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Abstract

This draft is the second version of a preliminary document following a work presented
at the 14" International Conference on p—adic Analysis, in Aurillac, France, July 2016.
The final version of this draft is to be submitted soon afterwards. See also:
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1 Algebraic Background

This section is devoted to presenting the rings and algebras which have enough properties to
develop the subsequent theory. All the rings and algebras considered throughout the paper are
assumed to be abelian, even when not specified.

1.1 Complete Archimedean Totally Ordered Abelian Rings

Definition 1.1 We call an ordered abelian ring (R, +, ., =) any abelian ring on which is defined
an order =, such that

1. forr;s,t € R with s <t then r+ s < r+1t (translation invariance).
2. forr,s,t € R with Ogr <1 and s <t then r.s X r.it (compatibility with the product).

Such a ring is called Dedekind-complete (or Complete for short) when any subset of R with
an upper bound has a supremum and any subset of R with a lower bound has an infemum.

Definition 1.2 A complete abelian ordered ring (R, <g) is called Archimedean if and only if
for any positive and nonzero | € R*, we have:

R=U{reR/r=2gnllandR=J{reR/ —(nl) 2xr}

neN neN

where n.l = (30 1).
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Proposition 1.1 A Dedekind-complete Archimedean totally ordered abelian ring R which is
unitary (that is, the multiplication in R has a neutral element) is isomorphic (as an ordered
ring) either to the usual ordered ring 7, or to the usual ordered ring R.

Proof. Using a classical result on ordered rings, we see that R is isomorphic (as an ordered ring)
to an induced sub-ring of the field R provided with the usual order. Up to this isomorphism,
we may suppose now that R is an induced ordered sub-ring of R. We consider two cases:

First, assume that inf(R? ) = 1. Let r in R be greater than 1. Let ng = inf{n € N /n > r}.
Then we have 0 <7 — (ng — 1) < 1 so that 0 = r — (no — 1). This shows that R¥ = N so that
R =Z.

Second, assume that RN]0; 1[# (). Then there exist in R some element s such that 0 < s <
%. Let x be a positive real number. Consider now X = {r € R;0 < r < z}. It is obviously
bounded in R so that it has a supremum rq € R. Now we prove that x = ry which, the number
x being arbitrary, will prove R = R.

The suppremum of X must be less than x, which is an upper bound for X, which means
ro < x. Now, if © > rg, then for n large enough we have s" < x — r¢, so that rq < rq+ s" < x,
yielding a contradiction. O

1.2 Complete Archimedean Totally Ordered Algebras

In all this section, R is a unitary Dedekind-complete Archimedean totally ordered abelian ring.

Definition 1.3 An ordered algebra on R is a tuple (A, R, = 4), where R is a Dedekind-complete
Archimedean totally ordered abelian ring, A is an R—algebra (i.e. provided with an R—module
structure given by a product by scalars of R, and an abelian addition operation denoted by
+, and also provided with an internal product operation, denoted by ., with distributivity with
respect to +, and which is here assumed to be abelian) and < is a complete partial order, which
is compatible with the order in the ring A (Definition , and s also compatible with the
order in 'R, that is:

ifa € R andz,y € A withx <4y, if 0 =g a then ax <4 ay, and if a <x Or, then ay <4 ax.

Definition 1.4 An ordered algebra (A, R,=4) on R is called complete if and only if the order
=4 15 a Dedekind-complete.

Definition 1.5 A complete ordered algebra (A, R, =<4) is called Archimedean if and only if it
is Archimedean as a ring (Definition )

Remark 1.1 The lexicographic order, which is of frequent use in computer sciences, does not
define a complete ordered Archimedean algebra on the product of complete algebras.

For instance, let us consider the lexicographic order <., on the cartesian product A = RxR.
Let us denote X = {(1 — %,n) /né€ N*} C A. Then, (1,b) is an upper bound for X, for any
b € R, but no such couple is a supremum. Besides, no couple (a,b) with a € R, a < 1 and
b € R is a supremum. Therefore, the subset X of R xR has no supremum. The ordered algebra
A is not Archimedean either, since R x R strictly contains

U {(w,0) €R xR/ (u,0) <ep n(0,1)} = R_ x R.

nel
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Example 1.1 Let (A, =1) and (Ay, =2) be two totally ordered Dedekind complete sets. If Ay
has a minimum element and a mazximum element, then Ay X Ay is a totally ordered Dedekind
complete set for the lexicographic order.

Indeed, let X C A; x Ay be a non empty subset of A; x Ay. Let b,, be the minimum
element of Ay and let (a,b) be an upper bound for X. Let us denote by a,; the supremum

ay =sup{u; € Ay / Juy € Ay i (ug,us) € X}

o Ifay € {u € Ay / Jus € As : (ug,us) € X}, then let us denote b, the upper bound of
{us € Ay / (anr,uz) € X}. In that case, (ap, by,) is a supremum for X.

o Ifay ¢ {ug € Ay / Jug € Ay : (ug,uz) € X}. In that case, (ap,by,) is a supremum for
X.

The proof for infema is similar.
In order to enlarge the category of considered algebras, we now weaken the hypothesis on
the considered orders, by introducing so called multi-Archimedean partial orders.

1.3 Multi-Archimedean Partially Ordered Algebra

Throughout this section, the ring R is a unitary Dedekind-complete abelian ring, which is
partially ordered, but not necessarily totally ordered. It is important to note that the algebras
involved are not necessarily unitary.

Definition 1.6 A partially ordered algebra on R is a tuple (A, R, =4), where R is a Dedekind-
complete ordered abelian ring, A is an R—algebra (with operations also denoted by + 4 and
X ) and =4 is a partial order, compatible with the order in R, that is:

ifr € R and x,y € A with x 24y, if 0O X1 then rz <4 ry, and if r <z Og, then ry <4 rx.

The following definitions only need <4 to be a partial order on a set A.

Definition 1.7 (Tight Comparability) Let x € A and y € A.

1. An element y € A is called a tight lower bound of x if and only if the order induced by
=4 on the set [y,z] ={z € A | y =42z 24z} is a total order.

2. We say that y is a tight upper bound of x if x is a tight lower bound of y.

3. We say that x and y are called tightly comparable if y is either a tight upper bound of x
or a tight lower bound of x.

Remark 1.2 On a cartesian product A = [ e aB, of totally ordered sets, define x <y if and
only if each coordinate x, of x is less than the corresponding coordinate vy, of y. This order
is called coordinate by coordinate order. Then, thightly comparable elements in A differ by at
most one of their coordinates.
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Definition 1.8 Let x and y be elements of a partially ordered set A. An element z in A is
said to be tightly between x en y if and only if:

either © 242 34y ory 42 34T
and
x s tightly comparable to y

In that case, z is also tightly comparable to both x and y.

Definition 1.9 (Tight Strict Order) Let x and y be two elements of a partially ordered set
A.

1. We say that y is a strict upper bound of x (or simply that y is greater than x), and we
denote x <4y, if and only if y # x and v =< y.

2. We say that y is a tight strict upper bound (or y is thightly greater than x) of x if and
only if y # x and y is a tight upper bound of x.

Remark 1.3 Suppose that A = M,eaB, is a cartesian product of totally ordered sets. Let
x,y € A. Besides the notions of strict upper bound and tight upper bound from Definition
above, another notion can be defined, of a coordinate by coordinate strict ordering relation:

We say that y is a broad strict upper bound (or y is broadly greater than x), and we denote
x <4y of x if and only if y, is a strict upper bound of x, for alla € A .

The notion of a broad strict upper bound, defined above in carthesian product, makes sense
in an arbitrary partially ordered algebra:

Definition 1.10 (Broad Strict Order) Let x be an element of a partially ordered algebra
(“47737:i4>'

1. We say that x € A is broadly strictly positive if and only if for any tight strict lower
bound y of x, there exists an element in z € A, with 04 <4 z, which is tightly between y
and x (hence z is a strict tight lower bound of x).

2. Given another element x € A, we say that x is broadly strictly greater than y [resp.
broadly strictly less than y] if and only if x — y [resp. y — x] is broadly strictly positive.

The last Definition m agrees with the notion introduced in Remark [1.3 because of Remark .

Definition 1.11 (Multi-Archimedean partially ordered algebra) A multi-Archimedean
partially ordered algebra (A, =<4) is a Dedekind Complete partially ordered algebra such that,
for any broadly strictly positive element | € A, we have

A=J{zeA/z=<4nl} and A= J{z e A/ —nl =1}

neN neN

where n.l = (31 1).

Proposition 1.2 Let X be any set and let R be a Dedekind-complete Archimedean totally
ordered abelian ring. Let us consider the set A = R of maps with domain X and range R,
partially ordered algebra by setting f <zx g if and only if for all x in X, we have f(x) =g g(x).
Then,
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1. the ordered set (RX, ij> is complete.

2. It is not multi-Archimedean in general, but it is multi-Archimedean when X 1is finite.

Proof. @ We prove that any upper bounded subset B of A = R¥ has a supremum. By
definition, such a set B has an upper bound fy € A for the order <z x, that is, the map fj is
such that for all f in B and x in X, we have f(z) <z fo(z). Hence the sets {f(z) / f € B}
are all bounded, and therefore have a supremum g(z). As for all f in B and for all z in X, we
clearly have f(x) <z g(x), the map g thus defined is a supremum for B. The proof for infema
is similar.

@ Now assume that X is finite. Let [ € R¥ be a broadly strictly positive element. This
means, as R~ is naturally a Cartesian product, that Ox <z [(z). As R is totally ordered and
X is finite, this implies that there exists some € € R such that Og <z ¢ <z {(z) for all x € X

Now let f € R¥X. Since the ring R is Archimedean, this implies that there exists n € N
with f(x) <g n.c for all z € X. Then we have f <px n.l. By reasoning similarly to prove
that —n/.l <zx f for some n’ € N, we conclude that A = R¥X is multi-Archimedean. O

Definition 1.12 (Multi-Archimedean Ring) A unitary Dedekind-complete partially or-
dered ring is called multi-Archimedean if it is multi-Archimedean as an algebra (Definition )
over the ring Z, where the external product n.x, for n € Z and x € R, is defined in a natural
way by:

n.r = (ix) if0<n andn.x = —((—n).x) ifn <0
i=1

Definition 1.13 (General and Simple Complete Multi-Archimedean Algebra) We dis-
tinguish between the following kinds of algebras:

e A General Complete Multi-Archimedean Algebra is a Dedekind-complete multi-Archimedean
Algebra over a multi-Archimedean Dedekind-complete partially ordered abelian ring.

o A Simple Complete Multi- Archimedean Algebra is a Dedekind-complete multi- Archimedean
Algebra over an Archimedean Dedekind-complete totally ordered abelian ring (i.e. the ring
can be only the usual oredered ring structures on either Z or R).

Remark 1.4 A General Complete Multi-Archimedean Algebra can be naturally provided with a
structure of a Simple Complete Multi-Archimedean Algebra over the ring Z, using the naturally
defined external multiplication as in Definition |1.14.

1.4 Multi-Archimedean Algebra and Cartesian Product

We proved with Proposition that a cartesian product of a finite numbers of copies of an
Archimedean Dedekind-complete totally ordered ring is a Simple Complete Multi-Archimedean
Algebra over that same ring. In general, we consider the following construction:

Definition 1.14 (Ordered Space of Maps) Let (A, <4) be a General Complete Multi-Archimedean
Algebra over a multi-Archimedean Dedekind-complete partially ordered ring (R,=<gr). Then
the set AV of maps with domain U and range A is a partially ordered algebra by con-
sidering the value by value addition, multiplication and order between maps (i.e. setting

6



1.4 Multi-Archimedean Algebra and Cartesian Product R. Malgouyres and H.A. Esbelin

(f+9)(x) = f(x) +g(x) and (f.9)(x) = f(x).g(x) and, for the order f < ,4v g if and only if
for all x in U, we have f(x) =4 g(x)). This provides AV with an ordered algebra structure
called the canonical ordered algebra structure, or the canonical ordered algebra, or the value by
value ordered algebra structure over AY.

Theorem 1.1 Under the notations of Definition , then, for a finite set U, the value by
value ordered algebra structure over AY is a General Complete Multi-Archimedean Algebra over
R, as well as over A, considered as a ring acting by coordinate by coordinate addition and
multiplication over AY.

Proof. We follow the lines of the proof used of Proposition . Our ordered algebra AY is
complete for the same reason: the suppremum and infemum can be constructed coordinate by
coordinate.

Now, let I € AY be a broadly strictly positive element. This means that {(x) is a broadly
strictly positive element of A for each x € U. Then, the set U being finite and A multi-
archimedean, this implies that there exists n; € N such that 14 < n;.[(x) for all z € U.

Now, let f be any element in AY. As U is finite and A is multi-archimedean, this implies
that there exists an ny € N such that —(ng.14) <4 f(z) <4 (no.14) for all z € U.

For z € U, we have —(na.ni.l(z)) <4 —(ne.1a) <4 f(x) <4 (n2.14) <4 (n2.nq).l(x). This
means that —(ng.ny).l < v f <4v (ng.ny)l, which proves that AY is multi-archimedian (over

both rings R and A). O

Definition 1.15 A general multi-Archimedean Dedekind-complete partially ordered algebra A
is called discrete if the infemum

i =inf({x € A/ x is broadly greater that 04})

is itself broadly greater than 04. This notion holds in particular for a multi-Archimedean
Dedekind-complete partially ordered ring, seen as an algebra over itself.

Due to Proposition @, discrete unitary multi-Archimedean algebras can be characterized as
follows:

Remark 1.5 A unitary general multi-Archimedean Dedekind-complete partially ordered alge-
bra A is discrete if any element in A which is broadly greater than 04 is greater than or equal
to 1_,4.

Theorem 1.2 Under the notations of Definition , let us also assume that the algebra
A is discrete.  We consider the induced ordered sub-algebra of the value by value ordered
algebra structure over AUV on the subset AY of bounded maps (i.e. maps f such that the set
{f(z) / = € U} has an upper bound in A) Then, for any set U, this provides AY with a General
Complete Multi-Archimedean Algebra structure over R.

The proof is similar to that of Therorem . At last, we have:

Theorem 1.3 Let A = [[¢_, B, be a cartesian product of a finite number of General Complete

77777

plete Multi-Archimedean Algebra structure by considering the coordinate by coordinate sum,
product and order on A.
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The proof is similar to that of Therorem .

Definition 1.16 (Product Multi-Archimedean Algebra) Under the hypothesis and no-
tations of either Therorem , Therorem |1.4 or Therorem , the resulting multi- Archimedean
algebra is called the product multi- Archimedean algebra.

2 Separability, Classification, Integration

2.1 Suprema of Tightly Strictly Positive Elements

Proposition 2.1 Let (A, R, =<4) be a multi-Archimedean partially ordered algebra, and let
x <4y be two distinct ans comparable elements of A. Then we have y = sup(Z) where

B 24249y and
Z= { z€A / z s tightly greater than x

Proof. We assume by reductio ad absurdum that sup(Z) <4 y. Note that Z is non-empty
since it contains x. Let s = sup(Z).
We plan to use the Zorn Lemma to prove that the s = y. We define C ={z € A/ s <4
z <4y}, and
P={XCC /Vzz2 € X wehave z <4 2 or 2/ <4 z}

Let us prove that the ordered set (P, C) is inductive. For this purpose, we consider a chain

T C P, that is, for any, X, X’ € T, we have X C X’ or X’ C X. Then the set X, = U X
XeT
belongs to P. Indeed, for z and z’ in X, then there exists X € T' C P which contains both

z and 2. From the definition of P, we see that z and 2’ are comparable in A, so that we can
conclude that X,; € P. From the Zorn lemma, there exists a maximal element M € P for
inclusion, that is, there exists a totally ordered set M C C' C A such that no other element z
of C' can be comparable to all elements of M.

By maximality, the element s, which is clearly comparable to all elements of M, belongs
to M, and M is non empty. Similarly, the element y € C' is comparable to (greater than) all
elements of M, so that y € M and furthermore y = sup(M). O

Remark 2.1 In the proof of Proposition @, we also proved that for any interval [x,y] C A,
there exists a totally ordered subset M C [x,y], such that x = inf(M) and y = sup(M), and

which is mazimal in the sense that any element of [x,y] which is comparable to all elements of
M belong to M.

Corollary 2.1 Let (A, R, =4) be a multi-Archimedean partially ordered algebra, and letu € A.

Then we have:
_ z =4 u and
u = sup ({ zeA / z 1is tightly comparable to 04 })

Proof. We first notice that the result is true for elements v which are tightly comparable to
04. Then we apply Proposition El] between 04 and y; = —inf({—wu, u}), and then between 04
and y» = sup({—u,u}). O

Now, we can define the absolute value of a non zero element as follows.

8
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Definition 2.1 (Absolute Value) Let (A, R, =<4) be a multi-Archimedean partially ordered
algebra. Let x € A.

1. If x is tightly comparable to 04, then the absolute value |x| of x is defined by

|£E|_ T Zf OAjAJ}
S - if 22404

2. For any element y which is tightly comparable to x, the element y—x is tightly comparable
to 04. We thus define the absolute value |x| of x by:

B Oa2ayazore =24y =404
|z| = sup <{|y’ / and vy 1is tightly comparable to 04

Proposition 2.2 Let (A, R, =4) be a multi-Archimedean partially ordered algebra and x € A.
Then,

1. We have x =<4 |x|.
2. We have x = |z| if and only if 04 <4 .

The only non-trivial point is that if 04 <4 = we have x = |z|, but this follows from Proposi-
tion R.1.

