < (A + Hy)plle, for all p € D(H,). So Q, is continuous from D(H,)
into €32,

Since WoS7 = S7 oW for all t > 0, it follows that ¥(p) € D(H,) and H,V(p) = V(H,p)
for all p € D(H,). If p € D(H,), then

A\ (p) = Ex(A + H,)¥(p)
= E\U((A\ ] + Hy)p) = QN + Hy) " W((A ] + Hy)p) = QU(p).  (3.8)
The map p — ¥(p) is continuous from €5* into D(H,) and 0, is continuous from D(H,)
into €. So p — Q,\V(p) is continuous from € into €5*. Also p — QWU(p) is continuous
from €$* into €5*. Hence it follows from (3.8) that QW (p) = Q¥(p) for all p € €. In
particular, Q, is an extension of Q. Since W(€3?) is dense in D(H,), it follows that Q, is

the unique continuous operator from D(H,) into €§* which extends Q. Consequently O\

is independent of A and we set Q = Q.
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If p € D(H,), then

19plle, = 1@xplley < AT+ Ho)plley < Allpller + [[Hoplle,

for all A > 0. So [|Qplle, < ||Hoplle,-

It follows from (3.7) that Tr (QU(p)) = Tr(QU(p)) = Tr (H,¥(p)) for all p € €2
Then by density and continuity Tr (@p) = Tr (H,p) for all p € D(H,).

It remains to show that O is positivity preserving. Let ¢ € .% and t > 0. If p € €],
then S7p € € and

(ST W (p)),¥) 7 = (QU(SI ), )5 = ((QU(Sy ), )5 > 0

since Q is positivity preserving. Because W(€]) is dense in €/, one deduces that

(QSep), )5 >0

for all p € €. Now let p € D(H,)*. Then ((Qp),1h) 7 = limyo((QS7p)h, )5 > 0.
Therefore Q is positivity preserving. O

Let @ be as in Lemma 3.3. Since there will be no confusion, we will denote @ by O.

We shall use the general approach developed in Section 2. To this aim we consider a
regularisation generated by the family of projections (Py)nen,, where for all N € Ny the
projection Py: . % — % is given by

N
PNw = Z(wa en)ﬁ‘ €n-

n=0
Note that the number of bosons in the subspace Py.# is bounded because the boson
number operator satisfies 1(Pyv) < N ||[¢]|% for all ¢ € .Z.

Obviously limy_o Pyt = % for all ¢ € .%. For all N € Ny define the particle number
cut-off regularisation Qn € L(€5*) of the operator Q by

QNp = 0_ (b* PN)*p(b* PN) + (o (bPN)*p<bPN) (39)

Note that Qnp = Py (Qp) Py for all p € ¥(€5*) by (3.4). Therefore ||Qnplle, < [19p]le,
for all p € ¥(€5*) and then by density ||Qnplle, < ||Qplle, for all p € D(H,).

We next verify that (Qn)nen, is a functional regularisation of Q. Clearly Qy is pos-
itivity preserving for all N € Ny, which is Condition (I) in Definition 1.1. The definition
of Quy implies the estimate

19nolles < (0 (N +1) + 04 N) lplle,,

for all p € €, which implies Definition 1.1(II). Since o4 > 0, the regularisation (3.9) is
monotone increasing as a sequence of positivity preserving maps in €5*, and bounded by Q.
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So Condition (III) in Definition 1.1 is valid. Finally we Show that limy 00 ((Qnp), V) 5 =
((Qp)Y, 1)z for all p e D(H,) and ¢ € .Z. Let ¢ € F. Let p € ¥(€3?). Then

for all p € U(€5*). Since ¥(€5*) is dense in D(H,) and ||Qnplle, < ||Qp|le, for all p €
D(H,) and N € Ny, one deduces that limy_,o.((Qnp),¥) s = ((Qp),1)# for all p €
D(H,) and ¢ € .Z. So (—QOnN)nen, satisfies Definition 1.1(IV).

