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TWISTED CHARACTERISTIC p ZETA FUNCTIONS

BRUNO ANGLES, TUAN NGO DAC, AND FLORIC TAVARES RIBEIRO

ABSTRACT. We propose a “twisted” variation of zeta functions introduced by
David Goss in 1979.
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1. INTRODUCTION

Let F, be a finite field of characteristic p, having ¢ elements, and let 6 be an
indeterminate over F,. We set: A :=F,[0], A1 4 := {a € A, amonic,degya = d},
and Co is the completion of an algebraic closure of Fy((5)) which is equipped with
the canonical topology. We consider the following zeta function ([2I], chapter 8):
for s = (z;y) € Seo := CX X Zp, put:

Cals) =D (D

a_
d>0 a€Ay 4 (Gd)y

—

)y e CX.

The facts that (4(s) converges on Sy, and is “essentially algebraic” (i.e. for y € N,
Ca((6Yx; —y)) is a polynomial in 2! with coefficients in A) can be proved by using
the following vanishing result: for n € N, for d(¢ — 1) > {4(n), ZaeA+,d a™ =0,
where ¢,(n) is the sum of digits of n in base ¢ (this is a consequence of [21], Lemma
8.8.1). The zeta function (4(s) is an example of a new kind of L-series introduced
by D. Goss in [19] (see also [20]). The “special values” of these type of L-functions
are at the heart of function field arithmetic and we refer the interested reader to

(this list is clearly not exhaustive): [3], [13], [24], [36].

Date: May 3, 2016.
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Let m,n € N,n > 1,let s = (2,y1,...,Yn) € Seon := C5, X Zy (or s = (,y) for
short), let’s consider the following “twisted” zeta function:

alty)---a(t,, _
Ca(t; 0;8) == Z( Z (a(fhf)y?...(g(@n)))yn)x "
o

d>0 a€Ay q \ 767
where t = (t1,...,tm) € C2, 0 = (61,...,0,) € (CX)™ and are such that %,i =
1,...,n, is in the maximal ideal of the valuation ring of C,,. Using the fact that
for t € CZ, and for d(g — 1) > m, Za€A+da(t1)...a(tm) = 0 (this is again a

consequence of [2T], Lemma 8.8.1), one can prove that the twisted zeta function
Ca(t; 0; s) converges on So ,, and that this function is essentially algebraic, i.e. for

y= 1., yn) EN™
Calt; 0; (] ] 00 25 —y)) € Fylt, 0,27"].
j=1

Observe that if m = 0,n =1 and 6; = 6, we recover the zeta function (4(s), and if
m >1,n=1, 6 =0, we recover the L-series introduced by F. Pellarin in [28].

Our aim in this article is to extend the above construction to the case where K /F,
is a global function field (F, is algebraically closed in K), oo is a place of K, and
A is the ring of elements of K which are regular outside co. Although the twisted
zeta functions proposed in this paper are in the spirit of the twisted zeta functions
Ca(t; 0; s) defined above, the proof of the convergence of these functions, and their
v-adic interpolation at finite places v of K, are more subtle and based on a technical
key Lemma which generalizes the vanishing result mentioned above (Lemma .
The zeta functions introduced by D. Goss as well as their deformations over affinoid
algebras are examples of such twisted zeta functions (see Example .

The main ingredient to our construction is what we call admissible maps (Defi-
nition . Let Ko be the oco-adic completion of K, let F, be the residue field of
Koo, and let sgn : K — FX be a group homomorphism such that sgn |IF§o: IdF;.
Let 7 be a uniformizer of K., such that 7 € Ker sgn. Let K, be a fixed algebraic
closure of K, equipped with the canonical topology, let F, be the algebraic closure

of Fy in K o, then sgn can be naturally extended to a sign function sgn : K o, — qu
(Definition [2.1)) according to our choice of 7. Let vo @ Koo — QU {400} be the
valuation on K o such that ve(w) = 1. For z € K ., let’s set:

() = -

Let Z(A) be the group of non-zero fractional ideals of A. By definition, an admissible
map 7 : Z(A) — K is a map such that there exist an open subgroup of finite index

sgn(x)mvee (@)

N(n) C KX, an element n(n) € Z,, and an element ~, € f:o, such that:

VI € I(A),Ya € K* N N(n), n(la)=n(I){a)" M=),
The twisted zeta functions considered in this work are constructed with the help of
such admissible maps (Section . Let’s give a basic example. Let 7 : Z(A) — K.
be an admissible map such that n(n) = 1 and 7 is algebraic (i.e. n(Z(4)) Cc K,

where K is the algebraic closure of K in K,). Let’s set:
K(n) = K(Foo, vy~ ' mi(1), I € I(A)),
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Koo ((n)) = Koo (1), (n:(1)), I € Z(A)).
Observe that K(n)/K is a finite extension, and Ko ((n))/K is also a finite ex-
tension. Let m,n € N, n > 1. Let C,, be the completion of K. Let p1,...pm
K(n) — Cs be m continuous Fp-algebra homomorphisms, and let o1,...,0, :
Ko ((n)) — Cs be n continuous F,-algebra homomorphisms. For s = (z;y) €
Soon = CZ% X Zy, we set:

Cpalpris)=> (Y HH 1pz(77(1)_) <)z,

d>0 rez(a),rcatli 105 ({n(1))=)
deg I=d

Then, as a consequence of Theorem Cp,a(p; a;5) converges on So . One can
easily notice that the above function, and its twists by some characters, generalize
the twisted zeta function (4(¢;0;s). We refer the reader to Section [5| for more
detailed examples.

For the sake of completeness, in the last section of this article, we also introduce
multiple twisted zeta functions, as well as their v-adic interpolation at finite places
v of K, in the spirit of multiple zeta values introduced by D. Thakur ([4],[39]).

This article grew out of discussions between David Goss, Federico Pellarin and
the first author, and the authors warmly thank David Goss and Federico Pellarin.
The authors thank the referee for fruitful suggestions that enabled them to improve
the content of this paper. The second author was partially supported by ANR Grant
PerCoLaTor ANR-14-CE25-0002.

2. NOTATION AND PRELIMINARIES

Let F, be a finite field having ¢ elements and of characteristic p. Let K/F, be a
global function field (F, is algebraically closed in K). Let co be a place of K. We
denote by K, the co-adic completion of K, and by F, the residue field of K,. We
fix K o, an algebraic closure of K, equipped with the canonical topology. Let K be
the algebraic closure of K in K, and let F, C K be the algebraic closure of F, in
K. Let C, be the completion of K . Let A be the ring of elements of K Wthh
are regular outside of co. Let vo @ Koo — Z U {400} be the normalized discrete
valuation associated to the local field K. We still denote by v, : Coo — RU{+00}
the extension of v to Cq

Let Z(A) be the group of fractional ideals of A, and P(A) = {ad,a € K*}.
Recall that Pic(A) = 723((‘3)) is a finite abelian group. For any ideal I C A, T # {0},
we set:

deg I = dimp, A/I.

Note that this function on non-zero ideals of A extends naturally to a morphism
deg : Z(A) — Z. In particular, we have:

Va e K*, dega:=degad = —duveo(a),

where do, = dimp, Fo,

Definition 2.1. A sign function is a group homomorphism sgn : K3 — qu such
that sgn((¢) = ¢ for all ( € F.
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We will fix a uniformizer 7 in Ko. Let (7,),>1 be a sequence of elements in K
such that my = 7, and for n > 1, WZI} =Ty, Let y € Q, write y = 77,m € Z,n > 1,
we set:

=7

m
This is well-defined. We set: '
Uso = {u € Koo, Voo(u —1) > 0}.

Observe that Uy is a Qp-vector space. We have with the above definition:

Ky =19 xF, x Us.
Let z € f:o, then 2 can be written in a unique way:

x = nv=@ sgn(z)(zx), with sgn(z)e qu, (x) € Uso.
Observe that the map (.) : F:o — U is a group homomorphism with (.) |y =
Idy,., and that sgn; x : K3 — F: is a sign function (see Definition .
We will need the following Lemma in the sequel (see also [22], Lemma 2):

Lemma 2.2.
—X
1) Let (.Y : K., — Uy be a group homomorphism with (.)' |y, = Idy. . Then there
ezists a unique element u € Uy such that:
vee KL, () = (z)u'~®.