Proposition 2.3 Let (A, R,=<4) be a multi-Archimedean partially ordered algebra. Then,
there exists a maximal set Z C A such that for any two distinct elements z, 2" € Z the elements
z and z' are not comparable and all elements in Z are tightly strictly positive.

Moreover, any set Zy in which all elements are tightly strictly positive any two distinct
elements are not comparable can be extended to such a maximal set Z .

Proof. Let us consider

P=17.cXcA Vz,2' € X the elements z and 2’ are not comparable
1 all elements of X are tightly strictly positive

Let us prove that the ordered set (P, C) is inductive. To that aim, we consider a chain 7' C P.
Then the set Xy, = Uxer X belongs to P. Indeed, for z,2" € X, there exists X € P
which contains both z and 2. This implies that z is tightly stricly positive and z, 2’ are not
comparable. We conclude by the Zorn Lemma that there exists a maximal element Z in P. O

Proposition 2.4 Under the hypothesis and notations of Proposition [23, we consider the
element b = sup(Z). Then the element b is broadly strictly positive.

Proof. If we consider a tight strict lower bound y of b, then, from the definition of b, the
element y must be smaller than some element z € Z, which is tightly stricly greater than 0 4.
We have 04 <4 z and z is tightly between y and b. O

Proposition 2.5 Given an element 04 <4 by in A, then there exists a positive element
04 =4 by in A such that By + by is broadly strictly positive, and such that no nonzero element
which is tightly strictly greater than zero is comparable to both by and by. Moreover, if the
algebra A is unitary, then we must have by.by = 0 4.

9
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Proof. In a similar way to the proof of Proposition @, we show that there exists a maximal set
Zy of tightly strictly positive elements of A which are comparable to by, and any two distinct
elements of Z; are not comparable. Following Proposition R.3, the set Z; can be extended to a
set Z such that, following Proposition @, the element b = sup(7) is broadly strictly positive
in A. We conclude by setting by = sup(Z\Z).

Now assume that A is unitary, then we have by.b; <4 bg.14 = by, and similarly bg.b; <4 b;.
Therefore, if by.b; were non zero, we would obtain through Corollary a nonzero element
which is thightly comparable to 04 and is comparable to both by and b;. O

Definition 2.2 A general multi-Archimedean algebra is called separable if and only if any set
of pairwise not comparable elements is countable.

In the sequel, we assume that all the considered multi-Archimedean algebra are separable.

2.2 Ideals in a Multi-Archimedean Algebra

Till the end of this section, (A, R, <4) denotes a general multi-Archimedean partially ordered
unitary algebra.

Definition 2.3 A sub-algebra or an ideal B of A is said to be closed if the order induced by
<4 on B is Dedekind-complete.

We may notice that the proof of Proposition @ and Proposition @ also work to prove the
following;:

Remark 2.2 Let C be a closed ideal of A. Then, there exists a maximal set Z C C such that
for any two elements z,2' € Z the elements z and 2’ are not comparable and all elements in

Z are tightly strictly positive. Moreover, the element ¢ = sup(Z) is broadly strictly positive in
the ordered algebra (B, R,=4).

Proposition 2.6 Assume that A is unitary. Let C be a complete ideal of a multi-Archimedean
algebra (A, R,=4). Assume that for every x € C, all elements of A which are tightly between
04 and x also belong to C. Then we have:

1. The quotient A/C is naturally provided with an order =<asc such that the projection
w:A: A/C from A to the quotient algebra A/C is increasing.

2. This order provides A/C with a multi-Archimedean algebra structure over R.
3. We have an ordered algebra isomorphism:
®: A—Cx(A/C)

through which we can construct a supplementary closed sub-algebra S of C in A (which
we denote by A =C ®S) such that A =C DS, and for every x € S, all elements of A
which are tightly between 04 and x also belong to S.

4. Consequently, C is proved in turn to be multi-Archimedean.

10



2.2 Ideals in a Multi-Archimedean Algebra R. Malgouyres and H.A. Esbelin

Proof. Following Proposition @ and Remark @, let b be a broadly strictly positive element of
(A, R,=4), and let ¢ be a broadly strictly positive element in the ordered algebra (C, R, <4).
Following Proposition @, let d be a positive element of A such that ¢ + d is broadly strictly
positive in A, and no element of A which is tightly comparable to 04 is comparable to both ¢
and d.

Since we assumed that A is unitary, we have c.d = 04, and, for any positive element u € C,
we get u.d = 04. Due to our hypothesis that for every = € C, all elements of A which are
tightly between 04 and x also belong to C, this implies by Corolarry El] that u.d = 04 for any
element u € C.

We define in Q@ = A/C the order =g defined by: [z] <g [y] if and only d.x <4 d.y. If 2’ =
2+ c; and ' = x + ¢, with ¢1, ¢y € C are other representants, then we have ¢i.d = ¢y.d = 04,
so that the order on Q is well defined.

Let us show that the ordered algebra (Q,R,=g) is a multi-Archimedean algebra. Let
] € Q be a broadly strictly positive element in (Q, <o), and let [z] € Q, be the class of an
element z € A. We may assume that 04 <4 . We consider the element [; = d.l+c of A, which
we can prove to be broadly strictly positive. For m € N large enough, we have x.d <4 m.ly,
so that x.d <4 m.(d.l + ¢), or, equivalently, [z] <g [m.l] = m.[l].

We complete the proof by considering the ideal S generated by the elements g of A which
satisfy 04 =4 g =4 d — ¢, which is easily seen to satisfy our statement. The last point follows
from the fact that C is isomorphic to A/S. O

Corollary 2.2 Under the hypothesis and notations of Proposition , if 04 242 24 cand
ceC, then x € C.

Indeed, the projection onto .A/C being increasing, the projetction of the element x is squeezed
between 04 and the projection of ¢, also equal to 04.

Proposition 2.7 Assume that A is unitary. Let B be the ideal of A generated by xy. Then,
xo s a broadly strictly positive element in the multi-Archimedean algebra B.

Proof. Due to Proposition @, there exists 1 € A such that xo+x; is broadly strictly positive
in A and xg.z; = 04. Let x € B. The algebra A being multi-Archimedean, there exists n € N
such that © <4 n.(xg+x1). We have x <g n.zq since [x;] = 0 in B. We conclude (for exeample
by considering x = 15, that xq is broadly strictly positive in B. O

Proposition 2.8 Assume that A is unitary.

1. If x 1is tightly comparable to 04, then for z € A the element x.z is tightly comparable to
both 04 and x.

2. If 04 =4 2z and 04 <4 x, the element x.z is tightly comparable to both 04 and x.

Proof. 1. Let n € N be such that z <4 n.14. Let B be the ideal of A generated by xy. Then
we have x.z <4 n.z, but n.z is tightly comparable to 04 and contains z.

2. From Point 1 and Proposition R.1|, the element x.z is a suppremum of elements which
are tightly comparable to both 04 and z, hence it is tightly comparable to both 04 and z. O

11
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Proposition 2.9 Assume that A is unitary. Let B be the ideal of A generated by xy, with
xq tightly comparable to 04. Then, B is Archimedean, and is consequently (Proposition |1.1)
isomorphic as an ordered algebra either to the usual structure on Z or to the usual structure
on R.

Proof. Let O <5 [l and let x € B. Due to Proposition @, there exists [; € A such that [ + [
is broadly strictly positive in A and [.l; = 04. Since xq is tightly comparable to 04 and [ is
of the form z.xg, then [ is also tightly comparable to 04 and we have [[;] = 0z. Let n € N be
such that © <4 n.(l +1;). We have z <g n.l. O

2.3 Discrete Characteristics and Morphisms

Definition 2.4 Let (A, R, =4) be a multi-Archimedean unitary algebra over a ring R. Note
that the existence of a broadly strictly positive element is established in Proposition [2.4. We
define the discrete characteristics of A the element of A defined by

X(A) =1inf ({b € A / b is broadly strictly positive})
Example 2.1 We consider the following product multi-Archimedean algebras.
e For Ay =7 X Z, we have x(A;) = (1,1).
e For A, =R x R, we have x(Az) = (0,0).
e For A3 =R x Z, we have x(As) = (0,1).

Remark 2.3 Let (A, R,=4) be a unitary multi-Archimedean algebra and B C A be a closed
sub-algebra (not that we do not assume that B is an ideal) which contains at least one broadly
strictly positive element of A. Then the characteristics x(B) € B can naturally be defined as
an element of A by

xA(B) =inf ({b € B / b is broadly strictly positive inA})

Furthermore, if B' C A is another closed sub-algebra of A which contains at least one
broadly strictly positive element of A, then we have B C B, if and only if x(B) =4 x(B').

Proof. If B' C B, then we have x(B) <4 x(B’). from the very definition. Conversely, if there
exists x € B'\B let us consider the ideal C generated by x. We may consider without loss of
generality that x is tightly comparable to 04. From Proposition @, if v ¢ B, then CNB is
isomorphic to Z and CN B’ is isomorphic to R, and we cannot have x(B) <4 x(5'). O

Proposition 2.10 Let (A, R,=<4) and (B,R,=4) be multi-Archimedean algebras. Let ¢ :
A — B be a morphism of ordered algebras. Then ¢(x(A)) <5 x(B). Consequently, if v is an
isomorphism, then we must have p(x(A)) = x(B).

Proposition 2.11 Let A, and Ay be two product multi-Archimedean algebras of the form:
A =7 xR" and Ay = ZY* x R"

where Uy, Vi, Us and Us are sets. Then, the ordered algebras (A, R, =<4) are isomorphic if
and only if there is both a one to one correspondence between Uy and Uy and a one to one
correspondance between Vi and V5.

12
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Proof. We see that x(A;) = (1p,,0y,) and x(As) = (1p,, 0y,), where 1y denotes the function
identically equal to 1 on U and Oy denotes the function identically equal to 0 on V. The result
then follows from Proposition @ O

2.4 Classification of Multi-Archimedean Algebras

Throughout this section, that multi-Archimedean algebra A is assumed to be unitary.

Definition 2.5 Let us consider G the set of all elements of A which are either tightly strictly
positive or tightly strictly negative. We consider the relation p on G such that p(x,y) if and
only if |x| and |y| are tightly comparable.

Then p is easily seen to be an equivalence relation and the equivalence classes of p are called
the essential generators of A. The class under p of an element @ is denoted by |x].

Proposition 2.12 Let [z] be an essential generator of A and let B = [x]U{04}. Then B is
the ideal in A generated by x.

Proof. We may assume w.l.o.g. that 04 <4 x. Let C be the ideal in A generated by z. Let
y € B. If y X4 x, Then, from Corollary 2.2, we have y € C. if x is tightly between 04 and y,
then by Proposition R.7, there exists n € N such that y <4 n.x, hence y € C.

Conversely, if y € C is non zero, then there exists z € A such that y = x.z. For some n € N,
we have z <y n.ly sothat y =z.2 4y n.xandy € B. O

Theorem 2.1 Any general multi-Archimedean algebra is isomorphic, as an ordered algebra,
to a cartesian product of the form: ZU x RV where U and V are two sets.

Proof. Let U be the set of all essential generators of A such that uJ{04} is isomorphic to Z.
For u € U, let ¢, be a choice of an isomorphism from u(J{04} to Z. Similarly, let V be the
set of all essential generators of A such that v{J{04} is isomorphic to R, and for v € V|, let ¢,
be a choice of an isomorphism from v (J{04} to R. We consider the map

G — 7ZUxRY

o (0ul@). 0g) if u = [z),
oz — P(2): (u,v) — (07, pp(z)) if v = [z],
and (0z, Or) otherwise

We also define ®(04) = (0z,0r). Then ® can be prolonged to a unique isomorphism of ordered
algebra

(b{ A — 7V x RV
| x=sup({z € GU{0} / 2z 4 z}) > sup({P(z) / z€ G and z <4 x})

The detailed proof is left to the reader. O
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2.5 Fixed Denominator Rational Multi-Archimedean Algebra

In this section, we consider (A, R, <4 a unitary general multi-Archimedean algebra.
Let [ € A (or possibly I € R, in which case we identify [ with the element [.14 of A) be a
broadly strictly positive element. For X C A, we consider the set

X/l:{?/xEX}

Conversely, for Y C A/l, we define [Y = {:1: cA/ e Y}. The set A/l is naturally in one to
one correspondance with A through the map x —— 7. The inverse map is the map which to

some y = 7 € A/l associates l.y L=

We can be naturally provide A/l with an ordered algebra structure (A/l,R,=4), by
setting:

~I8
_|_

+
Y=Y formw,yec A

~Ie

=% for z,y € A

I8

I8

=an ¥ if and only if # <4 y.

Proposition 2.13 The map of division by I, which to an element x € A associates 7 €
mathcal A/l is an isomorphism of ordered algebra, the inverse of which is the multiplication by
l, which to x € A/l associates .

The proof is straightforward from the definitions. There is also a natural one to one inclusion
map:

. { A — A/l

Tl o— LT

The fact that 7, is onto follows from the hypothesis that [ is broadly strictly positive in A.

Proposition 2.14 If [ is invertible in A, then we have a commutative diagram

Division by 1

A/l

Multiplication by 1=t J Identity

A/l

Inclusion i,

Note that in the case when [ € R, where R is a field and A = R (for example R = A = R),
then A/l can be seen as A itself, and the natural isomorphism from A to A/l can be seen as
an automorphism.
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2.6 Integrals of Functions to Multi-Archimedean Algebras

In this section, we purpose to define the integral of a function from a measured space to a
multi-Archimedean partially ordered algebra. We will proceed along the lines of classical defi-
nitions for an integral, first defining integrals for measurable functions with positive values, and
generalizing to arbitrary measurable functions by decomposing them as the sum of functions
with positive and negative values.

Definition 2.6 (Borel o—algebra) Given a general multi- Archimedean partially ordered uni-
tary algebra (A, R, =4) over a Dedekind-complete multi-Archimedean abelian ring R, we shall
systematically provide the set A with the o—algebra, which we call the Borel o—algebra gener-
ated by open intervals, that is, generated by sets of the form

I={zeA/x 2403422}

Due to our separability assumption and Proposition @, easily see that interval with strict
bounds defined by regular, tight or broad inequalities (Definition and Definition ) also
belong to the Borel o—algebra.

Given [ € R, with Og < [, the (see Section @), the inclusion ¢ : A — A/l which to z
associates [.7 is measurable, as well as the natural isomorphism of division by [.

Definition 2.7 (Measurable Function) Given a mseasurable c—algebra 2 on a set X, we
say that a function f : X — A is measurable if and only if the pre-image of any element in
the Borel o—algebra is an element of €.

Definition 2.8 (Measure) A positive measurable function p @ X — R, /l, where | € R,
with Og <% L, s called a measure if and only if:

g M(Q) - O'R/l;
e (X)) is greater than or equal to Og for all X € Q/1

e u is o—additive, that is, for any countable family (Ap)nen of pairwise disjoints sets we
have

J (U Ai) = u(A).

ieN ieN
The tricky point to define the intagral is that, since the range is only partially ordered, the
notion of a “positive” or “negative” valued function is not immediately clear, and we shall use
a couple of lemmas.
In the following lemma, we propose an alternative characterization of the notion of the

absolute value of an element in a General Multi-Archimedean Algebra, introduced in Defini-
tion R.1.

Lemma 2.1 Let (A, R, =4) be a General multi-Archimedean partially ordered unitary algebra.
Let x € A. Then the absolute value|z| of x in A is the only element of A which satisfies:

1. If x is tightly comparable to 04, then the absolute value |x| of x is defined by

|£E|_ i Zf OAjAJ}
Sl 7 i v 2404
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2. For any element y which is tightly comparable to x,

either y =24 x and y is tightly greater than 04
|z =sup | { ¥ L (1)
or Yy =4 —x andy is tightly greater than 04

Proof. The case when x is tightly comparable to 04 is the same as in Definition @, and
there is nothing to prove in that case. Now, suppose that y is thightly between 04 and x. We
distinguish two cases:

First, assume that 04 <4 y <4 , so that |y| = v.

Now assume that © <4 y <4 04, so that |y| = —y. Let us consider y; = —y. We have
ly| = y1, and we do have 04 <4 y1 <4 —z. O

Lemma 2.2 Let (A, R, =4) be a General multi-Archimedean partially ordered unitary algebra.
Let x € A. Then there exists u € A, with O 4 24 u such that x + |z| = 2u.

Proof. We use the characterization of the absolute value from Lemma @, and we distinguish
two cases:

First Case: if z is tightly comparable to 04, then either x + |z| = 04 = 2.04, or x + |z| = 2.2,
and the result is obvious in both sub-cases.

Second case: if x is not tightly comparable to 04, we rewrite Equation @) as:

| = su either y =4 x and is tightly greater than 04
e y or y =<4 —x and is tightly greater than 04

but from Corollary @, we also have:

T =su ze A ¢ Zaxand
—Sup z is tightly comparable to 04

By applying the first case to all y which are tightly comparable to 04 and which are between
—1z and +x, for which we can set z = |y|, we ge the result. O

Notation 2.1 Under the hypothesis and notations of Lemma @, we denote x+2\x| o

Remark 2.4 Under the hypothesis and notations of Lemma @, we see that any element in
A is the difference between two positive elements.