We proved that the family (Qx)nen, is a functional regularisation of the operator Q.
For all N € IN define the operator L, nx by

LU,N - HO’ - QN

with domain D(L, ) = D(H,). Let (17, t(,TN)t>0 be the semigroup generated by —L, 5. Then
it follows from Theorem 1.2 that (YfN)t>0 is a positivity preserving contraction semigroup,
so it is a dynamical semigroup. Moreover, for all ¢ > 0 and p € €5* the limit

T7p= lim Toyp

exists in € and (77 );>0 is a positivity preserving contraction Cp-semigroup on €5*. Let
—L, be the generator of (7T7);~o. Then L, is an extension of the operator H, — Q.
By Theorem 2.8 the semigroup (77 )~ is minimal in the following sense: If (T )i>0 1s a
positivity preserving Cy-semigroup with generator —LU, which is an extension of —(H,—Q),
then YA}U > Ty¢ for all t > 0.

3.3 Core property and trace-preserving

A priori it is unclear whether the (minimal) dynamical semigroup (77 )¢~ is trace-preserving
(and hence is a Markov dynamical semigroup). We know that Tr (H,p — Qp) = 0 for all
p € D(H,) by Lemma 3.3. Therefore if D(H,) is a core for L,, then we can use Theo-
rem 2.10 to conclude that the semigroup (77 )~ is trace-preserving. We shall show that
this is the case if 0, < o_.

Theorem 3.4. If o, < o_, then the domain D(H,) is a core for L,.
Proof. Fix s € (0,00) such that o, €** < o_. Define the map R: €* — €5* by

Rp:=e*"pe

Then R is a positivity preserving contraction and R(€5*) C W(€5*). If ¢ > 0, then SY and
R commute. Hence if p € D(H,), then Rp € D(H,) and

H, Rp = R H,p. (3.10)
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Let Q_ and Q. be the positive operators in €5* with domain D(Q_) = D(Q,) =
U(€3?), defined similarly as in (3.4) such that

Q pDo_bpb® and Q.pDao b pb.

Then Tr (Q_p) < Tr (Qp) = Tr (H,p) and Tr (Q, p) < Tr (H,p) for all p € U(€]). Arguing
as in Lemma 3.3 one deduces that that there exist unique continuous extensions of Q and
of Q_, also denoted by Q, and Q_, with domain D(H,), such that ||Q plle, < ||Hop|le,
and ||Q_plle, < ||Hoplle, for all p € D(H,). Then Q@ = Q_ + Q.. Note that

be "p=ee"bp and e b p=e b e

for all p € D(n). Therefore
O Rp=e*RQ_p and Q,Rp=e*RQ.p

first for all p € U(€) and then by density for all p € D(H,). Together with (3.10) this
implies that

(H,— Q) Rp=R(H, —e2Q_—¢*Q,)p=R(H,— Q)p (3.11)
for all p € D(H,), where the positivity preserving operator o: D(H,) — &* is defined by

é _ 6—25 o_+ 625 Q+.

Define
e o +e*oy
r= .
o_ +o04
. _ 204 sinh 2
Then r € (0,1) since s > 0 and o, e* < o_. Moreover, e 2% — r = —2Z£50125 and
’ + ’ o_+ot
26— sinh 2
e — p = 2232 Therefore

o_+o4
Tt (Qp) = e > o_Tr (b* bp) +e* o, Tr(bb*p
P

=ro_Tr(b*bp) + 1o, Tr(bb* p) + (e7* —r)o_Tr (b*bp) + (e** — 1) o, Tr (bb* p)

20_ 04 sinh2s

= rTr (Hop) + Tr ((b0* = bb) p)

o_+o4

20_ inh 2
=rTr(H,p) + g-o o STrp
0-7+U+

for all p € W(€5?), where we use the canonical commutation relations in the last step.

Hence 5 N
~ o_ oy sinh2s
T =rTr(H, T
r(Qp) =rTr (Hsp) + e

for all p € D(H,) by density and continuity.
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It follows from Proposition 2.4(a) that the operator H, — Q is quasi-m-accretive. Hence
there exists a A > 0 such that A I + H, — Q is invertible. Since L, is an extension of H, — Q
it follows from (3.11) that

(M + Ly)Rp= (A + H, — Q)Rp = RI\NI + H, — Q)p
for all p € D(H,). Hence
(M +L,)(D(Hy)) D (M + L,)R(D(Hy)) = RN+ H, — é)(D(Hg)) = R(€})
is dense in €5*. Consequently D(H,) is dense in D(L,), that is D(H,) is a core for L,. [
Corollary 3.5. If o, < o_, then the semigroup (17 )i~o 1S trace-preserving.
Proof. This follows from Theorem 2.10, Lemma 3.3 and Theorem 3.4. O
Corollary 3.6. If 0, < o_, then the set V(€*) is a core for the operator L.