2) Let sgn’ : KX — qu be a sign function. Then there erist e € N, e = 1

* such that:

(mod g — 1), and an element ¢ € Fq ,

Ve e KX, sgn'(z) = sgn(x)°¢v=®),

3) Fori=1,2, let (.); :F:o — Us be a group homomorphism such that (.); |u.,=

Idy_., and let v; € F:o Suppose that there exist an open subgroup of finite index
N C KZ, and ny,ng € Zy, such that:

Vae NNK*, ()7~ = ()2~
Then ny = na.

Proof.

1) We put: v = (m)’.

2) There exists e € N, e =1 (mod g — 1) such that:
V(e T, sgn(¢) ="

Let U = KX NUs. We get:

')
sgn(.)e FexUT
We set: ¢ =sgn'(m) € qu.
3)Let a € Upu N NN K>, a # 1. Then:
a’ﬂl — ang

Thus n; = no. O
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Let n : Z(A) — Ko be a map such that there exist an open subgroup of finite
index N(n) C KX, an element n(n) € Z,, an element v, € K,

homomorphism (.)" : K o, — Us, with (.)/ |y = Idy._, such that:
VI € T(A).Ya € KX ANG), n(la) = n(D)((a))"® (5",

and a group

By Lemma there exists another element v, € F:o such that:
VI € Z(A),Ya € K* N N(n), n(la)=n(I){a)"Myp=(e),
Definition 2.3.

1) A map 1 : Z(A) — K will be called admissible if there exist an open subgroup

of finite index N(n) C KX, an element n(n) € Z,, and an element v, € K, such
that:

VI € Z(A),Ya € K* N N(n), n(la)=n(I){a)* M=),
2) An admissible map 7 : Z(A) — K will be called algebraic if n(Z(A)) C K.
Again, by Lemmal[2.2] n(n) is well-defined, and one sees that (v,) is well-defined.

Note also that the product of admissible maps is an admissible map and any con-
stant map from Z(A) to K is admissible.

Example 2.4. Let’s give a fundamental example, due to D. Goss, of such an
admissible map ([2I], section 8.2). Write do, = p*d/, with d’, # 0 (mod p). Let
p™ be the biggest power of p that divides | Pic(A) | . Set [ = Max{m, k}, and
oo = pld._ . We fix m, € Ko an es-th root of 7. We set:
T =Foo((ms)).
If T € Z(A), then there exists an integer h dividing | Pic(A) |, such that:
I"=aA, aeKX*.
We set: s
[I] = (a)*n % €T
Then, K([I],I € Z(A))/K is a finite extension. The group homomorphism
[]:T(A) - K

satisfies:
«

sgn(a)’

Vae KX, [ad]=

Hence, [.] is an algebraic admissible map.
We refer the reader to [21], section 8.2] or [23] section 2, Remark 1] to see how
the admissible map [.] varies with different choices of uniformizer.

Definition 2.5. .
1) Let n: Z(A) — K, be an admissible map. We set:

Koo () := Koo ({7n), (n(1)), I € Z(A)).

It is a finite extension of K.
2) Let n : Z(A) — K be an admissible map with n(n) € Z. We set:

K(n) := K(Foo, (yn),n(1), I € Z(A)).
If  is algebraic (Definition [2.3), then K (n) is a finite extension of K.
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Remark 2.6. Let N C KX be an open subgroup of finite index, and let’s set:
P(N)={zA,z € K*NN}.

Then Z(A)/P(N) is a finite abelian group. Let x : Z(A) — Ko be a map such
that:
VIeZ(A)NJeP(N), x(IJ)=x().

Observe that x is an admissible map. Let v € f:o, and let y € Z;,. Then

VIET(A), n(I) = x(D(I)y*sD
is an admissible map with N(n) = N, n(n) =y, and 7, = 7~ %=.

doo —

Reciprocally, let n be an admissible map. Choose v € F:o such that v~ % = .

We define y : Z(A) — K as follows:

n(I)

VIeZ(A), x(I)= (yrndeeD”

Then, we have:
VI eZ(A),VJ € P(N(n)), x(IJ)=x().

Remark 2.7. Let F be a complete field with respect to a non-trivial valuation vg :
F — RU{+o0} and such that F is a F,-algebra. Let T/K be a finite extension,
let F7 be the residue field of T, and let w1 be a uniformizer of T. Let o : T < F be
a continuous F,-algebra homomorphism. Let ¢ € Gal(T/F,((wr))) ~ Gal(Fr/F,),
such that:

V¢ eFr, o(C) = ¢(Q).
Let y = o(mr). Then vp(y) > 0, and:

VaeT, o(a)=¢(a) |rr=y -

Thus the choice of a continuous [F)-algebra homomorphism ¢ : T' — F' is equivalent
to the choice of an element y € F*, vp(y) > 0, and ¢ € Gal(Fp/F,).

Let F be as in the above remark. For any n > 1, we set:
SF,n =F*x ZZ

We view Sr,, as an abelian group with group action written additively. If F' = C
and n = 1, then Sg,, is called the “complex plane” S ([21], section 8.1). Following
D. Goss, an element s € Sg,, is always written as s = (;y1,...,yn) (or s = (z,9)
for short) with x € F* and y1,...,yn € Zy.

We end this section with some notation for the case of finite places. Let v be a
finite place of K, i.e. v: K — Z U {400} is a discrete valuation on K such that
there exists a € A with v(a) = 1. Let P, = {a € A,v(a) > 0} (or P for short) be
the maximal ideal of A corresponding to the finite place v. We denote by K, the
v-adic completion of K. We fix K, an algebraic closure of K, equipped with the
canonical topology. Then v extends to a valuation v : K, — Q U {+o00}. We fix
a K-morphism K — K, and, by abuse of notation, we will identify the elements
in K with their images in K,. We will fix a uniformizer m, of K,. Then, every

—X . . .
x € K, can be written in a unique way:

z=n"" sgn, (x)(x), with sgn,(z)e Ej,v((@v —1)>0.
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Let n > 1 be an integer and let’s set:
Srwn = F* X Zy X ",

We view Sp,, as an abelian group with group action written additively. An
element s € S, is always written as s = (z;y;0) with © € F*, y1,...,yn € Zp,
and 01,...,0, € Z.

3. A KEy LEMMA

Let E C K be a finite extension of K of genus gz. Let Og be the integral
closure of A in E and Fg be the algebraic closure of F, in E. We set Z(Og)
to be the group of fractional ideals of O, and P(Og) = {xOg,x € E*}. Let
Ng/k : Z(Og) — Z(A) be the group homomorphism such that, if B is a maximal
ideal of Og and if P =B N A is the corresponding maximal ideal of A, then:

Or.A
Ngx(P) = Pl
Note that, if 3 = zOg,x € E*, then:

Ng/k(3) = Ng/k ()4,
where Np/i : £ — K denotes also the usual norm map. Let co1,...,00, be the
places of E above co. For i = 1,...,r, let f; be the residual degree of 0o;/00, v; be
the associated valuation on E and E,,; be the v;-adic completion of E.

Let B C O, B € Z(Og). We denote by Z(B) the group of fractional ideals of
Opg which are relatively prime to B. For ¢ = 1,...,7, let N; be an open subgroup
of finite index of E, and let d; > 0 be the least integer such that:

{z e B ,vi(x—1)>d;} CN;.
We set N =[]._; N;, and:
P(B,N)={20g € Z(B),z € EX,z=1 (mod B),z € N;,i=1,...,r}.
Observe that Z(B)/P(B, N) is a finite abelian group. Let:
d(B) = dimﬂ:q OE/B,

doo(N) =Y doo fild; +1).
i=1
More generally, let S be a finite set, possibly empty, of maximal ideals of Og which
are relatively prime to 5. We denote by Zs(B3) the group of fractional ideals of Z(Og)
which are relatively prime to B[]y s ®. We also set Ps(B, N) = P(B, N)NZs(B).
Observe that we have a natural group isomorphism:

Ls(B)/Ps(B,N) ~I(B)/P(B, N).