Indeed, using Notation @, we have v = Igm — (ﬁ);r‘ff”l.

Definition 2.9 (Integral of a Positive Function) Let (X,Qx, ) be a measured space and
(A, R, <4) be a general multi-Archimedean partially ordered unitary algebra on a Dedekind-
complete multi-Archimedean abelian ring R. Let f be a measurable function with domain X
and range
Ar={ye A/ 04 =4y}
When we say that the function f is integrable when the following set S is bounded:
B I is finite, for all i € I, we have A; € Q4 and y; € A
5= { ;‘%MA%) / (Ai)ier is a partition of X, and ¥z € A;,y; <4 f(2)
If f is integrable, we set
[ F@)du(x) = sup(s)
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Definition 2.10 (Integrability and Integral) Let f be a function with domain A and codomain

B. Using Notation [2.1, we define measurable functions f, and f_ by:
folz) = JW and f(z) = W aw (—f(z)) J;I(—f(w))l

Note that we have g decomposition f = (fy— f_), and that f1 and f_ both have positive values,
so that Definition @ applies to them. We say that f is integrable if and only if both f. and
f— are integrable, and in that case we set

[ f@dn@) = [ f@dute) - [ @)

Proposition 2.15 If f : X — A is integrable and a € A, then a.f is integrable and
S@du(@) = a [ f@)du().
[, a-f@dut) = a [ fa)dn()

Proof.  We may assume without loss of generality that f(x) is positive for all z € A and
0 <4 a. Due to Definition @, the integral / a.f(z)du(x) is equal to sup(S,) with
A

I is finite, for all i € I, we have A; € Q4 and y; € A
(A;)ier is a partition of X, and Vx € A;,y; <4 a.f(x)

5= { Tt

i€l
In the other hand, a/ f(z)du(z) is equal to a.sup(S) with
A

S g4, I is finite, for all 7 € I, we have A; € Q4 and y; € A
e Yi (Aj)ier is a partition of X, and Vo € A;,y; <4 f(2)

Now, due to Proposition @, if y; <4 a.f(x), there exists z; € A such that z;.a = 04 and
(yi + 2;) = a.t; for some t; € A. Hence we have sup(S,) = asup(S). O

Proposition 2.16 If u({z € A/ fi(z) # fo(x)}) = Or, and f; and fy are integrable, then

[ fi@dn@) = [ hlaydute

Proof. By difference, it is sufficient to prove the result if f; = 04 and 0 <4 fo(z) for all z € A.
Let Z={x € A/ 0=<4 fa(x)}; we have u(Z) = Og. For any y such that 04 <4 y and A € Q
with y <4 fo(z) on A we have either y = 04 or A C Z so that u(A) = 0g. We conclude from
Definition ﬁ that the integral of fy is zero. O

Proposition 2.17 Let f X — A be an integrable and positive function, that is, for all x
in A, we have 04 = f(x If/ f(x)du(x) = 04, then p({x € A; f(z) #04}) = 04.

Proof. Let (z;)ien be a maximal family of pairwise non comparable elements of A (which is
comparable due to our separability assumption) as set out in Proposition R.3. Also assume
that the element z = sup({z; /i € N}) is broadly strictly positive.
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Let X = {z € A; f(x) <4 04}. For each x € X, the ideal generated by f(x) is unbounded,
which means that there exists n € N such that n.f(x) is not smaller than z. From the definition
of z, this means in turn that there exists i € N such that z; <4 n.f(z) In other words, we have:

XcUUfzeA/z=zanfla)}

neNieN

If Or # w(X), this implies by o—additivity that there exist n € N and ¢ € N such that
pu{zx € A/ z 24 nf(x)}) is non zero. We conclude that 04 <4 pu({x € A/ z; <4 nf(x)})

and at last 0 <4 z.p({x € A/ zi Sanf(x)}) <a n./A f(z)dp(z). O

Proposition 2.18 Let us consider a measured space (X,Qx, ux), where px is a measure with
values in R/1, for a multi-Archimedean ring R and a broadly strictly positive element | € R.

Let (f1, ..., fa) be a function with X as domain and with values in a product multi-Archimedean
i=d

algebra [[(Bi, R, =s,), provided with the Borel c—algebra. Then (fi, ..., f4) is integrable if and
i=1

only if every f; are integrable.

Proof. The proof is straightforward by noticing that intervals in the product multi-Archimedean
algebra are exactly the cartesian products of intervals in the ordered algebras B;. We then fol-
low the steps for the definition of the integral, through positive functions, and we see that
everything works coordinate by coordinate. O

Definition 2.11 (Product c—algebra and Measure) Let X1, Qx,, ptx,) and (X, A, Qx,, 1ix,)
be measured spaces, with measures taking value in R/ly and R/ly respectively, for the same
multi-Archimedean ring R and broadly strictly positive element ly,ls € R. Then,

e The o—algebra Qx, ® Qx, generated by the family {w; X we [/ wi € Q1 and wy € Qx, } s,
classically, called the product o—algebra on X1 X Xs.

e The map which to each set wy X wsy, with wy € Qx, and wy € Qx, associates the element
tx, (w1)-pex, (wa) of R/(1h.la) can be extended in a unique manner to a o—additive map
on Qx, ® Qx,, and this oc—additive map, which is a measure with values in R/(ly.l3).
This measure, denoted by px, ® pix,, is called the product measure of px, and px,.

These definition can clearly be extended to any cartesian product of a finite family (X, ..., Xq)
of measured spaces.

Remark 2.5 Under the hypothesis and notations of Definition above, if X1 and X5 are
multi-Archimedean algebras provided with the Borel o—algebra, then, since cartesian products
of intervals in X1 and Xy are precisely intervals for the product multi-Archimedean algebra (i.e.
provided with the coordinate by coordinate order, see Definition |1.16 and Theorem ), the
Borel c—algebra on the product multi- Archimedean algebra is the same as the product o—algebra
o—algebra Qx, ® Qx,.

Proposition 2.19 (Fubini-Tonelli theorem) Let (X1,Qx,, ux,) and (Xs,Qx,, 1x,) be mea-
sured spaces, with jx, and ux, taking values in rigs of the form Rl and Rly. Let (A, R, <4)
be a multi-Archimedean unitary algebra over the same ring R.
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Let f: X1 x Xo — A be an integrable function over the cartesian product X; x X.

Then, the map x; — / f(x1, z2)dpx, (y) is measurable over X;, and we have:
X2

/X1><X2 [, 22) (dpx, @ pix,) (21, 22) = /

X1

(/X2 f(x1, x2)dpx, (m)) dpx, (1)

Proof. We first consider the case when f, is a constant function equal to fy on a cartesian
product we X wy of two measurable sets with w; € Qx, and wy € Qy,, and zero elsewhere. We
may assume without loss of generality that fo # 0.

Then for a fixed z1 € Xy, we have f(xy,25) = fo if and only if 25 € {xy € X5 / (21, 22) €

wy Xws }, a set which in our case is equal to ws.. Then,/ flz1, xe)dpx, (x2) = fo/ dix,(x2) = forx,(ws).
X w2

2

On the other hand, [y . x, f(71,72) (dpx, ® pix,) (x1,72) = fopx, ® px,(wi X wy) =
fo Jo, 1x, (W1)dpix, (z2) from the definitions.

To generalize the result for a general measurable function, by linearity, this remains true
for positive fonctions Y ;c; fu,, where I is finite, {w; / ¢ € I} is a partition of X; x X, and
A; € Qx, ® Qx,. From Definition .9, the result remains true for mesurable positive functions
on (A x Az, Q4, ®Q4,). At last, from Definition R.10, the result remains true for an arbitrary
measurable function f. O

2.7 Normed Multi-Archimedean Algebras, Functional Norms

Definition 2.12 We call a norm over a multi-Archimedean algebra (A, R,=<4) on a multi-
Archimedean ring R a function N : A — R/l for some broadly strictly positive | <r Or with
the following properties:

1. Og =gy N(x) for any x € A;

2. N(x +y) 2ru N(x)+ N(y) for all z,y € A;
3. N(r.w) = |r|.N(z) for allr € R and x € A;
4. If N(x) = O, then x = 0.4;

The norm is said to be compatible with the order, in addition to the conditions 1. to 4. above,
we have:

5. if 04 2ax 24y in A then Og 2g; N(z) 2r;u N(y) in R
The norm is called an algebra norm if, in addition to the conditions 1. to 4. above, we have:

6. N(xz.y) Zgu N(x).N(y) for all z,y € A;

The norm s called a multi-Archimedean norm if it is both compatible with the order and an
algebra norm, that s, if it satisfies all conditions 1. to 6.

We often denote by ||x|| the norm of an element x € A, instead of a notation of the form
N(z). In that case the norm itself is denoted by |[.||.

Remark 2.6 If a subset X of A is bounded for the order, then by definition it is bounded for
any norm which is compatible with the order. The converse is also true.
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Proof. Let us suppose that r in R is such that for all x in X, we have ||z|| <z r. Since R
is multi-Archimedean property, there exists n € N such that r <z n.1z. For x € X, we have
r =g n.l4, which shows the X is bounded for the order. O

Definition 2.13 Let (X,Qx, pux) be a measurable space, where p; has values in a ring of the
form R/l, and let (A, R,=4) be a multi-Archimedean algebra over the ring R. Let ||.|| be a
norm on A, and o € N*. Let f : X — A be a measurable function. We say that f has finite
a—norm on a measurable subset w C X if the following integral exists and is finite:

1lle = [ 17 @) ldpu ()

This integral is then called the 1—norm of f on X.

Remark 2.7 From Proposition , if | flla = Or/L, then w({x € A/ (f(x))* # Orp}) =
Or/l. Using Proposition@, we can see that this implies that y({x € A / f(x) £ Or;}) = Or/l
This allows us to consider ||f||a as a norm according to Definition |2.14, Point@i if we consider
the space of equivalence classes of functions which are equal except possibly on a zero measure
subset of X.

Definition 2.14 Let (X,Qx, px) be a measurable space, where py has values in a ring of the
form R/, and let (A, R,=4) be a multi-Archimedean algebra over the ring R. Let ||.|| be a
norm on A. Let f : X — A be a measurable function. We say that f has finite co—norm
on a measurable subset X C A if there exists a subset w of X with zero measure such that if
x+— ||f(z)]| has an upper bound on X\w. We then denote

flle= inf (supuf(xm.)
X\w

ch?Ml(w)ZOR
This defines a norm ||.||s according to Definition ,

Notation 2.2 Let (X,Qx, pux) be a measurable space, where p; has values in a ring of the form
R/, and let (A, R, =<4) be a multi-Archimedean algebra over the ring R. Let ||.|| be a norm
on A. Let a € N*U{oo}. We denote by £,(X, A, ) the space of all equivalence classes of
measurable functions up to difference on a zero measure set from X to A with finite a—mnorm.
This space is naturally provided with the norm ||.||q-

3 Analyzable Spaces

3.1 Definition of an Analyzable Space

Definition 3.1 An analysable space over a multi-Archimedean ring R is a tuple, (A, R, Q4, ti, S 4
), where (A, R, <4) is a unitary complete multi-Archimedean algebra, )4 is the Borel c—algebra
on A, and py is a translation-invariant (R /l)—valued measure on Q 4, that is, for any w € Q4
and x € A, the measure ps(w+ ) = ps{y +x / y € w}) is equal to pa(w).

Example 3.1 In the following examples, the partial orders on the cartesian products are
defined coordinate by coordinate.

20



3.1 Definition of an Analyzable Space R. Malgouyres and H.A. Esbelin

o LetR =7 and A = Z% for some d € N*, with any subset of A measurable, i.e. Q = P(Z%).
Let H : ¢ — (Z+)d be a functz’on such that Y cza H(S) is finite.

We set 1/ (X) = Y Y H(s)lx(z—s) = > (LxxH)(x), where Lx is the characteristic
zeZd seZd zezd

function of X.
Then (2,7, P(Z2), uft, <4a) is an analyzable space.

e Let R =7 and A = R? for some d € N*, with Q = B(R?) the Borel c—algebra. Let
H:7% — (Z +)d be a function such that > cza H(S) is finite.

Wesetul /ZH ]lXx—sdx—/]lX*H )dx.

sz
Then (R, Z, B(RY), ufl, <ga) is an analyzable space.

e Let R =R and A = R? for some d € N*, with ) the Borel c—algebra. Let H : R —
(R*)? be a integrable function for the usual Lebesgues measure.

We set pi ( / / $)1x(x — s)dsdx = /dILX « H(x)dx, where integrals represent

usual Lebesgues integral, with respect to the usual Lebesques measure.
Then (R4, R, B(R?), uf, <ga) is an analyzable space.

Example 3.2 Let us consider the ring R = Z¢, with d € N*, provided with the multi-
Archimedean product structure constructed from the usual (Z,7,<), that is: coordinate by
coordinate addition, multiplication, and partial order.

Let A = RR® be the space of maps from the discrete grid R with range R, which is also
provided with the product multi-Archimedian algebra structure. For r € R, we consider the
element o(r) of A defined by

(@) @ =r| 7.

where | € 7% is broadly strictly positive (i.e. all of its coordinates are positive). The map
a(r) is piecewise constant: it is constant on some rectangle parallelepipedic polytopes with edge
length equal to the l, fora=1,...,d. We denote v =11%_,1, the volume of that polytope.
Forr € R and f € A, we consider the external product r.f € A which is equal to the value
by value product o(r).f in A. This defines a multi-Archimedean algebra structure (A, R, =<4).
In order to define a measure on the Borel c—algebra Q24 on A, we first define its value on
intervals for the partial order:

(Ui £ =3 [ 1) = (@) dple)

where p(z) is a bounded measure on Z¢ (for example a probability with an integrable density
such as a normalized Gaussian sampling), and the absolute value in A is defined coordinate by
coordinate, which coincides with the notion set out in Definition |2.1. This notion can be shown
to extend to a o—additive function on finite unions of intervals, and at last to extend on 4
to a measure with values in R/v. This defines an analyzable space (A, R, Qa, v, <4)-
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3.2 Convolutions In Analyzable Spaces

Definition 3.2 Let (A, R,Qu, tu, =4) be an analyzable space over an ordered abelian ring
R and (B, R,=g) multi-Archimedean partially ordered unitary algebra on the same ring. Let
K:A— B (orK: A— R, which can be identified to the B—valued function a — K(a).1p)
be an integrable function, and f : A — B be a measurable function. We define the convolution
product K x f : A—— B of [ by K by setting for x € A:

K« f(x) :/Af(u)K(:c—u)du

3.3 Integration on Intervals

Definition 3.3 Let (A, R,Qu, i, =4) be an analyzable space over a ring R. Let ly,ly €
AU {—00,4+00}. The Interval of A between Iy and ly, denoted by [l1,ls] 4 (or simply [l1,1s] for
short if no confusion can arise), is defined by

L bla={ze A/l 2ax24ls}

We define similarly open or semi-open bounded or unbounded intervals using the classical strict
order.

Remark 3.1 In Z* we have (0,0), (1,1)] = {(1,0), (0,1), (1,1)}, however (1,0) and (0,1) are
not broadly strictly greater than (0,0).

Lemma 3.1 Let (A, R, Qu, tu, <4) be an analysable space.
Let | € A be broadly strictly greater than 04. Then we have the following partition of A:

A= J[s.d, (s +1).0[4

SEZL

Notation 3.1 Let (A, R, Qa, tu, <4) be an analysable space and (B, R, =<g) be a multi-Archimedean
partially ordered unitary algebra on the same ring R. Let f be a function with domain A and

codomain B.
Let I = [l1,15] be a (possibly unbounded) interval in A. We denote

/le(x)dx = / f(z)dz

I [l1,l2]

3.4 Ordinary Differentiation

In this section, we consider (A, R, 4, t, <4) and (B, R, s, uj, <) two analyzable spaces
over a ring R.

Definition 3.4 (Integral Based Primitive Operator) Let f € £1(A,B, ). We define the
integral based primitive of f Z,,(f) : A— B, by

Tl @)= [ fdu()

Lemma 3.2 Let f € £(A, B, ). Then, Z,,(f) is integrable over A, so that the operator Z,,
sends £1(A, B, u;) into itself.
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Proof. First we assume that f has positive values, that is, for all € A we have 05 <5 f(z).
Let us denote F' = Z,,(f). Since the measure y; is translation-invariant, the function F' is
increasing and defined on all A, then F' is bounded on any bounded subset of A From the
definition of integrable positive functions the function F' is integrable on any bounded subset
of A.

Now, let us consider the following map, which is clearly integrable for the product measure

My @ pu:
G'{AXA — B/2

(z,y) +— f(:v)-gf(y)

First suppose that f = fy.1,, is some constant fy multiplied by the characteristic function
of a measurable set w € 4. Then, since F'(x) <5 w(w), we have:

[ F@dna) <s fo @)’ <a [ Gla)dme p))

AxA

This shows that F' is integrable. We can easily generalize this by linearity to measurable linear
combinations of characteristics functions, which proves our statement for a positive function
f. The general case follows immediately from the definition of the integral through integrals
for positive functions. O

Definition 3.5 Let @ : £,(A, B, ) — £1(A,B,u4) be a linear operator. We say that ®
commutes with the integral based primitive operator if for any [ € £1(A, B, 1), we have

L, (®(f) = @ (Z,, (1))

Remark 3.2 Let f € £(A, B, ). If Z,,(f) is constant, then f is null almost everywhere.