Proof. The set U(€}?) is dense in D(H, ). Moreover, D(H,) is dense in D(L,) by Theo-
rem 3.4. Hence ¥(€5?) is dense in D(L,), that is W(€3*) is a core for the operator L,. [

The proof of Theorem 3.4 is heavily based on the strict inequality o, < o_. We do not
know whether D(H,) is a core for L, if o, =0o_ > 0.

We comment that an alternative regularisation for Q is possible. For all N € IN; define
Oy € L(€5) by
QNP = Q(PN,OPN).
It is easy to verify that (Qy)yemw, satisfies Conditions (I), (II) and (I1I) in Definition 1.1.
We next verify Condition (IV). Choose V' = D(b) = D(b*). Then V is dense in .Z.
Let p € V. If p € W(€5*) and N € Ny, then ((Qnp)ih, ¥0)s = o_ (p Py b*), Py b*)) 5 +
(Qp)

F
oy (pPybp, Py b)z. So limy_ oo ((Qnp),¥) e = ((Qp)t, 1) for all p € U(EF). If
N e IN(], then

(Q(Py p Py)tb,¥) 7| < o lplle, 16015 + ok [lplle, 1bv[15 (3.12)

for all p € U(€3?), hence by continuity and density of W(€3) in D(H,), the inequality
(3.12) is valid for all p € D(H,). Therefore imy_o0((Qnp)th, ¥) 7 = ((Qp)ih, ) # for all
p € D(H,). So (On)nen, is a functional regularisation of Q. It follows from the uniqueness
in Corollary 2.9 that (77):>¢ is the associated semigroup again.

Acknowledgements

VAZ is grateful to Department of Mathematics of the University of Auckland and to Tom
ter Elst for a warm hospitality. His visits were supported by the EU Marie Curie IRSES

22



program, project ‘AOS’, No. 318910 and by the Marsden Fund Council from Government

funding, administered by the Royal Society of New Zealand.

VAZ is also thankful to Alessandro Giuliani for a fruitful discussion on the boson open

systems,

which motivated him to consider a revision of the standard Kato regularisation.

References

[AJP06] ATTAL, S., JOYE, A. and PILLET, C.-A., eds., Open quantum systems II, The

[CheT72]

[Dav76]

[Dav77]

[Dav80]

[Katb4]

[OkaT71]

[TZ16a]

[TZ16b]

Markovian approach. Springer, Berlin, 2006.

CHERNOFF, P. R., Perturbations of dissipative operators with relative bound
one. Proc. Amer. Math. Soc. 33 (1972), 72-74.

Davies, E. B., Quantum theory of open systems. Academic Press, London, 1976.

—, Quantum dynamical semigroups and the neutron diffusion equation. Rep.
Mathematical Phys. 11 (1977), 169-188.

—, One-parameter semigroups. London Math. Soc. Monographs 15. Academic
Press, London etc., 1980.

KaATo, T., On the semi-groups generated by Kolmogoroft’s differential equations.
J. Math. Soc. Japan 6 (1954), 1-15.

OKAZAWA, N., A perturbation theorem for linear contraction semigroups on
reflexive Banach spaces. Proc. Japan Acad. 47 (1971), 947-949.

TAMURA, H. and ZAGREBNOV, V. A., Dynamical semigroup for unbounded
repeated perturbation of an open system. J. Math. Phys. 57 (2016), 023519.

—, Dynamics of an open system for repeated harmonic perturbation. J. Stat.
Phys. 163 (2016), 844-867.

A.F.M. TER ELST, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AUCKLAND, PRIVATE
BAG 92019, AUCKLAND 1142, NEW ZEALAND

E-mail address: terelst@math.auckland.ac.nz

VALENTIN ZAGREBNOV, AIX MARSEILLE UNIVERSITE, CNRS, CENTRALE MARSEILLE, I12M
UMR 7373 13453, MARSEILLE, FRANCE
E-mail address: Valentin.Zagrebnov@univ-amu.fr

23