We set:
ds(B) = dimg, Og/(B [] B),
PBeS
and
B . tE : Klsep
(31)  ds(B,N,t) =2gp[Fp : Fy] + doo(N) + ds(B) + =D, : F,]

where [E : K]sep is the separable degree of the finite extension E/K.
We recall a basic result ([21], Lemma 8.8.1):
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Lemma 3.1. Let h € N, and let W be a finite dimensional F,-vector space. For
i=1,...,h, let f : W — F be an Fy-linear map. If dimp, W > 1%, then:

Vxy,...,zh € F, Z(a:1+f1(w))~~(:z:h+fh(w)):O.

weW
Let ¢t > 0 be an integer. For i =1,...,¢, let sgn; : KX — qu be a sign function
and p; : K(sgn;(K*)) < F be an Fj-algebra homomorphism.

Lemma[3.3]combined with the Riemann-Roch Theorem yields the following result
which will be crucial in the sequel.

Lemma 3.2. We keep the previous notation. Let J be a non-zero ideal of Op with
J € Is(B) and d be an integer. We set:

S4,5(3,B,N) = {aOp € Ps(B,N),ad C Op,deg(Ng,k(aJ)) = d}.
Then, if d > ds(B, N,t) , we have:
T Ng/k(a) Ng/k(a) ) =0

1 P\~
vonesmins s N(@) " g, (N (@)

Proof. The proof of the Lemma is based on the arguments used in the proof of [21],
Theorem 8.9.2. We give a detailed proof for the convenience of the reader. We
choose a generator 7 of the cyclic group FX . For any integer k, we set:

S4,5(3,B,N,k) = {aOp € Ps(B,N),sgn(Ng/k(a)) = n*  (mod FX);
Then:

g0 -1

Sd,s(j7B7N): |_| Sd7$(j7B7N7k).
k=1

gt —1

Hence, it is enough to show that for any integer k such that 1 < k < T and
any integer d > ds(B, N, t):
N a N a
Z 1( E/K() E/K() ):0.

- P N (o))
ones s V@) s (N (@)

From now on, we will fix an integer k such that 1 <k < qdoifl and an integer
d > ds(B, N,t). Since there is a finite number of ideals J of A such that deg J = d,
and, given such an ideal J, there is a finite number of ideals J in Op such that
Ng/k(J) = J, we deduce that Sq.s(J,B,N, k) is a finite set, possibly empty. Let’s
fix aOp € Sq.5(3,B,N, k). Let V(a) be the set of elements b € E such that

i) bJ C Og,

ii) v;(b) > vi(a)+d;+ 1, fori=1,...r

iii) ords(b) > ordy(B), for all P dividing B,

iv) ordg(b) > 1, for all P € S.

Observe that:

deg N/ (aJ) = deg Ng/k(J) — doo Z fivi(a).
=1
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But:
- . Ogp
deg Np/k (3) = [Fp : Fo] dimp, —=,

therefore:

[FE:FQ};JCZ”Z(G)’ Fp T, Gmre 5

Since d > ds(B, N, t),then we have:
d—doo(N)—ds(B) > [Fg : F,](295 — 1).
By the Riemann-Roch Theorem, V' (a) is a finite Fg-vector space of dimension

: _ d doo(N) + ds(B)
dimp, V(a) = erlngf W

Again, the hypothesis d > ds(B, N,t) implies:

tlE : Klse
(3.2) dimg, V(a) > g.
P p . 1
We have (see [21], Lemma 8.9.3):

(a+V(a))Op C Sqs(3,B,N,k),
Vb, b € V(a), (a+b)Op=(a+b)0Opsb=1"V.
Furthermore, if sgn’ : KX — qu is a sign function, we have:
Wb e Via), sen'(Npyx(a+b)) = sen’ (Npyxc(a).
Let cOg € Sq.s(J,B, N, k). Then:
(c+V(c)OrN(a+V(a)Or #0 < cOg € (a+V(a))Og.

Thus, if Sqs(J,B,N,k) # 0, let’s select a10g,...,a;0p € Sqs(3,B,N, k) such
that Sq.s(J,B8, N, k) is the disjoint union of the (a; + V(a;))Og. We have:

Z Ng/k(c) Ng/k(c)

1 ... pt
cOnes,, S(j sy S8mWNe/x(c)) sgn, (Ne/k(c))

Z Z NE/K (a; +b) (NE/K(aH‘b)

i=1beV(a Sgnl (Ne/x(a:)) ' sgny(Ng/k(ai)”

Let’s fix 1 < i <, and we set

S= > p(Ne/xlai+b)-pe(Nes(ai +b)).
beVi(a;)

Let £, /K consist of the elements of £ which are separable over K. Let p't = [E :
E;]. Then:

1 1 1 1
S= > n(Neyx(a +6"")p(Ng,x(al +b)).
beV(a;)
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Therefore, we can assume that E£/K is a finite separable extension. Let I be an

algebraic closure of F. Then, for i =1,...,t, p; extends to a morphism p; : K — F.
Let 0j : E — K be the distinct K-embeddings of Ein K, j =1,...,[E : K|. Then:
[E:K)
Vizlv"'7t7 pl(NE/K(al+b)): H pl(U](a1+b))
j=1
Since dimg, V' (a;) > t[b;;ﬂ“" = t[fjlﬂ 13.2), Lemma implies that S = 0. The
proof is finished. O

Fori=1,...,t, let ¢; : Z(A) — K. be a map such that there exists N(v;) C
KX an open subgroup of finite index with the following property:
a
VI € I(A),Ya € K* N N(;), i(la)=;(I)——.
(4) (), WulTa) = D) s
We set K(v;) = K(sgn;(K>*),¥;(I),I € Z(A)) C K+ and let p; : K(¢;) < F be
an IFp-algebra homomorphism.
Let x : Z(B) — F be a map such that:
Vi€ I(B),v3 € P(B,N), x(33)=x(J).
Forj=1,...,r let N; = N; ONES_/KM(N(wl) N...NN(¢y)), then NI is an open
subgroup of finite index of E. We set N’ = H;:1 Nj.

Corollary 3.3. We keep the previous notation. Then, if d > ds(B, N',t) (3.1), we
have:

> X (1 (Ngy(3) - pe(e(Ng i (3))) = 0.

ICOR,IETs(B)
deg Ng,k (J)=d

Proof. Let’s set:
Us = > X(3) p1(1(Ng/k (3))) - - pe(Ye(Ng/k (3)))-

JCOEg,JeZs(B)
deg Ng,/k (J3)=d

Let h = |I(B)/P(B, N’)’. Select J1,...,3, € Zs(B), J1,...,3n C Op, a system of
representatives of %. Then Uy is equal to

h t .
> x@) [ pi(wi(Nex (35))) 3 10 Ng/k(a)
j=1

i=1 aOp€Sq,s(3;,8,N")i=1 sgn;(Ne/k (a))
Since d > ds(B,N’,t), by Lemma [3.2] we have:
Us=0.

O

Let f:Z — 1+ (qg—1)Z be amap. Fori=1,...,t, let ¢; : Z(A) — K. be a
map such that :

VI € I(A),Ya € KX, y;(la) =;(I) a

By Lemma there exist e; € Z, e; =1 (mod ¢ — 1), and (; € F: such that:

Vo e KX, sgn;(x) = sgn(z)ei >,
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We set K (1;) = K(sgn,;(K*),v;(I),I € Z(A)) C Ko and let p; : K(;) < F be
an [Fp-algebra homomorphism. Observe that there exists I; € N such that:

1.