Lemma 3.3 Let f € £,(A,B, ) and H € £(A, B, ). ThenZ, (H = ) = (H = (Z,,(f)))

Proof.
T f) = [ Hefdu) = [ ([ HE @ 0)dn() dut)
= [H@) ([ - v)duz(U)5 dyu(v)
= [HO ([ @) dat) = (3,0 @
O

Definition 3.6 (Ordinary Differentiation Operator) Letd : Z,, (£1(A, B, ) — £1(A, B, )
be a linear operator. We say that § is an ordinary differentation operator if o1, =7, 00 =

Idg,(aB,u)-

Proposition 3.1 Leté : 7, (£1(A, B, ) — £1(A, B, ) be a differentiation operator. Then
d(f) is the zero function if and only if f is constant on A almost anywhere.
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Proof. Let f be a constant function. Then we have Z,, (§(f)) = d(Z,,(f)) = f. So Z,,(6(f)) is
constant, which implies that §(f) is zero almost anywhere. Conversely, if §(f) is zero almost
anywhere, obviously, Z,,(6(f)) is equal to 0g. O

Lemma 3.4 Let ® : Z,, (£1(A, B, 1)) — £1(A, B, ) be a linear operator which commutes
with the integral based primitive operator and is zero for functions for the form I, (¢). Then ®

is zero on £1(A, B, ). In other words, for all f € £1(A, B, ), we have py ({x € A; ®(f)(z) # 05}) =
Or.

Proof.  Let us suppose by reductio ad absurdum that for some f € £,(A, B, ), we have
w({zxe A/ O(f)(x) #0g}) # Og. Then ®(Z,,(f)) = Z,,(®(f)) is not a constant function.
This shows ® (Z,,(f)) not almost anywhere zero, which contradicts our hypothesis on ®. O

As a direct application of Lemma @, we obtain:

Proposition 3.2 (Uniqueness of The Ordinary Differentiation Operator) Ifd; and ds
are two differentiation operators on I, (£1(A, B, 1)), then they are almost equal in the follow-
ing sense: for all f € £1(A, B, 1), we have p ({x € A; ®1(f)(x) # Po(f)(2)}) = Or.

Proposition 3.3 Assume that A = RY and B = RY is a product multi-Archimedean algebra
in the sense of Definition . We remind the reader that we assume A separable, which
implies that U is countable. By removing a zero-measure ideal if necessary, we may assume
that for each © € U, the measure of jif (R{i}) on each copy of R is non-zero, which implies by
translation invariance that it is proportional to the usual Lebesque measure on R.

Consider a function F : A — B, and, for x € A, fori € U and j € V, define

Foi R — R
S u = py (flr )

where p; : B — R is the function on B such that p;(v) is the supremum of the set of all z € B
which are tightly between Og and v, and are, as functions on V', zero everywhere except possibly
at j.

Then F belongs to I, (£1(A, B, )) if and only if each of the functions f,,;; belong to
Z, (&1((R,R, i), where p is the usual Lebesque measure on R. In other words, the functions
fzi; have bounded variations.

As a corollary, there exists a ordinary differentiation operator on I, (£1(A, B, w)), which
if given by the gradient operator in the usual sense in R.

Proof. Follows directly from the definitions. O

Proposition 3.4 Assume that A = ZY and B = ZY x RV is a product multi-Archimedean
algebra in the sense of Definition . We remind the reader that we assume A separable,
which implies that U is countable. By removing a zero-measure ideal if necessary, we may
assume that for each i € U, the measure of jiy (Z{i}> on each copy of Z is non-zero, which

implies by translation invariance that it is proportional to the usual discrete measure on 7.
Consider a function F': A — B, and, for x € A, fori € U and j € U' UV, define

i 7Z — R
e ()
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where p; : B — R is the function on A such that p;(v) is the supremum of the set of all z € B
which are tightly between O and v, and are, as functions on U' UV, zero everywhere except
possibly at 7.

Then F belongs to Z,, (£1(A, B, )) if and only if each of the functions f,;; belong to
Z, (£1((Z,R, 1)), where p is the usual discrete measure on Z. In other words, the functions
fzi; can be any sequence, either from Z to R, or from Z to Z, depending on whether j € U’
orjeV.

As a corollary, there exists a ordinary differentiation operator on Z,, (£1(A, B, tu)), which
if given by the gradient operator in the sense of finite differences in Z. In other words,

(0(F)) (x) = F(z + 14) — F(z).
Proof. Follows directly from the definitions. O

We remind the reader that, from Theorem El!, any separable multi-Archimedean algebra is
isomorphic to a product of the form ZY x RV, where U and V are countable.

Definition 3.7 (Compatible Range for a Domain) Let us consider two analyzable spaces
(A, R, Qa, i, 24) and (B, R, g, uy, =p) over a common ring R. We assume (up to an
isomorphism) that A =7V x RV and B = 7" x RY'. We say that the analyzable space B is a
compatible range for the domain A if and only if:

1. The cardinality of U’ is less than or equal to the cardinality of U;
2. The cardinality of U' UV is equal to the cardinality of U UV .

Definition 3.8 (Coordinate Correspondence) Given a compatible range B for a domain
A as in Definition , we call a coordinates correspondence a map k : UUV — U UV,
which sends VintoV".

Corollary 3.1 (Existence of a Ordinary Differentiation Operator) Given a compatible
range B for a domain A as in Definition , there exists an ordinary differentiation operator

on IMl (,81 (.A, B, ,ul))
This result follows directly from Proposition @ and Proposition @

3.5 Symmetric Derivative Operator

Notation 3.2 Given a map f € £1(A, B, ) and x, 0 € A, we call mirror of [ at xo, and we
denote by fu, the function defined by f.,(x) = f(2.29 — x).

Definition 3.9 (Derivative Operator) We call the symmetric derivative operator, or simply
derivative operator for short, the linear operator define by:

:Z:Hl (’21<A7B>Ml)) — SI(A78/27MZ)

5 A — B/2 ~
f — ds(f) : o s <5S(f))(x0):(5(f))(zo)—25(fxo)(wo)

Proposition 3.5 Under the hypothesis and notation of Proposition , namely: A = RY
and B =R is a product multi-Archimedean algebra in the sense of Definition |1.1€, then, we
have g = 6. In other words, in purely continuous multi-Archimedean algebras, the derivative
operator coincides with the ordinary differentiation operator, which coincides with the usual
gradient of functions with bounded variations.

551
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Proof. Indeed, we know that the ordinary differentiation operator ¢ is the usual derivative on
each coordinate. So, we have (5fx0) (xg) = —dy(xo), so that (0s(f)) (xo) = WM =

(6f) (wo). O

Proposition 3.6 Under the hypothesis and notation of Proposition , namely: A=7ZY and
B =17V is a product multi-Archimedean algebra in the sense of Definition . Then we have:

(0s(f)) (o) = flzo +14) ; f(zo—14)

Proof. Indeed, we know that the ordinary differentiation operator ¢ is the usual finite difference

on each coordinate. So, we have (5fz03, (xo) = f(xo — 14) — f(x0), so that (0s(f)) (zo) =

f@otla)—f(xo=1la)
2

3.6 Polynomials in Analyzable Spaces

In the remainder of this section, we consider (A, R,Qu, i, 34) and (B, R, Qp, i), <) two
analyzable spaces over a ring R. We assume (up to an isomorphism) that 4 = ZY x RV
and B = ZY x RY', and that B is a compatible range for that domain A. Consequently
(Corollary El!), there exists an ordinary differentiation operator ¢ on Z,, (£:(A, B, )). We
also consider a coordinates correspondence xk: U UV — U' U V.

Definition 3.10 (Canonical System of Generators) for u € U UV, we consider e, the
element of A =ZY x RV which is defined depending on two cases:

1. If u € U, then the map e, sends sends all element of U onto 0z except u which is sent
onto 17, and sends all elements of V' onto Og.

2. If u € V, then the map e, sends sends all element of U onto Oz, and sends all elements
of V onto Og, except u which is sent onto 1g.

The family (e,)uevuy of elements of A is called the canonical family of generators of A. We
can of course define similarly the canonical family (€)vevov: of generators of B.

We use the notations e, and e from Definition throughout the remainder of this section.
We remind the reader that, since B is a compatible range for A, the canonical generators
(éu)ucvuy in A are in a one to one correspondence with the canonical generators (el)yepruv
in B, through the map x : U UV — U ' UV".

Definition 3.11 (Canonical Morphisms X, from A to B) There exists a unique morphism
of algebra X, from A to B such that the image of the unit element 14 in A, is the unit element
1p in B. The map X 1is called the Canonical Morphisms X from A to B.

The maps X*, for k € N with k < §, defined as the product of the monomial map X, with
itself k times, are called monomials from A, to M’'.

Definition 3.12 The B—uwvalued polynomial functions with degree 6 € N over A are the linear
combinations of the monomials X* introduced in Definition 5’12
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3.7 Digital Taylor Formula in Analyzable Spaces

This section proposes a new version of the Newton Polynomials in relation to the centered
finite difference formula. In this section, we consider A, B, U, V,U’, V' and « as in Section

Definition 3.13 Given a map f : A — B, we call symmetric neighbor average of f, denoted
by £(f), the function from A to B/2 defined by:

(€)= 5 (F (2 4+ X(A) + f (&~ x(A))

Definition 3.14 Given a map f : A — B, we call ordinary neighbor average of f, denoted
by bﬁo)(f), the function from A to B/2 defined by:

1

(D7) = 5 (f o+ x(A) + 1 (@)

, Note that b§°) is the identity operator for a purely continuous (U = () analyzable space A.

Remark 3.3 1. The ordinary average operator b(10) can be expressed as a convolution with
a mask having, for a non empty set U (which means a non zero discrete characteristics
X(A)) exacltly two values equal to *& (at —x(A) and 04), and for an empty U ezacly one
value equal to 1p (at 04), all other values of the mask being zero.

2. Let f: A — B be a map and k‘ € N. The iterated operator b{®) = (bl)k obtained by
iterating k time the operator b , can be expressed as:

1 k

CUDICES <k>f (o1 i x(A)

which is also a convolution mask applied to f, using a non centered left binomial mask (see
[MBF0§], |[EMC11)], [EM14], |[EM16] for prior studies about these convolution masks).

Lemma 3.5 Given two maps v and v from A to B, we have the following adaptation for the
wellknown formula for the derivative of a product

(Os(uv)) () = 5 [ulz+ x(A))v(z + x(A)) — ulz — x(A))v(z — x(A))]

= 3 [(1s—a)o(z = x(A)) + av(z + x(A)] [u(z + x(A)) — u(z — x(A))]
3 lou(z = x(A)) + (15 — a)u(z + x(A)] [v(z + x(A)) — v(z — x(A))]
The following is obtained by applying Lemma @ for a = %:

Lemma 3.6 (Symmetric Derivative of a Product) Given two maps u and v from A to
B, then,
ds(u.v) = §(v).s(u) + &§(u).0s(v)

The following is obtained by summing both the left hand side and right hand side of Lemma @
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Lemma 3.7 (Digital Symmetric Integration by Part) Given two maps v and v from A
to B, then,

xo—1

(0 % () (22— 1) = (B # (w) (1)) = 3 &)(@). (3s(u)) ()

T=x1
xo—1

+ 2 &(w)(x). (0s(v)) ()

r=x1

Definition 3.15 We consider, for k > 1, the following reversed Newton Polynomial relative
to the backward finite difference, which depends implicitly on an element x5 € A:

k-1

v() = [ (z2 — 2 — i-x(A))

i=0
We also define vo(x) = 15.

In the following, we prove a new Taylor theorem which, in a purely continuous multi-
Archimedean algebra A (i.e. isomorphic to RY), amounts to the usual Taylor formula with
integral remainder. Therefore, using the classification of multi-Archimedean algebras, we only
need to prove the result on discrete axis of A, which are isomorphic to Z. So we assume in the
sequel of this sections that A = Z, so that x(A) = 1. We also denote the integral as a sum, as
is usual when counsidering the discrete translation invariant measure in Z. We only do that
for the sake of simplicity, since the proof can be managed in the general case using the notions
of an ordinary differentiation operator and a symmetric differentiation operator.

Lemma 3.8 We have vi(x) — vi(v — 1) = —kvg—y1, and consequently os (vx) (x) = — kb «
Vi_1(x).

Proof. First, we see that

() — (@ —1) = [=(2s — 2+ 1) + (29 — 7 — k+2)] 1:1(3(9[;2 —r— i) = kv ()

The second part of the statement immediately follows from dg(vy)(x) = (vg(z + 1) — ve(z)) +
(Vk(x) — Vk(x — 1)) O

The following is a particular case of Proposition @ below.

Lemma 3.9 For r > Oy, we have bl® (1},) = v.
In particular, if we consider a map v from A to B we obtain,

ds(V.v) = &(v).0s(v) + u.0s(v)
The following is obtained by applying Lemma @ and Lemma @

Lemma 3.10 We consider a map v from A to B and, for k € N, the monomial v as in
Lemma . Then, we have:

ds(Vkr1.v) = —(k + 1).£(v). Vg + Vgy1.05(v)
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and we also have the following formula for the digital integration by parts:

xo—1

(6 % (e0)) (@2 = 1) = (b % (0)) (11 = 1)) = =k Y €(0)(@)a(2)

r=x]
xo—1

+ > w(x). (0s(v)) ()

r=x1

Remark 3.4 Under the notations of Lemma , we also have:

xo—1 xo—1

> w(@)o(@) = > (). (§v)) (2)

T=x1 r=x1

Proof. Indeed, denoting by vy the polynomial defined by vg(z) = vx(—z), since the operator

¢ is defined by convolution with some kernel, due to Proposition {.6, we have
xo—1
> ve(@) @) = viexo(0) = ((§()) * ) (0) = (¥ £(v)) (0)
! xo—1
= Y ule) €) @)
O

Theorem 3.1 (Digital Taylor Theorem) We consider a map f from A to B and, for k € N
with k > 1. Then, given k € N, we have:

(b0 4 £) (12— 24(A) = 3 (B4 (505(0) ) (01 = X(A) + Rularona) ()

i=0
with
= V() (it
Ry(21, 22, ) = Z i (55 (f)) (z)
Proof. For k = 0, from the second statement in Lemma and Remark @ for v = f:
ro—1
(b5 f) (22 = 1) = b (f) (21 — 1) + Ro with Ry = Y vp() (3s) () (3)

Note that this statement is slightly different from Equation (E) for k = 0 _because of a shift_in
the left hand side. Now, by integrating Ry by part, i.e. using Lemma B.10 and Remark
again, but with £ =1 and v = dg(f), we get:

xro—1

Ro(wy, 22,2) = Y (@) (63) (@) + DI # (v (35(f))) (w1 — 1) = b # (v (d5(f))) (w2 — 1)

T=x1

By developing b{” # (v. (35(f))) (2 = 1) = v1(22)- (35(f)) (w2) + 11 (w2 = 1). (3s(f)) (32 = 1) =
(6s(f)) (w2 —1) = 2(f(z2+1) — f(z2— 1)), and by simplifying with 1 (25 + 1) in the left hand
side of Equation (5), we get

(b5 f) (2= 2) = (b 5 f) (w1 = 1) + (b (m.05(f))) (21 — 1) + Ri(wr, 22, 2)
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which corresponds exactly to Equation (E) for k = 1.
We are now ready to formalize our induction, assuming that our result is true for some
k > 1. We integrate the remainder again, using v = 0% (f), and we obtain:

xo—1

e = 5 2 ()

T=x

b (%51 (1)) (1 — 1) — b (%52 (3541(1)) (2 — 1)

Now, for k > 1,
B (1 (35°0)) (72— 1) = () (55°0)) 02) 31 1) (35°9) (1) = 04

By substituting the latest expression for R}, into our induction hypothesis (Equation (E)), we
get our statement for k£ + 1, which completes our induction. O

4 Digital Differentiation

In the sequel of this section, we consider the following structures. Let R be either the ring Z
or the ring R. Let d € N and, for a = 1,...,d, let A, be an analyzable space over R. Let
d €N, and for a =1,...,d, let A', be an analyzable space over R. We denote

d d’

M=]] A and M' =[] A\,
a=1 a=1

For a € {1,...,d}, we consider ¢, the element of M, the i" coordinate of which is 14, if

t = a, and 04, otherwise. We denote by Z; the sub-algebra of M generated by the e,’s, for

a=1,...,d. Similarly, for a € {1,...,d'}, we consider f, the element of M, the i*" coordinate

of which is 1 4, if i = a, and 04, otherwise. We denote by Z’; the sub-algebra of M’ generated
by the f,’s, fora=1,...,d.

4.1 Rapidely Decreasing and Moderately Increasing Multi-sequences

Definition 4.1 Let u be a multi-sequence in M'??. We say that u is rapidly decreasing if
and only if for any polynomial function m on Z4, the function I — w(I)u(I) is bounded. We
denote by D[Z4, M'] the set of rapidly decreasing multi-sequences in M'Z

Remark 4.1 The space D|Z,, M'| of rapidly decreasing multi-sequences is stable under inner
addition, inner multiplication, and stable under multiplication by a polynomial function.

Lemma 4.1 Let u a rapidly decreasing multi-sequence and let w be an M'—valued polynomial
function on M. For I € Z,_1 and i € Ay, let us denote by u(I,i) [resp. w(I,i)] the image
under u [resp. under 7] of the concatenation of I and (i). Then the multi-sequence defined on

Zq-1 by
sa(l) = Y |u(l,i)||m(1,9)]

1€Ay

is well defined and bounded on Z4_4.
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Proof. 1t is sufficient to prove this property when 7 is a monomial and, due to Remark El!, it
is sufficient to prove it for polynomials of degree 0. In other words, we just need to show that
the sum of the values of the multi-sequence u itself is absolutely convergent.

First we prove that for d > 1, the sum:

sall) = 3 (L, i)
€Ay
is well defined for [ € Z; 1, and that the multi-sequence sq itself is rapidly decreasing on Z; ;.
Since u is rapidly decreasing, we can find K > 0, such that for I € Z; 1 and i € A, we have
u(l,i) < K and i?u(l,i) < K. For N € N*, we have

(ND2SX u(L )] < (ND2[u(l, )] + S, 2Ju(l, )| + N5k
< (N) (K + K %2)

Note that the expression ]iv—g!l e denotes a well defined element of the algebra M’ over the ring
R. Indeed, by expanding the expression of (N!)? and simplifying by i to get an integer value,
which is then multiplied by 1, in the algebra M'.

Hence, we get > ,cn+ |u(1,4)| is well defined and bounded by 3K. By a similar argument
for i < 0, we get that Y, 4, [u(I,7)| is well defined and bounded on Z;_,. O

Lemma 4.2 Let us consider the multi-sequence v defined on Z4_1 by v(I) = Y;ca,u([, 1),
which is well-defined due to from Lemma .1, Then, v is a rapidly decreasing multi-sequence.

Proof. Let m be a polynomial function on Z; ;. Then, by considering 7 as a function
on Z; (which does not depend on the d** coordinate), we get by Remark that the multi-
sequence I — m([)u(I) is rapidly decreasing. From Lemmag@, we get that the multi-sequence
I — w(l)v(I) on Z,_4 is bounded, which proves that v is rapidly decreasing. O

Lemma 4.3 For any rapidly decreasing multi-sequence u and any polynomial @ on Z4, the
following series is absolutely convergent:

> m(Du(l)

In particular, the multi-sequence uw is bounded.
The proof follows immediately by induction using Lemma El! and Lemma @

Proposition 4.1 For any rapidly decreasing multi-sequence u and any polynomial ™ on Zg,
the multi-sequence um is rapidly decreasing.

Definition 4.2 Let Z be a sub-algebra of M containing 24 (typically, T = Z4 or T = M).
Let u be a function in ME We say that u is moderately increasing if and only if there
exist a bounded subset B of T and a polynomial m on I such that for any I € ZT\B we have
lu(l)| < |x(I)|. We denote by P[Z, M| the set of moderately increasing multi-sequences in

ME.

Remark 4.2 The product of a rapidly decreasing multi-sequence by a moderately increasing
multi-sequence is rapidly decreasing.

Remark 4.3 The space P[Z, M'] of M’'—wvalued moderately increasing multi-sequences over a
sub-algebra I of M is stable under inner addition, inner multiplication, and multiplication by
a polynomial.
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4.2

Digital Differentiation, Tensor Products

First, we introduce a few notations about multi-indices.

Notation 4.1 Let P = [[%_, B, be a Cartesian product of d analyzable spaces (e.g. the
Cartesian product P can be Z¢ or Zq4 over the ring Z, or possibly M or an ideal I over the

ring R). Let (I(a))a=1
1.

10.

11.

12.

4 € P be a multi-index. We shall use the following notations:

.....

Forae{l,...,d} and for j € Z or j € R or j € B,, we denote by L(a,j) the element
in P, all coordinates of which are zero, except the a’s coordinate which is equal to j.1p,.

Forve P, forac{l,....,d} andj € Z orj € R orj € B,, we denote v'®) = v+ L(a, )
the element obtained from v by adding j.1p, to the a’s coordinate.

For u, € B,, we denote by u,1p the product of the unit element 1p of P with the element
of P, identified with u,, all coordinates of which are the unit element, except for the a’s
coordinate which is equal to u,. If no ambiguity can occur, we shall omit the unit 1p and
simply denote by u, this element of P.

We denote |I| = >,y |I(a)| (with |I(a)| = I(a) if I(a) > 0 and |[I(a)] = —1(a) if
I(a) < 0), which is called the order of I.

Given a € Z%, we denote 1* = [1°_, ((I(a))*1p), which is called the a’s power of I
(possibly in a sub-ring of the product of the fields of fractions over the ring B, ).

Given o € R%, we denote by I\, which is called the coordinate by coordinate o’s power
of I the vector, the coordinates of which (possibly in a sub-ring of the product of the fields
of fractions over the ring B,) are given by I® = T1%_, ((I(a))%).

we denote 1! = [[¢_, (I(a)!), where I(a)! =[]
called the factorial of I.

(1.1p) The element I! € P is

iEN,i.lAaSI(G)

If (J(a))e=1,..a is another multi-index, we denote by ((I.J)(a)),_,
with (1.J)(a) = I(a)J(a), which is called the product of I and J.

4 the multi-sequence

77777

If, for a = 1,...,d, the algebra B, is provided with an analyzable space structure and
=. is the order underlying this analyzable space structure, and if (J(a))a=1....a4 is another
multi-index, we denote by < the binary relation, which is a partial order, such that I < J
if and only if fora=1... d we have I(a) <, J(a). In Section , we called this partial
order the coordinate by coordinate order.

If (J(a))a=1,. a is another multi-indez, we denote by < the binary relation such that I < J
if and only if for I < J and I # J. In Section , we said in that case that I is a strict
lower bound of J.

If (J(a))a=1,. a is another multi-index, we denote by < the binary relation such that I < J
if and only if for all a = 1...,d we have I(a) < J(a). In Section , we said in that
case that I is a broad strict lower bound of J.

We denote by 0 the multi-sequence with d coordinates equal to 0, and by 1 the multi-
sequence with d coordinates equal to d. Note that the dimension d of these vectors can be
omitted as, due to the context, no ambiguity will arise in practice.
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13. If (J(a))a=1.. a is another multi-index with J < I, we denote by G) the element of the

ring R deﬁﬁééj by:
(o) -1()
J a=1 J(CL)
where GEZ%) is the binomial coefficient defined as usual using the Pascal induction formula:

<I(G)> — 1 if (I(a) = J(a) or J(a) = 0g,),

(50) <o 0 < 10 o0 <)
I R ) P

The element G) is called the multi-dimensional binomial coefficient of J from I.

Remark 4.4 (Multidimensional Pascal Formula) Using Notation m, we get for a =
1,...,d the following multi-dimensional version of the Pascal Formula:

I J(a=1) J(a=1)
(9= (e = ()

4.2.1 Digital Differentiation Masks and their Tensor Products

We now introduce a notion of digital differentiations.

Definition 4.3 (Digital differentiation Mask) Let w € N¢. A (d—dimensional) digital
w—differentiation mask is a multi-sequence u = (u(I))jez, € M'®* with finite support, satis-
fying the following properties:

1. For all k € N? with 0 < k, < w, and k # w, we have:

> (ﬁ(f(a))k“> u(l) = Op (4)

IeZ; \a=1

> (H(H@))““) u(l) = l:[l((—le)”“wa!) (5)

IeZ; \a=1

Remark 4.5 Using Notation m, we can rewrite Definition B above saying that u is a
(d— dimensional) digital w— differentiation mask if and only if we have:

S IFu(I) = 0pp for 0 < k <w (6)

IeZ,
and

> IPull) = (= 1a)*w! (7)

IeZ,
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Definition 4.4 (Extended Digital differentiation Mask) Let w € N An extended
(d—dimensional) digital w— differentiation mask is a rapidly decreasing multi-sequence u =
(w(I)) ez, € M’ with finite support, satisfying Formula (B) and Formula (H)

In the sequel, unless otherwise specified, we shall say an w—differentiation mask as a shorthand
for an extended (d—dimensional) digital w—differentiation mask.

Definition 4.5 (Tensor Product of Masks or Functions) Fora € {1,...,d}, let Z, be a
sub-algebra of M, which contains 14, A, (typically T, = 14, Ay or I, = A,), and let u, =
(ua(I)) ez, € M™ be a sequence with a one-dimensional domain I,. We denote T = [[%_, I,
and u = (u(I)) ez € M'" the multi-sequence defined by

The function u is called the tensor product of the function u, for a =1,...,d. We denote by
d

QRu, € M the tensor product .
a=1

Definition 4.6 (Isotropic Multi-Sequence) Let us consider a multi-sequence u = (u(I))rez, €
M'Z4 Let ay € {1...,d}. ForI € Z4 and iy € A,,, we consider

(Ta,(1,11)) (a) = { ](a) if a # a;

11 if a = aq

thus defining an element 1,,(1,i1) in M'Z4 The multi-sequence u is called isotropic if and
only if for any I € Z4, any a1 € {1...,d}, any iy € A,,, we have:

u (7o, (1, J (1)) w (7a, (J, 1(a1))) = uw () u(J)

Proposition 4.2 Let u = (u(I));cz, € M'®® be a multi-sequence. If u is a tensor product of
d

one-dimensional sequences, that is, there exist u, = (uq(I))ren, € M such that u = X u,.
a=1
Then, it is isotropic.

d
Proof. Assume that u = ® u, and consider I € Z; and a; € {1...,d}.

w (1ay (1, J (a1))) mlu f<a )
(Hd 1 Ua (7o, (1, J(a1))(a )) (HZ 1ua (7ay (J, I (a ))(a)))
= ttg, (J(@1)) (Mata, ta(I(@))) tra, (I(@1)) (Maza, a(J(@))))

= (M wa(T(@) (T wa(T(0)))
= u(lu(J)

a

Theorem 4.1 A multi-sequenceu = (u([))ez, € M'Z4 s an isotropic digital w— differentiation

mask if and only if, for a = 1,...,d, there exist one-dimensional w,— differentiation masks
d
U, = (ug(I)) ez, € M'®" such that u = R u,.
a=1
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Proof. Let us first prove by induction that a tensor product of d one-dimensional w,—differentiation
masks is an isotropic differentiation mask. We already know from Proposition @ that a tensor
product of d one-dimensional masks is isotropic. We prove the result by induction on d. For
d = 1, there is nothing to prove. Let us assume the result true for d — 1 one-dimensional
w, —differentiation masks, and consider, for a = 1,...,d, a one-dimensional w,—differentiation

mask u, = (ua(I))rez, € M'? . Let k € N® with 0 < k, < w, and k # w. We have:

Srez, (Mo (@) ) u(l) = ez, (i (I(a)* )(HZ 1ua I(a)))

= ZiEAd ZIGZd 1 <de ) (Ud(Z HZ 1 u(l )
= (Siea,(F1ua(i)) (E:Iezd 1( “H(I(a) (@ 111a) (N))
= O

The last equality follows from our induction hypothesis, either applied to the one-dimensional
wg—differentiation mask ug, either to the (d — 1)—dimensional differentiation mask ®%Z! u,,
depending on which of the coordinates of k differs form the corresponding coordinate of w.
Similarly,

Srez, (Mo (@) ) u(l) = ez, (I (I(@)*) (M va(I(a)))
(Cieana(i)) (Srez, , (M2 ((0)* (@1 ua) (1))
T (= L) al) (= L) = T ((— L) owal]

Conversely, let us consider an isotropic digital w—differentiation mask u = (u(I))rez,. Again,
we prove the result by induction. If d = 1 there is nothing to prove. Assume the result true
for a (d — 1)—dimensional isotropic mask. For I € Z,;_; and i € Ay, we set u(/,7) the value of
the d—dimensional multi-sequence u evaluated on (I(1),...,1(d —1),4). For i € A, we set:

w(i)= Y <1}lg$<1(“))%,uu,z)>

1€z, \Ilazi(=1)%ew,!

and, for I € Z;_4,
(1, 7)
@1y = <zu(,>
u
iEZ.Ad (—1)“dwd!

Both multi-sequences ug and ul®=Y are clearly isotropic. We show that u = ul*~Y @ ug, that
is: u @D ()ug(5) = u(J, 7). Indeed,

_ N wdu(J,i [1¢2iU(a))=e -
ul D (T)ua(j) = (ZieAd ((,1)wdwig>) (Zlezd ) (WU(IJ)))

¢ (I(a)
= ZiEAd ZIEZd—l (1—1[_£a t( 1)@aw,! (J Z) (]’j)>
a=1

— S Srez,, ({0 @l u(r, i)

d
- _; U(a))wa :
- U(J7j> Z’ieAd ZIEZd,1 <l_ll—llia_(_1)waw '/U/(I, 2))
a=1 a*

Let us now prove that, uy is a one-dimensional differentiation mask. Let us set k, = w, for
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a=1,...,d—1. Let 0 < k; < wy, we have:

Sieas #uali) = Liea, ¥ (Srez, (M) u(r.9))
[T

wa !
= W Drez, ( 1(]<a>)ka) u(I)
— 0y
Similarly,
. . . L ([(a))wa .
Yiea, Plug(i) = Yiea, 1 (Zlezd 1 (M) ul, 2))
= e 2 (1T, (1(a))>) u(r)
= (=1)*w,!
Now we prove that that, if we set W@V = (wy,...,w4_1), ul¥V is a (d — 1)—dimensionnal

w1 _differentiation mask. The result then follows from our induction hypothesis. Let k €
N1 with 0 < k, <wl@ Y fora=1,...,d—1and k # w@V. We have

Sreza, (MEHI(@)%) u (1) = Tiez, , (MTE2HI(@)*) Siea, (i)
= Yrez, (TH(I(@)™) u(l)
= O

Similarly,

Srezo, (21 T(@)*) uD(1) = Yz, , (TTZUT(@)*) Siea, (k)
= %Zmz‘i (Hg:l(l(a»wa)

izt (= 1a)“ wal)

In the sequel of this paper, all the considered differentiation masks are assumed to be
isotropic.
4.2.2 Convolution and Differentiation Operators

Definition 4.7 (Convolution Product) Let u be a multi-sequence in M'®. Let T be a
sub-algebra of M which contains Z4 (typically, T = Z4 or T = M) and v : T — M’ be a
function. We say that u and v are convolvable if the following sum is absolutely convergent for

any N € L:
(uxv)(N) = IZ; u(l)v(N — 1)

The multi-sequence ux v thus defined is then called the convolution product of u and v.

Proposition 4.3 Fori=1...,m, let u; and v; be two multi-sequences on a network Z™ in
a Cartesian product of analyzable spaces M™ | with values in M'. Then, we have

(©n) (@) =@rnsv)
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Proof. We prove the result for m = 2 and, by associativity of the tensor product and of the
convolution product, the result follows by an immediate induction.

((u1 @ ug) x (1 @ v2))(n1,m2) = Xiy iyyezimn) xzima) (U1 @ uz)(i1, 12) (v1 ® v2)((n1, n2) — (i1,42))
= Z(il,iz)ezmnxz(mz)(Ul(i1)u2(i2)v1 (n1 - il)UQ(TLQ - 12))
= V(i i)ezim xzma (U1(i1)v1(n1 — i1))(uz(iz)va(ng — i2))
= ZileZ(ml) (Ul(il)?h(nl - 21)) ZZ-QEZ(mz) (UQ(iz)UQ(nz - 12))
= ((ug *v1) @ (ug x v2))(n1, ng)

O
Proposition 4.4 Fori=1...,m, letu; be a multi-sequence on a network Z% in a Cartesian
product of analyzable spaces MY | with values in M'. Then,

1. Suppose that fori=1,...,m, the multi-sequence is an w” —differentiation mask. Then,
the tensor product @i~ u; is an w—differentiation mask, where w is the concatenation of
the vectors w; fori=1...,m.

2. Conversely, if we assume that u = @, w; is an w— differentiation mask on Z = [, Z¥
, where w 1is the concatenation of the wvectors w; for i = 1...,m. then u; is an
w®—differentiation mask for each i € {1,...,m}.

Proof. 1) We prove the first part of the result for m = 2 and, by associativity of the
tensor product and vector concatenation, the result follows by an immediate induction. Let
wl = (wﬁl),...,wg)) and w® = (w?), - ,wg)). Let k; € N4 and ky, € N% Let k be the
concatenation of k; and ks.

Srez, (T4 (1(@)) (1 @ us)(I)
= S ezu xza, (T2 (1(@)) wr (I Jus (1) (1)
= (Zhez,, (M ((a))*) (1) (Shez, (T2 (Ta(a)™) us(L)(1))

Then, depending on whether k& = w or not, we get Equation (@) or Equation (B)

2) To prove the converse, observe that u is not identically zero. Let I € Z be such that
u(l) # 0pp and let 4 € {1,...,m}. By restricting u(/) to the elements I € Z of the product Z
in which only the i*" coordinate varies, we obtain a multi-sequence on Z® which is proportional
to u;. Then, Definition @ applied to this restriction of u immediately yields Equation {4 and
Equation p for u;. O

Definition 4.8 (Differentiation Operator) Let u be a differentiation mask with finite sup-
port. Let T be a sub-algebra of M with contains Z4. The w-differentiation operator associated
to u over MZ is the function Ay with domain M'™* and co-domain R defined by

M — M7*
Ay
v — Au(v)=uxv
Definition 4.9 (Extended Differentiation Operator) Letu be a rapidly decreasing differ-
entiation mask. LetT be a sub-algebra of M with contains Z4. The (extended) w-differentiation

operator associated to w over the space of moderately increasing functions P[Z, M'], with co-
domain P[Z, M'], is defined by

A PIZ, M| —  P[Z,M]
e v — Ag(v) =uxv
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Remark 4.6 Note that the fact that the image Ay (V) with a rapidly decreasing sequence u
and a moderately increasing function v lies in P[Z, M| requires a justification, which is given
in Proposition @ shown below.