Vae KX, pi(sgni(a) = sen,(a)?".
Let x : Z(A) — F be a map such that:
VIeZ(A)NVae K*, x(Ia)=x(I).
Corollary 3.4. We keep the previous notation and suppose that t > 1. If
plle; + -+ plte; =0 (mod ¢ — 1),

and
t

[[¢" =1

i=1
then :

S x(Dpa(n(D) -+ pe(ip(I)) =0

d>01€Z(A),ICA
deg I=d

Proof. Here E =K, S =0,B=A, N = KZ.For d > 0, let’s set:
Ug = Z X(D)p1(¥1(D)) -+ pe (e (1))

I€Z(A),ICA
deg I=d

Let h = |Pic(A)|. Select I1,...,In € Z(A), I1,...,I C A, a system of representa-
tives of Pic(A). For simplicity, we will write S4(I;) instead of Sg.s(I;, A, N). Then
U, is equal to:

h ¢

ZX(IJ‘)HP:‘(%(IJ‘)) Z H m)

Jj=1 aA€Sq(I

Li
Now, assume that p'te; + --- + p'te; = 0 (mod g% — 1), and HE:I P’ =1. By
Lemma >_a>o0 Ua is equal to the finite sum:

Zx Dor (L) pe e N Y ST pi(a)... pela).

d>0aAeSq(I;)

Let’s select d > 0 such that:

d
S Y @@= Y p@)...pa).

d>0aAeSq(1;) m=0qA€S,,(I;)

Let Vg = {a € K*,aA € S,,,(I;),m < d} U{0}. Then Vj is a finite dimensional
IF,-vector space and

d
Yo > m@).pla) =D pila)

m=0aA€S,,(I;) a€Vy
Now, by the Riemann-Roch Theorem, for d > 2gx — 1, we have:
dim]Fq Vi=d+1-gk.
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Hence, we can choose d big enough such that dimg, Vg > m. Then, by
Lemma [3.1] we have:
> pia) - pila) = 0.

ac€Vy
The proof is finished. (I

4. SEVERAL VARIABLE TWISTED ZETA FUNCTIONS

4.1. The oco-adic case.

Let E/K be a finite extension, and let B, N and S as in Section Recall
that S is a finite set, possibly empty, of maximal ideals of Og which are relatively
prime to B, and that F' is a complete field with respect to a non-trivial valuation
vr 1 F — RU{+o00} and such that F is a F -algebra. Let y : Z(B) — F be a map
such that:

Vi eI(B),vJ e P(B,N), x(33)=x(3).

Let m > 0 be an integer. Fori =1,...,m, let ¢; : Z(A) — K, be an admissible
map with n(¢;) € N and p; : K(¢;) — F be an F,-algebra homomorphism (see
Definition for the definition of K (1;)).

Let n > 1 be another integer. For j = 1,...,n, let n; : Z(A) — F:O be an
admissible map and o : Ko ((;)) < F' be a continuous FF),-algebra homomorphism
(see Definition [2.5| for the definition of K ({n;))).

For I € Z(A), s = (z,y) € S, and a € K*, we set:

;Q—xdeglno (nj(I)¥) e F~,
(QA)s, = (a7 % Hoj ({n; )¥3)) vt H a)riviy e Fx.
Then, for I € Z(A), s,s' € Spvn and a € K* N N(nl) -+ N N(ny,), we have:
S+S/ _ s’
I - I;,QI;Q’

(To), = Iy (@A),
We define a zeta function
Cs,06(p,50,m5%;+) : Spn — F
which sends s € Sg,, to the following sum:
Yo Y xO)Ngk(3),uNe/k(3)gy

d>03€Zs(B),JCOE
deg Ng,/k (3)=d

For each fixed y € Zj, the next theorem proves that (s o (p,;0,m;x;-) is an
entire power series in z~! with the resulting function on Sg,, having good continuity
properties.
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Theorem 4.1. The zeta function (s,0.(p,¥;0,m; ;) continues analytically to an
entire function on Sg,py.

Proof. The proof is in the spirit of the proof of [5], Proposition 6. Recall that
001, ...,00, are the places of E above co. For ¢ =1,...,r, v; is the corresponding
valuation on E associated to co; and E,, is the v;-adic completion of E. Moreover,
N =T]._, N; where N; C E is an open subgroup of finite index. For i =1,...,r,
we put:

N/ = NmNEl/K (N(@1) N ... AN (@m) NN (1) ... N N(np)).

Then N C EJ is also an open subgroup of finite index. Let’s set:

1w
i=1

Let J1,...,3, € Zs(B), J1,...,3, C Og be a system of representatives of
Zs(B)/Ps(B,N'). Recall that
S4,5(3j,B,N') ={aOp € Ps(B,N'),aJ; C Og,deg(Ng i (a3;)) = d}.

For j =1,...,h, we define V; ; to be the following sum:

Z (H pi(%mW*”(wi)))voo(NE/K(a)) H ,Di( NE/K(a) )n(wz‘) %

aOp€S4.s(3;,B,N") i=1 i=1 Sgn(NE/K(a’))

n

HU] () 70 vee e/ (@) HO'] (Ng/x(a)))~¥mm),
Jj=1 =1

Then:
z? > X(I)Ne/k(3)pyNE Kk (T),)

JEZs(B),ICOE
deg Ng,/k(3)=d

IS

Z INE/k(35) o NE K (35)0, WVdJ

Note that vp o p; | is a valuation on K, thus, it is equivalent to the trivial
valuation or to the valuation attached to a place of K. This implies that there
exist D, D’ € R, such that for all d > 0, for all j € {1,...,h} and for all aOp €
Sa,s(3j,B,N"), we have:

([ pi(NE k(a))" %)) > —Dd — D'
=1

If k € N, we denote by ¢, (k) the sum of the digits of k in base p. By Lemma
if k1,...k, € N are such that k&, +... 4+ k, > 1 and if
(it n(wi) + 307 p(k)))[E + Klsep
(p— D[Fq : Fp] 7

then:
m NE/K )

n(e;) - o ki =
iy L6 (@ =0

aOg€S8q,5(3;,B,N’")i=1 j=1
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Now, let [ € N, and select ki,...,k, € N\ {0} such that:
i) bp(k;) < (1+1)(p— 1),
i) yjn(n;) +k; = 0 (mod p™'Z,).
For example, write —y; = Y.< wi ;0" uij € {0,...,p—1}, and set k; = Zé:o u; jp'+
p't1. Let -
(S (W) +p— DB Kluey
(p— D[Fq : Fp

Then, if d > Cn(l + 1), we have:

Z H Lﬂ)n(ﬂh) ﬁo—j(M)kj =0.

OpeSe s BN oL 8D (Ng/K(a)) o osen(Ngyk(a)

Thus, there exists D € R such that:

vp(Va,) > p nf{vp(oi(n)),i=1,...,n} = D"d — D'
Note also that vp(o;(m)) > 0,i =1,...,n (see Remark 2.7)). Therefore, if d > Cn,
we get:

vp(Va,) > pléninf{vp(os(n)),i=1,...,n} = D"d— D'.
Therefore, for d > Cn, there exists D"”' € R such that we have:

vF (wd Z X(j)NE/K(j)g,gNE/K(j);,sg)

JEZs(B),ICOE
deg Ng,/k (J3)=d

> e {vp (y(m),i = L,...,n} — D"d — D",
In other words, the valuation vp of the coefficient of z=¢ in (s,05( ;S)

Yo,
grows exponentially in d for large d. Hence, the zeta function (s 0, (p,¥; 0, i 8)
continues analytically to an entire function on s € Sg,. D

P X
P X

Remark 4.2. Assume that ¥, ..., %m,n1,- .. Nn, and x are group homomorphisms,
then for s = (2;y) € Sg,, with vp(z) < 0, we have:

Cs,05 (050,15 x;8) = H(l - X(%)NE/K(m)g,gNE/K(m);,sﬂ)_l7
B

where P runs through the set of maximal ideals of O that are contained in Zg(B).

Let f:Z =14 (¢—1)Z be amap. Fori=1,...,m, let sgn, : K% —>E1X be a
sign function, v; : Z(A) — K be a map such that:
«
x ‘ - -

and p; : K(¢;) — F be an Fj-algebra homomorph1sm (see Definition for the
definition of K (1;)).