In the sequel, if no ambiguity can arise, we shall assume without mentioning this hypothesis,
either that differentiation masks have finite support, or the differentiation masks are rapidly
decreasing and the corresponding differentiation operators are applied only to moderately in-
creasing functions.

Proposition 4.5 Let u = (u(!));ez, be an w-derivative mask and v = (v([))icz, be an w'-
derivative mask. Then uxv is an w + W' -derivative mask.

Proof. We prove the one-dimensional case. The general case follows from Theorem [1] and
Proposition @
Let 0 < k <w. Then

S nfuxv)(n) = Laeli+ (n— i) Sieg uli)o(n — i)
= Yoz ez Zp 0 ( )zp(n — i) Pu(i)v(n — 1)
= 2 (5) (Suez Siez Pu(i)(n — i)*Pu(n — i)
Z];:o Zjez ZieZ ipu(z)]k b (J)
(Syezd*70(0)) (Tiez ?u(i)

k
p=0

This is zero except if £k = w + w’ and in this case all the terms are zero except if p = w and

in this case the sum is (w:}r,‘")(—l)ww!(—l)w'w’! = (-1D)** (w+w) DO

S

SRS

4.3 Differential Operators and Polynomials

Definition 4.10 (Canonical Morphisms X, from A, to M') Fora € {1,...,d}, we con-
sider X, the unique morphism of algebra from A, to M’ such that the image of the unit element
14, in A, is the unit element 15y in M’. The map X, is called the Canonical Morphisms X,
from A, to M.

The maps py, for k € N with Y¢_, k, < 6, defined by:

d
(X1, Xa) = [ X0 (8)
a=1

are called monomials from A, to M'.

Definition 4.11 The M’'—wvalued polynomial functions with degree § € N over M are the
linear combinations of the monomials py. introduced in Definition u

In other words, using Notation @, any M’—valued polynomial p with degree § function over
M is of the form

p(X) = Z )\ka Where X - (Xa)a:L...,d (9)
keNd |k|<§

where A\, € M’. The A\’s, for |k| < § are called the coefficients of the polynomial p for the
basis of the py.
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Remark 4.7 Let w,(px) be the M'—valued polynomial function over M defined by
Ta(Pr) (X1, ..o, Xg) = X
Then we have pr, = @_, T.(pr).

Proposition 4.6 Let p M'—valued polynomial function over M as defined in Equation (B)
Let u = Q™ , u, be an w—differentiation operator, with w € N. Then, we have

6 d k d
-3y (el () 10
i=0  kend a=1 a — Wa a=1
kyt...+kg=i
In other words, differentiation operators act on polynomial functions like usual partial
derivative operators on (say) usual polynomials over R,

Remark 4.8 FEquation |10 can be rewritten using Notation @ to obtain:

@)= 3 o F ) (1)

keNT,|k|<5

Moreover, in the latter sum, only the multi-indices k such that w < k contribute with a non-zero
term.

Proof. Due to Proposition @, remark @ and Proposition Q, it is sufficient to prove the
result for d = 1. By linearity, it is also sufficient to prove it for a monomial p = n* Then,

(Au(p)) (n) = Sica, uli)(n— i)
= Yiea, (i) X (§)n! (=)
= S () (Siea, ul) (=) n’
i)

Now, from Definition Q the sum Y ;c 4. u(i)(—i)* " is equal to Opp if k — [ < wq, and equal

to ((—1)“'wy!) if k — 1 = wy. Hence, for £ < wy, (Au(p)) (n) = (kfwl)((—l)“”wl!) k|

At last, we prove the result for any k > w; by induction. Suppose it is true for £ — 1, and
set v = (v(n))nez,, wWith v(n) = X<, u(s). Then we have u = A_ * v, where A_ is a finite
difference (1)—differentiation mask (specifically: A_ x v(n) =v(n) —v(n — 1) = u(n)). It can
be seen that the mask v is a k — 1 differentiation mask. Furthermore, the differential A, (p),
which is a (1)—differential differentiation mask applied to the (k —1)—differential A (p) which
is constant (equal either to ((—1)*'w;!)n® if K — 1 = w; or, by induction hypothesis, identically
zero otherwise), is also zero. O

Lemma 4.4 Let u be a rapidly decreasing function in M'*, with a € {1,...,d}. Letp be
a polynomial with degree k on a sub-algebra Z, of A, containing 14, A,. Then, there exists a
polynomial function m over Z, with degree k such that:

uxp=m
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Proof. 1t is sufficient to prove the result for the monomial with degree k£ in p. Hence we may
assume w.l.o.g. that p(i) = i*. We have: u* p(n) = Y ;c4, u(i)(n —i)¥. Now,

Siea u(@)(n— i) = Tiea, uli) Sy (V)nl(—i)
5o () (Siea, (=0 u(@)) o'

Due to Lemma , if we set m(n) = X5, (l;) (ZieAa(—i)k*lu(i)) n', the value w(n) is well
defined. The function 7 thus defined is a polynomial function of n, and we have uxp < . O

Lemma 4.5 Let u = @%_, u; be a rapidly decreasing function in M'>*, with a € {1,...,d}.
Let p be a polynomial with degree 6 € N over a sub-algebra I of M containing Z,. Then, there
exists a polynomial function m over I with degree & over Z4 such that:

uxp=m

Proof. Follows directly from Proposition @, Remark @, and Lemma @ O

Remark 4.9 Letu=Q°%_,u, € M'Z4 be a tensor product of non identically zero sequences.
Then, u is rapidly decreasing if and only if u,’s is rapidly decreasing for each a € {1,...,d}.

Proof. 'The “if part” is an immediate consequence of Lemma @ The “only if” part is easily
proved by distinguishing between the case when u is identically zero, in which case the result
is obvious, and the case when u is not identically zero, in which case a restriction of u to a
subset of Z; where only one coordinate varies, which is proportional to u,, is seen to be rapidly
decreasing. O

Similarly, we see:

Remark 4.10 Letu=Q®’_,u, € M4 be a tensor product of non identically zero sequences.
Then, u is moderately increasing if and only if u,’s is moderately increasing for each a €

{1,...,d}.
Hence we have the following:

Proposition 4.7 Let u = ®g:1 u, be a rapidly decreasing multi-sequence in M'Zd, with
a € {l,...,d}. The convolution product u with a moderately increasing function over a sub-
algebra T of M containing Z; is always defined and is moderately increasing on I.

5 Multigrid Convergence for Differentials

The purpose of this section is to provide upper bounds for the difference between a digital
derivative of a sampled (and quantized) signal, with possible errors on the values. We shall
need a specific form of the Taylor Formula, in which we have an explicit form for the remainder,
as in the integral form for the remainder. However, the formula we prove and use does not
require that all partial derivatives of a given order be available or bounded. Instead, we assume
that partial derivatives exist at different orders on the different variables, as, for example, in
the tensor product of a C? function by a C! function, for which the differential of order (2, 1)
exists and is continuous, but neither the differential of order (1, 2), nor the differential of order
(2,2) exist in general.
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5.1 Taylor Formula with Multiple Integral Remainder

Definition 5.1 Let 2V < 2® be two element of M. We denote by [zV), 2] the interval, set
of all T € M such that 2V < T < 2®. Let X € {1,...,d} be a set of indices. We denote
X ={1,...,d}\X the complement of X. We consider the following subsets of M.:

My =[] Ao and Mx = [] Aa
aceX acX

Cx(zW,2®) = T [z, 2P[ and Cx(2™,2?)

a a
acX aeX

[
)
e

=

8
=T

&

We have a clear identification through a natural isomorphism: Idy : Mx x M — M. We
denote by T'x and [respectively Tx] the projections of an element T € M onto Mx [respectively
Mx]. In that way, a function f: [z 2@ [— M’ can also be identified to a function

. Cx(x(l),x@)) X CY($(1)7 SE(Q)) — M’
B (T.U) — fUdx(T\U)) = f(T+U)

The sets Cx(xW, x®)) [respectively Cx(zW),2?)] is called the X —slice of the cube [z, 2]
[respectively the X —slice of the cube [z, 22)[].

For each a € {1,...,d}, we consider dt, the measure on A, underlying the analyzable space
structure. We consider dTx = [l,ex dto the product measure on Mx. At last, we consider the
operator

Ll([[E(l), ZL‘(2)], M/) — Ll(Cy, M/)
Intx : @ e
—  Intx(f)

with, for f € Ly([zM, 2], M) and U € C,
(i ()W) = [, AT+ D)

The function Intx (f) is called the partial integral of f over the X —slices of the cube [z(V) 23],
By convention, if X = (), the integral Jox (20 2) fx(Tx,U)dTx is defined equal to f(U), so
that Inty(f) = f.

Notation 5.1 Let X C {1,...,d}. We denote 1x € N the vector such that fora =1,...,d,
the coordinate (1x), is equal to 1 if a € X, and is equal to 0 otherwise.

Theorem 5.1 (Taylor Formula with Multiple Integral Remainder) Let f: M — M’
be a map and let w € N?. We assume that the partial differentials f) of the map f exist and
are continuous for all J € N® with 0 < J < w + 1. Then, using Notation 4.1, we have the
following identity, for x and x© in M.:

) J
r—a2 —Tx)
0= 28t )

XC{l,....d} Je{wx}x[0ws

where, in accordance with Definition , the set {wx} x [0,wx] denotes the set of all J € N¢
such that 0 < J < w and such that J, = w, for alla € X. This identity is called the generalized
Taylor formula with integral form for the remainder.
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Proof. 'We prove the result by induction on d. For d = 1, there are two possible subsets
X c{l,...,d}: X =0and X = {1}.
The term for X = () yields

(0)

J .
Z f(J—Hl@) (xﬁ)}) (m B x|{1}> _ f: f(j)($(0)) ($ - f(o))J
Je[0,(w1)] J! =0 7!

The term for X = {1} yields

J
— T )) _ T>w1
(T4 1)) (z=Tay)” / iy (@ =T
/c{l}(x(m,x)f . (T{1}> J! Ty = [0/ ) w;! ar

Hence Equation [L2 corresponds for d = 1 to the usual Taylor Theorem with Integral Remainder
in 1D

Je{wi}

(:1: — (0 @ )

x J—
Z e T T Lo f(MH)(T)(idT

(.Ul!
which is proved as usual.

Now, assume that the result is true in dlmensmn d — 1, with d > 2. We consider the

,,,,,

.....

77777

1
S (1) oy (F0a o — o)
F iy + o) = Zf @ (2q,.a-1 + 7)) 1
waliay
. r,..d-1y T 2{ay — Tiay
+/(0) f(( a+1) ]l{d})(l.{l 7777 -1} +T{d})( — )
d-

iy
From our induction hypothesis applied, for j = 1,...,wyg + 1, to the function

{ My, qp — M
gj: j (0)

fUbay) (=’E{1 ,,,,, a1y + ZITF{%)}) = Z /c 0
Xc{l,....d-1} Je{wx}x[0,wy X( T, d—1pT{1,.d— 1})

f(J+1X+j]l{d}) (TX + x(YO) + ,I(O)) («/E{l ..... —

{d} dTx

Note that, as opposed to our statement in Equation , in the latest formula, X denotes
the complement of X in {1,...,d — 1}, as it is an application of our induction hypothesis in

,,,,,
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77777

-----

wq
0
f(l') = Z Z Z / o f(J+]lX) (T + 29 )_i_xg{d)})
]:0 XC{I ..... d— 1} JG{WX}X[OW] Cx<x{1 77777 d 1},1’{1 """ d 1})
J i1
(x{l ----- d—1} — aj(y[)) TX) (${1 ..... d—1} T+ T{d} — xf{d)]») ey
J! , dT'x
! ;! .
+ Y / /
Xc{1,...d}dex Je{wX}X[Ocu | Jex @O e, gy ragy) Jof
(0) J
J @ (0) (0) (:(;{1 ----- -1} —Tx — TX))
FUHLxH@at )1 (a)) (T{d} + Ty +29 + xw}) .
(a: et + zia — Tig )jn{d}
{1, } {d} {d} AT ayd T

J!
J
z— 20— TX))

_ (J+1x) (0) ( X
- ¥ /C(())f ) (Ty + ) - dTx
Xc{1,..,d} JG{wX}X[Ow ] EXEELT

In the latest expression, X now denotes the complement of X in {1,...,d}.

5.2 Digitization, Quantization, Noise Models

In the sequel of this section, we consider a map f : M +—— M’ and amap I' : Z; —> M’
on the discrete network Z;. We shall make extensive use of Notation for exponentiation
notations, as well as orders in M and M’.
digitization step in the domain of f. For K = (k,)e=1._a € R?, we consider the element
hiEl € M. As in the definition of monomials (Definition @) let (R)El € M’ the image of
hlKl by the unique morphism of algebra sending 14, to 1a¢. Since h, > 04,, we also have
(RYIEL > 0,0, At last, we denote b’ = (h')!, corresponding to the case when k, = 1 for all
ae{l,...,d}.

By abuse, we shall write h instead of A’ in some formulas, having in mind that, when
considered as an element of M’, a monomial function has been applied to the element h € M.

Definition 5.2 We say that the map I is a digitization of f with error epp @ 23 — M’ if
for any N € Z,, setting as usual (N.h)(a) = N(a)h,, and considering the element (K'T'(N)) =

(I, 1) (D)) of M, we have:
WT(N) = f(N.h) + epp(N) (19

Definition 5.3 (Vector Valued Infinite Norm for Functions) Let X C M and let g :
X — M’ be a bounded function. The infinte norm of g, denoted by ||g||« the vector in M’
is defined as follows. Fora' € {1,...,d'}, we denote Ny = sup,cx (|(9(2))a|) the upper bound
of the (a')™" coordinate of g(x) in M'. Now, we set

”gHoo = (Na’)a’zl ..... d’
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We consider the following particular models for the errors e 5 on the values:
o Fxact Values: In this model, the values are known exactly:

Enn = Opp

Note that, although this model has been the most widely used in approximation theory,
this value error model is not very realistic from an Information Sciences point of view.

 Uniform Noise (or Uniform Bias) on Values: In this model, the error e, on the values is
uniformly bounded by some constant which depends on the quantization step A’. In our
model, however, this bound can be asymptotically greater that A’. Namely we assume
here that (see Notation El! for the coordinates by coordinates exponentiation, denoted

with brackets notation)
0 < |enw(I)] < K (1)

where a € R? with 0 < a, < 1 for all @ € {1,...,d}, and K is a positive constant.
Note that this error can also have some bias, in the sense that the average noise value
(or expected value) could be non-zero.

o Quantization of Values: In this model, the errors €, 5, on the values is uniformly bounded
by %h’ . This is a particular case of uniform noise with o = 1, and corresponds to
the case when some basic quantization has been obtained by rounding-off the exactly
known values of the function, for example for digital storage. This case is equivalent to

L) = {%} A variant is when quantization has been obtained by an integer part
(floor case): 0 < ep (L) < h', which is equivalent to I'(I) = Lf(}f,h)J.

 Stochastic Noise on Values: In this model, the errors € 5/(I) on the different values for
I € Z; are independent random variables with expected value 0 and standard deviation
o(h'), converging to 0 along with A’. In that case, Equation {13 implies that the values
['(I), for I € Z, also are defined as independent random variables.

5.3 Basic Error Decomposition and Upper Bounds
5.3.1 Errors Related to Sampling and to Input Values

In order to show that the digital w—differentiation of a digitization I' of a real function f
provides an estimate for the continuous derivative f) of f, we would like to evaluate, at each

1
sample point N € Z;, the difference between the digital differentiation W(Aﬁ * ) (V)

(where, as usual in this context, the product [resp. exponentiation] between two d—dimensional
vectors is a coordinate by coordinate product [resp. exponentiation]) of the digitized signal
and the value of the usual w® partial derivative f“)(Nh) of f. This difference may easily be
decomposed from Equation (@? and Definition Q into the sum

(h,)tu (A % T)(N) — f@(Nh) = ES,(f,h,h,T,u, N) + EV,(f,h, ', T,u,N)  (14)
where
BSL(F.h W Tou,N) = [ S u(D)f (V= Dh) | = f9(Nh) (15)
(M e,
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is called the sampling error, and

EV,(f h,k ,T,u,N) = BE > u(l)epp (N —1) (16)

IEZd

is called the (input) values error. As their names imply, the sampling error is due to the fact
that we only know about the values of f at some grid points, and the values error is due to
the fact that we do not know the exact values of f at sample points.

The sampling error is a real values sequence. Under the uniform bias hypothesis, the values
error is also a real valued sequence, but under the stochastic hypothesis, the values error is a
sequence of random variable.