For j=1,...,n,let f; : Z — 1+ (¢ — 1)Z be a map, and let n; : Z(A) = K
be a map such that:

X
o0

a
x , — . -
VIeZ(A),Vae K*, n;(Ia)=n;(I) s (@) @D
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=X . . . .
where sgn;- : K, — F, is a sign function. Finally, for j =1,...,n, let

0+ Koo (sgn (K %), w7, (n; (1)), € T(A)) — F

be a continuous Fj-algebra homomorphism.
Let’s define l1,...,ln, 0I5, ..., 1), € N as follows:

Vi=1...mVaeK*, pisen;(a)) =sen;(a)”,
Vi=1,...,n,V( € Féo, UJ(C) _ <pl_7’.
For i = 1,...,m, there exist ¢; € Z, ¢; =1 (mod g — 1), and (; € qu such that:
Ya € K;, sgni(a) _ Sgn(a)eigfoo(a).

We assume that:

m

Va c [(X7 H(M)&;pli = 1, and Hcfh =1

i=1 sgn(a) i=1

Let x : Z(A) — F be a map such that:

VIeZ(A),Vae K*, x(Ia)=x(I).
Note that ¥1,...,%m, M, .., N, are admissible maps.
Corollary 4.3. We assumethat E =K, B=A, N=KX,S=0. Letmy,...,m, €
N such that p'te; + - + p'me,, + mlpl/l + ...+ mnplim = 0 (mod g% — 1), and
plier + -+ plme,, + mlpl/1 +...+ mnpl'n > 1. Then:

L m L m
Cs.alp s a,my x; (o1 (m@ )™ o (md ) ™ —my, .. =y )) = 0.

1
Proof. For i =1,...,n, let x; = 0;(n%= ). Set s = (" -z —myq,...,—my) €

Spn. Let h = |Pic(A)|. Select In,...,In € Z(A), I1,..., I C A, a system of repre-
sentatives of Pic(A). Let’s set:

Vaj = > le sgn, ( (degI ))(GA)E%I’ ).
aAGSd 5(1 AN)Z 1

Then, we have:

a m,
= 2 g o)™

aAESds(I AN)’L 1
Since plte; 4+ -+ + plmen, + map't + ...+ muptn = 0 (mod g%~ — 1) and = =
:L';nl ...x;nn,

n

Vage = =([T2;™%*") > ;@) pml@)ar(@™ -+ ou(a)™.

Jj=1 acK*
aAESd,s(]j,A,N)

The assertion is then a consequence of the proof of Corollary (]
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4.2. The case of finite places.

Let v be a finite place of K. We use freely the notation introduced in Section

Let ¥1,...,%m,m,...nn be m + n admissible maps. We assume that
1) All the m + n admissible maps 1, ..., %m, M, .., are algebraic.
2) Fori=1,...,m, n(y;) € N.
3) Forj=1,...,n,n(n;) € Z and n;(Z(A4)) C K.

For i = 1,...,m, we recall that K (1;) = K (Foo, vy, 7 ") (1), 1 € Z(A)) C
K,, and let p; : K(¢;) = F be an F,-algebra homomorphism. For j = 1,...,n, we
set Ky,((n)v) == Ky((n;(I))v, I € I(A)) which is a finite extension of K, and let
oj : Ky((n;)») = F be a continuous F,-algebra homomorphism.

Let n > 1, be an integer and recall that:

Skwn =F* x Zy x L™

For s = (2;y;0) € Spun, I € Z(A), we set:

Ly =[] (D) € F,
=1

n
I;, = zdee ! H sgn,, (n; (1 H )y e F*.

j=1 =

Let E/K be a finite extension, and let B and N as in Section Let S be a
finite set, possibly empty, of maximal ideals of O which are relatively prime to B.
Let S, be the union of S and the maximal ideals of O above P, and that do not
divide B. Let x : Z(B) — F be a map such that:

V3 € Z(B),Y3 € P(B,N), x(33) = x(J).

Theorem 4.4. We consider the function from Sg., ,, to F which sends s = (x;y;9) €
Sru.n to the following sum:

> > X()NE/k(3)puNe/K(3) g

d>03€ZLs, (B),ICOx
deg(Ng, K (3))=d

Then, it continues analytically to an entire function on s € Spy 4.

Proof. The proof of the Theorem is similar to the proof of Theorem We only
give a sketch of the proof. Let N’ be as in the proof of Theorem
Let J1,...,0n € Is,(B), J1,...,3n C Og be a system of representatives of
Z(B)/P(B,N"). Recall that
Sd,SU (3]', B, N’) = {aOE S PSU (B, N’), ajj C OE, deg(NE/K(an)) = d}

Let Vi ; be the following sum:

Z le YT i) yyvee (Ne/ic(a)) gop ( H (v, ™ ~n(n3)) =05 Voo (N1 (@)
aOp€Sy,s, (J;,B,N") i=1 j=1
X (ﬁ<Uj(7wW—n(m‘)»;yj)voo(NE/K(a)) san, (— k(@) NE/K( a) )~ S1n(1) — - —bnn(mm)
L1t7ite, sen(Nz ()

J
H NE/K n(1;) H NE/K( a) )>—yjn(77j).
e Sgn NE/K sgn (Ng/k(a))"”
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Note that there exist integers D, D’ € R, such that, for d > 0, j € {1,...,h} and
aOg € S4,5,(3,B,N’), we have:

’UF(H pi(NE/K(a))”(wi)) >_—_Dd—-D’.
i=1
By the proof of Lemma there exists an integer C' > 1 such that, for all
ki, k€ N, with ki + ...+ ky, > 1, for all d > S ang for an 6 € Z,
we have:

<on Ng/k(a) s o Ne/xl(a)
2 2 pe@)) P g @)

aOg€Sa,s, (3;,B,N") =1
i NE‘/K(a) kj
<[ N/ x(a) ) =0.
j=1 sgn(Ng/k(a)) Sgnu(m)

Now, let | € N, and select ki,...,k, € N\ {0} such that:
i) bp(k;) < (I+1)(p—1),
ii) yjn(n;) +k; =0 (mod p'*1Z,).
Then, there exists D" € R, such that if d > Cn(l + 1), we have:
vp(Va ) > P Inf{vp(oi(n,)),i=1,...,n} = D"d - D'.

We conclude as in the proof of Theorem [4.1 O

5. EXAMPLES

5.1. The case A =T,[0].
We take m = 1/6. In that case do = 1, Pic(A4) = {1}, and we set
Ay ={a € A,amonic} = {a € A,sgn(a) = 1}.
Let p:Fy = Fy,z— aP. Let a =Y 1~ \if%, \; € Fy, we set:

Vi 0, @)=Y N0
1=0

Let m > 0,n > 1, and e1,...,em,l1,...,l, € N. Let E/K be a finite extension.
Let E1/FE be a finite abelian extension and let (., Fy/E) be the Artin symbol. Let
X : Gal(Ey/E) — F* be a group homomorphism. If 9§ is a maximal ideal of Og,
we set:
(F) = 0 if P is ramified in Ey/E,
M=) (R, EL/E))  otherwise.
If we apply Theorem we get:

Corollary 5.1. Let x1,...,2, € F, and let z1,...,2, € F such that vp(z;) <
0,i=1,...,n. Then, for s = (x,y) € Spn, the following sum converges in F :
n

Y x(9) H@ei (@) lo=s, [J(#" (@) lo=s,)")a,

d>0 3¢Z(05),3COx, J=1
Ng/Kr(J)=aA,
a€ Ay degy a=d

where for y € F v (y) <0, and for a € Ay, {(a(y)) = a(y)

ydege a *
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Let X be an indeterminate over K, and write:

Vae A, a(@+X)=> a®x*a® e A
k>0

Then, for all k>0, .(*) : A — Ais an F,-linear map and we have:

V>0, (6H® = @ o

(l)_ 0 if | <k,
k W (mod p) ifl > k.