5.3.2 Upper Bound for the Sampling Error

In the following lemma, we show that the sampling error can be bounded independently from
the error on input values, using the mask values, the norm of the partial derivatives of f with
order higher than w'", and a the digitization step. The immediate consequences are some
convergence results in the case when exact values of the function at sample points are known.

Lemma 5.1 Let us assume that the partial derivative fU) exists and is continuous on M,
for every K = (ku)a=1...a € N¢ with ke > 14+ w, for a = 1,...,d. Let u be a digital
w—differentiation mask with convergence order p. Let S = (s1,...,5q4) with s, = max{w,, 1 +
pa} fora =1,....d. Let I be a digitization of f with error ey p : Z9 — M'. Suppose that
) is bounded on R. Then for all N € Z,,

1x

h
ESw(f, h, h’,I‘,u,N) < Z Hf(wHX)Hoo Z ’[wx-HlX U(IX)l

A
XC{L,...d}, X0 1€(Z9)x X

Moreover, if we consider a lowest order approximation when all coordinates of h tend to
zero at the same speed (e.g. constant ratio), the error can be approximated by the sum for X
with cardinality 1, which yields:

d
ES,(f h, I, T,u,N) = O (Z ha |[[F4T [0 > \fw“+lu(fx)!> (18)
a=1 IeA,

Proof. From the Taylor formula with Integral Remainder (see Theorem @, the sum involved
in Equation () can be written

> rez, u(l)f (N —1I)h) = >orez, u([) [ZXc{l,...,d} E]E{wx}x[o,wy] fCX(Nh,(Nfl)h)

J
SUTX)(Tx + (Nh)x) ((Nil)hi({j!h)TTX)) dTX]

Now, for X C {1,...,d} and J € {wx} x [0, wy, we have

(N-Dh-(Nh)%-Tx))"  (N=D)h)x—Tx))x ((N=D)h)
71 Tx]!

~(Nh)g))'®
|

=
T

(V=D x—Tx)"x (1) X h
Jx! Tl

<
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Hence

.y X

Ji J—
>rez, u(I)f (N —1)h) = ZXc{l ..... d} ZJe{wX}X[O,wY] hyx >rez, U(I)(f;n

fCX(Nh,(N—I)h) f(J+]lX) (TX + (Nh)y) (((N—I)h)X_TX)JX dTX

JIx!

Yet, since u is a tensor product due to Theorem @, for X C {1,...,d}, we have u(I) =
u(Ix)u(ls), where Ix(a) = I(a) if @ € X and Ix(a) = 14, otherwise (and similarly for
I5). Furthermore, due to Ix — u(Ix) is an wx—differentiation mask, and Iy — u(ly) is an
wx —differentiation mask. Therefore,

Xrez, u(l)f (N —=1D)h) = ZXC{l ----- d} ZJE{WX}X[O,WY] hJYY >orez, U(IX)U(IY) (_{]?z d

— _ J
Jexvnv—nm ) (Tx + (Nh)x) (e W});c! Tx dTX]

o
= 2XC{ldh defoxtxwe] g ZIG(Zd)Yu(IY)(Ji

Yre(za)x WIX) Jo (N (N—1)h) SUX)(Tx + (Nh)x)

(((N—I)hJ);—TXY’X dTx

= EXc{l d} hYYZIG(Zd)X u(lx)

,,,,,

— X b'e + _ — _ w »
Jesovnv—nm fET) (Tx + (Nh)x) (N=Dh)x ~Tx)*X 4

wx!

The last equality comes from the fact that, due to the fact that Iy — u(I5) is an wy—differentiation
mask (hence satisfies Equation (a) and Equation (H), all terms of the sums over I € (Z4)%
between brackets are zero except for the term with J¢ = wy, form which Equation (H) holds.
Finally,

Now, using the expression for the sampling error (Equation @), the term of the latest sum
corresponding to X = () cancels out with —f“)(Nh), and we provide an upper bound for the
remaining sum for X # ():

wx+1x (h/)wwf
i ix

ESW(f’h7h,7F7 ll,N) S Z ||f(w+1X)||OO Z |wa+llx U(IX)|

I
XC{1,..,d},X#0 Ie(Za)x wx:

from which the result follows by simplification by (h')*. O

Remark 5.1 Lemma shows that the sampling error tends to zero along with h for a fized
function and a fized differentiation mask.

5.3.3 Upper Bound for the Input Values Error

The following lemma gives an upper bound for the error related to uniform noise or uniform
bias on the values at sample points (see Section p.2).

Lemma 5.2 Letu be a digital w— differentiation mask with convergence order p. Let us assume
that T is a digitization of f with errors on input values ey, such that ||ep e < K(B)) with
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0<a, <1 fora=1,...,d, which satisfies the uniform noise/bias error model. Then, for all
N e Z,,

\EV,(f, h,h,T,u, N)| < B [w p (Z lu(T )

IeZ,

Proof. We derive an upper bound for the values error from its expression in Equation (@)

! € ©
|EVw(f7h7h7F7u7N) |hh|| Zl ‘—(h/ lw—a] (Z|u )

IezZ, I€Z,

The following lemma gives an upper bound for the error related to statistic noise with
expected values 0 on the values at sample points.

Lemma 5.3 Let u be a digital w—differentiation mask. Assume that U is a digitization of
f with error on input values €y, following the stochastic noise model. In other words, the
ennw(N)’s for all N € Z, are independent random variable with expected value 0 and standard
deviation o(h,h').
1
Then for all N € Z4, the random variable ()T ————— (A« I)(N) — f@)(NR), defined after
the independent random variables I'(N), has expected value ES,(f,h,h',I';u,n) and standard

dematwn (ZleZd( (1 ))2)%.

In other words, and roughly speaking, the global error is in this case statistically close to
the sampling error.

Proof.  From Equation () and Equation (@), for a fixed N € Z; the random vari-
1

able W(A‘lj * I)(N) — f@(Nh) is equal to the sum of the constant random variable

ES,(f,h,h',T,u, N) and the random variable defined by

Vo(f, h 1/,T,u, N) =

_])

]EZ

By linearity of expected values, its expected value is ES,(f,h,h',T',u, N), which shows the
first part of the statement.

Since the random variables €, /(N — I) are assumed to be independent, and the series
Y 1ez, u; is assumed to be absolutely convergent, the variance of EV,,(f,h,h',T',u, N) is equal

to the sum for I € Z; of the variances of %eh,h/(]\f — I) which, for standard the deviation,

yields ((‘Z,)I[L)J o(h, h’))2. O

Remark 5.2 Note that for a fized mask, the values error (or its standard deviation) generally
does not converge to zero when h' converges to 0. We shall propose below a way to make_it
tend to zero by adapting the mask to the digitization step (see Theorem . and Theorem
below).
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5.4 Skipping Masks: Cheap Multigrid Convergence

The idea is to adapt the mask to the step of digitization, in order to get (h,)[%a] (Zlezd ]u([)])
converging to zero along with h. For limiting the complexity of computation, we set the number

of non zero coefficients of the mask fixed.

d
Definition 5.4 Let L = (l3)q=1,..4 € (Ri) be a vector with d coordinates which are strictly
positive elements of the base ring. We consider the following map:

{ M — M/L =11, (A /L)
(ta)a=1,..a — (ta/la)a=1...d

Then, this map is an of analyzable spaces isomorphism, and is called called the division by L
operation.

-----

multiple of 1,,. We call the vector L the skipping step for our masks.

Definition 5.5 (Skipping Masks) Let u be an w—differentiation mask. The corresponding
w—differentiation L—skipping mask uy, is defined by u,(I) = ﬁu(%) if for all a € {1,...,d}
the coordinate l, divides I(a), and equal to 0 in all other cases.

Remark 5.3 For K € N?, we have

S Fuy (1) = LE ST 15a(r).

IezZ, IezZ,

Therefore, the mask uy, is an w—differentiation mask as well as u.

We also have

S fun(h)] = 717 3 Ju(D)].

I€Z, I€Z,

This allows a convenient choice of L. depending on h, which yields a values error which
converges to zero, either using Lemma @ or Lemma p.3. This is formalized in the following
theorems, which specify the skipping step L(h) to use as a function of the sampling step.

5.4.1 Uniform Multigrid Convergence with Uniform Noise or Bias

Theorem 5.2 Letu be an w—differentiation mask with and uy, the corresponding w— differentiation

L—skipping mask with skips of length L. Suppose that f : M — M’ is a C*** (we remind the

reader that (w + 1)y = w, + 1 for all a) function. This means that the partial derivatives )

exist and are continuous for all0 < J < w+1, and f@1%) is bounded for any X € {1,.... d}.
Let a €]0,1)¢, K € R: and let h and h' be defined as at the beginning of Section .

Suppose I' : Zg — Z4 is such that |R'T(I) — f(hI)| < Khl®) for all I € Z4 (which corresponds

to our uniform noise/bias input values errors model).

Then, using the skipping steps L(h) = {h[_H%]J, we have:

1

| <AUL(h) * F) (N) - f(w)(Nh>

(57!
(h/)[wfl} GO(h " )
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Proof. First, we give an upper bound for the values error. From Lemma @ and definitions, we
have ‘EV(f, h, h/, F, Ur(n), n)’ < W ZIEZd ‘U( )‘ If L(h) = \‘h _1+m]J, it is easy to
1 plo— o]

57
check that (L(h)) e (=] < =D which is O(hl=+)).

We now turn to the sampling error. Let us consider the upper bounds provided by Lemma lil!
We could use Equation ([L7) for a more explicit bound for the error, but we chose for the sake
of simplicity to use Equation () instead. Also using Remark @ we get:

ES(f,h, 1, T, w <Zh (D)= >

Now, with L(h) = |hT 25| we obtain ES(f, b, 1, T, wgy,n) = O (hl#57) O

5.4.2 Stochastic Multigrid Convergence with Stochastic Noise

Theorem 5.3 Letu be a w-differentiation mask and let uy, be the corresponding w— differentiation
L—skipping mask. Suppose that f : M — M’ is a C“*! function, and f“T1x) s bounded for
all X C {1,...,d} Let a €]0.1]%, let K € M', with K > Oxg, and let h and b be defined as
at the beginning of Section . Let T" be a digitization of f with step h and a stochastic noise
enn with expected value O g, and standard deviation o(h,h') < Khlo.

Then for skipping steps L(h) = {h[l_w%lJ, and for N € Z4, the random variable

(B #T) () = 12080

has an expected value and a standard deviation which are O(h[w%l]).

The proof is similar to that of Theorem @, but using Lemma p.3 instead of Lemma @

6 Locally Analytical Functions

All along this section, we consider again the notations R, A,, M and M’ defined in Section @
Moreover, Z denotes a sub-algebra of M containing Z; (typically Z = Z; or Z = M). At last
A is a differentiation operator on functions from Z to M’.

We shall also use the following notions and notations concerning shift in vectors and func-
tions, as well as division by positive vectors:

Definition 6.1 Let ® : Z — M’ be a function. Given L = (I,)a=1.. a4 € R® a vector with
d coordinates which are elements of the base ring. We identify the vector L with the element
(la-14,)a=1...a of M. We thus define 7%(®) the L—shift of ® which to T € T associates

(TH(@) (1) = &(T + L)

We remind the reader of Definition @, in which the definition of the (coordinate by co-

d
ordinate) division by a vector L = (ly)q=1...a € (Ri) is presented. In the sequel of this

77777

d
section, L = (lg)q=1,., € (Ri) denotes a vector with d coordinates which are strictly positive
elements of the base ring.
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Definition 6.2 Fora € 1,...,d, let A, be a differentiation operator over the analyzable space
Aq, with values in M'. For any function f: M — M, if for T = (t4)a=1...a the function
far + Ax — M which to t € A, associates f(T(“’t_t“) is differentiable relatively to A,, we
denote 5

5 (1) = (8 (fur)) (T)

Moreover, this value is called the partial derivative of f with respect to (the a' coordinate) t,
at the point T'.

6.1 Definition of Differential B—Splines Families

Definition 6.3 Let us consider a family D = (D;sprr) of functions from Z/L to M'/L%,
where, roughly speaking,

e S = (Sa)az1,.a € Z4 is a shift factor, through which the parameter T = (tg)a=1,.a Of

functions is translated.

d
L = (la)a=1..4 € (Rj) denotes a vector with d coordinates which are strictly positive
elements of the base ring, and determines a partition of T into intervals [S.L, (S + 1)L].

e R = (ra)a=1..a € N? is a blunder order, or smoothing order, which determines the
reqularity of elements of D, as functions on I.

e P=(pa)a=1,. a€ N? denotes the primitive order, which represents the number of times the
primitive operator was applied, in the respective dimensions, relative to the differentiation
operator A, on the corresponding function with P = 0.

e 0 = (Opa)a=1,.a denotes the dimension of the space D = (DjoorL)o<i<sy, Of the
functions in the family D for a fized L. The index L is omitted in the notation dg
because, in the families we present in this paper, the dimension 0g does not depend on L.

Now defining precisely, using Notation @, we say that the family D is a Differential B—spline

Family of functions with respect to A if and only if it satisfies the four following properties,
d

valid for all S € Zq, P € N¢, R € N and any vector L € (Ri) with d coordinates which are

strictly positive:

1. Differential Property: for T = (t4)a=1...4, we have

0
8T(DI,S,P<G»1),R,L)<T) = (pa +1)Dr,5,pr.(T)

2. Commutation with Finite Differences Property:
1
a(Pa+1)(ra +1)

DI,S,P,RWJ),L = I (DI,S,P(G»U,R,L - Dl,s(aJ),P(a»U,R,L)

3. Shift Property:

L(a,la) (

D s@-v prp =T Drsprr)

4. Partition of Unity Property: For all' T € T and for P =0,

1 g
>y DI,S,O,R,L(T>:LT/\;]

SEZ40<I<bR
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6.2 Generic Construction from Partitions of Unity

Definition 6.4 A function F' : T — M’ is said to be eventually zero when the coordinates
tend to —oo if there exists U € T such that F(T) = Opp for T < U.

Let us consider a family D = (Dj0,0,1) of functions from 7 to M’ such that: For all T € Z,
we have the partition of unity property:

Y > Droooa(T)=1am

SeZ,0<I<ép

We extend the family D to a complete family (also denoted by D = (D; s pr,)) as follows.

d
1. For L = (la)a=1...a € (’R*Jr) a vector with d coordinates which are strictly positive
elements of the base ring, we set:

1

DI,S,O,O,L(T) = WDI,O,O,O,I(Z - S)

~

2. We define by induction on P = (pg)a=1,..4 € N¢ the function Dy s.po,r, by setting for
T = (ta)azl,...,d:

ta
DI,S,P(“J)VQL(T) = /7 D[,S,P,O,L (T(avu_ta)) du

Note that the integral is well defined for a function which is eventually zero when the
coordinates tend to —oo. Furthermore, if Dy g 1 is eventually zero when the coordinates
tend to —oo, then so is Dj g po 1 for any P € N¢.

3. At last we define by induction on R = (r,)a=1...4 € N? the function D; 5 p g 1, by setting:

1
(Pa+1)(ra +1) (Drspan pr = Drsen pen ri)

DI,S,P,R(‘IJ),L = I

Then, we have the following result, which follows from the definition by a straightforward
induction:

Proposition 6.1 The family D = (Drspr.r) is a Differential B—spline family.

6.3 Generalized Cox-de-Boor Formula

Theorem 6.1 (Generalized Cox-de-Boor Relation) Let D = (D;spry1)) is be a differ-

d
ential B—spline family. For all S € Z4, R € N%, for any vector L € (Ri) with d coordinates
which are strictly positive, for any a € {1,...,d} and for any T' € T, we have:

Sqt+1e—1
. . < D1,5<a»1>,o,R,L (T)

DI,S,O,R(aJ),L(T) = l (7, I 1)

1,5,0,R,L (T)
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Proof. We prove the result by induction on R. For R = 0 and any PN¢, we have

D[7S,P,R(a,1)7L(T) == m (D[ SP(a 1) JR,L (T) — DI S(a,1) P(a 1) R,L (T))
- m (f DrsprL (T(a ta™ t“)) dug — [*_ D;s@n priI (T(a a— ta)) du )

Ug=1lq
= LoD ([(“a —54)Drs,prp (T “"_t”))}ua:—m

Ug=t1q
B {(ua —7a = Sa) D sa) P,R,L(T(“v“a*ta))} )

Ugq=—00

_la(ri—l-l) ( Ea ( Sa)au (DISPR L) (T(“’”“*t“)> du,

- f (T Sa) (DI S(a1) PRI (T(a’u”_t“)» dua>
= ntagPrsere (T) + 555 DIS(“ v.prr(T)

+m S (<u“ N SG)DI,S,P(a,—l),R,L(T(“ Ua—ta))
+ (Sa + Ta — ua)DI,S(a’l),P(a’_l)’Rl/(T(a’uaita))) dua

Now, for P = 0 as in our statement, we have D; g pa.—1) g, = Opr and Dj ga1) pa—1) g = Opr
due to the differential property in Definition @T which completes the proof. O

6.4 Generalized Power Series and Analytical Functions

Note on the draft version. The remainder of this section is somewhat sketch for lack of
time. The final version of this draft ought to contain more about generalized power series,
especially as solutions to linear partial differential equations.