¥i> 0%k > 0Yae A, @' (a®) = (p(a)®.

Proposition 5.2. Let xy,...,2y € F, k1,...,kp, € N, and let z1,...,2, € F
such that vp(z;) < 0,4 = 1,...,n. Then, for s = (x,y) € Sgy, the following sum
converges in F :

where

Observe that:

n

Sk, okm) =) (Y X(j)Hsaei(a(ki)) lo=e. [ [ (" (a) lo=z,)¥7 )2

d>0 3€Z(0Og),3COE, j=1
Ng/k(J)=aA,
a€A, ,deggy a=d

Furthermore:

lim S(kiy... km) =0.
k1.t hm—+00
Proof. Let tq,...,t, be mindeterminates over F and let T, (F) be the Tate algebra
in the variables t1,...,t,, with coefficients in F. Let F’ be the completion of the
field of fraction of T,,(F). By Corollary [5.1] the following sum converges in F” :

S:=2 > H‘P ) lo=tirar [T667 (@) lo=2))")a".

d>0 jeI(OE),JCOE, Jj=1
Np/k(3)=a4,
a€Ay degy a=d

Since T, (F') is closed in F', we get S € T,,(F). For i =1,...,m, we have:
0 (a) lo=titai= D 7 (a®) lo=s, t}.
k>0

But, we have:

S= > Sy, k)t thr,

where S(k1,...,km) € F, and limg, +. 4k, —+o00 S(k1,...,km) = 0. Therefore, we
get:
Sk, km) = ( > X) [T #% (@* ) o=s, [ (" (@)lp=z,)¥)z".

d20 J€I(0g),3CO0E, =1 Jj=1
NE/K(/J):G,A,
a€Ay ,degy a=d
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We refer the interested reader to [5] and [II] for the arithmetic properties of a
special case of the above sums.

Recall that C is the completion of K o. Let t1, . .., t;, 2 be m~+1 indeterminates

over C,, and let T be the Tate algebra in the variables t1, ..., t,,, z with coefficients
in C. Let F be the completion of the field of fractions of T. Take in Corollary
n=1E=FE=K,eg=...=€,=01=0,2,=t;, 1 =0, s = (2,y) € Seo, We

get that the following infinite sum converges in T and is in fact an entire function

on C+1 .
a(ty) ---altm) | a
Z( Z (a)v )2
d>0 acAy ,degy a=d
The above sums were introduced in [28]. In particular, for all n € Z, the sum

L) =Y Y el g g

an
d>0 ac€Ay ,deg,ya=d

defines an entire function on C71.

Observe that, by Corollary and Corollary if n <0, this sum is finite and
furthermore it vanishes at z = 1 if m—n =0 (mod ¢—1), m—n > 1. Using a special
case of Anderson’s log-algebraicity Theorem for F,[0] ([1], [2], [38] paragraphs 8.9
and 8.10, see also [9], [8], [10] and the forthcoming work of M. Papanikolas [27]),
F. Pellarin proved ([28]), for m = 1, a formula connecting L(1;t1;1) to a special
function introduced by G. Anderson and D. Thakur ([3]). This formula reflects an
analytic class number formula & la Taelman ([35], [36], [I7], [18]) for L(1;¢;1) (see
[8]). Such an analytic class number formula has been generalized in [16] to a larger
class of L-series (in particular for L(n;i; z), for n > 1). We also refer the reader
to [Bl, [6], [23], [30], [311, [32], [33], [34], [37] for various arithmetic and analytic
properties of the series L(n;t; z),n € Z.

Now, we look at the case of finite places. Let v be a finite place of A and let
P be the corresponding monic irreducible polynomial in A of degree d. Let C, be
the completion of an algebraic closure K, of the v-adic completion of K. Let A,
be the valuation ring of K,. Then:

Va €AY, a=sgn,(a){a),, with v({a), —1) > 1,sgn,(a) € F .

Note that € Z,, thus:

1
qi-1
1
Vae A%, (a), = (a9 "1)aT1,

Let 0 : K, = F be a continuous IFp-algebra homomorphism. Then:

VaeAr, o((a)) = (o(a) ).
Let z = o(f), then vp(z) > 0, and z ¢ F 4. Furthermore, there exists ¢ > 0, such
that:
Ya € A, ola)=¢'(a) lgp— .
Thus:
vp(9'(P) lo=2) > 0.
Furthermore:

o((@)) = (('(a) lo==)" ") 7T = (¢'(a) lo=2)o-
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Let E/K be a finite extension and let E;/E be a finite abelian extension. Let
X : Gal(E1/E) — F* be a group homomorphism. Let Sp be the set of maximal
ideals of O above P. If we apply Theorem then, by the proof of Proposition

2] we get:

Corollary 5.3. Letey,...,em, k1, kmyl1,...,0ln € N. Let x1,..., 2, € F. Let
21,y 2 € F\ Fya such that vp(¢'(P) |o=-,) > 0. Then for § € Z and for
5= (x,y) € Spn, the following sum converges in F' :

SO > s Hso (@) oz, T (0" (@)lo=s,)2)a".

d>0 J€Zs, (0r),3COE, 7=1
NE/K(j):aAﬂ
a€Ay ,degy a=d

Let t1,...,tm, 2z be m+1 indeterminates over C,, and let T, be the Tate algebra

in the variables t1,...,t,,2 with coefficients in C,. Let F, be the completion of
the field of fractions of T,. Take in the above Corollary n = 1, £} = F = K,
e1=...=epm=ki=...=kpn=0UL=0,2;,=t;, 21 =0, s = (2,y) € S, 0 € Z,

we get that the following sum converges in T, and is in fact an entire function on

CT‘H :
(X Sgnv(a)5W)zd~

d>0 a€Ay,degya=m, v
a#Z0 (mod P)

In particular, Vn € Z, the sum

a(ty) ---altm)\ _a
=Y (Y dlelindyae g,
d>0 a€Ay,degya=m,
aZ0 (mod P)
defines an entire function on C™*!. We refer the reader to [7], [10], for various
arithmetic properties of “special values” of the series L,(n;t;2),n € Z.

5.2. Twisted Goss zeta functions.

In this example, A is general. Recall that C., is the completion of K. Let
m > 1 be an integer. Let F C F, be a field containing F,. Let k,,(F) be defined
as follows:
-if m =1, k1(F) = F((y1)) where y; is an indeterminate over F,
-if m > 2, let y,,, be an indeterminate over k,,,_1 (IF), and set k,,, (F) = kp—1(F) ((ym))-
Observe that F is algebraically closed in k,, (F).

Let L/K be a finite extension and let O, be the valuation ring of L. Then:

Op =Fr[[rL],
where [, is the residue field of L, and 7y, is a uniformizer of Oy,. Let’s consider the
following tensor product:
k‘m(Foo) RF, Or.
This ring can be identified naturally with k,,(Fy) ®r, Or. Any element f €
km(Fr) ®p, Or, can be written in a unique way:

Zai ® Wi, a; € ky(Fpr).
i>0
We set:
Voo (f) = Inf{vee ()i, i € N, a; # 0}
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Then vy is a valuation on ky,(Fso) ®p., Or which does not depend on the choice
of wr,. We observe that k,,(Fs) ®p,, O is complete with respect to vo. Finally
denote by L,, the completion (for vy,) of the field of fractions of k,, (IFOO)@FM Or.
If we identify 1 ® F;, with Fy, and 1 ® 7y, with 77, which is thus an indeterminate
over k., (Fr), we have:

Lo = b (F1)((71)).

If L ¢ L/, then we have a natural injective map compatible with v:
Ly — L.

We denote by Co , the completion (for vs,) of the inductive limit h_r)n L/K o, finite L,,.

Note that Coo, km(Fy) C Coom, and the residue field of Coo 1, i ki (Fy)-
Let z be an indeterminate over Cog 1, we denote by T,(Co ) the Tate algebra
in the variable z with coefficients in Co .