Let D = (D;spryr) be a differential B—spline family with respect to a differentiation
operator A over M, which is obtained by tensor product of differentiation operators A, for
a=1,...,d. For w= (wy)az1..4a € N?, we denote by A the partial derivative of order w,
using A, on A,.

For the sake of simplicity, we assume that the functions Dy r . have bounded support,
namely that supp(D;oo.r) C [-m(R), m(R)] for some positive element m(R) € Z. We also
assume that Djyoor(T) > 0 M for all T € Z, which implies, from the partition of unity
property, that |[Dyo0.r.L]ls < Timr-

Note, however, that the content of this paper regarding analytical functions and their
applications might work also for such functions families of functions with rapidly decreasing
derivatives of all orders, such as constructed as in Section using partitions of unity, as well
as for some families of non positive functions.

Lemma 6.1 For P € N¢ and b > 0z, the suppremum M of ||Drs.pr.r(T)||e for x element of
an interval [—b,b] C T is less that or equal to

(IS] + 2m(R))"

Proof. Let T be an element of an interval [A, B] C Z. Since ||Djo0.r|l < 1, the result is

true for P = 0. We then show the result by induction on P. Assuming it is true for P, we
T |S|+2m(R)

sce that [|Dyg pen e (Dl = |1 [ Drsprs(@)lludl < [ (18] + 2m(R)Pau =

(s + 2m(R))P™. O
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Lemma 6.2 Let ¢ = (crgp), for 0 <1 <6g, S € Z4, and P € N be a family of elements of

R such that
Yo > 2 llesella(IS|+2m(R))” (19)

S€Z,0<P<N 0<I<Sp

is absolutely convergent when all coordinates of N € N tend +o00. Then for any R € N and

S € Zy, the sum
Sc,D,N(T) = Z Z Z CI,S,PDI,S,P,R,L(T) (20)

SeZ; 0a<P<N 0<I<égr

also converges when all coordinated of N — +oc.

Definition 6.5 Under the assumptions of Lemma , the coefficients ¢ = (crs.p) are said
to define a convergent gemeralized power series relative to A and D Moreover, the limit for
n — 400 for the sums considered in Equation (@) is called the sum of the generalized power
series relative to A and D with coefficients (crs.p), with scaling factor L, with blending order

R
Sen(T)=> > > csprDrspri(T) (21)

Se€Z4 0<P 0<I<déRr

Definition 6.6 A function f from I to M’ is called a generalized analytical function relative
to A and D if is can be expressed as a gemeralized power series relative to A and D for some
coefficients (cr.s.p), with scaling factor L, with blending order R

Proposition 6.2 (Differentiation of Generalized Analytical Functions) Let R > 1¢,
let ¢ = (crsp), for 0 < 1 < g, S € Z4, and P € N¢ be a family of elements of R which
define a convergent generalized power series relative to A and D. Then the function Sep is
differentiable for A (i.e. A(Sep) exists) and we have:

Ao (Sep) ()= > > Y. crspenDrsprro(T) (22)

SeZ, 0<P=00<I<dp

Proof. From the differential property of the differential B—spline family D, we get for N € N¢
that the sum S.p n(T') defined in Equation (@), as a function of 7' € Z, is derivable for A
and its derivative is

A, (Sc,D,N> (T) = Z Z Z Ci7s,p+1Dl,S,P,R,L(T)
SE€Z,0<P<N 0<I<bg
Furthermore, we see that the coefficients a’ = (¢;5p+1) for 0 < I < 0, S € Z4, and
P € N? defines a convergent generalized power series relative to A and D, that is, the series

SN Y lerspenlleo(s| +2m(R)F! converges. Hence the series of Equation (@)
DEZ,40<P<N 0<I<dg
above converges when all coordinates of N tend to — +00, and, using the continuity of the

operator A, by taking the limit when N — 400 we get our result. O
By an immediate induction on Proposition @, we get the following
Theorem 6.2 Let R > 1%, Let ¢ = (cr5.p), for 0 < I < 0r, S € Z4, and P € N? be a family
of elements of R which define a convergent generalized power series relative to A and D. Then,

for any w € N, the function Sep is w—differentiable for A (i.e. A*(Sep) exists) and we
have:

2Sn)T) =S Y crsrsoDisnns(T) (23)

SEZ p=00<I<ép
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6.5 Solutions of Linear Differential Equations

Le us consider a linear partial differential equation of the form:

> as(T) (AY(H) (T) =0 (24)
0<J<K
where K € N, Let us look for generalized analytical functions which are solutions.

So, as in Section , let D = (Drsprr) be a differential B—spline family with respect
to a differentiation operator A over M. We assume, as has been proven for some differential
B—spline families in section p.4, that Definition holds, as well as Theorem [(.2.

Let ¢ = (cr5.p), for some R > 1y, let 0 < I < 0g, S € Z4, and P € N? be a family of
elements of R which define a convergent generalized power series relative to A and D. From
Theorem @, it is sufficient that the coefficients (c; g p) satisty the following linear equations,
for every T' = (to)a=1,. a:

> aj(D)ersprsDrspri(T) =0 (25)

0<J<K

Example 6.1 In the one dimensional case (d = 1) real case R = M = M’ = R. Let us
consider the equation A(f) = f (which is classically solved to get the exponential function
T — e'). Equation (24) yields:

Cr,s,p+1 = C1,s.p
We therefore get the following family of solutions, for any given P € N and L > 0:

—+o0
expn (T) = > Y cosoNos,prL(T)

SeZ P=0

Where (co,s0)sez s an arbitrary sequence. This example was implemented, to get the results
presented on Figure (1.

8 \
2 Exponential B-Spline  +
| Exponential Usual X % |
c 6 |
2 X
e 5 X _
3 *
5 4r % =
£ 5 v =
) x X
o 20 . x X .
*
1% * X =
0 \ | |
10 10.5 11 11.5 12
X

Figure 1: The results of a partial sum (for a finite V) of B—splines obtained as in Example El
The graph superimposes perfectly with the usual exponential e”.

The final version of the paper ought to provide more about linear partial differential equa-
tions, as how to choose solutions of the linear equations in Equation (R5) to obtain an integer
only and drift-free solution.
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7 Bernstein-Based Differential B—Splines

7.1 Bézier Functions and Bernstein polynomials Basics

Note that the following definition uses multidimensional binomial coefficients and exponents
following Notation {.1|, as well as polynomial functions introduced in Section Y.3.

Definition 7.1 Let R € N?. For I € N% with 0 < I < R, we consider the M’'—uvalued
polynomial with degree R which defines for T € T the element

Bin() = () 1a0) (L = P10

These (in the framework of R—uvector spaces well-known) polynomials are called the Bernstein
polynomials with degree R from I to M’.

In the sequel, unless otherwise specified, we shall say Bernstein polynomials or Bernstein
functions as a shorthand for Bernstein polynomials from Z to M’. The Bernstein polynomials
with degree R constitute, as formal polynomials, a basis of the vector space of polynomials
with degree less than or equal to R. We shall often omit the 1,4 factors if no ambiguity can
arise, thus writing:

i) = () e =)

Remark 7.1 (Partition of Unity Property) By developing (T+(1-T))" we obtain > o< <p Br.r(T) =
1 forallT ce L

From the Pascal formula (remark @) for binomial coefficients, we derive a similar formula
about Bernstein polynomials:

Proposition 7.1
Brr(T) = (Iyme = tal ) By a0 (T) + (talaw) Bra-1 ga-v (T) (26)
By omitting the unit 1,4, we can equivalently write:
Brr(T) = (14, — ta) Br g (T') + toBra,-1 ga-v(T) (27)
Proof.

Bra(T) = (917 (1w — 1)
(a,—1) (a,—1) R—1
= |(F)) + ()] 1 e = )
(a,—1) a (a,~1) _(a,~1) (a,—1) (a,-1)_
=t )TT (pe = 1) (e — ) ()T (g = )
(1/\4’ — ta]-M’)BI7R(a7_1)<T) + (talM/)BI(a,—1)7R(a,—1)(T)
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Definition 7.2 Let R € N¢. Let P = (P)o<i<r be a multi-sequence of points in M'. We
define, for T = (ty)a=1...a € I, the image of T under the Bézier function Bp : T — M’ with
control points P by

.....

Be(T)= Y. PBrr(T)

0<I<R

Now, if we wan to compute partial differentials for Bernstein polynomials, we consider the

.....

0

EB[’R(T) = Ta(BI(a,—1)7R(a,—1)<T) - B[,R(a,—l)(T» (28)
Proposition 7.2 As in the usual case of Bézier functions over R, the partial derivative of a
Bézier function from I to M" Bp : T — M’ with control points (Pr)o<i<r can be expressed
as follows, denoting T = (to)a=1...a-

0
Oty

BP(T) =Ta Z (Pl(a,l) — P[)BI’R(a,—n(T)

0<I<R(a,—1)

which is the Bézier function with control points (Pj)o<i<g.-1, where P; = rq(Pj@y — Pr).

Proof.
%BP(T) = T4 ZOg[SR PI (B[(a,*1)7R(ﬂ»*1)(T) - BI,R(‘“*1> (T))
= 70 (Socr<r Pr Bia-v e (T) = Socr<r Pr By peon (T))
= Tq ZOSISR(a,fl) (P](a,l) - P[)B[yR(a,fl) (T)
O

7.2 Scaled Bézier Function Associated to a Sequence

Notation 7.1 Let u be an element of M /L (see Definition ) We consider the floor of u,
denoted by |u], which is the greatest element (considering the coordinate by coordinate partial

order on M) of 24 such that L (%) is less than or equal to L (%) in M/L (considering the
coordinate by coordinate partial order on M/L).

d
Definition 7.3 Let L € (Ri) be a vector with d coordinates which are strictly positive

elements of the base ring. Let S € Z4. For R € N% and I € N with 0 < I < R, we introduce
the S—shifted L—scaled Bernstein polynomials with degree R, with values in M'/LE, by:

Bra(f—=5) if L €SS+ 1ul

B T)=
1.5.1.L(T) { 0 otherwise.

In other words, the value By g g 1(T') can be non-zero only for S = EJ . Using the caracteristics

function of an interval, we can also write By s (1) = Brr (% — S) Lis, st 1qm]-

Remark 7.2 (Shift Property)
(7" (Brspp)) (T) = Brsa(T™)) = By gy g1 (T)
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In the remainder of this section (I'(S))sez, is a multi-sequence with values in M’, and
d
L = (ly)a=1...q is an element of (R*)

.....

Definition 7.4 For R € N¢, the L—scaled (piecewise) Bézier function with degree R associated
to I' is defined for T € M by:

(BYRM)(T) =Y > T(L(UI - S))Brsas(T)

S€Z,0<I<R

Note that in the previous definition, due to the definition of B g r 1, for a given value of I,
only one value of S (namely S = EJ) contributes to the double sum (B(L%(F)) (T), so that,

in fact, at most (|R| + d) terms are non-zero for a given 7.

Proposition 7.3 (Commutation with the Shift) For R € N% and I € N¢ with0 < I < R,
for T' = (to)a=1,..a € M, we have:

(BYR(I)) (FH(T)) = (B (r=H1)(1)) ()

Proof.
(BER(D) (THeN(T)) = Ssez, Socrenl (LU = 8)) Brs,po(T)
= Ysez, 2o<i<rl (LI — S))Bls<a v r(T)
= ZSeZdZO<I<RF L(] St )) BISRL( )
= Ysez, o<i<r (L(S—1)—0 al))) Brsrr(T)
= (BLR(rH@)(1)) (T)
O

Proposition 7.4 (De Casteljau Property on Sequences) Using the elements L(a,j) for
a=1,....d and j € A,, as well as R»=Y e N¢ defined in Notation , we have for

(BERD) (1) = (1= (3 = |1£]) (B @) @ (5 = [ 12]) (B (He2 @) @)

In the equation, we omitted 1,y when multiplying M’ —uvalued polynomials by (% — U—ZD 1
or (1-/4(1 (;z — UZJ))) 1rm, seen as degree zero monomials (Definition ) This notation is

also valid for R = 0 if we use the convention that BL Rl = 0ifre+7<0.

(B(O)( )) (T) = Ysez,Xo<i<r T (L(I = 8)) Brr(t S)H[Sysﬂm[(%)
= Ysez, 2o<i<r L (L ( - 5))
— (1 = 54)) B (F = S)

la
+(Ta 5 )Bm ~1) Ra,— 1>(* S)} [$:5+1] (%)
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The last equality follows from Equation @ Now taking into account that the only value of

S for which £ € [S, S + 1[, which implies that i — s, = - U—:J, and then by changing the

index I to I~ in the sum, we get:

(BURM)(T) = (1la, =t + |5]) Ssez, Tocrer T (LU = 5)) By g g, (T)
+ (% - [%J) Y5z, 2o -D<r<Rl@-1 [ (L(I(a’l) - S)) B; s g1 ,(T)
= (a4 | 8])) (B ey @) (1) + (o = | t2]) (B (ro8) (1)) (T)

The indices I = 0~ and I = R yielding a zero term because out of range for the Bernstein
polynomials. O

Now, we derive the following from Proposition @ and Proposition @:

Proposition 7.5 (De Casteljau Property on Functions) We have for T = (t4)a=1,. a-

(BERm) (1) = (1= (32 = [12])) (Bl @) (5 = [ 32]) (4019 (B (T ()

7.2.1 Derivative of the Scaled Bézier Function

As far as Bernstein polynomials are concerned, we get the partial differential form Eugation @
We derive from this that, for s = |¢], we have

0 1 0 T Ta
ot, spT) = l@tBIR(L S)_E

so that

(Bl(avﬂ),s,wal),L(T) - BI,S,R(‘%*U,L(T)) (29)

Proposition 7.6 (Differentiation and Finite Differences of Sequences) For 0 < R =
(Ta)a=1....d, the function B(L%(F) is C*~1 on M and we have:

o (BE) (1) = T2 (B () (1) = (B (1) (T)

Proof. First we prove the result for all ¢ € M\ Z,, on which the curve Bl(’?ﬂ)(lﬂ) is easily seen to
be polynomial, hence infinitely differentiable.

2 (BYRD) (1) = Ssez, Soci<rl (L(S = 1))
= Ysez, Socrer D (L(S — 1)
- ZSeZd Zo(a -1 <J<R(a,— 1>F(L(S 1) ) (BIS,R(‘%—U,L(T))
— Xsez, >o<r<r T (L(S ))? (BISR(E 1)L<T>)
= Ysez, ZOSISR(“’*DF(L( I) - al")> (BISR(CL 1)L(T))
— Ssez, Socrenl (LS = D) 5 (By g s 1 (1))
= 1o [(BY e (T@T (N (T) = (B ) (D)) (1)

Now, for R = 0, we have B,(-J%(T) = Ysez, [(=LS)Lisr,(sr+1)(T). Consequently, Bg)l(f‘) is
C° (we remind the reader that the vector 1 is here considered as having all its coordinates
equal to 1. The result follows by induction on 1 < R. O

%BI s,0,r(T)
. (Bﬂa D,8,R(a,~1) L(T) - BI,S,R(%*U,L(T))

a
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Proposition 7.7 (Differentiation and Finite Differences of Functions) For 0 < R =

.....

ai (BER)) (1) = 3 [(7 1) (B e (1))) (T) = (B e (1) (7)]

Definition 7.5 Let ® : Z — E be a sequence, or ® : R — E be a function. We define the
finite difference masks:

o (A"(@))(5) =
o (A1(@)) () = H(@(S@D) — B(S)).

~=

(2(5) = 2(5'*71));

Notation 7.2 Forw € N with 0 < w < R, we denote by B(Lf;z(lj) the function on M defined
as the differential of order w of Bg%(lﬂ):

BHI) = (BY ()"

Therefore, Proposition @ and Proposition @ can be restated as:

Proposition 7.8 The first order partial derivatives of By,.(I') can be computed in two ways
through finite differences:

L,R(a:=1)

e On the sequence by a%a (BLr())(T) = —r, (B(O) (A(_‘l’l“)(F)) (T);

e On the function by 5 (BLr(I") (T) = ra A (B ey (1)) (T)

The following immediately follows by induction:

Proposition 7.9 for R > 0 and w € N% with w < R, we can compute the differential with
order w of B r(T'), by applying an w—differentiation mask either to the sequence I' by

w R! ol Ao
(BER(D)) = MB(LO)RLU ((—1r0) A% (D))
or to the function B g(I") itself by
R!

(BER(D) = oy (49) (Brrw(D)

7.3 Bernstein Based Differential B—Splines Family

Definition 7.6 We consider, for P € N, for I € Z,, for S € Z4, for R € N¢, a function
Brspri € MM based on the function Br s g1 defined in Definition , by the following
inductive definition:

1
e Brsorr = mBrsr.L

e For P>0 and T = (ty)e=1... 4, we set:

.....

ta

Dys.pen,pi(T) = (pa + 1)/ Dy sprp(T" ")) du

o
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The family of piecewise polynomial functions thus defined is called the Bernstein-based differ-
ential B—spline family.

Theorem 7.1 Bernstein-based_differential B—spline family is a differential B—spline family
as defined through Definition .

The proof follows directly

e from Definition @ which yields the differential property;

o from Equation (@), which can be integrated, and generalized for all P € N? gives us the
commutation with the finite differences property;

o from Remark @ which gives us the shift property;

e and from Remark @ which gives us the partition of unity property.
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