We fix a K-embedding of K in Co. As in Section |2, we consider the Goss
admissible map [.] (Example 2.4). Note that V = K([I],I € Z(A)) is a finite
extension of K. Recall that V' is viewed as a subfield of K ([I],I € Z(A)). Let Oy
be the integral closure of A in V. Since, for a € K*, we have [aA] = a/sgn(a), we
deduce that if I is a non-zero ideal of A then [I] € Oy. Also recall that Fo, C Oy
is algebraically closed in V.

Let m € N. For i = 1,...,m, let p; : Ko([I],I € Z(4)) — Foo((v:))t be a
continuous F,-algebra homomorphism. Let’s observe that Ko ([I],I € Z(A))/K
is a totally ramified extension of degree dividing the l.c.m. of p* and d.,, where p*
is the exact power of p dividing | Pic(A) |, thus the morphisms p; are described as
in Remark [2.7) where F' is replaced by Foo ((v:))-

Let T, .(Cx) be the closure of Coo[2][pi(Ov ), = 1,...,m] in T,(Cu ) with
respect to the Gauss norm. Let also T,(Cs) be the closure of Cuo[pi(Oy),i =
1,...,m] in Cu p with respect to the Gauss norm.

Let’s observe that T, .(Cs) is an affinoid algebra over Co, (this is of also the
case for T,(C)). In fact, select # € A\ Fy. Then there exist vy, ...,v, € Oy such
that:

Oy = @;Zl]Foo[e]Uj.
Fori=1,...,m, let t; = p;(0). Then tq,..., t;,,2z are m + 1 indeterminates over
Cs- Let Ty, . (Co) be the Tate algebra in the variables t1, . . ., ty,, 2 with coefficients
in C,,. Clearly:
Tm,z((coo) C Tz((coo,m)v
Tﬁ,z((coo) = Z T'rn,z((coo)pl (Uil) T Pm(Uim)-
1<i1,myim <1
If we apply Theorem [I.1] we get as a special case:

Corollary 5.4. Let E/K be a finite extension. Let y € Z,, the following sum
converges in Ty .(Coo) :

> > p1(INgyk (D)) -~ pn([Ne /(DN gy i (3)) V27
d>03€Z(0g),JCOg
deg N,k (3)=d

Furthermore, as a function in z, it defines an entire function on Cs with values in
Ty(Coo)-
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Remark 5.5. Let’s suppose that A = F [f],7 = 1,E = K. For i = 1,...,m,
let p; : Koo = Foo((yi)) be the continuous morphism of Fg-algebras such that
pi(3) = yi, and let t; = p;(0) = i Then T, »(Cw) is equal to the Tate algebra in
the variable t1,...,t,, 2z with coefficients in C,. Let y € Zj,, then the sum in the
above Corollary is in this case:

a
S 5 att)atta
d>0a€Ay 4
Thus, we recover the L-series treated in example

5.3. A-harmonic series attached to some admissible maps.

In this example, we work in the case A general. Let n : Z(4) — F; be an
admissible map such that n(n) € Z. Recall that there exist an open subgroup of

finite index N(n) C K%, and an element v, € F:O, such that:
VI e T(A),Ya € KX A NG), n(la) =n(I)(

n(1n) 4 Voo (@)
sgn(a) Vs

Note that there exists an open subgroup of finite index N C KX, N C N(n), such
that:
Vae KXNN, sgn(y,)"=® =1.

Let x : Z(A) — F:C be the map defined by:
VI € Z(4), ()= voo(ﬁ(f))-FdegI(n(ﬁ)+voo(’vn)) sgn(n(l)).
If we set:
P={zA,x € K*NN}.
Then Z(A)/P is a finite abelian group and:
VIeZ(A)NVJ eP, x(IJ)=x().
Let n € Z. For s = (1: y) € Swo, let’s set:

=Y > X))

d>0I€Z(A),ICA
deg I=d

Then, by Theorem Ly a(X";.) converges on Ss. Now, let 2 € C%, and observe

that:
Ly a(x " (ma OOy ) =37 37 @) e

d>01€Z(A),ICA
deg I=d

Thus, for all n € Z, the following function in the variable z is entire on C,

Zy,a(n; z) Z Z n(I)~"z%

d>0I1€Z(A),ICA
deg I=d

Observe that, by Lemma if nm(n) <0, we have:
Zn,a(n; 2) € K(n(I), I € Z(A))[z].

Let’s furthermore assume that 7 is an algebraic admissible map. Let F =
K(n(I),I € Z(A)) which is a finite extension of K, and let Foo = F Q@ Keo.
Let z be an indeterminate over K., following [10], we denote by T,(FE.) the
closure of Ey[z] in E Q) I/{\;, where I?; denotes the completion of the field of
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fractions of the Tate algebra in the variable z with coefficients in K. From the
above discussion, we get:

Corollary 5.6. Let n € Z. The following sum converges in T,(Es) :

Cpalniz) =Y > p) "

d>01€Z(A),ICA
deg I=d

Furthermore, if nn(n) < 0, we have:
Cn,a(n; 2) € Elz).

Let v be a finite place of K, and let P, be the maximal ideal of A associated to v.
Let Z(P,) be the group of fractional ideals of A which are relatively prime to P,. Let
C, be the v-adic completion of K,. Let 1 be our admissible map introduced in the
beginning of the paragraph, and we assume that 7 is algebraic. Let x : Z(P,) — K,

such that:

dcglv .
VI € I(P,), x(I) = sgn,(n(1))my ") T a0,

Note that there exists an open subgroup of finite index N C KX, N’ C N(n), such
that:

Yae K*NN', sgn,(y,)"= = 1.
Then:

VI e I(P,),YJeP', x(IJ)=x(),
where

={rA€Z(P,),z=1 (mod P,),z € K* N N NKer sgn}.
Let n € Z. For s = (z,y) € CX X Z,, let’s set:
Luyna(X™5s)=>_ > xX"DOn(), ="

d>0I€Z(P,),ICA
deg[ d

Then, by Theorem Lyy,a(x™;.) converges on CX x Z,. Now, let € C, and
observe that:

Lol ="y =% 3 ny et

d>01€Z(P,),ICA
deg I=d

Thus, for all n € Z, the following function in the variable z is entire on C,:

Zym,A(N; 2) Z Z n(I)~" 24

d>0TIeZ(P,),ICA
deg I=d

By Lemma [3.2] if nn(n) < 0, then:
Zyy.a(n;z) € K(n(I), I € Z(A))[z].

In particular, if P, = A, a € N(n) (there exist infinitely many such maximal
ideals by Chebotarev’s density Theorem), then, for n € Z we get:
o ndeg Py

Zomar2) = (1= ()™ = 210 ) 2 as2)

We refer the interested reader to a forthcoming work of the authors dedicated to
the arithmetic of such A-harmonic series ([12]).
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6. MULTIPLE SEVERAL VARIABLE TWISTED ZETA FUNCTIONS

We briefly explain how the constructions in Section [4| can easily be generalized
in the spirit of Thakur’s construction of positive characteristic multiple zeta values;
the reader interested by the arithmetic of multiple zeta values for K = F () is
referred to (this list is not exhaustive): [], [39],[40], [25], [26], [14], [15], [29]. We
keep the notation of Sections [3 and [

Let m € Nym > 1. Let kq,...,ky, € Nand nq,...,n, € N\ {0}. We set:
Spﬁ = Spml X e X Spynm.

Fori=1,...,m,let ¢ ;,..., v, be k; admissible maps such that n(y;,) € N.
Fori=1,...,m,5=1,...,k;, let p;; : K(¢;;) — F be an F,-algebra homomor-
phism. For ¢ =1,...,m, we set:

ki
VIeI(4), I,y = [ psi(.4(D)) € F.
j=1

We recall the notation in Section 3. Let E/K be a finite extension. Let B C Op
be a non-zero ideal. Let v1,..., v, be the places of F above co, and for j =1,...,r,
let N; be an open subgroup of finite index of vaj (E., is the vj-adic completion of
E), and we set : N = H;=1 N;. Let S be a finite set, possibly empty, of maximal
ideals of O which are relatively prime to B. For i = 1,...,m, let x; : Z(B) — F
be a map such that:

V3 e Z(B),VI € P(B,N), x:i(33) = xi(J).

Fori=1,...,m, let n1,,...,7Mn,: be n; admissible maps with values in X:o
Fori=1,...,m,j=1,...,n; let 0;; : K((n;;)) = F be a continuous IF,-algebra
homomorphism. For i =1,...,m, let s; = (z;;y,) € Sk, for I € Z(A), we set:

Si __degl ; ji
Igiy =" [ esi(ma(D))¥t € F*.
i=1

We fix i such that 1 < i < m. Let d > 0 be an integer, for s; = (:Ei;yi) € Sk,

we denote by Sg.s,05 (Bi,gi;gi,ﬂi;xi;si) (or Sd(gi,gi;gi,ﬂi;xi;si) for short) the
following sum:

Y XiONek (D Ne/x()55 -
3eZs(B),3COR
deg NE/K(j):d

By the proof of Theorem we get:

Corollary 6.1. For any s = (S1,...,8m) € Spn, we associate the following sums
with values in F':

m
Y Salpvsenmixis) >, [T Saevi0mx589),

d>0 d>do>...>dm >0 j=2
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m
> Salpvsannxis) Y T840, 89)-

d>0 d>dy>...>dp>0 =2
Then, these functions continue analytically to an entire function on Sg,,.

We furthermore assume that n(n;;) € Z,j =1,...,n;,4=1,...,m, and that all
our admissible maps are algebraic. Let v be a finite place of K, and let P, be the
maximal ideal of A corresponding to the finite place v.

Let’s set:

SF,’U7Q = SF,v,nl X X SF,v,nm-

Fori=1,....m,j=1,...,k;, let p;; : K(¢;) = F be an Fj-algebra homomor-
phism. For ¢ =1,..., m, we set as above:

ki
VI€Z(A), I,y = 1 psi(wsa(D)) € F.
j=1

Fori=1,....m, j=1,...,n let 0;; : Ky((n;)») = F be a continuous F-
algebra homomorphism. Fori=1,...,m, fors; = (2;y,:6;) € Spu,n,. for I € Z(A),
we set:

Igin, = w8 T ] sen, (nj.o (1) [ o5 ((nja(D)¥) € F*.
B j=1 j=1

Let E/K be a finite extension, and let B, N, x1, ..., Xm, and S as above. Let S,
be the union of S and the maximal ideals of O above P, and that do not divide
B.

We fix i € {1,...,m}. Let d > 0 be an integer, for s; = (2;y,50;) € Spvn,, we
set:

Sualp,, ;05,15 X5 81) = Yo xi()Ng/k()p, 0, Np/k(3)gn -

J€Zs(B),ICOE
deg NE/K(S):d

By the proof of Theorem we get:

Corollary 6.2. For any s = (S1,...,8m) € Spu.n, we associate the following sums
with values in F':

m
> Sualpy 01,1, X1551) > HSv;dj(gj,yj;Qj,ﬂj;Xj;sj),

d>0 d>da>...>dy >0 j=2

m
Y Svalpy¥ionnixisy) Y ] Sua (0,005,505 85)-

d>0 d>d2>...2dp>0j=2
Then, these functions continue analytically to an entire function on Spy p.

Let’s pursue our basic example Let n: Z(A) — F; be an admissible map

such that n(n) € Z. Let m > 1 be an integer and let z1,..., z;, be m indetermi-
nates over Coo. Let n = (n1,..., 1) € Z™. Let’s define Z, a(n;2) € K(n;(I),1 €
Z(A),i=1,...,m)[za,...,2m][[21]] to be the following sum:
1 deg I deg I
Z Z ni nmzl T Ams
>0 N, I, €T(A) )™ = (L)
117"')I’VTLCA

d=deg I >deg I2>--->deg I,, >0
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let’s also define Z} ,(n;z) € K(ni(I),I € Z(A),i = 1,...,m)[za, ..., 2m][[21]] as
the following sum:

1 deg I deg I
VA ez m.
Z Z M (I1)"0 -y (D)o m

d>0 Ii,....I,,€Z(A)
I,..,I,,CA
d=deg Iy >deg [3>-->deg I, >0

Then, as in Example[5.3] by Corollary[6.1 we deduce that Z;, 4(n; z) and Z; , (1; 2)
define entire functions on C7. Furthermore, by Lemma [3.2} if nyn(n) < 0, then:
Zna(n;2), Zy a(n;2) € K(ni(1), I € Z(A),i = 1,...,7)[21, 22, - -+, 2]

Let’s observe that, if n = [.], A = F,[0], and m = 1/6, we recover Thakur’s multiple
zeta values (as in Example one can also recover their deformations in Tate
algebras treated in [29]):

> > ﬁ H “ € Klzp, ..., 2mll[1]]

d>0 at,..,am €A
d=dega;>--->dega,, >0

Let’s assume that 7 is algebraic. Let v be a finite place of K, and let P, be the
maximal ideal of A associated to v. Let Z(P,) be the group of fractional ideals of A
which are relatively prime to P,. Let C, be the v-adic completion of K,. We define
Zypalnz) € K(i(I),I € Z(A),i = 1,...,7)[22,..., Zm][[#1]] to be the following

sum: )
deg I deg I, .
Z .. .Zm ;

Z Z 2 (1) - (L )7 1

d>01,€Z(Py),I2,....], €Z(
1y CA
d=deg I >--->deg I,,>0

we also define 7 | 4(n;2) € K(ni(I),] € Z(A),i=1,...,7)[22,..., zm][[z1]] to be:
1 deg Iy deg I
z R A
Z Z 1(11)”'1 ce nm(lm)nm ! m

d>01,€Z(Py),l2,....];n€Z(A) n
117---a mC
d=deg I >--->deg I,,,>0

Again, asin Example by Corollary we deduce that Z, , a(n; z) and Z;‘J%A(Q; z)
define entire functions on CJ".

Ifn=1[], A=F,[0], and 7 = 1/6, we have:
1 - deg, a;
Zymamiz) = > T g [Tz
d>0 ar,...am €Ay a1 €P, ! =1

d=deg a1 >deg az>--->deg am, >0
Note that, if nq,...,n,, <0, then:
Zyman;z) = Zp a(n;z)  (mod P Alzy, ..., 2m)).

Furthermore, for n € Z™, we observe that Z, ,, 4(n; z) is the P,-adic limit of certain
sequences Zy, 4((mg,n2,...,nm);2) € K[z1,...,2n], my <0, where my, is suitably
chosen and my, converges p-adically to n;. Indeed, let T, (K,) be the Tate algebra in
the variables z1, ..., z,,, with coefficients in K, equipped with the Gauss valuation
associated to v and still denoted by v. Now, as in the proof of Theorem [{.4] for
k > 0, let’s select —my, € N such that:

i) —my = —ny (mod ¢**'Z,),
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)—mp = —n1 (mod gi& > — 1),

iil) £, (—my) < (k + deg P,)(q — 1),

iv) —my > q

k+1

For example, if —ny = >_,oaiq’, a; € {0,...,q—1}, select 0y, € {1,..., g8 —1}
such that —ny — Zf:o a;q" = 6 (mod g8 v — 1), and set:

k
—mp =3 aig + Sgh TV AE P
=0

Then:

k+deg P,

"U(Zn,A((mkanQa---,nm);g) - Z Z ;szdegeai)
i=1

ni Nm
a ... a -
d=0 al,..‘,ameAJF,al&Pv 1 m
d=dega;>--->degam, >0

> qk-i-l — (Ing| + -+ + [nm|) (deg P, + k).

Thus in T,(K,) :

Zv,n,A(ﬂ; g) = lim Zn,A((mmv nz,... 7nm);§)~

To our knowledge, and in the case A = F[0], these type of elements Z,, ,, 4(n;1) €
K, have not been studied so far, and it would be very interesting to obtain infor-
mations on such type of objects, especially in the spirit of [4].
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